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Extration d'objets par une dynamique stohastiqueontinue de naissane et mortRésumé : Nous dé�nissons une dynamique de naissane et mort s'appliquant à des on�gurationsde disques dans le plan. Nous prouvons la onvergene du proessus ontinu et proposons unedisrétisation du problème onvergeant vers le as ontinu. Cette approhe est développéepour résoudre des problèmes d'analyse d'image liés à l'extration d'objets. L'algorithme quis'en déduit est appliqué aux problèmes de l'extration de houppiers et à la détetion d'oiseauxà partir d'images aériennes. Les performanes de l'approhe développée sont montrées surdes images réelles.Mots-lés : Extration d'objets, modélisation stohastique, dynamique de naissane/mort



Birth and death dynamis 31 IntrodutionWe propose a new stohasti algorithm to solve objet extration problems from images. Thealgorithm is based on an evolution of maro-objets in ontinuum. We onsider here a modelof possibly partially overlapping diss. Eah dis in the �nal on�guration is assoiated witha given objet in the image, for example a tree or a bird. We de�ne a stohasti evolutionof a set of objets onverging to the set of objets of interest in the image.The evolution under onsideration is a birth-and-death equilibrium dynamis on theon�guration spae of diss (or the on�guration spae of points) with a given stationaryGibbs measure (see [1, 2℄). We de�ne birth and death rates meeting the so-alled detailedbalane onditions. In our sheme the intensity of birth is a onstant, whereas intensitiesof death depend on the energy funtion and the urrent on�guration. This hoie of rateshas been made to optimize the onvergene speed. Indeed, the volume of the spae for birthis muh bigger than the number of diss in the on�guration. Eah dis an be killed witha ertain intensity depending on its neighborhood and the energy funtion. It is thereforefaster to update the death map than the birth map.We then embed the de�ned stationary dynamis into a simulated annealing proedurewhere the temperature of the system tends to zero in time. We thus obtain a non-stationarystohasti proess, suh that all weak limit measures have a support on on�gurations giv-ing the global minimum of the energy funtion under a minimal number of diss in theon�guration. The �nal step is the disretization of this non-stationary dynamis. Thedisretization is a non-homogeneous (in time and in spae) Markov hain with transitionprobabilities depending on a temperature, the energy funtion and a disretization step. Weprove that:1) the disretization proess onverges to the ontinuous time proess under �xed tempera-ture as the step of disretization tends to zero;2) if we apply the disretization proess to any initial measure with a ontinuous densityw.r.t. the Lebesgue-Poisson measure, then in the limit when the disretization step tendsto 0, time tends to in�nity and the temperature tends to 0, we get a measure onentratedon the global minima of the energy funtion with a minimal number of diss.These results on�rm that the proposed algorithm based on the disretization shemetogether with the ooling proedure an be applied to problems of searhing on�gurationsgiving global minima of the energy funtion.We apply this framework to objet detetion from images. In some previous works, wehave shown that marked point proesses, de�ned by a Gibbs measure against the Poissonproess, are adapted to suh problems by modeling simple geometri objets de�ned bythe marks assoiated to eah point. Moreover, interations between points allow to modelsome a priori information on the objet on�guration. This approah have been applied todetet di�erent features suh as road networks [3, 4℄, buildings [5℄ or trees [6℄. In these refer-enes, the optimization of the de�ned marked point proess is performed using a RJMCMCsheme [7℄. In the RJMCMC sheme, eah iteration onsists in perturbating one or a oupleof objets. Besides the rejetion rate indues a huge omputation time. In the proposedapproah, eah step onerns the whole on�guration and there is no rejetion. We thusRR n° 9999



4 Desombes & Minlos & Zhizhinaobtained better performanes in term of omputational time, whih allow to deal with realimages of several millions of pixels. We build an energy funtion whih embeds some a prioriknowledge on the objet on�guration suh as partial non overlapping between objets anda data term whih allows the objets to �t the image under study. The optimization is thenperformed by using the proposed birth and death dynamis. Some results are shown on realdata for the problems of tree and bird detetion.2 Desription of the model2.1 Con�guration spaeWe onsider �nite systems of diss {dx1 , . . . , dxk
} of the same radius r with a hard oredistane ǫ between any two elements, lying in a bounded domain V ⊂ R2. Let

γ = {xi} ∈ Γd(V ), xi ∈ V ⊂ R2,be a on�guration of the enters of diss and where Γd(V ) denotes the on�guration spae ofthe diss enter in V . Sine the domain V is bounded the number of diss in any on�gurationis uniformly bounded
|γ| < N =

4|V |

πǫ2
,where |V | is the volume of V . The set Γd(V ) an be deomposed into strata:

Γd(V ) =

N
⋃

n=0

Γd(V, n),where eah stratum Γd(V, n) is the set of on�gurations ontaining n diss, and Γd(V, 0) =
{∅}. Sine we onsider unordered sets of diss, the set Γd(V, n) for any n > 0 an berepresented as a fator set

Γd(V, n) = V n
d / Sn,where

V n
d = {(x1, . . . , xn) ∈ V n : |xi − xj | ≥ ǫ, i, j = 1, . . . , n, i 6= j},and Sn is the permutation group in the set (x1, . . . , xn). We de�ne a mapping

Πn : V n
d → Γd(V, n), Πn(x1, . . . , xn) ∈ Γd(V, n) (1)Eah funtion F (γ), γ ∈ Γd(V ) on the spae Γd(V ) an be represented as a funtion in theFok spae:

