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SIMULATION OF DIFFUSIONS BY MEANS OF
IMPORTANCE SAMPLING PARADIGM

MADALINA DEACONU AND ANTOINE LEJAY*

ABSTRACT. The aim of this paper is to introduce a new Monte Carlo method
based on importance sampling techniques for the simulation of stochastic differ-
ential equations. The main idea is here to combine random walk on squares or
rectangles methods with importance sampling techniques.

The first interest of this approach is that the weights can be easily computed
from the density of the one-dimensional Brownian motion. Compared to the
Euler scheme this method allows to obtain a more accurate approximation of
diffusions when one has to consider complex boundary conditions. The method
provides also an interesting alternative to perform variance reduction techniques
and to simulate rare events.

1. INTRODUCTION

Monte Carlo methods are sometimes the unique alternative in order to solve
numerically partially differential equations (PDE) involving an operator of the
form
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The operator L is the infinitesimal generator associated to the solution of the
stochastic differential equation (SDE)

t t
(1) X = Xo +/ o(Xs) dB; +/ b(X;)ds with oo™ = a.
0 0
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2 M. DEACONU AND A. LEJAY

It is well known that, for T > 0 fixed, the solution on the cylinder [0,7] x D, of
the parabolic PDE

ou(t, x) B
BT + Lu(t,z) =0,

w(T,z) = g(x) for z € D,
u(t,z) = ¢(t, x) for (t,z) € [0,T] x D

can be written as
u(t,z) = Eu[g(Xp); T < 7] + B g[o(r, Xr); 7 < T7,

where 7 stands for the first exit time of X from the domain D. E;, means that
the process X is starting from x at time ¢. Thus, an approximation of u(t, )
can be obtained by averaging ¢(Xr)lr<, and ¢(7, X;)1,..r over a large number
of realizations of paths of X. Elliptic PDE may be considered as well.

A large spectra of methods has been already proposed in order to simulate X, see
for example the books of P. Kloeden and E. Platen [22] and of G.N. Milstein and
M.V. Tretyakov [29]. Most of these methods are extensions of the Euler scheme,
which provides a very efficient way to simulate (1) in the whole space. This method
becomes harder to set up in a bounded domain, either with an absorbing or a
reflecting boundary condition. Nevertheless some refinements have been proposed
(see for example [5, 15, 16, 19, 32, 34]). To improve the quality of the simulation
or to speed it up, variance reduction techniques can be considered; see for example
[1, 2, 3, 20, 17, 21, 31, 38]. This list is not intended to be exhaustive.

In the simplest situation, for a = Id and b = 0, the underlying diffusion process
is the Brownian motion. E. Muller proposed in 1956 a very simple scheme to
solve a Dirichlet boundary value problem, this method is called the random walk
on spheres method [30]. The idea is to simulate successively, for the Brownian
motion, the first exit position from the largest sphere included in the domain and
centered in the starting point. This exit position becomes the new starting point
and the procedure is iterated until the exit point is close enough to the boundary.
Nevertheless, simulating the exit time from a sphere is numerically costly. In [27],
G.N. Milstein and N.F. Rybkina proposed to use this scheme for solving (1) by
freezing locally the value of the coefficients. In a first approach, spheres (that
become ellipsoids) were used. Later on [26] (see also the book [29]), G.N. Milstein
and M.V. Tretyakov used time-space parallelepipeds with a cubic space basis. For
this last approach, it is easier to keep track of the time but the involved random
variables are costly to simulate. In order to overcome these difficulties, one may
think to use tabulated values. This is memory consuming as the random variables
to simulate depend on one or two parameters. The method of random walk on
squares was also independently developed in the PhD thesis of O. Faure [11]. For
the Brownian motion, this method is still a good alternative to the random walk
on spheres (see [7] for an application in geophysics).
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In [8], we have proposed a scheme for simulating the exact exit time and position
from a rectangle for the Brownian motion starting from any point inside this
rectangle. Compared to the random walk on spheres method, this method has the
following advantages :

e It can be used whatever the dimension and, as for the random walk on
squares, a constant drift term may be added.

e The rectangles can be chosen prior to any simulation, and not dynamically.
There is no need to consider smaller and smaller spheres or squares when
the particle is near the boundary.

e The method can be also adapted and used for the simulation of diffusion
processes killed on some part of the boundary.

The method we propose here is based on the idea to simulate the first exit time
and position from a parallelepiped by using an importance sampling technique
(see for example [12, 14]). The exit time and position from a parallelepiped for a
Brownian motion with locally frozen coefficients is chosen arbitrarily, and a weight
is computed at each simulation. By repeating this procedure, we get the density
on the boundary or at a given time of the particles, by weighting the simulated
paths. As we will see, the weights are rather easily deduced from the density of the
one-dimensional Brownian motion killed when it exits from [—1,1]. All involved
expressions are numerically easy to implement.

This new algorithm is slower than the Euler scheme for smooth coefficients,
but it is faster than the random walk on squares [7, 29] and the random walk
on rectangles [8]. It can be used to simulate the Brownian motion as well as
solutions of stochastic differential equations for specific complex situations as: (a)
complex geometries (the boundary conditions are correctly taken into account);
(b) fast estimation of the exit time of a domain for the Brownian motion (only few
rectangles are needed); (c¢) variance reduction; (d) simulation of rare events.

This algorithm could be relevant for many domains: finance, physics, biology,
geophysics, etc. It may also be used locally (for example, it can be mixed with the
Euler scheme and used when the particle is close to the boundary) or combined
with other algorithms, such as population Monte Carlo methods (see Section 4.5).

We conclude this article with numerical simulations illustrating various exam-
ples. It has to be noted that choosing “good” distributions for the exit time and
position from a rectangle is not an easy task in order to reduce the variance. We
then plan to study in the future how to construct algorithms that minimize the
variance, as in [1, 3]. We have to consider for this a high dimension optimization
problem.

Outline. In Section 2, we present the importance sampling technique applied to
the exit time and position for a (drifted) Brownian motion from a rectangle. In
Section 3, we recall briefly some results about the density of the one-dimensional
Brownian motion with different boundary conditions. The explicit expressions are
given in Appendix A. In Section 4, we present our algorithm and compute its weak
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error. Four test cases are presented in Section 5, we compare also our algorithm
with other methods in this last section.

2. ALGORITHM FOR THE EXIT TIME AND POSITION FROM A RIGHT
TIME-SPACE PARALLELEPIPED BY USING AN IMPORTANCE SAMPLING
METHOD

The aim of this part is to give a clear presentation of our method. In order
to avoid ambiguous notations we consider in this section the situation of a two-
dimensional space domain. The results can be easily generalized to higher space
dimension.

We are looking for an accurate approximation of the exit time and position from
a right time-space parallelepiped which is a geometric figure in the 3-dimensional
space.

For Ly, Ly > 0 given let R be the rectangle [—Ly, L1] X [—La, Ls]. The rectangle
R is the space basis of the right time-space parallelepiped Ry = [0,T] x R for a
fixed T'> 0. We can also consider R, = Ry x R, and set in this case T' = 4o0.

For T' < +o00, the right time-space parallelepiped Rp has six sides which are
denoted by

Sor ={T} x R,
So—1 = {0} x R,
Siy = 10,T] x [=L1, L1] x {nLs} for n € {-1,1},
Som = [0,T) x {nL} x [=La, Ly] for n € {-1,1}.

In other words, each side of Ry is labelled by a couple (i,7) € {0,1,2} x {—1,1}.
For i € {1,2} the side S, is perpendicular to the unit vector in the i-th direction.
For ¢ = 0, the side Sy _; corresponds to the rectangular initial basis while the side
Soa corresponds to the top of the time-space parallelepiped Ry for T' < 400 (See
Figure 1).

From now on, we shall identify each side with the corresponding (7, n)-indices.

We consider a time-homogeneous diffusion process (X;);>o living in R. On each
side of R, the process X may be reflected or absorbed. Moreover, if T" < 400,
the process is stopped at time T. We can thus identify the sides of R with the
sides S;, of Ry for i € {1,2} and n € {—1,1}. We denote by R the subset
of {1,2} x {—1,1} that contains the indices of the sides on which a Neumann
boundary condition holds (possibly, & = §)). On this set the diffusion is reflected.
Let us denote by © the subset of {1,2} x {—1,1} that contains the indices of the
sides on which a Dirichlet boundary condition holds. On this set the diffusion is
killed. Finally let us set 2 = © if T' = +o00 and A = {(0,1)} UD if T < 4o0.
With these notations the time-space process t — (¢, X;) is absorbed when hitting
one of the sides S;, with (i,n) € 2.
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Ficure 1. Convention for the sides of Ry = [0,7] x R.

