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Abstract: One of the earliest and most well known problems in compantali geometry is the
so-calledart gallery problem The goal is to compute the minimum possible number guastsepl
on the vertices of a simple polygon in such a way that they ictineeinterior of the polygon.

In this paper we consider the problem of guarding an art gelldnich is modeled as a polygon
with curvilinear walls. Our main focus is on polygons the eslgf which are convex arcs pointing
towards the exterior or interior of the polygon (but not Bottamed piecewise convex and piecewise
concave polygons. We prove that, in the case of piecewiseeggiolygons, if we only allow vertex
guards,L%"J — 1 guards are sometimes necessatry, @ql] guards are always sufficient. Moreover,
anO(nlogn) time andO(n) space algorithm is described that produces a vertex gupsdinof
size at mostL%”J. In the special case of monotone piecewise convex polyg@nsam show that
| 5 | vertex guards are always sufficient and sometimes necesisasg bounds remain valid even if
we allow point guards.

In the case of piecewise concave polygons, we show2that! point guards are always sufficient
and sometimes necessary, whereas it might not be possifletd such polygons by vertex guards.
We conclude with lower bounds for other types of curvilinpalygons and future work.

Key-words: art gallery, curvilinear polygons, vertex guards, poinagis, piecewise convex poly-
gons, piecewise concave polygons
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Garder les galeries d’art curvilignes avec des gardes de samet
ou de point

Résumé : Un des problémes les plus ancien et celebres problemesalgésinétrie algorithmique
et le prétendu derobleme galerie d’ art Le but est de calculer le nombre minimum possible
des gardes placées sur les sommets d’un polygone simpldelenteni‘ere telle qu’elles couvrent
I'intérieur du polygone.

En cet article nous considérons le probléme de garder usegalart qui est modelée comme
polygone avec des murs courbés. Notre foyer principal estesipolygones les bords dont sont des
arcs convexes qui se dirigeant vers I'extérieur ou l'i@ridu polygone (mais pas tous les deux),
appelés polygones par morceaux convexes et polygones peeaux concaves. Nous montrent que,
dans le cas de polygones par morceaux convexe, si nous pensiseéulement des gardes de som-
met, | 2] — 1 garde sont parfois nécessaire| & | gardes sont toujours suffisants. D'ailleurs, un
O(nlogn) temps eO(n) espace algorithme est décrit qui produit un enseble de stsrgasdants
de taille tout au pIus*E%”J. Dans le cas spécial de polygones monotones et par morceausx®s
nous pouvons montrer qué | gardes de sommet sont toujours suffisant et parfois nécessas
limites demeurent valides méme si nous permettons desgdedeoint.

Dans le cas des polygones par morceaux concaves, nous peogue2n — 4 gardes de point
sont toujours suffisantes et parfois nécessaires, tantlisgourrait pas étre possible de garder de
tels polygones par des gardes de sommet. Nous concluondesémites inférieures pour d’autres
types de polygones courbés et perspectives pour le futur.

Mots-clés : galerie d’art; polygones courbés, gardes de sommet, galelgmint, polygones
convexes par morceau, polygones concaves par morceau
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1 Introduction

Consider a simple polygoR with n vertices. How many points with omnidirectional visibiliaye
required in order to see every pointin the interioft This problem, known as tfeet gallery prob-
lemhas been one of the earliest problems in Computational Gepn#pplications areas include
robotics [19, 34], motion planning [22, 26], computer visiand pattern recognition [30, 35, 2, 31],
graphics [24, 7] and CAD/CAM [4, 15]. In recent years intéfegs moved from linear polygonal
objects to curvilinear objects [33, 9, 11, 10] — see also thpep by Dobkin and Souvaine [13]
that extends linear polygon algorithms to curvilinear galgs, as well as the book by Boissonnat
and Teillaud [3] for a collection of results on non-lineangoutational geometry beyond art gallery
related problems. In this context this paper addressesldlssical art gallery problem for various
classes of polygonal regions the edges of which are arcaeésuTo the best of our knowledge this
is the first time that the art gallery problem is considerethia context.

The first results on the art gallery problem or its variatidate back to the 1970’s. Chvatal [8]
was the first to prove that a simple polygon witlvertices can be always guarded with| vertices;
this bound is tight in the worst case. The proof by Chvatal guaige tedious and Fisk [17] gave a
much simpler proof by means of triangulating the polygonewidring its vertices using three colors
in such a way so that every triangle in the triangulation efgiblygon does not contain two vertices
of the same color. The algorithm proposed by Fisk run®if’(n) + n) time, whereT'(n) is the
time to triangulate a simple polygon. Following Chazellgigar-time algorithm for triangulating a
simple polygon [5, 6], the algorithm proposed by Fisk run®im) time. Lee and Lin [20] showed
that computing the minimum number of vertex guards for a gnpplygon is NP-hard, which was
extended to point guards by Aggarwal [1]. Soon afterwarllsiatypes of polygons were considered.
Kahn, Klawe and Kleitman [18] showed that orthogonal polygjof sizen, i.e., polygons with axes-
aligned edges, can be guarded wijth| vertex guards, which is also a lower bound. Sevérat)
algorithms have been proposed for this variation of the lgrab notably by Sack [28], who gave
the first such algorithm, and later on by Lubiw [23]. Edelsbrer, O’'Rourke and Welzl [14] gave a
linear time algorithm for guarding orthogonal polygonstwiit; | point guards.

Beside simple polygons and simple orthogonal polygons;guois with holes, and orthogonal
polygons with holes have been investigated. As far as the @fjguards is concerneddge guards
andmobile guardshave been considered. An edge guard is an edge of the polggdma point
is visible from it if it is visible from at least one point ondledge; mobile guards are essentially
either edges of the polygon, or diagonals of the polygon.eOtypes of guarding problems have
also been studied in the literature, notably, theress problen{guard the exterior of the polygon
against enemy raids) and tipeison yard problen(guard both the interior and the exterior of the
polygon which represents a prison: prisoners must be gdardéhe interior of the prison and
should not be allowed to escape out of the prison). For alddtdiscussion of these variations and
the corresponding results the interested reader showdteethe book by O’Rourke [27], the survey
paper by Shermer [29] and the book chapter by Urrutia [32].

In this paper we consider the original problem, that is ttebfam of guarding a simple polygon.
We are primarily interested in the case of vertex guardspatjh some results about points guards
are also described. In our case, polygons are not requireavi® linear edges. On the contrary we
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4 Karavelas and Tsigaridas

consider polygons that have smooth curvilinear edges.rigléhese problems are NP-hard, since
they are direct generalizations of the correspondingoaigirt gallery problems. In the most general
setting where we impose no restriction on the type of edgeékeopolygon, it is very easy to see
that there exist curvilinear polygons that cannot be gudwdéh vertex guards, or require an infinite
number of point guards (see Fig. 19(b)). Restricting theesdy the polygon to be locally convex
curves, pointing towards the exterior of the polygon (ilee, polygon is a locally convex set, except
possibly at the vertices) we can construct polygons thatiregag minimum ofn vertex or point
guards, where is the number of vertices of the polygon (see Fig. 19(a))act $uch polygons can
always be guarded with their vertices. The main focus of this paper is the class of polggbat
are either locally convex or locally concave (except pdgsbthe vertices), the edges of which are
convex arcs; we call such polygopecewise conveandpiecewise concave polygqmespectively.

For the first class of polygons we show that it is always pdssibguard them WitH%”J ver-
tex guards, where is the number of polygon vertices. On the other hand we dascaimilies of
piecewise convex polygons that require a minimunhféﬂ — 1 vertex guards anflz | point guards.
Aside from the combinatorial complexity type of results, describe arD(n logn) time andO(n)
space algorithm which, given a piecewise convex polygomputtes a guarding set of size at most
L%”J. Our algorithm should be viewed as a generalization of Bialgorithm [17]; in fact, when ap-
plied to polygons with linear edges, it produces a guardét@gsize at mostz |. For the purposes
of our complexity analysis and results, we assume, throutthe paper, that the curvilinear edges
of our polygons are arcs of algebraic curves of constantesiegihe central idea for both obtain-
ing the upper bound as well as for designing our algorithro isgproximate the piecewise convex
polygon by a linear polygon (a polygon with line segmentsdxges). Additional auxiliary vertices
are added on the boundary of the curvilinear polygon in orderchieve this. The resulting linear
polygon has the same topology as the original polygon antloapthe essentials of the geometry
of the piecewise convex polygon; for obvious reasons we thimlinear polygon thgolygonal
approximation Once the polygonal approximation has been constructedpwgute a guarding set
for it by applying a slight modification of Fisk’s algorithmi7]. The guarding set just computed for
the polygonal approximation turns out to be a guarding sethi@original curvilinear polygon. The
final step of both the proof and our algorithm consists in niagthe guarding set of the polygonal
approximation to another vertex guarding set consistingedices of the original polygon only.

