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Strati�ation dans les Réseaux Pair-à-PairAppliation à BitTorrentRésumé : Cet artile vise à introduire un nouveau modèle d'analyse des réseaux déentralisés basés sur desollaborations entre pairs. Ce modèle repose sur la théorie des mariages stables appliquée à des systèmespossédant une fontion d'utilité globale. Nous étudions la dynamique induite par la reherhe pour haun desmeilleurs partenaires possibles et montrons un théorème d'existene�uniité. Nous observons une rapide vitessede onvergene et étudions le phénomène de strati�ation dans la solution stable, dans le as où le graphe desollaborations réalisables est omplet et dans elui où il est aléatoire. Pour le as aléatoire, nous présentons unelimite �uide de la solution.Comme exemple pratique, nous étudions la politique donnant�donnant employée dans le logiiel de partageBitTorrent. Pour e système, notre modèle fournit des intuitions pertinentes sur les vitesses de téléhargementsainsi que sur les possibilités d'optimisation des paramètres.Mots-lés : pair-à-pair, mariages stables, hoix rationnels, systèmes ollaboratifs, BitTorrent, réseaux overlay,ouplages, graphes



Strati�ation in P2P networks: Appliation to BitTorrent 31 IntrodutionMotivation Collaboration-based distributed appliations are suessfully applied to large sale systems. Asystem is said to be ollaborative when partiipating peers ollaborate in order to reah their own goal (inludingbeing altruisti). Apart from well-known ontent distribution appliations [4, 5℄, ollaborating an be appliedto numerous appliations suh as distributed omputing, online gaming, or ooperative bakup. The ommonproperty of suh systems is that partiipating peer exhange resoures. The underlying mehanism providedby protools for suh appliations onsists in seleting whih peers to ollaborate with to maximize one's peerbene�t with regards to its personal interest. This mehanism generally uses a utility funtion taking loalinformation as input. One an ask if this approah an provide desirable properties of ollaboration-basedontent distribution protools like salability and reliability.To ahieve these properties, the famous protool BitTorrent [4℄ implements a Tit-for-Tat (TFT) exhangepoliy. More preisely, eah node knows a subset of all other nodes of the system and ollaborates with thebest ones from its point of view: it uploads to the ontats it has most downloaded from in the last 10 seonds.In other words, the utility of peer p for node q is equal to the quantity of data peer q has downloaded from
p (in the last measurement period). The main interest in using the TFT poliy is the resulting inentive toooperate. The nature of the utility funtion then leads to a lustering proess whih gather peers with similarupload performanes together, alled strati�ation.Reently, muh researh has been devoted to the study of the phenomenon. So far, however, while it has beenmeasured and observed by simulations, it has not been formally proved. Understanding strati�ation is a �rststep towards a better omprehension of the impat of the utility funtion on a system behavior. A theoretialframework to analyze and ompare di�erent utility funtion is needed: hoosing a utility funtion that best suitsa given appliation is quite di�ult. More importantly, it is not lear whether the utility funtions implementedlead to desirable properties. We introdue a generi framework that allows an instantiation of (known andnovel) utility funtions that model ollaboration. We further present a thorough analysis of a lass of utilityfuntions based on global ranking agreements, suh as that of BitTorrent TFT poliy. This framework also �tsgossip-based protools used by a peer to disover its rank [8℄.Contribution First, we propose a model based on the stable mathing theory. This model desribes deen-tralized networks where peers rank eah others and try to ollaborate with the best peers for them.Seond, we fous on systems with a global ranking utility funtion (eah peer has an intrinsi value) in theframework of stable mathing. We prove that suh a system always admits a unique stable solution towardswhih it onverges. We verify through simulations the speed of onvergene without and with hurn (arrivalsans departures).Third, we study strati�ation in a toy model of fully onneted networks where every peer an ollaboratewith all other peers. If every peer tries to ollaborate with the same number of peers, we observe disjointlustering. But with a variable number of ollaborations per peer, lustering turns into strong strati�ation.Fourth, we desribe strati�ation in random graphs. For Erdös-Rényi graphs, the distribution of ollaborat-ing peers has a �uid limit. This limiting distribution shows that strati�ation is a salable result.Lastly, we propose a pratial appliation of our results to the BitTorrent TFT poliy. Assuming ontentavailability is not a bottlenek in a BitTorrent swarm, our model leads to an interesting haraterization of thedownload rate a peer an expet as a funtion of its upload rate. This desription leads to possible strategiesfor optimizing the download for a given upload rate.Roadmap In Setion 2 we de�ne our model. Setion 3 presents a study on the problem dynamis. Setion 4desribes strati�ation in a omplete neighborhood graph and Setion 5, in random graphs. Setion 6 disussesthe appliation of our results to BitTorrent and Setion 7 onludes the paper.2 ModelP2P networks are formed by establishing an overlay network between peers. A peer ats both as a server and alient. Eah peer p has a bounded number b(p) of ollaboration slots. As the network evolves, peers ontinuouslysearh after new (or better) partners. Eah protool has its own approah to handling these dynami hanges.For example, a protool like eDonkey [5, 1℄ optimizes independently two preferene lists on the server and onthe lient sides. More reent protools, like BitTorrent [4℄, make a use of a game theoreti approah, whereeah peer tries to improve its own payo�. It results in keeping one preferene list per node.RR n° 6081