Let B = (B!, B?) be a two-dimensional Brownian motion and g = (u1, 2) a
vector of R%. For i € {1,2}, we set

-1 if (4,m) € R (reflection),
T =0 (i,m) € A (absorption).

We consider the two-dimensional diffusion process (X, P,),cr whose coordinates
are, for x = (21, x2) € R,

(2) X{ =i+ B + pit + 710 (X)) = 71 7 (XY), Poras,,
where (% (X) stands for the symmetric local time of X at +L;, respectively.
We define 7o = T, 7; = inf{t > 0| |X/| > L;} fori € {1,2} and 7 = I{nin i
i€{0,1,2

In addition, we set J = argmin,c (g, 9y 7. With this notation, unless J # 0, the
J-th component of X is the first to exit from the domain. For J € {1,2}, let us
define e = X/ /L; € {~1,1}. For J = 0 we set ¢ = 1, in this case X has not
reached the sides of © before time 7.

The couple (J,€) labels the side in 2 of the parallelepiped Ry = [0,7] x R that
the diffusion X hits first. Note that with our convention, the sides on which the
process is reflected cannot be reached, so that 7, = 400 if X' is reflected both

—Ll and Lz

We are interested in computing E,[f(7, X;)] by a Monte Carlo method for a
bounded, measurable function f, where 7 is defined as above.
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Instead of simulating (7, X ), we will simulate some random variables according
to the following procedure. The aim is to simulate (J, e, 7, X, ) by using an impor-

tance sampling technique. In order to do this we choose a probability P, which is
absolutely continuous with respect to P, and we draw a realization of (J, e, 7, X, ).
Let us set

iy =P:[(J,€) = (i,7)]

for (i,n) € A. For (i,n) € A let k;,, denote the density under P, of (,X,) given
[(r.X2) € S

In order to simplify notations let us consider an underlying probability space
(Q, F,P,) rich enough. Let Z be a random variable on this space, with distribution
P,.. Let A be a measurable event on this space. We suppose that, conditionally on
A, Z has a density p(:|A) with respect to the Lebesgue measure. Let us introduce
the following convention

PolZ = z; Al = p(2|A)P,[A].
That is, for B a measurable event of (Q, F,P,),

P,[{Z € B} N A] = / p(z| AP, [A] dz — / P,[Z = = A]ds.
B B
Consider now the following notations : Let (i,n) € 2. For i € {1,2} set j =3 — 1.
Then for any ¢ > 0 and z € 5;,, we define
P, = 0; Xi =nL]P,[X] = z;; 7; > 0]
ai,nki,n(eu Z) ’

where k; ,, is the {X; € S, ,}-conditional density under @x of (1, X;).
If T' < 400, we define

(3) My (8, 2) =

4 My, (T,z2) = P, (X3 = 2z; 7, > T,
: 5> Tj

je{1,2}

where k; ,, is the {X; € S, ,}-conditional density under @x of (1, X,).
We call M;,, weight.

Proposition 1. The weights M, , defined in (3) and (4) satisfy
Bl f (7, X0)) = Bal My (r, X0) f(r, X)),

for any measurable and bounded function f on ORr.

Qp, 1k01

Before proving this proposition let us introduce the algorithm.
The algorithm is described as follows :

Algorithm 1. Let x be fixed in R.

(1) Draw a realization (J,£) of (J,) € 2 under P,.

(2) Draw a realization of the exit time and exit position (7, X7) according to the
density k3. on Sy
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(3) Compute the value of My (T, X-) by

~

E.[M;.(1,X:)f(m, X;)] = E.[f (7, X;)].
We call M5 (T, X-) weight.
If {(J @ = ,?(i),y(;), w¥)},=1.. v are N independent realizations of the random

variables (J e, 7, Xr, M; (1, X;)) constructed as above, by the law of large numbers
we have

E.[f(7,X,)] = lim —Zw ‘ z))

N—»oo

The main feature of our approach is that the weights M, .(7, X;) can be easily
evaluated.

Remark 1. In order to evaluate M;, with (3) and (4), there is no need to know
P.[(J.e) = (¢,n)]. It is important to notice that M;, depends only on the one-
dimensional distributions of the drifted Brownian motion.

Proof of the Proposition 1. We want to prove that :
Eo[f (7, X7)] = Eo[M o (7, X7) f (7, X7)],

for any measurable and bounded function f on ORy.
We remark first that if p; , = P,[(J,e) = (¢,n)] for (i,n) in A, then

(5) B lf(r, X)) = > BB, [Myy(r, X,) (7, X0) | () = (i,m)].

a.
(ime 1

Furthermore, for (i,n) € ©, if i =2 set j = 1 and z = (21,nLs) else, if i = 1 set
j=2and z = (nLq, 29).

E[f(r X)) | (1€) = (i)
:/[OT] SR XE) = (0:2) | (.2) = Gl 0

where P, [(7;, X1 ) = (0, 2) | (J,€) = (4,m)] is the {(J,&) = (i, ) }-conditional den-
sity of (7, X7 ) with respect to dtdz;. Hence

E,[f(m, X;) | (J,€) = (i,m)] = B, [f(r, X )M[, (7, X,)|(J,€) = (i,m)] .
where
Po[(7i, X7) = (6, 2) | (;€) = (i,)]
kin(T, X;) ‘
Let us note that M;,(0,2) = M, (0, 2)p; /iy With (5), we can deduce that

M, (6,2) =

Ez [f(T7 X‘r)] = Ez [f(T7 XT>MJ,E(T7 XT)]
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Indeed, it suffices to remark that for (i,n) € D,

1 :
M’L 97 - —Px Z?X] = 97 j ; J? = .7
0.9 = B XD) = (0.5): (4.2) = o)
1 , , :
:—]P)x i)XJ- = 07 i)s XZ- = Lia / o).
Oémk?i,n(@, Z) [(T TZ) ( ZJ) Ti n T > ]
The independence of the coordinates of X leads to the desired equality. If T < 400,
similar computations imply that for z € R,

1

Moy(T,2) = ————— - -
071( 72) Oé(]’lko’l(T,Z) 1€{1,2}

and the conclusion also holds. O

Let us evaluate these probabilities.
For i € {1,2}, let p'(¢, z1, x2) be the solution of

opi(t,x1,29) 10%p op’
ot = 581‘% (t7x17x2)+:uia_x2(ta$law2)
(6) for (t,z1,29) € Ry x (—L;, L;)?,

p'(t, 1, o) ~ Oz, (22) for (z1,29) € (—Ly, L;)?,

with the following boundary conditions (b.c.)

p'(t,z1,—L;) = 0 (Dirichlet b.c.) if (i, —1) € 2,

%(t,xl, —L;) = 0 (Neumann b.c.) if (i, —1) € R,
2

p'(t,z1, L;) = 0 (Dirichlet b.c.) if (i,1) € &,

) %

i(t,xl,Li) =0 (Neumann b.c.) if (i,1) € R.

03:2
Thus, p* denotes the density of the drifted Brownian motion X with possibly some
reflection at the endpoints of (—L;, L;), and killed when it exits from this interval
by an endpoint where no reflection holds. For f a bounded measurable function
from [—L;, L;] to R, we have

Li
Eo, [f(X{)it <7 = / p'(t, 21, 32) f(22) das

for x; € [—L;, L;], where P,, is the distribution of X* with X} = x; € [—L;, L;].

Let us note that the distribution of the marginal X* of X under P, ,,) depends

only on x;.
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We introduce the scale function ®>* of X? defined by,

62:LL1L2 — 6_2;“1:52

; T if p; # 0,
for 79 € [—L;, L;], @ (zq) = { €l — e ki
1 ; = U.
or, " F

The function > (z4) has been normalized such that ®**(L;) = 1. Let us note that
Ot (x;) = Py, [X! = L;] if Dirichlet boundary conditions hold at both endpoints
—L; and L;. We also set ®~ (1) = 1 — &4 F(z).