If we further restrict ourselves tmonotone piecewise convex polygares., piecewise convex
polygons that have the property that there exists alinsuch that any lind.- perpendicular to
L intersects the polygon at most twice, we can show tigt vertex or point guards are always
sufficient and sometimes necessary. If the lins known, it is very easy to compute the a vertex
guarding set of siz¢ 3 |: the problem of computing such a guarding set essentiatlyaes to
merging two sorted arrays, thus taki@gn) time andO(n) space. This result should be contrasted
against the case of monotone linear polygons where thesgmneling upper and lower bound on
the number of vertex or point guards required to guard thggmel matches that of general (i.e., not
necessarily monotone) linear polygons. In other words, atamicity seems to play a crucial role in
the case of piecewise convex polygons, which is not the cadmé&ar polygons.

For the second class of polygons, i.e., the class of pieeegdgacave polygons, vertex guards
may not be sufficient in order to guard the interior of the goly (see Fig. 18(a)). We thus turn
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Guarding curvilinear art galleries with vertex or point gres 5

our attention to point guards, and we show thvat- 4 point guards are always sufficient and some-
times necessary. Our method for showing the sufficiencyltresaimilar to the technique used to
illuminate sets of disjoint convex objects on the plane [1Blven a piecewise concave polygéh

we construct a new piecewise concave polygQrtontained insidé?, and such that the tangencies
between edges @ are maximized. The problem of guardifgythen reduces to the problem of
guarding®, which essentially consists of a number of faces with paewdisjoint interiors. The
faces of(Q) require, each, two point guards in order to be guarded, amihat—1 correspondence
with the triangles of an appropriately defined triangulaigwaph7 (R) of a polygonR with n ver-
tices. Thus the number point guards required to guaisiat most two times the number of faces of
T(R),i.e.,2n —4.

The rest of the paper is structured as follows. In Section dnir@duce some notation and
provide various definitions. In Section 3 we present our @tlgm for computing a guarding set, of
size L%"J for a piecewise convex polygon withvertices. Section 3 is further subdivided into five
subsections. In Subsection 3.1 we define the polygonal appation of our curvilinear polygon
and prove some geometric and combinatorial propertiesulis&ction 3.2 we show how to construct
a, properly choseronstrainedriangulation of the polygonal approximation. In Subsect.3 we
describe how to compute the guarding set for the originaliimear polygon from the guarding set
of the polygonal approximation due to Fisk’s algorithm ano\Me the upper bound on the cardinality
of the guarding set. In Subsection 3.4 we show how to competgaarding set i@ (n log n) time
andO(n) space. Finally, in Subsection 3.5 is devoted to the presentaf the family of polygons
that attains the lower bound Q%J — 1 vertex guards. The special case of guarding monotone
piecewise convex polygons is discussed in Section 4. We shai/; | vertex (or point) guards are
always necessary and sometimes sufficient, and presef{theime andO(n) space algorithm for
computing such a guarding set. In Section 5 we present oultsdsr piecewise concave polygons,
namely, thatn — 4 point guards are always necessary and sometimes sufficettii§ class of
polygons. Section 6 contains further results. More prégisee present bounds for locally convex
polygons and general polygons. The final section of the p&wetion 7 summarizes our results and
discusses open problems.

2 Definitions

Curvilineararcs. LetS be asequence of points, . . ., v,, andE a set of curvilinear arcs,, . . . , a,,
such thatz; has as endpoints the pointsandv; ;1. We will assume that the ares anda;, i # j

do not intersect, except when= i — 1 or j = i 4 1, in which case they intersect only at the points
v; andv; 1, respectively . We define @urvilinear polygonP to be the closed region delimited by
the arcsa;. The pointsy; are called the vertices dP. An arca; is aconvex ardf every line on
the plane intersects; at at most two points. If is a point in the interior ofi;, ane-neighborhood
ne(q) of ¢ is defined to be the intersection @f with a disk centered at with radiuse. An arca;

is alocally convex ardf for every pointq in the interior ofa;, there exists an, such that for every

Lindices are considered to be evaluated modulo
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6 Karavelas and Tsigaridas

@) (b) (c)

(d) (e) ®

Figure 1: Different types of curvilinear polygons: (a) adar polygon, (b) a convex polygon, (c) a
piecewise convex polygon, (d) a locally convex polygon a@jecewise concave polygon and (f) a
general polygon.

0 < e < g4, thee-neighborhood of lies entirely in one of the two halfspaces defined by the fine
on the plane tangent tg atq. Note that a convex arc is also a locally convex arc.

Curvilinear polygons. A polygon P is alinear polygonif its edges are line segments (see Fig.
1(a)). A polygonP consisting of curvilinear arcs as segments is calledravex polygoif every line

on the plane intersects its boundary at most twice (see Ki).1A polygon is called gpiecewise
convex polygonif every arc is a convex arc and for every paijnin the interior of an are; of the
polygon, the interior of the polygon is locally on the sanmsesas the are; with respect to the line
tangent ta; atq (see Fig. 1(c)). A polygon is calledliacally convex polygoif the boundary of the
polygon is a locally convex curve, except possibly at itdiges (see Fig. 1(d)). Note that a convex
polygonis a piecewise convex polygon and that a piecewisescopolygon is also a locally convex
polygon. A polygonP is called apiecewise concave polygoifievery arc of P is convex and for
every pointg in the interior of a non-linear are;, the interior of P lies locally on both sides of the
line tangent tai; atq (see Fig. 1(e)). Finally, a polygon is said to bgemeral polygorif we impose
no restrictions on the type of its edges (see Fig. 1(f)). Weuwske the terncurvilinear polygonto
refer to a polygon the edges of which are either line or cuegerents.

Guards and guarding sets. In our setting, ayuard or point guardis a point in the interior or the
boundary of a curvilinear polygoR. A guard of P that is also a vertex af is called avertex guard
We say that a curvilinear polygoR is guardedby a setG of guards if every point inP is visible

INRIA



Guarding curvilinear art galleries with vertex or point gres 7

from at least one point iid7. The setG that has this property is calledguarding setfor P. A
guarding set that consists solely of verticedis called avertex guarding set

3 Piecewise convex polygons

In this section we present an algorithm which, given a pigsewonvex polygorP of sizen, it
computes a vertex guarding setof size L%”J. The basic steps of the algorithm are as follows:

1. Compute the polygonal approximati&hof P.
2. Compute a constrained triangulati@iiP) of P.
3. Compute a guarding sét; for P, by coloring the vertices OT(P) using three colors.

4. Compute a guarding sétp for P from the guarding sef 5.

3.1 Polygonalization of a piecewise convex polygon

Let a; be a convex arc with endpoints andv;,,. We call the convex region; delimited bya;

and the line segmentv;,; aroom A room is called degenerate if the argis a line segment. A
line segmenpgq, wherep, g € a; is called achord, and the region delimited by the chopd and

a; is called asector The chord of a room; is defined to be the line segmemt;,; connecting
the endpoints of the corresponding asc A degenerate sector is a sector with empty interior. We
distinguish between two types of rooms (see Fig. 2):

1. empty rooms these are non-degenerate rooms that do not contain argxvefrt” in the
interior of r; or in the interior of the chord,v; .

2. non-empty roomghese are non-degenerate rooms that contain at least de& @é€P in the
interior of r; or in the interior of the chord,;v; ;.

In order to polygonalizé®> we are going to add new vertices in the interior of non-lineavex
arcs. To distinguish between the two types of verticesytivertices of P will be calledoriginal
vertices whereas the additional vertices will be callrakiliary vertices

More specifically, for each empty roomwe add a vertex; ; (anywhere) in the interior of the
arca; (see Fig. 3). For each non-empty roem let X; be the set of vertices dP that lie in the
interior of the chord);v;41 of r;, andR; be the set of vertices d? that are contained in the interior
of r; or belong taX; (by assumptio?; # 0). If R; # X;, letC; be the set of vertices on the convex
hull of the vertex setR; \ X;) U {v;,vi+1}; iIf Ry = X5, letC; = X; U {v;,v;41}. Finally, let
Cr = C; \ {vi,vi+1}. Clearly,v; andv;41 belong to the sef; and, furthermore('; # (.