4 Anh-Tuan Gai , Fabien Mathieu , Julien Reynier , Fabien de Montgol�erLet us suppose that eah peer p has a global mark S(p), whih may represent its available bandwidth, itsomputational apaities, or its shared storage apaity. Eah peer wants to ollaborate with best partnerswho have highest marks S(p). This models many networks preferenes systems, albeit not all networks havesuh ranking. For instane, in hess playing, players have an intrinsi value (ELO rating), although they don'tgenerally want to engage people far better or worse than them.Some peers might not be willing to ooperate with some others. For instane, peers that have no ommoninterest or are unaware of eah other. We introdue an aeptane graph to represent ompatibilities. A pair
(p, q) belongs to the aeptane graph if, and only if (i�) both peers are interested in ollaboration. Withoutloss of generality, we an suppose aeptability is a symmetri relation: if p is unaeptable for q, q will neverbe able to ollaborate with p so we an assume q is also unaeptable for p. We denote by on�guration ormathing the subgraph of the aeptane graph that represents the e�etive ollaboration between peers. Thedegree of a peer p in a on�guration is bounded by b(p).A bloking pair for a given on�guration is a set of two peers unmathed together wishing to be mathedtogether (even if it means dropping one of their urrent ollaborations). A on�guration without bloking pairis said to be stable. In a stable on�guration, a single peer annot improve its situation: it is a Nash equilibrium.If a number of olloborations is limited to 1, the problem is known as the stable roommates problem [7℄.It is an extension of the famous stable marriage problem introdued by Gale and Shapley in 1962 [6℄. If weassume eah peer p wants to ollaborate with up to b(p) other peers, the framework is alled stable b-mathingproblem1 [3℄.As it holds for all theories of stable mathings, the existene of a stable on�guration depends on thepreferene rules used to rank partiipant and on the aeptane graph. In this work we study the impat of therules derived from a global ranking on a peer-to-peer network behavior. In partiular, we �nd the properties ofthe stable on�gurations.3 Existene and onvergene properties of a stable on�gurationGlobal ranking mathing is one of the simplest ases of mathing problems. Tan [13℄ has shown that existeneand uniqueness of stable solutions were related to preferene yles in the utility funtion. A preferene yleof length k is a set i1, . . . , ik of k distint peers suh that eah peer of the yle prefers its suessor to itspredeessor. As proved by Tan, a stable on�guration exists i� there is no odd preferene yle of length greaterthan 1. He also proved that if no even yle of length greater than 2 exists, then the stable on�guration isunique. If peers have an intrinsi value, no strit preferenes yle an our (see below for ties), so a globalranking mathing problem has one and only one stable solution.This solution is very easy to ompute knowing the global ranking S, b and the aeptane graph. The proessis given by Algorithm 1: eah peer p starts with b(p) available onnetions. First, the best peer p1 piks thebest b(p1) peers from its aeptane list. As p1 is the best, the hosen peers gladly aept (reall the aeptanegraph is symmetri) and the resulting ollaborations are stable (no bloking pair an unmath them). Notethat if there is not enough aeptable peers, p1 may not satisfy all its onnetions. Peers hosen by p1 have oneless onnetion available. Then seond best peer p2 does the same, and so on. . . By immediate reurrene, allonnetions made are stable. When the proess reahes the last peer, the onnetions are the stable on�gurationfor the problem. As it was said before, all onnetions are not neessarily satis�ed. For instane, if the lastpeer still has available onnetions when its turn omes, his onnetions will not be fethed, as all peers abovehim have by onstrution spent all their onnetions. This is, of ourse, a entralized algorithm, but we shallsee below that deentralized algorithms work as well.Note on ties Ties in preferene lists make the mathing problems more di�ult to resolve [11℄ withoutbringing more insight about the strati�ation issues studied in this paper. Simulations have shown our resultshold if we allow ties, but equations are hard to prove as existene of a stable mathing annot be guaranteed.Thus for the sake of simpliity, we shall suppose utilities are distint, that is S(q) 6= S(p) for any p 6= q.Convergene One an ask what is the point in studying a stable on�guration in a dynamial ontext suhas P2P systems, where peers arrive and depart whenever they wish, and where utility funtions and aeptanelists an �utuate. We have not proved yet that the proess of peers trying independently to ollaborate to thebest peers they know an reah the stable state.1in this paper the word mathing stands for b-mathing (unless otherwise stated) INRIA



Strati�ation in P2P networks: Appliation to BitTorrent 5Algorithm 1: Stable on�guration in global rankingData: An aeptane graph G with n peers, a global ranking S(p), and maximal number of onnetions
b(p)Result: The unique stable on�guration of the b-mathing problemLet a be a vetor initialized with bfor eah peer i sorted in inreasing S(p) (best peer �rst) dofor eah peer j sorted in inreasing S(p) starting just after i doif (i, j) ∈ G and a(i) > 0 and a(j) > 0 thenonnet(i, j)

a(i) = a(i)− 1
a(j) = a(j)− 1endendendWe introdue the onept of initiative to model the proess by whih a peer may hange its mates. Givena on�guration C, we say that peer p takes the initiative when it proposes to other peers to be its new mate.Basially, p may propose partnership to any aeptable peer. But only bloking pairs of C represent an inter-esting new partnership. If p an �nd suh a bloking mate, the initiative is alled ative beause it sueeds inmodifying the on�guration (both peers will hange their set of mates).To �nd a bloking mate, p ontats peers from its aeptane list. We identify several strategies dependingon how p sans its aeptane list:best mate when the peer selets the best (if any) available bloking mate. This happens if p knows the rankof all its aeptable peers and whether they will ollaborate or not,deremental when the list is irularly sanned starting from the last asked peer. This happens if p knowsthe rank of all its aeptable peers, but not if they will ollaborate,random when a single peer is seleted at random. This happens if p has no information on its neighbors untilit asks.Of ourse, when best mate initiative is possible, it seems to be the best strategy to maximize a peer's ownpro�t, but it supposes a good knowledge of the system is maintained.We an now omplete our model with initiatives: starting from any initial on�guration, an instane ofour model evolves beause of initiatives taken by peers. In fat, it an only evolve towards the unique stableon�guration, as shown by Theorem 1.Theorem 1 The stable solution an be reahed in B/2 initiatives, where B =