F0, F1(x1), F2(x1, x2), . . . , FN (x1, . . . , xN ), (2)where F0 = F (∅), Fn(x1, . . . , xn) = F (Πn(x1, . . . , xn)) is a symmetrial funtion on V n
d . Afuntion F on the spae Γd(V ) is said to be a smooth (ontinuous) funtion if eah funtionin (2) is a smooth (ontinuous) funtion on V n

d . INRIA



Birth and death dynamis 5Let us onsider a measure in the spae Γd(V, n):
λn(A) =

Π−1
n (A)

n!
, A ⊂ Γd(V, n), λ0(∅) = 1. (3)Here |Π−1

n (A)| is the 2n-dimensional Lebesgue volume of the domain Π−1
n (A) ⊂ V n

d (aomplete preimage of A under mapping Πn). The measure λ on the spae Γd(V ), suh thatthe restrition of λ on eah stratum Γd(V, n) is given by λn, is alled the Lebesgue-Poissonmeasure.2.2 Energy funtionWe de�ne on the spae Γd(V ) a real-valued smooth and bounded from below funtion H(γ)whih is alled the energy funtion. We set H(∅) = 0. Then the orresponding Fokrepresentation for H has the form
H = (0, H1(x1), H2(x1, x2), . . . , HN (x1, . . . , xN )) . (4)The Gibbs distribution µV

β on the spae Γd(V ) generated by the energy H(γ) is de�ned bythe density pV (γ) =
dµV

β

dλ (γ) with respet to the Lebesgue-Poisson measure λ:
pV (γ) =

z|γ|

Zβ,V
exp{−βH(γ)}, (5)with positive parameters β > 0, z > 0 and a normalizing fator Zβ,V :

Zβ,V =

∫

Γd(V )

z|γ| exp{−βH(γ)}dλ(γ) = 1 +

N
∑

n=1

zn

n!

∫

V n
d

e−βHn(x1,...,xn)dx1 . . . dxn.We formulate now some assumptions on the energy funtion HV (γ). Denote by
H̄ = min

γ∈Γd(V )
H(γ),where Γd(V ) is the losure of Γd(V ), and let

TV = {γ̄ ∈ Γd(V ) : H(γ̄) = H̄}be a set of all points from Γd(V ) giving the global minimum H̄ of the funtion H(γ). Theset TV an be written as
TV =

N
⋃

n=0

TV,n,where TV,n is a set of on�gurations from TV whih are also on�gurations from Γd(V, n),i.e. ontain exatly n diss.RR n° 9999



6 Desombes & Minlos & Zhizhina
In pratie, this energy ontains a �rst term representing a priori knowledge on the disson�guration and whih is de�ned by interations between neighboring diss, and a seondterm, obtained from data, whih is de�ned for eah objet and whih an be negative.3 Convergene of measuresWe assume that1) the set TV is �nite and situated in Γd(V ),2) for any on�guration γ̄ ∈ TV,n any preimage (x̄1, . . . , x̄n) ∈ Π−1

n (γ̄) of γ̄ is a non-degenerated ritial point of the funtion Hn, i.e.:
∂Hn

∂ym
i

(x̄1, . . . , x̄n) = 0,for any i = 1, . . . , n, x̄i = (y1
i , y

2
i ) ∈ V, m = 1, 2, and the matrix

A (γ̄) =

{

∂2Hn

∂ym1

i ∂ym2

j

(x̄1, . . . , x̄n)

}at point (x̄1, . . . , x̄n) is stritly positive-de�nite (this matrix is the same for all preimages ofthe on�guration γ̄). We denote
B(γ̄) = det A(γ̄). (6)Theorem 1. Let n0 ∈ [0, . . . , N ] be the minimal index for whih the set TV,n is notempty. Then the Gibbs distributions µβ onverge weakly as β → ∞ to a distribution µ∞ on

Γd(V ) of the form
µ∞ =

∑

γ̄∈TV,n0

Cγ̄δγ̄ if n0 > 0, and µ∞ = δ{∅} if n0 = 0. (7)Here δγ̄ is the unit measure onentrated on the on�guration γ̄, and the oe�ients Cγ̄ holdthe equality
∑

γ̄∈TV,n0

Cγ̄ = 1.Proof. Let F (γ) be a smooth funtion on Γd(V ). Then
〈F 〉µβ

=
I(F )

Zβ,V
= (8)INRIA



Birth and death dynamis 7
Z−1

β,V






F0 +

N
∑

n=1

zn

n!

∫

V n
d

Fn(x1, . . . , xn) e−βHn(x1,...,xn) dx1 . . . dx2






.Let us onsider eah integral in (8)

In(Fn) =

∫

V n
d

Fn(x1, . . . , xn) e−βHn(x1,...,xn) dx1 . . . dx2separately. If the set TV,n is empty, then the integral In(Fn) meets the estimate
|In(Fn)| < e−βhn |V n

d |, (9)where
hn = minHV,n(x1, . . . , xn) > H̄.If TV,n is not empty, then the following asymptotis holds, see for example [8℄

In(Fn) = e−βH̄





∑

γ̄∈TV,n

F (γ̄)R(γ̄)β−n/2 + β−n/2−1/2S(F, β)



 , (10)where S(F, β) is bounded as β → ∞, and
R(γ̄) =

1

(2π)n/2
B−1/2(γ̄),where B(γ̄) is de�ned in (6). Then bound (9) and asymptotis (10) imply that for n0 > 0and β → ∞ we get

I(F ) = F0 +

N
∑

n=1

zn

n!
In(Fn) =

e−βH̄

βn0/2





∑

γ̄∈TV,n0

F (γ̄)R(γ̄) + o(1)



 . (11)Analogously,
Zβ,V = I(1) =

e−βH̄

βn0/2





∑

γ̄∈TV,n0

R(γ̄) + o(1)