Let m; be the midpoint ob;v;.44 andéiL (p) the line perpendicular to;v;; passing through a
pointp. If C; # X, then, for eachy, € C;, letw; j, be the (unique) intersection of the ling;vy,
with the arca;; if C; = X, then, for eachy, € C7, letw; ;, be the (unique) intersection of the line
03+ (vx) with the arca;.

RR n° 6132



8 Karavelas and Tsigaridas

Figure 2: The two types of rooms in a piecewise convex polyggnandr” are empty rooms,
whereas-,, andr!/, are non-empty rooms.

O
w3, 1

Figure 3: The auxiliary vertices (white points) for rooms (empty) andr; (non-empty). ws 3
is a point in the interior oti3. ms is the midpoint ofvs andvs, whereasws 1 andws 2 are the
intersections of the lineswsvy and msv; with the arcas, respectively. In this exampl&s; =
{1}1, V2, 1}7}, Whereaﬁg = {’Ul, ’02}.

Now consider the sequendéeof the original vertices o> augmented by the auxiliary vertices
added to empty and non-empty rooms; the order of the veriticésis the order in which we en-
counter them as we traverse the boundary’ah the counterclockwise order. The linear polygon
defined by the sequenceof vertices is denoted b (see Fig. 4(a)). Itis easy to show that:

Lemma 1 The the linear polygois' is a simple polygon.

INRIA



Guarding curvilinear art galleries with vertex or point gres 9

w31

(b)

Figure 4: (a) The polygonal approximatidh shown in gray, of the piecewise convex polygBn
with verticesv;, © = 1,...,7. (b) The constrained triangulatidﬁ(ﬁ) of P. The dark gray triangles
are the constrained triangles. The polygonal regians ; ws svsviv2vs5 is a crescent. The triangles
ws,1U2v05 andvyws 2vg are boundary crescent triangles. The triangles 2v; iS an upper crescent
triangle, whereas the trianglews ;ws » is a lower crescent triangle.

Proof. It suffices show that the line segments replacing the caedii segments d@? do not intersect
other edges of or P.

Let ; be an empty room, and let, ; be the point added in the interior @f. The interior
of the line segments;w; 1 andw; 1v;+1 lie in the interior ofr;. SinceP is a piecewise convex
polygon, andr; is an empty room, no edge d@f could potentially intersect;w; ; Or w; 1v;y1.
Hence replacing; by the polylinev,w; ;v;41 gives us a new piecewise convex polygon.

Let r; be a non-empty room. Leb;1,...,w; x be the points added an;, wherek; is the
cardinality of C}. By construction, every poinb; j, is visible fromw; y+1, k =1,...K; — 1, and
every pointw; j, is visible tow; 1, k = 2,... K;. Moreover,w; ; is visible fromv; andw; g,
is visible fromwv; ;. Therefore, the interior of the segments in the polyline; ; ... w; xvi11
lie in the interior ofr; and do not intersect any arc iR. Hence, substituting; by the polyline
viw; 1 - .. Wy K Vi+1 JIVES US @ New piecewise convex polygon.

As a result, the linear polygoR is a simple polygon. O

We call the linear polygot®, defined byS, thestraight-line polygonal approximatioof P, or
simply thepolygonal approximationf P. An obvious result for” is the following:

Corollary 2 If P is a piecewise convex polygon the polygonal approximatioof P is a linear
polygon that is contained inside.
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10 Karavelas and Tsigaridas

We end this section by proving a tight upper bound on the ditkeopolygonal approximation
of a piecewise convex polygon. We start by stating and pgaimintermediate result, namely that
the set”; are pairwise disjoint.

Lemma 3 Leti, j, with1 < i < j < n. ThenC} N C; = 0.

Proof. If one of the rooms; andr; is a degenerate or an empty room, the result is obvious.

Consider two non-empty rooms andr;. For simplicity of presentation we assume tii&at#
X; andR; # X;; the proof easily carries on to the caBg= X; or R; = X.

Suppose that there exists a vertexc P that is contained irC; N Cy. Letw;, vig, and
vj, vj4+1 be the endpoints of the ares anda;, andm;, m; the midpoints of the chords;v; 1,
vjvj41, respectively. Let; be the intersection of the line;u with the convex ara; andu; be the
intersection of the linen;u with the convex are;, respectively. Consider the following cases.

vj, vj41 € Ri,vi,vip1 € R;. Thisis the easy case (see Fig. 5). Siace C; N C; we have
thatr; N r; # (. Moreover, it is either the case thaf intersects the chord;v;;1 or a;
intersects the chord;v;;. Without loss of generality we can assume thaintersects the
chordwv;v;41. In this case the boundary of N r; that lies in the interior of; is a subarc of
a;. But then the segmentu; has to interseat;, which contradicts the fact thate C;'.
Uj
Vj+1

Vi+1

Figure 5: Proof of Lemma 3. The casg vj+1 & Ri, vivit1 € R;.

vj,vj+1 € R;. Sinceu belongs taC}, the line segmeniu; cannot contain any vertices éfand
it cannot intersect any edge Bf(since otherwise: would not belong ta}"). For this reason,
and sinceu belongs toC'*, uu; has to intersect the chord of. We distinguish between the
following two cases (see Fig. 6):

1. The chordv;v;4, intersects the interior ofiu;. Depending on whether the supporting
line of v;v;4 intersects the chord;v;1 of r; or not,« will be either contained in the
interior of one of the triangles;v;;1v; andv;v;+1v;41 (this happens if the supporting
line of v;v;4; intersectsy;v;11), or inside the convex quadrilateralv; 1 v;v;41 (this
happens if the supporting line ofv;; does not interseetv;+1). In either casey is in
the interior of a convex polygon, the vertices of which ar&inJ {v;, v;+1}, and, thus,
it cannot belong t@”;", hence a contradiction.

INRIA
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(%

Figure 6: Proof of Lemma 3. The casg v;11 € R;. Left: the chordv;v;,, intersects the interior
of wu; andw is contained inside the trianglgv;iv;. Middle: the chordv;v;,, intersects the
interior of wu; andw is contained inside the convex quadrilateral;1v;v;+1. Right: the chord
vjvj41 iNntersectsiu; atw.

2. The chordv;v;4, intersectsuu; at u. We can assume without loss of generality that
vit1, v; are to the right and;, v, to the left of the oriented line;u. Notice that both
v; andv; 1 have to belong t@;, since otherwise: would not belong ta”;. Let v]
andv’+1 be the intersections of the lines;v; andm,v,,1 with a;. Consider the path
m from u to v; on the boundary P of P, that does not contain the edge = has to
intersect either the interior of the line segment’; or the interior of the line segment
v;j+1v},1; €ither case yields a contradiction W|th the fact that bgtlandv;;, belong
toC}.

v;, Vi41 € Rj. This case is symmetric to the previous one.

[{vj,vj+1} N R;| = 1. Without loss of generality we may assume that R; andv;i1 ¢ R;.
Consider the following two cases (see Fig. 7):

1. The chordv;v;+1 intersects the chord;v; 1. If vjv;41 intersects the interior af;v;41,
thenw has to lie in the interior of the triangle v;11v;, which contradicts the fact that
ue Cf.

Suppose now that;v; intersects one of the endpointsigb; 1, and let us assume that
this endpointisy;. « has to lie in the interior of;v;, since otherwise it would have been
in the interior of the triangle;v; 1 v;, which contradicts the fact thate C;. Moreover,
o (resp v;) has to belong ta?; (resp. R;), since otherwise. ¢ C (resp.u & C7).
Let v be the intersection af;v; with a; andv] be the mtersectlon with; of the line
perpendlcular tw;v;41 atv;. Consider the pathsl andmy on 9P from u to vi+1 and
Uj414 respectlvely One of these two paths has to intersectrettleginterior of the line
segment;v; or the interior of line segment;v’; either case yields a contradiction with
the fact that; belongs toC’; andv; belongs toC7 .

2. The chordv;v;1; intersects the edge;. In this case we also have that eithere R;
orv;+1 € R; (but not both). Without loss of generality we may assume that € R;.
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12 Karavelas and Tsigaridas

Figure 7: Proof of Lemma 3. The caSg);, vj+1} N R;| = 1. Left: the chordv;v;44 intersects the
chordv;v; 1 andv;v;41 intersects the interior of;v;:. Middle: the chordv;v;4; intersects the
chordv;v;1 andvjv;4 intersectsyv; 4 atv;. Right: the chord;v;, intersectsy;.

