Structural Factorization of Plants to Compute their Functional and Architectural Growth

Numerical simulation of plant growth has been facing a bottleneck due to the cumbersome computation implied by the complex plant topological structure. In this paper, we present a new mathematical model for plant growth, GreenLab, overcoming these difficulties. GreenLab is based on a powerful factorization of the plant structure. Fast simulation algorithms are derived for deterministic and stochastic trees. The computation time no longer depends on the number of organs and grows at most quadratically with the age of the plant. This factorization finds applications in the context of Geometric Models, to build trees very efficiently, and in the context of Functional Structural Models, to compute biomass production and distribution.

Introduction

Virtual plants are more and more used for different applications, mainly in computer graphics (urbanism and landscaping) and environmental sciences (agronomy and forestry). Sievänen in [START_REF] Sievänen | Components of a functional-structural tree model[END_REF] distinguishes three kinds of models for virtual plants: Process Based Models (PBM), Geometric Models (GM) and Functional Structural Models (FSM). Process Based Models focus on ecophysiological processes and are used to answer agronomic questions (see for example GOSSYM for cotton [START_REF] Baker | Gossym: a simulation of crop growth and yield[END_REF], CERES for Maize [START_REF] Jones | CERES -Maïze : A simulation model of maïze growth and development[END_REF] or [START_REF] Marcelis | Modelling of biomass production and yield of horticultural crops: a review[END_REF]] for a review). They typically describe the flux of external resources through a system (the plant or the crop) into a pool (the yield). A set of rules and parameters govern resource acquisition and conversion on a field area basis, according to a phenological timetable. This approach is particularly robust for field crops forming homogeneous canopies. It is no longer true for heterogeneous populations or culture systems in which plant architecture and geometry are of specific interest to the producer. The development and management of these systems require models providing the plant architectural description, in addition to resource flows and yield. Such models should also integrate the plant phenotypic plasticity resulting from feedbacks between functional growth and architectural development. Geometric Models refer to plant architectural models built from simulation algorithms for computer graphics needs, (for pioneering works, see [START_REF] Aono | Botanical tree image generation[END_REF], [START_REF] Reffye (de) | Plant models faithful to botanical structure and development[END_REF] or [START_REF] Prusinkiewicz | Algorithmic Beauty of Plants[END_REF]). They are only based on a topological description of the plant and some geometric rules. Handled by good designers, these models produce authentic looking pictures of plants. Recent interesting examples can be found in [START_REF] Deussen | Digital Design of Nature -computer generated plants and organics[END_REF]). If it works quite well for little plants (at least from a visual point of view), limitations occur so far when it comes to the representation of trees, as their botanical developments is too complex and strongly influenced by physiological functioning. Evolved software built on this type of model is commonly used in landscaping, advertising or video games but is of little interest for agro-ecological research, as no biomass is computed. Developed recently, Functional Structural Models are mainly devoted to agronomy and forestry. They attend to combine Process Based Models and Geometric Models in order to control both photosynthesis and organogenesis. It is generally done by performing a dynamic simulation of plant morphogenesis. The plant architectural development provides the sources according to which the photosynthesis is determined and the compartments among which the produced biomass is distributed, see for example LIGNUM model [START_REF] Perttunen | Lignum: a tree model based on simple structural units[END_REF] and AMAPhydro [Reffye (de) et al., 1997]. The need for fast simulation and visualization tools is obvious for computer graphics purposes. It is also crucial for agro-ecological research. As a matter of fact, for applications, plant growth models have to be calibrated on real plant measurements. Parameter identification can only be performed by running a very large number of times the growth simulation process. The same issue is raised when solving optimal control or optimization problems, see [Wu, 2005]. Most simulation algorithms rely on the complete construction of the plant topology by mimicking the simultaneous bud functioning, see for example [START_REF] Prusinkiewicz | Algorithmic Beauty of Plants[END_REF] and other related works based on L-systems or automata. For Geometric Models, Sievänen observed empirically that the computational time is proportional to the square of the number of items, see [START_REF] Sievänen | Components of a functional-structural tree model[END_REF]. When it comes to Functional Structural Models, the simulation of source and sink processes, biomass acquisition and distribution requires exploring several times the plant topological structure. It increases heavily the computational time (up to 8 times). In AMAPhydro model, the total biomass production is obtained by summing the photosynthetic production of every leaf and biomass partitioning is computed by determining the individual demand of all organs and then allocating biomass to each of them, see [START_REF] Blaise | Modeling of metamorphosis and spatial interactions in the architecture and development of plants[END_REF]. But for branching plants, the number of organs grows exponentially, which leads to cumbersome computations. As a consequence, the algorithms can be drastically improved by taking into account the fact that a plant is often composed of a juxtaposition of similar substructures. In this paper, we will present an improved method of plant simulation based on a powerful factorization of the plant architectural organization. This factorization method is applied to the functional structural model GreenLab detailed in [Reffye (de) and Hu, 2003] and [START_REF] Yan | A dynamic, architectural plant model simulating resource-dependent growth[END_REF], for deterministic and stochastic simulations. A real breakthrough is achieved as the bottleneck linked to complex tree architectures is suppressed. In section 2, we will present the main botanical and ecophysiological concepts used in the GreenLab model and build the dynamical system of plant growth. The factorization method is introduced in section 3. A new mathematical formalism is presented, which allows rewriting the equations of GreenLab and deriving a fast algorithm for plant growth simulation. In section 4, the advantages and drawbacks of the method are discussed, as well as the perspectives it opens for applications in both computer graphics and environmental sciences.

