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jmlc]���p=jc]Njapsx�jmoµ�i].����]�v[x{hijm\�jN sl{Y[oqj}jmlc]N�Dl�oµj���rqp=jc]N�'�1l�ps�[]¢]����¦£9�Lpsx{]�p1�=]�x? so¡l�oµj���Y���x��s��lc]Nxcoq·�]?��nkh��s]�x{h
lcY�o¡��ª}oqx{]Nj@4 � �

µm
9Ã D�s]�x{h0jc\���rqr�ª}oq���ip1ª~j@4 7N�=�

µm
9;�s������\(v[r¡lcoqrµ�Vhs]�x�jzl{xcv���lcv[x{]s£
`¬lGY��=j;l{Y[]#jcY����A]~p��

��jc\���rqrW S¸��[]Nr¡h�ª�p1�=]���\^]�l���rqr¡oµ�(jcpi��³s]�l? [ª}Y[pDjm].l{o¡�¥oqj#o¡�Dlc]N���i]?��lcp'nS]�oq��jc]�xclc]?�Lo¡�Sjmoµ�i].l{Y[]0�s�[]�v[x{hijm\� 
ª}Y[]Nxc]?�sj(lcY[]Ljcr¡]N]��s]'ª�p=v[rµ�©nS]�oq�«��ps�Dl{�=�Ãl0ª}o¡lcY«lcY�]'\���oq�«�sxml{]�x{hs£§X�Y[]����sxmlJo¡��jcoµ�i]´l{Y[]L���[]Nv[x{hkjc\
oµjJ¸��[]�rqh§n[x���oµ�i]?�º Goq�«p=x{�[]�xJlcp¤x{]N�iv���]�n[r¡pkpi��¨�p1ª. G���S��Y[p=�S]���v[rqr¡h����vSjm]���l{Y[x{ps\(nAp=jcoµj0oq��jcoq�[]'l{Y[]
����]�v[x{hijm\�£;X�Y[].rµ�1lc]Nx{�srº����xcl}oqj�\^p=xc].��pD��x�jm]Nr¡h�n�x{�soq�i]?�º ioq��p=x{�[]�xalcp�rq]�l}l{Y[].n[rqpDpi�´¨�p1ª oq�Dlcp^l{Y[]�lzª�p
�[�sv[tsYDlc]Nx~��xclc]Nxcoq]NjN£

`²��ts]���]�x���r  Doq�'¸��[o¡lc].]�rq]�\^]N�=l~jmlcv��[o¡]?j�p��
jmlc]N�Dl{j�oq�'n[rqpkpi��¨�p1ª~jN k]N�=��Y'ª}oqxc]¢p��&lcY[]�jmlc]N�Dl�oµj�\^]NjcY[]N�
4¶jc]�]~��psx9oq��jml{���S��]��I�k D��� � 9Ã£;X�Y[oµjG�����[xcpD�s��YJxc]?uDv[o¡x{]Nj;�s��o¡\^�Apsxcl{�s�=l9ªapsx{³.l{p�ts]N�[]�x��1l{]�lcY[]~\^]?jmY¦ D�����^oµj
��p=\^�[vil{��lcoqps���sr¡rqh�Y[]?�V�khs£�`¬l�j;oq�=l{]�x{]Njml9oqj
l{p.�[x{p1�Doµ�i]����[x{]N��oµjc]��[]Nj{��x{o¡�il{o¡p=�0ps�Sl{Y[]}rqpk�N��rk¨�p1ª��r¡lc]Nx{��lcoqps��j
���sv�jc]N��nkh�l{Y[]}jzl{]��DlN£
`²�0p=v[x;���=jm]= VlcY[oµj/���[�[x{p=�=��Y�oµj&�=]�x{h.]�#i�A]���jco¡�=]a�[v[]Gl{p¢lcY[]��s]Nxch.jc\���rqrDª}oq���ip1ª~j
ps�
lcY�]�jmlc]N�Dl;�s���(lcY[]}��p=\^�[r¡] #�\(v[r¡lcoqrµ�Vhs]�x/jmlcx{v��Ãl{v[xc]=£
��psx{]�p1�s]Nxº��x{ps\ l{Y[]�\Jpi�i]Nr¡rqoq�[t��koq]�ª}�Apsoq�DlN �o¡l;ª�p=v[rq�
nA]´uDv[]Njmlcoqps���sn[rq]0l{pL��rµ��oq\ lcYS�1l�ps��]�jmp=r¡�=]Nj���xc]?jmp=r¡vil{o¡p=�-ps� � �

µm
ª}Y[oqr¡]��[]Ntsrq]N��lcoq�[t�lcY[]�x{]N�7n[rqpkpk�

��]Nr¡rµj 4
8µm

�ioµ��\^]�l{]�x�9}ª}Y[oµ��Y�pi����v[�kh��snSp=vil��s���¹p��;l{Y[]0n�r¡pkpi�L�sp=r¡v�\J]=£#X�Y[oµj#oµj�ª}YDh�ªa](�[x{]���]Nxcx{]N�
lcp^\^pi�i]�r¿l{Y[].jzl{]��DlHBz\��=��x{p=j{��ps��oq�N��rqr¡h>C}nDh��J\^]N�s�´�Apsx{psv�j�jcv[xc�¶�s��]�o¡\^\^]�x�jc]N�'o¡�'lcY[]¢¨�p1ª.£;°#p�lc]¢l{Y��1l
ªa]��[]Ntsrq]N��l��s�Dh^pslcY[]Nxa��YDhijcoq�N��r¿�sjc�S]?�Ãl�jGps�¦lcY[].jmlc]N�=l�=;�i]���p=xc\��1l{o¡p=��p��&o6l�jajmlcx{v���lcv[x{]s koq�=l{]�x��s��lcoqps��ª}o¡lcY
lcY�].�s]Nj{jc]�rºª���rqrW i\^]N��YS���[oµ���sr¿jml{�sn[oqr¡o¡lzh�p��
lcY�]�jzl{]��Dl~o¡�'lcY�]���xclc]�x{hs &� � 	�£

%¦]�l
Ω
nA]��-jmoq\^�[rqh¤��ps�[��]N�Ãl{]N�§jc\^pkp�lcY«�ips\���oq�§oq�

R
n, n = 2

p=x
3
 9�����

Γ = ∂Ω
o¡l{jJx{]�t=v[rq�sx

nApsv[������x{hs£ � ]�jcv[�[�Ap=jc]<4Wjm]N] 6
oqtsv[x{]07&9}l{Y��1l¢lcY[]^jmlc]��Dl.���s�¥nA]0x{]��[x{]Njc]��Dl{]N�Lnkh���x{]�t=v[rµ��x�jcv[xc�¶�s��]
γoq\J\^]Nx{jc]N�'o¡�

Ω
£

%¦]�l
uf

�s���
pf
nA]~lcY�]#�s]Nr¡pi��o6lzh^�����Jl{Y[]#��xc]?jcjcv[x{]}p��ºlcY�]~¨�v[oµ�º£;X�Y[]¢jzl{x{�so¡��x��1l{]}lc]N��jmp=x

D
�����Jl{Y[]

/a��vS��YDh'jzl{xc]?jcj�lc]N��jcpsx
T
�sj{jmpi��oq��lc]N�´ª}o6l{Y

uf , pf
��x{]¢�[]�¸��[]?��nDh

D(uf ) =
1

2

(

∇uf + ∇u>
f

) ���S�
T(uf , pf ) = −pf I + 2µD(uf ),

ª}Y[]Nxc]
µ
oµj.l{Y[]'�[hD�S��\^oq���Doµj{��p=jco¡lzh¥p���l{Y[]�¨�v�oq�º 

uf
oµj.l{Y[]´�=]�rqpi��o¡lzhs 

pf
lcY[]���xc]?jcjcv[x{]������

I
oµj.l{Y[]

oµ�i]��Dlco¡lzh´\���lcx{o #´oq�
R

n £X�Y[]^n[rqpkpk�-oµj.�sj{jmv[\^]?��l{p�nA]�tsp1�=]�x{�[]N��nDh�lcY[]^oq����p=\J��xc]?jcjco¡n�r¡]^°#�V�koq]�xc±²fDl{ps³=]Nj�]NuDv��1l{o¡p=��jN£JX�Y[oµj
oµj#����ps\^\^ps�[rqh'�=����]N�ilc]?��YkhD�Ap�l{Y[]Njcoµj}o¡��l{Y[]�rµ��x{ts].�=]Nj{jm]Nrqj}ªa]���x{]���p=��jcoq�i]Nxcoq�[tS£aX&p�\^pk�[]�r¦l{Y[]0jmlc]N�DlN 
ªa]#�[x{ps�Ap=jc]�lcpJ�s�[���(�ioqj{jco¡����lcoq�s]#jcv[xc�¶�s��]}lc]Nxc\¯lcp(lcY[]¢��p=��jm]Nxc�1��lcoqps�^p��¦\^ps\^]N�=l{v[\ ]NuDv���lcoqps��jN£
X�Ykv�jN 
lcY�].\Jpi�i]Nrº��psx{\���rqr¡h´xc]?�s�[j�=�¸S���

uf
�s���

pf
jcv���Y'lcY���l

ρf

(

∂uf

∂t
+ uf · ∇uf

)

− �io¡� T(uf , pf ) + Rγu δγ = ff
oq�

Ω,
�[o¡�

uf = 0
oq�

Ω.

4 7�9

ª}Y[]Nxc]
ρf
oµj�l{Y[]'�i]N��jco6lzh-p���lcY[]�¨�v[oµ�º ;�����

ff
oµj.l{Y[]�nApi�ih7��psx���]��i]N��jmo¡lzhs 

Rγ
oqj0�Ljmhk\^\^]�lcx{oµ�������

�Ap=jco6l{o¡�=]��i]�¸���o6l{]�lc]N��jcpsx^lcYS�1l´x{]��[x{]Njc]��Dl�jJlcY[]¥�[oqj{jmoq����lcoqps� �iv[]Ll{p©lcY�]¥jzl{]��DlN }�s���
δγ
oµj^l{Y[]���o¡x��s�

å �&ë�å .
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\^]N�=jmv[x{]�ps�'lcY[]�jmlc]N�Dl#jmv[xc�¶�s��]
γ
£;`²��p�l{Y[]�x}ªapsx��[jN =��p=x

v ∈ [H1(Ω)]n
 

〈Rγufδγ ,v〉 =

∫

γ

Rγuf · v dγ.

� � �������
	��a���� ���������	��¹	�� �&%'� �a���� ��� � �&�����}�  ��~"$�

`²�«lcY[oµj�jm]?�Ãl{o¡p=�¦ 9l{Y[]�¨�v[oµ��oµj��sj{jmv�\J]?�©l{p7nA]�tsp1�=]�x{�[]N�¤nkh©l{Y[]Ljzl��1lcoqps�S��x{h©fklcps³=]NjJ]NuDv���lcoqps��jN£ 6�psx
jco¡\^�[rqoq��o6lzh= =ªa]#jcv[�[�Ap=jc]�4¶jc]�]G6
oqtsv[x{]#�%9/lcY���l9lcY[]�jzl{]��DlGoµj9x{]��[x{]Njc]��Dlc]?�JnDh^��Ykhk�S]Nxc�[rµ����]

γ
lcYS�1l��ioq�koq�[]Nj

lcY�]��ips\���oq�
Ω
oq�DlcpJlzª�p���ps�[�[]?�Ãl{]N��jmv[n¿�ip=\^�so¡�Sj

Ωf = Ω\γ = Ω1 ∪ Ω2, Ω1 ∩ Ω2 = ∅.
� ]��i]N�[p�l{]#nkh

ni

l{Y[]#p=vilzªa�sx{�J�[p=xc\��sr�ps�
γ
�ko¡]Nª�]?���sj��.���sxmlap��¿lcY[]

Ωi
nApsv����[��x{hs =��psx

i = 1, 2
£ � ]

Γ2

Ω2

Γ1

∂γ

n = n1 = −n2

γ

Ω1

6
o¡t=v[x{]¢��=;X�Y[]¢�ips\��so¡�
Ω
�i]N��ps\^�SpDjm]?��oq�=l{p�lzªap0jcv[n¿�ips\���oq��j

Ω1
�s���

Ω2
 kjc]��S��x��1lc]?�^nkh^lcY[]¢jzl{]��Dl

γ
£

�i]N�[p�l{].nDh
Γi
lcY�].����xcl}p��
lcY[].nApsv[�S�[��x{h�p��

Ωi
o¡�L��ps\^\^ps��ª}o6l{Y'l{Y[].nApsv[������x{h�p��

Ω
=

Γi = ∂Ωi ∩ Γ, i = 1, 2.

� ]���rµjmp^oq�=l{xcpi�ivS��]
ui = uf |Ωi

, pi = pf |Ωi
, fi = ff |Ωi

,
��p=x

i = 1, 2.
� ]~ª}o¡rqrS��ps��jcoµ�i]�x;l{Y[]~v�jcv��srAfkp=nSp=r¡]N�0jc���s��]Nj

Hm(O)
 
m ≥ 0

 ���p=xG��tsoq�s]N�JnApsv����i]N�^p=�S]N��jm]�l O ⊂ R
d  

1 ≤ d ≤ n
£a`²�L�S��xclcoµ��v[rµ��x? [ªa].Y��V�s]

L2(O) = H0(O)
£~X�Y[](j{���srq�sx}�[xcpi�ivS�Ãl#oq�

L2(O)
oqj��i]���p�lc]?��nkh

(·, ·)O
�s���Lo¡l{j��[psx{\ nDh ‖ · ‖0,O

£�X�Y[]^��rqp=jc]N�Ljcv[n�jc���=��]Nj
H1

0 (O)
 ¦��ps�Sjmoµjzl{o¡��t�p��;��v[�S�Ãlcoqps�Sj#oq�

H1(O)ª}o¡lcY©·�]Nxcp'lcx��s��]^ps�
∂O  &�s��� L2

0(O)
 ;��ps�Sjmoµjzl{o¡��t�ps�G��v[�S�Ãlcoqps�©oq�

L2(O)
ª}o6l{Y©·�]�x{p�\J]?���¤oq� O  
ª}o¡rqr��rµjcpJnA].v�jc]N�º£ � ].�i]�¸S�[]�lcY[]���p=r¡rqp1ª}oq�[t^�[p�l��1lcoqps�Sj�=

M = L2(Ω), M̃ = L2
0(Ω), V = [H1

0 (Ω)]n,

]NuDv[oq�[�A]N�eª}o6l{Y l{Y[]�oqx�v�jcv���r��[p=xc\�j ‖ · ‖0, Ω
�s��� ‖ · ‖1, Ω

£ X�Y[]¤jcv[n�j{��x{o¡�il
Ω
ª}oqr¡r.oq�Rts]���]�x���r#nA]

ps\^o¡lml{]N�º iª}Y[]N�´l{Y[]��[psx{\ oµjGl���³=]��´p1�=]�x�lcY[]�ª}Y[p=r¡]��ip=\^�so¡�
Ω
£ � ].�sj{jcv[\^]#l{Y��1l�lcY�]¢x{oqtsYDlm±¬Y����S��jmoµ�i]

ff ∈ [L2(Ω)]n
£

ë�ë æ�Q Ý?ömâÃø�à�ÛÃÚ�ß�÷�2
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X�Y[](fDl{ps³=]Nj}��p=v[�Dlc]Nxc���sxml�p��
�[x{psn[rq]�\ 4 7�9ax{]N�=�[jao¡�L�0lzª�ps±¬�[ps\���oq����p=xc\0v[rq��lcoqps� =

−µ∆ui + ∇pi = fi
o¡�

Ωi, i = 1, 2,�io¡�
ui = 0

o¡�
Ωi, i = 1, 2,

u1 = u2
ps�

γ,
µ∇u1 · n1 − p1n1 + µ∇u2 · n2 − p1n2 = −Rγu

ps�
γ,

ui = 0
ps�

Γi, i = 1, 2,

4 �%9

ª}Y[]Nxc]�Y[ps\^pst=]��[]Npsv�j �#oqx{oq��Y[rq]�l/nApsv[������x{h���ps���[o6l{o¡p=��j�p=�
Γi, i = 1, 2

Y��V�=]GnA]�]N�0��Y[pDjm]N����psx;jmoq\^�[rqoq��o6lzh=£
%¦]�l

v
oq�

V
�s���

vi = v|Ωi
, i = 1, 2

£���v[r6l{o¡��r¡hkoq�[t~l{Y[];¸�x�jzl&]NuDv��1l{o¡p=��jºps� 4 �%9¦nkh
vi, i = 1, 2

 Noq�Dlc]�t=x{��lcoq�[t
nkh´���sxml�j��������s���io¡��t0l{Y[].x{]Njcv[r6l�j� iªa]�xc]?�s�ioqrqh�psnil���oq�

2
∑

i=1

[

(µ∇ui,∇vi)Ωi
− (pi,

�ioq�
vi)Ωi

− (µ∇ui · ni − pini , vi)γ

]

= (ff ,v)Ω .
4W�>9

�#jcoq�[t 4W�>9
4
�s����l{Y[]�x{]�t=v[rq�sxco¡lzhLp��

u
�s���

v
 &ªa]�psn[l{��oq�©���1��x{oq��lcoqps���sr&��p=xc\0v[rµ�1lcoqps�7p����[x{psn[rq]�\ 4W��9,=

¸����
u ∈ V

�s���
p ∈ M̃

jmvS��Y´l{Y��1l
{

(µ∇u, ∇v)Ω + (Rγu, v)γ − (
�ioq�

v, p)Ω = (ff , v)Ω ∀v ∈ V,

(
�ioq�

u, r)Ω = 0 ∀r ∈ M̃.

