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Abstract: One of the earliest and most well known problems in compantali geometry is the
so-calledart gallery problem The goal is to compute the minimum possible number guastsepl
on the vertices of a simple polygon in such a way that they ictineeinterior of the polygon.

In this paper we consider the problem of guarding an art gelldnich is modeled as a polygon
with curved walls. Our main focus is on polygons the edges loickv are convex arcs pointing
towards the exterior or interior of the polygon (but not Bottamed piecewise convex and piecewise
concave polygons. We prove that, in the case of piecewiseeggiolygons, if we only allow vertex
guards,L%"J — 1 guards are sometimes necessatry, @ql] guards are always sufficient. Moreover,
anO(nlogn) time andO(n) space algorithm is described that produces a vertex gupsdinof
size at mostL%"J. In the special case of monotone piecewise convex polyg@nsam show that
| 5 | vertex guards are always sufficient and sometimes necesisasg bounds remain valid even if
we allow point guards.

In the case of piecewise concave polygons, we show2that! point guards are always sufficient
and sometimes necessary, whereas it might not be possifletd such polygons by vertex guards.
We conclude with lower bounds for other types of curved pohsgand future work.
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Guarding curvilinear art galleries with vertex or point gus 3

1 Introduction

Consider a simple polygoR with n vertices. How many points with omnidirectional visibiliaye
required in order to see every point in the interior/? This problem, known as thet gallery
problemhas been one of the earliest problems in Computational Geepm@Applications areas
include robotics [14], [28], motion planning [17], [21], eputer vision and pattern recognition
[25], [29], [2], [26], graphics [19], [6] and CAD/CAM [3], [@].

The first results on the art gallery problem or its variatidiate back to the 1970’s. Chvatal
[7] was the first to prove that a simple polygon withvertices can be always guarded wit§ |
vertices; this bound is tight in the worst case. The proof bgtal was quite tedious and Fisk [12]
gave a much simpler proof by means of triangulating the pmiygnd coloring its vertices using
three colors in such a way so that every triangle in the trigatgn of the polygon does not contain
two vertices of the same color. The algorithm proposed bl kigs inO(T'(n) + n) time, where
T'(n) is the time to triangulate a simple polygon. Following CHeZe linear-time algorithm for
trianguting a simple polygon [4, 5], the algorithm propo$sdFisk runs inO(n) time. Lee and
Lin [15] showed that computing the minimum number of verteagls for a simple polygon is NP-
hard, which was later on extended to point guards by AggaiijalSoon afterwards other types
of polygons were considered. Kahn, Klawe and Kleitman [18jveed that orthogonal polygons
of sizen, i.e., polygons with axes-aligned edges, can be guardédd| it vertex guards, which is
also a lower bound. Sever@l(n) algorithms have been proposed for this variation of the jerab
notably by Sack [23], who gave the first such algorithm, aterlan by Lubiw [18]. Edelsbrunner,
O’Rourke and Welzl [9] gave a linear time algorithm for guaglorthogonal polygons with?% |
point guards.

Beside simple polygons and simple orthogonal polygons;gmois with holes, and orthogonal
polygons with holes have been considered. As far as the ti/gaards is concernegdge guards
andmobile guarddhave been considered. An edge guard is an edge of the polsggdra point is
visible from it if it is visible from at least one point on thd@e; mobile guards are essentially either
edges of the polygon, or diagonals of the polygon. Othergygfeguarding problems have also
been considered in the literature, notably, thdress problem(guard the exterior of the polygon
against enemy raids) and tipeison yard problen(guard both the interior and the exterior of the
polygon which represents a prison: prisoners must be gdardéhe interior of the prison and
should be allowed to escape out of the prison). For a detdigmlission of these variations and the
corresponding results the interested reader should reféretbook by O’Rourke [22], the survey
paper by Shermer [24] and the book chapter by Urrutia [27].

In this paper we consider the original problem, that is thebfem of guarding a simple polygon.
We are primarily interested in the case of vertex guardepaljh some results about points guards
are also described. In our case, polygons are not requireavi® linear edges. On the contrary we
consider polygons that have smooth curved edges. Clehdgetproblems are NP-hard, since they
are direct generalizations of the corresponding origimaballery problems. In the most general
setting where we impose no restriction on the type of edg#segbolygon, it is very easy to see that
there exist curved polygons that cannot be guarded witlexgards, or require an infinite number
of point guards (see Fig. 16(b)). Restricting the edges @fiblygon to be locally convex curves,
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4 Karavelas and Tsigaridas

pointing towards the exterior of the polygon (i.e., the gy is a locally convex set, except possibly
at the vertices) we can construct polygons that require &moim of n. vertex or point guards, where
n is the number of vertices of the polygon (see Fig. 16(a)). iaén focus of this paper is the
class of polygons that are either locally convex or locatincave (except possibly at the vertices),
the edges of which are convex arcs; we call such polyg@tewise conveandpiecewise concave
polygonsrespectively.

For the first class of polygons we show that it is always pdss$doguard them with%”J vertex
guards, wheren is the number of polygon vertices. On the other hand we desdamilies of
piecewise convex polygons that require a minimunhféﬂ — 1 vertex guards angl | point guards.
Aside from the combinatorial complexity type of results, eescribe ar)(n logn) time andO(n)
space algorithm which, given a piecewise convex polygomputes a guarding set of size at most
L%"J. Our algorithm should be viewed as a generalization of Bigkjorithm [12]; in fact, when
applied to polygons with linear edges, it produces a gugrdiet of size at mostz |. For the
purposes of our complexity analysis and results, we assthm@jghout the paper, that the curved
edges of our polygons are arcs of algebraic curves of condegree. The central idea for both
obtaining the upper bound as well as for designing our algaris to approximate the piecewise
convex polygon by a linear polygon (a polygon with line segtseas edges). Additional auxiliary
vertices are added on the boundary of the curved polygordieréo achieve this. The resulting linear
polygon has the same topology as the original polygon antloepthe essentials of the geometry
of the piecewise convex polygon; for obvious reasons we thimlinear polygon thgolygonal
approximation Once the polygonal approximation has been constructedsongpute a guarding
set for it by applying a slight modification of Fisk’s algdmih [12]. The guarding set just computed
for the polygonal approximation turns out to be a guardindaethe original curved polygon. The
final step of both the proof and our algorithm consists in niaghe guarding set of the polygonal
approximation to another vertex guarding set consistingedices of only the original polygon.

If we further restrict ourselves tmonotone piecewise convex polygares, piecewise convex
polygons that have the property that there exists a finsuch that any lind.* perpendicular to
L intersects the polygon at most twice, we can show tHgt vertex or point guards are always
sufficient and sometimes necessary. If the lines known, it is very easy to compute the a vertex
guarding set of size% | : the problem of computing such a guarding set essentiallyaes to sorting,
thus takingO(n logn) time andO(n) space. This result should be contrasted against the case of
monotone linear polygons where the corresponding uppeloavetr bound on the number of vertex
or point guards required to guard the polygon matches thgioéral (i.e., not necessarily monotone)
linear polygons. In other words, monotonicity seems to playucial role in the case of piecewise
convex polygons, which is not the case for linear polygons.

