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Abstract: One of the earliest and most well known problems in companali geometry is the
so-calledart gallery problem The goal is to compute the minimum possible number guastsepl
on the vertices of a simple polygon in such a way that they icthes interior of the polygon. We
consider the problem of guarding an art gallery which is nhedlas a polygon with curvilinear walls.
Our main focus is on polygons the edges of which are convex@omting towards the exterior or
interior of the polygon (but not both), named piecewise &xand piecewise concave polygons. We
prove that, in the case of piecewise convex polygons, if we alfow vertex guardsL%”J —1 guards
are sometimes necessary, dié | guards are always sufficient. Moreover,@tw log n) time and
O(n) space algorithm is described that produces a vertex gupseinof size at mos{t%"J. When
we allow point guards the afore-mentioned lower bound dagsn to | Z]. In the special case
of monotone piecewise convex polygons we can show|thatt- 1 vertex or| 5 | point guards are
always sufficient and sometimes necessary. In the casea#pige concave polygons, we show that
2n — 4 point guards are always sufficient and sometimes necesdagyeas it might not be possible
to guard such polygons by vertex guards. We conclude witm#sdor other types of curvilinear
polygons and future work.
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Garder les galeries d’art curvilignes avec des gardes de samet
ou de point

Résumé : Un des plus anciens et plus célebres problémes en géomguiélamique est le prob-
Ieme dit degalerie d’art qui consiste a calculer le nombre minimal des gardians quirsécessaires
afin de couvrir I'intérieur d’un polygone simple s'ils soriapés sur ses sommets.

Dans cet article, nous considérons le probléeme de gardedjalerie d’art qui est modélisée
par un polygone avec des murs courbés. En particulier, nonsicdérons des polygones dont les
bords sont des arcs convexes qui se dirigent vers I'extéoigliintérieur du polygone (mais pas les
deux au méme temps), appelés polygones par morceaux cgrouggencaves respectivement. Nous
montrons que, dans le cas de polygones par morceaux CONgeresis permettons seulement des
gardians de sommets, alqﬁsﬂ —1 gardians sont parfois nécessaireét,?gtj gardians sont toujours
suffisants. D’ailleurs, nous décrivons un algorithr@gn logn) en temps eO(n) en espace, qui
produit 'ensemble des sommets de garde de taille au“%bjs Dans le cas particulier de polygones
monotones et par morceaux convexes nous pouvons montrefgue 1 gardians de sommets ou
| 5 | gardians de points sont toujours suffisants et parfois sages.

Dans le cas des polygones par morceaux concaves, hous peogwen — 4 gardians de points
sont toujours suffisantes et parfois nécessaires, tandisgyeut étre possible de garder de tels
polygones par des gardians de sommets. Nous concluons esditnites pour d’autres types de
polygones courbés et perspectives pour le futur.

Mots-clés : galerie d’art; polygones courbés, gardians de sommetiagegde point, polygones par
morceau convexes, polygones par morceau concaves
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1 Introduction

Consider a simple polygoR with n vertices. What is the worst-case bound on the number of guard
that we need to place on the verticedb$o that any pointirP is visible from at least one guard —
two points inP are visible from each other if the line segment connectiegthies entirely inside’.
This problem, the minimization version of which is known ke art gallery problem has been one
of the earliest problems in Computational Geometry. Agtians areas include robotics [21, 36],
motion planning [24, 28], computer vision and pattern rettign [32, 37, 2, 33], graphics [26, 7],
CAD/CAM [4, 15] and wireless networks [16]. In the late 198@ mid 1990’s interest moved from
linear polygonal objects to curvilinear objects [35, 9, 1Q] — see also the paper by Dobkin and
Souvaine [13] that extends linear polygon algorithms tovitimear polygons, as well as the recent
book edited by Boissonnat and Teillaud [3] for a collectiénesults on computational geometry for
curves and surfaces. In this context this paper addressetatbsical art gallery problem for various
classes of polygonal regions the edges of which are arcseésuTo the best of our knowledge this
is the first time that the art gallery problem is considerethis context.

The first results on the art gallery problem or its variatidiate back to the 1970's. Chvatal
[8] was the first to prove that any simple polygon withvertices can always be monitored with
| 3] vertices; this bound is tight in the worst case. The proof lalal was quite tedious and
Fisk [18] gave a much simpler proof by means of triangulativegpolygon and coloring its vertices
using three colors in such a way so that no triangle in thegugation of the polygon contains
two vertices of the same color. The algorithm proposed bl kigs inO(T'(n) + n) time, where
T'(n) is the time to triangulate a simple polygon. Following CHeZe linear-time algorithm for
triangulating a simple polygon [5, 6], the algorithm propd$y Fisk runs irO(n) time. Lee and
Lin [22] showed that computing the minimum number of verteraigls for a given simple polygon
is NP-hard, which was extended to point guards by Aggarwal$bon afterwards other types of
polygons were considered. Kahn, Klawe and Kleitman [19}stbthat simple orthogonal polygons
of sizen, i.e., simple polygons with axes-aligned edges, can alkaysionitored with % | vertex
guards, which is also the worst-case lower bound. Sera) algorithms have been proposed for
this variation of the problem, notably by Sack [30], who géwe first such algorithm, and later on
by Lubiw [25]. Edelsbrunner, O’Rourke and Welzl [14] gavereehr time algorithm for monitoring
orthogonal polygons withZ% | point guards.

Beside simple polygons and simple orthogonal polygonsgmois with holes, and orthogonal
polygons with holes have been investigated. As far as the ¢fguards is concerneédge guards
andmobile guardshave been considered. An edge (resp. mobile) guard is an(ezke edge or
diagonal) of the polygon, and a point is visible from it if & visible from at least one point on
the edge (resp. edge or diagonal). Other types of guardlggms have also been studied in the
literature, notably, théortress problenfmonitor the exterior of the polygon against enemy raids) an
theprison yard problenfmonitor both the interior and the exterior of the polygonetirepresents a
prison: prisoners must be monitored in the interior of thegr and should not be allowed to escape
out of the prison). For a detailed discussion of these variatand the corresponding results the
interested reader should refer to the book by O’Rourke [2@] survey paper by Shermer [31] and
the book chapter by Urrutia [34].
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4 Karavelas and Tsigaridas

In this paper we are primarily interested in the case of wegieards, although results about
point guards are also described. In our case, polygons dreqoired to have linear edges. On
the contrary we consider polygons that have smooth cuealiredges. Clearly, the minimization
versions of these problems are NP-hard, since they aret dieeeralizations of the corresponding
art gallery problems for polygons with linear edges. Themfatus of this paper is the class of
polygons that are either locally convex or locally concassec€pt possibly at the vertices), the edges
of which are convex arcs; we call such polyg@nscewise-conveandpiecewise-concave polygans
respectively.