Sinceu belongs to bottC; andC’;, it has to lie on the line segment, ;v;. Moreover,
vit1 (resp. v;) has to belong ta”; (resp. C7), since otherwise: would not belong
to C; (resp. C¥). Letv;,, andv’ be the intersections of the lines;v; 1 andm;v,
with the arcsa; anda;, respectively. Consider the paths andm, on 0P from v to
v; andv;41, respectively. One of these two paths has to intersectretitiecinterior of
the line segment; ,v;,; or the interior of the line segmem;v;. In the former case,
we get a contradiction with the fact that,; belongs toC'?; in the latter case we get a
contradiction with the fact that; belongs taC;".

[{vi, vi+1} N R;| = 1. This case is symmetric to the previous one. O

An immediate consequence of Lemma 3 is the following corplihat gives us a tight bound on
the size of the polygonal approximatiéhof P.

Corollary 4 If n is the size of a piecewise convex polygdrthe size of its polygonal approximation
P is at mosBn. This bound is tight (up to a constant).

Proof. Leta; be a convexarc aP, and letr; be the corresponding room.df is an empty room, then
P contains one auxiliary vertex duedg. HenceP contains at most auxiliary vertices attributed to
empty rooms inP. If a; is a non-empty room, theR containgC}| auxiliary vertices due ta;. By
Lemma 3 the set€'}, i = 1, ..., n are pairwise disjoint, which implies that" , |C;| < |P| = n.
ThereforeP contains the: vertices ofP, contains at most vertices due to empty rooms if and
at mostn, vertices due to non-empty roomsih We thus conclude that the size Bfis at mosBn.
The afore-mentioned bound is tight up to a constant. Constidepiecewise convex polygadn
of Fig. 8. It consists ofv — 1 empty rooms and one non-empty roem such thatCy| = n — 2. It
is easy to see thaP| = 3n — 3. O
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Figure 8: A piecewise convex polygdnof sizen (thick solid curve), the polygonal approximation
P of which consists 08n — 3 vertices (thick dashed polyline).

3.2 Triangulating the polygonal approximation

Let P be a piecewise convex polygon aftis its polygonal approximation. We are going to con-
struct aconstrained triangulatiorof P, i.e., we are going to triangulate, while enforcing some
triangles to be part of this triangulation. LBt = P \ P be the set of auxiliary vertices iR. The
main idea behind the way this particular triangulation iestaucted is to enforce that:

1. all triangles of7 (P), that contain a vertex i, also contain at least one vertexBf

2. every vertex inP® belongs to at least one triangledr{ P) the other two vertices of which are
both vertices ofP, and

3. the triangles of (P) that contain vertices aP can be guarded by vertices Bf

These properties are going to be exploited in Step 4 of therighgn presented in Section 3.

More precisely, we are going to enforce the way the triangfe&(P) are created in the neigh-
borhoods of the vertices iP®. By enforcing the triangles in these neighborhoods, wectffely
triangulate parts of>. The remaining untriangulated parts Bf consist of one of more disjoint
polygons, which can then be triangulated by means of anygoolyriangulation algorithm. In other
words, the triangulation aP that we want to construct is a constrained triangulatiothérsense that
we pre-specify some of the edges of the triangulation. It fewe will see below we pre-specify
triangles, rather than edges, which are going to be reféoradconstrained triangles

Let us proceed to define the constrained triangIeE@ﬁ’). If r; is an empty room, and; ; is
the point added on,;, add the edges;v;1, v;w; 1 andw; v;+1, thus formulating the constrained
trianglev;w; 1v;41 (See Fig. 4(b)). Ifr; is a non-empty room{c, ..., ck, } the vertices inC},
K; =|C7|, and{w; 1, ..., w; k, } the vertices added afy, add the following edges, if they do not
already exist:

1. Cly Cl+1, k= 1, .. .,Kl' — 1, ViC1, CK; Vi+1
2. CiWi |y k= 1, .. .,Ki

3. CiWi k41, k= 1,...,Ki— 1
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14 Karavelas and Tsigaridas

4. wi g, Wi g1, k=1,..., K; — 1, v;w; 1, Wi i, Vit1

These edges formulatgk; constrained triangles, namely,ci+1w; g+1, £ = 1,..., K; — 1,
LW kWi g1, k= 1,..., K; — 1, vieqw; 1 andv ek, w; . We call the polygonal region de-
limited by these triangles erescent The triangles;c;w; 1 andv; 11 cx,w; i, are calledooundary
crescent triangleghe trianglescr1w; k41, k = 1, ..., K; — 1 are calledupper crescent triangles
and the triangles,w; w; x+1, k = 1,..., K; — 1 are calledower crescent triangles

Note that almost all the points iR* belong to exactly one triangle the other two points of which
are inP; the only exception are the poinis, x, which belong to exactly two such triangles.

As we have already mentioned, having created the constr#ila@gles mentioned above, there
may exist additional possibly disjoint polygonal non-ngailated regions of. The triangulation
procedure continues by triangulating these additionalguanial non-triangulated regions; any poly-
gon triangulation algorithm may be used.

3.3 Computing a guarding set for the original polygon

To compute a guarding set fét we will perform the following two steps:
1. Compute a guarding sét; for P.

2. From the guarding s&f 5 for P compute a guarding se¥p for P of size at mosl{%”],
consisting of vertices oP only.

Assume that we have colored the verticesPolvith three colors, so that every triangleTr(P)
does not contain two vertices of the same color. This can bi#yedone by the standard three-
coloring algorithm for linear polygons presented in [25].1Zet red, green and blue be the three
colors, and letK 4 be the set of vertices of red coldi,4, be the set of vertices of green color and
M 4 be the set of vertices of blue color in a subdetf P. Clearly, all three set& 5, 15 and M 5
are guarding sets fdP. In fact, they are also guarding sets foras the following theorem suggests
(see also Fig. 9).

Theorem 5 Each one of the set& 5, I1; and M 3 is a guarding set for”.

Proof. LetG s be one ofK 5, IT5 and M. By construction(Z; guards all triangles iff (P). To
show thatG 5 is a guarding set foP, it suffices to show that/ 5 also guards the non-degenerate
sectors defined by the edgesfrand the convex arcs iR.

Let s; be a non-degenerate sector associated with the convei.afde consider the following
two cases:

1. The roomr; is an empty room. Thes; is adjacent to the trianglgw; jv;11 Of T(P). Note
that sinces; is a convex arc, all three points, v;41 andw; ; guards;. Since one of them has
to be inG 5, we conclude thafy 5 guardss;.
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Figure 9: The three guarding sets f0r are also guarding sets fét, as Theorem 5 suggests.

2. The roomr; is a non-empty room. Thesy is adjacent to either a boundary crescent triangle
or a lower crescent triangle ﬂ‘T(P) . LetT be this triangle, and let, y andz be its vertices.
Sincea; is a convex arc, all three, y andz guards;. Therefore, since one of the three vertices
x,y andz is in G5, we conclude that7 5 guardss;.

Therefore every non-degenerate sectaPihis guarded by at least one vertexGiy, which implies
thatG 5 is a guarding set foP. i

Let as now assume, without loss of generality that, ami@pgll » andM p, K p has the smallest
cardinality and thall » has the second smallest cardinality, i|&p| < |TIp| < |Mp|. We are going
to define a mapping from K5 \ Kp to the power se2''» of I1p. Intuitively, f maps a vertex
in K \ Kp to all the neighboring vertices afin T (P) that belong tdIp. We are going to give a
more precise definition of in the below (also consult Fig. 10). Lete K \ Kp. We distinguish
between the following cases:

1. zis an auxiliary vertex added to an empty ardsee Fig. 10(a)). Thenis one of the vertices
of the constrained triangle,v; 1« contained inside;. One ofv;, v; 11 must be a vertex in
Ilp, sayv; 1. Then we seff (z) = {v;41}-

2. x is an auxiliary vertex added to a non-empty aycConsider the following subcases:

(a) xis notthe last auxiliary vertex an, as we walk along; in the counterclockwise sense
(see Fig. 10(b)). Then is incident to a single triangle i@ (P) the other two vertices of
which are vertices iP. Lety andz be these other two vertices. Oneypofndz has to
be a green vertex, say Then we sef (x) = {y}.