For the second class of polygons, i.e., the class of pieeegdgacave polygons, vertex guards
may not be sufficient in order to guard the interior of the goly (see Fig. 15(a)). We thus turn
our attention to point guards, and we show that- 4 point guards are always sufficient and some-
times necessary. Our method for showing the sufficiencyitressaimilar to the technique used to
illuminate sets of disjoint convex objects on the plane [X3iven a piecewise concave polygéh
we construct a new piecewise concave polyghrtontained insidé’, and such that the tangencies
between edges af are maximized. The problem of guardidgthen reduces to the problem of
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Guarding curvilinear art galleries with vertex or point gus 5

guarding®, which essentially consists of a number of faces with paewdisjoint interiors. The
faces ofQ) require, each, two point guards in order to be guarded, amihat—1 correspondence
with the triangles of an appropriately defined triangulatiwaph7 (R) of a polygonR with n ver-
tices. Thus the number point guards required to guaisiat most two times the number of faces of
T(R),i.e.,2n — 4.

The rest of the paper is structured as follows. In Section dnir@duce some notation and
provide various definitions. In Section 3 we present our @lgm for computing a guarding set, of
size L%”J for a piecewise convex polygon withvertices. Section 3 is further subdivided into five
subsections. In Subsection 3.1 we define the polygonal appation of our curved polygon and
prove some geometric and combinatorial properties. In &etlmn 3.2 we show how to construct
a, properly chosertonstrainedriangulation of the polygonal approximation. In Subsewctd.3 we
describe how to compute the guarding set for the originaledipolygon from the guarding set of
the polygonal approximation due to Fisk’s algorithm andverthe upper bound on the cardinality
of the guarding set. In Subsection 3.4 we show how to competgaarding set i@ (n log n) time
andO(n) space. Finally, in Subsection 3.5 is devoted to the presentaf the family of polygons
that attains the lower bound Q@J — 1 vertex guards. The special case of guarding piecewise
monotone piecewise convex polygons is discussed in Settigve show that % | vertex (or point)
guards are always necessary and sometimes sufficient, esdnprtheD(n logn) time andO(n)
space algorithm for computing such a guarding set In Seétiea present our results for piecewise
concave polygons, namely, that — 4 point guards are always necessary and sometimes sufficient
for this class of polygons. Section 6 contains further @hitesults. More precisely, we present
lower bound constructions for two major variations of ouimaoblem. The first kind of variation
concerns the fact that we allow point guards. The second &dngariation refers to the type of
polygons considered. The final section of the paper, Se@tgrmmmarizes our results and discusses
open problems.

2 Definitions

Curved arcs. Let S be a sequence of points, . . ., v,, andE a set of curved aras, . . ., a,, such
thata; has as endpoints the pointsandv;, 1. We will assume that the ares andaj, i # j do
not intersect, except wheh= i — 1 or j = ¢ 4+ 1, in which case they intersect only at the poings
andv;1, respectively . We define@urved polygorP to be the closed region delimited by the arcs
a;. The pointsy; are called the vertices df. An arca; is aconvex ardf every line on the plane
intersects:; at at most two points. I§ is a point in the interior ofi;, ane-neighborhood. (¢) of ¢

is defined to be the intersection @f with a disk centered at with radiuse. An arca; is alocally
convex ardf for every pointg in the interior ofa;, there exists an, such that for ever§) < ¢ < ¢,
thee-neighborhood of; lies entirely in one of the two halfspaces defined by the fioa the plane
tangent taz; atq. Note that a convex arc is also a locally convex arc.

Lindices are considered to be evaluated modylonless otherwise stated.
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6 Karavelas and Tsigaridas

@) (b) (c)

(d) (e) ®

Figure 1: Different types of curved polygons: (a) a lineatygon, (b) a convex polygon, (c) a
piecewise convex polygon, (d) a locally convex polygon a@jecewise concave polygon and (f) a
general polygon.

Curved polygons. A polygon P is alinear polygonif its edges are line segments (see Fig. 1(a)).
A polygon P consisting of curved arcs as segments is calledravex polygoiif every line on the
plane intersects its boundary at most twice (see Fig. 1fopolygon is called giecewise convex
polygon if every arc is a convex arc and for every pajrit the interior of an are; of the polygon,
the interior of the polygon is locally on the same side as theawith respect to the line tangent to
a; atq (see Fig. 1(c)). A polygon is calledacally convex polygoif the boundary of the polygon is
a locally convex curve, except possibly at its vertices (dge 1(d)). Note that a convex polygon is
a piecewise convex polygon and that a piecewise convex poligjalso a locally convex polygon.
A polygon P is called gpiecewise concave polygahevery arc ofP is convex and for every point

in the interior of a non-linear arg;, the interior ofP lies locally on both sides of the line tangent to
a; atq (see Fig. 1(e)). Finally, a polygon is said to bgemeral polygorif we impose no restrictions
on the type of its edges (see Fig. 1(f)). We will use the teurved polygorio refer to a polygon
the edges of which are either line or curve segments.

Guards and guarding sets. In our setting, ayuard of point guardis a point in the interior or the
boundary of a curved polygaR. If a guard ofP that is a also a vertex d@? is called avertex guard
We say that a curved polygadn is guardedby a setG of guards if every point irP is visible from
at least one point iid7. The setG that has this property is calledgauarding sefor P. A guarding
set that consists solely of vertices Bfis called avertex guarding set
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Guarding curvilinear art galleries with vertex or point gus 7

Figure 2: The two types of rooms in a piecewise convex polyggnandr! are empty rooms,
whereas-,, andr// are non-empty rooms.

3 Piecewise convex polygons

In this section we present an algorithm which, given a piegsewonvex polygorP of sizen, it
computes a guarding sétof size L%”J. The basic steps of the algorithm are as follows:

1. Compute the polygonal approximati&hof P.
2. Compute a constrained triangulati@iiP) of P.
3. Compute a guarding sét; for P, by coloring the vertices of (P) using three colors.

4. Compute a guarding sétp for P from the guarding sefr 5.

3.1 Polygonalization of a piecewise convex polygon

Let a; be a convex arc with endpoints andv;,,. We call the convex region; delimited bya;

and the line segmentv;,; aroom A room is called degenerate if the argis a line segment. A
line segmenpgq, wherep, g € a; is called achord, and the region delimited by the chopd and

a; is called asector The chord of a room; is defined to be the line segment;; connecting
the endpoints of the corresponding asc A degenerate sector is a sector with empty interior. We
distinguish between two types of rooms (see Fig. 2):

1. empty rooms these are non-degenerate rooms that do not contain argxvefrt” in the
interior of r; or in the interior of the chord;v; ;.

2. non-empty roomghese are non-degenerate rooms that contain at least de& @éP in the
interior of r; or in the interior of the chord,v; .

In order to polygonalizé® we are going to add new vertices in the interior of non-linemvex
arcs. To distinguish between the two types of verticesthvertices of P will be calledoriginal
vertices whereas the additional vertices will be callakiliary vertices
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8 Karavelas and Tsigaridas

O
w3, 1

Figure 3: The auxiliary vertices (white points) for rooms(empty) and-s (non-empty).ws 1 is a
point in the interior ofz3. ms is the midpoint ofus andvg, whereasvs ; andws o, respectively, are
the intersections of the lines passing through v, andms, vy, with the arcas. In this example
R5 = Cg = {’L)l,’UQ}.

More specifically, for each empty roomwe add a vertex; ; (anywhere) in the interior of the
arca; (see Fig. 3). For each non-empty roem let X; be the set of vertices aP that lie in the
interior of the chord);v;41 of r;, andR; be the set of vertices d? that are contained in the interior
of r; or belong taX; (by assumptio?; # 0). If R; # X;, letC; be the set of vertices on the convex
hull of the vertex setR; \ X;) U {v;,vi+1}; if Ry = X;, letC; = X; U {v;,v;41}. Finally, let
Cr = C; \ {vi, vi+1}. Clearly,v; andv;41 belong to the sef; and, furthermore('s # (.