For the first class of polygons we show that it is always pdsdit monitor them With[%"J
vertex guards, where is the number of polygon vertices. On the other hand we dasaimilies of
piecewise-convex polygons that require a minimum-‘éﬂ — 1 vertex guards anfl | point guards.
Aside from the worst-case upper (resp. lower) bound on thelmu of guards that are sufficient
(resp. necessary) in order to monitor a piecewise-convgpa, we describe a®(nlogn) time
andO(n) space algorithm which computes a vertex guard set of sizeat h’%’ij. Our algorithm
should be viewed as a generalization of Fisk’s algorithnj;[(t&act, when applied to polygons with
linear edges, it produces a guard set of size at st For the purposes of our complexity analysis
and results, we assume, throughout the paper, that thdineariedges of our polygons are arcs of
algebraic curves of constant degree; as a result all priedicaquired by the algorithms described in
this paper také (1) time in the Real RAM computation model. The central idea fathipbtaining
the worst-case upper bound, as well as for designing ouritiiguo is to approximate the piecewise-
convex polygon by a linear polygon (a polygon with line segiseas edges). Additional Steiner
vertices are added on the boundary of the curvilinear palygorder to achieve this. The resulting
linear polygon is a simple polygon and captures the esdemfahe geometry of the piecewise-
convex polygon; for obvious reasons we term this linear gohythepolygonal approximationOnce
the polygonal approximation has been constructed, we ctmgpguard set for it by applying a slight
modification of Fisk’s algorithm [18]. The guard set just quuted for the polygonal approximation
turns out to be a guard set for the original curvilinear polygThe final step of both the proof and
our algorithm consists in mapping the guard set of the palgfjapproximation to a vertex guard
set consisting of vertices of the original polygon only.

For piecewise-concave polygons vertex guards may not beisat in order to monitor the
interior of the polygon (see Fig. 15(a)). We thus turn owgrtibn to point guards, and we show that
2n — 4 point guards are always sufficient and sometimes neces®anymethod for showing the
sufficiency result is similar to the technique used to illoate sets of disjoint convex objects on the
plane [17]. Given a piecewise-concave polygdnwe construct a new locally concave polyg@n
contained insidé”, and such that the tangencies between edg@sas€& maximized. The problem of
monitoring P then reduces to the problem of monitorig which essentially consists of a number
of faces with pairwise disjoint interiors. The facegpfequire, each, two point guards in order to be
monitored, and are in 1-1 correspondence with the triardles appropriately defined triangulation
graph7 (R) of a polygonR with n vertices. Thus the number of point guards required to mo#ito
is at most two times the number of facesiofR), i.e.,2n — 4.

The rest of the paper is structured as follows. In Section 2nir@duce some notation and
provide various definitions. In Section 3 we present our r@tlgm for computing a vertex guard set,

INRIA
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@) (b) ©

(d) (e) ®

Figure 1: Different types of curvilinear polygons: (a) adar polygon, (b) a piecewise-convex poly-
gon, (c) a locally convex polygon, (d) a piecewise-concasggon, (e) a locally concave polygon
and (f) a general polygon.

of size L%"J, for a piecewise-convex polygon with vertices, and present families of piecewise-
convex polygons that require a minimum pﬂ;ﬂj — 1 vertex or| %] point guards in order to be
monitored. In Section 4 we present our results for piecewtsgave polygons, namely, thiat — 4
point guards are always necessary and sometimes sufficetti§ class of polygons. The final
section of the paper, Section 5, discusses further resultstates open problems.

2 Definitions

Types of curvilinear polygons. LetV be a sequence of points, . .., v,, n > 2, andA a set of
curvilinear arcsuy, . . ., a,, such that; has as endpoints the pointsandv;,,*. We will assume
that the arcsi; anda;, ¢ # j, do not intersect, except when= ¢ — 1 or j =i + 1, in which case
they intersect only at the points andv; .1, respectively. We define @urvilinear polygonP to be
the closed region delimited by the args The pointsy; are called the vertices d?. An arca; is

a convex ardf every line on the plane intersecis at either at most two points or along a linear
segment.

Lindices are considered to be evaluated modulo

RR n° 6132



6 Karavelas and Tsigaridas

A polygon P is alinear polygonif its edges are line segments (see Fig. 1(a)). A polyfas
locally convex(see Fig. 1(c)), (resplocally concave(see Fig. 1(e))), if for every point on the
boundary ofP, with the possible exception @t’s vertices, there exists disk with its centergrsay
D,, such that” N D, is convex (resp. concave). A polygdhis piecewise-convefsee Fig. 1(b)),
(resp.piecewise-concav@ee Fig. 1(d))), if it is locally convex (resp. concave)ddhe portion of
the boundary between every two consecutive vertices is wesarc. Finally, a polygon is said to
be ageneral polygorf we impose no restrictions on the type of its edges (see Ef)). We will
use the ternturvilinear polygonto refer to a polygon the edges of which are either line or eurv
segments.

Guards and guard sets. In our setting, ayuard or point guardis a point in the interior or on the
boundary of a curvilinear polygoR. A guard of P that is also a vertex aP is called avertex guard
We say that a curvilinear polygaf is monitoredby a setG of guards if every point irP is visible
from at least one point iG7, where two point® andq inside P are visible from each other of the
line segmenpyq lies entirely insideP. The set that has this property is calledgaard sefor P. A
guard set that consists solely of verticesois called avertex guard set

3 Piecewise-convex polygons

In this section we present an algorithm which, given a piésexsonvex polygor of sizen, com-
putes a vertex guard sétof size L%”J. The basic steps of the algorithm are as follows:

1. Compute the polygonal approximati&hof P.
2. Compute a constrained triangulati@iiP) of P.
3. Compute a guard sét for P, by coloring the vertices OT(P) using three colors.