Basic Biological Concepts Used in the GreenLab Model

In this section, we present the botanical and ecophysiological concepts from which the GreenLab model was built. A consistent time unit for architectural growth and photosynthetic production is defined, which allows us to derive the discrete dynamical system of growth. A more detailed biological presentation of the GreenLab model can be found in [Reffye (de) and Hu, 2003] or [START_REF] Yan | A dynamic, architectural plant model simulating resource-dependent growth[END_REF].

Architectural Organization

As explained in [START_REF] Barthélémy | Architecture, gradients morphogénétiques et âge physiologique chez les végétaux[END_REF], the architecture of a plant can be seen as a hierarchical branching system in which the axes can be grouped into categories characterized by a particular combination of morphological parameters. Thus, the concept of physiological age was introduced to represent the different types of axes. For instance, on coffee trees, there are two types: orthotropic trunk and plagiotropic branches. Usually, we need less than 5 physiological ages to describe the axis typology in a given tree, see [START_REF] Sabatier | Growth dynamics and morphology of annual shoots according to their architectural position in young cedrs atlantica (endl.) manetti ex carrière (pinaceae)[END_REF] and the example of Cedrus Atlantica. The main trunk has a physiological age of 1 and the oldest physiological age is the ultimate state of differentiation for an axis, it is usually short, without branches. Moreover, botanists generally agree on the fact that plants are modular organisms that develop by the repetition of elementary botanical entities or constructional units, see for example [Bell, 1991] or [Barthélémy, 1991]. The most elementary of these entities is the metamer. It is composed of an internode bearing organs: buds, leaves, flowers. Depending on plants, metamers are set in place rhythmically or continuously. In the rhythmic case, see Figure 1, the plant grows by successive shoots of several metamers produced by buds. The apparition of these shoots defines the architectural Growth Cycle. A Growth Unit is the set of metamers built by a bud during a growth cycle. These metamers can be of different kinds and ordered according to botanical rules, like acrotony. To give a simple example, most temperate trees grow rhythmically, new shoots appearing at spring. If we do not consider polycyclism, their architectural growth cycle correspond to a year. Plant growth is said continuous when meristems keep on functioning and generate metamers one by one, see Figure 1. The number of metamers on a given axis (that is to say generated by the same meristem) is proportional to the sum of daily temperatures received by the plant. It is called the Law of the Sum of Temperatures in Agronomy, see [Jones, 1992] and [START_REF] Gao | Rice clock model -a computer model to simulate rice development[END_REF]. The Growth Cycle is defined as the thermal time unit necessary for a bud to build a new metamer. Tropical trees, bushes or agronomic plants have a continuous growth. In both continuous and rhythmic cases, the Chronological Age of a plant (or of an organ) is defined as the number of growth cycles it has been existing for.

Ecophysiological Concepts

GreenLab aims at providing a general framework for plant growth models and their applications to agronomy and forestry. For this purpose, it is necessary to add to the architectural model some ecophysiological submodels to compute the photosynthetic biomass production and its distribution among organs. Here, we present the simple hypotheses used in GreenLab to describe plant functioning. However, it is important to note that more complex models could be implemented in the same framework, see [START_REF] Yan | A dynamic, architectural plant model simulating resource-dependent growth[END_REF]. We determine the photosynthetic biomass production by the law of Water Use Efficiency, see [START_REF] Howell | Relationship of dry matter production of field crops to water consumtion[END_REF]: the plant dry matter acquisition is approximately proportional to the plant transpiration. To be able to build the plant architecture, we need a notion of volume and weight of the wet plant biomass. For this purpose, in GreenLab, we convert the dry matter production into an available fresh biomass by assuming that the moisture content is constant. Therefore, in GreenLab, the water use efficiency will be considered as the conversion rate of water transpiration into fresh biomass. The fresh biomass thus computed is used to build organs. Each leaf will have a transpiration proportional to a potential transpiration rate and to its conductance depending on its surface area, see [Jones, 1992]. The Growth Cycle is deduced in both cases: it is defined as the time unit necessary for a new metamer to be set in place when the growth is continuous, or the period at which the Growth Units (GU) appear when the growth is rhythmic. For the sake of simplicity, metamers are drawn here without lateral buds.

