
HAL Id: inria-00125063
https://inria.hal.science/inria-00125063v1
Submitted on 17 Jan 2007 (v1), last revised 7 Jun 2007 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Online Generation of Cyclic Trajectories Synchronized
with Sensor Input

Rodolphe Héliot, Bernard Espiau

To cite this version:
Rodolphe Héliot, Bernard Espiau. Online Generation of Cyclic Trajectories Synchronized with Sensor
Input. [Research Report] 2006, pp.28. �inria-00125063v1�

https://inria.hal.science/inria-00125063v1
https://hal.archives-ouvertes.fr


appor t  


de  r ech er ch e 

IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
??

??
--

F
R

+
E

N
G

Thèmes NUM et BIO

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Online Generation of Cyclic Trajectories
Synchronized with Sensor Input

Rodolphe Héliot — Bernard Espiau

N° ????

Novembre 2006





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

������ ��������	� 	
 ���� ���� ��	���� �����	�����
� ��� ����	� �����

��������  !�"�#
∗† $ %�&'(&� )*�"(+ †

,-./01 234 05 678 9 :;15./01 <=/>?@A=01 05 :;15./ 01 B@CDCE@A=01
F?CG 051 6 @HCH 05 I0/ J?

KJHHC?5 L0 ?0M-0?M-0 < N OOOO 9 2CP0/B?0 QRRS 9 QT HJE01

UVWXYZ[X \ 7< 5-@1 HJH0? ] ^0 JL?011 5-0 @11=0 C_ C<D@<0 5?JG 0M5C?; E0<0?J5@C< ] _?J/0 @< ^-@M-
^0 _C M=1 C< 5-0 _CDDC^ @<E H?CBD0/ ` -C^ 5C 1;<M-?C<@a0 5-0 E0<0?J50L 5?JG 0M5C?; ^ @5- J
E@P0< M;MD@M 10<1C? /0J1=?0/ 0<5O b0 /CL0D C=? / 0J1=?0/ 0<5 ^ @5- J <C<D@<0J? C1M@DDJ5C? ]
J<L B=@DL J< CB10?P0? C_ @5 c 5-0?0_C?0 ] 5-0 1;150/ @1 JLJH50L 5C @51 1H 0M@dM @<H=5 e ,-0< ] ^0
MJ< 015@/ J50 5-0 C1M@DDJ5C? H-J10 ] J<L _?C/ @5 E0<0?J50 J /=D5@L@/ 0<1@C<JD 5?JG 0M5C?; J5 DC^
MC/H=5J5@C<JD MC15 e b0 d<JDD; 0PJD=J50 5-0 / 05-CL J<L J11011 @51 ?CB=15<011 5C 0??C? @<
HJ?J/ 050? 015@/ J5@C< ] J<L 5C @<H=5 M-J<E01 e
f ghijkYlW \ 8<D@<0 5?JG 0M5C?; E0<0?J5@C< m 81M@DDJ5C? m :;<M-?C<@aJ5@C< m 8B10?P0? m
:0<1C?

∗ nopqros t u vw xyz {z| } ~x��x| u ����� �xz����z q �x~��z �
† t��tp ����z p �� z| u ��� ~� � {z � �zyx��z u ����� �~��� t|� �zx q �x~��z �



��������	� �� ����� �� ���� ��	��� �����	����� � ���
������ ������

��W��� \ 8< 1  @<5>?0110 ¡ DJ A=015@C< 1=@PJ<50 ` MC//0<5 1;<M-?C<@10? 0< D@E<0 =<0
MC//J<L0 M;MD@A=0 JP0M =< 1@E<JD MJH50=? D=@ J=11@ M;MD@A=0 O 2C=1 /CL>D@1C<1 <C5?0 / 0m
1=?0 ¡ D  J@L0 L  =< C1M@DDJ50=? <C<mD@<0J@?0 ] 05 0< MC<15?= @1C<1 =< CB10?PJ50=? e ¢<1=@50 ] C<
P@0<5 £d D5?0? £ D01 / 01=?01 MJH50=? ¡ D  J@L0 L0 D  CB 10?PJ50=? e ¤0 L0?<@0? >5J<5 >EJD0/ 0<5 =<
C1M@DDJ50=? ] @D 015 HC11@BD0 L  015@/ 0? 1J H-J10 ] 05 L0 E><>?0? =<0 MC//J<L0 HJ?J/ .5?>0 50/ m
HC?0DD0/ 0<5 HJ? M0550 H-J10 e 2C=1 >PJD=C<1 DJ / >5-CL0 05 MJ?JM5>?@1C<1 1J ?CB=150110 J=¥
0??0=?1 L  015@/ J5@C< L01 HJ?J/ .5?01 ] J@<1@ A=  J=¥ M-J<E0/ 0<51 L0 ?;5-/ 0 L= 1@E<JD L  0<5?>0 e
¦ @<JDD0/ 0<5 ] =<0 JHHD@MJ5@C< L0 M0550 />5-CL0 ¡ DJ ?>-JB@D@5J5@C< _C<M5@C<<0DD0 L01 HJ5@0<51
->/ @HD>E@A=01 015 H?>10<5>0 e
§ kXWi[¨�W \ ©><>?J5@C< L0 5?JG 0M5C@?0 0< D@E<0 m 81M@DDJ50=? m :;<M-?C<@1J5@C< m 8B10?PJ50=?
m ¤JH50=?