 . (12)Finally from (8), (11) and (12) we get (7) with
C(γ̄) =

R(γ̄)
∑

γ̄∈TV,n0
R(γ̄)

.The ase n0 = 0 an be studied in the same way. Sine the spae of smooth funtionsis dense in the spae of bounded funtions B(Γd(V )), we prove the weak onvergene ofmeasures µβ → µ∞ on the spae B(Γd(V )). 2RR n° 9999



8 Desombes & Minlos & Zhizhina4 A ontinuous-time equilibrium dynamisWe onsider an operator in the spae C(Γd(V )) of ontinuous bounded funtions on Γd(V )of the form:
(Lβ f)(γ) =

∑

x∈γ

eβE(x,γ\x)(f(γ\x) − f(γ)) + z

∫

V (γ)

(f(γ ∪ y) − f(γ)) dy, (13)where
V (γ) = V \D(γ), D(γ) = (∪x∈γBx(ǫ)) ∩ V,where Bx(ǫ) is the disk with enter at point x ∈ V and radius ǫ, and

E(x, γ\x) = H(γ) −H(γ\x).The operator de�ned in equation (13) is the generator of a birth-and-death proess in thedomain V ⊂ R2 with birth intensity b(γ, x) in the unordered on�guration γ at x and deathintensity d(γ\x, x) from the on�guration γ at position x respetively given by :
b(γ, x) dx = z dx, d(γ\x, x) = eβE(x,γ\x).Under this hoie of the birth and death intensities, the detailed balane ondition holds:

b(γ, x)

d(γ\x, x)
=

pV (γ)

pV (γ\x)
= z e−βE(x,γ\x),and onsequently, see for example [9℄, the orresponding birth-and-death proess assoiatedwith the stohasti semigroup Tβ(t) = etLβ is time reversible, and its equilibrium distribu-tion is the Gibbs stationary measure µV

β with density (5).Theorem 2. 1) The operator Lβ is a bounded operator in the spae of bounded funtions
B(Γd(V )) and in L2(Γd(V ), µβ), moreover Lβ is a self-adjoint operator in L2(Γd(V ), µβ).2) The family of operators Tβ(t) = etLβ , t ≥ 0 forms a self-adjoint Markov semigroup in
L2(Γd(V ), µβ), i.e.

etLβ1 = 1, and etLβF ≥ 0 for any non-negative F ∈ L2(Γd(V ), µβ). (14)3) The semigroup Tβ(t) is a ontration semigroup in B(Γd(V )).4) The semigroup Tβ(t) meets the ondition of improving positivity, i.e. for any non-negativefuntion F ≥ 0 we get Tβ(t)F > 0For the proof, see Appendix A.Corollary. The improving positivity property implies that there exists a unique �xedvetor of the operators Tβ(t) = etLβ in L2(Γd(V ), µβ) (whih is equal to 1), see [10℄.The onvergene to the stationary measure µβ is guaranteed by the general result givenby C. Preston in [11℄. We onsider a family B(λ) of measures ν on the spae Γd(V ) withINRIA



Birth and death dynamis 9a bounded density p̃ν(γ) with respet to Lebesgue-Poisson measure λ. This, in partiular,implies that a density pν(γ) of the measure ν ∈ B(λ) w.r.t. a Gibbs measure µβ (for any β):
pν(γ) =

dν

dµβ
(γ)is also bounded, and onsequently, pν(γ) ∈ L2(Γd(V ), µβ). Then we an de�ne the evolution

νt ≡ T (t)ν of the measure ν ∈ B(λ) as follows:
〈νt, F 〉 = (Tβ(t)pν , F )µβ

.Notie that property 2) of Theorem 2 implies that Tβ(t)pν is again a density w.r.t. a Gibbsmeasure, i.e.
Tβ(t)pν ≥ 0, 〈Tβ(t)pν〉µβ

= 〈pν〉µβ
= 1.Theorem 3. Let ν ∈ B(λ). Then for any F ∈ L2(Γd(V ), µβ) we get

〈Tβ(t)ν, F 〉 ≡ 〈νt, F 〉 = (Tβ(t)pν , F )µβ
→ 〈F 〉µβ

. (15)The proof of theorem 3 follows from the general theorems by C. Preston [11℄.5 Approximation proessIn this setion, we de�ne a disrete time approximation of the proposed ontinuous birthand death proess.We onsider Markov hains Tβ,δ(n), n = 0, 1, 2, . . . on the same spae Γd(V ). The proess
Tβ,δ(n) an be desribed as follows: a on�guration γ is transformed to a on�guration
γ′ = γ1 ∪ γ2, where γ1 ⊆ γ, and γ2 is a on�guration of enters of diss suh that
γ1 ∩ γ2 = ∅ and is distributed w.r.t. the Poisson law with intensity z.This transformation embed a birth part given by γ2 and a death part given by γ\γ1.The transition probability for the death of a partile at x (i.e. a dis with the enter at
x) from the on�guration γ is given by:

px,δ =











eβE(x,γ\x) δ
1 + eβE(x,γ\x) δ

= axδ
1+axδ , if γ → γ\x,

1
1+axδ , if γ → γ (x survives). (16)with ax = ax(γ) = eβE(x,γ\x). Moreover, all the partiles are killed independently, and bothon�gurations γ1 and γ2 are independent.The transitions assoiated with the birth of a new partile in a small domain ∆y ⊂ V (γ)have the following probability distribution:

qy,δ =







z∆yδ, if γ → γ ∪ y,

1 − z∆yδ, if γ → γ ( no birth in ∆y).
(17)RR n° 9999



10 Desombes & Minlos & ZhizhinaFinally, the transition operator Pβ,δ for the proess
Tβ,δ(n) = Pn

β,δhas the following form:
(Pβ,δf) (γ) =

∑

γ1⊆γ

∏

x∈γ1

1

1 + axδ

∏

x∈γ\γ1

axδ

1 + axδ
(18)