Moreover, we do not consider any local diffusion process and make the hypothesis that the biomass produced by each leaf is stored in a common pool of reserves and redistributed among all organs according to their sink strengths. The initial seed and the leaves are sources. Leaves, internodes, fruits and rings (resulting from the plant secondary growth) are sinks. The root system is not described but is considered as a big sink at all stages of the plant growth. Secondary growth is the process controlling the increase of branch diameters. To describe it, we use the classical pipe model [START_REF] Shinozaki | A quantitative analysis of plant form -the pipe model theory i. basic analysis[END_REF]: the ring volume of a branch at a given spot in the plant architecture is proportional to the number of leaves seen above.

GreenLab Growth Cycle

The time unit for organogenesis and photosynthesis must be consistent, insuring a good synchronization between the two processes. In GreenLab, we consider that the new growth units appear at the beginning of the growth cycle and that, during this one, the plant architecture remains constant. As illustrated by Figure 1, it is a good approximation for rhythmic growth. In the case of continuous growth, it corresponds to a discretization of the system with respect to the growth cycle. Growth units are thus simply composed of one metamer. The discretization is reasonable in the continuous case as the cycle duration is usually quite short compared to that of the whole growth process. Consequently, we will no longer distinguish rhythmic and continuous growths.

We suppose as well that at the level of growth cycle, the fluctuations of water use efficiency and of potential transpiration rate are reasonable, and we use their average values at growth cycle n. Also knowing the architecture at growth cycle n, and thus leaf surface areas, we can determine their transpiration and the total amount of produced biomass, denoted Q(n). At the end of the cycle, fresh matter is allocated to organs according to their relative demands (sinks): old organs in expansion, new organs preformed in buds (they will appear at the beginning of growth cycle n + 1), root system, rings... Empirical allometric rules are used to determine the dimensions and shapes of organs from their volumes, and the plant architecture at growth cycle n + 1 is thus obtained. Figure 2 illustrates the different steps to compute the plant functioning during its growth cycle. From this flowchart is derived the algorithms to simulate plant growth and development.

Figure 2: Plant functioning flowchart: the seed gives the initial pool of biomass. It is used to build organs (internodes, roots, leaves, fruits) and thus the plant architecture. Roots allow water assimilation used for leaf transpiration and photosynthetic biomass production. This biomass is stored in the common pool of reserves and is then distributed among organs, which ends the growth cycle.

A New Way to Simulate Plant Growth Based on its Structural Factorization

It is possible to simulate tree development and growth thanks to computer simulation techniques that imitate closely processes of plant functioning, i.e. handle the growth of each organ individually. Every bud organogenetic production is simulated, which means that all organs are created one by one. Likewise, the production and the circulation of fresh biomass use the paths of the topological and geometrical structures in the tree architecture, all organs have to be reached. Such simulation process was implemented in AMAPhydro Software, see [START_REF] Reffye (de) | A functional model of tree growth and tree architecture[END_REF] and [START_REF] Blaise | Modeling of metamorphosis and spatial interactions in the architecture and development of plants[END_REF]. But this method leads to cumbersome computations.

The factorization method we present here strongly relies on the plant botanical organization. It takes into account the fact that identical organs and structures are repeated a large number of times in the plant architecture. We derive an efficient method of simulation based on plant instantiations, instead of simulating all organs.

Organogenesis

Botanical Instantiations and Notations

Metamers and buds: Let P be the maximum number of physiological ages in the plant.

It is generally very small, inferior to 5, [START_REF] Sabatier | Growth dynamics and morphology of annual shoots according to their architectural position in young cedrs atlantica (endl.) manetti ex carrière (pinaceae)[END_REF]. From the botanical description of the plant, we get that metamers and buds are the elementary bricks of the plant structure.