(b) z is the last auxiliary vertex on; as we walk along:; in the counterclockwise sense
(see Figs. 10(c) and 10(d)). Thernis incident to a boundary crescent triangle and an
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) (d)

Figure 10: The three cases in the definition of the mapgin@€ase (a)x is a auxiliary vertex in
an empty room. Case (b}:is an auxiliary vertex in a non-empty room and is not the lasilary
vertex added on the curvilinear arc. Cases (c) and{dk the last auxiliary vertex added on the
curvilinear arc of a non-empty room (in (c) only one of itsgt@ors inP is green, whereas in (d)
two of its neighbors inP are green).

upper crescent triangle. Leb, .,y be the boundary crescent triangle and the upper
crescent triangle. Clearly, all three vertiags,, y andz are vertices of°. If y € 1Ip
(this is the case in Fig. 10(c)), then we géi) = {y}. Otherwise (this is the case in Fig.
10(d)), bothw; 1 andz have to be green vertices, in which case wef$e) = {v;11, 2}

Now define the setip = Kp U (UweKPa f(:c)). We claim thaiGp is a guarding set foP.
Lemma 6 TheselGp = Kp U (Uzera f(:c)) is a guarding set forP.

Proof. Let us consider the triangulatich(P) of P. The regions inP® are sectors defined by
a curvilinear arc, which is a subarc of an edgefbofind the corresponding chord connecting the
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Figure 11: Three of the five cases in the proof of Lemma 6: @JriangleT” is a boundary crescent
triangle; (b) the triangl& is a lower crescent triangle; (c) the triand@lés an upper crescent triangle.

endpoints of this subarc. Let us consider the set of trianiglg (P) and the sef(P) of sectors in
P<. To show that7p is a guarding set foP, it suffices show that every trianglem(ﬁ) and every
sector inS(P) is guarded by at least one vertexGip.

If T'is a triangle in7 (P) that is defined over vertices &f, one of its vertices is colored red and
belongstoKp C Gp. Hence,I' is guarded.

Consider now a trianglé’ that is defined inside an empty roam If the auxiliary vertex ofl’
is not red, then one of the two endpointsagthas to be red, and thus it belonggig. Hence both
T and the two sectors adjacent to itrinare guarded. If the auxiliary vertex is red, then one of the
other two vertices of " is green and belongs @p; again, T’ is guarded.

Suppose now thaf is a boundary crescent triangle, andddte the sector adjacent to it (consult
Fig. 11(a)). Letr be the endpoint of; contained irl", y be the second point @f that belongs ta®
andz the point inP*. Note that all three vertices guard the sectolf = (resp.y) is a red vertex it
will also be a vertex irGp. Hence, in this case bofh ands are guarded by (resp.y). If z is the
red vertex in7’, eitherx or y has to be a green vertex. Hence either y will be in Gp, and thus
again botHl" ands will be guarded.

If T is a lower crescent triangle, letbe the sector adjacent to it (consult Fig. 11(b)). key
be the endpoints of the chord efon ¢; and letz be the point ofP in T'. Let us also assume we
encounter: andy in that order as we walk along in the counterclockwise sense, which implies
thatz is the intersection of the linem,; and the are;. Finally, letT” be the upper crescent triangle
incident to the edgez, and letw be the third vertex of’, beyondy andz. It is interesting to note
that all four verticesr, y, z andw guardT, T’ ands. Moreover,z andw have to be of the same
color. In order to show thaf' ands are guarded by~ p, it suffices to show that one of y, z andw
belongs ta& p. Consider the following cases:

1. zis ared vertex. Since € Kp, we getthat € Gp.

2. x is ared vertex. But thew is also a red vertex. Sinae € Kp, we conclude thaw belongs
to G'p as well.
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3. yis ared vertex. Then eitheris a green vertex or both andw are green vertices. i is a
green vertex, thefiz} C f(y), which implies that € Gp. If z is a blue vertex, then both
andw are green vertices, and in particufar} C f(y). Hencew € Gp.

Finally, consider the case th@tis an upper crescent triangle, leindy be the vertices oP in
T and letz be the vertex of" in P (consult Fig. 11(c)). Let us also assume thé&t the intersection
of the lineym,; with a;. To show thafl" is guarded by p, it suffices to show that one af y andz
belongs ta& p. Consider the following cases:

1. x is red vertex. Since € K p we have that € Gp.
2. yisred vertex. Sincg € Kp we have thay € Gp.
3. zis ared vertex. If: is a green vertex, thefi} C f(z). Hencex € Gp. If z is blue vertex,

theny has to be a green vertex, afgly C f(z). Thereforey € Gp. O

Sincef(x) C IIp for everyx in Kp« we get thaUzeKPa f(x) CIIp. Butthis, in turnimplies
thatGp C KpUIlp. SinceK p andIlp are the two sets of smallest cardinality amdtig, I1p and
Mp, we can easily verify thatk p| + [IIp| < [2]|. Hence|Gp| < |Kp| + [IIp| < |22 ], which
yields the following theorem.

Theorem 7 Let P be a piecewise convex polygon with> 2 vertices. P can be guarded with at
most| 22| vertex guards.

We close this subsection by making two remarks:

Remark 1 The bound on the size of the vertex guarding set in Theorentighis our algorithm
will produce a vertex guarding set of size exa¢ﬂ§tj when applied to the piecewise polygon of Fig.
8 or the crescent-like piecewise convex polygon of Fig. 14.

Remark 2 When the input to our algorithm is a linear polygon all roonte @egenerate; conse-
quently, no auxiliary vertices are created, and the guagdiet computed corresponds to the set of
colored vertices of smallest cardinality, hence produangertex guarding set of size at mgst|.

In that respect, it can be considered as a generalizationisik’s algorithm [17] to the class of
piecewise convex polygons.

3.4 Time and space complexity

In this section we will show how to compute a guarding Get, of size at mostL%"J, for P in
O(nlogn) time andO(n) space. The algorithm presented at the beginning of thisosecbnsists
of four phases:

1. The computation of the polygonal approximatiémf P.

2. The computation of the constrained triangulatiofP) of P.
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3. The computation of a guarding & for P.
4. The computation of a guarding ¢ for P from the guarding set 5.

Step 2 of the algorithm presented above can be do@&ir) time and space. We need linear time
and space to create the constrained triangleE (@) and linear total time and space to triangulate
the subpolygons created after the introduction of the caimstd triangles.

Step 3 of the algorithm takes also linear time and space wipect to the size of the polygon
P. By Corollary 4,|P| < 3n, which implies that the guarding sét; can be computed iD(n)
time and space.

Step 4 also require®(n) time. Computings p from G ;5 requires determining for each vertex
v of K5 \ Kp all the vertices ofil» adjacent to it. This takes time proportional to the degree
deg(v) of vin T(P), i.e., atotal ofy>, .\, deg(v) = O(|P|) = O(n) time. Clearly, the space
requirements for performing Step 4G5n).

To complete our time and space complexity analysis, we neehéw how to compute the
polygonal approximatio® of P in O(nlogn) time and linear space. In order to compute the
polygonal approximatiot® or P, it suffices to determine for each roomof P, whether it is an
empty room or a non-empty room. In other words we need to céenfou each roomr; the set of
verticesC;. If C = (), thenr; is empty, otherwise we have the set of vertices we wantedn Erp
we can compute the points; ;, and the linear polygoi® in O(n) time and space.

The underlying idea is to spli® into y-monotone piecewise convex subpolygons. For each room
r; within each sucly-monotone subpolygon, corresponding to a convexavgth endpoints; and
vi1+1, we will then compute the corresponding 6&t. This will be done by first computing a subset
S, of the setR; of the points inside the room, such thatS; O C7, and then apply an optimal time
and space convex hull algorithm to the SetJ {v;, v;+1} in order to comput€’;, and subsequently
fromthatC?. In the discussion that follows, we assume that for eacheoarca; of P we associate
a setS;, which is initialized to be the empty set. The s8tswill be progressively filled with vertices
of P, so thatin the end they fulfill the containment property nmmdd above.

Splitting P into y-monotone piecewise convex subpolygons can be done in eps:st

1. First we need to split each convex arcinto y-monotone pieces. Le?’ be the piecewise
convex polygon we get by introducing tlyeextremal points for each;. Since eaclu; can
yield up to threey-monotone convex pieces, we conclude it < 3n. Obviously splitting
the convex arcs; into y-monotone pieces takéx(n) time and space. A vertex added to split
a convex arc intg-monotone pieces will be called alded extremal vertex

2. Second, we need to apply the standard algorithm for camgytmonotone subpolygons out
of a linear polygon ta®’ (cf. [21] or [12]). The algorithmin [21] (or [12]) is valid rtanly for
line segments, but also for piecewise convex polygons stingiofy-monotone arcs (such as
P’). Since|P’| < 3n, we conclude that compute themonotone subpolygons d?’ takes
O(nlogn) time and require®(n) space.