ª«¬«® ¯®«®°±²³« ³´ µ¶·¬· ¸°±¹ ®·²³°®º »¶«·¼ °³«½ ®¾ ¿ ²¼ »®«º³° À«Á Â² Ã

Ä ����	����	�

,-0 H?CBD0/ C_ 5?JG 0M5C?; E0<0?J5@C< @1 BJ1@M J1 ^0DD J1 MDJ11@MJD @< ?CBC5@M1 e Å D5-C=E- 5-0?0
0¥@151 <C^ 0Æ M0<5 @<L=15?@JD 1CD=5@C<1 5C E0<0?J50 MC/HD0¥ 5?JG 0M5C?@01 _C? / J<@H= DJ5C? ?Cm
BC51 ] JDDC^ @<E _C? 0¥J/HD0 5C JPC@L CB15JMD01 ] C? 5C CH5@/ @a0 0<0?E; MC<1=/H5@C< C? M;MD0
5@/ 0 ] 5-0 H?CB D0/ @1 15@DD J ?010J?M- C<0 _C? 1C/ 0 MDJ1101 C_ / CB@D0 ?CBC51 e 7< _JM5 ] 5-0
?0JD@1JB@D@5; C_ H?0MC/H=50L 5?JG 0M5C?@01 / J; B0MC/ 0 A=015@C<JBD0 ^-0< @5 @1 <00L0L 5C MCH 0
^ @5- MC<5?CD ?0A=@?0/ 0<51 C? 5C JLJH5 @< ?0JD 5@/ 0 5C =<0¥H0M50L M-J<E01 e 2C<m-CDC<C/; C_
^-00D0L ?CBC51 ] J<L L;<J/ @MJD ^JDÇ@<E 15JB@D@5; C_ D0EE0L ?CBC51 J?0 5^C 0¥J/HD01 C_ 1=M-
L@Æ M=D5@01 e

7< 5-0 MJ10 C_ B @H 0LJD 1;150/ 1 ] JLL?0110L @< 5-@1 HJH0? ] 5?JG 0M5C?; E0<0?J5@C< /J; B0
1HD@550L @< 5^C HJ?51 ` Èm HJ5- HDJ<<@<E C_ 5-0 ^-CD0 1;150/ ` 5-@1 H?CBD0/ @1 MDC10 5C 5-0
C<0 C_ / CB@D0 ?CBC51 ] 0¥M0H5 ^-0< J< JMM=?J50 L050?/ @<J5@C< C_ _C C5H?@<51 @1 ?0A=@?0L c Qm
MC/H=5J5@C< C_ D0E 5?JG 0M5C?@01 H?010?P@<E 1C/ 0 @<PJ?@J<51 @< 5-0 HC15=?0 J<L 0<1=?@<E J
M0?5J@< _C?/ C_ 15JB @D@5;e ¦C M=1@<E C< 5- @1 10MC<L @11=0 ] @5 MJ< B0 100< 5-J5 10P0?JD MDJ1101
C_ / 05-CL1 MJ< B0 _C=<L @< 5-0 D@50?J5=?0 ÉJ< CP0?P@0^ C_ B @H 0LJD 5?JG 0M5C?; E0<0?J5@C<
50M-<@A=01 @1 H?010<50L @< ÊÅÅ¢ÅRËÌÍ ] J/C<E 5-0/ ` MC/H=5J5@C< C_ CH5@/ JD 5?JG 0M5C?@01 @<
PJ?@C=1 1HJM01 ] L0?@PJ5@C< C_ @<5?@<1@M 5?JG 0M5C?@01 @< HJ11@P0 ^JDÇ@<E ] C? = 10 C_ / CL0D H?0m
L@M5@P0 MC<5?CD e e e 4 C?0 H?0M@10D;] ^-0< H0?@CL@M /C5@C<1 J?0 MC<1@L0?0L ] J _?0A=0<5D; =10L
JHH?CJM- MC<1@151 @< / @/ @MÇ@<E D@P @<E B0@<E  1 ¤F©1 É¤0<5?JD FJ550?< ©0<0?J5C?Í ] =<L0? 5-0
_C?/ ] 0@5-0? C_ Å221 ] C? C_ <C<D@<0J? C1M@DDJ5C?1 e 8?@E@<JDD; L01@E<0L _C? P0?; 15JBD0 1;150/ 1 ]
D@Ç0 Sm C? /C?0 D0EE0L 1;150/ 1 ] 1<JÇ0 C? d1- ?CBC51 ] 05M e e e É100 _C? 0¥J/HD0 Ê7G 1R ÈÌÍ ] 5-@1 JHm
H?CJM- -J1 /C?0 ?J?0D; B 00< =10L _C? B@H 0L ?CBC51 Ê¢42¤RQÌ e ÎC^0P0? ] 5C C=? Ç<C^ D0LE0 ]
5-0 H?CBD0/ C_ =1@<E 5-@1 MDJ11 C_ / 05-CL ] @< MC<G =<M5@C< ^ @5- 10<1C?; @<H=51 L0D@P0?0L @<
?0JDm5@/ 0 ] -J1 <C5 ;05 B 0 JLL?0110L e ,-@1 @1 H?0M@10D; 5-0 ECJD C_ 5-@1 HJH0? e 7<L00L ] ^0
MC<1@L0? 5-0 MJ10 ^-0?0 ^0 ^J<5 5C E0<0?J50 5-0 M;MD@M 5?JG 0M5C?@01 C_ 10D0M50L D@<Ç1 ^-@M-
-JP0 5C B 0 1;<M-?C<C=1 ^ @5- 5-0 C=5H=5 C_ J 10<1C? /C=<50L C< J<C5-0? D@<Ç e ,-@1 @1 J
Ç@<L C_ 50D0CH 0?J5@C< ] ^-@M- MJ< B0 ] _C? 0¥J/HD0 ] P0?; =10_=D @< 5-0 MJ10 C_ MC<5?CDD@<E J D0_
H?C15-01@1 C? ?0/C50D; CH 0?J5@<E J ^JDÇ@<E ?CBC5 e