If Dirichlet boundary conditions hold both at —L; and L;, then we set for ¢ > 0
and (Il,ZEQ) S [—Li,Li]z,

, : Pt (9)
7, %+ 7 2
p” t,l’ » L p t,[lf ) ; .

(t,21,2) (t, 21 $2)<I>“ (21)

Via a Doob transform, for a bounded and measurable function f,

L; )
B [FO0)it < | Xe = 210 = [ 5% (b0, (2) e
—L;
Let us set for xy € (—L;, L;),
Li
1 a 7
(7) t fEl / ai t xlaxQ)f(l'Q) dz,
L;
L; a
(8) (t, 1) / gt (t, 21, 72) f (22) ds.
L;

We can easily deduce that
¢ t
P, [m <t]= / ¢'(s,r1)ds and P, [r; < t| Xil_ =+ = / ¢"* (s, 1) ds.
0 0

In other words, ¢'(t, z;) (respectively ¢“*(t, z1)) is the density of the first exit time
from [—L;, L;] for X' (respectively the first exit time from [—L;, L;] for X* given
(X1 = 4L

Thanks to these expressions, My (T, z) and M, , (0, z) are easily computed, since

P, [Xi=z; 7 >T) = p'(0, 7, 2%),

P, [r =6; Xe +L;] = ¢"5(0, 2,) " () if (i, —1) € A and (i,1) € A,
P, [m = 0; = L] = ¢ (0, ;) if (i,—1) € R and (i,1) € A,

P,,[m = 0; X = —L;) = ¢'(0,2;) if (i,—1) € A and (i,1) € R.
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3. ANALYTICAL EXPRESSIONS FOR THE DENSITIES

In order to compute pi(t, 1, z2) together with ¢'(¢, 1) and ¢"*(¢,z;) by (7) and
(8), one has to solve the equation (6). By using a scaling principle, we may assume

that L; =1, as
i 1 t .1’1 3?2

where p(t, z1, x9; 0) is solution to (6) ith Li = 1 and a convective term p; equal
to 4.

There are basically two ways to obtain p(t,x, z2;9). The first one is based on
the spectral expansion of %A + 0V, since this operator may be reduced to a self-
adjoint one with respect to the scalar product induced by the measure exp(—2dz1).
The second one is the method of images when § = 0.

If 9 # 0, the case of a Dirichlet boundary condition at both endpoints may be
treated by using a simple transform that reduces the problem to 6 = 0.

For the case of Neumann boundary condition at both endpoints, one can invert
term by term the Laplace transform of a series for the Green function.

In the case of a mixed boundary condition, the previous method gives rise to
series that cannot be used in practice, so only the spectral expansion should be
used. In addition, the first eigenvalues have to be computed numerically.

As the formula are standard in most of the cases, we give the relevant expressions
in Appendix A.

4. GENERAL DOMAIN

As stated before, we aim to solve by a Monte Carlo method a parabolic or
an elliptic PDE. The idea is to represent the domain as the union of time-space
parallelepipeds and to simulate the successive exit times and positions from these
parallelepipeds. Attention has to be paid while doing this decomposition in order
to control the error at each simulation step.

4.1. From parallelepipeds to right parallelepipeds. Consider herein the no-
tations of Section 2. Let us study first the parabolic PDE with constant coefficients
A, c and pt = (f4;)i=1,.a on the rectangle Rp:

d
3"Ut$ Zavtx Z’ulava(x >+cv(tx)—)\0nRT7

i=

9) (%é?x- )_OforxGSmlf(z n) € R,

v(t,z) = ¢(t,z) for x € S;,, if (4,n) € A,

(T, z) = g(x) if T < 4o0.

We assume that a classical solution to this problem exists, which is for example
the case if ¢ and ¢ are continuous and bounded. Let X be the diffusion process
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whose components are given by (2). Then it follows from the It6 formula applied
to X that, for ¢ € [0, 77,

v(t,z) = Bu[e " Vo(r —t, X,_y));7 < T — 1
T—t
+E, [ec(T_t)g(XT—t)Q =T _— t] +E, |:)\/ eC(T—t=s) ds:| 7
0

where 7 is as above the first exit time from Rrp.
Let us remark that is o is an invertible d x d-matrix then the function u(t, z) =
v(t,o~1z) is solution to

d

)
ou(t,z) 1 . O%u(t,x)
o 5”21[“ i o,
d
Ju(t, )
+ o*li———=+cu(t,zr) =X on |0,T] X oR,
o > o1, e cutt ) = X on 0.7
Ujlau(t,x) =0 for z € 05, if (i,n) € R,
) ax] )
u(t,x) = ¢(t, 0 tx) for x € 05, if (i,n) € A,
(w(T,x) = g(o7 ) if T < +o0.

If n; is the unit vector orthogonal to the side ¢5;,, then n; = (0*)"1e;, where e;
is the unit vector in the i-th direction. It follows that co*n; = oe; and thus

ou(t, )

for x € 05,41, [00™|n; - Vu(t,z) = T g
Zj

which means that a Neumann boundary condition in the co-normal direction holds
in (10) on 05, if (i,n) € A.

We can thus solve (10) by reducing the problem to (9) and use a Monte Carlo
method in order to compute the values of u(t, x).

4.2. The hypotheses. Let us consider a domain @ in R, x R?. For the sake of
simplicity, we assume that @ is the cylinder [0, 7] x D (with possibly T" = 400),
where D is an open, bounded domain of R? with piecewise smooth boundary. Let
us consider a function a with values in the space of d x d-symmetric matrices which
is continuous on D and everywhere positive definite, together with some functions
b:Q—RIc:Q—Rand f: Q — R. Forall (t,7) € Q, we denote by o(t,z) a
d X d-symmetric matrix such that o (¢, z)o*(t,z) = a(t, ).
We set

1< 0? a )
L= 3 Z am(tax)m + Zbi(t’x)ﬁ_asi'

ij=1 i=1
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Let us introduce the hypotheses needed to ensure the convergence of our algo-
rithm. To set up a Monte Carlo numerical scheme, one needs three inter-connected
ingredients :

(i) The existence and the uniqueness of a solution u to the following PDE
Ou(t
% + Lu(t,x) + c(t,z)u(t,z) + f(t,z) =0 on [0,7] x D,
(11) w(T,z) =yg(x), © €D,
u(t,z) = ¢(t,x) on Ty C [0,T) x 9D,
Opu(t,z) =0on T, C [0,T) x 0D,

where 0,, denotes the co-normal derivative along the lateral surface. I'q (re-
spectively I') are subsets of [0,7") x 0D on which a Dirichlet (respectively
Neumann) boundary condition holds.

(ii) The existence of a solution to the diffusion process associated to L. Note
that since the simulation involves distributions and not stochastic integrals,
we do not need strong existence for the associated SDE.

(iii) The solution u can be expressed in terms of the probabilistic representation

utte) =B foxp ([ olo, X d5) 607, X )1,ca]

(12) B o0 g [ et xds) g0 tene]

+E,, [ /t - ( /t e, XT)dr) f(s,Xs)ds} ,

where 7 is the first exit time from [0, +00) x D by a point of T'y.

Notation 1. We denote by P the set of time-space parallelepipeds P such that
there exist 0 < s <t < T, Ly,...,Lg and x € R? such that

P =[s,t] x (x + ([~ L1, L1] X -+ X [=La, L4))),
where 7 is a d X d-matrix. Possibly t = 400 (if T' = +00).

The assumptions that have to be done are the following:

(H1) There exists a subset Pp of P such that ) = Upep, P. Besides, if P =
[s,t] x U € P for a parallelepiped U, then for all r € [s,t), [r,t] x U € P.
In other words, one can truncate the parallelepipeds in time.

(H2) There exist I'y, I'q contained in 0Q = [0, T]x 9D and some subsets Py, Pq of
I such that I', C Upep, 0P, I'q C Upep,OP. The closure of I', UT'y is equal
to [0, 7] x 9D and I',NI'q = (). This means that the boundary of [0, 7] x 0D
is split in two distinct parts, where either the Dirichlet or the Neumann
boundary conditions hold. More precisely a side of a parallelepiped in Pp
contained in 0@ is either from I', or from I'y.
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(H3) The differential operator L is the generator of a continuous diffusion process
X that is reflected at I'y, and killed when hitting I'y U {T'} x D. The
probabilistic representation of the solution given by (12) holds (see for
example [25] for existence results of such reflected process, and [36] if there
are no reflections).