Note that a non-split arc aP belongs to exactly ong-monotone subpolygony-monotone pieces
of a split arc ofP may belong to at most threemonotone subpolygons (see Fig. 12).
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Figure 12: Decomposition of a piecewise convex polygon tetoy-monotone subpolygons. The
white points are added extremal vertices that have beerdadaeder to split nony-monotone arcs
to y-monotone pieces.

At the beginning of our algorithm we associate to eachuamf P a set of vertices;, which is
initialized to the empty set. Suppose now that we hayenaonotone polygor). The edges of)
are either convex arcs &f, or pieces of convex arcs éf, or line segments between mutually visible
vertices ofP, added in order to form thg-monotone subpolygons @f; we call these line segments
bridges(see Fig. 12). For each non-bridge edgef (), we want to compute the s€t". This can be
done by sweepin@ in the negativey-direction (i.e., by moving the sweep line frofpo to —o0).
The events of the sweep correspond togleordinates of the vertices 6f, which are all known
before-hand and can be put in a decreasing sorted list. T¥ieefient of the sweep corresponds to
the top-most vertex af): since@ consists ofj-monotone convex arcs, themaximal point of@ is
necessarily a vertex. The last event of the sweep correspiorite bottom-most vertex 6f, which
is also they-minimal point of Q. We distinguish between four different types of events:

1. the first event: corresponds to the top-most verte® of

2. the last event: corresponds to the bottom-most vertéx, of

3. aleft event: corresponds to a vertex of the {jefhonotone chain of), and
4. aright event: corresponds to a vertex of the rigihtonotone chain of).

Our sweep algorithm proceeds as follows. Edte the sweep line parallel to theaxis at somey.

For eachy in between thg-maximal andy-minimal values of), ¢ intersectg) at two points which
belong to either a left edge (i.e., an edge on the left-monotone chain of)) or is a left vertex
v; (i.e., a vertex on the lefy-monotone chain of)), and either a right edge. (i.e., an arc on the
right y-monotone chain of)) or a right vertexv,. (i.e., a vertex on the righf-monotone chain of
Q). We are going to associate the current left edgat positiony to a point setS;, and the current
right edge at position to a point setSg. If the edgee; (resp.e,.) is a non-bridge edge, the s&f
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(resp.Sg) will contain vertices ofy) that are inside the room of the convex arcfotorresponding
ey (resp.e;.).

When they-maximal vertexv,,... is encountered, i.e., during the first event, we initialze
andSr to be the empty set. When a left event is encountered due exvertet ¢; ,,, be the left
edge above ande; 40, be the left edge below and lete, be the current right edge (i.e., the right
edge at the/-position ofv). If ¢, is an non-bridge edge, anrg is the corresponding convex arc
of P, we augment the sef; by the vertices inS;. Then, irrespectively of whether or net.,, is
a bridge edge, we re-initializ&;, to be the empty set. Finally, . is a non-bridge edge, ang,
is the corresponding convex arc i we check ifv is inside the roomr;, or lies in the interior of
the chord ofry; if this is the case we addto Sg. When a right event is encountered our sweep
algorithm behaves symmetrically. If the right event is dwe vertex, lete, ., be right edge of)
abovev ande,. 40, be the right edge of) beloww and lete; be the current left edge @}. If ¢; .,
is a non-bridge edge, and is the corresponding convex arc 8f we augment; by the vertices
in Sr. Then, irrespectively of whether or net ., is a bridge edge or not, we re-initializ; to be
the empty set. Finally, I€; is a non-bridge edge, ang is the corresponding convex arc Bf we
check ifv is inside the roomr;, or lies in the interior of the chord of;.; if this is the case we add
to S.. When the last event is encountered due tojmeinimal vertexv,,.;,, lete; ande,. be the left
and right edges af) abovev.,,;,,, respectively. If; is a non-bridge edge, let be the corresponding
convex arc inP. In this case we simply augmeSt by the vertices inS;,. Symmetrically, ife,. is
a non-bridge edge, let; be the corresponding convex arciih In this case we simply augmesi
by the vertices irb'g.

We claim that our sweep-line algorithm computes a%etuch thatS; O C;. To prove this we
need the following intermediate result:

Lemma 8 Given a non-empty convex arcof P, the vertices of the sét’ belong to the/-monotone
subpolygons of, which either contain the entire arg or y-monotone pieces af.

Proof. Leta; be a non-empty convex arc #fand letu be a vertex of? in C that is not a vertex of
any of they-monotone subpolygons @? that contain either the entire ad¢ or y-monotone pieces
of a;. Sinceu is inside the room;, the z-axis parallel line through intersects:; at either one or
two points (respectively, intersects one or tyrenonotone pieces af;). Letw’ be the unique or one
of the two intersection points and consider the correspangimonotone are of a; on whichu’
lies. Let@ be they-monotone subpolygon af that containg. We may assume without loss of
generality that is a right edge irQ.

Recall that: is not a vertex of) and letQ’ # Q be one of thg-monotone polygons that contain
u. Since we have assumed th@t # @, the line segmeniu’ either contains a vertex d? or is
intersected by an edge ¢f. uu’ cannot contain a vertex d?, since, in such a case,could not
have been a vertex ifi’. Lete’ be an edge of)’ that intersects the line segment’. We distinguish
between the following two cases:

1. ¢ is a bridge edgeln this case’’ is a line segment connecting two verticesandz of P’.
Moreover,w andz lie on different sides with respect to the lina’. We can assume, without
loss of generality thaw lies aboveuu’ and thatz lies belowuw'.
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If both w andz are vertices ofP, thenu cannot belong t@;, since it is contained either in
the interior of the triangle;wv; .1, or in the interior of the triangle; zv;;1 or in the convex
guadrilateral formed by the four vertices v;, 1, w andz. Thus, we reach a contradiction.
Consider now the case whetee P’ \ P andz € P’. Sincew is an added extremal vertex,

it has to be a/-maximal vertex ¢-minimal vertices cannot be endpoints of a bridge edge with
lower y-coordinate than the other endpoint of the bridge edge).siden the triangleiw:.
The edgeuw cannot contain any vertices and cannot intersect any edgBs since thenu
would not belong t&. Hence the pointa andw are mutually visible. But thg-coordinate

of  is larger than the coordinate ofz, which implies that would not have been connected
to w via a bridge edge in thg-monotone decomposition @t, a contradiction.

There one final case to consider:c P andz € P’\ P. Sincez is an added extremal vertex,

it has to be a/-minimal vertex {-maximal vertices cannot be endpoints of a bridge edge with
highery-coordinate than the other endpoint of the bridge edge).irAgansider the triangle
uwz. The edgeuz cannot contain any vertices and cannot intersect any edgfs since
thenw would not belong ta”;. Hence the points and =z are mutually visible. However,
the y-coordinate ofu is smaller than thg-coordinate ofw, which implies thaty would not
have been connected tovia a bridge edge in thg-monotone decomposition @?; again, a
contradiction.

2. ¢/ is not a bridge edgeAmong all edges oP that intersect.u’, consider the one “closest” to
u'; the distance here froml is understood as the distance of the point of intersectienand
uu’ fromw/. Lete’ be this closest edge and ketand > be its endpoints i?’. Letp be the
point of intersection oé’ anduu/, and lett,, be the tangent line of atp. Clearly,t, cannot
coincide with the lineww’, since thenP would not be locally convex at. Hencet,, separates
uwandu/, i.e., they have to lie on different halfspaces with respect,. Let H, andH,. be
the two halfspaces defined bythat contain: andw’, respectivelye’ cannot lie on,,, since
then P would not be locally convex at. Thereforeg’ has to belong entirely téf,,/, which
further implies that bothw andz also have to belong téf,,,. Sincee’ is either a convex arc
a; of P or ay-monotone piece of a convex atg of P, we conclude that the endpointsand
v;+1 Of a; also have to belong to the halfspadg.. Notice thatv; andwv,,, cannot both lie
on the same side of the lina//, since such a configuration would contradict the fact thiat
the closest point onu' to «’. Hencev; anduv;, lie on different of sides of the lineu'. This,
in turn, yields that: lies either in the interior of the trianglgv;v; 11, or in the interior of the
trianglev;v;41v;41, Or in the interior of the convex quadrilateral defined byfither pointsv;,
vi+1, v; andv;4q. This contradicts the fact thatbelongs taC'. O

An immediate corollary of the above lemma is the following:

Corollary 9 For each convex are; of P, the setS; computed by the sweep algorithm described
above is a superset of the s&t.