7< 5-@1 HJH0? ^0 ^ @DD _C M=1 C< 5-0 MJ10 C_ B@H 0LJD 1;150/ 1 J<L ] 5-0?0_C?0 ] MC<1@L0? 5-0
_C DDC^ @<E 1@5=J5@C< ` J 10<1C? ] @<15JDD0L C< 5-0 5- @E- C_ J -=/ J< ] H?CP@L01 J5 0JM- 5@/ 0 ^ @5-
J< @<_C?/ J5@C< ?0DJ50L 5C 5-0 JB1CD=50 J<E=DJ? HC1@5@C< C_ 5-0 D@<Ç c 5-0 A=015@C< ^-@M- J?@101
@1 5-0< ` -C^ 5C =10 5-@1 1@<ED0 @<_C?/ J5@C< 5C E0<0?J50 5-0 _=DD 5?JG 0M5C?@01 C_ J<C5-0? 1;150/
ÉJ ?CBC5 C? 5-0 C5-0? D0E ] _C? 0¥J/HD0Í ] @< J H 0?_0M5D; 1;<M-?C<C=1 ^J;O b0 ^ @DD 100 DJ50?
5-J5 5-0 H?CBD0/ @1 JLL?0110L B; L01@E<@<E J 1H 0M@dM MC<G =<M5@C< C_ J <C<D@<0J? C1M@DDJ5C?
J<L C_ 5-0 ?0DJ50L CB10?P0? e ,-0 HJH0? @1 C?EJ<@a0L J1 _C DDC^ 1 ` J_50? -JP@<E ?0MJDD0L 1C/ 0
BJ1@M _JM51 C< <C<D@<0J? C1M@DDJ5C?1 ?0A= @?0L @< 5-0 _C DDC^ @<E ] ^0 ^ @DD L @1M=11 5-0 M-C@M0 C_ 5-0
C1M@DDJ5C? ] J<L L0?@P0 5-0 J11C M@J50L <C<D@<0J? CB10?P0? e ,-0< ] ^0 ^ @DD J<JD;a0 5-0 H?CH 0?5@01
C_ 5-0 L01@E<0L 1;150/ ] J<L E@P0 1C/ 0 1@/=DJ5@C< J<L 0¥H0?@/ 0<5JD ?01=D51 e ¦ @<JDD;] ^0 ^ @DD
L?J^ 1C/0 HDJ<1 _C? 5-0 <0J? _=5=?0 e

�� �Ï � vÐ����w�Ñ



Ë Ò Ó¬³² Ô Õ ºÁ ±Â

Ö ×��Ø��	�Ù

Ú ÛÜ ÝÞßàááâãäåÞ æ Þäçè éèêëàãàäëÞ
7< 5-@1 10M5@C< ] ^0 ?0MJDD 1C/0 BJ1@M _JM51 MC<M0?<@<E H0?@CL@M 1CD=5@C<1 C_ C?L@<J?; L@ì0?0<m
5@JD 0A=J5@C<1 É8I¢Íe Å DD 5-@1 10M5@C< @1 DJ?E0D; @<1H@?0L _?C/ 5-0 BCCÇ C_ F @ÇC^ 1Ç; 05 JD e
ÊFKíR ÈÌ ` î »¶«·¼°³«½ ±²³«ï ± Â«ð®°º±¬ ·³«·®Á ² « «³« ¬«®±° º·®«·®ºñ ] HJ?5 ò eÈ` H-J10 L;m
<J/ @M1 e ,-0 MC<M0H51 C_ H-J10 J<L @1C M-?C<01 J?0 L0d<0L ] J<L ^ @DD B 0 =10L @< 5-0 _CDDC^ @<E e

ó05  1 MC<1@L0? J 1;150/ C_ J=5C<C/C=1 C?L@<J?; L@ì0?0<5@JD 0A=J5@C<1 `
dô
dt

= f (ô) , ô ∈ <n ÉÈÍ
J<L 1=HHC10 5-J5 5-@1 1;150/ -J1 J 15JB D0 H 0?@CL@M É^ @5- J H0?@CL

T0

Í 1CD=5@C< ô0(t) =
ô0(t + T0)

e 7< 5-0 H-J10 1HJM0 É1HJM0 @< ^-@M- JDD H C11@B D0 15J501 J?0 ?0H?010<50L Í 5-@1
1CD=5@C< @1 J< @1CDJ50L MDC10L J55?JM5@P0 5?JG 0M5C?;] MJDD0L 5-0 D@/ @5 M;MD0 C_ 0A e ÉÈÍ É¦ @E e ÈÍ e
Å MDJ11@MJD 0¥J/HD0 C_ J 10D_mC1M@DDJ5@<E 1;150/ @1 5-0 PJ< L0? FCD 0A=J5@C< `
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0x = 0