Let m; be the midpoint ob;v;.44 andéiL (p) the line perpendicular to;v;; passing through a
pointp. If C # X, then, for eachy, € C;, letw; ;, be the (unique) intersection of the limgm;
with the arca;; if C; = X, then, for eachy, € C}, letw; ;, be the (unique) intersection of the line
03+ (vx) with the arca;.

Now consider the sequenéeof the original vertices o> augmented by the auxiliary vertices
added to empty and non-empty rooms; the order of the veriticésis the order in which we en-
counter them as we traverse the boundary’ah the counterclockwise order. The linear polygon
defined by the sequenceof vertices is denoted b (see Fig. 4(a)). Itis easy to show that:

Lemma 1 The the linear polygois' is a simple polygon.

Proof. It suffices show that the line segments replacing the curggthents ofP do not intersect
other edges oP or P.

Let r; be an empty room, and let; ; be the point added in the interior af. The interior
of the line segments;w; 1 andw; 1v;+1 lie in the interior ofr;. SinceP is a piecewise convex
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Guarding curvilinear art galleries with vertex or point gus 9

(b)

Figure 4: (a) The polygonal approximatidh shown in gray, of the piecewise convex polygén
with verticesv;, i = 1, ..., 6. (b) The constrained triangulatiéf(P) of P. The dark gray triangles
are the constrained triangles. The polygonal regians ; ws 2vsviv2vs5 is a crescent. The triangles
ws 10205 andwvyws 2ve are boundary crescent triangles. The triangles 2v; is an upper crescent
triangle, whereas the trianglews ws 2 is a lower crescent triangle.

polygon, andr; is an empty room, no edge @ could potentially intersect;w; 1 Or w; 1v;4+1.
Hence replacing; by the polylinev,w; ;v;41 gives us a new piecewise convex polygon.

Let r; be a non-empty room. Leb;1,...,w; x be the points added om, where K is the
cardinality ofC*. By construction, every poinb; ; is visible fromw; 541,k =1,... K — 1, and
every pointw; j is visible tow; ,—1, k = 2,... K. Moreover,w; ; is visible fromv; andw; g
is visible fromv;;1. Therefore, the interior of the segments in the polyline; ; ... w; kvit1
lie in the interior ofr; and do not intersect any arc iR. Hence, substituting; by the polyline
viw; 1 - .. Wy K V+1 JIVES US @ New piecewise convex polygon.

As a result, the linear polygaR is a simple polygon. O

We call the linear polygot®, defined byS, thestraight-line Ppolygonal approximatioof P, or
simply thepolygonal approximationf P. An obvious result for” is the following:

Corollary 2 If P is a piecewise convex polygon the polygonal approximakioof P is a linear
polygon that is contained inside.

We end this section by proving a tight upper bound on the ditkeopolygonal approximation
of a piecewise convex polygon. We start by stating and pgpaimintermediate result, namely that
the setg”;" are pairwise disjoint.

Lemma 3 Leti, j, with1 <i < j < n. ThenC; N C; = 0.
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10 Karavelas and Tsigaridas

Proof. If one of the rooms; andr; is a degenerate or an empty room, the result is obvious.

Consider two non-empty rooms andr;. Suppose that there exists a vertexc P that is
contained inC;y N C;. Letv;, vi41, andv;, v;+1 be the endpoints of the arasanda;, andm;, m;
the midpoints of the chordgv; 11, vjvj4+1, respectively. Let; be the intersection of the line;u
with the convex ara; andu; be the intersection of the line ;u with the convex ara;, respectively.
Consider the following two cases. The ones that are nodlistdow are symmetric to one of the
cases considered below and analogous arguments can bedappli

1. The verticesr; andv;4, belong toR;. Sinceu belongs toC?, the line segmentu,; cannot
contain any vertices aP and it cannot intersect any edge@f(since otherwise: would not
belong toC;). Sinceu belongs taC7, the chord ofr; has to intersect the line segment;.
We distinguish between the following two cases:

(a) The chordv;v;+1 intersects the interior ofiu;. Letz be the point of intersection. De-
pending on the orientation of the triplets of vertides, v;1,v; } and{v;, vj11,vi41},
u Will either be in the interior of the triangle;v;;1v; or in the interior of the triangle
V110541 OF inside the convex quadrilateral defined by the four vestig, v;41, v;
andv;1; in any of the three cases,cannot be a vertex iV}, hence a contradiction.

(b) The chordv;v;; intersectsuu; at u. We can assume without loss of generality that
viy1, v; are to the right and,, v, to the left of the oriented line;u. Notice that both
v; andv; 1, have to belong t@;, since otherwise: would not belong ta”;. Let v}
andv;-Jrl be the intersections of the lines;v; andm,; v, with a,. Consider the path
from u to v; on 9P, that does not contain the edgg 7 has to intersect either the line
segmen;v’; or the line segment; v’ ; either case this yields a contradiction with

the fact that bothv; andv;, belong toC;.

2. The vertex; belongs taR; and the vertex; belongs toR;. Sinceu belongs to botlC and
C7, it has to lie on the line segmentv;. Moreover, both;; andv; have to belong t@’; and
C7, respectively, since otherwigevould not belong t&; andC?, respectively. Let; andv’
be the intersections of the lines;v; andm;v; with the arcs:; anda;, respectively. Consider
the pathr on 0P from w to v;; that does not contain the edge. 7 has to either intersect
the line segment;v; or the line segment;v}. In the former case, we get a contradiction with
the fact that; belongs toC'?; in the latter case we get a contradiction with the fact that
belongs taC. ' m

An immediate consequence of Lemma 3 is the following corplihat gives us a tight bound on
the size of the polygonal approximatiéhof P.

Corollary 4 If n is the size of a piecewise convex polygdrhe size of its polygonal approximation
P is at mosBn. This bound is tight (up to a constant).

Proof. Leta; be a convexarc aP, and letr; be the corresponding room.df is an empty room, then
P contains one auxiliary vertex duedg. HenceP contains at most auxiliriary vertices attributed
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Guarding curvilinear art galleries with vertex or point gus 11

Figure 5: A piecewise convex polygdnof sizen (black solid curve), the polygonal approximation
P of which consists 08n — 3 vertices (black dashed curve).

to empty roomsiirP. If a; is a non-empty room, theR containgC| auxiliary vertices due ta,. By
Lemma 3 the set€'}, i = 1, ..., n are pairwise disjoint, which implies tha"_, |C;| < |P| = n.
ThereforeP contains the: vertices ofP, contains at most vertices due to empty rooms i and
at mostn vertices due to non-empty roomsih We thus conclude that the size Bfis at mosBn.
The afore-mentioned bound is tight up to a constant. Con#igepiecewise convex polygdn
of Fig. 5. It consists ofv — 1 empty rooms and one non-empty roem such thatCy| = n — 2. It
is easy to see thaP| = 3n — 3. O

3.2 Triangulating the polygonal approximation

Let P be a piecewise convex polygon aftis its polygonal approximation. We are going to con-
struct aconstrained triangulatiorof P, i.e., we are going to triangulate, while enforcing some
triangles to be part of this triangulation. LBt = P \ P be the set of auxiliary vertices iR. The
main idea behind the way this particular triangulation isstoucted is to enforce that:

1. all triangles of7 (P), that contain a vertex if*®, also contain at least one vertex®f

2. every vertex inP® belongs to at least one triangIeTr(P) the other two vertices of which are
both vertices ofP, and

3. the triangles oTT(P) that contain vertices aP can be guarded by vertices Bf

These properties are going to be exploited in Step 4 of tharidihgn presented in Section 3.

