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Homogénéisation des équations de Vlasov-Maxwell

Résumé : Dans ce rapport nous analysons ’homogénéisation des équations de Vlasov-
Maxwell 1D. Dans le cas non relativiste nous calculons explicitement la solution du modéle
limite. Les résultats théoriques sont illustrés par quelques simulations numériques.

Mots-clés : Equations de Vlasov-Maxwell, homogénéisation, solutions par caractéristiques
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1 Introduction

We consider a population of electrons (with mass m,. and charge —e, e > 0) interacting
through their self-consistent electro-magnetic field. We denote by f the electronic density,
depending on the time ¢t € R*, position z € R* and momentum p € R? and by (E, B) the
electro-magnetic field. The notation pext(2) stands for the charge density of the background
ion distribution, which are supposed to be at rest. The unknown (f, F,B) satisfy the
Vlasov-Maxwell system

Of +v(p) - Vauf —e(E(t,z) +v(p) AB(t,x))-V,f =0, (1)
OE — ’rotB = 83/ v(p)f(t,z,p) dp, OB +rotE =0, (2)
0 Jr3
1

divE = = (pmm e[ ftp) dp) divB =0, 3)

€0 R3
where c is the light speed in the vacuum and € is the dielectric permittivity of the vacuum.
Here v(p) is the velocity associated to the momentum p. This function is given by v(p) = mie

2\ —1/2
in the non relativistic case (NR) and by v(p) = - (1 + TL%‘&) in the relativistic case
(R). We prescribe initial data

f(ovxap) = fO(xvp)v (l',p) € Rg X RB? (E,B)(07£L') = (E07Bo)($), T € RS? (4)

satisfying the compatibility constraints

1
divEy = = (pext(x) — 6/3 fo(z,p) dp) , divBy =0, z e R3, (5)
R

and the global neutrality condition

e /R 3 /R ol p) dp de = /R otz da (6)

There are several approaches for studying the Vlasov-Maxwell system (1), (2), (3), (4):
classical solutions have been investigated in [16], [13], [14], [15], [19], |8]; the existence of
weak solutions has been studied in [11], [22], [18], [4].

Neglecting the magnetic field B and the relativistic corrections in the Vlasov equation
leads to the Vlasov-Poisson system

Ouf + 2= Vof = eB(t,2) -V f =0,

1
rotE =0, divE = — (pext(x) — e/ f(t,z,p) dp) )
€0 R3
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4 Bostan

which were studied by many authors, cf. [1], [2], [17], [20], [21], [3]. The Vlasov-Poisson
system can be justified as the limit of the Vlasov-Maxwell model when the light speed is
much larger than the particle velocities, see [10], [6].

Another interesting problem concerns the homogenization of these equations. Results
for the Vlasov-Poisson system with strong external magnetic field can be found in [12].

We investigate here the Vlasov-Maxwell equations in one dimension. Choosing physical
units such that m, =1, e =1, ¢g = 1,¢ = 1, these equations become

onf +v(p)0sf — E(t,x)0,f =0, (t,z,p) € RT x R? (7)

OE =j(t,x), 0.F = pext(x) — p(t,x), (t,x) € RT xR, (8)

where p = fR fdp, j= va(p) f dp. We supplement the above equations with the initial
conditions

f(Oaxap) = fO(xvp)v (Z,p) € Rza E(O,l’) = EO(x)v z €R. (9)

We assume that the background density is constant pexy = n > 0 and that the initial condi-
tions verify the hypotheses

H1) there is a bounded function go non decreasing on R~ and non increasing on R such
that 0 < fo(z,p) < go(p), V (z,p) € R? and which belongs to L'(R;dp) in the R case and
to LY(R; |p| dp) in the NR case;

H2) Ej belongs to L>(R) such that Ej = n — py, where pg = [, fo dp.

Notice that fj is supposed to be only locally integrable with respect to the space variable.
We work in the space periodic setting. Assume that (fy, Fp) are 1-periodic functions with
respect to x. Notice that the solvability of Ej = n — po in the class of 1-periodic functions
is equivalent to the neutrality condition n = fol Jg fo(@,p)dp dz. Moreover the solution is
unique up to an additive constant. For any € > 0 we consider the e-periodic functions given
by

f5(x,p) = fo (%,p), (z,p) € R?, E§(xz) =€eEy (g) + K, z €eR,

where K € R is a fixed constant. Observe that (f§, Eg) satisfy H1, H2. When € goes to 0 we
expect that the family of solutions (f€, E¢).~¢ associated to (f§, E§)e>0 converges towards
some functions not depending on x. Therefore we consider also the space homogeneous 1D
Vlasov-Maxwell system

of —Et)d,f =0, (t,p) € RT xR, (10)
= [w)fep) do = i), 1R, ()
R

INRIA
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with the initial conditions
1
F0.) = filp) == / fola,p) dz, p € R, E(0) = E, = K. (12)
0

Our main result describes the behavior of the sequence (f€, E¢)c~o for small € (see the
second section for the definition of g?).