Ξ−1
δ (γ1)

∞
∑

k=0

∫

Vk(γ1)

(zδ)k

k!
f(γ1 ∪ y1 ∪ . . . ∪ yk) dy1 . . . dyk,where Ξδ(γ) = Ξδ(V (γ), z, δ) is the normalizing fator for the onditional Lebesgue-Poissonmeasure under a given on�guration of diss γ1. We prove below that the approximationproess Tβ,δ(t) ≡ Tβ,δ

([

t
δ

]) onverges to the ontinuous time proess Tβ(t) uniformly onbounded intervals [0, t̄] as the disretization step δ tends to 0.Let us denote L = B(Γd(V )) a Banah spae of bounded funtions on ΓV with a norm
‖F‖ = sup

γ∈Γd(V )

|F (γ)|.Theorem 4. For eah F ∈ L

‖Tβ,δ(t)F − Tβ(t)F‖L = sup
γ

|(Tβ,δ(t)F )(γ) − (Tβ(t)F )(γ)| → 0, (19)as δ → 0 for all t ≥ 0 uniformly on bounded intervals of time.See Appendix B for the proof.Corollary. The result of theorem 4 implies that for any F,G ∈ B(Γd(V )) we get
(G, Tβ,δ(t)F )µβ

→ (G, Tβ(t)F )µβ
as δ → 0. (20)We denote by Sβ,δ(n) an adjoint to Tβ,δ(n) semigroup ating on measures, suh that forany ν ∈ B(λ):

〈Sβ,δ(n)ν, F 〉 = (pν , Tβ,δ(n)F )µβ
.We now formulate the main result about onvergene.Main theorem. Let F ∈ B(Γd(V )) and an initial measure ν ∈ B(λ). Then underrelation

δ eβb < const (21)with b = supγ∈Γd(V ) supx∈γ E(x, γ\x) we have
lim

β→∞, t→∞, δ→0
〈F 〉Sβ,δ([ t

δ
])ν = 〈F 〉µ∞ , (22)INRIA



Birth and death dynamis 11where measure µ∞ is de�ned in Theorem 1, and 〈F 〉Sβ,δ([ t
δ
])ν = 〈Sβ,δ([

t
δ ])ν, F 〉.Proof. We an write as follows

〈F 〉Sβ,δ([ t
δ
])ν − 〈F 〉µ∞ = (pν , Tβ,δ([

t

δ
])F )µβ

− (pν , Tβ(t)F )µβ
+

+(Tβ(t)pν , F )µβ
− 〈F 〉µβ

+ 〈F 〉µβ
− 〈F 〉µ∞ .Then, using the results of theorem 1 and the limit relations (7), (15) and (20) we get (22).In addition, relation (21) follows from the approximation tehnique (see appendix B, equa-tions (43) and (50)).Remark. Relation (22) determines the limit over three quantities: β → ∞, t→ ∞, δ →

0. In the approximation tehnique we used the relation (21) between δ and β:
δ = φ(β) e−βb with φ(β) = O(1) as β → ∞.Unfortunately we ould not �nd the relation between t and β. If we have the relation

t = ψ(β) in an expliit form, then (22) an be rewritten as a limit when t → ∞ under tworelations β(t) = ψ−1(t) and δ(t) = φ(β(t))e−β(t)b.6 Appliation to objet detetion from numerial images6.1 ModelLet onsider a numerial image on the lattie I ⊂ Z2, de�ned as follows:
Y : I → Λ ⊂ N

s 7→ ys (23)Eah ys refers to the grey level at pixel s, on the lattie I = {1, · · · , NL}×{1, · · · , NC}, NL(resp. NC) being the number of lines (resp. olumns) of the analyzed image. We onsideron�gurations of enters of diss γ = {xi} ∈ Γd(V ), where V = [1/2, NL+1/2]× [1/2, NC+
1/2]. Eah disk in the �nal on�guration represents an objet in the image. The hard oredistane ǫ is naturally taken to be equal to the data resolution: ǫ = 1 pixel. To de�ne theenergy H , we �rst onsider some prior knowledge. We want to minimize the overlap betweenobjets. However, to obtain a more �exible model w.r.t. the data and the kind of objets,we do not forbid but only penalize overlapping objets. We de�ne a pairwise interation asfollows:

∀{xi, xj} ∈ γ × γ,H2(xi, xj) = max

(

0, 1 −
||xj − xi||

2r

) (24)where ||.|| is the Eulidean norm and r is the radius of the underlying dis.A �rst order term is then added for eah objet to �t the dis on�guration onto the data.We onsider that there is an objet, modeled by a dis entered at pixel s, in the image,RR n° 9999



12 Desombes & Minlos & Zhizhinaif the grey level values of the pixels inside the projetion of the dis onto the lattie arestatistially di�erent from those of the pixels in the neighborhood of the dis. To quantifythis di�erene we ompute the Bhattaharya distane between the assoiated distributions.Denote D1(s), the projetion of the dis with radius r entered at s onto the lattie, and
D2(s) the surrounding rown:

D1(s) = {t ∈ I : ||t− s|| ≤ r} and D2(s) = {t ∈ I : ||t− s|| ≤ r + 1}\D1(s). (25)We onsider the mean and the variane of the data of these two subsets:
µ1(s) =

∑

t∈D1(s)
yt

∑

t∈D1(s) 1
and µ2(s) =

∑

t∈D2(s) yt
∑

t∈D2(s) 1

σ2
1(s) =

∑

t∈D1(s) y
2
t

∑

t∈D1(s) 1
− µ1(s)