More precisely, we are going to enforce the way the triangfe&(P) are created in the neigh-
borhoods of the vertices iR*. By enforcing the triangles in these neighborhoods, wectftfely
triangulate parts of?. The remaining untriangulated parts Bf consist of one of more disjoint
polygons, which can then be triangulated by means of anygoolyriangulation algorithm. In other
words, the triangulation aP that we want to construct is a constrained triangulatiothérsense that
we pre-specify some of the edges of the triangulation. It f&we will see below we pre-specify
triangles, rather than edges, which are going to be reféoradconstrained triangles

Let us proceed to define the constrained triangle& (i®). If r; is an empty room, and; ; is
the point added on;, add the edges;v; 1, v;w; 1 andw; 1v;+1, thus formulatting the constrained
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12 Karavelas and Tsigaridas

trianglev,w; 1v;41 (see Fig. 4(b)). If-; is a non-empty roomics, . .., cx } the vertices inC, and
{w; 1, ..., w; i} the vertices added an, add the following edges, if they do not already exist:
1. cp,cpp1, k=1,..., K —1,v;c1, CkVi41

2. Ci’wiyk,k:l,...,K
3. ciwi7k+1,k:1,...,K—1
4w, wikr1, k=1,..., K =1, v;w; 1, w; kVit1

These edges formula2éy constrained triangles, namety,cy1w; k1, k= 1,..., K—1, crw; pw; g+1,
k=1,...,K — 1, viqqw,; 1 andv;;1cxw; . We call the polygonal region delimited by these tri-
angles acrescent The trianglesy;c;w; 1 andv;+1cxw; x are calledooundary crescent triangles
the triangles:,cp41wi k+1, kK = 1,..., K — 1 are calledupper crescent triangleand the triangles
crw; pwi p+1, k= 1,..., K — 1 are calledower crescent triangles

Note that almost all the points iIR* belong to exactly one triangle the other two points of which
are inP; the only exception are the poinis, x which belong to exactly two such triangles.

As we have already mentioned, having created the constr#ila@gles mentioned above, there
may exist additional possibly disjoint polygonal non-tdilated regions of. The triangulation
procedure continues by triangulating these additionalguanial non-triangulated regions; any poly-
gon triangulation algorithm may be used.

3.3 Computing a guarding set for the original polygon
To compute a guarding set fét we will perform the following two steps:
1. Compute a guarding sét for P. We are going to show that this is also a guarding seffor

2. From the guarding s&k 5 we are going to define a subsgp of P, which consists only of
vertices ofP. We are going to show thatp is a guarding set foP and that its size is at most

13-

Assume that we have colored the verticedofiith three colors, so that every triangleTr(P)
does not contain two vertices of the same color. This can bi#yedone by the standard three-
coloring algorithm for linear polygons presented in [20].1Pet red, green and blue be the three
colors, and letK 4 be the set of vertices of red coldi,4, be the set of vertices of green color and
M 4 be the set of vertices of blue color in a subdetf P. Clearly, all three set& 5, 15 and M 5
are guarding sets fdP. In fact, they are also guarding sets foras the following theorem suggests
(see also Fig. 6).

Theorem 5 Each one of the set& 5, I1; and M 3 is a guarding set forP.
Proof. LetG s be one ofK 5, IT5 and M. By construction(Z'; guards all triangles iff (P). To

show thatG 3 is a guarding set foP, it suffices to show that/ 5 also guards the non-degenerate
sectors defined by the edgesfrand the convex arcs iR.

INRIA



Guarding curvilinear art galleries with vertex or point gus 13

Figure 6: The three guarding sets 0y are also guarding sets fét, as Theorem 5 suggests.

Let s; be a non-degenerate sector associated with the convei.afde consider the following
two cases:

1. The roomr; is an empty room. Thes; is adjacent to the triangle w; vy of T(P). Note
that sinces; is a convex arc, all three points, ;11 andw; ; guards;. Since one of them has
to be inG 5, we conclude thatr ; guardss;.

2. The roomr; is a non-empty room. The#y is adjacent to either a boundary crescent triangle
or a lower crescent triangle ﬂ‘T(P) . LetT be this triangle, and let, y andz be its vertices.
Sincea; is a convex arc, all three, y andz guards;. Therefore, since one of the three vertices
x,y andz is in G 5, we conclude that7 ; guardss;.

Therefore every non-degenerate sectaPihis guarded by at least one vertexGiy, which implies
thatG 5 is a guarding set foP. |

Let as now assume, without loss of generality that, ami@pgll » andM p, K p has the smallest
cardinality and thall » has the second smallest cardinality, i|&p| < |TIp| < |Mp|. We are going
to define a mapping from K5 \ Kp to the power se2!'” of I1p. Intuitively, f maps a vertex
in Kz \ Kp to all the neighboring vertices afin T(P) that belong tdIp. We are going to give a
more precise definition of in the below (also consult Fig. 7). Lete K5 \ Kp. We distinguish
between the following cases:

1. z is an auxiliary vertex added to an empty arqsee Fig. 7(a)). Then is one of the vertices
of the constrained triangle,v; 1« contained inside;. One ofv;, v;11 must be a vertex in
Ip, sayv; 1. Then we seff (z) = {vi41}-

2. x is an auxiliary vertex added to a non-empty aycConsider the following subcases:
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) (d)

Figure 7: The three cases in the definition of the mapginGase (a)z is a auxiliary vertex in an
empty room. Case (b}t is an auxiliary vertex in a non-empty room and is not the lasileary
vertex added on the curved arc. Cases (c) andi(@the last auxiliary vertex added on the curved
arc of a non-empty room (in (c) only one of its neighbordHns green, whereas in (d) two of its
neighbors inP are green).

(a) xis notthe last auxiliary vertex an, as we walk along; in the counterclockwise sense
(see Fig. 7(b)). Them is incident to a single triangle iﬁ(ﬁ) the other two vertices of
which are vertices irP. Lety andz be these other two vertices. Oneypéndz has to
be a green vertex, say Then we sef (x) = {y}.

(b) z is the last auxiliary vertex on; as we walk along; in the counterclockwise sense
(see Figs. 7(c) and 7(d)). Thenis incident to a boundary crescent triangle and an
upper crescent triangle. Leb, .,y be the boundary crescent triangle and the upper
crescent triangle. Clearly, all three vertiags,, y andz are vertices of°. If y € 1Ip
(this is the case in Fig. 7(c)), then we gét:) = {y}. Otherwise (this is the case in Fig.
7(d)), bothv; 1 andz have to be green vertices, in which case wefge) = {v;1, 2 }.
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Figure 8: Three of the five cases in the proof of Lemma 6: (ajriaagleT is a boundary crescent
triangle; (b) the triangl& is a lower crescent triangle; (c) the triandlés an upper crescent triangle.

Now define the setip = Kp U (UzeKPa f(:c)). We claim thatGp is a guarding set foP.
Lemma 6 TheselGp = Kp U (Uzera f(:c)) is a guarding set forP.

Proof. Let us consider the triangulatidhi( P) of P. The regions inP* are sectors defined by a
curved arc, which is a subarc of an edggéind the corresponding chord connecting the endpoints
of this subarc. Let us consider the set of triangle§ itP) and the seS(P) of sectors inP®. To
show thatG: p is a guarding set foP, it suffices show that every triangle m(ﬁ) and every sector
in S(P) is guarded by at least one vertexGfp.

If T'is a triangle in7 (P) that is defined over vertices &f, one of its vertices is colored red and
belongstoKp C Gp. Hence,I' is guarded.

Consider now a trianglé' that is defined inside an empty roam If the auxiliary vertex ofl’
is not red, then one of the two endpointssgthas to be red, and thus it belonggig. Hence both
T and the two sectors adjacent to itrinare guarded. If the auxiliary vertex is red, then one of the
other two vertices of" is green and belongs @p; again, T’ is guarded.

