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Une méthode de type Galerkin disontinu impliitepour la résolution numériquedes équations de Maxwell 2D en domaine temporelsur des maillages triangulaires non-struturésRésumé : La résolution numérique des équations de Maxwell en domaine temporel re-pose très souvent sur des méthodes en maillages artésiens qui sont des variantes de laméthode di�érenes �nies initialement proposée par Yee[23℄. Ces dernières années, un inté-rêt roissant a été porté aux méthodes de type Galerkin disontinu utilisant des maillagesnon-struturés es derniers étant partiulièrement bien adaptés à la disrétisation des détailsgéométriques qui aratérisent les appliations réalistes. Comme dans la méthode di�érenes�nies de Yee, les méthodes de type Galerkin disontinu en domaine temporel font le plussouvent appel à des shémas d'intégration en temps expliites et sont soumises à des limitesde stabilité qui s'avèrent ontraignantes en maillages loalement ra�nés ou lorsque l'ordred'interpolation loal est élevé. Un shéma d'intégration impliite est une voie naturelle pouraboutir à une méthode numérique inonditionnellement stable. Cependant, un tel shémaonduit à la résolution d'un système linéaire à haque pas de temps e�açant du même oupun des prinipaux avantages des formulations de type Galerkin disontinu. Nous présen-tons ii les résultats d'une étude visant à la mise au point d'une méthode de type Galerkindisontinu impliite en maillages triangulaires non-struturés pour la résolution numériquedes équations de Maxwell 2D. Nous démontrons notamment qu'en dépit des suroûts mé-moire et omputationnel induits par l'inversion d'un système linéaire à haque pas de temps,une telle méthode onduit à une stratégie performante pour la simulation de problèmes depropagation d'ondes életromagnétiques en maillages loalement ra�nés.Mots-lés : életromagnétisme numérique, équations de Maxwell en domaine temporel,méthodes Galerkin disontinues, intégration en temps impliite.
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4 A. Catella, V. Dolean and S. Lanteri1 IntrodutionIn the numerial treatment of the time domain Maxwell equations, �nite di�erene timedomain (FDTD) methods based on Yee's sheme[23℄ are still prominent beause of theirsimpliity (a time expliit method de�ned on Cartesian meshes) and their non-dissipativenature (they hold an energy onservation property whih is an important ingredient inthe numerial simulation of unsteady wave propagation problems). Unfortunately, whendealing with omplex geometries, the FDTD method is not always the best hoie sineloal re�nements of the grid, albeit possible in the form of subgridding tehniques [6℄, hasan adverse e�et on auray and e�ieny. In partiular, loal re�nement translates in avery restritive time step in order to preserve the stability of the expliit leap-frog shemeused for time integration in the FDTD method. Finite element time domain (FETD) basedon unstrutured meshes an easily deal with omplex geometries however they indue heavyomputations or require aurate and e�ient lumping of mass matries [20℄. Finite volumetime domain (FVTD) methods on unstrutured meshes also appeared as an alternative toFDTD methods, but they su�er from numerial di�usion resulting from the use of upwindshemes [8℄, and their extension to high-order auray is a tedious task.A viable alternative to the aforementioned methods whih has been knowing a remarkablyvigorous development during the last deade is known as the disontinuous Galerkin method[1℄-[2℄-[3℄. Originally devised for dealing with hyperboli problems and largely adopted bythe omputational �uid dynamis ommunity, this method is now applied to a variety ofproblems of pratial interest and in partiular, to the numerial resolution of the timedomain Maxwell equations [15℄-[9℄-[7℄- [13℄-[17℄-[21℄. Disontinuous Galerkin time domain(DGTD) methods an be seen as high order generalizations of the FVTD methods, where the�nite element approximation is pieewise onstant inside elements. The di�erent ahieve-ments of the FVTD methods are now being extended in the ontext of DGTD appliationsmotivated by the ability of these methods to handle ompliated geometries, media andmeshes, to ahieve a high order of auray by simply hoosing suitable basis funtions, toallow long-range time integrations and, last but not least, to remain highly parallelizable[5℄. However, DGTD methods su�er from the same limitation onerning the allowabletime step on loally re�ned unstrutured meshes. Moreover, loally re�ned meshes induenumerial dispersion that may be orreted by loal time-stepping strategies whih is stillan open problem in the framework of time domain numerial methods in general and theDGTD method in partiular. Reently, promising solutions to loal time-stepping strategiesin ombination with DGTD methods [22℄ have been proposed in the framework of sympletitime integration shemes.An impliit time integration sheme is a natural route to a time domain method whih isunonditionally stable. However, suh a time sheme omes at the expense of the inversionof a global linear system at eah time step, thus obliterating one of the attrative featuresof disontinuous Galerkin formulations. Nevertheless, an impliit time sheme an provebene�ial with regards to the stability restrition on the time step if used loally in regionswhere the underlying mesh is highly re�ned and if a stable expliit-impliit oupling an be
INRIA