At growth cycle t, a metamer is characterized by its physiological age p, the physiological age of its axillary branches q (with q ≥ p; if there is no axillary branch, we take q = P + 1) and its chronological age n. It will be denoted by m t pq (n) or simply m pq (n) if there is no ambiguity on the growth cycle. These 3 indices p, q, n are sufficient to describe all the metamers composing a plant of chronological age t and we have at most 1/2 P (P + 3)t different metamers. A bud is only characterized by its physiological age p and will be denoted by s t p or s p . We have of course at most P different buds in a plant.

Substructures:

The terminal bud of a plant axis produces different kinds of metamers bearing axillary buds of various physiological ages. These buds themselves give birth to axillary branches and so on... A substructure is the complete plant structure that is generated after one or several cycles by a bud. In the deterministic case, all the substructures with the same physiologicaland chornological ages are identical if they have been set in place at the same moment in the tree architecture. At cycle t, a substructure is thus characterized by its physiological age p and its chronological age n. It will be denoted by S t p (n). We recall here that the physiological age of the main trunk is 1. Thus, at growth cycle t, the substructure of physiological age 1 and of chronological age t, S t 1 (t), represents the whole plant. Figure 3 illustrates the way substructures are organized. The total number of different substructures in a plant of chronological age t is thus P t. This number is very small, usually less than 30, even if the total number of organs is high. Substructures and metamers will be repeated a lot of times in the tree architecture, but they need to be computed only once for each kind.

Mathematical Formalism

This part is based on [Reffye (de) et al., 2003]. We develop and adapt their formalism. Without loss of generality and in order to simplify the notations, we will suppose that all metamers bear axillary buds and we will no longer consider the virtual physiological age P + 1. We will also suppose that there is no mutation (the apical bud does not change its physiological age) while the axis grows. Let G t be the set of metamers and buds:

G t = m t pq (n), 1 ≤ p ≤ P, p ≤ q ≤ P, 1 ≤ n ≤ t ∪ s t p , 1 ≤ p ≤ P . (1) 
We consider the monoid S t generated by G t for the concatenation internal operator. This operator will be represented by the multiplicative sign. Substructures are thus elements of S t . They are built by induction, as follows:

• Substructures of chronological age 0 are buds:

S t p (0) = s t p , (2) 
Figure 3: Substructures of physiological ages 1, 2, 3 at chronological ages 0, 1, 2 and their organization: S 1 (0), S 2 (0), S 3 (0) are buds of physiological age 1, 2, 3 respectively. In this example, a growth unit of physiological age 1 is composed of 2 metamers of type m 12 and 1 metamer of type m 13 ; a growth unit of physiological age 2 is composed of 2 metamers of type m 23 ; a growth unit of physiological age 3 is composed of 1 metamer of type m 34 (without axillary bud).

• and if we suppose built all the substructures of chronological age n -1, we deduce the substructures of chronological age n:

S t p (n) =   p≤q≤P m t pq (n) upq(t+1-n) S t q (n -1) bpq(t+1-n)   S t p (n -1) . (3) 
For all (p, q) (such that 1 ≤ p ≤ P, p ≤ q ≤ P ), (u pq (t)) t and (b pq (t)) t are sequences of integers that are characteristic of the plant organogenesis: u pq (t) corresponds to the number of metamers m pq in growth units of physiological age p appearing at growth cycle t; b pq (t) is the number of axillary substructures of physiological age q in growth units of physiological age p that appeared at growth cycle t.

In equation ( 3), substructure S t p (n) is decomposed into : -its oldest growth unit, called base growth unit:

p≤q≤P m t pq (n) upq(t+1-n)
-the lateral substructures borne by the base growth unit (they are one cycle younger):

p≤q≤P S t q (n -1) bpq(t+1-n)
-the substructure grown from the apical bud of the base growth unit (also one cycle younger):

S t p (n -1)
This decomposition is illustrated on S 1 (2) in Figure 3.

The GreenLab organogenesis model has been derived in 3 forms:

• GL1 corresponds to the deterministic organogenesis model, without influence of the plant functioning. Mathematically, it corresponds to u pq and b pq constant, see [START_REF] Yan | A dynamic, architectural plant model simulating resource-dependent growth[END_REF].

• GL2 corresponds to a stochastic model of organogenesis, u pq and b pq are stochastic variables. As a consequence, substructures of the same chronological and physiological ages can be very different: S t p (n) is a stochastic variable with values in S t . More details are given in section 3.1.4 and in [START_REF] Kang | Theoretical study and numerical simulation of a stochastic model for plant growth[END_REF].