∑

p b(p) is the maximal numberof onnetions. Moreover, any sequene of ative initiatives starting from any initial on�guration eventuallyreahes the stable on�guration.Proof: In Algorithm 1, eah onnetion an be obtained by initiative. As the stable on�guration possessesup to B/2 pairings, this ensures the �rst part of the theorem. We prove the onvergene by showing a sequeneof ative initiatives an never produe twie the same on�guration. There is a �nite number of possibleon�gurations, so if we keep altering the on�guration through initiatives, we eventually reah a on�gurationthat annot be altered with any initiative: the stable on�guration.The proof is indeed simple. If a sequene of initiatives indues a yle of at least two distint on�gurations,then one an extrat a preferene yle of length greater than 3: let p1 be a peer whose mates hange throughthe yle. Call p2 the best peer p1 is unstably paired with during the yle, and p3 the best peer p2 is unstablypaired with during the yle. p1 is not p3 and p2 prefers p3 to p1, otherwise the pair {p1, p2} would not breakduring the yle. Iterating the proess, we build a sequene of peer (pk) suh that pk prefers pk+1 to pk−1, untilwe �nd i < j suh that pi = pj . The irular list (pi, pi+1, . . . , pj−1) is a preferene yle. As global rankingdoes not allow preferene yles, this is not possible, so a sequene of ative initiatives an never produe twiethe same on�guration. �Theorem 1 proves that in stati onditions (no join or departure, onstant utility funtion), a P2P systemwill onverge to the stable state. To prove this stable state is worth studying, we have to show onvergeneRR n° 6081
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Figure 1: Starting from C∅, onvergene towards the stable state for di�erent parametersis fast in pratie (Algorithm 1 is optimal in number of initiatives but di�ult to implement in a large salesystem) and an sustain a ertain amount of hurn. As a omplete formal proof of this is beyond the sope ofthis paper, we used simulations.In our simulations, peers were labeled from 1 to n (the number of peers). These labels de�ne the globalranking, 1 being the best peer and n the worst (if i < j, peer i is better than peer j). We use Erdös-Renyi looplesssymmetri graphs G(n, d) as aeptane graphs, where d is the expeted degree (eah edge exists independentlywith probability d
n−1 ). Only 1-mathing was onsidered.For measuring the di�erene between two on�gurations C1 and C2 we use the distane

D(C1, C2) = Σn
i=1‖σ(C1, i)− σ(C2, i)‖.

2

n(n + 1)
,where σ(C, i) denotes the mate of i in C (by onvention, σ(C, i) = n + 1 if i is unmated in C).

D is normalized: the distane between a omplete mathing and the empty on�guration C∅ is equal to 1.The disorder denotes the distane between the urrent on�guration and the stable on�guration.At eah step of the proess we simulate, a peer is hosen at random and performs a best mate initiative (theinitiative an be ative or not). To ompare simulations with di�erent number n of peers, we take a sequeneof n suessive initiatives as a base unit (that an be seen as one expeted initiative per peer).A �rst set of simulations is made to prove a rapid onvergene when the aeptane graph is stati. In allsimulations, the disorder quikly dereases, and the stable on�guration is reahed in less than nd initiatives(that is d base unit). Figure 1 shows onvergene starting from the empty on�guration for three typialparameters: (n, d) = (100, 50), (n, d) = (1000, 10), (n, d) = (1000, 50).Then we investigate the impat of an atomi alteration of the system. Starting from the stable on�guration,we remove a peer from the system and observe the onvergene towards the new stable on�guration. We observebig varianes in onvergene patterns, but onvergene always takes less than d base units and disorder is alwayssmall. Note, that due to a domino e�et, removing a good peer generally indues more disorder than removinga bad peer. This is shown by Figure 2. We ran the simulations 100 times and seleted four representativetrajetories, as we did not wish to average out interesting patterns.Finally, we investigate ontinuous hurn. A peer an be removed or introdued in the system anytime,aording to a hurn rate parameter. Simulations show that as the hurn rate inreases, the system beomesunable to reah the instant stable on�guration. However, the disorder is kept under ontrol. That meansINRIA
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Figure 2: Starting from the stable state, we remove a peer and observe the onvergene towards the new stablestate. (1000 users, 1-mathing, 10 neighbors per peer)
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RR n° 6081



8 Anh-Tuan Gai , Fabien Mathieu , Julien Reynier , Fabien de Montgol�erAll these simulations lead to the same idea: the stable on�guration ats like a strong attrator in the spaeof possible on�gurations when ollaborations are established using intrinsi values for judging peers Studyingthe properties of the stable on�guration is the next step.4 Strati�ation with omplete aeptane graphWe start studying the stable on�guration in the speial ase where everybody is aeptable for everybody.Hene the aeptane graph is omplete. This is a suitable, but not salable, assumption for small systems.Complete aeptane graph is a toy model for highlighting strati�ation e�et.4.1 Clustering in onstant b-mathingConstant b-mathing is an instane of the b-mathing problem where every one tries to onnet to at most b0peers (b0 is a onstant). Sine the aeptane graph is omplete, the stable on�guration is very simple. Itonsists in a sequene of omplete subgraphs with b0 +1 elements starting from the best peer (the remainder, ifany, is a trunated omplete subgraph). For example, �gure 4 shows this lustering for the 2-mathing problemon a omplete graph.
1 2 3 4 5 6 3k + 1 3k + 2 3k + 3Figure 4: Limit ase of b-mathing and total knowledge : the ollaboration graph is a set of b+1 lusters. Here