Suppose now thaf is a boundary crescent triangle, andddte the sector adjacent to it (consult
Fig. 8(a)). Letz be the endpoint of; contained irl’, y be the second point &f that belongs ta”
andz the point inP*. Note that all three vertices guard the sectolf = (resp.y) is a red vertex it
will also be a vertex irGp. Hence, in this case bofh ands are guarded by (resp.y). If z is the
red vertex in7’, eitherx or y has to be a green vertex. Hence either y will be in Gp, and thus
again botHI" ands will be guarded.

If T'is a lower crescent triangle, latbe the sector adjacent to it (consult Fig. 8(b)). ket
be the endpoints of the chord efon ¢; and letz be the point ofP in T'. Let us also assume we
encounter: andy in that order as we walk along in the counterclockwise sense, which implies
thatz is the intersection of the linem,; and the ara;. Finally, letT” be the upper crescent triangle
incident to the edgez, and letw be the third vertex of’, beyondy andz. It is interesting to note
that all four verticesr, y, z andw guardT’, T’ ands. Moreover,xz andw have to be of the same
color. In order to show thaf' ands are guarded by~ p, it suffices to show that one of y, z andw
belongs ta& p. Consider the following cases:
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1. zis ared vertex. Since € Kp, we getthat € Gp.

2. x is ared vertex. But thew is also a red vertex. Sinae € Kp, we conclude thaw belongs
to Gp as well.

3. yis ared vertex. Then eitheris a green vertex or both andw are green vertices. i is a
green vertex, thefiz} C f(y), which implies that € Gp. If z is a blue vertex, then both
andw are green vertices, and in particufar} C f(y). Hencew € Gp.

Finally, consider the case th@tis an upper crescent triangle, leindy be the vertices oP in
T and letz be the vertex of" in P* (consult Fig. 8(c)). Let us also assume thas the intersection
of the lineym,; with a;. To show thafl" is guarded by p, it suffices to show that one af y andz
belongs ta& p. Consider the following cases:

1. x is red vertex. Since € Kp we have that € Gp.
2. yisred vertex. Sincg € Kp we have thay € Gp.

3. zis ared vertex. If: is a green vertex, thefi} C f(z). Hencex € Gp. If z is blue vertex,
theny has to be a green vertex, afgy C f(z). Thereforey € Gp. O

Sincef(z) C Ilp for everyz in Kpo we getthatJ, . f(z) C Ilp. Butthis, in turn implies
thatGp C KpUIlp. SinceK p andIlp are the two sets of smallest cardinality amdtig, I1p and
Mp, we can easily verify thatk p| + [IIp| < [22]. Hence|Gp| < |Kp| + [IIp| < |22 ], which
yields the following theorem.

Theorem 7 Let P be a piecewise convex polygon with> 2 vertices.P can be guarded WitFﬂ%"J
vertex guards.

3.4 Time and space complexity

In this section we will show how to compute a guarding@et, of size| 22|, for P in O(nlogn)
time andO(n) space. The algorithm presented at the beginning of thisoseconsists of four
phases:

1. The computation of the polygonal approximatiémf P.

2. The computation of the constrained triangulatiofP) of P.

3. The computation of a guarding &t for P.

4. The computation of a guarding ¢ for P from the guarding set 5.

Step 2 of the algorithm presented above can be do6ir) time and space. We need linear time

and space to create the constrained triangle5(d@t) and linear total time and space to triangulate
the subpolygons created after the introduction of the caimstd triangles.
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Step 3 of the algorithm takes also linear time and space wipect to the size of the polygon
P. By Corollary 4|P| < 3n, which implies that the guarding s6ts can be computed i@ (n) time
and space.

Step 4 also require®(n) time. Computings p from G 5 requires determining for each vertex
v of K5 \ Kp all the vertices ofil» adjacent to it. This takes time proportional to the degree
deg(v) of vin T(P), i.e., atotal ofy>, .\, deg(v) = O(|P|) = O(n) time. Clearly, the space
requirements for performing Step 4G5n).

To complete our time and space complexity analysis, we neehéow how to compute the
polygonal approximatior® of P in O(nlogn) time and linear space. Before proceeding with
the analysis let us recall some definitions from Subsectién Given a convex ara; of P, with
endpoints the verticesv; 1, the convex region delimited by the arcand the line segmentv;, 1
is called the roomr; associated witlu;. We denote byR; the vertices ofP that are contained in
the interior ofr; or on the line segment;v; 1. The set of vertices on the convex hull of the set
R; U {UZ‘, Ui+1} is denoted bﬁl, and, flnaIIy,C;‘ =} \ {’Ui, Ui+1}.

In order to compute the polygonal approximatiBror P, it suffices to determine for each room
r; of P, whether it is an empty room or a non-empty room. In other worve need to compute
for each roonr; the set of vertice€'F. If C = 0, thenr; is empty, otherwise we have the set of
vertices we wanted. From} we can compute the points; ;, and the linear polygo® in O(n)
time and space.

The undelying idea is to spli? into y-monotone piecewise convex subpolygons. For each room
r; within each sucly-monotone subpolygon, corresponding to a convexavgth endpoints; and
vi1+1, we will then compute the corresponding 6&t This will be done by first computing a subset
S, of the setR; of the points inside the room, such thatS; O C7, and then apply an optimal time
and space convex hull algorithm to the SetJ {v;, v; 11} in order to comput€’;, and subsequently
fromthatC}. In the discussion that follows, we assume that for eacheoaxca; of P we associate
a setS;, which is initialized to be the empty set. The s8tswill be progressively filled with vertices
of P, so that in the end they fulfill the containment property neargd above.

Splitting P into y-monotone piecewise convex subpolygons can be done in eps:st

1. First we need to split each convex arcinto y-monotone pieces. Le?’ be the piecewise
convex polygon we get by introducing tlyeextremal points for each;. Since eaclu; can
yield up to threg-monotone convex pieces, we conclude it < 3n. Obviously splitting
the convex arcs; into y-monotone pieces takéx(n) time and space. A vertex added to split
a convex arc intg-monotone pieces will be called anlded extermal vertex

2. Second, we need to apply the standard algorithm for cangytmonotone subpolygons
out of a linear polygon ta”’ (cf. [16] or [8]). The algorithm in [16] (or [8]) is valid not
only for line segments, but rather for any polygon compriség-monotone edges. Since
|P’'| < 3n, we conclude that compute themonotone subpolygons @’ takesO(n logn)
time and require®(n) space.

Note that a non-split arc aP belongs to exactly ong-monotone subpolygon;-monotone pieces
of a split arc ofP may belong to at most thregemonotone subpolygons (see Fig. 9).
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Figure 9: Decomposition of a piecewise convex polygon ietoit-monotone subpolygons. The
white points are added extremal vertices that have beerdadaeder to split nony-monotone arcs
to y-monotone pieces.

At the beginning of our algorithm we associate to eachaaraf P a set of verticess;, which
is initialized to the empty set. Suppose now that we hayengonotone polygor). The edges of
Q are either convex arcs @?, or pieces of convex arcs d@?, or line segments between mutually
visible vertices ofP, added in order to form thg-monotone subpolygons @?; we call these line
segmentdridges For each non-bridge edge of ), we want to compute the sét’. This can be
done by sweeping@ in the negativey-direction (i.e., by moving the sweep line frofro to —o0).
The events of the sweep correspond toglmordinates of the vertices ¢f, which are all known
before-hand and can be put in a decreasing sorted list. T8teefient of the sweep corresponds to
the top-most vertex af): since@ consists ofj-monotone convex arcs, themaximal point of@ is
necessarily a vertex. The last event of the sweep corresgoride bottom-most vertex 6f, which
is also they-minimal point of Q. We distinguish between four different types of events:

1. the first event: corresponds to the top-most verte® of

2. the last event: corresponds to the bottom-most vertéx, of

3. aleft event: corresponds to a vertex of the {efhonotone chain of), and
4. aright event: corresponds to a vertex of the rigitonotone chain of).