4. Compute a guard sétp for P from the guard sefr 5.

3.1 Polygonalization of a piecewise-convex polygon

Let a; be a convex arc with endpoints andv; ;. We call the convex region; delimited bya;

and the line segmentv;,; aroom A room is called degenerate if the arcis a line segment. A
line segmenpq, wherep, ¢ € a; is called achord, and the region delimited by the chopd and

a; is called asector The chord of a room; is defined to be the line segment;; connecting
the endpoints of the corresponding asc A degenerate sector is a sector with empty interior. We
distinguish between two types of rooms (see Fig. 2):

1. empty roomsthese are non-degenerate rooms that do not contain argxwefri in their
interior or in the interior of their chord.

2. non-empty roomghese are non-degenerate rooms that contain at least e &P in their
interior or in the interior of their chord.

INRIA



Guarding curvilinear art galleries with vertex or point gres 7

In order to polygonalizé® we are going to add new vertices in the interior of non-linemvex
arcs. To distinguish between the two types of verticespthvertices of P will be calledoriginal
vertices whereas the additional vertices will be cal8ttiner vertices

More specifically, for each empty roomwe add a vertex; ; (anywhere) in the interior of the
arca; (see Fig. 3). For each non-empty rooem let X; be the set of vertices dP that lie in the
interior of the chord;v;11 of r;, andR; be the set of vertices d? that are contained in the interior
of r; or belong taX; (by assumptio?; # 0). If R; # X;, letC; be the set of vertices on the convex

Figure 2: The two types of rooms in a piecewise-convex palygg andr! are empty rooms,
whereas-,, andr// are non-empty rooms.

w3, 1

Figure 3: The Steiner vertices (white points) for rooms(empty) andrs (non-empty). ws 1 iS
a point in the interior ofus. mj is the midpoint ofvs andvg, whereasws ; andws o are the
intersections of the linesisvy and msv; with the arcas, respectively. In this exampl&; =
{’Ul, V2, ’U7}, Whereafg = {1117 UQ}.

RR n° 6132



8 Karavelas and Tsigaridas

w31

(b)

Figure 4: (a) The polygonal approximatidh shown in gray, of the piecewise-convex polygén
with verticesv;, : = 1,...,7. (b) The constrained triangulatidﬁ(ﬁ) of P. The dark gray triangles
are the constrained triangles. The polygonal regians ; ws svsviv2vs5 is a crescent. The triangles
ws,1U2v05 andvyws 2vg are boundary crescent triangles. The triangles 2v; iS an upper crescent
triangle, whereas the trianglews ;ws » is a lower crescent triangle.

hull of the vertex setR; \ X;) U {v;,vi11}; if Ry = X;, letC; = X; U {v;,v;41}. Finally, let
Cr = C; \ {vi,vi+1}. Clearly,v; andv;41 belong to the sef; and, furthermore('s # 0.

Let m; be the midpoint ob;v;.44 andéiL (p) the line perpendicular to;v; 1 passing through a
pointp. If C} # X;, then, for eachy, € Cf, letw;, j,, 1 < ji < |C}|, be the (unique) intersection
of the linem;v;, with the arca;; if C; = X, then, for eachy, € C}, letw;, ;,, 1 < ji < |C;]|, be
the (unique) intersection of the lirtg- (v, ) with the arca;.

Now consider the sequendé of the original vertices of” augmented by the Steiner vertices
added to empty and non-empty rooms; the order of the veriicds is the order in which we
encounter them as we traverse the boundark cbunterclockwise. The linear polygon defined by
the sequenc¥ of vertices is denoted bi (see Fig. 4(a)). Itis easy to show that:

Lemma 1 The linear polygorP is a simple polygon.

Proof. It suffices show that the line segments replacing the caeédli segments d? do not intersect
other edges oP or P.

Let r; be an empty room, and let; ; be the point added in the interior af. The interior
of the line segments;w; 1 andw; 1v;+1 lie in the interior ofr;. SinceP is a piecewise-convex
polygon, andr; is an empty room, no edge d? could potentially intersect;w; ;1 Or w; 1v;4+1.
Hence replacing,; by the polylinev;w; 1v;11 gives us a new piecewise-convex polygon.

INRIA



Guarding curvilinear art galleries with vertex or point gres 9

Let r; be a non-empty room. Leb; 1,...,w; x, be the points added oi, where; is the
cardinality ofC. By construction, every poinb; j, is visible fromw; 41,k =1,...K; — 1, and
every pointw; j, is visible fromw; 1, k = 2,... K;. Moreoveruw; ; is visible fromv, andw; g,
is visible fromwv; ;. Therefore, the interior of the segments in the polyline; 1 ... w; x,vit1
lie in the interior ofr; and do not intersect any arc iR. Hence, substituting; by the polyline
VWi 1 - . - Wi K, Vit1 JIVES US @ New piecewise-convex polygon.

As a result, the linear polygoR is a simple polygon. O

We call the linear polygo®, defined by, thestraight-line polygonal approximatioof P, or
simply thepolygonal approximationf P. An obvious result foP is the following:

Corollary 2 If P is a piecewise-convex polygon the polygonal approximaktoof P is a linear
polygon that is contained inside.

We end this subsection by proving a tight upper bound on #eeddithe polygonal approximation
of a piecewise-convex polygon. We start by stating and pigrain intermediate result, namely that
the set”; are pairwise disjoint.

Lemma 3 Leti, j, with1 <i < j < n. ThenC; N C; = 0.

Proof. Consider an are; of P, delimited by the vertices; andv;;; and letr; denote the shortest
path between them. Note that the internal vertices, @ire vertices o€} , and sor; is also a convex
arc. The convex arcg; andr; bound a (curvilinear) polygon, that we denote®y, for which 7;
is locally concave. That is, every point @i is a reflex vertex of);, and so every point id’] is a
reflex (i.e., locally concave) vertex éf as well. At every vertexw € C}, the bisector of the internal
angle of P enters the polygo®; and leaves); (andP) at some point along;.