(H4) There exists an unique solution u of class C'% on [0,7") x D to (11) which
is continuous on [0, 7] x D.

(H5) For a right parallelepiped R and a matrix ¢ let P = [s,t] X (x+0R) € Pp.
We associate to P a vector b € R?, two constants ¢, ]? and we construct
the differential operator

d d
=1y a2 iyl
k=1

k
8xk8xg 1 @Ck

with @ = go*.
Fix 6 > 0. We assume that the solution u to (11) satisfies for any y in
the interior of x + 0 R,

T o R R R R
/ e4r=s) (_u + Lu+cu — f) (r, X,)dr

<
ot =9

Es?y

Y

where X is the diffusion process generated by L and 7 is its first exit time
from P.

Remark 2. If T' = 400 and, the coefficients are time-homogeneous and I'y =
[0,00) X vq, [y = [0,00) X 7y, then v(z) = u(0,x) is solution to the elliptic PDE

Lv(z) 4 c¢(x)v(z) = f(z) on D,
(13) v(x) = ¢(x) on va C ID,
Opv(z) =0 on 7, C ID.

Thus, by solving the parabolic PDE (11), we may also solve the elliptic PDE (13).
We will thus focus only on (11).

Remark 3. The result of the existence of a stochastic process reflected on some
part of the boundary of [0,7) x D is deduced from the existence of a stochastic
process reflected on the lateral boundary [0, T") x D, which is killed when it hits T,

4.3. The algorithm and its weak error. In order to simplify the notations, if
T < 400, we denote the final condition g of (11) by ¢(T, z).

Given (t,z) € @, the solution u(t, x) of (11) is computed by the Feynman-Kac
formula. For this, we have to simulate the diffusion process X up to its first exit
time 7 from (). We suppose here that the particle cannot exit by a part of boundary
where a Neumann boundary condition holds. Let u be the solution of (11). Let
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us introduce the following notations

—1+/ (TX)YdT—eXp(/ C(T,XT)CIT),
for s > t, ¢

Ly = Ydr
/f

Then u(t, x) is then given by
(14) u(t,x) = Eu[o(r, X7) Y, + Z1].
We construct now the algorithm that approximates (14) by a Monte Carlo method.

Algorithm 2. Assume that we start initially at the point (¢,x) € @ and fix a
number N of particles.
(1) Fori=1,...,N do
(A) Set (90,H0,Y0, Zo,Wo) (t Z, 1,0 1) and k£ = 0.
(B) Repeat
(a) Choose an element P%*) € Pp of the form P®) = [0, s] x U, U C R?
such that (6x, =) belongs to the basis of P (s is possibly infinite if for
example T" = 400 and the coefficients are time-inhomogeneous). On
P®)_ consider the differential operator L*) as well ¢®) and f*) which
approximate L, ¢ and f as in (H5).
(b) Draw a realization of a random variable (fx;1,Zxs1) with values in
({s} x U) U ((6k,s) x OU) and compute its associated weight wy as
shown in Sections 2 and 4.1 by considering the exit time and position
from the parallelepiped P®*).
(c) Compute Wy, = Wy_jwy and
Vi1 = Yeexp(c™ (01 — 604))
Or+1

Zyor = Zpo+ fO exp(c®s) ds.
O

(d) If 2441 € T'q or O =T, then exit from the loop.
(e) Increase k.

o) (C) Set (69,20, YO, ZO W) = (641, Zpsr, Yir1, Zo1, Wa).
2 Return

N
]' (2 ’L '—‘ (2
(15) :Ng (WWp0®, =2y ® 4 whz®) .

We denote from now on by IP’I the distribution of the Markov chain A, =
0k, =x), k > 0. Note that (Y, Zx, wi)r>o is obtained from (Ag)g>o.

Proposition 2. For any (t,x) € [0,T) x D,
(16) lu(t, ) — B, [a(t, 2)]| < 0, [W,vexp(M8,)],
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where § is defined in (H5), v is the number of steps that (Ag)k>o takes to reach the
boundary 'q N{T} x D and

M= sup c(s,y).
(s,y)€[t,T)xD

Remark 4. Note that the weak error in (16) does not depend on the choice of
the importance sampling technique, while the Monte Carlo error depends on this
choice. If the coefficients a, b, f and ¢ are constant on the domain, one can choose
0 = 0 and the simulation becomes exact.

Proof. To the Markov chain (Ag)k>o is associated a random sequence of paral-
process X reaches the boundary of the P*)’s.

Since Zy =0, Yy = 1 and u = ¢ on the boundary of @), we get
(17)

~ ~

E,[a(t, z)] = B, [W,Y,6(0,,5,) + W, Z,]

v—1

=u(t,z) + E, |W, (Zkt1 — Zi + Yigru(O g1, Zpy1) — Yeu(be, Zi))
=0

Let (Gi)r>o be the filtration generated by the Markov chain (Ay)g>o. We remark
that Y, and Z, are measurable with respect to G, while w;, is measurable with
respect to Gr41 (since it is obtained from 0y, Z, 041 and Zgiq).

By using the Markov property, after setting Wy, = IAEx [Wgt1 -+ wy | Graa], we
get

Eo[Wy(Zrsr — Z1)] = Ba[WistwBo[wi(Zisr — Z1) | GrlWi—1),

&=

Wy (Yip1w(Ors1, Zpr1) — Yeu(Or, Zp))]

= I/E\:w[Wk+1,uﬁx[wk(Yk+lu(0k+la Ep1) — Yiu(Or, Zg)) | G Wi—1].

Let us denote by (X (k),IP’EiB) the process generated by the operator L*) with
constant coefficients a*) and b*) on P®). Define recursively (), 2(9)) = (¢, z) and

(D) 1)y = (?(k),Xg(?)), where 7% is, as above, the first exit time from P®)

for the diffusion X®. Let also f*) and ¢ be the values that approach f and ¢
on P®)and define also recursively y(©) = 1 and y® = y*=D exp(c®) (¢k+1) —¢(k))),
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By using the properties of I/P\)x and the It6 formula we obtain

B, [wi (Vs w(Brs1, Spar) — Yeu(Or, Zr)) | Gl
_ y(k)E(k) [<€C(k)(t(k+1)7t(k))U(t(k+1), X(k+1)) . u(t(k), x(k)))]

t(k)7x(k) t(k+1)

t(k+1) P
= y(k)Eifk)) () [/ o) (5=t k) (a +L*) 4 c(k)) u(s, X{) ds] :
’ t(k)

Also,

t(k+1)

E, [wk(Zir = Zk) | Ge] = y(k)EEfk)>,x<k) [f(k) /(k)
t

(k)
ef Sds].

Under the hypothesis on the coefficients and the parallelepiped P*) we have
E, [wi(Yis1u(Ops1, Sp1) — YeuOr, Za) + Zior — Zi) | gk]‘

t(k+1)
9,
y(k)EEfk)) (k) l/ o (s—t) <(& + L*) 4 c(k)> u(s, ng)) + f(k)> dS]
’ t(k)

< ykg

< IAEQ: (0w Y |Gkl

since the Y;’s (and so the y*)’s) are positive. Hence, from (17) and the Jensen
inequality applied to | - |, we obtain

v—1
B, [Y,6(0,, ) + Z,] — By [a(t, x)]| < 0B, |W, ) Vi
k=0
As 0 <Y, <eM% for k=0,...,v, we deduce (16). O

4.4. The Monte Carlo error. In order to compute the solution wu(t,z) of (11),
we have constructed the estimator u(t, z) given by (15), whose variance is

1
Varg u(t,z) = N Varg (W,0(0,,Z,)Y, + W, Z,).

The Monte Carlo error depends on this variance s? = Varg w(t, x), since asymptot-
ically for N — oo the true mean E,[t(¢, 2)] lies in the interval [a(t, z) —2s, G(t, )+
2s] with a confidence of 95.4 %.