Impliit DGTD method for the 2D Maxwell equations 5ahieved. As a matter of fat, one of the methods proposed in [22℄ atually aims at ombiningexpliit and impliit time integration shemes in a stable way (the resulting method an beseen as a loally impliit DGTD method). As a �rst step in this diretion, we report hereon our reent e�orts onerning the design of a global impliit time integration shemein onjuntion with a disontinuous Galerkin approximation method for solving the timedomain Maxwell equations on unstrutured triangular meshes. Despite the memory andomputational overheads indued by the inversion of a global linear system at eah timestep, we atually demonstrate that a globally impliit disontinuous Galerkin time domainmethod is a viable numerial strategy for solving eletromagneti wave propagation problemson loally re�ned unstrutured triangular meshes. This is onsidered as a promising resultin view of designing a globally or loally impliit DGTD method for solving the 3D Maxwellequations on tetrahedral meshes.As mentioned previously, Yee's FDTD method has been the prevalent numerial strategyfor solving the time domain Maxwell equations. A few impliit variants of this methodhave been developed among whih, the alternating diretion impliit �nite di�erene timedomain (ADI-FDTD) method [18℄ whih is a non-dissipative impliit FDTD method. In[18℄, the authors demonstrate through numerial experiments that the ADI-FDTD methodallows redutions in CPU times by a fator roughly equal to 4 as ompared to the originalFDTD method, for ompatible levels of auray of the solutions of problems related toantenna design. Introdued more than �fty years ago for solving paraboli and elliptipartial di�erential equations [19℄, the ADI-FDTD method o�ers unonditional stability withmodest omputational overhead despite its impliit formulation. The ADI sheme is basedon a fatorization of the impliit matrix operator as A = LxLyLz where Lx,y,z are tri-diagonal matries that essentially orrespond to the disretization of 1D problems in the x,
y and z diretions. A omprehensive analysis of the numerial dispersion of the ADI-FDTDmethod in the three-dimensional ase is presented in [24℄ where it is shown that, on a non-uniform Cartesian mesh, the time step an be taken uniformly the same as that de�ned bythe oarsest ell without altering the auray in the �ner mesh regions. However, in [14℄,Garia at al. exhibit auray limitations of the ADI-FDTD method that have not beenrevealed by studies on numerial dispersion, by investigating the trunation error on thetime step due to the fatorization. More preisely, the ADI-FDTD method is expressed as a
O(∆t2) perturbation of an impliit Crank-Niolson FDTD formulation and it is shown thatsome terms of the trunation error grow with the square of the time inrement multipliedby the spatial derivatives of the �elds, thus giving rise to potentially large numerial errorsas the time step is inreased.Impliit time domain methods on general unstrutured meshes have not been studiedextensively so far. The main argument for not onsidering impliit time integration shemesin this ontext is that for eah time iteration, a linear system must be solved whih involvesan irregularly strutured sparse matrix, thus requiring a diret (LU-like) or preonditionediterative proedure. Clearly, for three-dimensional problems, this an prelude the use ofa time integration sheme. In this paper, we report on the results of a �rst step in thisdiretion. We study and evaluate an impliit time integration sheme in onjuntion with a
RR n° 6106



6 A. Catella, V. Dolean and S. Lanteridisontinuous Galerkin approximation method for solving the time domain Maxwell equa-tions on unstrutured triangular meshes. Despite the memory and omputational overheadsindued by the use of an impliit time integration sheme, we demonstrate the bene�ts ofusing suh a sheme for time domain eletromagneti wave propagation problems on loallyre�ned unstrutured meshes. The proposed method is formulated in setion 2 whih also in-ludes theoretial results onerning energy onservation and well-posedness of the disreteproblem. The resulting impliit DGTD method is evaluated numerially in setion 3 bothin terms of auray and overall performane. Finally, setion 4 onludes this study andstates future researh diretions.2 Impliit DGTD-Pp methodThe starting point of this study is given by the expliit DGTD-Pp method presented in [13℄for solving the three-dimensional time domain Maxwell equations on unstrutured tetrahe-dral meshes. Beside a standard disontinuous Galerkin formulation, this method is based ontwo basi ingredients: a entered approximation for the omputation of the numerial �uxat inter-element boundaries, and an expliit leap-frog time integration sheme. The impliitDGTD-Pp method di�ers from its expliit ounterpart in the time integration sheme whihis now hosen to be a Crank-Niolson sheme. The resulting impliit DGTD-Pp methodis non-dissipative and unonditionally stable as will be shown in the sequel. Although theobjetive of this paper is to evaluate the proposed method in the ontext of the numerialresolution of the two-dimensional Maxwell equations, in this setion we formulate and studythe impliit DGTD-Pp method in the more general ase of the three-dimensional ase.2.1 Formulation of the ontinuous problemThe system of time domain Maxwell equations in the absene of urrent soures is given by:
{

ε∂tE− curl(H) = 0,

µ∂tH + curl(E) = 0.
(1)where E and H are the unknown eletri and magneti �elds, ε and µ respetively denotethe eletri permittivity and the magneti permeability (the propagation medium is assumedto be a linear and isotropi material). Our goal is to solve system (1) in a domain Ω of border

∂Ω = Γa ∪ Γm, where we impose the following boundary onditions:










n × E = 0 on Γm,

n × E−

√

µ

ε
n× (H × n) = 0 on Γa.