Consider the bisector of the internal angle at every refletexev of P. If the bisector intersects
some arai;, thenw can belong to the set’. Since every bisector intersects at most oneagrc
every vertexu belongs to at most one s€f. O

An immediate consequence of Lemma 3 is the following corplihat gives us a tight bound on
the size of the polygonal approximatiéhof P.

Corollary 4 If n is the size of a piecewise-convex polygarhe size of its polygonal approximation
P is at most3n. This bound is tight (up to an additive constant).

Proof. Leta; be a convex arc oP, and letr; be the corresponding room. 1tf is an empty room,
then P contains one Steiner vertex duedo HenceP contains at most Steiner vertices attributed
to empty rooms irP. If a; is a non-empty room, theR containgC;| Steiner vertices due tg,. By
Lemma 3 the set€'}, i = 1, ..., n are pairwise disjoint, which implies thaf"_, |C| < |P| = n.
ThereforeP contains the: vertices ofP, contains at most vertices due to empty rooms if, and
at mostn vertices due to non-empty roomsih We thus conclude that the size Bfis at mosBn.
The upper bound of the paragraph above is tight up to an sdditonstant. Consider the
piecewise-convex polygo® of Fig. 5. It consists of» — 1 empty rooms and one non-empty
roomry, such thatC;| = n — 2. Itis easy to see thaP| = 3n — 3. O

RR n° 6132



10 Karavelas and Tsigaridas

Figure 5: A piecewise-convex polygdn of sizen (solid curve), the polygonal approximatidhof
which consists o8n — 3 vertices (dashed polyline).

3.2 Triangulating the polygonal approximation

Let P be a piecewise-convex polygoR, its polygonal approximation, anfl; the set of Steiner
vertices inP. We are going to construct @nstrained triangulatiorof P, i.e., we are going to
triangulateP, while enforcing some triangles to be part of this trian¢gjola More precisely, we are
going to enforce the way the trianglesﬁ(ﬁ) are created in the neighborhoods of the vertices in
Sp. By enforcing the triangles in these neighborhoods, wecéftfely triangulate parts oP. The
remaining untriangulated parts &f consist of one or more interior disjoint polygons, which can
then be triangulated in linear time and space. The pre-Bpédiiangles inZ (P) will be referred

to asconstrained trianglesThe rationale behind the way this particular constraimeghgjulation is
constructed is to ensure that:

1. every triangle of7 (P), that contains a vertex ifi 5, also contains at least one vertexf
i.e., no triangles contain only Steiner vertices,

2. every vertex bz belongs to at least one triangIeTr(P) the other two vertices of which are
both vertices of?, and

3. the triangles of (P) that contain vertices aP can be monitored by vertices .

These properties are going to be exploited in Step 4 of therithgn presented later in this subsec-
tion.

Let us proceed to define the constrained triangl&§(iR). If ; is an empty room, and; ; is the
point added om;, add the edges;v; 1, v;w; 1 andw; 1v;41, thus forming the constrained triangle
v;w; 1vi1+1 (see Fig. 4(b)). If; is a non-empty roomg, . . ., ck, the vertices inC, K, = |Cf|,
andw; 1, ..., w; k, the vertices added an (w; ; has been added en due toc;), add the following
edges, if they do not already exist:

1. Ck, Cka1, fork = 1, R ,Ki -1, andvicl, CK,;Vit1,
2. cywip, fork=1,..., K;;

3. crwipyr, fork=1,... K, —1;

INRIA



Guarding curvilinear art galleries with vertex or point gres 11

Figure 6: The three guard sets fBr are also guard sets fét, as Lemma 5 suggests.

4. Wi,k y Wi k+1» fork = 1, ey K;—1, andviwi_rl, Wi, K; Vit1-

These edges forrak; constrained triangles:,ci+1w; g1, fork = 1,..., K; — 1; cpw; pw; k41,
fork = 1,...,K; — 1; vicqw; 1 andv;yick,w; k,. We call the polygonal region delimited by
these triangles arescent The triangles;ciw; 1 andv;11ck,w; i, are calledooundary crescent
triangles the triangles:ciy1w; k11, k = 1,..., K; — 1 are calledupper crescent trianglesnd the
trianglesc,w; pw; k+1, k = 1,..., K; — 1 are calledower crescent triangles

Note that the points); ;, j < K; (resp.w;, k,) are vertices of exactly one triangle (resp. exactly
two triangles) inT(P), such that the other two vertices of the triangle (resp. cheaf the two
triangles) belong td.

3.3 Computing a guard set for the original polygon

Assume that we have colored the vertidésf P with three colors, so that no triangle iA(P)
contains two vertices of the same color. This can be easihedry the standard three-coloring
algorithm for linear polygons presented in [27, 18]. Let,rgaten and blue be the three colors, and
let K 4, IT4 andM 4 be the set of vertices of red, green and blue color, respygtin a subset! of

P. Clearly, all three set& 5, [1; and M are guard sets faP. In fact, they are also guard sets for
P, as the following lemma suggests (see also Fig. 6).

Lemma 5 Each one of the set& 5, I1 5 and M 5 is a guard set forP.
Proof. Let G be one ofK 5, I15 and M. By construction(@ 5 monitors all triangles ir? (P).

To show thai7 ; is a guard set foP, it suffices to show that’ ; also monitors the non-degenerate
sectors defined by the edgesfand the corresponding convex subarc®of

RR n° 6132



12 Karavelas and Tsigaridas

() (d)

Figure 7: The three cases in the definition of the mapgingase (a)x is a Steiner vertex in an
empty room. Case (b): is an Steiner vertex in a hon-empty room and is not the lash&teertex
added on the curvilinear arc. Cases (c) and {d} the last Steiner vertex added on the curvilinear
arc of a non-empty room (in (¢Y (x)| = 1, whereas in (d)f (z)| = 2).

Indeed, lets be a non-degenerate sector associated with the conves,aaad letT” € 7(P)
be the triangle incident to the chord ef If r; is an empty room, each of the three vertices/of
monitorsr; (and therefore alsg). If r; is a non-empty room, the vertex @fthat is not an endpoint
of the chord ofs is a vertex inC;" and monitorss by construction. Clearly, one of the three vertices
of T belongs taG 5. O

Let as now assume, without loss of generality, f#at| < |IIp| < |Mp|. Define the mapping
f from K to the power sep™” of IIp by mapping a vertex: in K5, to all the neighboring

vertices ofz in 7 (P) that belong tdIp (see Fig. 7 for the three possible casesifprNotice that
L<|f(2)] <2.
Finally, define the setip = Kp U f(Ks,), Wheref(Ks,) = U

G p is a guard set foP.