Let us now analyze the time and space complexity of Step 1eoktgorithm sketched at the
beginning of this subsection. Computing the polygonal apipnation P of P requires subdividing
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P into y-monotone subpolygons. This subdivision takés log n) time andO(n) space. Once we
have the subdivision oP into y-monotone subpolygons we need to compute the Sefsr each
convex arca; of P. The setsS; can be implemented as red-black trees. Inserting an eleiment
somes; takesO(log n) time. During the course of our algorithm we perform only ii&as on the
Si’s. A vertexv of P is inserted at mosfeg(v) times in someS;, wheredeg(v) is the degree of
v in the y-monotone decomposition @f. Since the sum of the degrees of the vertice®ah the
y-monotone decomposition d? is O(n), we conclude that the total size of ti$¢'s is O(n) and
that we performO(n) insertions on thes;’s. Therefore we need(nlogn) time andO(n) space
to compute thes;’s. Finally, sinced"" | |S;| = O(n), the setsC’; can also be computed in total
O(nlogn) time andO(n) space. The analysis above thus yields the following:

Theorem 10 Let P be a piecewise convex polygon witlvertices. We can compute a guarding set
for P of size at most2 | in O(n logn) time andO(n) space.

3.5 The lower bound construction

In this section we are going to present a piecewise conveygpal which requires a minimum of
|42 ] — 1 vertex guards in order to be guarded.

Let us first consider the windmill-like piecewise convexymmn W with seven vertices of Fig.
13(a), a detail of which is shown in Fig. 13(b). Tteuble eardefined by the vertices;, v, and
v and the convex arag; anday is constructed in such a way so that neithgminor v; can guard
both roomsrs andr, by itself. This is achieved by ensuring that (resp. a4) intersects the line
v4v5 (resp. vsvy) twice. Note that bottus anday intersect the linenwv, only at vy, wherem is
the midpoint of the line segmentvs. The double ear defined by the vertiagsvg andv; and the

U1 V2

@ (b)

Figure 13: The windmill-like piecewise convex polygdn that requires at least three vertex guards
in order to be guarded. The only triplets of guards that gu&rdre {vs, v4,vs}, {vs,vs, v6},

{vs, v, v7}, {va, v5,v7} @nd{vy, ve, v7}.
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Figure 14: The crescent-like piecewise convex polyggrthat requires a guarding set of at least
| 5| vertex guards.

convex arcsi; andag is constructed in an analogous way. Moreover, the vertiges,, v4 andug
are placed in such a way so that they do not (collectivelyydjtize interior of the trianglesvsvry
(for example the lengths of the edggs, andv,vs are considered to be big enough, so thatloes
not see too much of the trianglgvsvr). As a result of this constructioi’ cannot be guarded by
two vertex guards, but can be guarded with three. There dvalfconly five possible guarding
triplets: {’U3, V4, ’UG}, {’U3, Us, ’UG}, {’U3, Us, ’U7}, {U4, Vs, ’U7} and{v4, Vg6, U7}. Any guarding set that
contains eithewp; or vy has cardinality at least four. The verticesandv, will be referred to as
base vertices

Consider now the crescent-like polyg6hwith n vertices of Fig. 14. The vertices 6f are in
strictly convex position. This fact has the following imgation: if v;, v; 41, v; 12 andv,, 5 are four
consecutive vertices @', andw is the point of intersection of the linesv; 1 andv; 2v;3, then
the trianglev; 1 uv; 1o is guarded if and only if eithew; . ; or v; - is in the guarding set af'. As a
result, it is easy to see thatcannot be guarded with less thgg| vertices, since in this case there
will be at least one edge both endpoints of which would nottidé guarding set fat.

In order to construct the piecewise convex polygon, thaegivs the lower bound mentioned at
the beginning of this section, we are going to merge severgiks of W/ with C. More precisely,
consider the piecewise convex polygBrwith n = 7k vertices of Fig. 15. It consists of copies of
the polygoni’ merged withC' at every other linear edge 6f, through the base points of thg’s.

In order to guard any of the windmill-like subpolygons, weedat least three vertices per such
polygon, none which can be a base point. This gives a totakofertices. On the other hand, in
order to guard the crescent-like part®Bfwe need at least — 1 guards among the base points. To
see that, notice that there are- 1 linear segments connecting base points; if we were to use les
thank — 1 guards, we would have at least one such line segmédrtth endpoints of which would
not participate in the guarding set 6f But then, as in the case ¢f, there would be a triangle,
adjacent tee, which would not be guarded. Therefore, in order to gudnde need a minimum of
4k — 1= [%”J — 1 guards, which yields the following theorem.

Theorem 11 There exists a family of piecewise convex polygonsmitértices any vertex guarding
set of which has cardinality at leagt | — 1.
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Figure 15: The lower bound construction.

4 Monotone piecewise convex polygons

In this section we focus on the subclass of piecewise conegygpns that are monotone. Let
us recall the definition of monotone polygons from SectiomAlcurvilinear polygonP is called

U1

Figure 16: A monotone piecewise convex polygdmvith n = 9 vertices and its vertical decompo-
sition into four-sided convex slab#. can be guarded withz | = 4 vertices, namely the vertices,
va, U4 anduvs.
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Figure 17: A comb-like monotone piecewise convex polygat taquires 7 | point guards in order
to be guarded: one point guard is required per prong.

monotone if there exists a ling such that any lind.- perpendicular ta. intersectsP at most
twice.

In the case of linear polygons monotonicity does not yielddsdounds on the worst case num-
ber of point or vertex guards needed in order to guard thegooly In both cases, monotone or
possibly non-monotone linear polygons, | point or vertex guards are always sufficient and some-
times necessary. In the context of piecewise convex polydbe situation is different. Unlike
general (i.e., not necessarily monotone) piecewise copuhrgons, which require at Iea§1‘7ﬂj -1
vertex guards and can always be guarded \M@J vertex guards, monotone piecewise convex poly-
gons can always be guarded with | vertex guards. This bound is actually tight, since therstexi
monotone piecewise convex polygons that require that margx or point guards. This section is
devoted to the presentation of the afore-mentioned tighhds.

Let us consider a monotone piecewise convex polyforand let us assume without loss of
generality thatP is monotone with respect to theaxis (see also Fig. 16). Lat; be thej-th vertex
of P when considered in the list of vertices sorted with respetheir z-coordinate. Let; be the
vertical line passing through the vertex of P, and letL = {¢1,(s,...,¢,} be the collection of
these lines. An immediate consequence of the factfhistmonotone and piecewise convex is the
following lemma:

Lemma 12 The collection of line< decomposes the interior @f into n — 1 convex regions;,
j=1,...,n—1,that are free of vertices or edges Bf

In addition to the fact that the regioms are convexs; has on its boundary both; andu; .
This immediately implies that both; andu;,; see the entire regios;. Hence, in order to guard
P it suffices to take every other vertex, starting fromu,. The setG' = {uz, us, e, . . ., Uz|n /2] }
is, thus, a vertex guarding set fét. As a final remark, if the lind. with respect to whichP is
monotone is known, it is possible to compute the vertex gngrdetG for P in O(n) time and
O(n) space: merge the two sorted (with respect to theaipordinate) lists of vertices in the upper
and lower chain of?, and then report every other vertex in the sorted list, isigftom the second
one.
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The polygonM yielding the lower bound is shown in Fig. 17. Notice that isyw&imilar to the
well known comb-like linear polygon that establishes thedo bound on the number of point or
vertex guards required to guard a linear polygon. In our d@dsesasy to see that we need at least
one point or vertex guard per prong of the polygon, and sineeetare % | prongs we conclude that
we need at leagts | vertex or point guards in order to guakd.

We are now ready to state the following theorem that sumraatize results of this section.

Theorem 13 Given a monotone piecewise convex polygowith n > 2 vertices, | 5] vertex or
point guards are always sufficient and sometimes neceskimgover, if the linel with respect to
which P is monotone is known, we can compute a vertex guarding sdt ffrsize| % | in O(n)
time andO(n) space.

5 Piecewise concave polygons

In this section we deal with the problem of guarding piecewisncave polygons using point guards.
Guarding a piecewise concave polygon with vertex guardsheaynpossible even for very simple
configurations (see Fig. 18(a)). In particular we prove tiWwing:

Theorem 14 Let P be a piecewise concave polygon withrertices.2n — 4 point guards are always
sufficient and sometimes necessary in order to guard

To prove the sufficiency ofn — 4 point guards we essentially apply the technique in [16] for
illuminating disjoint compact convex sets. L&t be the convex object defined by the edgeand
the chordv;v;11 of p;. Lett;(v;) be the tangent line ta; atv;, j = 4,7+ 1, and letb; ., be the
bisecting ray oft;(v;+1), tit+1(viy1) pointing towards the interior aP. Construct a set of convex
arcskC = {k1, k2, - . ., kn } that lie entirely insideP as such that (cf. [16]):

(a) the endpoints of; arev;, v;11,

(b) ; istangent ta; (resp.b; 1) atv; (resp.v;i1),

(c) if S; is the convex object defined by and its chordy;v; 11, thenS; C A;,1 <i < n,
(d) the arcs:; are pairwise non-crossing, and

(e) the number of tangencies between the elemerniGisimaximized.