4 � 9

� o¡lcY�lcY�]���nAp1�s]��sj{jmv[\^�il{o¡p=��j�ps�'lcY�]��[�1l��[ iªa]��N����jzl��1l{]�lcY[]���p=r¡rqp1ª}o¡��t0x{]Njcv[r¡lN£
� � Á ��Á �"!��"! Á$#&%('*)$',+I���%�� �,�.-0/21�! � �:� �$� �*3,�1� ���# �$���
� � �
+I�"��������X�Y[]axc]?jmv�r6l;��p=\J]?j¦��x{ps\Rl{Y[]��SpDjmo¡lcoq�ko6lzh�p��

Rγ
�����0�#jml{���S�[��x��.oq�i�ç±¬jcv[�J��ps�S�io6l{o¡p=�<4Wjm]N] ��754 � 9Ã£

´¼ �§�[�"6 %('7%('~°~pslc]�lcY���lap=v[x�Y�]�v[x{oqjmlcoµ��\Jpi�i]NrA�N���'nS]¢xcoqtsp=xcp=v�jcr¡h#yzv�jzl{o6¸S]N�'o¡��jmp=\J]¢���=jm]?j�£ /�ps��jcoµ�i]�x
lcY�]¢���RfDl{ps³=]Nj;¨Sp1ª«l{Y[x{psv[t=Y´�.�[rµ�����sx�jco¡]N�s]~\��=�i]#ps���(jc]�l�ps�&���epsn�jml{�=��rq]NjN s�A]�x{o¡pi�ioµ���sr¡rqh�jm�S�s��]?�������
oµ�i]��Dlcoµ���sr����S�'�=jcjcv[\^]��[p�±²jmrqoq�'nApsv[�S�[��x{h���p=���io¡lcoqps��j�p=�'l{Y[].psnSjzl��s��rq]Nj)4Wjm]N]�6&oqtsv�xc]��>9�£

x1

x2

x3

{x3 = 0}

Oε

rε ε

Ω+

Ω−

6
o¡t=v[x{]¢� =;w9rq�s����x ��oqxcoµ��Y[rq]�l~jmoq]��=]%=/x{]�tsv�rq�sxcrqh�jm�S�s��]?�´p=n�jml{�s��r¡]?jaª}Y[]�x{]¢lcY[]�¨�p1ªeoqj~·�]�x{p�£

å �&ë�å .
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X�Y[]N�¦ #l{Y[x{]�]7\^�so¡�R�sjchk\J�[lcp�l{oq�-nA]�Y��V�koqpsx�j'�N��� nA]¤psn�jc]�x{�s]?� �i]��A]��S�io¡��t«v[�Aps�elcY�]7rqoq\Jo¡l
α =

limε→0(rε/ε2)
ps�¦lcY�]¢x��1l{o¡pJp���lcY[]�x��s�ioqv�j

rε
p��¦l{Y[]�psn�jml{�=��rq]Njap1�s]Nx9lcY�]�j{uDv���x{]#ps��l{Y[]¢jc����lcoµ��r¿�S]Nxcoqpi�k±

oµ��o¡lzh
ε
=

� � Y[]�� α = 0
 AlcY[]^p=n�jzl��s��r¡]?j��sxc]J�sjchD\^�il{p�l{oq�N��rqr¡h��[p�l.jc]�]��-nkh�lcY[]0¨�p1ª�=}l{Y[]^r¡oq\^o6l��[x{psn[rq]�\�oµj

lcY[](fDl{ps³=]Nja�[x{psn[rq]�\$oq��lcY[].ª}Y�psrq]��[ps\���oq�¦£
� � Y[]�� α = +∞  1l{Y[]}psnSjzl��s��rq]Nj
nA]N��ps\^]~�sjchD\^�il{p�l{oq�N��rqr¡h��¢ª���rqrW s�s���0lcY[]�rqo¡\^o¡lG�[x{psn[rq]�\4��ps�Sjmoµjzl�j
p���lzªap^o¡�S�i]��A]����[]��Dl�fDlcp=³s]?j��[xcp=n[rq]�\�j�ª}o6l{Y��[p�±²jmrqoq����ps���io¡lcoqps��ps�'lcY�].o¡�Dlc]Nxm�¶�=��]=£

� � Y[]�� 0 < α < +∞  �lcY[]�rqoq\Jo¡l���xcp=n[r¡]N\¹oµj}�[x{]N��oqjc]�rqhD4 �%9�£�`²��lcY���l����=jm]= ilcY[](xc]?jmoµjzl{o¡�ko¡lzh�l{]���jcpsx
Rγ

�N���LnA]J��ps\^�[vil{]N����x{ps\�����]�rqr6±¬�[x{psn[rq]�\ �i]�¸S�[]N�Lp=�
R

3\O  Aª}Y�]�x{] O
oqj#lcY�](v[�[o¡l�psn�jml{�=��rq]s 

�����'o6l#�N����nS].��xcp1�=]N��l{Y��1l
Rγ

oqj#jmhk\^\^]�lcx{oµ���Ap=jco¡lcoq�s].�i]�¸S�[o6l{]s£
� ].xc]���]�xalcY[]�oq�Dlc]�x{]Njmlc]?��x{]N�=�i]�xalcp���7 � ���S��� � � ��psx�l{Y[]��[x{pDps�¶jap���l{Y[]Njc].jzl��1l{]�\^]��Dl{jN£;X�Y[]��[rµ�����sx�jcoq]��s]
Y��=j}��rµjmp^nA]�]��Ljmlcv��[o¡]?�'oq� � �s�i  7N�[  7%7 � £

��� � � ��� � ����������	�,� � ��� ������ ��� �
���� �
	�������� �
� 	 �
X�Y[]J��rµ�sj{jmoµ���sr�����rq]�x{³ko¡�L\^]�l{Y[pi�¥�s�[�[rqo¡]?��lcpD4 � 9~xc]?u=v�o¡x{]Nj�l{Y[]���v�r6¸�rqrq\J]N�Dl¢ps�G� � ����� ����(���ps���[o6l{o¡p=� ��7"4 �
nA]�lzªa]�]���lcY[]0�s]�rqpi��o¡lzh'�s���L�[x{]Nj{jmv�xc]�jc���s��]NjN �ª}Y[oµ��YLrq]N�s��j}lcp´��psx{\(v[rµ�1l{o¡p=��j}oq�k�spsrq�ko¡��t�\Jo #i]N�Loq�Dlc]Nxc�Ap�±
rµ�1lcoqps�Sj	� � � £ 6�xcp=\¯lcY[]���p=\J��vil{��lcoqps���sr��Apsoq�=lap��¦�koq]�ª. ko6laoqj�\^psx{]#��p=�k�s]���o¡]N�=lGlcp0�[]N��rAª}o¡lcY´]?uDv���rSpsx��i]�x
�s]Nr¡pi��o6lzhD±¬�[xc]?jcjcv[x{]~oq�=l{]�x{�Sp=rq��lcoqps��jN kª}Y[oµ��Y´x{]NuDv[oqxc]?jGl{Y��1l}jml{��n�o¡rqo6lzh´Y��sj�lcpJnA]¢]N�i��psx���]?��oq���s�[p�l{Y[]�x�ª��Vhs£
� �®�����[xcpD�s��Y���ps��jcoµjzl�j0oq�v�jmoq�[t ��� �>�,�� � ��� ��¸���o6l{]�]Nr¡]N\^]��Dl�\J]�lcY[pi�[j^ª}Y�]�x{]�jcps\^]'lc]�x{\�j^��x{]��=�[�i]N�
lcp�l{Y[]�jzl������[�sx{������rq]�x{³Doq����p=xc\0v[rµ�1lcoqps�-o¡�7psx��i]Nx#l{p�]N�[Y��s����]0lcY[]�jml{�sn[o¡rqo¡lzhLp��Gl{Y[]^\^]�lcY�pk� 4¶jc]�] � � $��
�I���i ;�=�D  4[  � � 9�£86[p=x�oq��jzl�������]s /oq� � �s�i /�D� � jml{�sn[oqr¡o¡lzh-oq���=��Y[o¡]N�s]?�¥nkh¤�s�[�ioq�[t¥��xc]?jmoµ�iv��sr9n��sjc]N�7l{]�x{\
ª}Y[oµ��Y©tsoq�s]?j

L2 ±¬��ps�Dlcx{psr9ps��lcY[]'tsx��s�ioq]��Dl�p���l{Y[]´�[x{]Nj{jcv[xc]=£Lb��[lcoq\^�srG]Nxcx{psx�]?jzl{o¡\���lc]NjN &��psx0�sxcn�o6l{x{�sxch�ApsrqhD��ps\^oq�sr�p=x{�i]Nx
k ≥ 1

 S���s�LnS]0�i]�x{o¡�=]N�L�=jcjcv[\^o¡��t^lcY���l~lcY[]Jjmp=r¡v[lcoqps��oqj¢jc\JpkpslcY�]��[p=v[tsY� [lzhk�[oµ����rqrqh
(u, p) ∈ [Hk+1(Ω)]n × Hk(Ω)

£;`²��lcY�oqj}ªapsx{³¿ kª�]�]�#kl{]����'lcY�oqj~�s�[�[x{p=�=��Y�lcp�p=v[x~jm�A]N��o6¸A�¢jco¡lcv���lcoqps�¦£
`¬l}oqj�oq\^�Sp=xml����Dlalcp^�[p�l{oq��]#l{Y��1l? ��iv[]¢l{p(l{Y[]��[xc]?jm]N����]¢p��&lcY[]�oq�Dlc]�xc�¶�s��]�x{]Njcoµjzl{o¡�=]#l{]�x{\� ip=�[]��������[p�l

]�#i�A]N��l0\^psx{]^lcY��s�
(u, p) ∈ [H1(Ω)]n × L2(Ω)

�sj�t=r¡p=n���rGxc]Ntsv[rµ��x{o6lzh¥p���lcY[]'jmp=r¡vil{o¡p=�¤p��<4 � 9�£ � j(�
x{]Njcv[r6l? ijmp=\J]¢�s�[�[o6l{o¡p=����r¿���sxc]�Y��V�s]#lcp(nA]�l{��³=]���oq�´p=x{�[]�x�lcp0�s�[�[x{p #io¡\��1l{]:4 � 99nkh^¸���o6l{]�]Nr¡]N\J]N�Dl{jN£9b��
lcY�].p�lcY�]�x}Y��s����o6l#jc]�]N\^j�x{]N�=jmp=����n�r¡]#lcp��sj{jcv[\^]�l{Y��1l

(ui, pi) ∈ [Hk+1(Ωi)]
n × Hk(Ωi), i = 1, 2.

4 �>9

`²��lcY�oqj�jm]?�Ãlcoqps�� Sªa].�[x{ps�Ap=jc]�����p=�i��psx{\^o¡�[t�jml{�sn[oqr¡oq·�]?��¸��[o¡lc]�]Nr¡]N\J]N�Dl#\^]�lcY�pk�¦ �l{Y��1l���rqr¡p1ª~j�]?u=vS��r
psx��i]NxJoq�Dlc]Nxc�Apsrµ�1l{o¡p=��j� a��������psx�ª}Y�oq��Yª�]L�N����[xcp1�=]'p=�ilcoq\���r}]Nxcx{psxJ]Njmlcoq\��1lc]?j^v[���i]Nx�lcY�oqj^x{]N�ivS��]N�
x{]�tsv�rq�sxco¡lzhs£9X�Y[].³=]�h�oq�[t=xc]?�io¡]N�Dl#��ps�Sjmoµjzl�j�o¡����ps\0n[o¡��o¡�[tJl{Y[].lc]?��Y[�[oµuDv[]Nj�ps� �I���� S�=� � ª}o6l{Y�����o¡�Dl{]�xc�¶�s��]
n��=jm]?�'jml{�sn[o¡rqoq·N�1l{o¡p=���sr¡rqp1ª}oq�[t0��xc]?jcjcv[x{]¢�ioµj{��ps�Dl{o¡�kv[o¡lcoq]Njal{Y[xcp=v[tsY'lcY�].o¡�Dlc]Nxm�¶�=��]

γ
£

%('7%('*) � � ¼ 3*! � ! # �i�2! ¼ �
`²�´ª}YS�1la��psrqr¡p1ª~jN =ªa]�jmY��sr¡r¿�sj{jcv[\^]

Ω
l{p(nA]�� %¦oq��j{��Y[o6l{·�±²��p=�=l{o¡�kv[p=v�jG�[ps\���oq��oq�

R
n 4

n = 2
p=x

3
9;ª}o¡lcY

�.�ApsrqhkY[]N�ix���rSnSp=v[���[�sxch
∂Ω

�s����p=vilzªa�sx{�J�Apsoq�Dlcoq�[t��[p=xc\���r
n
£ � ]�jcY���rqrS�srqjcp(�=jcjcv[\^]�lcY[]��koqj{��pDjmo¡lzh

µlcp(nS]~��ps��jml{�s�=l?£4%�]�l {Th}0<h≤1
�i]���p�lc]?j9��x{]�tsv�rq�sx/�¶��\^o¡rqh(ps�Sl{xcoµ����tsv[rµ�1l{o¡p=��j/p��AlcY[]��ips\���oq�

Ω
4�oq�0l{Y[]

jc]���jc]�p�� �Õ� � 9Ã£E6[p=x#]N�=��Y�lcx{oq�s�[tsv[rµ�1l{o¡p=� Th
 �lcY[](jcv[n�j{��x{oq�il

h ∈ (0, 1]
x{]���]Nx{j}lcp�l{Y[]�rq]��s]Nr¦p��;x{]�¸���]�\^]��Dl

p��
lcY�]�lcx{oq�s�[tsv[rµ�1l{o¡p=�¦ kª}Y[oµ��Y�oµj}�i]�¸��[]N��nkh

h = max
T∈Th

hT ,

ë�ë æ�Q Ý?ömâÃø�à�ÛÃÚ�ß�÷�2



� � ������� � �'�����	�������*� ����
�8�#����� �

ª}o¡lcY
hT
 Al{Y[]J�[oq�s\J]�lc]Nx�ps�

T
£ � ]0jcY���rqr/�sj{jmv[\^](��psx~l{Y[]^jc�s³s]�ps�Gjmoq\^�[r¡oµ��o¡lzh�lcY[]^uDv��sjco¡± v[��o6��p=xc\^o¡lzh'ps�

lcY�]�lcx{oq�s�[tsv[rµ�1l{o¡p=�¦  � � � �;l{Y[]�x{]�]�#ioqjml}lzªapJ�Ap=jco¡lcoq�s].��p=��jzl����Dl{j
Cmin

�s���
Cmax

jcv���Y�lcYS�1l

CminhT ≤ h ≤ CmaxhT , ∀T ∈ Th.

�Lp=xc]Np1�s]�x? &��psx^��rqr
0 < h ≤ 1

 9lcY[]'lcx{oq�s�[tsv�rq��lcoqps� Th
oµj^jmv[���SpDjm]?�©lcp-nS]L��ps�i��p=xc\^oq�[t�ª}o¡lcY§l{Y[]

oq�=l{]�xc�¶�s��]
γ
£ %¦]�l Gh

nS]�l{Y[].jm]�l~p��&oq�Dlc]Nxm±¬]�rq]�\^]��Dl}nApsv[������x{o¡]?j�ps� Th
4��¶�s��]Nj�oq�����( i]?�its]?j�o¡��� �29�rqhDoq�[t

ps�
γ
£ 6[psx���tsoq�s]��^�[oq]N��]�ª}oµjm]���ps�Dl{o¡�kv[p=v�j
��v[����lcoqps�

ϕ
 sl{Y[];yzv[\^�

JϕnK
p1�s]�x9�s��]N�it=]

E ∈ Gh
oµj9�i]�¸S�[]N�

nkh
JϕnK(x) = lim

t→0+

(

ϕ(x + tn1
E)n1

E + ϕ(x + tn2
E)n2

E

)

,

ª}Y[]Nxc]
x ∈ E

 9�����
n1

E

4�x{]Njc�S]?�Ãlcoq�s]Nr¡h
n2

E

9.oµj�l{Y[]�v[�[o¡l0�[p=xc\���r��s]?�Ãlcp=x�l{p
E
�Apsoq�=l{o¡��t¥psv[lzªa�sx{�

Ω14�x{]Njc�A]N�Ãl{o¡�=]�rqh�psv[lzªa�sx{�
Ω2
9Ã£

� ]a��ps��jcoq�[]�x�]?uDv���rDpsx��i]�x
���[��xcp #ioq\^��lcoqps��j¦p���p=x{�i]Nx
k ≥ 1

��psx&lcY[]a�s]Nr¡pi��o¡lzh.�����.lcY[]a�[x{]Nj{jmv[x{]s£&_�pslcY
�s]Nr¡pi��o6lzh´�s���'�[xc]?jcjcv[x{]¢�s�[�[x{p #io¡\��1l{o¡p=��j�ª}o¡rqr¦nA]���ps�Dl{o¡�kv[p=v�j��1l~oq�=l{]�xc± ]Nr¡]N\^]��DlanApsv����[��x{oq]NjN i]�#[��]N�il���psx
lcY�](�[x{]Nj{jmv�xc]�l{Y��1l#ª}oqrqr�nA]0�ioµjc��ps�Dlcoq�kv[psvSj}ps��l{Y[].�¶�s��]Nj#o¡�¥��� 4¶ps��lcY�](]N�[ts]Nj~o¡�¥� �29~p��/lcY[]0o¡�Dl{]�xc�¶�s��]
γ
£9X�YDvSj� iªa]�o¡�Dlcx{pi�iv���]�l{Y[]���psrqrqp1ª}o¡�[t^�=]�rqpk��o6lzh'�����'�[x{]Nj{jmv[x{]��ioqj{��x{]�l{]�jc���=��]Nj�=

Vk
h =

{

vh ∈ C0(Ω̄) : ∀T ∈ Th vh|T ∈ (Pk)n
}

∩ V,

Mk
h =

{

qh ∈ M̃ : p|Ωi
∈ C0(Ω̄i), i = 1, 2, ∀T ∈ Th qh|T ∈ Pk

}

.

6
o¡�S��rqr¡h= i��psx
i = 1, 2

 ir¡]�l
Mk

h,i

lcY�]�jm���=��]�p��&lcY[].x{]Njmlcx{oµ�Ãlcoqps�Sj�p��&]Nr¡]N\^]��Dl{j}ps�
Mk

h

lcp
Ωi
 

Mk
h,i =

{

qh|Ωi
: qh ∈ Mk

h

}

.

%¦]�l
SZk

h

nS]Ll{Y[]-fi��p�lclm±��AY�����t©o¡�Dlc]Nxc�Apsrµ�1l{o¡p=�®ps�A]�x��1lcp=x�ps�Dlcp
Vk

h

4Wjm]N] ��7?� � 9Ã£ X�Y[]L��psrqrqp1ª}o¡�[t©]Nxcx{psx
]Njmlcoq\��1l{]�lcY[]N��Y�psrµ�[j� 

‖u− SZk
hu‖0,Ω ≤ c0h‖u‖1,Ω.

4 � 9
`²������xclcoµ��v�rq�sxN kv�jco¡��t^�Jl{x{�=��]¢o¡��]NuDv���rqo¡lzh84¶jc]�] � �  S� � � 9� [ªa]��srqjcp^Y��V�s]

‖u− SZk
hu‖0,E ≤ C0h

1/2‖u‖1,Ω.
4¬��9

%¦]�l
Ik
h

nS]�lcY[]�%���t=x{�s�[ts]�oq�Dlc]�x{�Apsrµ�1lcoqps��p=�S]Nx{��lcpsx#ps�Dlcp
Vk

h

£~X�Ykv�jN Sªa].Y��V�=]�lcY[](��psrqr¡p1ª}oq�[t�]Njmlcoq\��1l{]Nj
4¶jc]�] ��7N� � 9� i��psx

T ∈ Th
 [�s���

0 ≤ m ≤ 2
 
2 ≤ l ≤ k + 1

=

‖u− Ik
hu‖m,T ≤ c1h

l−m||u||l,T u ∈ [H l(T )]n.
4 � 9

� �S��rqpstsp=v�jcr¡h= DvSjmoq�[t��Jlcx��s��]�oq�[]NuDv��sr¡o¡lzhs k��p=x
E ∈ Gh (E = T1 ∩ T2, T1, T2 ∈ Th)

 [ªa].��rµjmpJY��V�s]

‖u− Ik
hu‖0,E ≤ c2h

l−1/2
∑

i=1,2

‖u‖l,Ti
u|Ti

∈ [H l(Ti)]
n, i = 1, 2, u ∈ [H1(T1 ∪ T2)]

n.
4 4>9

6[p=x
i = 1, 2

rq]�l
Jk

h,i : L2(Ωi) 7→ Mk
h,i

nA]�l{Y[]
L2 ±¬�[x{p�yz]N��lcoqps�Lp=�=l{p Mk

h,i

£�X�Ykv�jN ���p=x
0 ≤ m ≤ 1

 
1 ≤ l ≤ k + 1

 iªa]�Y��V�s]

‖pi − Jh,ipi‖m,Ωi
≤ c3h

l−m‖pi‖l,Ωi
pi ∈ H l(Ωi),

‖pi − Jh,ipi‖0,γ ≤ c4h
l−1/2‖pi‖l,Ωi

pi ∈ H l(Ωi).