2 and σ2
2(s) =

∑

t∈D2(s)
y2

t
∑

t∈D2(s) 1
− µ2(s)

2 (26)Assuming Gaussian distributions, the Bhattaharya distane between the distributions in
D1(s) and in D2(s) is then given by:

B(s) =
1

4
(µ1(s) − µ2(s))

2
√

σ2
1(s) + σ2

2(s) −
1

2
log

2σ1(s)σ2(s)

σ2
1(s) + σ2

2(s)
. (27)From this distane between the two distributions, a �rst order energy term is built:

∀xi ∈ γ, H1(xi) =







(

1 − B(i)
T

) if B(i) < T
(

exp−B(i)−T
3B(i) − 1

) if B(i) ≥ T
(28)where i is the losest point to xi on the lattie, and T is a threshold parameter. Finally,under the hard ore onstraint, the global energy is written as follows:

H(γ) = α
∑

xi∈γ

H1(xi) +
∑

{xi,xj}∈γ×γ,i6=j

H2(xi, xj) (29)where α is a weighting parameter between the data term and the prior.6.2 AlgorithmThe algorithm simulating the proess is de�ned as follows:� Computation of the �rst order term: For eah site s ∈ I ompute H1(s) fromthe data� Computation of the birth map: To speed up the proess, we onsider a nonhomogeneous birth rate to favor birth where the �rst order term is low (i.e. where thedata tend to de�ne an objet):
∀s ∈ I, b(s) = 1 + 9

maxt∈I H1(t) −H1(s)

maxt∈I H1(t) − mint∈I H1(t)
. (30)INRIA



Birth and death dynamis 13The normalized birth rate is then given by:
∀s ∈ I, B(s) =

zb(s)
∑

t∈I b(s)
(31)This non homogeneous birth rate refers to a non homogeneous referene Poisson mea-sure. It has no impat on the onvergene to the global minima of the energy funtionbut do have an impat on the speed of onvergene in pratie by favoring birth inrelevant loations.� Main program: initialize the inverse temperature parameter β = β0 and the dis-retization step δ = δ0 and alternate birth and death steps� Birth step: for eah s ∈ S, if xs = 0 (no point in s) add a point in s (xs = 1)with probability δB(s) (note that the hard ore onstraint with ǫ = 1 pixel issatis�ed).� Death step: onsider the on�guration of points x = {s ∈ I : xs = 1} and sortit from the highest to the lowest value of H1(s). For eah point taken in thisorder, ompute the death rate as follows:

dx(s) =
δax(s)

1 + δax(s)
, (32)where:

ax(s) = exp−β (H(x/{xs}) −H(x)) . (33)and kill s (xs = 0) with probability d(s).� Convergene test: if the proess has not onverged, derease the temperatureand the disretization step by a given fator and go bak to the birth step. Theonvergene is obtained when all the objets added during the birth step, andonly these ones, have been killed during the death step.6.3 ResultsThe �rst appliation we address onerns tree rown extration from aerial images. Weonsider 50m resolution images of poplars. Some examples of the obtained results aregiven on �gures 1 and 2. The results are satisfatory. One an remark a few false alarms on�gure 1, on the border on the plantation, due to shadows and a few misdetetion on �gure 2on small trees for whih the hosen radius (3 pixels) is too big.The seond appliation onerns the ounting of �amingo population. An extrat of theobtained result is given on �gure 3 for the initial image and on �gure 4 for the deteted birds.Almost all the birds have been orretly deteted. The full image ontains 6128×3920 pixelsand has been analyzed in ten minutes on a bi-proessor 2GHz PC. This represents a mainadvantage with respet to more standard optimization tehniques based on a RJMCMCsampler [6, 12℄. Indeed, the speed of onvergene and the omputational e�ieny of theproposed algorithm allow us to deal with with huge sets of data in a reasonable time.RR n° 9999



14 Desombes & Minlos & Zhizhina7 ConlusionIn this report, we have proposed a new approah for deteting objets in an image. Thisapproah is based on a birth and death proess. We have proven the onvergene of theontinuous proess. We then have desribed a disretization sheme and proven its on-vergene to the ontinuous proess. From this general framework, we have proposed a dismodel whih permits the detetion of objets in a given image. Two appliations, onerningtree and bird detetion, have shown the relevene of the proposed approah. The two mainadvantages of this tehnique are its generality and its omputational e�ieny.Next steps will onern the generalization of the model to a broader lass of objets.Taking into aount other kinds of objets suh as ellipses or retangles is straightforward.However, it will be interesting to embed some randomness in the de�nition of objets.Dealing with random radius or more generally random marks assoiated with the points inthe on�guration will inrease the appliation domain of this promising approah. To taklethis new generation of models, we are urrently working of new dynamis for addressinggeometri hanges in the on�guration suh as objet dilation, translation, rotation or objetsplitting and merging.