Theorem 1.1 Assume that (fo, Eo) are 1-periodic in x and satisfy H1,H2. Then for any
€ > 0 we have the inequality

[E°(t) = E()lze@® < e(llBoll®) + 4llgollLr @) exp(2te|lgollLr (m)), t € RY.

Moreover, for any T > 0 and ¢ € L*(R?; gé?‘(T) (p) dp dx) we have

lim sup /R /R (F*(t, ) — £(t,p))o (. p) dp dax = 0,

eNO¢efo,T]

where R(T) = Tal (T),a € {R,NR}, aff(T) = ||Eol L) + K|+ 2T ||goll 21 (=), ang(T) =
([1Eoll o r) + K|+ 27| Iplgoll 1 (v)) exp(2T2(|gol| L1 (r))-

Our paper is organized as follows. In Section 2 we recall the main existence and unique-
ness results for the 1D Vlasov-Maxwell equations. We establish estimates for the electric
field and its derivatives. In Section 3 we prove the Theorem [1.1. The main tools are the
formulation by characteristics of the Vlasov problem combined with standard arguments in
the homogenization theory. We indicate the convergence rate for the electric fields and es-
tablish weak convergence for the particle densities. The last section is devoted to numerical
simulations.

2 The 1D Vlasov-Maxwell system

We start with existence and uniqueness results for the 1D Vlasov-Maxwell equations.

Theorem 2.1 Assume that (fo, Eo) verify H1,H2. Then there is a unique mild solution
(f, E) (i-e., E is Lipschitz continuous function and f is solution by characteristics) of (7)),
®), (9) satisfying E € W10, T[xR), p,j € L>=(]0, T[xR), VT > 0.

Proof. The arguments follow the lines in [5] (see also [9]) with minor changes. The main
difference here is that we construct particle distributions which are only locally integrable
in space, in view of the homogenization process of space periodic solutions. We do not give
all the details. Let us explain how to obtain bounds for the electric field and its derivatives.
These estimates will be useful for our further computations. Let us introduce the system of
characteristics for (7))

% — o(P(s), % — _E(s,X(s)), X(t) =z, P(t)=p. (13)

RR n° 0123456789



6 Bostan

We denote by (X (s;t,z,p), P(s;t,z,p)) the solution of (13). For any ¢ € L'(R) we have by
the first equation in (8) after the change of variables along the characteristics

A//fsxp Yo(x) dp dx ds

X (t;0,z,p)
/foffp/ p(u) du dp dx

/|<P |//fo T, P) 1 |o—u|<|X (£:0,2,p)—2|} AP dz du.

In the R case we have | X (¢;0,x,p) — x| <t and thus

/(E(u 2) - Eoa))p(z) de

R

/ (B(t,z) — Eo(a))p(x) de

R

(14)

IN

< 2t |lgoll il ®),

implying that
IE@) L ®) < [EollLo®) + 2t |90l ®) = ar(t). (15)

In the NR case we have
t s
X (6:0,2,p) — 2] < / (|p| + / ||E<T>||Lx> ds < tlp| + tR(2),
0 0

where R(t fo IE(s)| Lo ds. Therefore we obtain

S/|50(u)‘//90(p)1{|m7u|§t\p\+tR(t)} dp dx du,
R RJR
implying that

IE@) |z @) < [[Eollzoe @) + 2t || Iplgollzr @) + 2t llg0ll L1 ®) R(E)-

By Gronwall lemma one gets

/(E(u ) ~ Eo(@)¢(0) da

R

IE®)]I @) < (B0l + 2t || 1plg0ll 1)) exp(2t*||goll 11 r)) =t anr(t).  (16)