2eKs, f(z). We claim that
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Guarding curvilinear art galleries with vertex or point gres 13

Lemma6 TheselGp = Kp U f(KSP) is a guard set forP.

Proof. The regions inP® are sectors defined by a curvilinear arc, which is a subarn eflge ofP
and the corresponding chord connecting the endpoints®étibarc. To show thétp is a guard set
for P, it suffices show that every triangle ii(P) and every sector ifP® is monitored by at least
one vertex inG p.

If T is a triangle inT(P) that is defined over vertices &f, one of its vertices is ilp C Gp.
If T is a triangle inside an empty room, or a boundary cresceanidte, either the unique Steiner
vertex of T is in K, in which case one of the other two verticesiobelongs tof (K, ), or the
Steiner vertex ofl" is not in K'p, in which case one of the other two verticeslobelongs toK p.
Moreover, the sector/sectors adjacent to an eddeiofr; is/are visible by both vertices af in P
and thus monitored by one of them. Finally, upper and lowesaent triangles come in pairs. LBt
be an upper crescent triangle in a non-empty regniet z, y be the vertices of" in P, and letz
be its vertex inSz; it is assumed here thatis the intersection of;y with a;. Let7” be the lower
crescent triangle adjacent T along the edge:z, w be the third vertex of’, ands be the sector
in P> adjacent tozw. Sincex andy belong toC, eithera or y monitorsT’, 7" ands. We end the
proof by claiming that either or y belongs toGp: if x ory belongs toK p the claim is obvious; if
neitherz nory belongs toK p, thenz € K p in which case one of andy belongs tof (Ks,). O

Since f(Ks,) C Ilp we get thatGp C Kp UIlp. SinceKp andIlp are the two sets of
smallest cardinality amonff p, IIp and M p, we conclude thatGp| < |Kp| + |[IIp| < L%”J, and
thus arrive at the following theorem.

Theorem 7 Let P be a piecewise-convex polygon with> 2 vertices. P can be monitored with at
most| 2 | vertex guards.

We close this subsection by making two remarks:

Remark 1 The bound on the size of the vertex guard set in Theorem 7h& tar algorithm will
produce a vertex guard set of size exadgﬂyj when applied to the piecewise-convex polygon of
Fig. 5 or the crescent-like piecewise-convex polygon of Eily

Remark 2 When the input to our algorithm is a linear polygon all rooms degenerate; conse-
quently, no Steiner vertices are created, and the guar@sgiuted corresponds to the set of colored
vertices of smallest cardinality, hence producing a vegeard set of size at most; |. In that
respect, our algorithm can be viewed as a generalizatiorisafsFalgorithm [18] to the class of
piecewise-convex polygons.

Remark 3 Given a linear polygor® with r > 2 reflex vertices, we can view as a piecewise-
convex polygon the edges of which areonvex polylines, where > r. In this context Theorem 7
can be “translated” as follows:

Consider a linear polygoR with » > 2 reflex vertices. IfP can be decomposed into
¢ > r convex polylines pointing towards the exterior of the palggthenP can be
monitored with at mostt% | vertex guards.
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3.4 Time and space complexity

In this subsection we will show how to compute the vertex dusatGp in O(nlogn) time and
O(n) space. It is straightforward to show that Steps 2—4 of owrélgn (see beginning of Section
3) can be implemented in linear time and space. To completime and space complexity analysis,
we need to show how to compute the polygonal approximatiof P in O(nlogn) time and linear
space. In order to compute the polygonal approximatioaf P, it suffices to compute for each
roomr; the set of vertice€*. If C* = (), thenr; is empty, otherwise we have the set of vertices we
wanted. FronC} we can compute the poinis ;, and the linear polygo® in O(n) time and space.

The underlying idea is to spliP into y-monotone piecewise-convex subpolygons. For each
roomr; within each suchy-monotone subpolygon we will then compute the correspans@tC::.
This will be done by first computing a subsgt of the setR; of the points inside the room;,
such thatS; O C}, and then applying an optimal time and space convex hullréilfgo to the set
S;U{v;, viy1} in order to computé€’;, and subsequently from th@f. In the discussion that follows,
we assume that for each convex ayof P we associate a sét, which is initialized to be the empty
set. The sets; will be progressively filled with vertices aP, so that in the end they fulfill the
containment property mentioned above.

Splitting P into y-monotone piecewise-convex subpolygons is done in twasstep

1. First we split each convex arg into y-monotone pieces. Le®’ be the piecewise-convex
polygon we get by introducing theextremal points for eacly;. Since eacla; can yield up to
threey-monotone convex pieces, we conclude tlfdt < 3n. Obviously splitting the convex
arcsa; into y-monotone pieces také3(n) time and space. A vertex added to split a convex
arc intoy-monotone pieces will be called adlded extremal vertex

2. Second, we apply t&’ the standard algorithm for computingmonotone subpolygons of a
linear polygon (cf. [23] or [12]). The algorithm in [23] (odR]) is valid not only for line
segments, but also for piecewise-convex polygons congistf y-monotone arcs (such as
P’). Since|P’| < 3n, we conclude that computing themonotone subpolygons @t takes
O(nlogn) time and require®(n) space.

Note that a non-split arc aP belongs to exactly ong-monotone subpolygon-monotone pieces
of a split arc ofP may belong to at most thrgemonotone subpolygons (see Fig. 8).

Suppose now that we havejanonotone polygord). The edges of) are either convex arcs of
P, or pieces of convex arcs @f, or line segments between mutually visible vertice’padded in
order to form the;-monotone subpolygons df; we call these line segmertisidges(see Fig. 8).
For each non-bridge edge of (), we want to compute the sét’. This is done by sweepin@ in
the negativey-direction (i.e., by moving the sweep line frorpo to —o0). The events of the sweep
correspond to thg coordinates of the vertices 6f, which are all known before-hand and can be
put in a decreasing sorted list. There are four differene$ypf events:

1. the first event: corresponds to the top-most verte® of
2. the last event: corresponds to the bottom-most vertéx, of

3. aleft event: corresponds to a vertex of the {efhonotone chain of), and
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Figure 8: Decomposition of a piecewise-convex polygon ietoy-monotone subpolygons. The
white points are added extremal vertices that have beerdadaeder to split nony-monotone arcs
to y-monotone pieces. The bridges are shown as dashed segments.