4�7?�>9

� ]�lcY[]N��oq�Dlcx{pi�iv���]¢l{Y[] 4�t=r¡p=n���r�9�ps�A]�x��1lcp=x
Jk

h : L2(Ω) 7→ Mk
h

 [�i]�¸��[]N��nkh

(Jk
hp)|Ωi

= Jk
h,i(p|Ωi

), i = 1, 2.

å �&ë�å .
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� 6[x{ps\ 4�7N�>9� io¡l}lcY[]N����psrqr¡p1ª~jal{Y��1l}��p=x
0 ≤ m ≤ 1

 
1 ≤ l ≤ k + 1

 

‖p − Jk
hp‖m,Ωi

≤ c3h
l−m‖p‖l,Ωi

p ∈ L2(Ω), p|Ωi
∈ H l(Ωi), i = 1, 2,

‖Jp − Jk
hpK‖0,γ ≤ c4h

l−1/2
∑

i=1,2

‖p‖l,Ωi
p ∈ L2(Ω), p|Ωi

∈ H l(Ωi), i = 1, 2.
4�7>7�9

�#jcoq�[t}lcY�]GuDv��sjco6±¬v[�[o¡��psx{\^o6lzh#p��klcY[]G\J]?jmY� Nl{Y[];��p=r¡rqp1ª}o¡��taoq�k�s]Nx{jc]9������l{x{�=��];]Njmlcoq\��1l{]Nj¦Y�psrµ� 4Wjm]N] ��7N�i  � � 9� 

‖∆vh‖0,T ≤ c5h
−1‖∇vh‖0,T vh ∈ Vh,

4�7V�%9
‖J∇vh · nK‖0,E ≤ c6h

−1/2‖vh‖1,T1∪T2
vh ∈ Vh.

4�7?�>9
6
o¡�S��rqr¡h= [ª�].�srqjcp^Y��V�s]�lcY[]�jml{�s���[�sx{��fkpsnApsrq]���l{x{�=��]�oq�[]NuDv��sr¡o¡lzh

‖u|γ‖0,γ ≤ cγ‖u‖1,Ω u ∈ V.

%('7%('7% � �N�N�i� ! 3 !�� ¼ Â�� # !¶� ¼L¼ 3 ¼ � ¼�# ��� ¼ ��� Á Â
b�v[x�¸���o6l{].]�rq]�\^]��Dl#�����[xcp #ioq\��1lcoqps����psx~�[x{psn�r¡]N\ 4 � 9ax{]N�=�[j�=&¸S���

(uh, ph) ∈ Vh × Mh
jcv���Y´l{Y��1l

Bδ,Rγ

(

(uh, ph), (vh, qh)
)

= Fδ

(

(vh, qh)
)

, ∀(vh, qh) ∈ Vh × Mh,
4�7 � 9

ª}o¡lcY
Bδ,Rγ

(

(u, p), (v, q)
)

=(µ∇u, ∇v)Ω + (Rγu, v)γ − (p,
�io¡�

v)Ω + (q,
�ioq�

u)Ω

+ δ
∑

T∈Th

h2

µ
(−µ∆u + ∇p, ∇q)T

− δ
∑

E∈Gh

h

µ

(

Jµ∇u · n − pnK + Rγu, JqnK
)

E
,

Fδ

(

(v, q)
)

=(ff ,v)Ω + δ
∑

T∈Th

h2

µ
(ff , ∇q)T ,

4�7 �%9

���S�
δ > 0

oµj}�J����x���\^]�l{]�x�oq���i]��A]��S�i]��Dl#ps�
h
�s����l{Y��1l~ª}oqrqr¦nS]��[]�lc]Nxc\^oq�[]N�'oq��X�Y�]�psx{]�\ �i£ � £

X�Y[]#jml{�sn[oqr¡oq·N��lcoqps�^oqjG\��s�i]~ps�¿lzª�p(��ps�Dlcx{oqn[vilcoqps�Sj�=
��xc]?jmoµ�iv��sr�n��=jm]?�Jjml{�sn[oqr¡oq·N��lcoqps� � �s�i i�=� � tsoq�Doq�[t��
L2 ±¬��ps�Dlcx{psr�ps��l{Y[]#�[x{]Nj{jcv[xc]#tsx��s�ioq]��DlN D�������s��oq�=l{]�xc�¶�s��]~n��sjc]N�´jzl���n[oqr¡oq·N��lcoqps���[x{p1�koq�[o¡�[t L2 ±²��p=�=l{xcp=r[ps�lcY�]&yzv�\J�Sj&ps�[lcY�]a��xc]?jcjcv[x{]s£�_ap�l{Y0jml{�sn[o¡rqoq·�oq�[t~l{]�x{\^j/jc]�]N\ �[]N��]Nj{jc�sxch�lcp¢]Njml{�sn[r¡oµjcY(���0o¡�i�ç±²jcv[�0��ps���io¡lcoqps�
oq���i]��A]��S�i]��Dl#ps��lcY�]��ioqj{��x{]�l{o¡·?�1l{o¡p=�'���sx{�s\^]�lc]Nx�4¶jc]�]�w9x{ps�Ap=jco6l{o¡p=���[£ ��9�£

� j{jcv[\^o¡�[t�jmv�����o¡]N�Dl¢x{]�t=v[rq�sxco¡lzh´ps�9lcY�]Jjcpsrqvilcoqps�� Sl{Y[]^�ioqj{��x{]�l{]���p=xc\0v[rq��lcoqps� 4 7 � 9#oµj�jmlcx{ps�[t=r¡hL��ps�i±
jcoqjmlc]N�=l?£9X�Y[oµj}oqj}jml{��lc]?�´oq����psrqr¡p1ª}oq�[t^w9x{ps�Ap=jco6l{o¡p=� =
� � Á ��Á �"!��"! Á$# %('
	�'�� � �����0� �+!*� �

(u, p) ∈ [H1(Ω)]n ×L2(Ω)
�,��!1� ���# �$���
� � ��� 4 7 � 9 � ���	 �#��0��� ��� ��� ���

ff + µ∆u −∇p ∈ [L2(T )]n, ∀T ∈ Th,

Jµ∇u · n− pnKE + Rγu ∈ [L2(E)]n, ∀E ∈ Gh,
� � �A � �

(uh, ph) ∈ Vh × Mh
� � ��!1� ���� �$� �
� �D��� 4 7 � 9���� !1���

Bδ,Rγ

(

(u − uh, p − ph), (vh, qh)
)

= 0, ∀(vh, qh) ∈ Vh × Mh.
4�7 � 9

+I�"�������#`¬l�oqj��(�[o¡x{]N��l���ps��jc]NuDv[]N����]~ps�¦lcY�]¢jmlcx{ps�[t0��ps�Sjmoµjzl{]�����h^p��ºlcY�]¢jml{�s���[��x�� ���sr¡]Nxc³koq��\^]�lcY�pk�¦ =l{Y[]
�¶�s��l}lcY���l}lcY[]�jcpsrqvil{o¡p=��j{�1l{oqjm¸�]Nj

ff + µ∆u −∇p = 0,
oq�

[D′(Ωi)]
n, i = 1, 2,

Jµ∇u · n − pnKγ + Rγu = 0,
o¡�

[H−1/2(γ)]n,
���S�´l{Y[]

γ
±¬��ps�i��p=xc\^o¡lzhJps�&l{Y[]�lcx{oµ���[t=v[rq��lcoqps� Th

£
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7N� � ������� � �'�����	�������*� ����
�8�#����� �

%('7%('
	 � �N�[� ! 3*!�� ½
`²��ª}Y��1l}��p=r¡rqp1ª~jaª�].�=jcjcv[\^]¢lcY���l}lcY[]Nxc]�]�#ioµjzl}lzªapJ�SpDjmo¡lcoq�s]���ps��jml{�s�=l�j

rmin
�s���

rmin
jmv���Y'lcYS�1l

rmin|y|2 ≤ yTRγ(x)y ≤ rmax|y|2, ∀x ∈ γ, ∀y ∈ R
n.

4�71��9
X�Y[]§��ps�k�s]Nxct=]�����]¥p��JlcY�]§�ioqj{��x{]�l{]©jmp=r¡vil{o¡p=� ª}o¡rqr�nA]§jzl��1lc]?�Ro¡�Rlc]Nxc\�j�ps�0l{Y[]¤��psrqr¡p1ª}oq�[t®\^]NjcYi±

�i]N�S]N���i]��Dl~�[p=xc\¹ps�
Vh × Mh

=

|||(u, p)|||2h = |µ1/2u|21,Ω +‖r1/2
minu‖2

0,γ + δ
∑

T∈Th

h2

µ
‖∇p‖2

0,T + δ
∑

E∈Gh

h

µ
‖JpK‖2

0,E +‖µ−1/2p‖2
0,Ω,

4�7 � 9

��psx~�sr¡r
(u, p) ∈ Vh × Mh

£
X�Y[]J��psrqrqp1ª}o¡�[t�x{]Njcv[r6l�jml{��lc]Nj¢l{Y[]���pk]�x���oq�ko6lzhLps�ap=v[x.�ioµjc��xc]�lc]^ps�A]�x��1l{psx¢ª}o6l{Y7x{]Njc�A]N�Ãl�l{p���ªa]N�s³s]�x

�[p=xc\ l{Y�����l{Y[].\^]NjcYi±¬�[]��A]����i]N�Dl~�[psx{\�£
� � Á ��Á �"!��"! Á$#&%('�� ' � �*����� � �+!*� �

0 < δ ≤ 1

c2
5 + 2c2

6

, δh ≤ µ rmin

2 r2
max

.
4�7"4>9

� !�� �
Bδ,Rγ

(

(uh, ph), (uh, ph)
)

≥ 1

2

(

|||(uh, ph)|||2h − ‖µ−1/2ph‖2
0,Ω

)

,

�,�#� �#�
(uh, ph) ∈ Vh × Mh

�
+I�"���������#jcoq�[t^lcY[]��[]�¸��[o¡lcoqps��ps�

Bδ,Rγ

�s���´lcY[].�[psl{��lcoqps��j

x =

{

δ
∑

T∈Th

h2

µ
‖∇ph‖2

T

}1/2

, y =

{

δ
∑

E∈Gh

h

µ
‖JphK‖2

E

}1/2

,
4W�s�>9

ªa]¢YS�V�s]

Bδ,Rγ

(

(uh, ph), (uh, ph)
)

≥|µ1/2uh|21,Ω + ‖r1/2
minuh‖2

0,γ + x2 + y2 + δ
∑

T∈Th

h2(−∆uh, ∇ph)T

+ δ
∑

E∈Gh

h

µ
(Jµ∇uh · nK + Rγuh, −JphnK)E .

�#jcoq�[t^lcY[].oq�k�s]Nx{jc]�]?jzl{o¡\���lc]Nj�4 7?��9��s��� 4�7N� 9Ã [o¡l}��psrqrqp1ª~jGl{Y��1l

Bδ,Rγ

(

(uh, ph), (uh, ph)
)

≥|µ1/2uh|21,Ω + ‖r1/2
minuh‖2

0,γ + x2 + y2 − δ1/2c5(µ|uh|21,Ω)1/2 x

− δ1/2c6(µ|uh|21,Ω)1/2 y −
(

δ
r2
maxh

rminµ

)1/2

‖r1/2
minuh‖0,γ y

≥
[

1 − δ

(

c2
5

2
+ c2

6

)]

|µ1/2uh|21,Ω +

(

1 − δ
r2
maxh

rminµ

)

‖r1/2
minuh‖2

0,γ

+
1

2
x2 +

1

2
y2.

6
o¡�S��rqr¡h= [v�jco¡�[t'4 754%9� iªa].ts]�l

Bδ,Rγ

(

(uh, ph), (uh, ph)
)

≥ 1

2

{

|µ1/2uh|21,Ω + ‖r1/2
minuh‖2

0,γ + x2 + y2
}

,
4W�*7�9

ª}Y[oµ��YL��ps�S��rqv��i]Njal{Y[].�[x{pkp��z£

å �&ë�å .



����� �����
	���!���������� ���
� ������������������� � ��!��"�#�%$&!'�)(*���"�#� ��� �1�����+�,�%	 � 7%7

°~p1ª ª�]Ljml{��lc]�lcY�]L\^�so¡�®jml{��n�o¡rqo6lzh«xc]?jmv�r6l^��psx�p=v[x�\^]�l{Y[pi�º£ X�Y[oµj^oqj�lcY[]��so¡\ ps��l{Y[]���psrqrqp1ª}o¡�[t
lcY�]�psx{]�\ =
� � ¼kÁ � ¼ � %('��('��4� �'�,�,�+!�� ! �(*� ��!1��� ������� +I�"� (*� � � ���
� �(�[£ � � �+!����"� ���%� ��� �H�2	 � ����� � �1�

β = β(δ, rmin, rmax, µ) >
0
��� 	 ! �+!*� �

inf
(uh,ph)∈Vh×Mh

sup
(vh,qh)∈Vh×Mh

Bδ,Rγ

(

(uh, ph), (vh, qh)
)

|||(uh, ph)|||h |||(vh, qh)|||h
≥ β.

�8�#�"� ��� ��� �
β = O(δ)

�H� �
δ � 1

�H� � �
β = O

(

µ

rmin

) � � � rmin

µ
� 1

�

+I�"�������.%¦]�l
(uh, ph) ∈ Vh ×Mh

£;X�Y[]�x{]~]�#ioµjzl�j��
v ∈ V

���S���(��p=��jzl����Dl
cΩ
 kª}Y[oq��Y´ps�[rqhJ�[]��A]����[j�ps�

Ω
 Sjcv���Y�lcYS�1l#�ioq�

v = −ph
�s��� ‖v‖1,Ω ≤ cΩ‖ph‖0,Ω

 Sjc]�]���p=x}o¡��jml{�s����] ��754 � £ %¦]�l
vh = SZk

hv
£ ��jmoq�[t

lcY�]
H1 ±²jzl���n[oqrqo6lzh�ps� SZk

h

4¶jc]�] ��7N� � 9aª�]�Y��V�=] ‖vh‖1,Ω ≤ c′Ω‖ph‖0,Ω
£

�#jcoq�[t^����xclcoµ��rºoq�Dlc]�t=x{��lcoqps�']�rq]�\^]��Dlm±¬ª}oµjm].���S��l{Y[]���p=�=l{o¡�kv[o¡lzh�ps�
ph
o¡�

Ω1
���S�

Ω2
 ips�[]�p=nil{�so¡��j

Bδ,Rγ

(

(uh, ph), (vh, 0)
)

=(µ∇uh, ∇vh)Ω + (Rγuh, vh)γ − (ph,
�[o¡�

v)Ω

−
∑

T∈Th

(∇ph, v − vh)T +
∑

E∈Gh

(JphnK, v − vh)E .

X�Y[]Nxc]���psx{]s iv�jco¡��t /a�sv���YkhD±²fi��Ykª���x{·#���S�'�s�[�[x{p #koq\��1l{o¡p=�D4 � 9¬±�4 �#9� ips��].psnil���oq��j

Bδ,Rγ

(

(uh, ph), (vh, 0)
)

≥‖ph‖2
0,Ω − |µ1/2uh|1,Ω |µ1/2vh|1,Ω − rmax

r
1/2
min

‖r1/2
minuh‖0,γ‖vh‖0,γ

−



c0

(

∑

T∈Th

h2‖∇ph‖2
0,T

)1/2

+ C0

(

∑

E∈Gh

h‖JphK‖2
0,E

)



 ‖v‖1,Ω.

`¬l}lcY�]�����psrqr¡p1ª~jal{Y��1l

Bδ,Rγ

(

(uh, ph), (vh, 0)
)

≥‖ph‖2
0,Ω − c′Ωµ1/2|µ1/2uh|1,Ω‖ph‖0,Ω − c′Ωcγ

rmax

r
1/2
min

‖r1/2
minuh‖0,γ‖ph‖0,Ω

−
(µ

δ

)1/2

c0cΩ x ‖ph‖0,Ω −
(µ

δ

)1/2

C0cΩ y ‖ph‖0,Ω

≥‖ph‖2
0,Ω − cδµ

1/2
(

|µ1/2uh|1,Ω + ‖r1/2
minuh‖0,γ + x + y

)

‖ph‖0,Ω

≥1

2
‖ph‖2

0,Ω − 2c2
δµ
(

|µ1/2uh|21,Ω + ‖r1/2
minuh‖2

0,γ + x2 + y2
)

,
4W�=�%9

ª}Y[]Nxc]

cδ = max

{

c′Ω, c′Ωcγ
rmax

µ1/2r
1/2
min

, δ−1/2c0cΩ, δ−1/2C0cΩ

}

.

�Lv[r¡lcoq�[rqhD4 ��7�9ankh
(1 − ρ)

����� 4 �s��9ankh
ρ
 [���S���=�[�´lcY[].x{]Njcv[r¡lcoq�[t^xc]?jmv[r¡l{jal{p^psnil���oq�

Bδ,Rγ

(

(

uh, ph

)

,
(

(1 − ρ)uh + ρvh, (1 − ρ)ph

)

)

= (1 − ρ)Bδ,Rγ

(

(

uh, ph

)

,
(

uh, ph

)

)

+ ρ
(

(

uh, ph

)

,
(

vh, 0
)

)

≥
(

1 − ρ

2
− 2ρc2

δµ

)

(

µ|uh|21 + ‖(rmin)
1/2u‖2

0,γ + x2 + y2
)

+
ρµ

2
‖µ−1/2ph‖2

0,Ω.
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7?� � ������� � �'�����	�������*� ����
�8�#����� �

fkp^l{Y��1l? io6�;ªa]�l���³=]
0 < ρ =

1

1 + 4c2
δµ + µ

< 1,

ªa]�l{Y[]��Lp=nil{�so¡�'lcYS�1l

Bδ,Rγ

(

(

uh, ph

)

,
(

(1 − ρ)uh + ρvh, (1 − ρ)ph

)

)

≥ µ

2 + 8c2
δµ + 2µ

|||(uh, ph)|||2h.
4W�s�>9

�Lp=xc]Np1�s]�x? 

|||
(

(1 − ρ)uh + ρvh, (1 − ρ)ph

)

|||
h
≤ (1 − ρ)|||(uh, ph)|||h + ρ|||(vh, 0)|||h

≤ (1 − ρ) |||(uh, ph)|||h + ρ
{

µ|vh|21,Ω + ‖r1/2
minvh‖2

0,γ

}1/2

≤ (1 − ρ) |||(uh, ph)|||h + ρ
√

2 cδµ ‖µ−1/2ph‖0,Ω

≤ µ
1 +

√
2 cδ + 4c2

δ

1 + 4c2
δµ + µ

|||(uh, ph)|||h.
4W� � 9

/�ps\0n[oq�[o¡��t 4 ���%9��s��� 4W� � 9Ã [p=�[]�psnil���oq��jalcY�]��i]Njco¡x{]N�'oq�i�ç±¬jcv[��]Njmlcoq\��1l{o¡p=�'ª}o¡lcY

β =
1

2 + 2
√

2µ1/2cδ + 8c2
δ

.