ÉQÍ
^ @5-

µ > 0
J<L

ω0 > 0
e

−3 −2 −1 0 1 2 3
−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

mu = 0.3  ;  omega = 1 

position

ve
lo

ci
ty

¦@E=?0 È` ó @/ @5 M;MD0 C_ 5-0 PJ< L0? FCD C1M@DDJ5C? e Î0?0
µ = 0.3

J<L
ω0 = 1

e
ó05  1 @<5?CL=M0 5-0 H-J10

ϕ
J1 J MCC?L@<J50 JDC<E 5-0 D@/ @5 M;MD0 ] 1=M- 5-J5 @5 E?C^ 1

=<@_C?/ D; @< 5-0 L@?0M5@C< C_ 5-0 /C5@C< J<L EJ@<1
2π

L=?@<E 0JM- ?C5J5@C< ] 5-=1 CB0;@<E
5-0 0A=J5@C< `

dϕ

dt
= ω0

ÉÃÍ

t��tp



ª«¬«® ¯®«®°±²³« ³´ µ¶·¬· ¸°±¹ ®·²³°®º »¶«·¼ °³«½ ®¾ ¿ ²¼ »®«º³° À«Á Â² T

^-0?0
ω0 = 2π/T0

@1 5-0 _?0A=0<M; C_ 5-0 10D_m1=15J@<0L C1M@DDJ5@C< 1 e

¦?C/ 0A e Ã _C DDC^ 1 J< @/HC?5J<5 H?CH 0?5; C_ 5-0 H-J10 ` @5 @1 J <0=5?JDD; 15JBD0 PJ?@JBD0 ] @<
5-0 10<10 5-J5 J H 0?5=?BJ5@C< @< 5-0 H-J10 ?0/ J@<1 MC<15J<5 ` @5 <0P0? E?C^ 1 C? L0MJ;1 @< 5@/ 0 e

¤C<1@L0? <C^ 5-0 0ì0M5 C_ J 1/ JDD 0¥50?<JD H 0?@CL@M @<H=5 C< 5-0 10D_m1=15J@<0L C1M@DDJm
5@C<1 ] L01M?@B0L B; `

dô
dt

= f (ô) + εõ(ô , t) ÉËÍ
^-0?0 5-0 @<H=5

εõ(ô , t) = εõ(ô, t + T )
-J1 J H 0?@C L

T
] ^-@M- @1 @< E0<0?JD L@ì0?0<5 _?C/

T0

e ,-0 @<H=5 @1 H?CHC?5@C<JD 5C J 1/ JDD HJ?J/ 050?
ε
] J<L B0DC^ ^0 MC<1@L0? C< D; d?15mC?L0?

0ì0M51 @<
ε
e ,-0 0¥50?<JD H 0?5=?BJ5@C< L?@P01 5-0 5?JG 0M5C?; J^J; _?C/ 5-0 D@/ @5 M;MD0 ] B=5

B 0MJ=10 @5 @1 1/ JDD J<L 5-0 M;MD0 @1 15JBD0 ] 5-0 5?JG 0M5C?; C< D; 1D@E-5D; L0P@J501 _?C/ 5-0
C?@E@<JD C<0 ô0(t)

e ,-=1 H 0?5=?BJ5@C<1 @< 5-0 L@?0M5@C<1 5?J<1P0?10 5C 5-0 D@/ @5 M;MD0 J?0
1/ JDD c MC<5?J?; 5C 5-@1 ] 5-0 H-J10 H 0?5=?BJ5@C<1 MJ< B0 DJ?E0 e

Å <00L @1 5-0< 5C L0d<0 5-0 H-J10 PJ?@JBD0 @< 1=M- J ^J; 5-J5 @5 ?C5J501 =<@_C?/ D;
JMMC?L@<E 5C 0A e Ã <C5 C<D; C< 5-0 M;MD0 ] B=5 @< @51 <0@E-BC=?-CCL J1 ^0DD e ,C 5-@1 0<L ]
^0 L0d<0 5-0 1CmMJDD0L º³·¼°³«®º @< 5-0 P@M@< @5; C_ 5-0 D@/ @5 M;MD0 Ê©ÎöRÌ e 8B10?P@<E 5-0
L;<J/ @MJD 1;150/ 15?CBC1MCH@MJDD;] ^ @5- 5-0 5@/ 0 @<50?PJD B 0@<E 0¥JM5D; 5-0 H 0?@CL C_ 5-0
D@/ @5 M;MD0

T0

] ^0 E05 J / JHH@<E `

ô(t) → ô(t + T0) ≡ Φ(ô)
,-@1 MC<15?=M5@C< @1 @DD=15?J50L B; 5-0 dE=?0 Q e ó05 =1 M-CC10 J HC@<5 ÷

∗
C< 5-0 M;MD0

J<L MC<1@L0? JDD 5-0 HC@<51 @< 5-0 P@M@<@5; 5-J5 J?0 J55?JM50L 5C ÷
∗
=<L0? 5-0 JM5@C< C_

Φ
e

,-0; _C?/ J
(M−1)

mL@/ 0<1@C<JD -;H0?1=?_JM0
I
MJDD0L J< @1C M-?C<0 ] M?C11@<E 5-0 D@/ @5 M;MD0

J5 ô∗ e Å< @1C M-?C<0 MJ< B0 L?J^< J5 0JM- HC@<5 C_ 5-0 D@/ @5 M;MD0 ] 5-=1 ^0 MJ< HJ?J/ 05?@a05-0 -;H0?1=?_JM0 JMMC?L@<E 5C 5-0 H-J10 J1
I(φ)

É100 ¦@E e QÍ e b0 <C^ 0¥50<L 5-0 L0d<@5@C<
C_ 5-0 H-J10 5C 5-0 P@M@<@5; C_ 5-0 D@/ @5 M;MD0 ] L0/ J<L@<E 5-J5 5-0 H-J10 @1 MC<15J<5 C< 0JM-
@1C M-?C<0 e 7< 5-@1 ^J;] H-J10 MJ< B0 L0d<0L @< 5-0 <0@E-BC=?-CCL C_ 5-0 D@/ @5 M;MD0 e