Let @ be the piecewise concave polygon defined by the sequence afdh ink.

Suppose now that; andx, ;) are tangentl < j < m, and let/; ,(; be the common tangent to
i andk, (). Letll; be the polygonal region defined by the intersection of thépiahes bounded
by the/; ,(;)’s that contains; anda;. II; is a bounded polygonal region one edge of which is the
chord ofq;. It is easy to see that placing guards on the vertices oftfeguards both? and Q.
Let G be the guarding set d? constructed this way. Construct, now, a planar griaptith vertex
set/C. Two verticess; andx; of I' are connected via an edgesif andx; are tangent. The gragh
is a planar graph combinatorially equivalent to the tridaion graphZ (R) of a polygonR with n
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(@) (b)

Figure 18: (a) A piecewise concave polygénthat cannot be guarded solely by vertex guards.
Two consecutive edges @f have a common tangent at the common vertex and as a resuiréee t
vertices of P see only the points along the dashed segments. (b) A piee@weisgcave polygo
that require@n — 4 point guards in order to be guarded.

vertices. The edges &f connecting the polygons;, x;+1, 1 < i < n, are the boundary edges of
R, whereas all other edges Bfcorrespond to diagonals ii(R). Let Q° denote the interior of).
Observing that)° consists of a number of faces that are in 1-1 correspondeiticehe triangles
in 7 (R), we conclude thaf)° consists ofr — 2 faces, each containing three guard€:f. It fact,
each face of)° can actually be guarded by only two of the three guards itainatand thus we can
eliminate one of them per face ¢f°. The new guarding se¥ of () constructed above is also a
guarding set fo? and containg(n — 2) point guards.

To prove the necessity, refer to the piecewise concave paljjin Fig. 18(b). Each one of the
“triangular” regions in the interior of’ requires exactly two point guards in order to be guarded.
The number of such triangular regions is exaetly 2, thus we need a total @ — 4 point guards
to guardP.

It is interesting to note that the piecewise concave polygan Fig. 18(b) is monotone with
respect to the--axis. This implies that, unlike the class of piecewise @polygons, monotonic-
ity does not induce better bounds on the number of guardsrestjto guard piecewise concave

polygons.

6 Locally convex and general polygons

We have so far been dealing with the case of piecewise comiggans. In this section we will
present results about locally convex and general polygons.

For locally convex polygons the situation much less intiémgs in the sense that there exist
locally convex polygons that requirevertex guards in order to be guarded. Consider for example
the locally convex polygon of Fig. 19(a). Every room in thidygon cannot be guarded by a single
guard, but rather it requires both vertices of every locatipvex edge to be in any guarding set in
order for the corresponding room to be guarded. As a restdgitiresn vertex guards. Clearly,
thesen guards are also sufficient, since any one of them guardslasoentral convex part of the
polygon. More interestingly, even if we do not restrict alves to vertex guards, but rather allow
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(@) (b)

Figure 19: (a) A locally convex polygon with vertices that requires vertex or point guards in
order to be guarded. (b) A non-convex polygon that cannotaedgd by vertex guards, and which
requires an infinite number of point guards.

guards to be any pointin the interior or the boundary of tHggum, then the locally convex polygon
in Fig. 19(a) still requires guards. This stems from the fact that the rooms of this paiyigave
been constructed in such a way so that the kernel of each redie iempty set (i.e., they are not
star-shaped objects). However, we can guard each room witlgtiards, which can actually be
chosen to be the endpoints of the locally convex arcs.

In fact then vertices of a locally convex polygon are not only necessiaryhie worst case), but
also always sufficient. Consider poipinside a locally convex polygoft and letr, be an arbitrary
ray emanating frong. Let w, be the first point of intersection of, with the boundary of® as we
walk onr, away fromg. If w, is a vertex ofP we are doney is visible by one of the vertices of
P. Otherwise, rotate, aroundg in the, say, counterclockwise direction, until the linersegtquw,
hits a featuref of P (if multiple features ofP are hit at the same time, consider the one closest to
q). f cannot be a point in the interior of an edgefotince then” would have to be locally concave
at f. Thereforef has to be a vertex aP, i.e., ¢ is guarded byf. We can thus state the following
theorem:

Theorem 15 Let P be a locally convex polygon witlhh > 2 vertices. Them vertex (then vertices
of P) or point guards are always sufficient and sometimes necggsarder to guardP.

The class of general polygons poses difficulties. Consitembn-convex polygoV of Fig.
19(b), which consists of two vertices andwv, and two convex arcg; andas. The two arcs are
tangent to a common linéatv;. It is readily visible thaty; andvs cannot guard the interior of
N. In fact, v; cannot guard any point oV other than itself. Even worse, any finite number of
guards, placed anywhere ¥, cannot guard the polygon. To see that, consider the wecafit, .
Assume thafV can be guarded by a finite number of guards, and lgtv, be the guard closest to
vy with respect to shortest paths withii. Consider the liné, passing througl that is tangent to
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as (@among the two possible tangents we are interested in théhenmoint of tangency of which is
closer tov;). Let s, be the sector oV delimited bya;, ap and?,. s, cannot contain any guarding
point, since such a vertex would be closewtahang. Sinces, is not guarded by, we conclude
that s, is not guarded at all, which contradicts our assumption ¥as$ guarded by a finite set of
guards.

7 Summary and future work

In this paper we have considered the problem of guardingygpaokl art gallery, the walls of which
are allowed to be arcs of curves (our results are summarizéakile 1). We have demonstrated that
if we allow these arcs to be locally convex araqvertex or point) guards are always sufficient and
sometimes necessary. If these arcs are allowed to be narecdhen an infinite number of guards
may be required. In the case of piecewise convex polygorsmiertices, we have shown that it is
always possible to guard the polygon w[tﬁglj vertex guards, whereqiﬂj — 1 vertex guards are
sometimes necessary. Furthermore, we have describ@elog n) time andO(n) space algorithm
for computing a vertex guarding set of size at m@%tj. For piecewise concave polygons, we have
shown tha®n — 4 point guards are always sufficient and sometimes necesdaally, in the special
case of monotone piecewise convex polygdds|, vertex or point guards are always sufficient and
sometimes necessary.

Up to now we have not found a piecewise convex polygon thatiregymore tharh%”J +0(1),
nor have we devised a polynomial time algorithm for guardingiecewise convex polygon with
less thanL%"J guards. Closing the gap between then two complexities mesve open problem.
Another open problem is what is the worst case maximum nuwiqasint guards required to guard
a piecewise convex polygon. In this case our lower boundtoactson fails, since it is possible to
guard the corresponding polygon wi@ﬁ,ﬂj + O(1) guards. On the other hand, the comb-like poly-
gon shown in Fig. 17, requirds; | point guards. Clearly, our algorithm that computes a gueydi
set of at most%"J vertex guards is still applicable.

Other types of guarding problems have been studied in thetiire, which either differ on the
type of guards (e.g., edge or mobile guards), the topologlyepolygons considered (e.g., polygons

Bounds by guard type
Polygon type \Vertex Point Time Space
Upper| Lower | Upper | Lower
Piecewise convex 1Z2] [ [2]-1] [Z] | [2] | Olnlogn) | ©(n)
Monotone piecewise convex 2] O(n) O(n)
Locally convex n O(n) O(n)
Piecewise concave NOT POSSIBLE 2n —4 Q(n) Q(n)
General NOT POSSIBLE | 2n—4 | o0 Q(n) Q(n)

Table 1: The results in this paper.
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with holes) or the guarding model (e.g., guard the extefiti@polygon — also known as tlertress
problem or both the interior and exterior — also known ashnison yard problerjy see the book by
O’Rourke [27], the survey paper by Shermer [29] of the boakptlr by Urrutia [32] for an extensive
list of the variations of the art gallery problem with respiecthe guard types of the guarding model.
It would be interesting to extend these results to the famitif curvilinear polygons presented in
this paper.

Last but not least, in the case of non-convex polygons, isssible to devise an algorithm for
computing a guarding set with a finite number of guards, ifgblygon does not contain cusp-like
configurations such as the one in Fig. 19(b)?
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