Our sweep algorithm proceeds as follows. Edte the sweep line parallel to theaxis at somey.

For eachy in between they maximal and minimal values @, ¢ intersectsy at two points which
belong to either a left edge (i.e., an edge on the lef-monotone chain of)) or is a left vertex
v; (i.e., a vertex on the lefyi-monotone chain of)), and either a right edge. (i.e., an arc on the
right y-monotone chain of)) or a right vertexv,. (i.e., a vertex on the righf-monotone chain of
Q). We are going to associate the current left eelgat positiony to a point setS;, and the current
right edge at positiop to a point setSr. If the edgee; (resp.e,) is a non-bridge edge, the s€t
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(resp.Sg) will contain vertices ofy that are inside the room of the convex arcfotorresponding
e; (resp.e;).

When they-maximal vertexv,,.... is encountered, i.e., during the first event, we initialize
andSr to be the empty set. When a left event is encountered due exvertet ¢; ., be the left
edge above ande; 4., be the left edge below and lete,. be the current right edge (i.e., the right
edge at the/-position ofv). If ¢, is an non-bridge edge, anrg is the corresponding convex arc
of P, we augment the sef; by the vertices inS;,. Then, irrespectively of whether or net,,, is
a bridge edge, we re-initializ6;, to be the empty set. Finally, i, is a non-bridge edge, and,
is the correspoding convex arc i, we check ifv is inside the roonr; or lies in the interior of
the chord ofry; if this is the case we addto Sr. When a right event is encountered our sweep
algorithm behaves symmetrically. If the right event is dua vertex, lete,. ., be right edge of)
abovev ande, 40, be the right edge aof) beloww and lete; be the current left edge @}. If e; .,
is a non-bridge edge, and is the corresponding convex arc Bf we augmenst; by the vertices
in Sr. Then, irrespectively of whether or net ., is a bridge edge or not, we re-initializ; to be
the empty set. Finally, I§; is a non-bridge edge, ang, is the corresponding convex arc Bf we
check ifv is inside the roomr;, or lies in the interior of the chord of;; if this is the case we add
to S.. When the last event is encountered due tojmeinimal vertexv,,.;,, lete; ande,. be the left
and right edges af) abovev,,;.,, respectively. I&; is a non-bridge edge, let be the corresponding
convex arc inP. In this case we simply augmes by the vertices ir6,. Symmetrically, ife,. is a
non-bridge edge, let; be the corresponding convex arc/h In this case we simply aaugmesit
by the vertices irbr.

We claim that our sweep-line algorithm computes a%etuch thatS; O C;. To prove this we
need the following intermediate result:

Lemma 8 Given a non-empty convex argof P, the vertices of the sét belong to the/-monotone
subpolygons of, which either contain the entire arg or y-monotone pieces af.

Proof. Leta; be a non-empty convex arc éf and letu be a vertex of? in C} that is not a vertex
of any ofy-monotone subpolygons d@? that contain either the entire asg¢ or y-monotone pieces
of a;. Sinceu is inside the room;, the z-axis parallel line through intersects:; at either one or
two points (respectively, intersects one or tywanonotone pieces af;). Let«’ be the unique or
one of the two intersection points and consider the cormdingy-monotone are of a; on which
u’ lies.Let@ be they-monotone subpolygon a? that containg. We may assume without loss of
generality that is a right edge irQ.

Recall that: is not a vertex of) and letQ)’ # @ be one of thgi-monotone polygons that contain
u. Since we have assumed th@t # Q, the line segmeniu’ either contains a vertex d? or is
intersected by an edge ¢F. uu’ cannot contain a vertex d?, since, in such a case,could not
have been a vertex ifi. Lete’ be an edge of)’ that intersects the line segment’. We distinguish
between the following two cases:

1. ¢’ is a bridge edgen this case’’ is a line segment connecting two verticesand z of P’.
Moreover,w andz lie on different sides with respect to the lina’. We can assume, without
loss of generality thab lies aboveuu’ and that: lies belowuw’.
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If both w andz are vertices of, thenu cannot belong t@';, since it is contained either in
the interior of the triangle;wwv;11, or in the interior of the triangle; zv;+1 or in the convex
quadrilateral formed by the four vertices v;,1, w andz. Thus, we reach a contradiction.
Consider now the case wherec P’ \ P andz € P’. Sincew is an added extermal vertex,

it has to be a)-maximal vertex ¢-minimal vertices cannot be endpoints of a bridge edge with
lower y-coordinate than the other endpoint of the bridge edge).siden the triangleiw:.
The edgeuw cannot contain any vertices and cannot intersect any edgBs since thenu
would not belong ta”. Hence the pointa andw are mutually visible. But thg-coordinate

of  is larger than the coordinate ofz, which implies that would not have been connected
to w via a bridge edge in thg-monotone decomposition @, a contradiction.

There one final case to consider:c P andz € P’ \ P. Sincez is an added extermal vertex,

it has to be a;-minimal vertex ¢-minimal vertices cannot be endpoints of a bridge edge with
highery-coordinate than the other endpoint of the bridge edge).irAgansider the triangle
uwz. The edgeuz cannot contain any vertices and cannot intersect any edgfs since
thenw« would not belong taC;. Hence the points andz are mutually visible. However,
the y-coordinate ofu is smaller than thg-coordinate ofw, which implies thaty would not
have been connected tovia a bridge edge in thg-monotone decomposition d@?; again, a
contradiction.

2. ¢’ is not a bridge edgeAmong all edges of’ that intersectu’, consider the one “closest”

to «’; the distance here from’ is understood as the distance of the point of intersection of
e/ anduu’ fromu/. Lete’ be this closest edge and lketand z be its endpoints iP?’. Letp

be the point of intersection ef anduw’, and lett, be the tangent line of atp. Clearly,t,
cannot coincide with the linew’, since thenP would not be locally convex ai. Hencet,,
separates andv’, i.e., they have to lie on different halfspaces with respe¢f. Let H,, and
H, be the two halfspaces defined fythat contain: andw’, respectively. Clearly’ cannot

lie on H,, since thenP would not be locally convex at. Thereforee’ has to belong entirely
to H,., which further imples that bottv andz also have to belong tél,... Sincee’ is either

a convex arai; of P or ay-monotone piece of a convex agg of P, we conclude that the
endpoints; andv;; of a; also have to belong to the halfspaf@e . Notice that; andv;44
cannot both lie on the same side of the lin€, since such a configuration would contradict
the fact thaip is the closest point onu’ to v/. Hencev; andv,; lie on different of sides of
the lineuw’. This, in turn, yields that lies either in the interior of the trianglgv;v;1, or in
the interior of the triangle;v;41v;41, or in the interior of the convex quadrilateral defined by
the four points;, viy1, v; andv;4. This contradicts the fact thatbelongs toC;". O

An immediate corollary of the above lemma is the following:

Corollary 9 For each convex ara; of P, the setS; computed by the sweep algorithm described
above is a superset of the sgi.