Ú ÛÚ øùú ûäå ãåâü èßãäåý þèëèåâãàäë
K0M0<5D;] 5-0 MC<M0H5 C_ ¤0<5?JD FJ550?< ©0<0?J5C? É¤F©Í -J10 B00< =10L @< ?CBC5@M1 _C?
C<D@<0 5?JG 0M5C?; E0<0?J5@C< Êb @Döÿ ] KÅRS ] ,JERR ] ¢42¤RQÌ e ,-0 ¤F© MC<M0H51 MC/ 01
_?C/ B@CDCE; Ê©?@ÿT ] ¤K©ÿÿÌ ` @5 @1 J 1/JDD <0=?JD <05^C?Ç ] DC MJ50L J5 5-0 1H@<JD D0P0D ] JBD0
5C E0<0?J50 ?-;5-/ @M MC//J<L1 _C? 5-0 /=1MD01 e 75 MJ< B0 L@P@L0L @<5C 5^C HJ?51 ` J ?-;5-/
E0<0?J5C? ] J<L J< HJ550?<@<E / 0M-J<@1/ ÊFF:öÿÌ e ¤F©1 ?0M0@P0 @<H=51 _?C/ -@E-0? HJ?51 C_
5-0 M0<5?JD <0?PC=1 1;150/ ] J<L JD1C _?C/ H0?@H-0?JD Jì0?0<51 c 5-=1 ] @51 _=<M5@C<@<E ?01=D51
_?C/ J< @<50?JM5@C< B05^00< M0<5?JD MC//J<L1 J<L DC MJD ?0�0¥01 É100 dE ÃÍ e

�� �Ï � vÐ����w�Ñ



S Ò Ó¬³² Ô Õ ºÁ ±Â

¦@E=?0 Q ` 71C M-?C<01 @< 5-0 P@M@<@5; C_ 5-0 D@/ @5 M;MD0

¦@E=?0 Ã ` ¤F© J?M-@50M5=?0 _C? /CP0/ 0<5 MC<5?CD @< P0?50B?J501

,-0 ¤F© MJ< B0 /CL0D0L 0@5-0? ^ @5- J 1@/=DJ50L <0=?JD <05^C?Ç É_C? 0¥J/HD0 =1@<E 5-0
¦@5a-=E-m2JE=/C /CL0D Ê4 J5ÿTÌÍ C? J <C<mD@<0J? C1M@DDJ5C? e 7< BC5- MJ101 ] 5-0 @L0J @1 5C
0<MCL0 5-0 L01@?0L 5?JG 0M5C?; @< J 15JBD0 D@/ @5 M;MD0 e

7< ?CBC5@M1 ] J ¤F©mBJ101 MC//J<L 15?=M5=?0 -J1 10P0?JD JLPJ<5JE01 _C? 5-0 L01@E< C_
M;MD@M 5?JG 0M5C?@01 ` 5-0 1;150/ @1 15JBD0 JEJ@<15 1/ JDD H 0?5=?BJ5@C<1 ] 5-J<Ç1 5C 5-0 @<5?@<1@M

t��tp



ª«¬«® ¯®«®°±²³« ³´ µ¶·¬· ¸°±¹ ®·²³°®º »¶«·¼ °³«½ ®¾ ¿ ²¼ »®«º³° À«Á Â² ò

15JB@D@5; C_ 5-0 D@/ @5 M;MD0 c C<0 MJ< 0J1@D; /CL=DJ50 5-0 J/HD@5=L0 C? 5-0 H 0?@CL C_ 5-0 5?JG 0Mm
5C?; c @5 @1 ^0DD 1=@50L _C? _00LBJMÇ @<50E?J5@C< ÊI���RSÌ e ¦ @<JDD;] J /=D5@L@/ 0<1@C<JD C=5H=5
MJ< B0 E0<0?J50L _C? 5-0 1J/ 0 DC^ MC/H=5J5@C<JD H?@M0 ] ^-@M- @1 -0DH_= D ^-0< L0JD@<E ^ @5-
?CBC51 ^ @5- <=/0?C=1 I0E?001 8_ ¦?00LC/ ÉI8¦1Í ] -JP@<E 5C 0¥-@B@5 /=D5@HD0 1;<M-?C<@a0L
H0?CL@M /C5@C<1 ] D@Ç0 ^JDÇ@<E / JM-@<01 e ,-0 ¦@E e Ë MC<5?CD 1M-0/ 0 E@P01 J< 0¥J/HD0 C_ J
/=D5@mI8¦1 MC//J<L 15?=M5=?0 e

¦ @E=?0 Ë ` ,-@1 1M-0/ J5@M1 E@P01 J< 0¥J/HD0 C_ J G C @<51 MC//J<L 15?=M5=?0 e ¦C=? MC=HD0L
C1M@DDJ5C?1 ÉC1M È ee C1M Ë Í H?CL=M0 ?-;5-/ _C? 5-0 C=5H=5 /0M-J<@1/ 1 C_ 5-0 _C=? G C@<51 � È
ee �Ë

7< 5- @1 HJH0? ] ^0 ^ @DD _C M=1 C< 5-0 @<H=5 @<50E?J5@C< H?CBD0/ @< 5-0 ¤F© MC<M0H5 ` î ÎC^
MJ< ^0 B=@DL J ?-;5-/ E0<0?J5C? ÉC1M@DDJ5C?Í 1=M- J1 ^0 MJ< B0 ºÂ°® 5-J5 @5 ^ @DD 1;<M-?C<@a0
^ @5- J E@P0< @<H=5 Oñ