We denote by P* the distribution of (Ak)k>0 with respect to the real distribution
of the exit time and position of the rectangles. In this case the weights are equal
to 1. Any event ® measurable with respect to (Ag)r>o satisfies P*[®] = P,[W .
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We get thus
Varg (W,0(0,,2,)Y, + W, Z,) = ¥ + Varg, (u(t, r))
with
U =E*[(W, — 1)(6(0,.5,)Y, + Z,)?].

This shows that a good choice for the density of the exit time and position from
the parallelepipeds is such that ¥ < 0 is as small as possible. By the way, reducing
the variance is a difficult task, and requires some automatic selection/optimization
techniques, as explained in the introduction part.

In addition, the numerical experiments we performed up to now highlight an-
other difficulty. W, may take large values, and this implies meaningless values for
u(t,z). That’s why we suggest to keep track also of the empirical distribution, or
at least of the variance of W,,.

In order to illustrate this, let us assume that the diffusion process X has no drift
and that for the simulation, the right parallelepipeds we use are squares centered
on the particle, and consider the same density for the exit time and position. By
a scaling argument, the distribution of the weight w; at the k-th step does not
depend on the size /pf the squares, so that the w;’s are independent and identically
distributed under P,.

Let us fix an integer n such that v > n a.s. (for example, the minimal number
of steps needed to reach an absorbing boundary). We set & = log(w;), so that
W, = exp (>, &). As the ¢ are independent and identically distributed, let
us note S, = Y, &, then S, /\/n converges to some normal random variable x
with mean m and variance s2. For n large enough, the distribution of W, is close
to the distribution of exp(y/ny). We obtain, with the expression of the Laplace
transform for the normal distribution, for j € {1,2},

R o . B ‘ 252
B, (W] ~ B, lexp(v/ax)] = exp (mm " "7) |

This leads us to the following approximation

Varg (W) ~ exp (Zm\/ﬁ + 2n32) — exp (m\/ﬁ + 352>

~ exp(2ns?) (exp <% n 1) — exp (% _ 37”52))

~ exp(1l + 2ns?).
So, for large n, the variance of W,, explodes, while IEI (W] =1 for any n > 1.
In [13] (see also [14]), P. Glynn and D. Iglehart exhibit another argument that
shows that the simulation performs badly if too much steps are used.
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4.5. Population Monte Carlo. In order to overcome the explosion of the vari-
ance due to the weights one can use a population Monte Carlo method. This
kind of method, also known as quantum Monte Carlo, sequential Monte Carlo,
Green Monte Carlo, ... has been used from a long time in physical simulations
(see for example [18] for a brief survey) but also in signal theory, statistics, ... A
probabilistic point of view is developed in the book [9] of P. Del Moral.

In our case, instead of simulating the particles one after another, the idea is
to keep track of the whole population of N particles (y(i))i€{17,.. ny with time and
space coordinates (t®, 2®) and a weight w® according to the algorithm given
below. Each particle has two possible states : still running or stopped. A particle
is stopped either at the first time it reaches an absorbing boundary, or if its time
is equal to the finite final time 7. Otherwise, the particle is still running.

Algorithm 3. This algorithm computes an approximation of the quantity E,[f(T'A
7, X7ar)|] when Xy = 0 by using a population of N particles.
(1) Set n =0, n is the number of steps.
(2) For i from 1 to N set
(2) (. 15", 5") = (0.0.2).
(3) Set & =0 and R, = {(w, 1Y, 2} ist .
(4) While the set 2R, of still running particles at step n is non-empty do
(a) Set R, 11 = 0.
(b) Do #R,, times the following operations
(i) Pick a still running particle of index j at random according to a
family of discrete probability distribution
W)
p; = )
Zk index of particles in R, w7(1k)

where w is the weight of the particle after n iterations.
(ii) The particle is moved in time and space according to the exit

time and position from a time-space parallelepiped that contains

n T ts new position is denote , and 1ts asso-
9.09). 1 denoted (t9],,20),) and

(9)
n+1

(i) If tn 1 =T orif xn 11 belongs to an absorbing boundary, then
(wgll, tgll, :L"SJ)FI) is added to the set & of stopped particles. Oth-
erwise, it is added to MR, 41.
(¢) Increment n by 1.
(5) Return

mated weight w

St S 0)

when & = {(w®, t(z), Jf(i))}i:l,...,N’-
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As we need to keep track of the positions of all the particles, this algorithm is
memory consuming. On the other hand, it avoids the multiplication of the weights.
In addition, this algorithm can be modified in the following way: instead of using
#R,, particles at step n, it is possible to use N particles, and in this case, one
has to keep track of the number of still running particles, and to multiply the
weights by the proportion of still running particles. The algorithm stops when
the proportion of still running particles is smaller than a given threshold. This
approach can be used for example for long time simulation, or to estimate rare
events, as for example in [6, 9, 10, 23].

4.6. Estimation of the number of steps. Let us consider now the estimation
of the number of steps. In order to do this we will use the techniques employed in
[26, 28, 29].
In Algorithm 2, we have constructed the Markov chain (Ay)g>o which is absorbed
when reaching I'y = g N {T'} x D.
For a function u on D, we set
Pu(t,z) = E*u(Ay) | Ao = (¢, 2)] and A = Pu(t,z) — u(t, z).
The operator A is the generator of a Markov chain.
Lemma 1. If T < +o00 and
B (61| (B0, Z0) = (t,0)] —t 2 7,
then
~ _ T—t
EH[V | (607 :‘0> = (twr)] <1+ T
Proof. Consider the problem
Av(t, z) = —g(t,x) on Q,
u(t,z) =0o0n [0,7] x I'

whose solution is

u(t,x) = E®

v—1
Z 9(Ak)
k=0
We remark that if u and g are well chosen this equality gives a good estimate of

E[v].
Let V (¢, ) be the function V(¢,2) = (T — t) L 2)ecq- For (t,2) in @), we have

AV (t,x) = E*V(61,21) | (60, Z0) = (t,2)] — (T —t) < —.

Hence T —t > IAEH[ZZ;é 71 (60,Z0) = (¢, )] and the result follows easily. O
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Lemma 2. With the previous notations, for every L > 0 fized, we have
supP* [v > L|(6,Z0) = (t,2)] < (1 + T — t)exp(—cyL/(1 + T — t))
zeQ

where ¢ 1s a constant depending on 7y, more precisely ¢ converges to 1 as v decreases
to 0.

Proof. The proof follows from the one of Theorem 7.2 in [28]. 0
Lemma 3. If T' = +o00, ) is bounded and

E"f|lz + Z1+ ) > v >0,
where ¢ is such that min, g |z +¢[ > C > 0. Then

~. 32—02
B <

with B > max{~,sup,q |7 + c|}.

Proof. Let us proceed as in [26]. Choose a vector ¢ such that min, g [z+c| > C > 0
and set

Vit ) B? —|x+c]? if (t,z) e Ry x Q,
T _—
’ 0 otherwise.

Thus for B? > ,
AV (t,2) < |z + > = E|z + =1 + ¢[*| (65, o) = (t,2)] < B — 5
and the result follows. O

5. NUMERICAL EXAMPLES

We present in this Section some numerical examples in order to test our algo-
rithm.

5.1. Speeding up the random walk on squares algorithm. In [28] (see
also [29]), G.N. Milstein and M.V. Tretyakov proposed a method to simulate
Brownian motions and solutions of SDEs by using the first exit time and posi-
tion from a hyper-cube or a time-space parallelepiped with cubic space basis. A
similar method has been previously proposed by O. Faure in his PhD thesis [11].
This method is a variation of the random walk on spheres method. Some authors
already used random walk on squares and rectangles by using the explicit expres-
sion of the Green function but without simulating the exit time (see for example
[35]). One of the main feature of our approach is the simulation of the couple
of non-independent random variables (exit time, exit position) by means of real
valued random variables. We have explained in [8] how to extend this approach
to rectangles and the starting point everywhere in the rectangle. This approach is
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still using only one-dimensional distributions. However, by using symmetry prop-
erties, we can notice that it is simpler to deal with squares centered on the current
position of the particle than with a rectangle.

Nevertheless, the computation may be time consuming. We are looking now to
speed up the computations by using a simple density for the exit position.