(2)Here n denotes the unit outward normal to ∂Ω. The �rst boundary ondition is alledmetalli (referring to a perfetly onduting surfae) while the seond ondition is alledabsorbing, takes the form of the Silver-Müller ondition whih is a �rst order approximationINRIA



Impliit DGTD method for the 2D Maxwell equations 7of the exat absorbing boundary ondition and is applied on Γa whih represents the arti�iallimit of the omputational domain.Problem (1) an be rewritten under the following form:










G0∂tW + Gx∂xW + Gy∂yW + Gz∂zW = 0 in Ω,

(MΓm
− Gn)W = 0 on Γm,

(MΓa
− Gn)W = 0 on Γa.

(3)where W = (E,H)t represents the eletromagneti �eld and matrix G0 ontains theproperties of the media:
G0 =

(

ε Id3 03×3

03×3 µ Id3

)

,where Idk is the identity matrix of size k and 0l×m the l × m null matrix. Here Gl with
l ∈ {x, y, z} is suh that GlW = (H× el,−E× el)

t, where el is an element of the anonialbase of R
3 :

Gl =

(

03×3 Nel

N t
el

03×3

)

,while Gn is suh that GnW = (H × n,−E× n)t and is given by:
Gn =

(

03×3 Nn

N t
n

03×3

) with Nn =





0 nz −ny

−nz 0 nx

ny −nx 0



 .The matries G+
n
and G−

n
are the positive and negative parts 1 of matrix Gn. We de�nealso |Gn|= G+

n
− G−

n
. Therefore |Gn| is given by:

|Gn|=

(

NnN t
n

03×3

03×3 N t
n
Nn

)

.Finally, the matries MΓm
and MΓa

are used for taking into aount the metalli andabsorbing boundary onditions:
MΓm

=

(

03×3 Nn

−N t
n

03×3

) and MΓa
= |Gn|. (4)In partiular, we note that (MΓa

− Gn)W = 0 ⇔ G−
n
W = 0.1If Gn = TΛT−1 with Λ a diagonal matrix of eigenvalues of Gn then G

±
n = TΛ±T−1 where Λ+(respetively Λ

−) ontains the positive (respetively negative) eigenvalue of the matrix Gn.
RR n° 6106



8 A. Catella, V. Dolean and S. Lanteri2.2 Semi-disretization in timeIn this study, we disretize the system (3) with respet to the time variable using the Crank-Niolson sheme:
G0

(

W
n+1 − W

n

∆t

)

+ (Gx∂x + Gy∂y + Gz∂z)

(

W
n+1 + W

n

2

)

= 0, (5)where W
n is the approximation of W at time tn = n∆t and ∆t denotes the time step.For eah tn, we thus need to solve the following boundary value problem:











βG0W + (Gx∂x + Gy∂y + Gz∂z)W = F, in Ω,

(MΓm
− Gn)W = 0 on Γm,

(MΓa
− Gn)W = 0 on Γa,

(6)where β =
2

∆t
, W = W

n+1 and F = βG0W
n− (Gx∂x +Gy∂y +Gz∂z)W

n. This systeman be reformulated as a symmetri Friedrihs system and aording to the results stated in[11℄, the assoiated boundary value problem (6) is well-posed in the funtional spae:
V = {W ∈ H(curl) × H(curl); (MΓm

− Gn)W|Γm
= 0, (MΓa

− Gn)W|Γa
= 0}The main motivation for using a Crank-Niolson sheme rather than, for instane, a se-ond order, upwind in time, impliit sheme is the following result onerning the onservationproperty of the semi-disrete eletromagneti energy.Lemma 1 Let a semi-disrete eletromagneti energy be de�ned by:

En =
1

2

∫

Ω

(Wn)t(G0W
n)dx =

1

2

∫

Ω

ε ‖ E
n ‖2 dx +

1

2

∫

Ω

µ ‖ H
n ‖2 dxthen this energy is non-inreasing in time, En+1 ≤ En, and it is exatly onserved in theabsene of absorbing boundaries (Γa = ∅).Proof if we take the salar produt of (5) by (

W
n+1 + W

n

2

) and integrate over Ω weobtain:
En+1 − En

∆t
= −

∫

Ω

(

W
n+1 + W

n

2

)t

Gxyz

(

W
n+1 + W

n

2

)

dx, (7)with Gxyz ≡ (Gx∂x + Gy∂y + Gz∂z). We an easily see that:
∫

Ω

W
tGxyzW =

∫

∂Ω

W
t(GnW)ds −

∫

Ω

W
tGxyzW.