4. aright event: corresponds to a vertex of the rigitonotone chain of).

Our sweep algorithm proceeds as follows. Edte the sweep line parallel to theaxis at somey.
For eachy in between thg-maximal andy-minimal values of), ¢ intersectg) at two points which
belong to either a left edge or a left vertexy; (i.e., an edge or vertex on the lgfmonotone chain
of Q), and either a right edgs. or a right vertex,. (i.e., a edge or vertex on the rigitmonotone
chain of@). We associate the current left edget positiony to a point setSy, and the current right
edge at positiory to a point setSy. If the edgee; (resp.e,.) is a non-bridge edge, the s&t (resp.
Sr) will contain vertices ofy) that are inside the room of the convex arddtorresponding; (resp.
er).

When they-maximal vertex,,,... is encountered, i.e., during the first event, we initializeand
Sk to be the empty set. When a left event is encountered due exvertet ¢; ., be the left edge
abovev; ande; 4own be the left edge below; and lete, be the current right edge. 4 ., is an
non-bridge edge, ang is the corresponding convex arc Bf we augment the s&t; by the vertices
in Sr. Then, irrespectively of whether or net,,, is a bridge edge, we re-initializ§;, to be the
empty set. Finally, it,. is a non-bridge edge, ang is the corresponding convex arciity we check
if v; is inside the room;, or lies in the interior of the chord of,; if this is the case we adg to Si.
When a right event is encountered our sweep algorithm batsarametrically. When the last event
is encountered due to theminimal vertexv,,..., lete; (resp.e,.) be the left (resp. right) edge 6f
abovev,,;,. If ¢, (resp.e,) is a non-bridge edge, let; (resp.a;) be the corresponding convex arc
in P. In this case we simply augmeSi (resp..S;) by the vertices irz, (resp.Sg).
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16 Karavelas and Tsigaridas

We claim that our sweep-line algorithm computes a%etuch thatS; O C;. To prove this we
need the following intermediate result:

Lemma 8 Given a non-empty room of P, with a; the corresponding convex arc, the vertices of the
setC belong to they-monotone subpolygons &f computed via the algorithm in [23] (or [12]),
which either contain the entire arg; or y-monotone pieces af .

Proof. Letwu be a vertex ofP in C; that is not a vertex of any of thg-monotone subpolygons of
P’ (computed by the algorithm in [23] or [12]) that contain eitlthe entire ara; or y-monotone
pieces ofu;. Let v,,4. (resp.vmin) be the vertex of? of maximum (resp. minimumy-coordinate
in C;; ties are broken lexicographically. L&t be the line parallel to the-axis passing through.
Consider the following cases:

1. u € CF \ {vmin, Umas }- Without loss of generality we can assume thas a vertex in the
right y-monotone chain of’; (see Figs. 9(a) and 9(b)). Let be the intersection of,, with
a;. LetQ (resp.Q’) be they-monotone subpolygon a?’ that contains: (resp.«’); by our
assumptior@ # Q’. Finally, letu, (resp.u_) be the vertex of”; above (resp. below) in
the righty-monotone chain of’;.

The line segmentu’ cannot intersect any edges Bf since this would contradict the fact
thatu € C;. Similarly, uu’ cannot contain any vertices éf: if v is a vertex ofP in the
interior of uw’, w would be inside the triangleu,u_, which contradicts the fact thate C,
whereas ifv is a vertex ofP’ \ P in the interior ofuu’, P would not be locally convex at
v, a contradiction with the fact that is a piecewise-convex polygon. As a result, and since
Q # @', there exists a bridge edgentersectinguu’. Letw., w_ be the two endpoints ef
in P’, wherew lies above the liné,, andw_ lies below the line,,. In fact neithernv, nor
w_ can be a vertex irP’ \ P, since the algorithm in [23] (or [12]) will connect a vertex i
P’\ P inside a room;, with either they-maximal or they-minimal vertex ofC}, only. Let?
(resp.f_) be the line passing through the vertieeandu . (resp.u andu_). Finally, lets be
the sector delimited by the linés,, ¢_ anda,;. Now, if w; orw_ lies insides, thenu will be
inside the trianglev uu_ or inside the trianglev_u u_, respectively (see Fig. 9(a)). In
either case we get a contradiction with the fact that C;. If neitherw norw_ lie insides,
then bothw andw_ have to be vertices insidg, and moreover will lie inside the convex
quadrilateralv; v u_w_; again this contradicts the fact thate C;* (see Fig. 9(b)).

2. u = vnaee- By the maximality of they-coordinate ofu in C;, we have that thg-coordinate
of w is larger than or equal to thgcoordinates of both; andv,, ;. Therefore, the liné,,
intersects the are; exactly twice, and, moreover; has ay-maximal vertex ofP’ \ P in its
interior, which we denote by, ... (see Fig. 9(c)). Let be the intersection df, with a, that

lies to the right ofu, and letQ (resp.Q’) be they-monotone subpolygon @?’ that containsg:

(resp.u’). By assumptiorf) # @', which implies that there exists a bridge edgetersecting

the line segment«’. Notice, that, as in the casec C; \ {vmin, Vmaz }, the line segment

uu’ cannot intersect any edges Bf or cannot contain any vertexof P’ \ P; the former

would contradict the fact that € C, whereas as the latter would contradict the fact fA&t
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@ (b)

Figure 9: Proof of Lemma 8. (a) The casec C; \ {vmin, Umas }, With wy € s. (b) The case
u € CF \ {Vmin, Vmaz }» Withwy,w_ & s. (c) The case: = vpqz-

piecewise-convex. Furthermorney’ cannot contain vertices df since this would contradict
the maximality of they-coordinate of. in C;.