Let us consider here the d-dimensional hypercube C' = [—1,1]%, and a fixed time
T > 0 (possibly T' = 4+00). Let B be a d-dimensional Brownian motion. We set
8 =inf{t > 0| B, € C}. Let W be a one-dimensional Brownian motion. We set
7y = inf{t > 0| W, & [-1,1]}, R(t) = Po[r}"} ), < t], r the density of 7", ,,
S(t,y) = Po[W, < y|t < T[V_VM]] and s(t,y) = 0,5(t,y) the density of W, given
{t < T[‘/_VM]}.

Let us note that we can easily switch from C' = [~1,1]? to any hypercube
[—L, L]? after a scaling argument in space and time. Thus, from a numerical point
of view, we need only to implement the required functions r, s, R and S on [—1, 1].
Analytical expressions for these distribution functions are easily deduced from the
series presented in Appendix A.

To simulate the exit time and position from [0, 7] x C', we proceed in the following
steps:

e Compute the probability 8 =1 — (1 — R(T))? that 78 < T..
e With probability 3, decide if {r? < T} happens or not.
e If {78 < T} happened,

— For a realization U of a uniform random variable U on [0, 1), set

™ =R'(1-(1-Up)").
which is a realization of 72 given {78 < T'}.

— Choose with probability 1/2d an exit side (J,¢) and set ; = ¢.

— Foreach i =1,...,d, i # J, set x; = v/U;, where the U;’s are d — 1
independent realizations of uniform random variables on [0,1). With
probability 1/2, set §; = x;—1 and with probability 1/2, set & = 1—x5.

— Compute the weight

w

1 S?B,i
11 (77, &)

- 1-R(7) e, dizs X

e If {7% > T} happened, then
— Set 78 =T.
—Fori=1,...,d, set x; = v/U;, where the U,’s are d — 1 independent
realizations of uniform random variables on [0,1). With probability
1/2, set & = x; — 1 and with probability 1/2, set & =1 — x;.
— Compute the weight

w =

1 ST,Z‘
11 ( 5).

1 _ﬁizl,.,.,d Xi
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(7B,&1, ..., &) represent the first exit time and position from [0, T] x C, and w is
the associated weight.
For the random walk on squares we can also use the idea proposed in [28] and

n [11]. This leads to the following algorithm :

e Compute the probability 3 =1 — (1 — R(T))? that 78 < T..

e With probability 3, decide if {7 < T} happens or not.

o If {78 < T} happened,

— For a realization U of a uniform random variable U on [0, 1), set

™ =R(1-(1-Up)YY).

which is a realization of 77 given {77 < T'}.

— Choose with probability 1/2d an exit side (J,¢) and set £; = ¢.

— Foreach i =1,...,d, i # J, draw & according to the distribution of
Bi, given 7% > 7P where 77" = inf{t > 0| B’ & [-1,1]}.

o If {7% > T} happened, then

— Set 78 =T.

— For i = 1,...,d, draw &; according to the distribution of B;B given
8" > 7B,

In both cases, we use tabulated values for R and R71. In order to simulate
B! given 78" > ¢, we use the rejection method proposed by O. Faure in [11]
for t € [0.25,2]. Otherwise, we draw B by using the fact that it is equal to
S=1(t,U) for some random variable U with uniform distribution on [0, 1). This is
the method proposed by G.N. Milstein and M.V. Tretyakov in [28]. For ¢ > 2, the
latter method is more efficient than the previous one. For ¢ < 0.2, the rejection
method may give wrong results. For ¢ close to 0.2, the rejection method can be
up to 6 times faster than the inversion method, while for ¢ close to 2, they are
comparable in the computation time.

If the Brownian motion reaches the side labelled by (1,—1) first at time 75,
then in order to simulate B} for i = 2, ..., d we use a random variable with density
o(z) =1+zif z € (—1,0] and ¢(z) = 1 —x if x € [0,—1). In this case, the
weights w are close to 1 as we see in Table 1, and the execution time is usually
divided by 10. For T = 0.1, the variance of w is too high and leads to some
instabilities. In this case, it is preferable to simulate the exact distributions of By
given {T < 78}

5.2. Solving a bi-harmonic problem. To test the validity of our approach with
respect to other algorithms, we consider first an example borrowed in [28] (see also
29, p. 332]). Let D = [—1,1]?, and consider the bi-harmonic equation

tNu(z) =1, z €D,
(18) u(z) = ¢(z) on 9D,
| Au(x) = (x) on 9D,
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Method T  Mean of w Variance of w Time (s)
Walk on squares 0.1 - - 94
Imp. Sampling 0.1 1.0005 0.28 3.2
Walk on squares 0.2 - - 82
Imp. Sampling 0.1 0.9997 0.014 1.8
Walk on squares 0.5 - - 10
Imp. Sampling 0.5 0.9999 0.021 1.2
Walk on squares 1.0 - - 10
Imp. Sampling 1.0 0.9994 0.017 1
Walk on squares —+o0 - - 10
Imp. Sampling +o0 0.9998 0.015 0.98

TABLE 1. Speeding up the random walk on squares: experiments
with 1,000,000 samples are used.

with
1+ ] 1+ 23
( 9) Qb(l’l, ) 192 ) ¢( ax2) 19 )
1+ 22 1 4 22
(20) Yl 1) = ==, P(H], 1) = ——.

After setting v(z) = 3Au(z), (18) may be transformed into the system

sAv(z) =1 on D with u(z) = ¢(z) on 9D,
sAu(z) —v(z) =0 on D with u(z) = ¢(z) on 9D,
whose exact solution is

4 4
u(w) = L

By It6 formula, it is easy to show that

u(z) = Efpla + Bo)] ~ E[r9(c + Bon)] + SE[7")),
o(w) = Elo(c + Bys)] ~ B[],

where B is a 2-dimensional Brownian motion, and 77 is, as above, its first exit
time from D.

Here, in contrast with the values presented in [28], we only need to use one
square, since we are not forced to start from its center. We compare the results
given by our algorithm (first lines) with the one given by the random walk on
rectangles (second line). Each side is chosen uniformly with probability 1/4. The
time is drawn by using an exponential random variable of parameter 1/(1 — ex;)
if (i,e) is the exit side. The position is drawn uniformly on the exit side. This
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strategy corresponds in some sense to a “naive” and simple way to choose the exit
time and position.

As we evaluate quantities of the form E[f(75, B.s)], we report the quantities
fn * 20,/y/n, where p, is the empirical mean of f(75, B.s) with n samples,
and o, is the corresponding empirical standard deviation. The interval [u, —
20, /\/ N, fin + 20, /+/n] represents the 95.5 % confidence interval for E[f (77, B.s)].

The estimation @(z) and v(z) of u and v for three points are given in Table 2.

x n u(x) u(x) v(x) o(x) Time (s)
4 0.0047 £ 0.0037 0.1638 £ 0.0081 0.03
(0.3,0.5) 107 0.00588 0.0064 + 0.0039 0-17000 0.1684 £ 0.0081 3.8
o 10 B 0.0061 £ 0.0012 - 0.1669 £ 0.0026 0.23
0.0062 £ 0.0012 0.1679 £ 0.0026 38
B 106 B 0.0059 £ 0.0004 B 0.1698 £ 0.0008 2.2
0.0059 £ 0.0004 0.1696 &+ 0.0008 381
4 0.0480 £ 0.0017 0.5297 £ 0.0064 0.02
(0.7,0.8) 107 0.05414 0.0553 £ 0.0020 090 0 5707 + 0.0061 7
- 105 B 0.0526 £ 0.0005 B 0.5593 £ 0.0019 0.2
0.0543 +£ 0.0006 0.5652 £ 0.0019 73
B 106 B 0.0536 £ 0.0002 B 0.5654 £ 0.0006 2.5
0.0542 £ 0.0002 0.5650 & 0.0006 726
4 0.1103 £ 0.0009 0.8186 & 0.0034 0.01
(0.9,0.9) 107 0.10935 0.1109+0.0020 1990 08105+ 0.0038 11
o 105 o 0.1131 £ 0.0002 - 0.8390 +£ 0.0006 0.2
0.1095 £ 0.0003 0.8107 £0.0011 112
- 106 B 0.1087 £ 0.0001 - 0.8097 £ 0.0003 2
0.1093 +£ 0.0001 0.8100 £ 0.0003 1100

TABLE 2. Solution of the bi-harmonic equation: the first line of each
row contains the results for our algorithm, the second line contains
the results for the Random Walk on rectangles.