X�Y[].�sjchk\^�ilcpslcoµ�#nA]�Y��V�koqpsxap��
β
��p=r¡rqp1ª~j9��x{ps\$lcY[oµj�]NuDv���lcoqps�'�s����l{Y[].�i]�¸S�[o6l{o¡p=�'ps�

cδ
 [jmp0lcY[]��[x{pkp���oµj

��p=\^�[r¡]�lc]=£
� j}���[o¡x{]N��l}��ps��jc]NuDv[]N����]�ps��lcY�].�[xc]N�ko¡p=v�jaxc]?jmv[r¡lN �ª�]�Y��V�=]#l{Y[]���psrqr¡p1ª}oq�[t���p=xcp=r¡rµ��x{hs£

� Á � Á 3 3W�i� ½ %('���' � !����"�0���%� ��� ��� �$� �*3��1� ���� �$� �
� � � �2( ���%�� �,�.-�� / 1 �

%('7%('�� � Á$#��S¼ ��� ¼�# � ¼ � # ��3 ½ �5!W�
`²�0lcY[oµj;���sx{�stsx����[Y.ªa]���xcp1�koµ�i]a�s�0p=�ilcoq\���rk]�x{x{psx
]Njmlcoq\^��lc]�v[���[]�x/lcY�]ax{]N�[v���]?�(x{]�t=v[rq�sxco¡lzh.�sj{jmv�\J�[lcoqps��j
4 �>9Ã£ 6
o¡x�jzl? ;ª�]´�[xcp1�=]�lcY�]���psrqrqp1ª}o¡�[t-���[�[x{p #io¡\��sn[o¡rqo¡lzh¥x{]Njcv[r6lJª}o6l{Y§x{]Njc�S]?�Ãl(l{p�l{Y[]'\^]?jmYi±²�i]N�S]N���i]��Dl
�[p=xc\ ||| · |||h

£
� � Á ��Á �"!��"! Á$# %('
	(' � � �����0� �+!*� �

(u, p)
��� ��� � � ��� 4 �%9�� � !1��� � �+!����"� ���>� ��� � �<(*� ��� � � � �D	 � ����� � �1�

c
�

� � �'� (1� � � � �1�@� �
h
� � � �+!��E(*!  ���
	���*( �#���#� �����,� � � ��� 	 ! �+!*� ���

|||(u − Ik
hu, p − Jk

hp)|||h ≤ c(β) hk
[(

µ1/2 + r
1/2
minh1/2

)

Nk+1(u) + (1 + δ1/2)µ−1/2Nk(p)
]

,

 � �+! �+!���� � � � ���
� �1�

Nk+1(u) =
∑

i=1,2

‖u‖k+1, Ωi
, Nk(p) =

∑

i=1,2

‖p‖k, Ωi
.

å �&ë�å .



����� �����
	���!���������� ���
� ������������������� � ��!��"�#�%$&!'�)(*���"�#� ��� �1�����+�,�%	 � 7N�

+I�"���������#jcoq�[t�l{Y[]¢�[]�¸��[o¡lcoqps� 4�7 � 99�s����l{Y[]��s�[�[x{p #koq\��1l{o¡p=�J��xcp=�S]Nxml{o¡]?jGps�
Ik
h

�s���
Jk

h

4 � 9������'4 7%7�9� kª�]
Y��V�=]

|||(u− Ik
hu, p − Jk

hp)|||h =
{

|µ1/2(u − Ik
hu)|21,Ω + ‖µ−1/2(p − Jk

hp)‖2
0,Ω + ‖r1/2

min(u − Ik
huh)‖2

0,γ

+ δ
h2

µ

∑

i=1,2

‖∇(p − Jk
hp)‖2

0,Ωi
+ δ

h

µ
‖Jp − Jk

hpK‖2
0,γ

}1/2

≤
(

c1µ
1/2hk + c2r

1/2
minh

k+1/2
)

Nk+1(u)

+
(

c3 µ−1/2hk + δ1/2µ−1/2(c3 + c4) hk
)

Nk(p)

≤c hk
[(

µ1/2 + r
1/2
minh1/2

)

Nk+1(u) +
(

µ−1/2 + δ1/2µ−1/2
)

Nk(p)
]

,

ª}Y[oµ��YL��ps\^�[rq]�l{]Njal{Y[].�[x{pDps�z£
X�Y[]�\���oq��xc]?jmv[r¡l}p��
lcY[oµj}���sx{�stsx����[Y´oqj}jml{��lc]N��oq�´l{Y[].�[] #Dl}l{Y[]�p=xc]N\�£

� � ¼kÁ � ¼ � %('���'������
(u, p) ∈ V × M̃

� � ��!1� ���# �$� �
� � ��� ( �"�%�� ��� -0/ 1 � � � �
(uh, ph) ∈ Vh ×Mh

�+!��
���# �$���
� �'� � ( ���%�� �,� -�� / 1 � � � �����0�.�+!*� �

(u, p)
�,� � � ��� ���
�+!����"� $%����#��� �  � � � ���G( ���
� �1� 4 ��9)� � � ��! � � �+!��

! �( � �+!���� ���:� � +��"��( � ��� ���
� ��� ���0� � ���i£ � !*�#�� � � !�� � �,�+!����"�����%� ��� �)�G( � ��� ��� � ��	�� ����� � �1�
c
� � � � � (�� � �'�����

���
h

� �'� (1��� �#� � $ � � �+!��:� ����� ����( 	 � �1��� � �1�
β

�,��� 	�! ��! � �

|||(u− uh, p − ph)|||h

≤ c(β) hk







(

µ1/2 + δ1/2µ1/2 + δ−1/2µ1/2 +
rmax

r
1/2
min

h1/2 + δ1/2µ−1/2rmax h

)

∑

i=1,2

‖u‖k+1, Ωi

+
(

µ−1/2 + δ1/2µ−1/2
)

∑

i=1,2

‖p‖k, Ωi







+I�"��������X
��³s]GlcY[]�oq�Dlc]�x{�Apsrµ���Dl{j
vh = Ik

hu
�s���

qh = Jk
hp
£ ��]N��ps\^�SpDjm]�lcY�]�]Nxcx{psx&o¡�Dlcp�lcY�]aoq�Dlc]Nxc�Apsrµ�1l{o¡p=�

���S���s�[�[x{p #io¡\��1l{o¡p=��]�x{x{psx�j� 

|||(u− uh, p − ph)|||h ≤ |||(u − vh, p − qh)|||h + |||(uh − vh, ph − qh)|||h.

X�Y[];¸Sx{jmlºlc]Nxc\R������nA]9nApsv[���[]N�¢v�jco¡�[t}wGxcp=�SpDjmo¡lcoqps���i£Õ�D Vjmp}ªa];ps��r¡h��[]�]?�#l{p~]Njmlcoq\��1l{] |||(uh − vh, ph − qh)|||h
£

�#jcoq�[t^lcY[].oq�i�ç±²jmv�����ps���io¡lcoqps��4¶w9xcp=�SpDjmo¡lcoqps�Sj~�i£ ��9������´lcY�] ����rq]�x{³Doq��psxclcY[p=tsps�S��rqo6lzh 4�7 � 9Ã �ª�]�Y��V�=]

|||(uh − vh, ph − qh)|||h ≤ 1

β
sup

(wh,rh)∈Vh×Mh

Bδ,Rγ

(

(uh − vh, ph − qh), (wh, rh)
)

|||(wh, rh)|||h

≤ 1

β
sup

(wh,rh)∈Vh×Mh

Bδ,Rγ

(

(u − vh, p − qh), (wh, rh)
)

|||(wh, rh)|||h
.

X&p0]?jzl{o¡\��1l{]#l{Y[]¢xcoqtsYDlm±¬Y��s����jmoµ�i]¢p��¦l{Y[]���nAp1�s]#oq�[]?u=vS��rqo6lzh= =ªa]#l���³=]
(wh, rh) ∈ Vh ×Mh

��x{n[o¡lcx���x{o¡rqhs 
���S�-ªa]^nSp=v[���¤jc]����sx{��lc]�rqhL]N�=��Y¥l{]�x{\ ps�

Bδ,Rγ

(

(u − vh, p − qh), (wh, rh)
)  &v�jco¡�[t��s�[�[x{p #io¡\��1l{o¡p=�

]Njmlcoq\��1l{]Nj�4 � 9������ 4 7%7�9�£ 6[psx�l{Y[].�koqj{��p=v�jalc]Nxc\� iªa]�Y��V�s]

(µ∇(u − vh), ∇wh)Ω ≤ c1 hkµ1/2 Nk+1(u)|||(wh, rh)|||h.

ë�ë æ�Q Ý?ömâÃø�à�ÛÃÚ�ß�÷�2
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X�Y[].x{]Njcoqjmlcoq�s]�lc]Nxc\ oqjal{xc]?�1l{]N���sja��psrqrqp1ª~j

(Rγ(u− vh), wh)γ ≤ ‖Rγ
1/2(u − vh)‖0,γ‖Rγ

1/2wh‖0,γ

≤ c2
rmax

r
1/2
min

hk+1/2 Nk+1(u)|||(wh, rh)|||h.

6[p=x�lcY[].��xc]?jcjcv[x{]#l{]�x{\� �ª�]�Y��V�=]

−(p − qh,
�ioq�

wh)Ω ≤ c3 µ−1/2hk Nk(p)
√

n|||(wh, rh)|||h.

_ah´oq�Dlc]�t=x{��lcoqps�'nDh´����xcl{jN iª�]�p=nil{�so¡�

(rh,
�ioq�

(u − vh)Ω = −
∑

T∈Th

(∇rh, u− vh)T +
∑

E∈Gh

(u − vh, JrhnK)E

≤ (c1 + c2) hk Nk+1(u) δ−1/2µ1/2|||(wh, rh)|||h.

6[p=x�lcY[]�jml{�sn[oqr¡oq·N��lcoqps�'lc]�x{\�j� iªa]�Y��V�s]

δ
∑

T∈Th

h2

µ
(−µ∆(u − vh) + ∇(p − qh), ∇rh)T

≤ hk
(

c1 δ1/2µ1/2 Nk+1(u) + c3 δ1/2µ−1/2 Nk(p)
)

|||(wh, rh)|||h.

b���lcY[].pslcY[]Nx}Y����S�º iv�jco¡�[tJl{Y[]��¶�s��l}lcY���l ∇u ∈ Hk(Ωi)
n×n, i = 1, 2

���S��jcoq����]

‖J∇(u − vh) · nK‖0,E ≤ ‖J∇(u − vh)K‖0,E ≤ c2 hk−1/2
∑

i=1,2

‖∇u‖k, Ti
, E = T1 ∩ T2,

ªa]¢p=nil{�so¡�

δ
∑

E∈Gh

h

µ
(Jµ∇(u − vh) · nK,−JrhnK)E ≤ c2 hk δ1/2µ1/2 Nk+1(u) |||(wh, rh)|||h,

δ
∑

E∈Gh

h

µ
(Rγ(u− vh), −JrhnK)E ≤ c2 hk+1 δ1/2µ−1/2rmax Nk+1(u) |||(wh, rh)|||h,

δ
∑

E∈Gh

h

µ
(J−(p − qh)nK, −JrhnK)E ≤ c4 hk δ1/2µ−1/2 Nk(p) |||(wh, rh)|||h.

� ]���ps�S��rqv��i]¢lcY[].��xcpkp��
nkh'jcv[\^\Joq�[t^v[�L��rqr¿lcY�]���ps�Dl{xcoqn[vil{o¡p=��j�£

� � �������
	��a��©�/�}�������&�

X�Y[oµj9jc]N�Ãl{o¡p=�^oqj9�[]��spslc]?��l{p.�Dv�\J]Nxcoµ���srixc]?jmv�r6l�j�£
`²��fk]N��lcoqps���[£�7� sªa]}�sj{jm]?jcj
l{Y[]�lcY�]�psx{]�l{oq�N��r[��ps�k�s]Nxct=]�����]
x��1lc]?j^jzl��1lc]?��oq� fk]N��lcoqps�®�i£I�¥ª}o¡lcY®���®���S��rqh=l{oq�N��ralc]?jzlc±¬�N�sjc]s£«`²�®fk]?�Ãl{o¡p=���£ �k aªa]���ps��jcoq�[]�x��¤u=vS�sjco6±
w/psoµjm]Nv[oqr¡rq]´¨Sp1ª lcY[x{psv[t=Y����Apsx{psvSj0jcv[xc�¶�s��]'v�jco¡�[t¤�io�;A]Nxc]N�DlJ�ioµjc��xc]�lcoq·N��lcoqps��jc���s��]NjN£©X�Y[]'��v[xc�Ap=jc]´oµj
lcp¤jmlcx{]Nj{j.lcY�]'x{]�rq]��1���S��]´ps�~v�jco¡�[t7�ioµjc��ps�Dlcoq�kv[psv�j(�[x{]Nj{jmv[x{]Nj0�s��xcpDjcj�lcY[]�o¡�Dl{]�xc�¶�s��]'�����§lcp-jcY[p1ª l{Y��1l
lcY�]L�[xcp=�SpDjm]?�§jml{��n�o¡rqo¡·N]N��¸��[o¡lc]�]�rq]�\^]N�=l��[x{p1�koq�[]Nj^jmp=r¡v[lcoqps��j^jco¡\^oqrq�sx0l{p¥l{Y[p=jc]�psnil���oq�[]N��ª}o6l{Y®\Jp=xc]
]�#i�A]���jcoq�s]�¸��[o¡lc]¥]�rq]�\^]��Dl{jN£ 6
oq����rqr¡h= �o¡� fk]?�Ãl{o¡p=�®��£ �[ aªa]�jcY[p1ª$l{Y[]Lxc]?jmv�r6l�j�p��.jmoq\(v�rq��lcoqps��j�ª}o¡lcY �
x{]N��rqoµjzl{oq������]�v[x{hijm\ t=]�ps\^]�lcx{hs inAp�lcY�ª}o¡lcY�x{o¡t=oq�������']�rµ�sjmlcoµ�¢ªa�sr¡rµjN£

å �&ë�å .
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����� � ����������� � � � 	�� ������� 	 �	� �(� �����
� � � � ���
� ]�n[v[oqrq�¤�s�¤�s����rqhDlcoµ���sr/jcpsrqvil{o¡p=�7ps�Gl{Y[]��[x{psn[rq]�\ o¡�¤psx��i]Nx�lcpL�sj{jm]?jcj¢l{Y[]���p=�k�s]�x{ts]N����]0x{��lc]^�[x{p1�s]?�
��nAp1�s]=£4%�]�l

Ω = (0, 2)× (0, 1)
nA]~lcY�]#¨�v�oq���[ps\���oq�´�ioq�koq�i]?��oq��lzª�p0jmv[n¿�ip=\^�so¡�Sj

Ω1 = (0, L)× (0, 1)���S�
Ω1 = (L, 2) × (0, 1)

 Gnkh¤lcY[]�oq�Dlc]�xc�¶�s��]
γ = {L} × (0, 1)

 Gª}Y[]Nxc]
L = 1

£ � j{jmv[\^]�lcYS�1lJlcY[]
�koqj{��pDjmo¡lzh

µ = 0.04
���S�§l{Y[]'x{]Njcoµjzl{o¡�ko¡lzh7oµj0lcY[]Lj{���srq�sx(\��1l{xco #

Rγ = 100 I
£ � ]���ps\^�[v[lc]

ff
�����

lcY�]-�[p=�i±¬Y[ps\^pst=]��[]Npsv�j´nSp=v[���[�sxch ��ps���io¡lcoqps�Sj'jcv���Y l{Y��1l�lcY[]-��psrqrqp1ª}o¡�[t���v[����lcoqps��j���x{]-jcpsrqvil{o¡p=� lcp
�[x{psn[rq]�\ 4W�%9,=

u1 =

[

−19.98 x + 10 x2

−40.04 + 19.98 y + 40 x2 − 20 xy

]

, u2 =

[

25 x − 69.98 x + 35 x2

9.96 + 69.98 y − 10 x2 − 70 xy

]

,

���S�
p1 = 800, p2 = 998 + 800 y2,ª}Y[]Nxc]

(ui, pi)
�i]N�[p�l{]NjalcY�]�jmp=r¡vil{o¡p=�'oq�

Ωi
£9X�Y[oµj~jcpsrqvilcoqps��oµj}�i]��[oµ�Ãl{]N��oq� 6
oqtsv[x{] � £

�9��x{oqpsv�j¿v[�Sjzl{xcv���lcv[x{]N��l{xcoµ���[t=v[rµ�1lcoqps�Sj¿ª}o6l{Y��i]N��xc]?�sjco¡�[ta\^]NjcY.����x���\^]�lc]�x�j
h ∈ {1/10; 1/20; 1/40; 1/80}Y��V�=]JnA]�]N�§��p=��jmoµ�i]Nxc]?�7�s���-lcY[]�x{]Njcv[r¡l{j��sxc]�x{]��Apsxclc]?�¥oq� 6
o¡t=v[x{] �k£'X�Y[]´xc]Nrq��lcoq�s]^]�x{xcp=x{j¢oq�©�s]Nr¡pi��o¡lzh