b = 2.As it has already been pointed out [2℄, full lustering in �le sharing networks indues poor performanes.Many designers try to produe overlay graphs with small world properties: almost fully onneted, high lus-tering oe�ient, low mean distane, and navigable suh that shortest paths may be greedily found. But in�le sharing networks, having a ompliant overlay with nie properties (onnetivity, distanes, resiliene) isuseless if the e�etive ollaborations graph has none of the desired properties. In our example, although theknowledge graph is a omplete graph, ollaboration established through global ranking satters the graph inlusters. Hene ontent is sealed inside lusters, and singularities are bound to our.Lower bound for number of slots in BitTorrentAs we have just spoken of lustering, it is interesting to remember that a onneted graph of n vertex has atleast n− 1 edges. As a b0-regular graph has b0
2 n edges, it is impossible for a 1-regular graph to be onneted,and the yle is the unique 2-regular onneted graph. It follows that it is better to set b0 ≥ 3.This gives a �rst basi insight for the fat that the default number of slots per user is 4 is BT (less for verysmall onnetions and more for high bandwidth ones): given the generous extra slot, put less than 4 slots inthe default lient would make the TFT ollaboration graph disonneted whih would seriously harm the BTe�ieny.Of ourse, BT is more ompliated, and this is just a by-passing remark. In Setion 6 we propose furtherarguments to see why 4 seems to be the number of onnetions the average lient should set by default.4.2 Strati�ation in variable b-mathing

b0-mathing is not the most ommon ase in pratie. The lustering from Figure 4 may be a onsequene ofthe spei� parameters used. Indeed, adding only one onnetion an alter a set of omplete subgraphs of size
b0 + 1 in one unique onneted omponent (see Figure 5 � settings are same than for Figure 4 exept that anextra onnexion has been granted to peer 1).In fat, both Figures 4 and 5 are not typial. In our simulations on omplete aeptane graphs, we generallyobserved many large onneted omponents. If we assume that b is distributed aording to a rounded normaldistribution N (b̄, σ2) (mean b̄, variane σ, all samples are rounded to the nearest positive integer), we observe asurprising phase transition. As soon σ is big enough to produe heterogeneous samples (σ ≈ 0.15), the averageINRIA
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1 2 3 4 5 6 7 8Figure 5: b-mathing plus one extra onnetion: the graph is onnetedonstant b0-mathing normal N (b̄, σ2)-mathing with σ = 0.2

b0 or b̄ 2 3 4 5 6 7 2 3 4 5 6 7Average Cluster Size 3 4 5 6 7 8 6 20 78 350 1800 11000Max Mean O�set (MMO) 1.67 2.5 3.2 4 4.71 5.5 1.33 2.10 2.52 3.21 3.65 4.31Table 1: Clustering and strati�ation properties in a omplete knowledge graph.onneted omponent size explodes, then stays almost onstant. The luster typial size after the transitionseems to grow fatorially with b̄ (Figure 6 shows what happens for b̄ = 6). Computed values appear in Table 1.Fatorial luster size growth grants the existene of a giant onneted omponent when b̄ is large and nremains bounded. This solves the lustering issue.Nevertheless, distanes in the obtained ollaboration graph are another question. A good estimate is givenby Mean Max O�set (MMO) whih desribed the mean ranking o�set between one peer and its further neighborin the ollaboration graph. The larger the MMO, the fewer hops needed to link two peers with very di�erentintrinsi value in the same onneted omponent. Remark that in b0-mathing, MMO is easy to ompute (it isenough to ompute it on the b0 + 1 omplete graph). We show that it onverges to:
MMO(b0) = 1

b0+1 (b0 + (b0 − 1) + . . . +
⌈

b0
2

⌉

+ . . . + b0)

−−−−−→
b0→+∞

3
4b0.When b is variable, MMO beomes less obvious to ompute. However, simulations show that MMO re�etsthe same phase transition as the luster size does. In ontrast, as luster size explodes, MMO dereases, hasshown by Figure 6 and Table 1.The onlusion of this �rst approah on omplete graphs is that whereas the lustering problem an behandled, a strati�ation issue exists: peers only ollaborate with very lose to them, whih an make ontentdi�usion ine�etive.5 Global ranking on random aeptane graphsIn this setion, for the sake of simpliity, we �rst desribe a 1-mathing model. This allows us to explain ourindependene assumption and to present the related mathematial results. We then extend the equations to the

b0-mathing ase, for any onstant number b0 of onnexions.5.1 ModelAs noted in Setion 3, there exists a unique mathing (stable on�guration) where no peer an loally improveits mates among its known peers; this mathing, denoted P in the following, an be obtained simply by applyingalgorithm 1. As we �rst fous on 1-mathing, we denote P (i) the mate of Peer i in P .5.1.1 An exat formulaDenote by D(i, j) the probability that Peer i is mathed with Peer j over all possible graphs with n verties.In other words D(i, .) is the distribution of the peer mathed with i.Obviously, D(i, j) = D(j, i) and D(i, i) = 0. The total order property an be written as follows, for i < j:
D(i, j) = pP("i is not with better than j" and "j is not with better than i") where p is the probability thatpeer i knows peer j.RR n° 6081