• GL3 corresponds to a deterministic model with total retroaction between organogenesis and photosynthesis. u pq (t) and b pq (t) are functions of the biomass produced by the plant at growth cycle t -1 and t respectively, see [START_REF] Mathieu | A dynamical model of plant growth with full retroaction between organogenesis and photosynthesis[END_REF].

From equation (3), we can derive the algorithms to build the topological structure of the plant at any growth cycle t, in both deterministic and stochastic cases. The numbers of organs can also be computed as a result of organogenesis. These numbers will prove of crucial importance in section 3.2 to compute plant functioning.

Deterministic plants

Topology: The inductive construction of section 3.1.2 gives the algorithm to build the topological structure of the plant at any growth cycle t. We suppose that the sequences (u pq (t)) t and (b pq (t)) t are known. To get the full plant structure at cycle t, we need to build all the substructures S t p (n), for all p ∈ [1; P ] and for all n ∈ [0; t]. It is simply done using equation (3) and by induction on n, as illustrated by Figure 3. If (u pq (t)) t and (b pq (t)) t are constant (GL1 case), S t p (n) are (topologically) independent of t, and the construction does not have to be done at each growth cycle but only once.

Numbers of Organs: Without factorization of the plant structure, counting the number of organs is a typical bottleneck; the computing time can be tremendous for big trees and forests. Here, we overcome this difficulty. In order to determine the number of organs, we count the metamers. For this purpose, we define the morphism Ψ of S t into (IR P , +). If S is in S t , Ψ(S) is the vector of the number of metamers of each physiological age in S. On the generating set G t :

Ψ(m t pq (n)) = I p and Ψ(s t p ) = (0) (4) 
where:

I p =             0 . . . 0 1 0 . . . 0             ← rank p (5)
Then we deduce Ψ(S t p (n) for all p, n using the morphism property and by induction on n. From equation (3):

Ψ S t p (n) = Ψ     p≤q≤P m t pq (n) upq(t+1-n) S t q (n -1) bpq(t+1-n)   S t p (n -1)   = p≤q≤P u pq (t+1-n) I p + p≤q≤P b pq (t+1-n)Ψ S t q (n -1) + Ψ S t p (n -1)
(6) An interesting result can be derived for the GL1 model, that is to say when u pq and b pq are constant, and if there is no mutation. In this case, Ψ(S t p (n)) is independent of t. Thus, if we introduce the square matrix of order P :

U n = (Ψ(S 1 (n)), • • • , Ψ(S P (n))) , (7) 
we obtain the following system:

U n = V + U n-1 (I + N ) , ( 8 
)
where I is the identity matrix of order P , V is a diagonal matrix, V ij = δ ij i≤q≤P u iq and N is an inferior triangular matrix, N ij = b ji . We obtain:

U n = V n-1 i=0 (I + N ) i . (9) 
Without reiteration (if b pp = 0 for all p), N is nilpotent and the equation simplifies.

This inductive plant construction is very fast. The computation time is proportional to P t 2 (P t for GL1) and not to the number of metamers. As the number of organs (internodes, leaves, fruits...) per metamer is botanically known, GreenLab provides a mathematical tool that enables to compute the organ production of a virtual plant very quickly and thus suppresses the drawback of counting the organs one by one by simulation.

Geometric Representation: If we add geometric rules (internode lengths, branching angles, phyllotaxy) to the construction algorithm, we will obtain the 3D architecture of a geometrical tree, [Reffye (de) et al., 2003]. We can extend the role of substructures to be sets of polygons storing their geometric shapes into a library. They become meta-organs, and positioning a substructure in the plant architecture needs the same operations as for a simple 3D organ. They can also be displayed separately, which can be useful. The tree of Figure 3.1.3 built with AMAPsim software can be computed either with the classical method simulating every organ or with substructure factorization, see [START_REF] Yan | Fast construction of plant architectural models based on substructure decomposition[END_REF]. Resulting computational times are compared: more than one hour for the total simulation of the 15 year old plant, less than one second with the substructure factorization! The mathematical algorithm proposed totally suppresses the simulation cost of tree architecture.