( ||u − uh||0
||u||0

) �s�����[x{]Nj{jmv[x{] ( ||p − ph||0
||p||0

) jmY[p1ªR�����sr¡\^p=jml#uDv��s�[x{��lcoµ�¢��ps�k�s]Nxct=]�����]�o¡�
h
ª}o¡lcY�l{Y[]

jml{��n�o¡rqo¡·?�1l{o¡p=�'oq�Dlcx{pk�[v���]?��oq�Lfi]N�Ãl{o¡p=���[£ �i£/X�Y�oqj�oµj�o¡�L�stsx{]�]�\^]N�=laª}o6l{Y�psv[x}���S��rqhkjcoµj�£ 6[p=x�lcY[]�tsx��s�[o¡]N�=l
p��#lcY[]��s]Nr¡pi��o¡lzhs Gª�]'psn�jc]�x{�s]´�7��p=�k�s]�x{ts]N����]�x��1l{]´ª}Y[oµ��Y�oµjJnS]�lml{]�xJlcY��s��] #k�A]N��lc]?�º£§X�Y[oµj0\^oqtsYDl0nA]
x{]�rµ�1lc]?�©l{p�lcY�]��S��xclcoµ��v[rµ��x(lc]Njml����=jm]��1l0YS�����º£ � ��ps\^����x{oµjmp=�©ª}o6l{Y§lcY�]ABc��rµ�sj{jcoq�N��r C^x{]Njcoq�[v���ran��sjc]N�
jml{��n�o¡rqo¡·?�1l{o¡p=��j@4
6
oqt�£ �k Dr¡]��çl 9Ã k���s\^]�rqh0ª}o¡lcY[p=vilGoq�Dlc]�xc�¶�s��]#jml{��n�o¡rqo¡·?�1l{o¡p=�0l{]�x{\�j� kjmY�p1ª�l{Y��1l9l{Y[]#��xcp=�SpDjm]?�
jml{��n�o¡rqo¡·?�1l{o¡p=��\^]�lcY�pk�-�A]�xc��psx{\^j¢jco¡\^oqrq�sxcrqh��=j��¶��x��sj#lcY[]J�s]Nr¡pi��o¡lzh�oqj���ps����]�x{�[]N�º ¿n[v[l¢]N�1yzp1hij��´nS]�lmlc]Nx
��p=�k�s]�x{ts]N����]�x{��lc]¢��psx�l{Y[].�[x{]Nj{jmv�xc]=£/X�Y�oqj��[x{ps�A]�xclzhs i��xc]?�ioq��lc]?�´nkh�l{Y[]�lcY[]Npsx{]�l{oq�N��r¦���S��rqhkjcoµj� koµj}ps�[]�ps�
lcY�].\^�so¡��\^p�l{o¡�1��lcoqps��j�ps��lcY�].�[xcp=�SpDjm]?�´\^]�lcY[pi�º£

����������������������! "�#%$'&(�)�"*+#-,
.0/�132�����4�45���6�7&8�6)�09:#-,<;<�#69=.7�6�>45?4%#��@���45#6�A/:#B&(����13@��A�6#6? A.C�D��)/���E
rγ = 100

,
 "���6����462F�0/�1!)/��G#6�7#69��GHI�� "#6)�0/KJ�L)MN#���45#5OP A.046�0L<QR)4� "���"#��S>.T#����/U�

P1/P1
;<V#�9=.GWX4�45�����0L��������! "�#%$346 �.C�)�0�

*(���0Y
9.63

��23#��
103.1

L<Z�����4�45���6��4� A.0�����[*(���0Y
0
��2K#6�

1800
L]\�9���YB�>459K2��6�>45��/�#���1^)/3#69�)4
W��0���6�_?4

` ���#6�_ "�:.C�a45�R*(�0�] A�).0�6�#%$

b�ced fhg]i�jIkmlon^p[k5j:qrgRk5s5s5qutRpDv
wrx?yUx8z {}|I~��0�T�(�����8�F�u�X�]����|^�D�T�X���e|:�
���� A�0/�46?1!�A��.��CQu4%#a.T#����/�.C��$����T;�)/G.�4%#���.0���9:#��CQ�#����F���0*��)�A/��0#69

L = L1+L2
E
L1 > 0

.0/�1
L2 > 0

E
�C*�;<?1I#69

2b > 0
EC;<�#69�.�4%#��A/:#

γ
�)�! A.T#���1G)/�45?1!��#�9���#6���F�0EI46�A�]����������<��L����R1!�� A�0YB2X�:45�>1_#�9��]1!��YB.0�/

�r���C���>�5 -¡a¢"£-¤"¥a¦-§
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 L2 error velocity
H1 error velocity
L2 error pressure
linear slope (h)
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10
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L2 error velocity
H1 error velocity
L2 error pressure
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6
o¡t=v[x{] �*=�X&]Njmlm±²���=jm]0p��}fk]N��lcoqps�¤�[£�7�£J|~]�rµ�1lcoq�s]J]�x{x{psx��sj�����v����Ãl{o¡p=�7ps�Gl{Y[]��ioqj{��x{]�l{o¡·?�1l{o¡p=�-jmlc]��
h
 ¦o¡�

rqpst�jc�N��rq]NjN£ %¦]��çl�=9��rµ�sj{jmoµ���sr¿xc]?jmoµ�iv��srºn��sjc]N��jzl���n[oqrqo¡·?�1lcoqps��£/|~o¡t=Y=l�=9jzl���n[oqrqo¡·?�1lcoqps�'p��9fk]N��lcoqps�L�i£I�i£

Ω = (0, L)× (−b, b)
o¡�Dlcp0lzªapJjcv[n¿�ips\���oq��j

Ω1 = (0, L1)× (−b, b)
�����

Ω2 = (L1, L)× (−b, b)
£/X�Y�]

jmlc]��Dl~oµj�\^pk�[]�rq]N��nkh´�^xc]?jmoµjmlcoq�Do¡lzh
Rγ = rγI

�1l�lcY�].o¡�Dlc]Nxm�¶�=��]
γ = {L1} × (−b, b)

£

x2b

0

y

Ω1 Ω2

γ

L1 + L2L1

����������=�����R��.046�O Z��0?46�A��)���)�^#6�>4%#6Om �.046�0�=#69���45����1!��YB.0�/X4
Ω1

.0/�1
Ω2

.0�6�=46�A2X.C�a.T#6�>1��:$ #69���45#6�A/:#
 "��/�46)1!���6�>1 .�4<.B4%#���.0���9�#��)�/��

γ
L

���N�YB2F��46��.B/��COP45�)�2}�F�0��/�1�.C��$� "�0/X1!V#����/^�0/ #69��N;�.C�)� �C*�#69���#����F�0E
u(x, b) = u(x,−b) = 0, x ∈

[0, L]
.C/�17#69���*(�����)�T;<)/��B/�.T#�����.0� �X����/�1�.0�6$� A�0/�1�V#����/�4<.T#<#�9��N�/����A#
.C/�17#69��N���!#6�)�"#>�

T(u, p)(0, y) · n = −P0n, T(u, p)(L, y) · n = −PLn, y ∈ [−b, b],
� |I�������=wrx8zFx�� / .C�X45��/� "���C*�4%#��A/:#]&(/�.0YG����$N�*

rγ = 0
,-EC#69��<46�0�)�!#6)�0/�#6��#69�?4�2����0���)�AY )4�#�9��<4%#a.C/�1�.0��1

Z��0?45����)���)�����T; ;<�#693.G�)�/��>.C�]1!�> "����.�45)/��G2��6�>4646������.0/�1^.G2�.C�a.C�F�0�)) R@0�����! AV#%$�2��6�0W�����L	�
*� A�0���a45��EI#69�?4
9����)1�4�/��C#N#6�����B�*

rγ > 0
Er45)/� A�0Er)/�2�.C�6#6? "���?.C�>E �*	#�9�� 2�����4�45�����G;�.�4� A�0/�45#�.0/:#��T@��A��. #6���F��45�> -#����/UE

#69��A/ #69�� *(�0���6#69'� ` ��.T#����/�)/ &e��,�;��0���?1�$:)�A�?1'.}�X.C#�@0�����! "�#%$K2����CWX��� ��/ #69���)/:#6���5*8.� "�
γ
&(;<9�) a9'?4

)/� "��YG2X.T#6)���)��;<�#69N#�9���2�.0��.0�X����? �2����CW��)���C*!Z��0?45����)���)�����T;]4a,-L�

�A@��A�6#69������>464�E>.�4U.�W��a45#D.C2�2��6��!)YB.C#6)�0/UE
�*�;��_.04�45��YG�R#69X.T#
.GZ��0?45������)�)�����T; ?4���45#�.0����?469���1 �/

Ω1
.0/�1

Ω2
#�9��A/rE�;	������.�1!��)$����!#�.0�/

ū = − b2

3µL1
(P1 − P0) = − 1

rγ
(P2 − P1) = − b2

3µL2
(PL − P2),

;<�#69
ū = 1

2b

∫ b

−b u(y)dy
EU.C/X1

P1 = P (L−
1 )
E
P2 = P (L+

1 )
L�\�9I��4��/:#��6�!1!�� A�/��

Ri = 3µLi

b2 , i = 1, 2
E

;���9X.o@0�
P0 − PL = (R1 + rγ + R2)ū.

&e���0,

���D�����
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`²�����sxml{oq��v[rq�sx/lcY[oµj9x{]�rµ�1l{o¡p=�J�N���^nA]~v�jc]N�0lcp.]N�V�sr¡vS�1lc]}] #i�S]Nxcoq\^]��Dl{�sr¡rqh�l{Y[]~���sx{�s\J]�lc]Nx
rγ
ps�Ax{]N�sr�jzl{]��Dl{jN£

b�v[x~��ps\^�[vil��1lcoqps�Sj�Y��V�s]¢nS]N]����A]�xc��psx{\J]?�´ª}o¡lcY�x{]N�sr¡oµjzl{oq�¢�1��rqv[]?j�psnil���oq�[]N��oq�´l{Y[oqj~ªa�Vh=£
X�Y[]^��p=r¡rqp1ª}o¡��t��S��x���\^]�l{]�x�j¢�sxc]���ps��jcoq�[]�x{]N�¥��psx�lcY�]��Dv�\J]Nxcoµ���sr9jmoq\(v�rq��lcoqps��jN£�X�Y[]��ioq\^]���jco¡p=��j.ps�

lcY�]'l{v[nA]��sxc]
L1 = L2 = 4 cm

 
2b = 0.4 cm

 /l{Y[]��Doµj{��p=jco¡lzh7oµj
µ = 0.04 g/(cms)

���S�©lcY�]�jmlc]N�Dl
x{]Njcoqjmlcoq�ko6lzh'oqj

rγ = 100 g/(cm2s)
£ � ](o¡\^�Ap=jc]�����ps�Sjzl����Dl}�[xc]?jcjcv[x{].�ixcp=�

∆P = 1000 g/(cms2)
o¡�L�

lcx����Sjmoq]��Dl~jmoq\(v�rq��lcoqps�¦ [�s����ªa�so6l���psx�l{Y[]�jml{�1l{o¡p=����x{h�jml{�1l{]¢lcp^nS].x{]N�=��Y[]N�¦£
� ����psx��ioq�[t®lcp |~]�\���x{³e��£�7= (�����s�[�[x{p #koq\��1l{o¡p=�Rps�^lcY[]jmp=r¡vil{o¡p=� oqj-psnil���oq�[]N� nkh �sj{jmv�\Joq�[t �

w/psoµjm]Nv[oqr¡rq].¨�p1ª nA]���psx{](�s�����1�çl{]�x#lcY[](jmlc]N�DlN£#X�Y[]0��psx{x{]Njc�Sp=���ioq�[t�\^]N����¨Sp1ª �s����lcY�](�[x{]Nj{jmv�xc]�yzv[\^�
�1l}l{Y[].oq�=l{]�xc�¶�s��]��sxc]¢x{]N�s�[o¡rqh�tsoq�s]N�´nkh =

φQP =

∫ b

−b

u(y)dy ≈ 3.226 cm3 s−1, ∆P QP
γ = P1 − P2 ≈ 806.5 g cm−1s−2.

4W� � 9

fkoq����]´�[p¥���S��rqh=l{oq�N��rGjcpsrqvil{o¡p=�7oµj(�V�1�so¡rµ��n[rq]J��psx(lcY[oµj.l{]Njmlm±²���sjc]s &ª�]'��ps\^���sxc]Jl{Y[]�\^]N�s�©�V�sr¡v�]Nj�ps��l{Y[]
�kv[\^]�x{oq�N��rºx{]Njcv[r¡l{j�ª}o¡lcY�lcY[oµj~�s�[�[x{p #koq\��1l{]N�´jcpsrqvil{o¡p=�¦£

X�Y[]�\^]NjcY(oµj/\��s�i]�p��¿jzl{xcvS�Ãlcv�xc]?�(uDv��s�[x{�s�[tsrq]NjN£¦`¬l;oqj;jcv[�[�Ap=jc]N��lcp�nA]���ps�i��p=xc\^oq�[t��1l
lcY[]�oq�=l{]�xc�¶�s��]s 
� � � �;l{Y[]~oq�=l{]�xc�¶�s��]~oqjG\��s�i]�p��º]N�it=]NjGp��¿lcY[]�tsrqpsn��sr[\^]NjcY¦£/`¬l�oµj9�Ap=j{jmoqn[rq]}lcp(o¡�Dlcx{pi�iv���]s Dpsx9�[pslN i��¸Sj{jcv[xc]
oq�-l{Y[]�\^]NjcY¦£�b��-lcY�]�¸Sj{jmv[x{]s �]N�s��Y7ts]Nps\^]�l{xcoµ���sr/�Sp=o¡�Dl�oµj��sj{jmpi��oq��lc]N�¥lcp�lzªapL�s]Nxml{oq��]Nj¢o¡�7l{Y[]�\^]NjcY¦£
fkv���YL�0¸Sj{jmv�xc]?�´\^]NjcY���rqr¡p1ª~j���� �,	 � �1��� � � �#� ���[x{]Nj{jmv�xc]¢ps��lcY�].o¡�Dlc]Nxm�¶�=��]=£

`²�LX&�sn[rq] 7s [ª�].jcv[\^\���x{o¡·N]�l{Y[].x{]Njcv[r6l�j�psnil���oq�[]N�'ª}o¡lcYL�io�;A]Nxc]N�=l}lzhk�A]Nj�ps�/�ioµj{��x{]�lcoq·N��lcoqps��jm���=��]?j�=
� jzl���n[rq]J¸��[o¡lc]^]�rq]�\^]��Dl�j�= Q2

�s]Nr¡pi��o6lzh= ������
Q1

�[x{]Nj{jmv�xc] 4¶��ps�Dlcoq�kv[psv�j 9#psx
P1

�[xc]?jcjcv[x{]<4W�ioqj{��p=�i±
lcoq�Dv�psv�j 9�J

� jzl���n[oqr¡oq·�]?��¸S�[o6l{].]�rq]�\^]��Dl�= Q1
�s]Nr¡pi��o¡lzhs [�s���

Q1
�[x{]Nj{jmv[x{] 4¶��p=�Dlcoq�Dv�psv�j 9Ã£

� ].xc]���]�xalcp���7"4 � psx���7N� � ��p=x�lcY[]��[x{]N��oqjc]��i]�¸���o6l{o¡p=��j�p��&lcY[]?jm].jc���s��]NjN£&`²�'lcY[]¢¸�x�jml}��psrqv[\^�'ps�
X
��n[rq] 7s 
lcY�]�\^]NjcY©Y��sj.��p�¸Sjcjcv[x{]�ps�7lcY�]�o¡�Dl{]�xc�¶�s��]=£'X�Ykv�jN �l{Y[]��[x{]Nj{jmv�xc]�oµj��ioµjc��ps�Dlcoq�kv[psvSj�ps�¤lcY�]�o¡�Dl{]�xc�¶�s��]
ps��r¡hLª}o¡lcY7lcY�]

Q2/P1
����oqx�p��G¸S�[o6l{]^]�rq]�\^]��DlN£0`²�¥l{Y[]�jm]?��p=���¥��psrqv[\^�¦ ¿lcY[]^\^]NjcY¤��ps�Dl���oq��j��'¸Sj{jcv[xc]

�1l�l{Y[].o¡�Dl{]�xc�¶�s��]=£/`²�´l{Y[oqj}�N�sjc]s kl{Y[]��[xc]?jcjcv[x{]�oµj}��rqª��Vhkja�ioµjc��ps�Dlcoq�kv[psvSja��l�lcY[]�oq�=l{]�xc�¶�s��]¢�s���º ��=jG�¶�sx}�sj
lcY�]

Q1/Q1
����oqxGoµj���p=����]Nxc�[]?�º =lcY[]¢jzl���n[oqr¡oq·N��lcoqps��oq����r¡v��[]Nj�lcY[]#lc]Nxc\�j�o¡�Dlcx{pi�iv���]N��oq��fk]?�Ãl{o¡p=�'�i£I�i£;X�Y[]

uDv���rqo¡l{�1l{o¡�=]J��ps�k�s]Nxct=]�����]�nA]�Y��V�koqpsx¢ª}o6l{Y-x{]Njc�S]?�Ãl¢lcp'lcY[]^\^]NjcY¥x{]�¸S�[]�\^]��Dl�oqj.�srqjcp´��xcp1�koµ�i]N�Loq�-lcY[]?jm]
�io�;A]Nxc]N�Dl#���sjc]NjN£

°#p 6&oµj{jmv[x{] 6
oµjcjcv[x{]
ph|γ Co Co �#oµjc� �#oµj{� �#oµj{� �#oµjc�
fk�S�s��]?j

Q1/Q1 Q2/Q1 Q2/P1 Q1/Q1 Q2/Q1 Q2/P1/�ps�k�s]Nxct=]�����] �[p0/	� jcr¡p1ª
OK OK OK OK

X
��n[rq]07>=F? ;¿]N��l�ps�;lcY[]J��ps�Dl{o¡�kv[o¡lzh'ps�/lcY[]0�[xc]?jcjcv[x{]��1l�lcY[]0o¡�Dlc]Nxm�¶�=��].p1�=]�x}l{Y[]
h
��p=�D�=]�x{ts]N����]= iv�jmoq�[t

�io�;A]Nxc]N�Dl#�ioqj{��x{]�l{o¡·?�1l{o¡p=�'jc���s��]NjN£

`²��6
oqtsv[x{]��k 1ª�]�jmY�p1ª-l{Y[]a�s]�rqpi��o¡lzh.��x{psv[���.lcY[]ao¡�Dl{]�xc�¶�s��]=£�X�Y[]a�s]Nr¡pi��o¡lzh��[x{p�¸�rq]Goµj&�sr¡\^pDjzl
����x���nApsrqoq�
oq�-l{Y[]Jlcv[nA]s 
]�#[��]��il.�[]?��x¢lcY[]�x{]Njcoµjzl{o¡�=]0oq�Dlc]�xc�¶�s��]s ºª}Y[]Nxc]^o¡l.lc]N���[j¢lcp�nA]^¨S�1l 4Wjm]N]^|~]�\���x{³��[£I��9Ã£�`²�
6
o¡t=v[x{] �  �%�]��çlN �lcY[].��xc]?jcjcv[x{]¢��xcps¸�r¡].�sr¡p=�[tJlcY[](� #ioqj

y = 0
ps�
l{Y[]�lcv�nS]�oµj}x{]��Apsxclc]?�º£GX�Y[].�[x{]Nj{jcv[xc]�oµj

��rq\^p=jml#rqo¡�[]?��x{r¡h'�1��x{hDoq�[t�oq��lcY�]0jcv[nA�[ps\���oq��jN �ª}o¡lcY¥��jmlcx{ps��t��[xc]?jcjcv[x{]��ix{ps���s��xcpDjcjal{Y[](oq�Dlc]Nxm�¶�=��]s£}`²�
6
o¡t=v[x{] �  k|}o¡t=YDlN sp=�[]#�N����jc]�]�lcY�]~]��=psrqvilcoqps�^p��¿l{Y[]#p=vilcrq]�l9¨Sv$#