10 Anh-Tuan Gai , Fabien Mathieu , Julien Reynier , Fabien de Montgol�er

0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

M
ea

n 
M

ax
 O

ffs
et

0 0.5 1 1.5 2
10

0

10
1

10
2

10
3

10
4

10
5

M
ea

n 
C

lu
st

er
 S

iz
e

σ

 

 

Figure 6: In�uene of σ for the b-mathing global ranking problem when b follow a normal law N (6, σ). Thedotted line represents the Mean Cluster Size, the plain line stands for Mean Max O�set. The left part (when
σ = 0) is the ase of onstant 6-mathingWe an rewrite the above probability as: P(P (i) ≥ j)×P(P (j) ≥ i|P (i) ≥ j), leading to the exat formula:

D(i, j) = p(1−

j−1
∑

k=1

D(i, k))P(P (j) ≥ i|P (i) ≥ j). (1)Note that this does not depend on the number of peers. The formula an thus be extended to every ouple
(i, j) ∈ (N∗)

2.Lemma 1
∀i ∈ N

∗,

∞
∑

k=1

D(i, k) = 1.This lemma means that, under the Erdös-Rényi assumption, when adding a large number of peers at a lowerrank, any peer will eventually �nd a mate with probability one.Proof: The onditional probability does not go to 0: We �rst show that P(P (j) ≥ i|P (i) ≥ j) doesnot go to 0. Suppose that j > i, then ondition on Ei = {P (1), ..., P (i− 1)},
P(P (j) ≥ i|P (i) ≥ j|Ei) =







empty onditioning if i ∈ Ei

0 if j ∈ Ei(and i /∈ Ei)
x ≥ p if j /∈ Ei and i /∈ Ei.The last inequality holds beause if j /∈ Ei and i /∈ Ei, then knowing that P (i) ≥ j, i and j are linked ifand only if there exists an edge between both. Sine P (j) = i implies as a partiular onsequene P (j) ≥ i, theinequality is satis�ed.Now, all we have to show is that P(j ∈ Ei|i /∈ Ei) does not tend to 1 when j tends to in�nity. This isobvious sine for some k < i, the funtion j → P(P (k) = j|i /∈ Ei) gives probabilities of disjoint events so that

∑∞
j=1 P(j ∈ Ei|i /∈ Ei) ≤ i− 1; the general term thus tends to 0 and ertainly not to 1.

INRIA
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D is a probability We know that for a given i, D(i, j) are the probabilities of disjoint events. Thus
D(i, j) −−−→

j→∞
0. From formula (1) we dedue

j−1
∑

k=1

D(i, k) −−−→
j→∞

1.

�5.1.2 Approximation: independent 1-mathing modelHereinafter we shall adopt the following assumption:Assumption 1 the two events:� peer i is not with a peer better than j,� peer j is not with a peer better than i,are independent.Assumption 1 is reasonable when the probability that i and j have a ommon neighbor is very low. It entailsthat (1) an be replaed by the approximate reurrene relation:
D(i, j) = p

(

1−

j−1
∑

k=1

D(i, k)

)(

1−
i−1
∑

k=1

D(j, k)

) (2)This formula an easily be omputed in an iterative way by alulating for inreasing i the probabilities
D(i, j) from j = 1 to n using Algorithm 2 (see Algorithm 3 for the b0-mathing ase).Algorithm 2: Independent 1-mathing probability omputationData: Number of peers, nErdös-Rényi probability, pResult: D(i, j) the probability user i hooses user j

D ← zeros(n, n)for i = 1 to n dofor j = i + 1 to n do
D(i, j)← p

(

1−
∑j−1

k=1 D(i, k)
)(

1−
∑i−1

k=1 D(j, k)
)

D(j, i)← D(i, j)endendExample where the simpli�ed formula does not work Even if the approximation made by using (2)instead of (1) works very well for small values of p (see �gure 9), it in not an exat formula. Example in Figure7 illustrates this point: we onsidered 3 peers; then we an write down all the possible graphs (8 of them) withthe exat probability for eah event.5.2 Main result on the independent 1-mathing modelThis setion presents mathematial results that follow from assumption 1. When the number of peers is large,the model sales and the normalized histogram of neighbors tends to a ontinuous distribution and yields anequation satis�ed in this limit. Indeed the empirial distribution also onverges, whih means that every instaneof an Erdös-Rényi graph is very likely to behave like the typial ase of the above assumption, as shown by thesimulations below.We are able to prove some parts of this program but must leave the remainder as onjetures for furtherwork. The results bring onsiderable insight.From a pratial point of view one only need to retain two points from the mathematial developments:RR n° 6081
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3Figure 7: Approximation error: for n = 3, there is 8 possible graphs. Exat mathings probabilities are� Dexat(1, 2) = p� Dexat(1, 3) = p(1 − p)� Dexat(2, 3) = p(1 − p)2Algorithm 2 leads to the same exept
D(2, 3) = p(1−D(2, 1))(1−D(3, 1))

= p(1− p)(1− p(1− p))
= Dexat(2, 3) + p3(1− p)� for not moderate values of n, there exists a saled version of D(i, j) whih does not depend on n (see 5.3),� the shape of D(i, j) is present in almost any given n-peers system.5.2.1 Distribution weak onvergeneNotation, Hypotheses: For all theorems and proofs of this setions, G = (V, E) is an Erdös-Rényi graph,

P is its unique stable pairing, andMi(n, p) is the distribution of the mate of peer i:
Mi(n, p) =

∑

j∈[|1,n|]\{i}

D(i, j)δj .The mean degree of a peer is denoted d.Theorem 2 Mi(n, p)
∗

−−−−→
n→∞

Mi(p) with :� Mi(p) ∈ P(Z),� on the restrited support [|1, n|]: Mi(n, p)(dx) =Mi(p)(dx).Theorem 3 (Dira limit) We look at the probability Mi(p)(ndx) on the spae ( 1
n