Let us now analyze the time and space complexity of Step 1eohtforithm sketched at the

beginning of this subsection. Computing the polygonal epipnation P of P requires subdividing
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P into y-monotone subpolygons. This subdivision takés log n) time andO(n) space. Once we
have the subdivision oP into y-monotone subpolygons we need to compute the Sefer each
convex arca; of P. The setsS; can be implemented as red-black trees. Inserting an eleiment
somes; takesO(log n) time. During the course of our algorithm we perform only imi&&s on the
Si’s. A vertexv of P is inserted at mosfeg(v) times in someS;, wheredeg(v) is the degree of
v in the y-monotone decomposition @f. Since the sum of the degrees of the vertice®ah the
y-monotone decomposition d? is O(n), we conclude that the total size of ti%¢'s is O(n) and
that we performO(n) insertions on thes;’s. Therefore we need(nlogn) time andO(n) space
to compute thes;’s. Finally, since} " ;| |S;| = O(n), the setL’; can also be computed in total
O(nlogn) time andO(n) space. The analysis above thus yields the following:

Theorem 10 Let P be a piecewise convex polygon witlvertices. We can compute a guarding set
for P of size| 2 | in O(nlogn) time andO(n) space.

3.5 The lower bound construction

In this section we are going to present a piecewise conveasgpalwhich requires a minimum és,‘il
vertex guards in order to be guarded.

Let us first consider the windmill-like piecewise convexymmn W with seven vertices of Fig.
10(a), a detail of which is shown in Fig. 10(b). Tteuble eardefined by the vertices;, v, and
v and the convex aras; anday is constructed in such a way so that none of the three vertiges
vq andvs can guard both rooms andr, by itself. This is achieved by ensuring that (resp.ay)
intersects the line,vs (resp.vsvy) twice. Note that botlus anday intersect the linenv, only at
vg, Wherem is the midpoint of the line segmentvs. The double ear defined by the vertiegs
vg andv; and the convex aras; andag is constructed in an analogous way. Moreover, the vertices
v1, v, v4 anduvg are placed in such a way so that they do not (collectivelyydjtiae interior of
the trianglevsvsvr (for example the lengths of the edges); andwv,vs are considered to be big
enough, so that, does not see too much of the trianglgisv7). As a result of this constructioi’
cannot be guarded by two vertex guards, but can be guardedhxite. There are actually only five
possible guarding tripletws, v4, vs }, {vs, v5, v }, {vs, vs, v7}, {v4, V5, v7} @and{vy, ve, v7}. Any
guarding set that contains eithgror v, has cardinality at least four. The verticesandv. will be
referred to abase vertices

Consider now the crescent-like polyg6hwith n vertices of Fig. 11. The vertices 6f are in
strictly convex position. This fact has the following imgdtion: if v;, v;11, v;42 andv;, 3 are four
consecutive vertices @', andw is the point of intersection of the linesv; 1 andv; v, 3, then
the trianglev; 1 uv, 12 is guarded if and only if eithew; ., or v;4» is in the guarding set af'. As a
result, it is easy to see thatcannot be guarded with less thgd| vertices, since in this case there
will be at least one edge both endpoints of which would nottidé guarding set fat.

In order to construct the piecewise convex polygon, thaagivs the lower bound mentioned at
the beginning of this section, we are going to merge severgiks of i/ with C. More precisely,
consider the piecewise convex polygBrwith n = 7k vertices of Fig. 12. It consists of copies of
the polygoniV merged withC' at every other linear edge 6f, through the base points of thE’s.
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(b)

Figure 10: The windmill-like piecewise convex polygdn that requires at least three vertex guards
in order to be guarded. The only triplets of guards that glErdre {vs, v4, v6}, {vs, vs,v7} and

{1}4, Vs, 1}7}.

Figure 11: The crescent-like piecewise convex polyggrthat requires a guarding set of at least
| 5 | vertex guards.

In order to guard any of the windmill-like subpolygons, weedat least three vertices per such
polygon, none which can be a base point. This gives a totakofertices. On the other hand, in
order to guard the crescent-like part®fwe need at least — 1 guards among the base points. To
see that, notice that there are- 1 linear segments connecting base points; if we were to use les
thank — 1 guards, we would have at least one such line segmédrtth endpoints of which would
not participate in the guarding set 6f But then, as in the case ¢f, there would be a triangle,
adjacent tee, which would not be guarded. Therefore, in order to gudnde need a minimum of
4k — 1 guards, which yields the following theorem.

Theorem 11 There exists a family of piecewise convex polygonsmwtértices any vertex guarding
set of which has cardinality at leagt” | — 1.
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Figure 12: The lower bound construction.

Figure 13: A monotone piecewise convex polygdmvith n = 9 vertices and its vertical decompo-
sition into four-sided convex slab#. can be guarded withz | = 4 vertices, namely the vertices,
Vg, v4 anduvs.

4 Monotone piecewise convex polygons
In this section we focus on the subclass of piecewise conabpgpns that are monotone. Let us

recall the definition of monotone polygons from Section 1.udved polygonP is called monotone
if there exists a lind. such that any lind.*- perpendicular td. intersectsP at most twice.
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LA

Figure 14: A comb-like monotone piecewise convex polygat taquires % | point guards in order
to be guarded: one point guard is required per prong.

In the case of linear polygons monotonicity does not yielddsdounds on the worst case num-
ber of point or vertex guards needed in order to guard thegooly In both cases, monotone or
possibly non-monotone linear polygons; | point or vertex guards are always sufficient and some-
times necessary. In the context of piecewise convex polydbe situation is different. Unlike
general (i.e., not necessarily monotone) piecewise copulrgons, which require at Iea§1‘7ﬂj -1
vertex guards and can always be guarded \Mghj vertex guards, monotone piecewise convex poly-
gons can always be guarded wit§ | vertex guards. This bound is actually tight, since therstexi
monotone piecewise convex polygons that require that martgx or point guards. This section is
devoted to the presentation of the afore-mentioned tighhds.

Let us consider a monotone piecewise convex polyforand let us assume without loss of
generality thatP is monotone with respect to theaxis (see also Fig. 13). Let be thej-th vertex
of P when considered in the list of vertices sorted with respetheir z-coordinate. Let; be the
vertical line passing through the vertex of P, and letl = {¢1, (s, ...,¢,} be the collection of
these lines. An immediate consequence of the factfhiastmonotone and piecewise convex is the
following lemma:

Lemma 12 The collection of line< decomposes the interior @f into n — 1 convex regions:;,
j=1,...,n—1,that are free of vertices or edges Bf

In addition to the fact that the regioms are convexs; has on its boundary both; andu; .
This immediately implies that botl; andu;; see the entire region;. Hence, in order to guard
P it suffices to take every other vertex, starting fromu,. The setG' = {uz, us, e, . . ., Uz|n /2] }
is, thus, a vertex guarding set fét. As a final remark, if the lind. with respect to whichP is
monotone is known, it is possible to compute the vertex gogreetG for P in O(nlogn) time
andO(n) space: sort vertices d@f with respect to their projections dn and then report every other
vertex in the sorted list, starting from the second one.

The polygonM yielding the lower bound is shown in Fig. 14. Notice that isywsimilar to the
well known comb-like linear polygon that establishes th@do bound on the number of point or
vertex guards required to guard a linear polygon. In our @asesasy to see that we need at least
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one point or vertex guard per prong of the polygon, and sineeetare % | prongs we conclude that
we need at leagts; | vertex or point guards in order to guakd.
We are now ready to state the following theorem that sumraatize results of this section.

Theorem 13 Given a monotone piecewise convex polygowith n > 2 vertices, | %] vertex or
point guards are always sufficient and sometimes neceskrgover, if the linel with respect to
which P is monotone is known, we can compute a vertex guarding sétébsize| 5 | in O(nlogn)
time andO(n) space.