φ =
∫ b

−b
u(y)dy

�sjG����v[����lcoqps��p��¿l{o¡\^]s 

ë�ë æ�Q Ý?ömâÃø�à�ÛÃÚ�ß�÷�2
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v[�Dlcoqr�o¡l9x{]N�s��Y�]Nj
lcY�]~jzl��1lcoqps�S��x{h(jzl��1l{]s£
`²�JnAp�l{Y����=jm]?j� �ªa]�Y��V�s]}�ix��Vª}� 4¶jmlcx���oqtsYDl9r¡oq�[]?j;rq�snS]Nr¡rq]N�Jnkh2Bc|}]��
� w C 9�lcY[].x{]Njcv[r¡l}�[xc]?�ioµ�Ãlc]?��nDh�lcY[]GBcuDv��sjco6±¬w/psoµjm]Nv[oqr¡rq]�C��s�[�[x{p #koq\��1l{o¡p=�D4¶jc]�]A4 � � 9a�s����|}]�\���x{³´��£ ��9�£
� Y[]N�¥l{Y[]^�[xc]?jcjcv[x{]0oµj.�����[xcp #ioq\��1lc]?� 	 � ��� � � � �#� ���(��l¢l{Y[]^o¡�Dl{]�xc�¶�s��]= ¿lcY[]�x{]Njcv[r¡l{j���x{]J�Spkpsx�=~l{Y[]

¨�v$#J��ps\^�[v[lc]N�0oq�0l{Y[oµj/]�#[��\^�[rq]�oµj;��rq\^p=jml&lzª}oµ��]}�=j&rµ��x{ts]��sj&l{Y[]~��p=xcx{]N��l&�1��rqv[]s s]��s]N����p=x9�#�=]�x{h.xc]�¸��[]N�
\^]NjcY¦£ � ]}��p�lc]�l{Y��1l9ª}o¡lcY^l{Y[]~j{��\^]~jzl���n[oqrqo¡·N]N�

Q1/Q1
]�rq]�\^]��Dl�j� =n[vilGª}o¡lcY��¢¸Sj{jmv�xc]}�1l;l{Y[]}oq�=l{]�xc�¶�s��]s 

�^��p=xcx{]N��l}jcpsrqvil{o¡p=�'oµj}��p=\J��vilc]?�'vSjmoq�[tJlcY[]���p=�sx{jc]Njmla\^]?jmY¦£

6
o¡t=v[x{]���=��;]�rqpi��o¡lzh´ª}o¡lcYL�Jxc]?jmoµjzl{o¡�=].jmv[xc�¶�s��]A4
rγ = 100

9�o¡�L����� lcv[nA]s£ ��oµjc��xc]�lcoq·N�1l{o¡p=� =
Q1/Q1

ª}o¡lcY
��¸Sj{jmv�xc]=£ �;]�rqpk��o6lzh7jc�N��rq]%=¢��x{ps\

0
v��-l{p

11.8
£A6[p=x��[oµ�Ãl{v[xc]^�[v�xc�Ap=jc]NjN ¦l{Y[]�\^]NjcY7��xc]?jm]N�=l{]N�-o¡�¤l{Y[oµj

¸�t=v[xc]�oµj~uDv[o¡lc].��pD��x�jm]=£

6
o¡t=v[x{] 4�jcY[p1ª~j�lcY�]�xc]?jmv�r6l�j}��psx#lcY[]
Q2/Q1

�ioµj{��x{]�lcoq·N��lcoqps��4 %�]��çl�9~���S��lcY[]
Q2/P1

�ioqj{��x{]�l{o¡·?�1l{o¡p=�
4¶|~o¡t=Y=l�9Ã£ � o¡lcYJlcY[]

Q2/Q1
]Nr¡]N\J]N�Dl{jN �lcY�]}�[xc]?jcjcv[x{]Grqo¡]?j;oq�J����p=�Dlcoq�Dv�psv�j;jc���s��]�ps�¿�s�[�[x{p #io¡\��1l{o¡p=�¦ 1�����

lcYkv�j~ps�[]¢�[]�]?�[j�]�o¡lcY�]�x}l{pJx{]�¸S�[].�(rqp�l}l{Y[]�\J]?jmY� [psxalcp^oq�Dlcx{pk�[v���].�0¸Sj{jmv[x{]¢o¡��lcY�]¢\^]?jmY¦ [lcp���p=\J��vilc]
lcY�]���psx{x{]N�Ãl.jcpsrqvilcoqps�¦£ � o¡lcY7l{Y[]

Q2/P1
]Nr¡]N\^]��Dl{jN ��sj¢l{Y[]��[x{]Nj{jmv�xc]^oµj�]�rq]�\^]��Dlm±¬ª}oµjm]��ioµjc��ps�Dlcoq�kv[psvSj� 

lcY�]#jmp=r¡v[lcoqps�^oqj���p=xcx{]N��lcrqh(��p=\J��vilc]?�^ª}o6l{Y��.��p=�sx{jc]�\^]NjcY¦£
X�Y�]�x{]}]�#ioqjml{jG�.jmrqo¡t=YDl��ioµjc��xc]N��������h�nA]�lzªa]�]��
lcY�].¨�v$#�psnil���oq�[]N�'��x{ps\ l{Y[]�Bcu=vS�sjco6±¬w/psoµjm]Nv[o¡rqrq]�C~¨�p1ª �����'l{Y[]�¨�v$#���ps\^�[v[lc]N��ª}o¡lcY�l{Y[].\^pk�[]�r&�[v[]�lcp
lcY�]��¶�s�Ãl}l{Y��1l}l{Y[]GBcu=vS�sjco6±¬w/psoµjm]Nv[o¡rqrq]�C~¨�p1ªeoqj � � �}�^jmp=r¡vil{o¡p=�'ps��l{Y[].\^pk�[]�r¦�[x{psn�r¡]N\�£

`²�e��ps����r¡vSjmoqps�¦ #lcY[oµj�lc]?jzlc±¬�N�sjc]-jcY[p1ª~j'lcY���l�o¡l�jm]N]�\�j'lcpnS]¤�[]?��]?jcj{��x{hlcpv�jm]¤��ioqj{��p=�Dlcoq�Dv�psv�j
�����[xcp #ioq\��1lcoqps�7p��alcY�]��[x{]Nj{jmv[x{]��s��xcpDjcj�lcY�]´jzl{]��DlN /�1l0r¡]?�sjml�ª}Y[]��¤x{]N��rqoµjzl{oq�^�1��rqv[]?j.p���xc]?jmoµjmlcoq�Do¡lzh-�sxc]
v�jc]N�º£Gb�����]~��¸Sj{jmv�xc]}oµj9��x{]N��lc]?�0p=�^lcY[]�jzl{]��DlN Dpsv[x�jzl���n[oqr¡oq·�]?�

Q1/Q1
\^]�l{Y[pi�^tsoq�s]Nj9xc]?jmv[r¡l{j9ª}Y[oq��Y��sxc]

jco¡\^oqrq�sx}lcp^l{Y[](jml{��n�r¡]
Q2/P1

¸��[o¡lc](]�rq]�\^]��DlN£�`²��lcY[]���� jco¡\0v[rµ�1lcoqps�Sj��[xc]?jm]N�Dlc]N��oq��lcY[](�[]�#kl#jc]N�Ãl{o¡p=�¦ 
ªa]¢ª}oqrqr¦r¡oq\^o6l�psv[x�jm]Nr¡�=]NjGlcp�jml{�sn[o¡rqoq·�]N�´lc]�lcx���Y[]?�ix���r

P1/P1
¸��[o¡lc].]Nr¡]N\^]��Dl{jN£

´¼ �§�[�"6 	('0%�'�`²�^lcY�]~��ps�Dl{]�#klGp��¿Y[p=\Jp=ts]N�[o¡·?�1l{o¡p=�¦ =fi�s����Y[]�·�± w;�sr¡]N����oµ� �I��� � ���S�A/�p=������  ��7N�[ *7%7 �  kjzl{v��k±
oq]N�¥lcY[]�nA]�Y��V�koqpsx�p�����¨Sp1ª�lcY�xcp=v[tsY7�'��rq�s����x�jmoq]��=]s£ /�ps���N�´��xcp1�=]N��l{Y��1l.l{Y[]J¨�p1ª. ��Vª��Vh'��x{ps\ l{Y[]
jco¡]N�s]s �lc]N���[j#lcp´j{�1l{oqjm��h��'fDlcp=³s]Nj~�[xcp=n[rq]�\� Sª}o¡lcY-����p=��jzl����Dl~�s]Nr¡pi��o6lzh'ps�Ll{Y[](jco¡]N�s]s£#fips\^]��kv[\^]�x{oq�N��r
jcpsrqvilcoqps��j#o¡�¥lcY[]0�koq��o¡�[o¡lzh�p��;l{Y[]0jco¡]N�s]�ªa]�x{]��[x{]Njc]��Dl{]N��oq� ��7V� � £�b�v[x¢�kv[\^]�x{oq�N��r�] #i�S]Nxcoq\^]��Dl{j�jmY[p1ª �
�s]Nxch'jmoq\^o¡rµ��x�nA]�Y��V�koqpsx�4
6
oqtsv[x{](�#9Ã£

���e� � �5��� ��� � �
� 	 � ��� � �
��� ���� �
�5� ��� ���(	 � �(�����
� ]J��xc]?jm]N�=l.jcps\^]0x{]Njcv[r¡l{j�lcYS�1l���x{]J�N��x{xcoq]N��psvil�ps�¤�´x{]N�sr¡oµjmlcoµ�(����]�v[x{hijm\�t=]�ps\^]�lcx{hs£(X&ª�p����=jm]?j¢�sxc]
��p=��jcoq�i]Nxc]?� =~��x{oqtsoµ�L��xclc]�x{oµ��r�ª���rqr  Ap=x��s��]�rµ�sjmlcoµ�(�sxml{]�x{oq�sr�ª���rqrW£¢`²�¥��rqr/���sjc]NjN SlcY[]^jzl{]��Dl�oqj¢��p=��jmoµ�i]Nxc]?�
x{o¡t=oq�º /���S�¤oqj(xc]N�[xc]?jm]N�Dlc]N�7nkh-lcY[]�\^pi�i]Nr�4�7&9Ã£�X�Y[]�¨�v[oµ�k±¬jmlcx{v���lcv[x{]�o¡�Dl{]�x��s�Ãl{o¡p=�¤nS]�lzª�]N]��¤lcY�]´n[rqpkpk�

å �&ë�å .
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6
o¡t=v[x{] � =/X&v[nS].����ª}o6l{Y´�(jmlc]N�=l�=/`²�i¨�v[]N����]�p��ºlcY�]�\^]NjcY�x{]�¸���]�\^]��Dl�p=��lcY�]�jcpsrqvilcoqps�¦ =��psx�lcY�]
Q1/Q1�ioµjc��xc]�lcoq·N��lcoqps� 4

rγ = 100
9Ã£ %�]��çl�=J��xc]?jcjcv[x{]^�=j�����v[�S�Ãlcoqps��p��

x
£�|}oqtsYDl�=0psvil(¨�v$#§�sj�����v����Ãl{o¡p=�§p��

lcoq\^]s£/`²�0lcY[]�lzªap¢¸�tsv[x{]NjN VlcY�]�¸�x{jml9��v[x{�s]�x{]��[x{]Njc]��Dl�j¦l{Y[]HBmuDv��=jmo¡±¬w
p=oqjc]�v�o¡rqr¡],C9¨�p1ª«�s�[�[x{p #io¡\��1l{o¡p=�<4����
� �
� +�� 9�£DX�Y[]�jm]?��ps�S�J��v[x{�s]}x{]��[x{]Njc]��Dl{j;lcY[]~�kv[\^]Nxcoµ���sr�jmp=r¡v[lcoqps��ps������p=�sx{jc]�\J]?jmY�ª}o¡lcY��(�ioqj{��p=�Dlcoq�Dv�psv�j
�[x{]Nj{jmv�xc]������[xcp #ioq\��1lcoqps� J�l{Y[]��[x{]Nj{jmv�xc]^oµj���rq\^p=jml(jmv[�A]�x{oq\J�Ap=jc]N�7p=�-l{Y[]����.�
� � +�����v[x{�s]L£ 6[psx�l{Y[]
lcY�xc]N]�x{]�\���oq�[oq�[t0��v[x{�s]NjN =lcY[]¢�[x{]Nj{jmv[x{]#ª��sja�����[xcp #ioq\��1lc]?����p=�=l{o¡�kv[p=v�jcr¡h=£ � Y[]N�

h = h1
4¶jc]N��ps���'�����

lcY�o¡x��©��v[x{�s]&9Ã �lcY[]�\^]?jmY¤oµj�x{]�tsv�rq�sx��s���©��p=�Dl{��oq��j
3200

��]Nr¡rµj�£ � Y[]��
h = h2

4���psv[xclcY©��v[xc�=]�9 4¶xc]?jm�¦£
h = h3

4ç¸[�çl{Y7��v[x{�s]�9"9Ã ¿l{Y[]0\^]?jmY-oqj¢rqpk�N��rqr¡h�x{]�¸���]N���sxcp=v[����l{Y[]0oq�Dlc]Nxm�¶�=��]^��������ps�Dl{�so¡�Sj
6400

4¶xc]?jm�¦£
12800

9G��]�rqrqjN£

���S�§l{Y[]L��xclc]�x{h7lcY���l�pk�N��v[x�j0ª}Y[]��«lcY[]L�sxml{]�x{oq�sr�ª���rqr�oqj^��p=\^�[r¡oµ���Dl? GoµjJjcpsrq�s]?�§�koµ�-�7uDv��sjco6±²°~]Nª�lcp=�
��rqtsp=xco¡lcY�\� [jc]�] ��7V� � £

	�'
	�'*) 2 ¼ � �®� Á$# �"!¶Â ¼ �1�i�5! Á # �
X�Y[]�jmv�xm�¶�=��]¢p��&�0Ykv[\����´��]�x{]�n[x���r¿��xclc]Nxch^n[o¡��v[x����1l{o¡p=�´��p=�Dl{��oq�[oq�[t0�0Ykv[ts]�lc]Nxc\^oq����rº�s�[]�v[x{hijm\ 4W��nApsvil
7N�

mm
ª}oq�i]&9}ª��sj#psnil���oq�[]N��nkh�\^]N�ioµ���sr�oq\^�stsoq�[t�l{]N��Y[�[oµuDv[]Nj�������\^]?jmY[]?�Lv�jco¡��t
	������  ��7 � � £#X�Y[]��

��x{ps\ lcY[](jcv[xc�¶�s��]¢\^]?jmY�������\^]NjcY�ªa�=j~��x{]N��lc]N��v�jcoq�[t������������1£Afkp=\J]���ps\^�[vil��1l{o¡p=��j}Y��V�=]��sr¡x{]N�=�ih
nA]�]��L�=��Y[o¡]N�s]?�´ª}o¡lcY�lcY�oqj�\^]NjcY¦  �I�s�i  7 � � £

� �oµ�i]N�sr¡oq·�]?�§jzl{]��Dl�oqjJoq��jc]�xclc]N��o¡��lcY[]��[x{oq\^�sxch©jcv[xc�¶�s��]'\^]NjcY¦ �jc]�] 6
o¡t=v[xc]D7N�i£ 6[psx�jco¡\^�[rqoµ��o¡lzhs 
ªa](v�jc]J�'��x{v��i]0ts]�p=\^]�lcx{h'��psx~l{Y[]^jzl{]��Dl�=~o¡l�oqj�xc]N�[x{]Njc]��Dlc]?��nDh�l{Y[xc]N](�[rµ���S��x�jcv[xc�¶�s��]Nj#lcY���l�oq�=l{]�x�jm]?�Ãl
lcY�](]��Dl{x{�s����]�ps�;lcY[](lzª�p´n[x{�s����Y[]?j~������ps�;lcY[]J���[]Nv[x{hkjc\� [l{YDvSj��i]?��p=\J�Ap=jcoq�[t�lcY�]0�ip=\^�so¡�Loq�Dlcp���p=v[x
jcv[nA�[ps\���oq��j�=ºlcY[]�lcx{v[�[³�ps�ilcY[]���xclc]Nxch����sr¡rq]N�

Ωtr
 VlcY[]Glzª�p�n[x�������Y[]?j

Ωbr1
���S�

Ωbr2
�����.lcY[]����[]Nv[x{hkjc\

Ωan
£F?G�s��Y jcv[nA�[ps\���oq� jmv[xc�¶�s��]Loqj�\J]?jmY�]N�o¡� uDv��=�ix{�s�[tsrq]Nj^vSjmoq�[t�	������ }oq�p=x{�[]�x^lcp©vSjm]��©jcY[]�rqr

jmlcx{v��Ãl{v[xc]-��pi�i] 4¶n��sjc]N�®p=���! �"�#%$ &('*)�9^��p=x�lcY�]¥��xclc]Nxcoµ��r~ª���rqr £ ?��s��Y jcv[nA�[ps\���oq� ��x{]�lcY[]N� \^]NjcY[]N�
oq�«l{]�l{x{�sY[]N�ix���oq� �-��ps�i��p=xc\^oq�[t7ªa�Vh©v�jcoq�[t+�������,�� 9�����«tsrqv[]?�§l{psts]�lcY[]Nx^r¡]?�V�Doq�[t¤��¸Ajcjcv[x{]���l0l{Y[]
oq�=l{]�xc�¶�s��]NjN£:6
o¡���sr¡rqhs ¦��� � ��ps�i��p=xc\^oq�[t´\^]?jmY7o¡�¥lc]�lcx���Y[]?�ix{�´ª}o6l{Y-oq�Dlc]Nxc���sr
¸Sjcjcv[x{]Nj¢x{]��[x{]Njc]��Dlcoq�[t�l{Y[]
jmlc]��Dl~oµj}��x{]N��lc]N�¦£ � ].psn[l{��oq�L��rµjmp^�^uDv��s�ix�����tsv[rµ��x�jmv�xm�¶�=��]�\^]NjcY'ª}Y[pDjm]��=]�xclcoµ��]Nj}�sxc]�lcY�].ps�[]?j�p���l{Y[]
jc³Doq��p��&lcY[]���� \^]NjcY¦£
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Ref QP
Fissure - h1

No Fissure - h1
No Fissure - h2
No Fissure - h3
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Ref QP
Fissure - h1

No Fissure - h1
No Fissure - h2
No Fissure - h3

6
o¡t=v[x{]�4*=/X&v[nS].����ª}o6l{Y´�(jmlc]N�=l�=/`²�i¨�v[]N����]�p��ºlcY�]�\^]NjcY�x{]�¸���]�\^]��Dl�p=��lcY�]�jcpsrqvilcoqps�¦ =��psx�lcY�]
Q2/Q1���S�LlcY�]