Stochastic plants -GL2 model

Topology: The inductive construction algorithm can be extended to stochastic plants, when (u pq (t)) t and (b pq (t)) t are stochastic variables controlling growth, branching and death processes, see [START_REF] Kang | Theoretical study and numerical simulation of a stochastic model for plant growth[END_REF] adapted as follows:

S t p (n) = p≤q≤P m t pq (n) upq(t+1-n) 1≤i≤bpq(t+1-n) S t q (n -1) i S t p (n -1) , ( 10 
)
where S t p (n) denotes a realization of the stochastic variable S t p (n). In the case of deterministic growth, for given chronological and physiological ages, there is only one substructure. For the stochastic growth, all the realizations of S t p (n) could be different. As a consequence, we lose the advantage of the substructure decomposition as no factorization is possible. For simulation, we overcome this difficulty by taking a limited number of samples of substructures that are realizations of the same stochastic distribution. These samples of substructures in a given set (at growth cycle t, for given physiological and chronological ages p and n) are obtained from Equation ( 10): for each sample, we get values for (u pq (t)) t and (b pq (t)) t and choose S t q (n -1) in the appropriate sets. The same loop as in the deterministic case is used, which insures that these sets have already been built. On Figure 5, we give examples of these sampling sets and how samples are used in structures of higher chronological ages.

The size R of the substructure sets can vary. Of course, the accuracy will increase with R. This method to simulate stochastic trees is very efficient. The time necessary to build the first tree is proportional to P × t 2 × R. Once again, it does not depend on the number of organs to create. It is important to note that the algorithm is even more interesting to build stochastic forests, as the sets of substructures built for the first stochastic tree can be used to build other trees of the same kind that are realizations of the same stochastic distribution.

Numbers of Organs: Similarly to the deterministic case, the numbers of organs can be deduced from the number of metamers. We will thus compute its stochastic distribution. Without bud death processes, the metamer distribution results from parallel stochastic processes and it is very close to a normal distribution. So the mean and variance are sufficient to obtain the distribution shape with accuracy. Using compound law formulas (see [START_REF] Sedgewick | Introduction to Algorithm Analysis[END_REF]), it is possible to compute the theoretical mean, variance and covariances of the number of metamers in a plant whose topological structure is given by Equation ( 10). The theoretical formulas avoid heavy Monte-Carlo simulations to get the distribution shape as it used to be done with several days of computation! It is also possible to get a very good approximation of the mean and variance of the produced biomass using differential statistics applied to the production equation. The detailed calculations and formulas are given by [START_REF] Kang | Theoretical study and numerical simulation of a stochastic model for plant growth[END_REF]. These results are synthetic and do not need plant reconstruction. For many experiments they can be quite sufficient to assess the mean and variance of the yield.

Plant Functioning

The plant structural factorization given in Equation ( 3) also allows us a fast computation of the plant functioning. As explained in section 2.2, we consider two steps at each growth cycle: first, the biomass is produced by leaf photosynthesis and stored in a common pool, and then, it is redistributed among all organs according to their sink strengths. Both steps strongly rely on the numbers of organs.

The Operator of Growth

The growth of a plant from cycle t to cycle t + 1 is given by the growth of all its substructures. We define the evolution operator φ t of S t into S t+1 as a morphism for the concatenation law. As G t is a generating set of S t , the morphism φ t is fully determined by its values on G t . We have:

           φ t (m t pq (n)) = m t+1 pq (n + 1) , with 1 ≤ p ≤ P, p ≤ q ≤ P, 1 ≤ n ≤ t φ t (s t p ) =   p≤q≤P m t+1 pq (1) upq(t+1) s t+1 q bpq(t+1)   s t+1 p , with 1 ≤ p ≤ P (11) 
The initial condition is given by s 0 1 , which is the seed. If we only consider organogenesis without functioning, we have m t pq (n) = m pq for all t, n, and this formalism is equivalent to the dual-scale automaton, see [Hu et al., 2003], and to grammars or L-Systems, see [START_REF] Prusinkiewicz | Algorithmic Beauty of Plants[END_REF]. However, in their original forms these formalisms can not take properly into account functioning. A notable improvement on this regard was the development of sensitive growth grammars, see [Kurth, 1994] and [START_REF] Kurth | Growth grammars simulating trees-an extension of l-systems incorporating local variables and sensitivity[END_REF], attaching local variables to plant organs. In a similar way, substructures can integrate all necessary variables for plant functioning, but the main advantage is that the plant factorization allows a very quick treatment of these variables.

Biomass Acquisition -Photosynthesis

Every green leaf i produces fresh biomass that fills the pool of reserves. Its production is given by the water use efficiency times its water transpiration, and the leaf transpiration is obtained by the potential transpiration rate multiplied by the leaf conductance, see [Jones, 1992] or [START_REF] Allen | Crop evapotranspiration. guidelines for computing crop water requirements[END_REF]]. E t denotes the water use efficiency times the potential transpiration rate at growth cycle t and sums up all the environmental effects. In its extremely simple version presented here, the model applies a constant E t to all leaves. An empirical nonlinear function f depending on the leaf surface A i and on physiological parameters r 1 , r 2 gives the leaf conductance. The plant biomass production is thus:

Q t = E t i f (A i , r 1 , r 2 ) , (12) 
The empirical function f chosen in GreenLab is:

f (A i , r 1 , r 2 ) = 1 r 1 /A i + r 2 . ( 13 
)
This function can be easily changed according to modellers' choices.