Let w, andw_ be the endpoints of above and below,,, respectively. Notice that cannot
havev! .. as endpoint, since the only bridge edge thatjgs, as endpointis the bridge edge

max

vl . But thenw, must be a vertex oP lying insider;; this contradicts the maximality of

max

they-coordinate ofu among the vertices i@;.

3. u = vmin. This case is entirely symmetric to the case v,,4. O

An immediate corollary of the above lemma is the following:

Corollary 9 For each convex are; of P, the setS; computed by the sweep algorithm described
above is a superset of the s&t.

Let us now analyze the time and space complexity of Step leofthorithm sketched at the
beginning of this subsection. Computing the polygonal egimation P of P requires subdividing
P into y-monotone subpolygons. This subdivision takgs: logn) time andO(n) space. Then
we need to compute the sefs for each convex are; of P. The setsS; can be implemented as
red-black trees. During the course of our algorithm we ordyfgrm insertions on thé&;’s. A
vertexv of P is inserted at mosteg(v) times in someS;, wheredeg(v) is the degree of in they-
monotone decomposition @f. Since the sum of the degrees of the vertice® dfi they-monotone
decomposition of is O(n), we conclude that the total size of thegs is O(n) and that we perform
O(n) insertions on th&;’s. Therefore we nee@(n logn) time andO(n) space to compute th&’s
and theC?’s. The analysis above thus yields the following:

Theorem 10 Let P be a piecewise-convex polygon with> 2 vertices. We can compute a guard
set for P of size at most22 | in O(nlogn) time andO(n) space.

RR n° 6132



18 Karavelas and Tsigaridas

3.5 Lower bound constructions

In this subsection we are going to present a piecewise-ggqmkygon that requires a minimum of
L%"J — 1 vertex (resp| 5 | point) guards in order to be monitored.

Let us first consider the windmill-like piecewise-convexygmn IV with seven vertices of Fig.
10(a), a detail of which is shown in Fig. 10(b). Tdeuble eardefined by the verticess, v, and
v and the convex aras; anday is constructed in such a way so that neithgnor vs can monitor
both roomsrs andr, by itself. This is achieved by ensuring that (resp. a4) intersects the line
vqv5 (resp. vsvy) twice. Note that bottug anday intersect the linenwv, only at vy, wherem is
the midpoint of the line segmentvs. The double ear defined by the vertiegs vg andv; and
the convex arca; andag is constructed in an analogous way. Moreover, the vertigess, vy
anduvg are placed in such a way so that they do not (collectively)itoothe interior of the triangle
vgus vy (for example the lengths of the edgaes; andwvyvs are considered to be big enough, so that
v does not see too much of the trianglgsv7). As a result of this construction, the windmill-like
piecewise-convex polygo” cannot be monitored by two vertex guards, but can be mouitortn
three. There are actually only five possible guard tripléts;, v4, vs}, {vs,v5,v6}, {v3, 5,07},
{v4, vs, v7} @and{uvy, ve, v7 }. Any guard set that contains eith@ror v, has cardinality at least four.
The vertices; andwvs will be referred to adase vertices

Consider now the crescent-like polyg6hwith n vertices of Fig. 11. The vertices 6f are in
strictly convex position. This fact has the following imgation: if v;, v; 41, v; 12 andv,, 5 are four
consecutive vertices d@f', andw is the point of intersection of the linesv; 1 andv; 2v;13, then
the trianglev; 11 uv;1 o IS monitored if and only if either; 1 or v; 15 is in the guard set of’. As

(b)

Figure 10: The windmill-like piecewise-convex polygtdnthat requires at least three vertex guards
in order to be monitored. The only triplets of guards that itV are{vs, v4,vs}, {vs, v5,v6},
{vs, vs,v7}, {va, v5, v7} @nd{vy, ve, v7}.
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Figure 11: The crescent-like piecewise-convex polygbithat requires a guard set of at leagt|
vertex guards.

aresult, it is easy to see th@tcannot be monitored with less tha# | vertices, since in this case
there will be at least one edge both endpoints of which woatde in the guard set far'.

In order to construct the piecewise-convex polygon thaggivs the lower bound mentioned at
the beginning of this subsection, we are going to merge akwvepies ofit’ with C'. More precisely,
consider the piecewise-convex polygbrof Fig. 12 withn = 7k vertices. It consists of copies of
the polygoni? merged withC' at every other linear edge 6f, through the base points of thE’s.

In order to monitor any of the windmill-like subpolygons, weed at least three vertices per
such polygon, none which can be a base point. This gives koo vertices. On the other hand,
in order to monitor the crescent-like part Bfwe need at least — 1 guards among the base points.
To see that, notice that there are- 1 linear segments connecting base points; if we were to use
less thank — 1 guards, we would have at least one such line segmembth endpoints of which
would not participate in the guard set@f But then, as in the case 6f, there would be a triangle,
adjacent ta:, which would not be monitored. Therefore, in order to manitove need a minimum
of 4k — 1 = [42] — 1 vertex guards.

The lower bound for point guards can be established much gasiy. Consider the comb-like
piecewise-convex polygofi shown in Fig. 13. It can be readily seen that we need one pagntdy
per prong ofC; sinceC contains| % | prongs, we conclude that a minimum|df | point guards are
required in order to monitaP. We, thus, arrive at the following theorem.

Theorem 11 There exists family of piecewise-convex polygons witlertices any vertex (resp.
point) guard set of which has cardinality at Ieatéﬁj — 1 (resp.|%]).

4 Piecewise-concave polygons

In this section we deal with the problem of monitoring pietsmaconcave polygons using point
guards. Monitoring a piecewise-concave polygon with vegeards may be impossible even for
very simple configurations (see Fig. 15(a)). In particularpwove the following:

Theorem 12 Let P be a piecewise-concave polygon withiertices.2n — 4 point guards are always
sufficient and sometimes necessary in order to mouitor

Proof. To prove the sufficiency afn — 4 point guards we essentially apply the technique in [17]
for illuminating disjoint compact convex sets — please rdteFig. 14. We denote by, the
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Figure 12: The lower bound construction.

Figure 13: A comb-like piecewise-convex polygon that reesii 5 | point guards in order to be
monitored: one point guard is required per prong.

convex object delimited by, and the chord;v; 1 of a;. Lett;(v;) be the tangent line to; atv;,
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j=1,i+1,andleth;; be the bisecting ray of (v;11), t;+1(viy1) pointing towards the interior of
P.