5 Piecewise concave polygons

In this section we deal with the problem of guarding piecewisncave polygons using point guards.
Guarding a piecewise concave polygon with vertex guardsheaynpossible even for very simple
configurations (see Fig. 15(a)). In particular we prove tiWwing:

Theorem 14 Let P be a piecewise concave polygon withrertices.2n — 4 point guards are always
sufficient and sometimes necessary in order to guard

To prove the sufficiency ofn — 4 point guards we essentially apply the technique in [11] for
illuminating disjoint compact convex sets. L&t be the convex object defined by the edgeand
the chordv;v;11 of p;. Lett;(v;) be the tangent line ta; atv;, j = 4,7+ 1, and letb; ., be the
bisecting ray of;(v;+1), t;+1(vi+1) pointing towards the interior aP. Construct a set of convex
arcsk = {k1, ko, ..., k,} that lie entirely insideP as such that (cf. [11]): (a) the endpointsrof
arev;, vi+1, (b) k; Istangent td; (resp.b;+1) atv; (resp.v;+1), (€) if S; is the convex object defined
by x; and its chordv;v;+1, thenS; C A;, 1 < i < n, (d) the arcss; are pairwise non-crossing,
and (e) the number of tangencies between the elemeiis®maximized. Let) be the piecewise
concave polygon defined by the sequence of the arks in

Suppose now that; andx, ;) are tangentl < j < m, and let/; ;) be the common tangent to
ki andr,(;). LetIl; be the polygonal region defined by the intersection of théplahes bounded
by the/; ,(;)’s that contains; anda;. II; is a bounded polygonal region one edge of which is the
chord ofq;. It is easy to see that placing guards on the vertices oftfguards both? and Q.

Let G be the guarding set d? constructed this way. Construct, now, a planar griaptith vertex
set/C. Two verticess; andx; of I' are connected via an edgesif andx; are tangent. The gragh

is a planar graph combinatorially equivalent to the tridaion graphZ (R) of a polygonR with n
vertices. The edges @f connecting the polygons;, k;+1, 1 < i < n, are the edges a?, whereas
all other edges of correspond to diagonals ii(R). Let Q° denote the interior of). Observing
thatQ° consists of a number of faces that are in 1-1 correspondeititéhe triangles ir7 (R), we
conclude that)° consists ofr — 2 faces, each containing three guard€:f. It fact, each face of
Q° can actually be guarded by only two of the three guards itainatand thus we can eliminate
one of them per face @°. The new guarding se&t of (Q constructed above is also a guarding set
for P and containg(n — 2) point guards.

To prove the necessity, refer to the piecewise concave paljin Fig. 15(b). Each one of the
“triangular” regions in the interior of’ requires exactly two point guards in order to be guarded.
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@) (b)

Figure 15: (a) A piecewise concave polygénhthat cannot be guarded solely by vertex guards.
Two consecutive edges &f have a common tangent at the common vertex and as a resuiiréee t
vertices of P see only the points along the dashed segments. (b) A piee@weisgcave polygo
that require@n — 4 point guards in order to be guarded.

V2

@) (b)

Figure 16: (a) A locally convex polygon with vertices that requires vertex or point guards in
order to be guarded. (b) A non-convex polygon that cannotuaedgd by vertex guards, and which
requires an infinite number of point guards.

The number of such triangular regions is exaetly 2, thus we need a total @ — 4 point guards
to guardP.

It is interesting to note that the piecewise concave polyBadn Fig. 15(b) is monotone with
respect to the--axis. This implies that, unlike the class of piecewise @wpolygons, monotonic-
ity does not induce better bounds on the number of guardsreztjto guard piecewise concave

polygons.
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6 Other lower bounds

We have so far been dealing with the case of piecewise comiggans. In this section we will
present some initial results about locally convex and namvex polygons.

For locally convex polygons the situation much less intémgs in the sense that there exist
locally convex polygons that requirevertex guards in order to be guarded. Consider for example
the locally convex polygon of Fig. 16(a). Every room in thidygon cannot be guarded by a single
guard, but rather it requires both vertices of every locatipvex edge to be in any guarding set in
order for the corresponding room to be guarded. As a restdgjitiresn vertex guards. Clearly,
thesen guards are also sufficient, since any one of them guardstascentral convex part of the
polygon. More interestingly, even if we do not restrict alves to vertex guards, but rather allow
guards to be any pointin the interior or the boundary of tHggum, then the locally convex polygon
in Fig. 16(a) still requires guards. This stems from the fact that the rooms of this paiyigave
been constructed in such a way so that the kernel of each redine iempty set (i.e., they are not
star-shaped objects). However, we can guard each room witlgtiards, which can actually be
chosen to be the endpoints of the locally convex arcs.

The case of non-convex polygons poses even more difficu@iessider the non-convex polygon
N of Fig. 16(b), which consists of two vertices andwv, and two convex arcg; andas. The two
arcs are tangent to a common lihat v, . Itis readily visible that;, andv, cannot guard the interior
of N. In fact,v; cannot guard any point a¥ other than itself. Even worse, any finite number of
guards, placed anywhere ¥, cannot guard the polygon. To see that, consider the weafit, .
Assume thafV can be guarded by a finite number of guards, and lgtv; be the guard closest to
vy with respect to shortest paths withii. Consider the liné, passing througl that is tangent to
as (@among the two possible tangents we are interested in théhenmoint of tangency of which is
closer tov;). Consider now the sectay, of NV delimited bya, as and/,. s, cannot contain any
guarding point, since such a vertex would be closertthang. Sinces, is not guarded by, we
conclude that, is not guarded at all, which contradicts our assumptionhét guarded by a finite
set of guards.

7 Summary and future work

In this paper we have considered the problem of guardingygpaokl art gallery, the walls of which
are allowed to be arcs of curves. We have demostrated thetaflew these arcs to be locally convex
arcs, we need guards in the worst case. If these arcs are allowed to be ooveg, then an infinite
number of guards may be required. In the case of piecewiseegaurved polygons with vertices,
we have shown that it is always possible to guard the polygtn WBEJ vertex guards and we have
provided anO(nlogn) time andO(n) space algorithm for computing a guarding set. Finally, we
have described a class of piecewise convex polygons avitkrtices that requires a minimum of
|42 | + O(1) vertex guards.

Up to now we have not found a piecewise convex polygon thatiregmore tham%”J +0(1),
nor have we devised a polynomial time algorithm for guardingiecewise convex polygon with
less thanL%"J guards. Closing the gap between then two complexities mesvei open problem.

RR n° 0123456789



28 Karavelas and Tsigaridas

Another open problem is what is the worst case maximum nuwiqasint guards required to guard
a piecewise convex polygon. In this case our lower boundtoactton fails, since it is possible
to guard the corresponding polygon Wiﬁﬁ,ﬂj + O(1) guards. On the other hand, the comb-like
polygon shown in Fig. 14, requires;] points guards. Clearly, our algorithm that computes a
guarding set of at mos*tt%”J vertex guards is still applicable.

Other types of guarding problems have been studied in thtiire, which either differ on the
type of guards (e.g., edge or mobile guards), the topologlyepolygons considered (e.g., polygons
with holes) or the guarding model (e.g., guard the extefiti@polygon — also known as thertress
problem or both the interior and exterior — also known ashison yard problerjy see the book by
O’Rourke [22], the survey paper by Shermer [24] of the boakptlr by Urrutia [27] for an extensive
list of the variations of the art gallery problem with respiecthe guard types of the guarding model.
It would be interesting to extend these results to the famitif curved polygons presented in this
paper.

Last but not least, in the case of non-convex polygons, isssible to devise an algorithm for
computing a guarding set with a finite number of guards, ifgblygon does not contain cusp-like
configurations such as the one in Fig. 16(b)?
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