Q2/P1
�ioqj{��x{]�l{o¡·?�1l{o¡p=��j�£

rγ = 100
£ %�]��çl����S��x{o¡t=Y=l�=~psv[l¢¨Sv$#¥�sj¢����v����Ãl{o¡p=�-ps�9lcoq\^]s£ %�]��çl�=

Q2/Q1
]�rq]�\^]N�=l�j�£ |~o¡t=Y=l�=

Q2/P1
]Nr¡]N\J]N�Dl{jN£`²�l{Y[]�lzª�p7¸�t=v[x{]NjN 9lcY�]�¸�x{jml���v[x{�s]�x{]��[x{]Njc]��Dl{j0l{Y[]

Bcu=vS�sjco6±¬w/psoµjm]Nv[o¡rqrq]�C�¨�p1ª ���[�[x{p #io¡\���lcoqps�'4:���.�
� � +�� 9Ã£ � Y[]N�
h = h1

4Wjm]?��p=�������S�^lcY[oqx�����v[x{�s]?j�9@4�x{]Njc�¦£
h = h2

4ç��psv�xml{Y-��v�xc�=]�9 9� AlcY[]J\^]NjcY�oqj¢x{]�t=v[rq�sx#���S�¥��p=�Dl{��oq��j
800

4�x{]Njc�¦£
3200

9}��]Nr¡rµj�£ � Y[]N�
h = h34ç¸��çlcY-��v[x{�s]�9� ilcY�](\^]NjcYLoqj#r¡pi�N��rqr¡h'xc]�¸��[]N�L�sxcp=v[���'lcY�]�o¡�Dl{]�xc�¶�s��]0�����Ljmlcoqr¡r
��p=�=l���oq��j

3200
��]Nr¡rµj�£ %�]��çl�=

ª}o¡lcY�[p�¸Sj{jcv[xc]��1lJlcY[]�oq�=l{]�xc�¶�s��]s ;l{Y[]'��xc]?jcjcv[x{]�oqj^�s�[�[x{p #koq\��1l{]N�©��p=�Dlcoq�Dv�psv�jcr¡h= 9������ps�[]'�[]�]?�[j0lcp
x{]�¸��[]�l{Y[]�\J]?jmY�7r¡psl0l{p7p=nil{�so¡��lcY[]L��psx{xc]?�Ãl�jmp=r¡vil{o¡p=�¦£ � tspkpi��jcpsrqvil{o¡p=�«���s�«nA]L��p=\J��vilc]?�«��l^�
\(vS��Y¥��Y[]N�s�S]Nx#��pDjzl�ª}o6l{Y¥�^¸Sj{jmv�xc]?��\J]?jmY�£#|}oqtsYDl�=���rqr&��v[xc�=]Nj���x{]�jmv[�A]�x{oq\J�Ap=jc]N�¦£~X�Y[](�[x{]Nj{jcv[xc].rqoq]Nj
oq�����ioµjc��ps�Dlcoq�kv[psvSj�jm�S�s��]��s���7lcY�]�x{]���psx{]�p=�[]´���s�©���1l���Y¤lcY[]��ioµjc��ps�Dlcoq�kv[o6lzh-ª}o6l{Y[psv[l0]�#kl{xc]N\J]´\J]?jmY
x{]�¸��[]N\^]��DlN [��psx}�J¸Sj{jmv[x{]¢o¡��lcY�].\J]?jmY�£

6
o¡t=v[x{]07N� =a��]NjcY�p��;l{Y[](l{]�x{\^o¡���sr&�s�[]�v[x{hijm\�£@?��s��Y¥jcv[n¿�ips\���oq��oµj��[]��[oµ�Ãl{]N�Lª}o¡lcY7���io�;A]Nxc]N�=l���p=r¡p=xN£
%¦]��çl�=
¨�v[oµ��\^]NjcY¦ k|}oqtsYDl�=/uDv��s�ix�����tsv[rµ��x;jcY[]�rqr�\^]NjcY¦£���o ;¿]�x{]��Dl��koq]�ª®�Apsoq�=l�j�£/X�Y[]¢jzl{]��Dl�jc]����sx{��lc]Nj
l{Y[]
lcx{v[�[³'��xclc]�x{h'4��=]�xclcoµ���srAoq�[rq]�l}n[x�������Y 9Ã D��xcp=\ lcY�]�lzªapJpsvil{r¡]�l�n�x{�s����Y[]Nj¢ [�s������x{ps\ l{Y[]�����]�v[x{hijm\54�lcps�
���sxml�9Ã£��#oµjcv���rqo¡·?�1l{o¡p=�'ª}o¡lcY��S]N�io¡lN  ��7 � � £
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	�'
	�'7% ��¼ �N�s�2! � �5! Á$#®Á�� ��� ¼ � � Á �43 ¼ �
 ! � !WÂ À ��3 3 `²� lcY[]©�N�sjc]¥p��J��x{o¡t=oq� ��xclc]�x{oµ��r¢ªa�sr¡r  ~l{Y[]7��ps\^�[vil��1l{o¡p=� oµj'�A]�xc��psx{\^]N� oq� �io ;¿]�x{]��Dl
��p=�i¸�t=v[x{��lcoqps��jJp1�=]�x��¤����x��ioµ�s����hi��rq]Nj�p����A]�x{oqpk�

T = 0.8s
£ w9x{psn[rq]�\ 4 7&9Joqj���ps\^�[rq]�l{]N�«ª}o6l{Y«l{Y[]

��psrqrqp1ª}o¡�[tJnApsv[������x{h^��ps���[o6l{o¡p=��j�=/ªa]�oq\^�SpDjm]��0�[xc]?jcjcv[x{]#ª��V�s]¢�1lalcY[]�oq�[r¡]�l
Γin

4¶°#]�v[\��s�[�'nApsv����[��x{h
��p=���io¡lcoqps��j 9}�s���L�J¨�p1ªI1D��xc]?jcjcv[x{]�x{]�rµ�1l{o¡p=��jcoq\(v[rµ�1l{o¡�[t^l{Y[](x{]Njml~p��/l{Y[](��xclc]Nxcoµ��r&��oqx{��v[o6l~oµj~oq\^�SpDjm]?�L�1l
lcY�].psvil{r¡]�l{j

Γout, 1
�s���

Γout, 2
£�b���lcY[].x{]Njml}p���l{Y[].nApsv[������x{h

Γ0
 ��J�[p�±²jmrqoq����ps���io¡lcoqps��oµj}o¡\^�Ap=jc]N� =

T(u, p) · n(x, tn) = −pin(tn)
ps�

Γin,
T(u, p) · n(x, tn) = Routφi(t

n)
ps�

Γout, i, i = 1, 2,
u = 0

p=�
Γ0,

4W�D��9

ª}Y[]Nxc]
pin

oqj&�}tsoq�s]N�.�[xc]?jcjcv[x{]/��v[����lcoqps�(��r¡pslmlc]?�.oq�:6
o¡t=v[xc]G7%7� 
φi =

∫

Γout, i
u·n oqj�lcY[]�psvil&¨�v$#º 1�����¢l{Y[]x{]Njcoqjmlcoq�ko6lzh

Rout
ª��sj�l{�s³s]��0]NuDv��sr=l{p

105 £/X�Y[]a�[x{]Nj{jmv[x{]G�1�sxcoq]Nj&p1�s]Nx&� 5.3 104 g/(cm s2) ≈ 40 mm Hg��\^�[rqo¡lcv��i]= ¿ª}Y[oq��Y���psx{xc]?jm�Aps�S�[jalcp´lzhD��oq�N��r���xc]?jcjcv[x{]��ixcp=��j}oq���[Ykhijmoqpsrqpst=oq�N��r¦��ps���io¡lcoqps�Sj:4�nA]�lzªa]�]N�
80���S�

120 mm Hg
9�£

X�Y[]��koµjc��p=jco6lzh�oqj
µ = 0.035 g (cm s)−1  alcY[]�¨�v[oµ� �i]���jco¡lzh«oµj ρf = 1 g/cm3 £ X�Y[]Llcoq\^]¥jmlc]��ª��sj.l���³=]��©]NuDv��sr9l{p
0.01s

£ � ]´v�jc]N��� %��stsx����[t=]
P1/P1

jml{�sn[oqr¡oq·�]?�7¸��[o¡lc]�]�rq]�\^]��Dl{j���psx(lcY[]�jm�S�s��]
�ioµjc��xc]�lcoq·N��lcoqps�¦£(X�YS���[³ij#lcp�lcY[]0¸Sj{jmv�xc]?j�oq��l{Y[]^\^]NjcY¦ ¦ªa]0rq]�l¢lcY[]^�[x{]Nj{jcv[xc]0nS]��ioµj{��ps�Dl{o¡�kv[p=v�j���l�l{Y[]
x{]Njcoqjmlcoq�s]�oq�=l{]�xc�¶�s��]NjN Dª}Y�]�x{]N�sjal{Y[]��s]Nr¡pi��o¡lzh�oµj~��p=�Dlcoq�Dv�psv�jN£

� 3¶�[�N�5!W� À �13 3 � rqr�l{Y[]9x{]�\���x{³ij¿\��s�i];oq��lcY[]Gxcoqtsoµ�¢ªa�sr¡rD���sjc];jzl{o¡rqr=�s�[�[rqhs V]�#[��]��ilºl{Y��1l¦l{Y[]G��ps\^�[vil��1lcoqps�
oµj}\��s�i]�p1�s]Nx)7��N��x��ioµ�s�¢��hi��rq].�������0lcoq\^]�jzl{]���lc]N�'l{o¡\^]?j}jm\���rqrq]�x}ª��sjal{�s³s]N�D4

dt = 10−3 9Ã£
/�ps�S��]�x{�[oq�[t�l{Y[]^jzl{xcv���lcv[x{]s ¦�'�[p=�i± rqoq�[]N�sx¢jcY[]�rqr/\^pk�[]�r/oqj�vSjm]?�º ¦jm]N](��p=x�oq��jml{�s����]�� � � £0X�Y[]��9p=v[�[t

\^pi�iv[rqv�j¢oqj
E = 6 106 dyn cm2  Sl{Y[](w/p=oqj{jmp=����pk] ����o¡]N�=l¢oqj ν = 0.3

���S��lcY[](lcY[oµ��³k�[]Nj{j�oqj
0.025 cm4¶�snSp=vil#p=�[].lc]N�DlcYLp��/l{Y[]0�sxml{]�x{h´�ioµ��\^]�l{]�x�9Ã£E6[p=x�jco¡\^�[rqoq��o6lzh= [l{Y[](jcY[]�rqr�oµj#�=jcjcv[\^]N��l{p�nS]J��rµ��\^�S]?�L�1l

o¡l{j}nApsv[�S�[��x{o¡]?j�£

	�'
	�'
	 '¼ � �43��?�
`²��l{Y[]��io ;¿]�x{]��Dl����sjc]Nj�jzl{v��ioq]N�D4¶jc]�]�X
��n�r¡]�����psx�lcY�]�x{o¡t=oq�^ª���rqr¿���sjc]#�s���´X
��n[rq]�����psxGlcY[]¢\^p1�Doq�[t�ª���rqr
���=jm]&9Ã ºªa]0��Y��s�[ts]?��lcY�]0x{]Njcoqjmlcoq�ko6lzh�ps�9lcY[]^jmlc]��Dl? ºo¡�-psx��i]�x�lcp��sj{jm]?jcj~lcY[]^oq\^���s��l¢ps�;lcY[]�jmlc]��Dl�ps�Ll{Y[]
n[rqpkpk��¨�p1ª.£ � ]��N��rqr

ran
lcY[]�xc]?jmoµjmlcoq�Do¡lzh�l{Y[]�jmlc]N�Dl��Apsxclcoqps��rqpk�N�1l{]N���1lGlcY[]�]��Dlcx�������]~p��¿l{Y[]��s�[]�v[x{hijm\� 

rbr
lcY[]0xc]?jmoµjmlcoq�Do¡lzh´ps�;lcY[]Jjzl{]��Dl��Apsxclcoqps�Lrqpi����lc]N�¥�1l~l{Y[](]N�=l{x{�s����](p��;lcY�]J�^n[x����S��Y[]NjN£}`²�LlcY�]0���=jm]

0
 

lcY�]�x{]�oqj��[p´jmlc]N�DlN£}`²��lcY�](p�l{Y[]�x�ps�[]?j� �lcY[]0jzl{]��Dl�Y��=j:��( ���
�����~���[ps�[± Y[p=\^psts]N�[]�p=v�j��A]�x{\J]?��n[oqrqo6lzh =Go¡l
oµj}\^psx{]�x{]Njcoqjmlcoq�s].��lal{Y[].]��Dl{x{�s����]�p��&lcY[]��s�[]�v�xchijc\ lcY��s����l}lcY[].]N�Dlcx�������]�ps�&l{Y[].n[x�������Y[]?j�£

� ]��[x{]Njc]��Dl~lcY�](jmp=r¡v[lcoqps�L�1l~l{Y[]0jchijzl{psrq].o¡��l{Y[x{]�]�\���oq����p=�i¸�t=v[x{��lcoqps��j�=9ª}o¡lcY[p=vil��s�Dh�jzl{]��Dl�4�lc]Njml
���=jm]

0
9� ¦�����-ª}Y[]N��lcY�]^�s�[]�v�xchijc\�xc]?jmoµjzl{o¡�ko¡lzh�oqj�lzª}oµ��]��sj¢rµ��x{ts]0�=j�lcY[]Jps�[]?j��1l�lcY[]^]N�=l{x{�s����]0p��9l{Y[]

n[x�������Y�]Nj�=�jzl{]��Dl/ª}o6l{Y(l{Y[]�xc]?jmoµjzl{o¡�ko¡lcoq]Nj
ran = 50, rbr = 20

4çlc]?jzl9�N�sjc]
4
9� sjmlc]��Dl/ª}o6l{Y

ran = 100, rbr =
50

4çl{]Njml#���=jm]
10
9Ã£ X�Y[]�xc]?jmv[r¡l{j}�sxc]�jcv[\^\^�sxcoq·�]?�´oq�LX&�sn[rq]Nj~�J�s�����i£

`²� 6&oqtsv�xc] 7?�k �lcY�]��A]N�s³§�[x{]Nj{jmv�xc]��1l^lcY�]�jchijzl{psrq]'oµj��i]N�[oq��lc]?�º£®`¬l^YS�sjJlcp¤nA]��[p�l{oq��]N��lcY���lJl{Y[]
jmlc]��Dl(oq���ivS��]Nj0���[x{]Nj{jmv[x{]�yzv[\^�§�1l(lcY[]�oq�Dlc]Nxm�¶�=��]NjN 
�[p�l���n[rqh¥nA]�lzªa]�]N�-l{Y[]�l{xcv��[³-�s���7lcY[]´n[x{�s����Y[]?j�£
� Y[]N��lcY[]¢��xclc]Nxcoµ��r[ª���rqr�oµja��ps\^�[rqoµ���DlN slcY[]¢��xclc]�x{oq]Nj9�s���^lcY�]#���[]Nv[x{hkjc\ ��x{]~jmrqo¡t=YDlcrqhJ�ioqrµ�1lc]?��v[���[]�x9l{Y[]
�[x{]Nj{jmv�xc].��p=��jmlcx���oq�=l? i�sj�]�#i�A]N��lc]N�¦£9X�Y[].�[x{]Nj{jmv[x{]¢o¡��jcoµ�i]�lcY[]��s�[]�v�xchijc\$oqj���p�l#jco¡t=�[o6¸A�����Dl{r¡h�\^pi�io¡¸�]N�
nkh�l{Y[]�jzl{]��Dl}o¡��nAp�l{Y'l{Y[].x{o¡t=oq�������'\^p1�ko¡�[t^ª���rqr¦���=jm]?j�£

`²� 6&oqtsv�xc] 7N�i GlcY[]L�A]N�s³©�s]Nr¡pi��o¡lzh§��rqps��t¥l{Y[]�lcx{v[�[³§ps�#lcY�]��sxml{]�x{h©�����«o¡�Sjmoµ�i]�lcY[]L�s�[]�v[x{hijm\�oµj
jcY[p1ª}�¦£ � Y[]Nxc]?�sjal{Y[]�\�� #ioq\(v[\ �s]�rqpi��o¡lzh�oq��lcY[]�l{xcv[��³´oµj}�[p�l~x{]N�sr¡rqh´��;A]?�Ãlc]?��nkh'�^jzl{]��Dl�4¶o6l~x{]N�=��Y[]Nj
o¡l{j¢\�� #io¡\0v[\ �1��rqv[](�[]?��x#lcY[]Jr¡pi�N�1lcoqps�¥ª}Y[]�x{].lcY�](l{xcv[��³�oµj#lcY[]0lcY[oq�[�[]?jzl�9Ã ¿l{Y[](¨Sv[oq�¥�s]Nr¡pi��o¡lzh�o¡�Ll{Y[]
����]�v[x{hijm\�oµj9��ps��jcoq�[]�x���n[rqh.xc]?�iv���]N�0nDh(lcY[]~jmlc]N�DlN =�=j/]�#i�A]N�Ãl{]N�º£ � �=psxclc]�#�oq�JlcY[]~�s�[]�v�xchijc\ jzl{o¡rqr[] #koµjml{j
��psx���x{]Njcoµjzl{o¡�ko¡lzh

ran = 50
 Sn�vil��N����YS��x��ir¡h�nA]Jjc]�]N�¦£�X�Y[]0�=]�rqpi��o¡lzh'oq��l{Y[]J�s�[]�v�xchijc\ oµj��i]��[oµ�Ãl{]N�¥o¡�

ë�ë æ�Q Ý?ömâÃø�à�ÛÃÚ�ß�÷�2
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/a�sjc]
ran rbr ||φ||Γin,∞ ||φ||Γout, 1,∞ ||φ||Γout, 2,∞

||u||Ωan,∞

||u||Ωtr,∞
||∇ × u||Ωan,2 ||WSS||∂Ωan,2

0 0 0 1.02 0.513 0.504 69.9% 61.7 11.6
1 50 1 1.01 0.513 0.504 23.4% 14.1 2.93
2 50 5 1.01 0.513 0.503 23.3% 14.0 2.90
3 50 10 1.01 0.512 0.502 23.2% 13.9 2.88
4 50 20 1.01 0.51 0.5 23.0% 13.7 2.82
5 50 50 1.0 0.505 0.494 22.6% 13.2 2.70
6 100 1 1.02 0.513 0.504 12.7% 7.3 1.61
7 100 5 1.02 0.513 0.503 12.7% 7.3 1.60
8 100 10 1.01 0.512 0.502 12.7% 7.2 1.59
9 100 20 1.01 0.51 0.5 12.5% 7.1 1.56
10 100 50 1.0 0.506 0.495 12.2% 6.9 1.49
11 100 100 0.98 0.498 0.486 11.9% 6.5 1.40
12 200 50 1.0 0.506 0.495 6.5% 3.5 0.80
13 200 100 0.98 0.498 0.486 6.3% 3.4 0.75