N, Pn) where P
n puts prob-ability 1 on points of 1

n
N. As a measure on R, 1

n
P

n tends to the Lebesgue measure on R
+ for weak onvergene;we thus have our �rst saling: given p and n→∞:

∀p,Mi(p)(ndx)
∗

−−−−→
n→∞

δ0.Conjeture 1 (Fluid limit) n→ ∞, pn = d
n
onsider peer number in = 1 + ⌊nα⌋; then there exists Mα,d ∈

P(R) that is absolutely ontinuous with respet to Lebesgue measure suh that:
µn

α,d :=Min(pn)(ndx)
∗

−−−−→
n→∞

Mα,d.Proof of Theorem 2Theorem 2 is obvious exept for the fat thatMi has mass 1; the result essentially omes from the fat that theprobability for peer i to be mathed with peer j does not depend on peers with rank greater than the maximumof i and j. Thus the distribution for n peers is only a ut version of the distribution with more peers.Now we shall prove that the mass is equal to 1. We already know that the mass is equal to 1 for the exatmodel (Lemma 1). However, it is not obvious this is still true after the hanges we made to the toy model. TheINRIA



Strati�ation in P2P networks: Appliation to BitTorrent 13fat thatMi(n, p)→Mi(p) gives the mass as an inreasing limit. First, suppose the massMi(n, p) does nottend to 1. Then there exists some ǫ > 0, suh that ∑∞
k=1 D(i, k) < 1 − ǫ. If we put this bak in formula (2),then:

D(i, j) ≥ pǫ

(

1−
i−1
∑

k=1

D(k, j)

) (3)We know that (D(i, j))j=1..∞ is a sub probability, thus D(i, j) → 0 when j → ∞. From equation (3)it follows that ∑i−1
k=1 D(k, j) → 1. A partiular onsequene is that for j large enough (i.e., there exist

j0, suchthatforallj ≥ j0), we have: ∑i−1
k=1 D(k, j) ≥ 1

2 but this is impossible sine the i − 1 sequenes
(D(k, j))1≤k<i;j=1..∞ are probabilities.Proof of Theorem 3The result is obvious sine all the mass stays in ompat sets (tightness property on the Polish spae R) and
Mi(p) is a probability. But the fat is interesting for its physial interpretation.Sketh of proof of Conjeture 1This is a very tehnial result. We will only address here the speial ase where α = 0. From a tehnial pointof view, we �rst have to prove that the sequene µn is tight, whih allows us to extrat a limit. We then haveto show that this limit is unique.In the speial ase α = 0, let β ∈ R and jn = 1 + βn⌊n⌋ then: D(1, jn) = pn (1− pn)in−1. This implies

nD(1, jn) ∼ d

(

1−
dβ

nβ

)nβ

→ de−βd.This in turn yields:
M0,d(dβ) = de−βddβ.This theoretial result ould be proven though at the expense of very long and tehnial developments. We donot antiipate any signi�ant mathematial di�ulty though it does remain to arry through the demonstrations.The results are not neessary to make the following observations, but they explain why we have onsidered somepartiular salings.5.3 ObservationsThe results in this setion are obtained by solving Equation 2. We took n = 5000 to obtain the smoothestpossible urves but n = 100 would give pretty similar results. In Figure 8 we illustrate the di�erent ases thatmay arise.In Figure 8(a) we see the ase of a well ranked peer. Note that for i = 1 the right part is almost geometriallydistributed. Also note that the best peers are peered with peers of lower average rank, but that this hangesquikly and peers in the top 20% but not in the top 5% have a signi�antly better mate on average.The entral ase is illustrated in Figure 8(b). We see that the distribution is symmetri and that thedistribution simply shifts with the rank of the peer (for top 25% to top 80% peers). This seond fat is a kindof �nite horizon property and illustrates the property we alled strati�ation. Notie that the distribution annot be �t with a normal law, in any ase.In Figure 8(), the distribution shift ontinues for the bottom 20% of peers, but as there is no worse peer tomate with, the distribution is ut. This means that there is a probability for not being mathed whih is givenby the area �lled in blue. A partiular ase for the worst peer is that it will be mathed exatly in half of theases. All the others are assured to do better in terms of mathing frequeny.5.4 b0-mathing independent modelThe 1-mathing ase was only presented to give a �avor of the strati�ation phenomenon. Formally there are nonew issues in progressing to a b0-mathing model exept for the weight of notation. As for 1-mathing, we statean independene assumption whih is not formally true but supplies a fairly good approximation ompared tosimulations as shown in paragraph 5.4.3.RR n° 6081
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() D(4800, j)Figure 8: Distribution of neighbors in independent 1-mathing for n = 5000 peers and p = 0.5% for Peer 200,Peer 2500 and Peer 4800.5.4.1 Notation
n still denotes the number of peers. The situation beomes more ompliated, beause the �rst hoie of onepeer may orrespond to the last hoie of its mate. Consequently we have to study a quantity Dcj

ci (i, j) whihis not of diretly interest. This is the probability that hoie number ci of Peer i is j and that for j, i is hoienumber cj. As in the 1-mathing ase, Dcj
ci (i, j) does not depend on larger indexes for i, j, ci and cj. Nor does itdepend on n. Intuitively this orresponds to the fat that the �rst hoie is made before making the seond, andthat the best peers have priority for hoosing their mates. The quantity of interest is Dci(i, j) =