INRIA



Birth and death dynamis 15

Figure 1: Result on a poplar plantation (top: initial image© IFN, bottom: deteted trees)RR n° 9999



16 Desombes & Minlos & Zhizhina

Figure 2: Result on a poplar plantation (top: initial image© IFN, bottom: deteted trees)
INRIA



Birth and death dynamis 17

Figure 3: Bird population © Station Biologique Tour du ValatRR n° 9999



18 Desombes & Minlos & Zhizhina

Figure 4: Deteted birds from the image shown on �gure 3 INRIA



Birth and death dynamis 19Appendix A. Proof of theorem 2.1) The boundness of Lβ is obvious, and then we an de�ne the semigroup Tβ(t) as theexponent of the operator Lβ using the usual espansion for the exponent. Self-adjointnessfollows from the detailed balane ondition and the boundness of the operator Lβ.2) Sine Lβ1 = 0 we get etLβ1 = 1. The seond ondition in (14) follows from the analogousproperty of the operators Pn
β and the onvergene of the approximation proess assoiatedwith transition operator Pβ (see appendix B).3) Using relations
Tβ(t) = etLβ = lim

n→∞

(

E +
t

n
Lβ

)n (34)and
(

E +
t

n
Lβ

)

f(γ) =

(

1 −
t

n

(

∑

x∈γ

eβE(x,γ\x) + zV (γ)

))

f(γ) +

t

n

∑

x∈γ

eβE(x,γ\x)f(γ\x) +
t

n
z

∫

V (γ)

f(γ ∪ y) dy (35)we obtain that, for any t > 0 and for large enough n, all oe�ients in the deomposition(35) are positive, and moreover,
∣

∣

∣

∣

(

E +
t

n
Lβ

)

f(γ)

∣

∣

∣

∣

≤

∣

∣

∣

∣

(

E +
t

n
Lβ

)

|f |(γ)

∣

∣

∣

∣

≤ sup
γ

|f(γ)|.Thus,
sup

γ

∣

∣

∣

∣

(

E +
t

n
Lβ

)

f(γ)

∣

∣

∣

∣

≤ sup
γ

|f(γ)|, (36)and applying inequality (36) n times we still keep the same bound:
sup

γ

∣

∣

∣

∣

(

E +
t

n
Lβ

)n

f(γ)

∣

∣

∣

∣

≤ sup
γ

|f(γ)| for all large enough n ∈ N.Consequently, Tβ(t) is a ontration semigroup in B(Γd(V )), i.e.
sup

γ
|(Tβ(t) f)(γ)| ≤ sup

γ
|f(γ)|.4) Using (35) we have:

(

E +
t

n
Lβ

)

f = B0f +
t

n
B+f +

t

n
B−f,where

(B0f)(γ) =

(

1 −
t

n

(

∑

x∈γ

eβE(x,γ\x) + zV (γ)

))

f(γ) >

(

1 −
t

n
R

)

f(γ),RR n° 9999



20 Desombes & Minlos & Zhizhina
(B−f)(γ) =

∑

x∈γ

eβE(x,γ\x)f(γ\x), (B+f)(γ) = z

∫

V (γ)

f(γ ∪ x)dx,and
R = max

γ

(

∑

x∈γ

eβE(x,γ\x) + zV (γ)

)

< ∞.For any given t > 0, if n is large enough, then 1 − tR
n > 0. The following deompositionholds:

(

E +
t

n
Lβ

)n

f =
∑

(σ1,...,σn)
σi=0,+,−

Bσ1Bσ2 . . . Bσn

(

t

n

)n+
(

t

n

)n−

f, (37)where n± is the number of ” + ” or orrespondingly ” − ” in the sequene (σ1, . . . , σn), andthe sum is taken over all sequenes (σ1, . . . , σn) with σi = 0,+,−. Eah term in (37) isnon-negative if f is a non-negative funtion and if n is large enough.Let us onsider two ases. If f(∅) > 0, then we show that for any γ 6= ∅ the sum






∑

(σ1,...,σn)
n−=k

Bσ1Bσ2 . . . Bσn

(

t

n

)k

f






(γ) ≡ (I(k)

n f)(γ) > ckf(∅), (38)where |γ| = k and a onstant ck > 0 does not depend on n. The sum in (38) is taken over allsequenes (σ1, . . . , σn) free from pluses with n− = k. Indeed, we have for all large enough n
(I(k)

n f)(γ) >

(

1 −
t

n
R

)n−k

Bk
−(γ, ∅) Ck

n

(

t

n

)k

f(∅),with the orresponding matrix element of the operator Bk
−

Bk
−(γ, ∅) = k! eβH(γ).Sine for any �xed t, R, k

(

1 −
tR

n

)n−k

Ck
n

(

t

n

)k

→
tk

k!
e−tR as n→ ∞,we have for large enough n

(

1 −
tR

n

)n−k

Ck
n

(

t

n

)k

>
tk

2 k!
e−tR.Consequently, for any γ with |γ| = k

(I(k)
n f)(γ) >

1

2
tk eβH(γ)−tR f(∅) ≡ ck f(∅), (39)INRIA



Birth and death dynamis 21and in the limit (34) as n→ ∞ relations (37) - (39) imply that
(

etLβf
)

(γ) > ckf(∅) > 0.Assume now that f(∅) = 0 and f(γ) > 0 on a set Q ⊂ Γd(V, k) of a positive measure
λ(Q) > 0. We onsider in the sum (37) the following term

∑

(σ1,...,σn)
n+=k

Bσ1Bσ2 . . . Bσn

(

t

n

)k

≡ J (k)
n ,where the sum is taken over all sequenes (σ1, . . . , σn) free from minuses with n+ = k. Thenas above we have for all large enough n

(J (k)
n f)(∅) >

(

1 −
tR

n

)n−k

Ck
n

(

t

n

)k ∫

Q

(Bk
+)(∅, γ)f(γ)dλ >

tk

2 k!
e−tR

∫

Q

(Bk
+)(∅, γ)f(γ)dλ.Taking the limit (34) as n→ ∞ we have

(

etLβf
)

(∅) >
tk

2 k!
e−tR

∫

Q

(Bk
+)(∅, γ)f(γ)dλ > 0.Thus using results of the previous ase we get that for any γ

(

e2tLβf
)

(γ) > 0.Theorem 2 is proved ompletely.Appendix B. Convergene of the approximation proesses.Proof of theorem 4.To prove the onvergene of the orresponding semigroup
Tβ,δ(t) = P