We define the conductance of a metamer as the sum of conductances of all its leaves and we introduce the morphism Γ of S t into (IR, +) on the generating set G t : Γ(m t pq (n)) gives the conductance of the metamer and Γ(s t p ) = 0. Then, we can deduce Γ(S t p (n)) by induction on n. First, we know that for all p, 1 ≤ p ≤ P , Γ(S t p (0)) = Γ(s t p ) = 0. If Γ(S t p (n -1)) are known for all p, we use equation 3:

Γ S t p (n) = Γ     p≤q≤P m t pq (n) upq(t+1-n) S t q (n -1) bpq(t+1-n)   S t p (n -1)   = p≤q≤P u pq (t+1-n)Γ m t pq (n) + b pq (t+1-n)Γ S t q (n -1) + Γ S t p (n -1)
(14) Finally, as the structure S t 1 (t) corresponds to the full plant, the production of biomass at growth cycle t is:

Q t = E t Γ S t 1 (t) . (15) 

Biomass Distribution

Each organ o has a potential biomass attraction value that we name sink or organ demand. This sink p o depends on the type of organ, its physiological age and its chronological age n. n = 0 corresponds to organs that will appear at the next cycle (generated by the structures S t p (0), cf. Section 3.2.1), and n ≥ 1 to organs in expansion. The shape chosen for sink functions are left to the user's choice, but they should be able to fit properly any kind of sink variations, as a function of the organ chronological age. It must be flexible enough to give bell shapes, c or s shapes, etc.. More details on sink variation functions are given in [Reffye (de) and Hu, 2003]. We define the plant demand at growth cycle t as the total biomass attraction of all organs (leaves, internodes, fruits, layers, roots...):

D t = o p o , (16) 
As for the computation of the numbers of organs or the biomass production, we introduce the morphism Λ of S t into (IR, +) and we define it on the generating set G t : Λ(m t pq (n)) gives the metamer demand, that is to say the sum of the sinks of all its organs for their expansion and secondary growth, and Λ(s t p ) is the demand of the growth unit that will be generated by the bud. We deduce Λ(S t p (n)) at every growth cycle t, for all p, n, by induction on n and we have:

D t = Λ S t 1 (t) (17) 
The biomass q t o allocated to organ o at growth cycle t is thus:

q t o = p o Q t D t . (18) 
Eventually, the organ volume depends on its apparent density and its dimensions on allometric rules. All this features can be measured directly from the organ shape. Particularly, we compute leaf surface areas that are used to determine photosynthesis at the next growth cycle.

Retroaction of Photosynthesis on Organogenesis

From Equation (18), we see the importance of the ratio Q t D t . It is the main regulating variable of plant growth. According to the environmental conditions and to the available biomass, the plant will adapt its topology along its growth. This phenomenon is taken into account in GL3, see [START_REF] Mathieu | A dynamical model of plant growth with full retroaction between organogenesis and photosynthesis[END_REF] or [Mathieu, 2006] for an exhaustive study. Regarding the topological equation (3), it corresponds to non constant sequences (u pq (t)) t and (b pq (t)) t :

u pq (t) = u pq Q t-1 D t-1 and b pq (t) = b pq Q t D t . ( 19 
)
On Figure 6 appears very clearly the difference between GL1 and GL3. We simulate with DigiPlant software the growth of a tree of chronological age 15 in two different environmental conditions, E t = 0.5 and E t = 1. for all t. The two trees on the left are obtained with GL1: the plant keeps the same topology but is shorter in bad conditions. On the contrary, the two trees on the right are built with GL3: the plant changes topology with high plasticity and adapts to its environment. Concerning computational times, it is faster to compute GL1 topology than GL3 one (P × t structures to compute compared to P × t 2 ), but there is no difference concerning the computation of functioning and of organ dimensions. To give an idea, the computation time of the full GL3 tree with secondary growth (rings) is less than 0.1 second on standard PC. 

Discussion

We proposed a topological factorization of plant architecture based on botanical instanciations, namely metamers and substructures. A proper mathematical formalism was adapted to this factorization and helped us derive a fast algorithm to simulate plant organogenesis (architectural development) in both deterministic and stochastic cases. Moreover, under the hypothesis of a homogeneous potential transpiration rate, we showed that the substructure factorization provides a very efficient framework to compute plant functioning (biomass production and distribution) when using ecophysiological submodels. The computational times varies at most quadratically with the plant chronological age. It would grow exponentially without structural factorization as the complexity would increase with the total number of organs.