∑b0
cj=1 Dcj

ci (i, j).Assumption 2 Let i, j ≤ n and ci ≥ 1 and cj ≥ 1, the events:� peer i has hosen ci− 1 peers better than j and hoie ci is not mathed by better than j,� peer j has hosen cj − 1 peers better than i and hoie cj is not mathed by better than i,are independent.The way to evaluate Dcj
ci (i, j) is to multiply the probabilities of the supposed independent events:� i knows j: with probability p,� hoie ci of i is not mathed and previous hoies are mathed with better than j,� the reiproal ondition on j.Note that the probability that hoie ci of i is not mathed and previous hoies are mathed with betterthan j is simply: ∑i−1

k=1 Dci−1(i, k)−
∑i−1

k=1 Dci(i, k), the probability that hoie ci− 1 is mathed with betterthan j minus the probability that hoie ci is mathed with better than j (mathematially this formula is exatbeause one of the two events is inluded in the other).This proves, under assumption 2, that:
Dcj

ci (i, j) = p

(

j−1
∑

k=1

Dcj−1(j, k)−Dcj(j, k)

)(

i−1
∑

k=1

Dci−1(i, k)−Dci(i, k)

)

. (4)We now show how to ompute this formula by reurrene.5.4.2 Independent b0-mathing algorithmNote in the following algorithm that Dc(i, j), the c-th hoie distribution of i is no longer symmetri for c > 1,but Dcj
ci (i, j) has more symmetry (see Algorithm 3). Matlab sripts an be found at [10℄. This version is notoptimized (but su�iently di�ult not to do so); the partial sums an be kept in memory to gain a linear fator.INRIA



Strati�ation in P2P networks: Appliation to BitTorrent 15Algorithm 3: Independent b0-mathing probability omputationData: Number of peers, nErdös-Rényi probability, pNumber of mathings, b0Result: Dcj
ci (i, j) the probability that the ci-th hoie of Peer i is j and that the cj-th hoie of j is i and

Dc(i, j) the probability that the c-th hoie of Peer i is j

Dc ← zeros(b0, n, n)

Dcj
ci ← zeros(b0, b0, n, n)

Dc
0 ← ones(1, b0, n, n)

D0
c ← ones(b0, 1, n, n)for i = 1 to n dofor j = i + 1 to n dofor (ci, cj) ∈ [|1, b0|]× [|1, b0|] do

Dcj
ci (i, j) ← p

(

j−1
∑

k=1

Dcj−1(j, k)−Dcj(j, k)

)(

i−1
∑

k=1

Dci−1(i, k)−Dci(i, k)

)endfor ci = 1 to b0 do
Dci(i, j)←

∑b0
cj=1 Dcj

ci (i, j)endfor cj = 1 to b0 do
Dcj(j, i)←

∑b0
ci=1 Dcj

ci (i, j)endendend5.4.3 Validation of independent b0-mathingAs mentioned above, assumptions 1 and 2 work very well exept for very small numbers of peers with p verylarge. Figure 9 illustrates this point. We simulated a 2-mathing by drawing a million realizations of theErdös-Rényi graph with n = 5000 and p = 1% (simulations requiring several weeks) and ompared distributions
D1(3000, j) and D2(3000, j) with those given by our simpli�ed formula. The omparison in Figure 9 illustratesthe auray of the formula.6 Appliation to BitTorrentResults of previous Setions allow us to losely estimate for eah peer the ranks of peers it is likely to ollaboratewith. All our results tend to give a theoretial proof of the strati�ation phenomenon in systems that use aglobal ranking funtion that is not orrelated to the aeptane graph. In this Setion, we will see how thisstrati�ation an give insight about the e�et of the Tit-for-Tat poliy used in BitTorrent.We suppose that we are in the post �ashrowd phase. In the �ashrowd phase, an unique seed is uploadinga new �le, and the upload apaities of the best peers are useless: all peers have downloaded the same bloks.But during the post �ash rowd phase, all bloks have roughly the same repartition, beause of the downloadrarest �rst poliy of BitTorrent. So we an assume ontent availability will not a�et the aeptane graph andfous on bandwidth only.The TFT poliy onsists in uploading to the peers from whih one gets the best download rates. Theseletion proess is renewed periodially. Along with a generous upload onnetion that allows to probe newpeers for an eventual TFT exhange, this ats like the random peer initiative desribed Setion 2. This why welaim our results apply to the TFT exhanges in BitTorrent. In peuliar, we have a proof of the strati�atione�ets (peers tend to exhange with peers with similar bandwidths) empirially observed by [2, 9℄.However, the ranking of a peer just gives an intuition about the Quality of Servie (QoS) it is presumedto experiene. In order to obtain relevant results, it is therefore neessary to bind ranking and performane.In the ase of a �le sharing system like BitTorrent, the average expeted download rate is a very onvenientRR n° 6081
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Figure 10: Estimation of bandwidth apaities derived from [12℄performane metri all the more so sine it is easy to ompute within our model: it is enough to know theupload bandwidth for eah peer i.To ompute network performanes, we have taken as referene the measurements made by Saroiu et al. [12℄.Using bandwidth estimation in the Gnutella network, they have estimated the upstream for a large ommunity ofP2P users. The umulative distribution they obtained is shown Figure 10. One an observe a wide distributionof bandwidths (just like in Orwell's Animal Farm, �all peers are equal but some peers are more equal thanothers�). INRIA
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Figure 11: Expeted D/U ratio as a funtion of the upload bandwidth o�ered. b0 is set to 3 and average numberof neighbors is 20.Applying our model to the distribution observed by Saroiu et al., we get the results shown in Figure 11. Wehose the following parameters:� b0-mathing with b0 = 3, orresponding in a BitTorrent network with all lients having the default numberof slots of 4.� expeted number of aeptable peers (peers who are known and interesting) d = 20 (realisti value)Notie that the number n of peers does not have to be given beause our model does not depend on thenetwork size: with a partial network knowledge, observed o�sets sale with the number of peers (see Setion 5.1).To put results in the learest possible way, we hose to represent expeted download/upload ratio, whihorrespond to BitTorrent share ratio. When this ratio is lesser than 1, one gives in average more that it reeives.Some observations are worth being said:� Best peers su�er from low sharing ratios: as they are the best, they an only ollaborate with lower peers,so the exhange is suboptimal for them. The only way for best peers to ounter this e�et is by addingextra onnetions until the upload bandwidth per slot is lose to the one of lower peers. This somehowexplains why BitTorrent proposes by default a greater number of onnetions (up to TCP limitations) forpeers with high bandwidths, thus avoiding too muh spoil.� There is density peeks in the bandwidth distribution. this peeks orresponds to typial Internet onne-tions, suh as DSL or able. Peers in the density peeks have a ratio lose to 1. This is due to the greatprobability they have to ollaborate with peers that have exatly the same harateristis as them.� E�ieny peeks appear for peers that have an upload just above a density peek. For these peers, lowerpeers have almost the same upload bandwidth as them, whereas upper peers are likely to o�er greaterbandwidth.� Surprisingly, the lowest peers have a high e�ieny, although there is some probability for them not tobe mathed, as pointed out by Figure 8(). This is related to the relatively high bandwidth (ompared totheir) they an sometimes obtain: roughly speaking, they an obtain half the time four times their uploadbandwidth.RR n° 6081