[ t
δ
]

β,δ → Tβ(t), δ → 0uniformly on bounded intervals of time t we use here the following approximation theorem:Theorem [13℄. For n = 1, 2, . . . let Tn be a linear ontration on a Banah spae L,and let δn be positive numbers. We set:
Ln =

1

δn
(Tn − E).RR n° 9999



22 Desombes & Minlos & ZhizhinaAssume that limn→∞ δn = 0.Let {T (t)} be a strongly ontinuous ontration semigroup on the Banah spae L withgenerator L, and let C be a ore for L. Then the following propositions are equivalent:a) for eah f ∈ L

‖Tn(t)f − T (t)f‖L → 0, as δn → 0for all t ≥ 0 uniformly on bounded intervals;b) for eah f ∈ C
‖Lnf − Lf‖L → 0, as δn → 0.We denote by Lβ,δ the generator of the proess Tβ,δ de�ned by transition probabilities(18) (homogeneous in time):

(Lβ,δf)(γ) =
1

δn
((Pβ,δf) (γ) − f(γ)) = (40)

1

δn





∑

γ1⊆γ

∏

x∈γ\γ1

(axδn)
∏

x∈γ

1

1 + axδn

Ξ−1
δ (γ1)

∞
∑

k=0

∫

Vk(γ1)

(zδn)k

k!
f(γ1 ∪ y1 ∪ . . . ∪ yk) dy1 . . . dyk − f(γ)






=

1

δn

(

Ξ−1
δ (γ)

∏

x∈γ

1

1 + axδn
f(γ) − f(γ)

)

+

1

δn
Ξ−1

δ (γ\x)
∏

y∈γ

1

1 + ayδn

∑

x∈γ

axδn f(γ\x) +

1

δn
Ξ−1

δ (γ) zδn
∏

y∈γ

1

1 + ayδn

∫

V (γ)

f(γ ∪ ỹ) dỹ +

1

δn

∑

γ̃⊆γ

Ξ−1
δ (γ\γ̃)

∑

k:|γ̃|+k≥2

(zδn)k

k!

∏

y∈γ

1

1 + ayδn

∏

x∈γ̃

axδn

∫

Vk(γ\γ̃)

f((γ\γ̃) ∪ y1 ∪ . . . ∪ yk) dy1 . . . dyk.We take here as a ore C = B(Γd(V )) a whole set of bounded funtions on ΓV . Let usonsider the following theorem, proved in appendix C:Theorem 5. Let us denote
∆δf = Lβ,δf − Lβf. INRIA



Birth and death dynamis 23Then
sup

γ
|∆δf(γ)| → 0 as δ → 0 (41)for eah f(γ) ∈ B(ΓV ).Finally, relation (41) immediately implies onvergene (19) of the semigroups in theuniform norm of the spae L by the above approximation theorem. Theorem 4 is proved.Appendix C. Proof of theorem 5.Some preliminary expansions.Remark. We have for any x ∈ γ

E(x, γ\x) ≤ b, (42)so that
ax ≡ eβE(x,γ\x) ≤ eβb (43)and let

a = a(β) = sup
γ∈Γd(V )

sup
x∈γ

ax < ∞.Lemma 1. The normalizing fator Ξ−1
δ (γ) from (18) an be written as

Ξ−1
δ (γ) = 1 − zδ|V (γ)| + O

(

z2δ2
) as δ → 0. (44)Proof. Sine

Ξδ(γ) = 1 +
∞
∑

m=1

(zδ)m

m!

∫

Vm(γ)

dy1 . . . dym = 1 + zδ|V (γ)| +
∞
∑

m=2

(zδ)m

m!
Vmwith Vm < |V (γ)|m < |V |m, m ≥ 2, we an write

Ξδ(γ) = 1 + zδ|V (γ)| + O(z2δ2). (45)Thus, (45) implies (44). 2Using the Taylor expansions
ln(1 + x) = x−

x2

2
ξ′, ξ′ ∈ (4/9, 4) as |x| <

1

2
, (46)and

ex = 1 + x+
x2

2
eξ, ξ ∈ (0, x), (47)RR n° 9999



24 Desombes & Minlos & Zhizhinawe have for small enough δ:
1

1 + axδ
= e− ln(1+axδ) = e−axδ+

ξ1
2 a2

xδ2

,

∏

x∈γ

1

1 + axδ
= e

−δ
∑

x∈γ

ax+
ξ1
2 δ2 ∑

x∈γ

a2
x

. (48)Then using (44), (48) and relation ξ1

2 δ
2
∑

x∈γ a
2
x = O(a2δ2) we have for all small enough δ:

Ξ−1
δ (γ)

∏

x∈γ

1

1 + axδ
−

(

1 − δ
∑

x∈γ

ax − z δ |V (γ)|

)

= (49)
(

1 − zδ|V (γ)| +O
(

(zδ)2
))

e−δ
∑

ax+δ2 ξ1
2

∑

a2
x −

(

1 − δ
∑

ax − δz|V (γ)|
)

= O
(

δ2(a2 + z2)
)

.We assume here that
δ a = δ a(β) < const, (50)whih is of ourse true for any �xed β and small enough δ. Let us write now the expressionfor ∆δf(γ) using (40) and (13):

(∆δf)(γ) =
1

δ
((Pδf)(γ) − f(γ)) − (51)

∑

x∈γ

ax(γ) (f(γ\x) − f(γ)) − z

∫

V (γ)

(f(γ ∪ y) − f(γ)) dy =

1

δ

(

Ξ−1
δ (γ)

∏

x∈γ

1

1 + axδ
f(γ) − f(γ)

)

+

+
∑

x∈γ

ax(γ) f(γ) + z |V (γ)| f(γ) +

1

δ

∑

x∈γ

ax(γ)δ Ξ−1
δ (γ\x)

∏

y∈γ

1

1 + ayδ
f(γ\x) −

∑

x∈γ

ax(γ)f(γ\x) +

1

δ
Ξ−1

δ (γ) z δ
∏

y∈γ

1

1 + ayδ

∫

V (γ)

f(γ ∪ y) dy − z

∫

V (γ)

f(γ ∪ y) dy +

1

δ

∑

γ̃⊆γ

Ξ−1
δ (γ\γ̃)

∑

k:|γ̃|+k≥2

(zδ)k

k!