Ú Û� �ýëß�åäëà�âãàäë âëé ä�Þèå�âãàäë
,-0 1;<M-?C<@aJ5@C< H?CBD0/ -J1 B00< C_ E?0J5 @<50?015 ?0M0<5D; Ê¤FöÈ] FKíR ÈÌ J<L J D@<Ç
-J1 B 00< / JL0 B05^00< 1;<M-?C< @aJ5@C< J<L CB10?PJ5@C< 5-0C?@01 ] / C15D; B; 2@G/0@G 0? J<L
-@1 E?C=H Ê24öò ] 6¦2FöòÌ e ,-0 CB10?P0? 5-0C?;] MC/ @<E _?C/ 5-0 MC<5?CD 5-0C?;] -J1 B 00<
@<5?CL=M0L @< 5-0 0J?D; 10P0<5@01 B; ó=0<B0?E0? Êó=0òÈÌ @< 5-0 D@<0J? MJ10 c @< 5-0 <C<mD@<0J?
MJ10 ] 1C/0 HJ?5@JD ?01=D51 0¥@15 Ê71@öTÌ e
,-0 @L0J C_ CB10?PJ5@C< @1 5C 015@/ J50 5-0 15J50 PJ?@JBD01 C_ J 1;150/ ] C<D; E@P0< 5-0 @<H=51
J<L 5-0 C=5H=51 C_ 5-0 1;150/ e ó05  1 MC<1@L0? 5-0 1;150/

Σ :

{

ẋ = f(x) + g(u)
y = h (x)
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{

˙̂x = f(x̂) + g(u) + K (ŷ − y)
ŷ = h (x̂)
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ẋ = Ax + f(y, t) + Bu
y = Cx
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{

˙̂x = Ax̂ + f(y, t) + Bu + K (ŷ − y)
ŷ = Cx̂

ÉÿÍ
J<L 5-0 0??C? L;<J/ @M1 MJ< B0 D@<0J?@a0L `

with

e = x̂ − x,

ė = ˙̂x − ẋ
= Ax̂ + f(y, t) + Bu + K(ŷ − y) − Ax − f(y, t) − Bu
= (A + KC)e

ÉöÍ

t��tp



ª«¬«® ¯®«®°±²³« ³´ µ¶·¬· ¸°±¹ ®·²³°®º »¶«·¼ °³«½ ®¾ ¿ ²¼ »®«º³° À«Á Â² ö

Ú Û� �ýëã�èÞàÞ æ ä�å â��åäâß�
8=? J@/ @1 5C B=@DL J< C1M@DDJ5C? ^-@M- ^ @DD 1;<M-?C< @a0 ^ @5- J E@P0< M;MD@M 10<1C?; @<H=5 e
7_ ^0 ^J<5 5C =10 5-0 CB10?P0? 5-0C?;] ^0 <00L 5C -JP0 J /CL0D C_ 5-0 1;150/ e ÎC^0P0? ]
1C/ 05@/ 01 ] 5-0?0 @1 <C /CL0D JPJ@DJBD0 e ,-@1 D0JL1 =1 5C H?CHC10 5-0 _CDDC^ @<E / 05-CL ] @<5C
5^C HJ?51 É¦ @E e SÍ `
Èe B= @DL J 1;150/ J1 J H-0<C/ 0<CDCE@MJD /CL0D ] ^-@M- 1@/=DJ501 5-0 10<1C? / 0J1=?0/ 0<51
Q e B= @DL J< CB10?P0? C_ 5-@1 1;150/ ] @< ^-@M- J?0 @<G 0M50L 5-0 ?0JD 10<1C? / 0J1=?0/0<51

¦@E=?0 S ` :M-0/ J5@M1 C_ 5-0 / 05-CL

,C 1@/=DJ50 J M;MD@MJD 10<1C? / 0J1=?0/ 0<5 ] C<0 MC=DL M-CC10 J D@<0J? 1;150/ J1 /CL0D ]
J<L H?CP@L0 @5 ^ @5- J M;MD@MJD @<H=5

u
É_C? 0¥J/HD0 ] J 1@<=1C@LJD @<H=5Í c @< 5-J5 MJ10 5-0 D@<0J?

1;150/ @1 1-JH@<E 5-0 @<H=5 1C J1 @51 C=5H=5 1@/=DJ501 5-0 E@P0< / 0J1=?0/0<5 e Å H?CB D0/
J?@101 5-0< ` 5-0?0 @1 J <00L _C? H?CP@L@<E ^ @5- J M;MD@MJD @<H=5 ^-@M- -J1 5C B 0 1;<M-?C<C=1
^ @5- 5-0 /0J1=?0/ 0<5 e ,-@1 H?CBD0/ -J1 B 00< 0¥HDC?0L ÊK67RTÌ ] B=5 5-0 H?CHC10L 1CD=5@C<1
JLJH5 5C _?0A=0<M; M-J<E01 5CC 1DC^ D; _C? C=? JHHD@MJ5@C< e
¦C? 5-@1 ?0J1C< ] ^0 M-C10 J <C<mD@<0J? C1M@DDJ5C? J1 H-0<C/ 0<CDCE@MJD /CL0D _C? C=? 10<1C?
/ 0J1=?0/ 0<5 ` @5 MJ< Z�Xk�k�k�W¨h É^ @5-C=5 @<H=5Í E0<0?J50 J [h[¨�[Z¨ 1@E<JD e

� � ���	��

b0 H?0P@C=1D; H?010<50L C=? JHH?CJM- @< J E0<0?JD ^J;e 7< 5-@1 10M5@C< ] ^0 ^ @DD _C M=1 C< C<0
JHHD@MJ5@C< C_ 5-@1 / 05-CL ` -=/ J< EJ@5 CB10?PJ5@C< =1@<E J 10<1C? HDJM0L C< J D0E e