Construct a set of locally convex arks= {x1, k2, ...,k } that lie entirely insideP as such
that (cf. [17]):

(a) the endpoints of; arev;, v;41,

(b) k, istangenttd; (resp.b;1+1) atv; (resp.v;i1),

(c) if S; is the locally convex object defined lay and its chordy;v; 1, thenA; C S;, 1 <i < n,
(d) the arcs:; are pairwise non-crossing, and

(e) the number of tangencies between the elemeriisfmaximized.

Let @ be the piecewise-concave polygon defined by the sequenhe afds inc.

Suppose now that; andx, ;) are tangentl < j < m, and le¥/; ;) be the common tangent to
ki andr,(;). Lets; 5(;) be the line segment of) ;) between the points of intersection 4f; ;)
with 4; ;(;—1) and/; ,(j4+1). LetlIl; be the polygonal region defined by the chesd;,; and the
line segments; ,(;. 11; is a linear polygon with at most two reflex vertices ¢aand/orv; . 1). It
is easy to see that placing guards on the vertices oflff@monitors both” and(@. Let G be
the guard set oP constructed this way. Construct, now, a planar greEphith vertex setC. Two
verticesr; andx; of I" are connected via an edgesif andx; are tangent. The graghis a planar
graph combinatorially equivalent to the triangulationgr& (R) of a polygonR with n vertices.
The edges of" connecting the arcs;, x,+1, 1 < i < n, are the boundary edges &f whereas
all other edges oF correspond to diagonals IN(R). Let Q° denote the interior of). Observing
thatQ° consists of a number of faces that are in 1-1 correspondeitttéhe triangles ir7 (R), we
conclude that)° consists ofr — 2 faces, each containing three guard€f. It fact, each face of
Q° can actually be monitored by only two of the three guardsiitaims and thus we can eliminate
one of them per face a@°. The new guard se&¥ of () constructed above is also a guard setifor
and containg(n — 2) point guards.

To prove the necessity, refer to the piecewise-concavegpaly’ in Fig. 15(b). Each one of
the pseudo-triangular regions in the interior@frequires exactly two point guards in order to be
monitored. Consider for example the pseudo-triangshown in gray in Fig. 15(b). We need one
point along each one of the linég I>, andi in order to monitor the regions near the corners of
which implies that we need at least two points in order to rnoni (two out of the three points of
intersection of the linek, /5 andls). The number of such pseudo-triangular regions is exactly,
thus we need a total @ — 4 point guards to monitoP. O

5 Discussion and open problems

In this paper we have considered the problem of monitoringlggonal art gallery, the walls of
which are allowed to be arcs of curves. In the case of pieeeadsvex polygons with vertices,
it is always possible to monitor the polygon Witﬁgﬂj vertex guards, Wherea{iﬂj — 1 vertex
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Figure 14: The proof for the upper bound of Theorem 12. Thggumi P is shown with thick solid
curvilinear arcs. The aros; are shown as thin solid arcs. The dotted rays are the bige@ysb;,
whereas the dashed ray is the rgyvy). The regionsds, Ss \ As andllg \ Sg are also shown using
three levels of gray; note thaig has one reflex vertex at. The graphl (i.e., the triangulation
graph7 (R)) is shown in red: the node; corresponds to the arg and the polygorR is depicted
via thick segments.

guards are sometimes necessary. Furthermore, we havébeesanO(nlogn) time andO(n)
space algorithm for computing a vertex guard set of size aettr[@kj. For piecewise-concave
polygons withn vertices we have shown thzwt —4 point guards are always sufficient and sometimes
necessary.

Up to now we have not found a piecewise-convex polygon triatires more that’ﬂ%"J +0(1)
vertex (resp.| % | point) guards, nor have we devised a polynomial time algoritor monitoring
a piecewise-convex polygon with less thtaﬁﬁj vertex guards. Closing the gap between the upper
and lower bounds, for both vertex and point guards, remairmgan problem. The worst-case upper
and lower bound on the size of guard sets that we have shovmigioewise-concave polygons is of
existential nature. Transforming the proof into an aldoriremains elusive. It is possible, however,
to compute, inO(nloglogn) time and linear space, a linear-size point guard set by dposimg
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(@) (b)

Figure 15: (a) A piecewise-concave polygbnthat cannot be monitored solely by vertex guards.
Two consecutive edges @f have a common tangent at the common vertex and as a resutréee t
vertices of P see only the points along the dashed segments. (b) A pies@wiscave polygom
that require@n — 4 point guards in order to be monitored.

the piecewise-concave polygon into a linear number of ajoks (cf. [13]) and then monitor each
trapezoid with a constant number of guards. This constrnctiowever, can yield a guard set of

size larger than — 4.
Beyond the two classes of polygons considered in this pégsrstraightforward to prove the
following results (the details can be found in the relevanhhical report [20]):

1. Given amonotongiecewise-convex polygoR with n vertices (i.e., a piecewise-convex poly-
gon P for which there exists a liné such that any lind.- perpendicular td. intersects the
boundary (_JfP at most twice_),L%J + 1 vertex (resp.| 5 | point) guards are always sufficient
and sometimes necessary in order to monitor

2. Given a locally convex polygoR with n vertices,n point guards are always sufficient and
sometimes necessary in order to monitorin particular, then vertices of P are a guard set
for P.

3. Given amonotondocally convex polygon (defined in direct analogy to monet@iecewise-
convex polygons), % | + 1 vertex or point guards are always sufficient and sometimessie

sary.

4. Finally, there exisgeneral polygonshat cannot be monitored with a finite number of point
guards.

Other types of guarding problems have been studied in ttiire, which either differ on the
type of guards (e.g., edge or mobile guards), the topologlyepolygons considered (e.g., polygons
with holes) or the guarding model (e.g., the fortress pnolde the prison yard problem, mentioned
in Section 1); see the book by O’Rourke [29], the survey page3hermer [31] of the book chapter
by Urrutia [34] for an extensive list of the variations of tag gallery problem with respect to the
types of guards or the guarding model. It would be intergstirextend these results to the families
of curvilinear polygons presented in this paper.
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