In order to estimate the derivatives of E consider for any R > 0 the function g{*(p) given by
go(pF R) if £p > R and go(0) if |[p| < R. Observing that |P(¢;0,z,p) — p| < R(t) we obtain
easily by using the monotonicity of go that go(P(0;t,z,p)) < g§(t) (p) and thus we have

pltx) = / Jo(X(0:t, 2, p), P(0: £, x,p)) dp

/gf(t)( ) dp

llgollt®) + 2R(t)|lgoll oo ()
< gollr ) + 2taa(t)|lgoll L&) =: ba(t), (17)

IN

AN
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where o € {R,NR}. In the R case we have also |j(¢,z)| < dg(t) := bg(t). In the NR case
we can write as before

ht,z)| < / 1plg® (p) dp
= | Iplgoll L2y + R(®)lIgoll ) + R ()Nl g0l o () (18)
< |l plgollLrry + tanr(®)llgoll L @) + (tanr(t)* g0l L ®) =: dnr(t).

It is easily seen by (8) that [|0,E(t)| peo ) < max{n,ba(t)} =: ca(t), @ € {R,NR}, t € R
and [|0:E(t)|| ooy = ()l ®) < da(t), @ € {R,NR}, t € RY. O

Corollary 2.1

1) Assume that (fo, Ep) are 1-periodic in x and satisfy H1, H2. Then there is a unique
1-periodic mild solution of (7), (8)), (9).

2) Assume that fo = fo(p) satisfies H1 and let Ey € R. Then there is a unique mild solution
of (10), (11) with the initial conditions (fo, Eo).

3 Homogenization of the 1D Vlasov-Maxwell equations

Consider (fy, Ep) verifying H1, H2 and assume that these functions are 1-periodic in x. We
denote by (f§, E§) the e-periodic functions

fi@p) =f(2p). (@p) €R: Eiw)=cEo (2) + K a <R,

where K € R. Note that (f§, E§) satisfy H1, H2 and thus by Corollary 2.1}, for any £ > 0
there is a unique e-periodic mild solution (f¢, E€) for the 1D Vlasov-Maxwell system with
the initial conditions (f§, E§). Since the family (E§)c>o is bounded in L>°(R) we deduce
by the estimates in Theorem 2.1 that (E¢).~o is bounded in W*°(]0, T[xR) and (p¢ :=
Jof€ dp,j° = fR p)f€ dp)eso are bounded in L>(]0,T[xR), V T > 0. Observing that

fi = fo fo ) dx satisfies H1 (with the same function gg) we deduce by Corollary 2.1
that there is a unlque mlld solution (f = f(t D), E E( )) of (10), (11)), (12)) verifying
E € W2(R) and p(- = [of(p) dp,j(-) == [pv(p p) dp € LS. (RT). For any € > 0
we intend to compare the solutlons (fe, ES) and (f, )

Proof. (of Theorem [1.1) We scale the solution (f¢, E°) by introducing the fast variable £
Ftap) =g (t.2p) . E(ta) = F* (1.2).
Then the functions (g°, F€) are 1-periodic in z and solve the problem

0r9° + @amgE — F*(t,z)0p9° =0, (t,z,p) € R* x R?, (19)

RR n° 0123456789
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1
O F¢ = /v(p)gs(t,x,p) dp, gamFE =n— /ge(t,x,p) dp, (t,x) € RT xR, (20)
R

R
g (0.2.9) = folw,p). (v,p) € R, F(0,2) = cEole) + K, o € R, (21)
Since 9, f = 0,E = 0, observe that (f, E) solve also the problem
o f + @@f — E0,f =0, (t,,p) € RT x R? (22)
o = [o)f dp. (t:3) € R xR (23)
R
f(oaxap) = fl(p)7 (.T,p) € Rza E(O,ZL’) = Ei> z eR. (24)

For any (t,7,p) € RT x R? we denote by (X°(:;t,2,p), P¢(-;t,z,p)) the characteristics of
(19)
dXe w(Pe(s;t,x,p)) dP*
= P o P (s, X% (st R 25
ds E ) dS (87 (87 7x7p))’ S e ) ( )
verifying the conditions X¢(s = t;t,z,p) = x, P°(s = t;t,2,p) = p. Similarly consider
(X (5t,z,p), P(-;t,z,p)) the characteristics of (22)

dX w(P(s;t,x,p)) dP
A IR LY JVA M R* 2
s LB AE _ p(s), seR, (26)

verifying the conditions X (s = t;t,x,p) = x, P(s =t;t,x,p) = p. Surely, the characteristics
in (26)) depend also on € but in order to avoid the confusion with the characteristics in (25)
we use the simplified notation (X, P). We check immediately that for any (s,t,z,p) €
(R*)% x R?