�� �Ï � vÐ����w�Ñ



ÈR Ò Ó¬³² Ô Õ ºÁ ±Â

� ÛÜ � � àß� äÞßàááâãäå âëé ��ý �
� ���� � �ZX [k�¨l V g X�g Y ���X �kY� k � Z� kW[�¨¨ZXkY�
,C 1C/ 0 0¥50<5 ] J<L =<L0? 5-0 J11=/H5@C< C_ ?@E@L@5;] J B@H 0LJD ^JDÇ@<E 1;150/ MJ< B0
/CL0DD0L J1 J 5?00m15?=M5=?0L <mD@<Ç / 0M-J<@MJD 1;150/ _?00 @< 1HJM0 e 751 L;<J/ @M1 MJ<
5-0?0_C?0 B 0 L01M?@B 0L 5-?C=E- J óJE?J<E0 0A=J5@C< `

M(q)q̈ + N(q, q̇) + G(q) = −B(q̇) + Γ + λT C(q)
ÉÈRÍ

^-0?0
q
@1 5-0 105 C_ G C@<5 MCC?L@<J501 ]

q ∈ <n ⊗ SE(3)
]
M

@1 J 1LH e / J11 /J5?@¥ ]
NEJ5-0?1 MC?@C D@1 J<L M0<5?@_=EJD _C?M01 ]

B
@1 5-0 _?@M5@C< 50?/ ]

G
5-0 E?JP@5; P0M5C? ]

Γ
5-0

JM5=J5@C< @<H=5 ] J<L
λT C(q)

J?0 5-0 MC<15?J@<51 C_ E?C=<L MC<5JM51 ] ^-@M- J?0 =<@DJ50?JD
J<L 5@/ 0mPJ?;@<E e 7< 5-0 JB10<M0 C_ MC<15?J@<51 ] _?@M5@C< J<L MC<5?CD ] 5-@1 0A=J5@C< B0MC/ 01
J=5C<C/C=1 É@ e0 e ^ @5- J ?@E-5m-J<L 1@L0 0A=JD 5C a0?CÍ ] ^ @5- / 0M-J<@MJD 0<0?E; J1 d?15 @<50m
E?JD ] @< ^-@M- 5-0 MC<5@<=JD 0¥M-J<E0 B 05^00< Ç@<05@M1 0<0?E; J<L HC50<5@JD 0<0?E; H?CL=M01
J H 0?@CL@M /C5@C< e

ó05 =1 <C^ MC<1@L0? J 1@<ED0 MCC?L@<J50
qa

] ^- @M- MJ< B0 _C? 0¥J/HD0 5-0 5-@E- J<ED0 e
:5J?5@<E _?C/ 5-0 J=5C<C/C=1 P0?1@C< C_ 0A e ÉÈRÍ ] ^0 MJ< 0¥H?011 @51 L;<J/ @M1 J1 `

H(.)q̈a + F (qa, .) = T (.)
ÉÈÈÍ

^-0?0
T
@1 J 105 C_ BC=<L0L H0?5=?BJ5@C<1 L0H 0<L@<E C< JDD 5-0 PJ?@JBD01 J<L 5-0@?

L0?@PJ5@P01 ]
H(.)

5-0 0A=@PJD0<5 C_ J / J11 50?/ ]
F
@1 J<JDCEC=1 5C J HC50<5@JD _=<M5@C< e

,-0?0_C?0 ] 5-0 B 0-JP@C=? C_
qa

@1 5-0 C<0 C_ J H 0?@CL@M 1CD=5@C< ] @11=0L _?C/ J <C<D@<0J?
10MC<LmC?L0? 0A=J5@C< ] ^ @5- J HC50<5@JD 50?/ J<L L@15=?BJ<M01 e ,-@1 @<M@5J501 5C ?010J?M-
5-0 <C<D@<0J? C1M@DDJ5C? H?0_0?JBD; ^ @5-@< 5-0 MDJ11 C_ / CL@d0L J<L L@15=?B 0L 10MC<LmC?L0?
/ J11m1H?@<E 1;150/ 1 e

� ��� !W X�g [k�[gõX k � ¨�� �X [h[¨g ¨�[�X �kY ���Z� jZ¨"����
Å1 100< H?0P@C=1D;] 5-0 <J5=?JD B 0-JP@C=? C_ / 0M-J<@MJD ?CBC5@M1 1;150/ ^ @5-C=5 L@11@HJ5@P0
J<L C5-0? @<H=51 @1 J< C1M@DDJ5C? ^ @5- MC<15J<5 0<0?E;e 20P0?5-0D011 ] 5-@1 LC01 <C5 MC??01HC<L
^ @5- 5-0 @L0J C_ J< J55?JM5@P0 D@/ @5 M;MD0 ^-@M- =<L0?D@01 5-0 C1M@DDJ5C?mBJ10L JHH?CJM- e ,C
G=15@_; 5- @1 HC@<5 C_ P@0^ ] ^0 -JP0 5C ?0_0? 5C J<C5-0? MDJ11 C_ / 0M-J<@MJD 1;150/ 1 ` 5-0 HJ1m
1@P0 ^JDÇ@<E / JM-@<01 e 7<L00L ] D05 =1 MC<1@L0? 5-0 MJ10 C_ J HDJ<J? MC/HJ11 ] ^JDÇ@<E JBCP0
J 1DCH 0 ] ^ @5- @<15J<5J<0C=1 J< @<0DJ15@M 150H 5?J<1@5@C< ] J1 JLL?0110L @< Ê4 M©öRÌ J<L 10Pm
0?JD C5-0?1 Ê©,¢öÿ ] ¤bKRÈÌ e 75 5-0< MJ< B0 1-C^< 5-J5 ] _C? J E@P0< 1DCH 0 ] 1=M- J 1;150/
0¥-@B@51 J D@/ @5 ^JDÇ@<E M;MD0 ] ^ @5- J ?J5-0? DJ?E0 BJ1@< C_ J55?JM5@C< É100 ¦@E e òÍ e ,-@1
B 0-JP@C=? MJ< B0 MC/HJ?0L 5C 5-0 MC<M0H5 C_ î<J5=?JD EJ@5ñ C? îMC/ _C?5 EJ@5ñ ^-@M- @1 1HC<m
5J<0C=1D; ?0JM-0L J<L _CDDC^0L B; J -=/ J< @< 150JL; 15J50 ^JDÇ@<E ] J<L ^-@M- MC??01HC<L1
5C J / @< @/=/ C_ 5-0 / 05JBCD@M 0<0?E; MC<1=/H5@C< ^ @5- ?01H 0M5 5C L@15J<M0 e