INRIA



Impliit DGTD method for the 2D Maxwell equations 9Therefore,
∫

Ω

W
tGxyzW =

1

2

∫

∂Ω

W
t(GnW)ds,

=
1

2

∫

Γm

W
t(GnW)ds +

1

2

∫

Γa

W
t(GnW)ds,

=
1

2

∫

Γm

W
t(MΓm

W)ds +
1

2

∫

Γa

W
t(MΓa

W)ds,and using now the boundary operators (4) we get (sine MΓm
is skew-symmetri and

|Gn| is positive):
∫

Ω

W
t(Gx∂x + Gy∂y + Gz∂z)W =

1

2

∫

Γa

W
t(|Gn|W)ds ≥ 0. (8)From (7) and (8) the onlusion follows easily.2.3 Semi-disretization in spaeLet Th be a disretisation of the omputational Ω suh that:

Ωh ≡ Th =
⋃

K∈Th

K.In this study, the numerial approximation Wh of the solution of problem (3) lies in thespae C1([0, T ]; Vh) where:
Vh =

{

V ∈ [L2(Ω)]3 × [L2(Ω)]3| ∀K ∈ Th , V|K ∈ Pp(K)
}

, (9)where Pp(K) denotes a spae of polynomial elements of degree at most p over the element
K. By taking now the salar produt of (3) by a regular vetor �eld V and integrating overan element K, we get:

∫

K

(G0∂tWh)
t
Vdx +

∫

K





∑

l∈{x,y,z}

Gl∂lWh





t

Vdx = 0 , ∀V ∈ Vh, (10)
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10 A. Catella, V. Dolean and S. Lanteriand integration by parts yields:
∫

K

(G0∂tWh)t
Vdx −

∫

K

W
t
h





∑

l∈{x,y,z}

Gl∂lV



 dx

+

∫

∂K

(GnK
Wh)t

Vds = 0 , ∀V ∈ Vh,

(11)where nK is the unit outward normal to the border of element K. In equation (11)we still need to de�ne an approximation of the boundary integral operand, alled mainnumerial �ux in [11℄-[12℄. Then, Eq. (11) beomes:
∫

K

(G0∂tWh)
t
Vdx −

∫

K

W
t
h





∑

l∈{x,y,z}

Gl∂lV



 dx

+
∑

F∈∂K

∫

F

(ΦF (Wh))
t
Vds = 0 , ∀V ∈ Vh.

(12a)The de�nition of ΦF needs to ensure the onsisteny of the approximation method. Itdepends on the type of fae:
ΦF (Wh) =







IF,KGnF
{Wh} if F ∈ F0,

1

2
(MF,K + IF,KGnF

)Wh if F ∈ (Fm ∪ Fa).
(12b)where F0 denotes the set of purely internal faes of Th and Fm (respetively Fa) the setof faes on the boundary Γm (respetively Γa). Note that we adopt here a entered shemeas in [13℄, for the evaluation of the �ux through an internal fae F ∈ F0. Moreover, Idenotes the inidene matrix between faes and elements of Th whose dimension is nF ×nE(nF : number of faes and nE : number of elements) and is de�ned by:

IF,K =































0 if F does not belong to K,
1 if F ∈ K and F and K have the sameorientation (i.e sign(nt

F nK) = 1),

−1 if F ∈ K and F and K do not havethe same orientation (i.e (sign(nt
F nK) = −1).For a fae F = K ∩ K̃ where K̃ is a neighboring element of K, we de�ne the jump ofthe vetor �eld Vh and its average as:

JVhKF = IF,KVh|K + IFK̃Vh|K̃ and {Vh}F =
1

2
(Vh|K + Vh|K̃), (13)

INRIA



Impliit DGTD method for the 2D Maxwell equations 11where Vh|K denotes the restrition of Vh to the element K. In the present ase, we usethe entered �ux for the internal faes [13℄ while for the faes F . For boundary faes, weset:
MF,K =











IF,K

(

03×3 NnF

−N t
nF

03×3

) if F ∈ Fm,
|GnF

| if F ∈ Fa. (14)Using now the weak form (12a) and by summing over all elements K of Th, the problemat hand is to �nd Wh ∈ Vh suh that ∀V ∈ Vh :
∫

Ωh

(G0∂tWh)
t
Vdx −

∑

K∈Th

∫

K

W
t
h





∑

l∈{x,y,z}

Gl∂lV



 dx

+
∑

F∈Fm∪Fa

∫

F

(

1

2
(MF,K + IF,KGnF

)Wh

)t

Vds

+
∑

F∈F0

∫

F

(GnF
{Wh}F )

t
JVKF ds = 0.