18 Anh-Tuan Gai , Fabien Mathieu , Julien Reynier , Fabien de Montgol�erAs a onsequene of this e�ieny repartition, it is tempting for an average peer to tweak its number ofonnetion in order to inrease the e�ieny of its onnetions. For instane, suppressing one onnetion animprove the probability of ollaborating with higher peers. However, this leads to a Nash equilibrium whereall peers have just one TFT slot. This is unaeptable in term of onnetivity, but rational peers trying tomaximize their bene�t annot be avoided. This is an explanation for the 4 slots (3 TFT and one generousslot) settings: obedient average peers that uses the default settings must have at least 4 in order to ensureonnetivity in the TFT ollaboration graph. On the other hand, the more slots they have, the farther they arefrom the Nash equilibrium that rational peers will try to follow. Hene 4 seems to be the best trade-o�.7 ConlusionIn this paper, we identi�ed the stable mathing theory as a natural andidate to model peer-to-peer networkswhere peers hoose their ollaborators. Furthermore, we applied elements of this theory to a spei� ase:
b-mathing with global rankings. Whereas there has been a lot of work in analyzing inentive to ollaborate insome spei� appliation from an eonomial point of view, this is the �rst attempt to analyze the behavior ofa lass of appliations using graph theory.The main onlusion of this study is that mathing theory gave insights on the behavior of a P2P systemslass, namely the global ranking lass. In both ases of omplete and random aeptane graphs, we studiedlustering and strati�ation issues. On most ases, lustering may be prevented using b-mathing with enoughonnetions and some standard deviation. But strati�ation is an intrinsi property of suh networks. It seemsimpossible to overome it as long as eah peer follows the try-to-ollaborate-with-the-best rule. Interestingly,for random overlay graphs, the ruial parameter is d, the average number of aeptable peers, whih makesstrati�ation a �awlessly salable phenomenon.As a �rst appliation, our results provide some new insights on BitTorrent parameters. They show thatbest peers have to set up a large number of onnetions in order to avoid bad download/upload ratio. The bydefault number of ollaboration (4) is justi�ed. It allows, to a ertain extend, to maintain onnetivity in theTFT exhanges and to protet peers using default settings (obedient peers) from peers with optimized settings(rational peers).When onsidering the stable properties whih emerge, it also beome lear that di�erent lass of utilityfuntions leads to very di�erent properties. This an be exploited aording to the needs of the targetedappliation. For example, in a peer-to-peer streaming protool, the most important feature is a small play outdelay but a strong strati�ation, needed to give peers inentive to ollaborate, produe a ollaboration graphwith large diameter (large play out delay). In many ases, ombining di�erent utility funtion will be neessary.Suh a ombination an, for instane, be ahieved by introduing a seond type of ollaborations depending ona di�erent global ranking or depending on a symmetri ranking suh as lateny.Aknowledgment: The authors wish to thank James Roberts and Dmitri Lebedev for their helpful om-mentsReferenes[1℄ http://www.emule-projet.net/.[2℄ Ashwin R. Bharambe, Corma Herley, and Benkata N. Padmanabhan. Analyzing and improving a bittorrentnetwork± performane mehanisms. In Proeedings of IEEE Infoom, 2006.[3℄ Katarína Cehlárová and Tamás Fleiner. On a generalization of the stable roommates problem. ACMTrans. Algorithms, 1(1):143�156, 2005.[4℄ Bram Cohen. Inentives build robustness in bittorrent. InWorkshop on Eonomis of Peer-to-Peer Systems,2003.[5℄ http://www.edonkey2000.om/index.html.[6℄ D. Gale and L.S. Shapley. College admissions and the stability of marriage. Amerian MathematialMonthly, 69:9�15, 1962.[7℄ Robert W. Irving, Paul Leather, and Dan Gus�eld. An e�ient algorithm for the "optimal" stable marriage.J. ACM, 34(3):532�543, 1987. INRIA
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