Although a small numerical bias seems to appear, our algorithm provides results

comparable with the random walk on rectangles method. The execution time is
much more smaller than the one given by this method (also the one given by the
random walk on squares, for which the simulation of one step takes less time, but
where more steps are needed).

5.3. Estimation of rare events: computing hitting probabilities. Let us
consider the following problem: what is the probability p(x) that starting from a
point z in a domain D a Brownian motion reaches a part S of the boundary 0D?
It is well known that p is solution of the Dirichlet problem

1 ifzels,

21
(21) 0 ifzedD\S.

%Ap(m) =0on D and p(x) = {
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We illustrate our method on the simple two dimensional domain D drawn in

Figure 2 and we compute the value of p at the five points marked respectively by
(a), (b), (c), (d) and (e) on Figure 2.

[ ](a) (b)e

2 ORI ER(E>
o o [T
S

FIGURE 2. A simple domain D.

To set up our algorithm, we use two rectangles as in Figure 3. The numbers
marked on each side are the probabilities to reach each one of these sides.

In order to obtain the simulated exit time we draw an exponential random
variable with parameter o where « is given by aw = 1/(y/L;/2). The L; notes the
length of the rectangle in the direction perpendicular to the boundary that the
particle hits.

1/10
1/4
1/10 a0 11/4
A i
7/10
1/10

F1GURE 3. Decomposition of D into rectangles.

We perform 100,000 samples, each computation takes around 1s on our computer
(a MacBook 127, 2GHz with a code written in C). The values for p are given in
Table 3. We perform a comparison with the value given by MATLAB/PDEtool,
where (21) is solved by using a finite element method, and with the method of
random walk on rectangles [8] which is exact (up to the Monte Carlo error), for
such a domain. In this case, with a sample of size n, the variance of the empirical
mean is p(x)(1 — p(x))/n.

We notice that the results given by our method are close to the one given by the
finite element method. As one can expect, the random walk on rectangles (and
any other methods that do not rely on importance sampling or variance reduction
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Point Import. Sampling Finite Element Walk on rect.

(a) 3.32-107° 3.39-107° 0.00

(b) 2.31-107° 2.23-107° 1.00- 1072
(c) 1.70 - 1074 1.77-1074 1.90-1074
(d) 4.43-1075 4.64-107° 3.00-107°
(e) 2.79 - 1073 2.81-1073 2.36 - 1073

TABLE 3. Computation of p(z) at given points of D.

techniques) is not efficient to estimate the values of p(z) when they are of the same
order as the standard deviation of the empirical mean.

In order to test the validity of our method for the simulation of rare events, we
use the domain D’ as in Figure 4.

«(c) o(e] 1S (width 0.1)

FIGURE 4. A simple domain D’

The numerical results are reported in Table 4. p, is the empirical mean with
n = 100,000 samples, and s5q(p,,) is the empirical standard deviation computed
over 50 realizations of p,. We obtain really good results even while computing
small probabilities of order of magnitude 10719,

Point D Ss0(pn)  Finite Element
(@ 1.00-100 23-10 7 115-10° 0
(b) 7.67-107° 1.6-107° 8131010
(c)
(d)
)

5.19-107% 1.0-107° 6.61-107°

1.31-107° 2.8-1071 1.73-107°

() 227-1077 4.9-10~%  2.29.1077
TABLE 4. Computation of p(x) at given points of D’

5.4. Simulation of SDEs: approximation close to the boundary. Let us
consider the two-dimensional SDE

¢ 1
Xi=z+ / o(Xs)dBs with o(z) = [(1) 2 sm(xll * $2)]
0
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which is driven by a two-dimensional Brownian motion B. The process X is killed
when it exits from the domain D which is represented in Figure 5.

1 unit
FIGURE 5. Domain D with the label of the sides and the starting point.

In order to simulate X, we use either an Euler scheme with a time step of 0.0025
or a (possibly modified) random walk on squares. The squares sides lengths are
smaller than 2L with L = 0.05 (note that the time step of the Euler scheme cor-
responds to 0.05%, which is close to the average exit time of the square [0.1,0.1]?).
As the diffusion moves in a bounded domain, we use to deal with the boundary
condition and apply the technique proposed in [7]: If the distance between the
position of the particle and the boundary is smaller than 2L, we choose the square
such that one of its sides is included in the boundary when it is possible to do so.

Unless the coefficients of the SDE are constant, one needs to simulate many
couples of exit times and positions from small squares, and the computational time
becomes very large and is not competitive with respect to the Euler scheme. In
addition, when the random walk on squares is coupled with importance sampling,
the weights are growing quickly (See Section 4.4).

When the Euler scheme is used, we simply stop the algorithm when the particle
leaves the domain D. This is a crude way to proceed, and some refinements can
be done (see [15] for example). Note that the exit time is then over-estimated.

The idea is to mix the two methods and to use the Euler scheme inside the
domain, and a random walk on squares when the particle is closed to the boundary.
We improve thus the simulation as in this case the behavior of the particle is taken
into account. In addition, it is possible by making a change of measure, to increase
or to decrease the probability that the particle hits the boundary.

Our aim is here to increase the number of particles which are not killed before
a given time T. When one side of the square is set on the boundary, we use a
probability p that the particle reaches the side of the square that is opposite to
the boundary, and ¢ = (1 — p)/3 for any other side. We have thus a “repulsing”
effect.
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We use P, ={p=0.7,¢g=0.1} and P, = {p = 0.91,¢ = 0.03}.

In order to avoid the explosion of the variance of the weight, we have used a
limitation N, for the number of times this procedure is used. The variance of
the weight for each time this procedure is used is 0.04 for the set P; and 0.34 for
the set P,.

All the simulations are done with 100, 000 particles. The results are summarized
in table 5. For T' = 1, the proportion of particles still alive is of order 0.19%
(using the Euler scheme without specific treatment on the boundary, we get an
estimation of 0.33%, yet for a quicker simulation of 7s). With a population Monte
Carlo method, we obtain an estimate of 0.17%, using the set P, and a running
time of 126s. We see that our scheme allows one to get much more alive particles.

APPENDIX A. APPENDIX : HOW TO GET DENSITIES FOR DIFFERENT
SITUATIONS?

We present in this section analytical expressions for the density in different cases.

Except for the case of a drifted Brownian motion with Dirichlet boundary con-
dition at one endpoint of [—1, 1] and a Neumann boundary condition at the other
endpoint of [—1, 1], we obtain two expressions, one which follows from the images
method and the other one from the spectral decomposition. From a numerical
point of view, the spectral decomposition gives rise to series that converge very
quickly for large times. It is worth using the expressions given by the method of
images for small times.

A.1. Brownian motion without drift. We are interested in this section in writ-
ing down some useful formulas for the calculations. Let us consider first the case
of the standard one dimensional Brownian motion starting from x € [—1, 1] which
is killed or reflected when hitting the boundaries —1 or 1. We shall write D for
Dirichlet condition on the boundary and N for Neumann condition, which of course
correspond to Kkilling and respectively reflection. Furthermore we shall note, for
example, ppn(t, 1, x5) the density of the Brownian motion on [—1, 1] killed when
hitting —1 and reflected on 1, more precisely the order in the indices indicates the
boundary condition in —1 and 1 respectively.

A.1.1. Reflected Brownian Motion on [—1,1]. Let pyn(t,x1,22) denote the prob-
ability density function of a Brownian motion at time ¢, starting from z; and
reflected at —1 and 1. By using the method of images we get the following for-
mula for the transition density:

1 _ (zq 712+4n)2 - (z14+zo+4n+2
pan(t, 21, 72) = E e 2 +e 2

V2mt

>2
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The spectral representation of this density writes:
nm nm
pan(t, x1,20) = = —i— Z St cos ( (x1 + 1)) COS <7(a:2 + 1)> )

These expressions may be found for example in [4].