(15)
This weak formulation is inspired by [11, equation (4.26)℄ and adapted to problem (3).The onvergene properties of the semi-disretized problem have been studied in [13℄ whereits is shown that the spatial error behaves as O(hmin(p,s)) where p is the polynomial orderand s omes from the assumed regularity of the solution of the ontinuous problem.2.4 Properties of the totally disretized problemFirst remark that the last integral term of Eq.(15) an be rewritten as (with K̃ a neighboringelement of K) :

∑

F∈F0

∫

F

(GnF
{Wh}F )t JVKF ds =

∑

K∈Th

∑

F∈∂K
F∈F0

∫

F

1

2

(

GnF
Wh|K

)t (

IF,KV|K

)

ds

+
∑

K∈Th

∑

F∈∂K
F∈F0

∫

F

1

2

(

GnF
Wh|K̃

)t
(

IF,KV|K

)

ds,
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12 A. Catella, V. Dolean and S. Lanterithus:
∑

F∈F0

∫

F

(GnF
{Wh}F )

t
JVKF +

∑

F∈Fm∪Fa

∫

F

(

1

2
(MF,K + IF,KGnF

)Wh

)t

Vds

=
∑

K∈Th

∫

∂K

1

2

(

GnF
Wh|K

)t (

IF,KV|K

)

ds

+
∑

K∈Th

∑

F∈∂K
F∈F0

∫

F

1

2

(

GnF
Wh|K̃

)t
(

IF,KV|K

)

ds

+
∑

K∈Th

∑

F∈∂K
F∈(Fm∪Fa)

∫

F

1

2

(

MF,KWh|K

)t
V|Kds,but:

∫

∂K

(

GnF
Wh|K

)t (

IF,KV|K

)

ds =

∫

K

W
t
h





∑

l∈{x,y,z}

Gl∂lV



 dx

+

∫

K





∑

l∈{x,y,z}

Gl∂lWh





t

Vdx.Taking into aount the above expressions, Eq.(15) beomes:
∫

Ωh

(G0∂tWh)
t
Vdx −

1

2

∑

K∈Th

∫

K

W
t
h





∑

l∈{x,y,z}

Gl∂lV



 dx

+
1

2

∫

K





∑

l∈{x,y,z}

Gl∂lWh





t

Vdx

+
1

2

∑

K∈Th

∑

F∈∂K
F∈F0

∫

F

(

GnF
Wh|K̃

)t
(

IF,KV|K

)

ds

+
1

2

∑

K∈Th

∑

F∈∂K
F∈(Fm∪Fa)

∫

F

(

MF,KWh|K

)t
V|Kds = 0,

INRIA



Impliit DGTD method for the 2D Maxwell equations 13or equivalently:
2

∫

Ωh

(G0∂tWh)t
Vdx −

∑

K∈Th

∫

K

W
t
h





∑

l∈{x,y,z}

Gl∂lV



 dx +

∑

K∈Th

∫

K





∑

l∈{x,y,z}

Gl∂lWh





t

Vdx +

∑

F∈F0

∫

F

[

(

GnF
Wh|K

)t
(

IF,K̃V|K̃

)

+
(

GnF
Wh|K̃

)t
(

IF,KV|K

)

]

ds +

∑

F∈Fm∪Fa

∫

F

(MF,KWh)t
Vds = 0.

(16)
We now introdue the following bilinear forms:


























































a(W,V) = 2

∫

Ωh

(G0W)t
Vdx,

b(W,V) = −

∫

Ωh

W
t





∑

l∈{x,y,z}

Gl∂lV



 dx +

∫

Ωh





∑

l∈{x,y,z}

Gl∂lW





t

Vdx,

c(W,V) =
∑

F∈F0

∫

F

[

(

GnF
W|K

)t
(

IF,K̃V|K̃

)

+
(

GnF
W|K̃

)t
(

IF,KV|K

)

]

ds

+
∑

F∈Fm∪Fa

∫

F

(MF,KW)
t
VdsThus (15) is equivalent to �nd Wh ∈ Vh suh that ∀V ∈ Vh :

a(∂tW,V) + b(W,V) + c(W,V) = 0, ∀V ∈ Vh. (17)Note that the bilinear form b(W,V) is skew-symmetri thus b(Wh,Wh) = 0. Further-more, sine GnF
is symmetri and IF,K̃ = −IF,K we obtain:

c(Wh,Wh) =
∑

F∈Fm∪Fa

∫

F

(MF,KWh)
t
Whds.and, using the boundary operators (4) and sine MΓm

is skew-symmetri:
c(Wh,Wh) =

∑

F∈Fa

∫

F

(|GnF
|Wh)

t
Whds. (18)

RR n° 6106



14 A. Catella, V. Dolean and S. LanteriThe totally disretized problem by the Crank-Niolson sheme is then to �nd W
n+1
h ∈ Vhsuh that ∀V ∈ Vh :

βa(Wn+1
h ,V) + b(Wn+1

h ,V) + c(Wn+1
h ,V)

= βa(Wn
h ,V) − b(Wn

h ,V) − c(Wn
h ,V),

(19)where β =
2

∆t
, given W 0

h = Wh(0), where Wh(0) is the disretization of the intialondition. This disrete problem has a unique solution as stated by the following result.Lemma 2 The homogeneous disrete problemFind Wh ∈ Vh suh that
βa(Wh,V) + b(Wh,V) + c(Wh,V) = 0, ∀V ∈ Vh,