The main drawback of the factorization method lies in the hypothesis that at a given growth cycle, all the substructures with the same physiological and chronological ages are identical and have the same functioning. It is too restrictive in numerous cases.

Firstly, the potential transpiration rate depends on the microclimatic conditions (temperature, light, humidity) perceived by each individual leaf. These conditions may vary significantly in the same plant. An average approach based on a homogeneous potential transpiration rate is generally sufficient to describe the biomass acquisition and distribution among organs, see [START_REF] Allen | Crop evapotranspiration. guidelines for computing crop water requirements[END_REF] or [START_REF] Guo | Parameter optimization and field validation of the functionalstructural model greenlab for maize[END_REF]]. However, it does not allow to take into account local effects which play a very important role for some applications, for example to study the development of pests (pathogens, insects), see [Chelle, 2005]. Another example of limitation concerns the biomechanical analysis of trees. An incremental finite element method was implemented in [START_REF] Fourcaud | Numerical modelling of shape regulation and growth stresses in trees ii: Implementation in the amappara software and simulation of tree growth[END_REF], based on an exhaustive simulation of the growth of all organs. The complete computation is thus very heavy. Such analysis can not be directly adapted to a simulation based on substructure factorization as each substructure repetition has its own spatial position and their own gravitational constraints.

In both cases, an adaptation to our method would consist in discretizing the array of varying conditions (value of potential transpiration rate in the first example, orientation of the substructure main axis in the second one). As in the stochastic organogenesis case, see section 3.1.4, we overcome the difficulty by handling a limited number of samples of substructures for given physiological and chronological ages, corresponding to the discretization. Fast plant growth simulation is very useful for graphical applications in urbanism or landscaping. Moreover, if plant geometric models are enriched with ecophysiological submodels, the visual impact is straightforward as plants look more authentic. However, we think that the most promising applications of substructure factorization concerns agronomy and forestry. To derive prediction and optimization tools, it is first necessary to identify model parameters using data obtained by experiments made on real plants. Whatever the identification algorithm used (newtoninan method with numerical computation of the system partial derivatives or heuristic methods, see [START_REF] Zhan | Fitting a structural-functional model with plant architectural data[END_REF]) the growth simulation process has to be run a very large number of times. The faster it is, the more efficient is the identification, particularly as speed allows a good interaction with the user. Moreover, sophisticated ecophysiological models can be implemented in the framework we proposed to simulate complex biological phenomena. Currently, the validation of the GreenLab model is widely studied. Several agronomic plants have already been calibrated (see the example of Maize in [START_REF] Guo | Parameter optimization and field validation of the functionalstructural model greenlab for maize[END_REF] or of branching plants like coffee trees or young beech trees in [Mathieu, 2006]). With the same applicative purpose, optimal control techniques are now applied to the model in order to optimize water or nutriant supplies, see [Wu, 2005]. Finally, the substructure factorization open interesting prospects as GreenLab remains consistent when changing scales. The complete model can be simplified without major drawbacks. Instead of creating compartments like process based models, we transform branches into metaorgans (i.e. substructures) being at the same time sources and sinks, whose values depend on the cumulative actions of the underlying organs. The ultimate transformation is to consider the tree as a single structure that is source and sink. The changing of scales relies on the equations of the full model and can be properly written.

Figure 1 :

 1 Figure1: The axis length is given as a function of time for continuous and rhythmic growths. The Growth Cycle is deduced in both cases: it is defined as the time unit necessary for a new metamer to be set in place when the growth is continuous, or the period at which the Growth Units (GU) appear when the growth is rhythmic. For the sake of simplicity, metamers are drawn here without lateral buds.

Figure 4 :

 4 Figure 4: Comparison of computing times (in seconds) between the simulation based on substructure factorization and the classical method simulating every organ (total simulation) at different growth cycles -Visualization of the plant at growth cycles 5 and 15

Figure 5 :

 5 Figure 5: Sampling sets and Stochastic Construction: for example, to build the set of S 3 (3) each time we need a substructure of type S 2 (2), we draw a sample in the corresponding set previoulsy built.

Figure 6 :

 6 Figure6: Effects of climatic variations on the GL1 and GL3 organogenesis models: on the left side (GL1), topology is fixed, organs are simply smaller to adjust to the environment; on the right side (GL3), toplogy is variable and the plant adapts its development to the environmental conditions.
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