A.1.2. Killed Brownian Motion on [—1,1]. Let ppp(t,x1,x2) denote the probabil-
ity density function of a Brownian motion at time ¢, starting from x; and killed
when it exits from the interval [—1, 1]. That is

pDD(thl; JZQ)CZZEQ = le [Bt - dl’g,t < TDD]

where 7pp = inf{t > 0; B; ¢ [—1,1]}. Then, by the images’ method we have:

[e.9]

1 _ (acl—x2+4n)2 _ (acl+902+4n+2)2
pop(t,r1,72) = E e 2t —e 2

\ 27t

For the law of the exit time we get:
1
V23

The spectral representation can be also written and yields:

. /nm
pop(t, T1,x2) Ze 5 'sin ( (x1 + 1)) sin <7(:v2 + 1)) )

n=—oo

© 2
(z14+2n+1)

Z (=D)"(z1+2n+1)e” 2 dt.

]P):m [TDD € dt] =

The law of the exit time is given by:

> n 2.2 1
P, [tpp € dt] = gZ(—l)"(Qn + 1)67(2 " cos ((n -+ 5) 7Tx1> dt.

n=0

These expressions may be found for example in [4] or in [28].

A.1.3. Mized boundary conditions for the Brownian Motion on [—1,1]. We give
here explicit solutions for the Brownian motion killed on —1 and reflected on 1.
Let ppn(t, 1, x2) denote the probability density function of a Brownian motion at
time t, starting from z; and killed when it hits —1 and reflected on 1. Then, by
the images’ method, one gets

1 _ () —zotdn)? _ (w1 +wo+ant2)?
pon(t, x1,72) = Nor= E (=1)" e 2t —e 2t
\ 4T

Let us denote also by 7py the killing time for the Brownian motion on [—1,1)
killed on —1 and reflected on 1. Hence,
1 (z1+4n+1)?

P, [rpy € dt] = Nor S (=D)Ma+dAnt e o dt.
T

n=—oo

[e.e]

n=—oo
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The spectral representation can be also written and yields:

e n 27T2 2 1 2 1
pon(t, 1, 22) = Z e~ 5%t sin (W(zl + 1)) sin (%(m + 1)) :

n=0

Then we get from the spectral representation the law of this exit time:

- ni)?e 2n + 1
P, [tpy € dt] = U Z(Qn + 1)6’(2 5t gin M(l‘l +1) ) dt.
8 £~ 4
The dual situation (reflection on —1 and absorption on 1) can be obtained easily
by the transformation

pnp(t, 21, 22) = ppN(t, —x1, 22).

These expressions may be found for example in [4].

A.2. Brownian motion with drift y. As in the previous part of the appendix
we consider here the case of the Brownian motion with drift on the interval [—1, 1]
which is killed or reflected on —1 and 1. If we note by p“#(t, z1, x5) the law of the
process with drift 4 and living on [—L, L] and p*(t, x1, z5) the corresponding law
on [—1,1] then, by the properties of the Brownian motion we have:

1 t 1
L(t g o) = —phl [ = 2L 22
p. (7 1, 2) Lp (L27L7L ;
where the dots in the indices can take the value D for a Dirichlet condition or N
for a Neumann condition, as previously noted.

A.2.1. Brownian motion with drift p reflected on [—1,1]. We keep the same nota-
tions as before. The use of images’ method gives the following representation of
the density:

2pe2Hr2 _ (1 —agtuttan)?

1 oo
1 _ 4
pNN(t, 131,1‘2) = 62“ — 6_2“ + \/2_7# Z e Fe 2t

n=—oo

1 > (@1 + t+4n+2)2
x xro— n
+ j : 6_2“x16_u(4n+2)6_%

V27t S

o0
e Z on(An+2) o1 fe <x1+x2+ut+4n+2> '

V2t

n=—oo

This formula can be obtained also from the results in D. Veestraeten [37].
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By the spectral method (see for example [24]), we have after some calculations:

o) nmwo¢

ez 2 e 8

p%N@? Ty, x2) = —’u + eﬂ(@*ﬂh)*Tt E —_—
62“ _ 6—2/,L 2 + nem
n=1 H 4

X [@ cos (%(‘Tl + 1)> +psin (%(m " 1)>]

X [— cos (7(332 + 1)) + psin (7(952 + 1))]

A.2.2. Brownian motion with drift i on [—1,1] killed at the boundary. We keep the
same notations as before. By using classical properties of the Brownian motion and
the results from Milstein and Tretyakov [28] we have the following transformation:

2
plro—x1)—F

t
Pop(t, v, 20) = e 2 ppp(t, z1, x2).

Then, by the images’ method,

p2e 1 > (1 —zg+4n)? (z1+@o+4n+2)?
p%D(t’ T, xZ) = ela2—a1)="5 E e~ 2¢ — e~ 2t .

\ 27t

n=—0o0

We write down both distribution and density for the exit time. The distribution
writes:

1 & o o
]P>331 [TSD < t] =1~ 5 Z €4Hn |:eI'fC <%§11) — erfc (%ﬁ“)}

1 (o @]
—(2ux1+p(4n+2 1 —ptt4n+1 z1—pt+4n+3
—|—§Ze(”1“( »[erfe(l ot )—erfc(—l NeT ﬂ,
while for the density we obtain:
P, [rh, € df] e i { (g 4 dn + 1)~ TS
=1 |Tpp € Jon e (x4 4n e % —
2mt3

x n—1)>2
—et(xg +4n — 1)6*( o ] .

The spectral representation can be also written and yields:

2 > n271'2
Php(t, x1,x0) = e“(”_“)_%Ze_Tt sin (% (21 4 1)) sin (& (22 + 1)) .

n=1
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The distribution of the exit time is given by:
Pm [TgD < t]

o0
2 27\,2 X
=1- e‘“ml—“TtZ(e_“ — (—1)"6“)#6 5 tsin (Y (2 + 1))
n=1 o
2 2_2
=1 — e (e — e”)Z(—l)"me’%t sin(nmrzy)
n=1
u?t - 2(2n+1)w 7(2”+1)2”2t (2n+1)m
—ei'uxliT(€_‘u + e‘u)Z(—l)nW@i 8 COS (T[E1>
n=0
and
p2t > 22
Py, [thp € dt] = e #1775y 2E(emi — (—1)"eM)e” s 'sin (L (zq + 1)) dt.
n=1

In a more detailed expression we can write this on the form:

u2t ° 22
Pou[rhp € di] = e 0=F (e — )y (~1)" e T  sin(nray)
n=1
2t > n 27r2
R RO W e N A R
n=0

These expressions may be found for example in [4] or in [28].

A.2.3. Mized boundary condition for the Brownian Motion on [—1,1] with drift u.
The aim is to express some explicit solutions for the Brownian motion killed on —1
and reflected on 1. We are solving now the following eigenvalue problem:

%@”(wl) + pp' (z1) = Ap(21),
p(—1) =0,
¢'(1) = 0.

We can remark first that if ¢, is an eigenfunction for the eigenvalue A for the
preceding PDE then ) is negative.

We associate to this problem the corresponding second degree equation and
note A = p? + 2\. After a detailed calculus with respect to the sign of A we
can express the countable set of eigenfunctions and eigenvalues with respect to
the possible values of pu. There are three different situations, expressed in the
Table 6 (see the book [33] for example). The density ppn(t, 21, x2) is obtained by
using the spectral expansion ppy(t, 21, %2) = Y ;=0 €XP Axton, (€1)9x, (22), Where

- < Ay < A1 < Ag. The density gpn(t, z1) of the exit time is also expressed by

le [TDN < dt /dt Z)\ke’\’“tqb)\k 1 / ¢)\k .TQ dllﬁg

k>0
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Lo | A | P |

1 2 5 R e L2 e—HT1 . 2
p<jy| A<=l tan(2y/—p? = 2X) = Y— T sin(y/—p? — 2X\(z; + 1))
%w‘ﬁ v
H -1 Be 3 (1 +1)
H=73 .
1 1 _ 1 e 7 : /1
A< —3, tan Aw (14 wyvv =24/(5+2)) )\mAmEAw/wTw\/v' sin A 7201+ &Lv
v |t|m 2 — /\a e HT1 . 2
A > =5 tanh(24/p +20) = Y—— ,\msm%@ e sinh(y/p? + 2A(z1 + 1))
o
p> 3
A< I:%, tan(2y/—p? — 2X) = ¥ s ke sin(y/—p? — 2\ (1 + 1))
p /\wﬁsmw@,\mjvv
m

TABLE 6. Eigenvalues and eigenfunctions for the Dirichlet/Neumann problem with a constant trans-
port term p.
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