t��tp



ª«¬«® ¯®«®°±²³« ³´ µ¶·¬· ¸°±¹ ®·²³°®º »¶«·¼ °³«½ ®¾ ¿ ²¼ »®«º³° À«Á Â² ÈÈ

θns

φ

θ

i

j

a + b = l

m

m
H

C
H

Cs
Ωns

Ωs

Cns

m

b

a

s

α2

t=0+

t=0

dotted leg

t=T +

t=T −

I

IV
II

−

IIIt=0

t=T

θdotted leg

θ

¦@E=?0 ò ` 4 0M-J<@MJD / CL0D C_ J HJ11@P0 ^JDÇ@<E / JM-@<0 ] J<L @51 15JBD0 D@/ @5 M;MD0

7< MC<MD= 1@C< ] @5 JHH0J?1 5-J5 10J?M-@<E _C? J C1M@DDJ5C? C_ 10MC<LmC?L0? 5;H 0 J<L 0¥-@B@5m
@<E J D@/ @5 M;MD0 @1 J <J5=?JD ^J; C_ /CL0DD@<E 5-0 H0?@CL@M ^JDÇ@<E B 0-JP@C=? C_ J -=/ J<
D@<Ç /0J1=?0L ^ @5- J< JL0A=J50 10<1C? e

� ���� #XY�[X�Yg [�k �[g Z�l õZYZ�gXgYW WgXX���
¦?C/ 5-0 H?0P@C=1 10M5@C<1 ] ^0 Ç<C^ 5-J5 ^0 -JP0 5C M-CC10 J <C<D@<0J? C1M@DDJ5C? ^-@M-
B0DC<E1 5C 5-0 D=?  0 MDJ11 ÉL0d<0L 0J?D@0? @< 10M5@C< Q eÃÍ ] J<L ^-@M- @1 L0?@P0L _?C/ J 10MC<Lm
C?L0? /J11m1H?@<E 1;150/ e ,^C MC//C< C1M@DDJ5C?1 d5 5-010 ?0A=@?0/0<51 ` 5-0 PJ< L0? FCD
C1M@DDJ5C? J<L 5-0 KJ;D0@E- C1M@DDJ5C? ] ^-@M- J?0 P0?; 1@/ @DJ? e
:C ^0 15J?5 _?C/ 5-0 PJ< L0? FCD 0AJ5@C< @< C?L0? 5C 1@/=DJ50 C=? @<H=5 e ÎC^0P0? ] L0H 0<L@<E
C< 5-0 10<1C? /0J1=?0/ 0<5 ] @5 -J1 5C B 0 1D@E-5D; /CL@d0L 5C B 0 JBD0 5C MC??0M5D; 1@/=DJ50
@5 e 7< C=? MJ10 ] ^0 J?0 @<50?0150L @< B@H 0LJD ^JDÇ@<E ] 5-=1 J <J5=?JD @L0J @1 5C =10 5-0 D0E
îHC1@5@C<ñ ` _C? 0¥J/HD0 ] ^0 MC=DL =10 J / 0J1=?0 C_ G C@<5 MCC?L@<J50 ] 1=M- J1 Ç<00 J<ED0 e
Å<C5-0? HC11@B@D@5; @1 5C =10 5-0 JB1CD=50 C?@0<5J5@C< C_ C<0 D@<Ç c _C? H?JM5@MJD ?0J1C<1 L=0 5C
C=? 10<1C?1 É100 10M5@C< Ë eÈÍ ] ^0 M-C10 5-0 5-@E- @<MD@<J5@C< ^ @5- ?0EJ?L1 5C P0?5@MJD e I=?@<E
-=/ J@< EJ@5 ] 5-@1 @<MD@<J5@C< H?010<51 J L@11;/05?@MJD HJ550?< ] ^ @5- J J1M0<L@<E H-J10 1-C?50?
5-J< 5-0 L01M0<L@<E C<0 e ,-0 PJ< L0? FCD 0A=J5@C< H?CP@L01 ^ @5- 1;//05?@MJD 1@E<JD1 c 5-=1 ]
^0 -JP0 5C @<5?CL=M0 J <0^ 50?/ @< 5-0 0A=J5@C< `
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ż = −z + (k1 − ω2
0)y + k2y

2 + k3y
3

ÉÈÿÍ

:C ]
z
L;<J/ @M1 @1 _= DD; L01M?@B 0L B; @51 1@<ED0 0@E0<PJD=0 ] -0?0 10550L 5-?C=E-

k1

5C
−1
e

¦ @<JDD; `

Σ
′

:







x̂1 = y
x̂2 = z − k1y − k2y

2 − k3y
3
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