(20)possesses only the trivial solution.Proof Using Eq. (18) and the fat that the bilinear form b(W,V) is skew-symmetri weget:
βa(Wh,Wh) + b(Wh,Wh) + c(Wh,Wh) = 2β

∫

Ωh

(G0Wh)
t
Whdx

+
∑

F∈Fa

∫

F

W
t
h|GnF

|Whds = 0.Sine G0 is symmetri positive de�nite and |GnF
| is positive, the onlusion follows.A diret onsequene of the fat that the bilinear form b(W,V) is skew-symmetri andof property (18) is the following disrete ounterpart of Lemma 1.Lemma 3 If we de�ne the disrete energy by:

En
h =

1

4
a(Wn

h ,Wn
h), (21)then this energy is non-inreasing in time, En+1

h ≤ En
h , and it is exatly onserved inabsene of absorbing boundaries (Γa = ∅).Proof Choose as a test funtion V =

W
n+1
h + W

n
h

2
in (19) and use the the fats that

b(W,V) is a skew-symmetri bilinear form, and that GnF
and |GnF

| are symmetri matries.In summary, the totally disretized problem, whih an be seen as a time disretization ofa system of ordinary di�erential equations, is unonditionally stable and seond order au-rate in time. The spatial auray is given by the onvergene properties of the disontinuousGalerkin method using entered �uxes [13℄. Finally, it preserves a disrete eletromagnetienergy, whih is an important property for long time simulations. INRIA



Impliit DGTD method for the 2D Maxwell equations 153 Numerial results3.1 Two-dimensional Maxwell equationsThe proposed impliit DGTD method has been �rst applied to the numerial resolution ofthe two-dimensional transverse magneti Maxwell equations:






























µ
∂Hx

∂t
+

∂Ez

∂y
= 0,

µ
∂Hy

∂t
−

∂Ez

∂x
= 0,

ε
∂Ez

∂t
−

∂Hy

∂x
+

∂Hx

∂y
= 0.The impliit DGTD method proposed here requires the resolution of a sparse linearsystem at eah time step however, for non-dispersive materials, the oe�ient of this systemare time independent, a feature that an be taken into aount to minimize the additionalomputational overhead. Consequently, in this study, we deided to use a LU fatorizationmethod for sparse matries more preisely, the MUMPS multifrontal sparse matrix solver [4℄.The sparse matrix haraterizing the impliit DGTD method has a blok struture wherethe size of a blok is 3np × 3np, np being the number of degrees of freedom assoiated to anodal polynomial basis of the spae Pp i.e np = ((p + 1)(p + 2))/2. This matrix is fatoredone for all before the time stepping loop. Then, eah linear system inversion amounts to aforward and a bakward solve using the triangular L and U fators.3.2 Eigenmode in a metalli avityThe �rst test ase that we onsider is the propagation of an eigenmode in a unitary squareavity with perfetly onduting walls. This test ase allows a diret omparison with anexat solution. Here, it will also be used to demonstrate that we annot take advantageof the proposed impliit DGTD-Pp method if the underlying mesh is uniform (or quasi-uniform) while substantial redutions of the omputing time an be ahieved in the ase ofa non-uniform mesh. For this purpose, we make use of two triangular meshes (see Fig. 1):� a uniform mesh onsisting of 1681 verties and 3200 triangles. The non-dimensionedtime step orresponding to CFL-P0=1 is (∆t)u = 0.017678 m (the physial time stepis de�ned by (∆t)u = (∆t)u/3.108 s). For the interpolation orders p ≥ 1, the timestep atually used is CFL-Pp × (∆t)u where CFL-Pp is the CFL number assoiated tothe DGTD-Pp method.� a non-uniform mesh onsisting of 1400 verties and 2742 triangles. The ratio betweenthe largest and smallest edges of this mesh is 178. In this ase, the minimum andmaximum values of the time step are respetively given by (∆t)m = 0.000434 m and

(∆t)M = 0.070617 m. The time step used in the simulations is CFL-Pp × (∆t)m.RR n° 6106