∏

x∈γ̃

axδ
∏

y∈γ

1

1 + ayδ

∫

Vk(γ\γ̃)

f(γ\γ̃ ∪ y1 ∪ . . . ∪ yk) dy1 . . . dyk.
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Birth and death dynamis 25Estimation of the oe�ients in (51).Let us estimate the terms with f(γ), f(γ\x), f(γ ∪ y) in (51) separately.Using (49) and boundedness of f(γ) we have:
∣

∣

∣

∣

∣

1

δ

(

Ξ−1
δ (γ)

∏

x∈γ

1

1 + axδ
f(γ) − f(γ)

)

+

(

∑

x∈γ

ax(γ) + z|V (γ)|

)

f(γ)

∣

∣

∣

∣

∣

= O(δ(a2 + z2)), δ → 0. (52)Analogously, we an estimate the oe�ients before f(γ\x) and f(γ ∪ y):
∣

∣

∣

∣

∣

∑

x∈γ

ax

(

Ξ−1
δ (γ\x)

∏

y∈γ

1

1 + ayδ
− 1

)

f(γ\x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

x∈γ

ax

(

(

1 − zδ|V (γ\x)| +O(z2δ2)
)

e−δ
∑

ax+
ξ1
2 δ2∑ a2

x − 1
)

f(γ\x)

∣

∣

∣

∣

∣

≤

a|γ|
(

δ(a|γ| + z|V |) + δ2 (A2|γ| +A3z
2|V |2)

)

Kf = O(δa(z + a)). (53)And
z

∣

∣

∣

∣

∣

∣

∣

∫

V (γ)

(

Ξ−1
δ (γ)

∏

x∈γ

1

1 + axδ
− 1

)

f(γ ∪ y) dy

∣

∣

∣

∣

∣

∣

∣

≤

z|V |
(

δ(a|γ| + z|V |) + δ2(A2|γ| +A3z
2|V |2)

)

Kf = O(δz(z + a)). (54)Let us estimate now the last term in (51). Using that
Ξ−1

δ (γ) ≤ 1,
∏

y∈γ

1

1 + ayδ
≤ 1,and supγ |f(γ)| < Kf we have

1

δ

∑

γ̃⊆γ

Ξ−1
δ (γ\γ̃)

∑

k:|γ̃|+k≥2

(zδ)k

k!

∏

x∈γ̃

axδ
∏

y∈γ

1

1 + ayδ

∫

Vk(γ\γ̃)

f(γ\γ̃ ∪ y1 ∪ . . . ∪ yk) dy1 . . . dyk ≤
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26 Desombes & Minlos & Zhizhina
Kf

δ

∑

γ̃⊆γ

(aδ)
|γ̃|

∑

k≥0:|γ̃|+k≥2

(z|V |δ)k

k!
≤

Kf

δ
aN

∑

m=0,...,|γ|
k≥0:m+k≥2

Cm
|γ| δ

m (z|V |δ)k

k!
=

Kf

δ
aN

(

ez|V |δ(1 + δ)|γ| − 1 − |γ|δ − z|V |δ
)

= O(δ + δz + δz2). (55)Here we used that
(1 + δ)|γ| = e|γ| ln(1+δ) = eδ|γ| + O(δ2) for small δ > 0.Finally, from (51), (52), (53), (54), (55) it follows that for any f(γ) ∈ B(Γd(V ))

sup
γ

|∆δf(γ)| → 0 as δ → 0,and onsequently,
‖Lβ,δf − Lβf‖B(Γd(V )) → 0 as δ → 0.Theorem 5 is ompletely proved.Referenes[1℄ L. Bertini, N. Canrini, and F. Cesi, �The spetral gap for a Glauber-type dynamis ina ontinuous gas,� Ann. Inst. H. Poinare Probab. Statist., vol. 38, pp. 91�108, 2002.[2℄ Y.G. Kondratiev, R.A. Minlos, and E.A. Zhizhina, �One partile subspae of theGlauber dynamis generator for ontinuous partile systems,� Reviews in Math. Physis,vol. 16, no. 9, pp. 1073�1114, 2004.[3℄ R. Stoia, X. Desombes, and J. Zerubia, �A Gibbs point proess for road extrationin remotely sensed images,� International Journal of Computer Vision, vol. 57, no. 2,pp. 121�136, 2004.[4℄ C. Laoste, X. Desombes, and J. Zerubia, �Point proesses for unsupervised linenetwork extration in remote sensing,� IEEE Trans. Pattern Analysis and MahineIntelligene, vol. 27, no. 10, pp. 1568�1579, Otober 2005.[5℄ M. Ortner, X. Desombes, and J. Zerubia, �Building outline extration from digitalelevation models using marked point proesses,� International Journal of ComputerVision, vol. 72, no. 2, pp. 107�132, 2007.[6℄ G. Perrin, X. Desombes, and J. Zerubia, �2D and 3D vegetation resoure parametersassessment using marked point proesses,� in Pro. International Conferene on PatternReognition (ICPR), Hong-Kong, August 2006. INRIA
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