X
��n[rq]¥��= ��o ;¿]�x{]��Dl�l{]Njmlm±²���sjc]Nj0��p=x^lcY[] �2! �$!¶Â¹�i�V� ¼ �2!¶��3 À ��3 3 ��p=\^�[vil{��lcoqps��j�=�jmlc]��Dl�x{]Njcoqjmlcoq�ko6l{o¡]?j^o¡�
lcY�]0����]�v[x{hijm\

ran
 ¿������oq��lcY�](n[x�������Y�]Nj

rbr
4 g
cm2s

9Ã A�S]?��³�o¡�i¨Sp1ªO4 cm3

s

9Ã A�S]?��³�psvilc¨�p1ª~j~��l~lcY[](lzª�p
psv[lcrq]�l{jN Dx{��lcoqp�p��¿lcY�]#\�� #ioq\(v[\¯�s]Nr¡pi��o¡lzh(oq��l{Y[]#����]�v[x{hijm\¯p1�s]Nx/lcY[]�\^� #io¡\0v[\4�=]�rqpi��o¡lzh0oq�^lcY[]#lcx{v[�[³¿ 
L2 ��psx{\�p��SlcY[]}�=psxclcoµ��o¡lzh.o¡�JlcY�]~���[]Nv[xchijc\������Jps��lcY�]}ªa�sr¡r[jcY[]N�sx9jzl{xc]?jcj/��l;lcY[]�ª���rqrip��AlcY[]~�s�[]�v[x{hijm\�£

/a�sjc]
ran rbr ||φ||Γin,∞ ||φ||Γout, 1,∞ ||φ||Γout, 2,∞

||u||Ωan,∞

||u||Ωtr,∞
||∇ × u||Ωan,2 ||WSS||∂Ωan,2

0 0 0 1.05 0.523 0.513 73.8% 71.8 12.9
4 50 20 1.04 0.520 0.509 22.7% 14.8 2.80
10 100 50 1.03 0.516 0.503 12.9% 7.6 1.47

X
��n[rq]��*=���o ;¿]�x{]��Dl�l{]Njmlm±²���=jm]?j#��p=x.lcY�]�¼ 3W�[�N�5!¶�©�[�?� ¼ � !W��3 À ��3 3 ��p=\J��vil{��lcoqps��j�=�jzl{]��Dl�x{]Njcoqjmlcoq�ko6l{o¡]?j.o¡�
lcY�]0����]�v[x{hijm\

ran
 ¿������oq��lcY�](n[x�������Y�]Nj

rbr
4 g
cm2s

9Ã A�S]?��³�o¡�i¨Sp1ªO4 cm3

s

9Ã A�S]?��³�psvilc¨�p1ª~j~��l~lcY[](lzª�p
psv[lcrq]�l{jN Dx{��lcoqp�p��¿lcY�]#\�� #ioq\(v[\¯�s]Nr¡pi��o¡lzh(oq��l{Y[]#����]�v[x{hijm\¯p1�s]Nx/lcY[]�\^� #io¡\0v[\4�=]�rqpi��o¡lzh0oq�^lcY[]#lcx{v[�[³¿ 
L2 ��psx{\�p��SlcY[]}�=psxclcoµ��o¡lzh.o¡�JlcY�]~���[]Nv[xchijc\������Jps��lcY�]}ªa�sr¡r[jcY[]N�sx9jzl{xc]?jcj/��l;lcY[]�ª���rqrip��AlcY[]~�s�[]�v[x{hijm\�£

å �&ë�å .
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6
o¡t=v[x{]:7 � =/�=ja]�#i�S]?�Ãl{]N�º ko¡l��i]?��x{]N�=jm]?j9ª}Y[]N��lcY�]¢�s�[]�v[x{hijm\ x{]Njcoqjmlcoq�ko6lzh
ran

oq����x{]N�=jm]?jG4W�io ;¿]�x{]��Dl}jc�N��rq]Nj
oq�(]N�=��Y��[oµ�Ãl{v[xc]&9Ã sjc]�]a��rµjmp#lcY[]�X
��n[rq]Nj;�~�s���(�*=¦lcY�]�x��1l{o¡p�p���\�� #ioq\(v[\ �=]�rqpi��o¡lcoq]Nj&o¡�(lcY[]����[]Nv[x{hkjc\ �����
oq��lcY[]#lcx{v[�[³^oµjGx{]N�ivS��]N�J��x{ps\

70%
4¶�[p0jmlc]N�=l�9/l{p

23%
ª}Y[]N�

ran = 50
 �l{p

13%
ª}Y[]N�

ran = 100
 =�s���

lcp
6%

ª}Y[]��
ran = 200

£
fk]N]}��rµjmp�lcY[]E6
oqtsv[x{])7 �  �ª}Y[]�x{]alcY[]�\�� #ioq\(v[\ �s]�rqpi��o¡lzh�oq�(l{Y[]~���[]Nv[x{hkjc\��sj/�
��v[����lcoqps��ps�Al{o¡\^]~oµj;�[rqp�lclc]?�º£;X�Y[]~�s]Nr¡pi��o6lzh�oq�^lcY�]#���[]Nv[x{hkjc\ oµj9jcr¡oqtsYDl{r¡h0rq�sxct=]�x;ª}Y[]N�0l{Y[]#��ps\^�[vil��1lcoqps�
l{�s³s]?j�o¡�Dlcp��=����p=v[�Dl�lcY[]���ps\^�[rqoq�s����]�p��&lcY[].ª���rqr £

`²� 6
o¡t=v[x{]�7 �k =lcY[]�ªa�sr¡rSjmY[]?��xGjmlcx{]Nj{j9��l9lcY[]�ªa�sr¡r�p��¿lcY[]����[]Nv[xchijc\ oµj9�[rqp�lclc]?�º£;X�ªap(�io�;A]Nxc]N�Dl�jc�N��rq]Nj
��x{].v�jc]N�º �lcY[]0ps�[].ª}o¡lcYL��p´jzl{]��Dl#nA]�oq�[t�¸��=]�lcoq\^]Nj�rq�sxct=]�xalcY��s��lcY[]0p�l{Y[]�x?£aX�Y�]�\�� #io¡\0v[\¹�1�sr¡v[]?j~ps�
lcY�]¢ª���rqr¿jmY[]?��x�jzl{xc]?jcjajc]�]�\ l{p0�s�[�S]?��x��1lalcY[].j{��\^]#rqpi����lcoqps��j�o¡����rqrº���sjc]NjN£/°~p^jmoqts�[o¡¸S�N���Dla�io�;¿]�x{]�����]Nj
���s�'nA].�[pslcoµ��]N��nA]�lzªa]�]N�´l{Y[].xcoqtsoµ��������\^p1�ko¡�[tJª���rqr¦��ps\^�[v[l{�1l{o¡p=��jN£

� j#ps�[](ª�p=v[rq��] #k�A]N��lN Aª}Y[]��-�^tsoq�s]��L��xc]?jcjcv[x{]��ixcp=��oqj#o¡\^�Ap=jc]N�º SlcY[]�¨�p1ª o¡��l{Y[]0�sxml{]�x{h´jmrqoqtsYDlcrqh
�i]?��x{]N�sjc]Nj&�sj�lcY[]�jmlc]��Dl/xc]?jmoµjmlcoq�Do¡lzh¢p��[l{Y[]�n�x{�s����Y[]Nj�o¡�S��x{]N�sjc]NjN£�X�Y[oµj
oqj&�[p=xc\���rk�sj¦lcY[]ap1�s]Nx{�sr¡r=xc]?jmoµjmlcoq�Do¡lzh
p��ºl{Y[]��ips\���oq�^lcp(lcY[]�¨�v[oµ��oµjGoq����xc]?�sjc]N�^nkhJlcY[]�jzl{]��DlN£Gb#l{Y[]�x��Dv�\J]Nxcoµ���sr�] #k�A]�x{oq\J]N�Dl{jajmY[p1ªl{Y��1lalcY[oµj
],;¿]N��l#���s�'nA]�uDv[o6l{]�o¡\^�Apsxcl{���Dl? io¡�����sxml{oq��v[rq�sx�ª}Y[]��'lcY[].��xc]?jcjcv[x{]�oq\^�SpDjm]?�

pin
oqj}jc\���rqr¡]Nx�.�£�b��[].�����

�[pslc]JlcY���l.lcY[]��s�[]�v[x{hijm\�jzl{]��Dl.Y��sj�rqo6lclcrq]^o¡�i¨Sv[]�����]�p1�s]Nx#l{Y[]�tsrqpsn��sr
¨�p1ª.£0`²� 6
o¡t=v[x{] 7>7� ºl{Y[]�o¡���[vil
¨�p1ª �=j��(��v[����lcoqps��p��¦l{o¡\^]�oµja�[]��[oµ�Ãl{]N�'p1�s]�x�ps�[]¢�A]�x{o¡pi�º£ � ]�jcY[p1ª oq� 6
oqtsv[x{] 7 � l{Y[]

L2 �[psx{\ p��¦l{Y[]
ª���rqr
jcY[]N�sx¢jmlcx{]Nj{j�ps�Ll{Y[]0ª���rqr
p��9l{Y[]J�s�[]�v�xchijc\ �=j�����v[����lcoqps�7p��;lcoq\^]s£.`¬l�oqj��ix���\���lcoµ����rqrqh'x{]N�ivS��]N�
nkh�l{Y[]�jzl{]��DlN£9X�Y�].�spsxclcoµ��o¡lzh�oq��jmoµ�i]�l{Y[]����[]Nv[x{hkjc\¹jcY[p1ª~j}�^jmoq\^o¡rµ��x}nA]�YS�V�Doqpsx?£ 6
o¡���sr¡rqhs �o¡� 6
o¡t=v[x{] 71�D 
ªa](��p=\J�S��x{]N�'lcY[]0\�� #io¡\0v[\ �s]�rqpi��o¡lzh'oq��lcY�]0����]�v[x{hijm\ ������l{Y[](ª���rqr�jcY[]N�sx#jmlcx{]Nj{j~oq�LlcY[](xcoqtsoµ�L�����
\^p1�ko¡�[tJª���rqr¦���sjc]NjN£/X�Y[]�x{].��x{]��[p^jco¡t=�[o6¸A�����Dl}�io�;A]Nxc]N����]?j� i] #i��]��il�l{Y��1l? [ª}Y[]��'lcY�]¢ª���rqr¿oqj}��ps\^�[rqoq�s�DlN 
lcY�].�V�sr¡v�]Nj}��x{].�Jn[o6l~rµ��x{ts]NxN£

 0

 10000

 20000

 30000

 40000

 50000

 60000

 0  0.5  1  1.5  2

Inlet
Outlet 1
Outlet 2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.6  1.7  1.8  1.9  2  2.1  2.2  2.3  2.4

no stent
stent: 50 - 20

stent: 100 - 50
stent: 200 - 100

6
o¡t=v[x{]D7>7%= %¦]��çl�=�o¡���[vil^�[xc]?jcjcv[x{]´oq�«�sr¡ralc]?jzlc±¬�N�sjc]Nj<4çlcp=���v[x{�s]�9� 9������psvil{�[vil^�[x{]Nj{jmv[x{]´oq�§l{Y[]�lc]?jzl
���=jm]

0
4��[p^jzl{]��Dl 9a��l

Γout, 1
4�\^oµ�[�irq].��v[x{�s]&9G�s���

Γout, 2
4�rqp1ªa]Njml���v[xc�=]�9�£ � jcr¡oqtsYDl}�sjchD\^\^]�l{xch��N���´nA]

�[pslcoµ��]N�¦£0fi���sr¡]>=
[0; 6E4]

£.|}o¡t=YDl�=#oq�[�[v[l¢¨Sp1ª 4¶j{���sr¡]
[0; 1.1]

9#�=j��´��v[����lcoqps�7p��9l{o¡\^]J��psx¢ps��]J�N��x��ioq�=�
��hi��r¡]=£ /�v[x{�s]NjN A��xcp=\�lcp=��l{p'nAp�lclcps\ =�lc]?jzl����=jm]?j

0
4���p�jmlc]N�=l�9Ã 

4
 
10
 
13
£�X�Y[]J¨�p1ª��i]?��x{]N�sjc]Nj��s]Nxch

jcr¡p1ª}rqh�ª}Y[]N�´l{Y[].xc]?jmoµjmlcoq�Do¡lzh�oq����x{]N�=jm]?j)4�ª}Y[oµ��Y�oqj}�^�i]?jmoqx{�sn[rq]���]?�1l{v[xc]&9Ã£

	�'
	�'�� � !¶�?� �
�?�5! Á #
X�Y[]7�kv[\^]�x{oq�N��r#] #i�S]Nxcoq\^]��Dl�jcY[p1ª~j�l{Y��1l�lcY�]-�[x{]Njc]��S��]�ps�(��jmlc]��Dl�ª}o6l{Yejcps\^]�x{]N�sr¡oµjzl{oq�¥xc]?jmoµjmlcoq�Do¡lzh
�[x{ps�A]�xclcoq]Nj9��ps��jcoµ�i]�x���n[rqh(x{]N�[v���]?j/lcY[]#�s]�rqpi��o¡lzh(oq�^lcY[]¢���[]Nv[x{hkjc\� =�s���0lcYkv�j;l{Y[]#�=psxclcoµ��o¡lzh(���S�JlcY[]~ª���rqr
K åçæ´ñWûVð�ü ê�ó}ð�ízìÃæ���)Ãï?è ê{ñWéIìÃæ Þ 'qìÃè}ê *Vè¶ðzü ü ï?èWð pin

ê P ìÃï?ñ}ñ ðzæ�ñ éIó}ðzü�üWó~ê�(-(Iðzè�� ≈ 5mm Hg � Þ ê�æ'ìÃï?ñ (Ið²ñ~èWðzüWéIüWñWé &?é ñçý
Rout = 1E4 ê�æ&N�ê�èWðzü éIü¶ñ¬ê�æ?ímð rbr = 50

Þ ê��1ì���èWð�NVïVí²ñWéIìÃæ�ì�'Sê P ìÃï?ñ 10% �¦ê�ü�ì P üWðmè$&�ð�N	��é ñ û~ñ û?ðGü¶ñ ðzæ�ñcÿ
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6
o¡t=v[x{]'7?�*=^fkhijmlcp=r¡oµ���[x{]Nj{jmv�xc]^��p=x(�io�;A]Nxc]N�=lJxc]?jmoµjmlcoq�Do¡lcoq]NjN /�����¤ª}o¡lcY§x{oqtsoµ�¤psx(\^p1�koq�[t���xclc]Nxcoµ��r9ª���rqrµj�£
fi�N��rq]%=

[4.8 104, 5.4 104]
£ %�]��çl~��p=r¡v[\^� =/x{o¡t=oq�´��xclc]�x{oµ��r�ª���rqr £/|~o¡t=Y=l}��p=r¡v�\J� =
\^p1�koq�[t(ª���rqrW£ 6�xcp=\ X&ps�

lcp�_ap�lclcps\ =}�[p�jzl{]��DlN ¿l{]Njml��N�sjc]
4
4¶jmlc]��Dl¢ª}o6l{Y¥l{Y[](x{]Njcoqjmlcoq�ko6l{o¡]?j�=

ran = 50, rbr = 20
9Ã Alc]?jzl.���=jm]

104
ran = 100, rbr = 50

9Ã£

jcY[]N�sx
jmlcx{]Nj{j
ps��l{Y[]aªa�sr¡rkp���lcY[]}����]�v[x{hijm\�£&X�Ykv�jN 1ps��]a�N���(��xc]?�ioq��l&l{Y��1l9�#n[r¡pkpi�J��rqp�l;��psv�rq�(nS]}��x{]N��lc]?�
x����[oµ�irqhJoq��l{Y[]¢�s�[]�v�xchijc\� =lcYS���[³ijGlcp�l{Y[]�jmlc]N�DlN£;_a]Njcoq�i]?j� Dl{Y[]#t=r¡p=n���rSn[r¡pkpi�^¨�p1ª �[pD]?jG��p�lajc]�]N\¯lcp(nA]
lcpkp.\0v���Y^�S]Nxml{v[xcnA]N�^nkh(lcY[]#jmlc]N�DlN sp=vil9p��¿l{Y[]~���[]Nv[x{hkjc\ =�oq�^����xclcoµ��v[rµ��x? 1l{Y[]~psv[lm¨�p1ªo¡�^�[Ykhijco¡p=r¡p=tsoµ����r
��p=���io¡lcoqps��jGxc]N\���oq��j9��rq\^p=jmlGv[����YS���[t=]N�º£/X�Y[]~x{]Njcv[r¡l{jG�[oq�^�[psl���Y��s�[ts]~jco¡t=�[o¡¸S���s�=l{r¡hJnA]�lzªa]�]��^l{Y[]~x{o¡t=oq�
ª���rqrG���=jm]��s���7lcY[]´\Jp1�koq�[tLª���rqrG���=jm]= �l{YDvSj� 
o¡�¤l{Y[oµj(��p=�i¸�t=v[x{��lcoqps�¦ &o6lJ�ipk]Nj���p�l(jc]�]�\ �[]?��]Nj{j{��x{hLlcp
�A]�xc��psx{\ lcY[]���v�r¡r�¨�v[oµ�k±¬jmlcx{v���lcv[x{]�o¡�Dlc]Nx{�=�Ãl{o¡p=�'��p=\^�[vil{��lcoqps�'lcp�p=nil{�so¡��xc]?�sjcps���sn[rq]#x{]Njcv[r6l�j�£

å �&ë�å .
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6
o¡t=v[x{]<7?�*=�fkhijmlcp=r¡oµ���=]�rqpk��o6lzh�oq�7�´�[rµ�����sx¢jc]N��lcoqps�¥ps�9lcY�](l{xcv[��³�������lcY[]^���[]Nv[x{hkjc\�£�X�Y[]^��vil��[rµ���[]
oµj�rqpk�N�1l{]N�¤���[��xcp #ioq\^��lc]Nr¡h¥�sr¡p=�[t�lcY�]�lcx{v[�[³¤� #ioµj� /�����7oµj��A]�x{�S]N���ioµ��v[rµ��x(lcp�l{Y[]�lzªap�]��Dlcx����S��]Nj�oq�Dlcp
lcY�].n[x{�s����Y[]?j�£/X�Y[]�r¡pi�N�1lcoqps�'p��&lcY[].����]�v[x{hijm\$jmlc]N�=l? io6�
�[x{]Njc]��DlN [�N���´nA]�tsv[]?jcjc]N�'�sj�o¡l}r¡oq\^o6l�jalcY[].rqp1ª
�s]Nr¡pi��o6lzhJ·�p=�[]~������lcY[]}l{xcv��[³0x{]�t=o¡p=�¦£;fi���sr¡]>=

[0, 60]
£&X&ps� =
x{o¡t=oq���sxml{]�x{oq�sriªa�sr¡r £
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