16 A. Catella, V. Dolean and S. LanteriFor the expliit DGTD-Pp method, CFL-Pp ≤ 1 and the atual value is ditated bystability issues while CFL-Pp an be set to an arbitrarily large value for the impliit DGTD-
Pp method but is onstrained in pratie by auray issues as it will be shown in the sequel.Results are given on Fig. 2 to 6 in the form of the time evolution of various quantities: theL2 error between the numerial and exat solutions, the disrete energy (21) and the Ezomponent of the eletri �eld. The simulations were arried out for ten periods. Computingtimes are summarized in Tab. 1 and 2. It is lear from these results that a seond orderimpliit time integration sheme is not a good option if the underlying mesh is uniform.Indeed, the numerial dispersion introdued by the Crank-Niolson sheme notably degradesthe overall auray of the alulation. However, if a non-uniform mesh is used then animpliit sheme beomes a viable strategy despite the omputational overhead of the solutionof a linear system at eah time iteration. Taking into aount the time behavior of the L2error on Fig. 4 and 5, we see that a CFL value of 12.0 (respetively 4.0) for the impliitDGTD-P1 method (respetively DGTD-P2 method) yields an aeptable solution. For thesevalues of the CFL, the gain in overall omputing (CPU) times between the impliit andexpliit methods is respetively equal to 3.3 and 2.2 (note that the given CPU times inludethe fatorization times).
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Figure 1: Uniform (left) and non-uniform (right) meshes of a unitary square avity3.3 Di�ration of a plane wave by a squareThe seond test ase that we onsider is the di�ration of a plane wave by a perfetlyonduting square of side length  = 0.25 m. The far-�eld boundary Γa where the �rstorder Silver-Müller absorbing ondition is applied is de�ned as a square of side length  =
1.0 m. We make use of a non-uniform mesh (see Fig. 7) onsisting of 6018 verties and10792 triangles. The ratio between the largest and smallest edges of this mesh is 357. InINRIA



Impliit DGTD method for the 2D Maxwell equations 17

 1e-04

 0.001

 0.01

 0.1

 0  5e-09  1e-08  1.5e-08  2e-08  2.5e-08  3e-08  3.5e-08  4e-08  4.5e-08  5e-08

Explicit DGTD-P1 - CFL=0.3
Implicit DGTD-P1 - CFL=1.0
Implicit DGTD-P1 - CFL=1.5

 0.122

 0.123

 0.124

 0.125

 0.126

 0.127

 0.128

 0  5e-09  1e-08  1.5e-08  2e-08  2.5e-08  3e-08  3.5e-08  4e-08  4.5e-08  5e-08

Exact
Explicit DGTD-P1 - CFL=0.3
Implicit DGTD-P1 - CFL=1.0
Implicit DGTD-P1 - CFL=1.5

Figure 2: Eigenmode in a unitary square avity - Uniform meshDGTD-P1 method: time evolutions of the L2 error (top) and disrete energy (bottom)Time integration Method CFL-Pp CPU timeExpliit DGTD-P1 0.3 15 seImpliit - 1.0 44 se- - 1.5 30 seTable 1: Eigenmode in a unitary square avity - Uniform meshCPU times (AMD Opteron 2 GHz based workstation)
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Figure 3: Eigenmode in a unitary square avity - Uniform meshTime evolution of Ez: DGTD-P1 method
Time integration Method CFL-Pp CPU timeExpliit DGTD-P1 0.3 443 seImpliit - 12.0 133 se- - 24.0 67 seExpliit DGTD-P2 0.2 2057 seImpliit - 2.0 1923 se- - 4.0 938 se- - 6.0 620 seTable 2: Eigenmode in a unitary square avity - Non-uniform meshCPU times (AMD Opteron 2 GHz based workstation)
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Figure 4: Eigenmode in a unitary square avity - Non-uniform meshDGTD-P1 method: time evolutions of the L2 error (top) and disrete energy (bottom)
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Figure 5: Eigenmode in a unitary square avity - Non-uniform meshDGTD-P2 method: time evolutions of the L2 error (top) and disrete energy (bottom)
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Figure 6: Eigenmode in a unitary square avity - Non-uniform meshTime evolution of Ez: DGTD-P1 method (top) and DGTD-P2 method (bottom)
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22 A. Catella, V. Dolean and S. Lanterithis ase, the minimum and maximum values of the time step are respetively given by
(∆t)m = 0.000286 m and (∆t)M = 0.098589 m. As previously, the time step used in thesimulations is CFL-Pp×(∆t)m. Simulations have been onduted for three frequenies of theinident plane wave, F=300 MHz, F=600 MHz and F=900 MHz. In eah ase, simulationsare arried out for then periods and a disrete Fourier transform is applied to the �eldomponents during the last period.Results are shown on Fig. 8 to 10 in terms of the x-wise 1D distribution for y = 0.25 m ofthe disrete Fourier transform (DFT) of Ez. For eah on�guration (DGTD-Pp method andfrequeny F), we show the distribution of DFT(Ez) for the time expliit alulation whih isonsidered here as the referene solution, and two distributions of DFT(Ez) orresponding totime impliit alulations using respetively the maximum allowable CFL yielding a solutionthat �t the referene one, and a larger CFL yielding a less aurate solution. Note that these1D distributions are plotted in terms of the degrees of freedom that are loated on the line
y = 0.25 m (see also Fig. 7) and the assoiated values of DFT(Ez) are omputed as themean value of the loal, element-wise, values. Computing times are summarized in Tab. 3.These results all for two main remarks:� as expeted, the maximum allowable CFL value dereases when the frequeny of theinident plane wave inreases. Not surprisingly, despite the fat that the impliitDGTD method is unonditionally stable, the maximum allowable CFL value is gener-ally ditated by physial onsiderations.� as a result, for a given interpolation order, the gain in CPU time i.e the ratio ofCPU time of the expliit DGTD alulation to the CPU time of the impliit DGTDalulation, dereases when the frequeny inreases. For instane, for p = 2 thisratio ranges from 7.5 for F=300 MHz to 3.0 for F=900 MHz. However, for a givenfrequeny, this gain inreases with the interpolation order: for F=900 MHz, this ratiois respetively equal to 3.0 for p = 2 and 5.5 for p = 3.4 Conlusion and future worksIn this paper we have studied an impliit DGTD-Pp method for solving the time domainMaxwell equations on unstrutured triangular meshes. This method is non-dissipative, se-ond order aurate in time an p + 1-th order aurate in spae. As usual with time impliitshemes, this method requires the resolution of a sparse linear system at eah time step.For non-dispersive materials, the oe�ients of the assoiated sparse matrix are onstantin time. Taking into aount this feature in the linear system solution strategy is a keyingredient for obtaining a omputationally e�ient method. For two-dimensional problems,a diret solver based on a LU fatorization suh as the one adopted in this study is generallyonsidered as the optimal strategy, at least from the omputing time point of view. In thisstudy, by adopting a multifrontal sparse matrix solver, we have learly demonstrated thatINRIA
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Figure 7: Di�ration of a plane wave by a square: triangular mesh
Frequeny Time integration Method CFL-Pp CPU time300 MHz Expliit DGTD-P1 0.3 1602 se- Impliit - 15.0 370 se- Expliit DGTD-P2 0.2 5677 se- Impliit - 15.0 762 se600 MHz Expliit DGTD-P1 0.3 758 se- Impliit - 7.0 383 se- Expliit DGTD-P2 0.2 3074 se- Impliit - 7.0 767 se900 MHz Expliit DGTD-P2 0.2 2191 se- Impliit - 5.0 746 se- Expliit DGTD-P3 0.1 8771 se- Impliit - 5.0 1591 seTable 3: Di�ration of a plane wave by a squareCPU times (AMD Opteron 2 GHz based workstation)
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Figure 8: Di�ration of a plane wave by a square: F=300 MHz1D distribution of DFT(Ez), y = 0.75 mTop: DGTD-P1 method - Bottom: DGTD-P2 method
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Figure 9: Di�ration of a plane wave by a square: F=600 MHz1D distribution of DFT(Ez), y = 0.75 mTop: DGTD-P1 method - Bottom: DGTD-P2 method
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Figure 10: Di�ration of a plane wave by a square: F=900 MHz1D distribution of DFT(Ez), y = 0.75 mTop: DGTD-P2 method - Bottom: DGTD-P3 method
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Impliit DGTD method for the 2D Maxwell equations 27an impliit disontinuous Galerkin time domain is a viable numerial strategy for solvingeletromagneti wave propagation problems on loally re�ned unstrutured meshes.Conerning future works, our �rst objetive will be to adapt the impliit DGTD-Ppmethod proposed here to the ase of the three-dimensional time domain Maxwell equations.From the mathematial formulation point of view, this extension will be straightforward.Moreover, we an reasonably expet that the theoretial results of setion 2 will still bevalid in the 3D ase. However, from the omputational e�ieny viewpoint, it is lear thata global diret solver suh as the multifrontal method adopted in this study will not be anaeptable option due to the large memory apaity required for the simulation of realistithree-dimensional problems, espeially if the omputational domain is disretized using un-strutured tetrahedral meshes. In this ontext, parallel omputing will be a mandatory pathand although MUMPS [4℄ is a parallel sparse matrix solver, we plan to onsider a Shwarztype domain deomposition method [10℄ as a mean to build an hybrid iterative/diret solver,and still bene�t from the fat that the sparse matrix assoiated to a sub-domain probleman be fatored one for all before the time stepping loop.On the other hand, a harateristi of our impliit DGTD-Pp method whih an be im-proved is the time auray through the hoie of an alternative impliit time integrationsheme. Indeed, the Crank-Niolson sheme used in this study is non-dissipative and seond-order aurate. However, it is also haraterized by a seond order numerial dispersionwhih is the main fator limiting the CFL that an be used in pratie. One possible ap-proah to inrease the auray of the Crank-Niolson sheme is to apply a defet-orretionin time proedure [16℄. An expeted advantage of this auray enhanement strategy isthat it will preserve basi properties of the underlying seond order aurate sheme amongwhih, unonditional stability.Finally, one may question about the viability of a globally impliit time integrationstrategy in ertain pratial situations suh as those involving a triangulation whih is uni-form almost everywhere exept in a loalized region where the mesh is highly re�ned andunstrutured. In suh ases, a loally impliit strategy [22℄ will probably prove to be themost appropriate strategy. Designing suh a loally impliit (or hybrid expliit/impliit)DGTD-Pp will be onsidered in a future work.
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