Plsitunp) =p~ [ B(r)dr = Plstp) (1)
X(s;t,z,p) =x+ i/: v(P(r;t,p)) dr =2z + éY(s;t,p). (28)

Let us estimate F(¢,-) — E(t). For this take ¢ € L'(R) and observe that by (20), (23) we
have

INRIA
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(ﬂﬁmm—Ewwuwm—/Gme E(0))p(x) dx

/// (s,z,p)v(p)p(x) dp dx ds
///fsp (x) dp dzx ds

Z@W&w—mwwmm
+/O/R/]RQE(O,XE(O;S,x,p),PE(O;S’x’p))U(p)@ dp dz ds

—Aléﬂ@@m%@ﬁ@ﬂ@@WMm (29)

By changing the variables along the characteristics (recall that these changes are measure
preserving) we obtain

/Gﬂuw—Ewwuwm - 4mew—&wm»m+z@@—ﬂﬂx (30)

R

where

X€(t;0,z,p) tOI’P
Z(g5) —6// Oa:p/ p(u) du dp dx, fz—s//fZ / u) du dp dx.

In order to continue our computations we need to estimate (X — X, P¢ — P). Observe that
in both R and NR cases we have

d £ 1 154 1 I3
£|X —X|SE\P - P, g£| —P|§g||F (8) = E(s)|lL=(®)>

and we find easily by Gronwall lemma that for any (¢,z,p) € RT x R?
1
(|X5—X|+E|P5—P|> (t;0,2,p) < /||F5 ()| Loe(r) ds €". (31)
Since g°(0, -, ) = fo we can write

1Z(95) = Z(fo)| <[] + |12 (32)

where

hzséﬁ@&apwammyéﬂﬁ$2u@d%.bzs//}oxp/x(ﬁgzu@dm

X (;0,2,p)

RR n° 0123456789
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The first integral I; can be written

Il = E/R/]R(f()(x7p> - fi(p»(p(u)(1{x<u<X(t;O,m,p)} - 1{z>u>X(t;0,z,p)}> du dp dx
- / () (B (u) — h5(u)} du, (33)
where
bitw) =< [ [Goln) = 0 sv <oy do o
and

h5(u) = g/R/R{fO(x,p) - fi(p)}l{u<z<u—éY(t;0,p)} dp dz.

Since fo(-,p) is 1-periodic and f;(p) is its average we deduce easily that for any p € R we
have

_QfZ(p) < ,/R{f[)(x’p) - fi(p)}l{uf%Y(t;(),p)<1;<u} dr < 2f2(p)7
and similarly
—2fi(p) < /R{fo(l”p) = [ilP) fucacu—1y o)y 4 < 2fi(p).

After integration with respect to p € R one gets

1
a1 1< oy [} < 22 [ [ o) dp do < 2egols oy,
0 JR
and therefore we deduce by (33)) that

11| < 4ellgoll @ llell Lt m)- (34)

The estimate of the second integral I follows by using (31)

EEL 6/1@ ()l /R/Rf(’(x’p)l{m%Y(t;o,p)wE%‘Rg||F6<s>fE<s>umR> asy &P dw du
S €/R|SO(U)|\/]RQO(I)) /]Rl{‘$+%y(t§07p)*u‘g%tRJHFE(S)fE(S)HLOO(R) ds} di)ﬂ' dp du
t
< 2lell@ligollr @) et/OHFE(S) — E(s)llL>w) ds. (35)

Combining (30), (32), (34), (35)) yields

t
1E2() = E(®)ll o @) < e[| EollLe @) +4ll90ll 21 ) + 26t||90||L1(R)/0”F€(5) = E(8)l| Lo ) ds,

INRIA
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which implies by Gronwall lemma
IE5(t) = E(t)|| =) < e(llBollL=(r) +4llgoll 1)) exp (2te’l|gollrw)) , t €RF.  (36)
As in the proof of Theorem 2.1l we have for any ¢ € [0,T], € €]0, 1] the estimates
max{||E(t)|| ), 1B )|l L@} < |Bollp®) + K|+ 2T |lgoll 11 x) = ags (T),
in the R case and

max{||E(t)| rem), |E () rem} < ([|EollLem) + K[ +2T | |plgollr:(®))
x exp(2T2(|goll 2 (v)) = anr(T),

in the NR case. Therefore we deduce that fe(¢,z,p) < gR( )( ), f(t,p) < gé%(T)(p) for
any (t,z,p) € [0,T] x R% ¢ €]0,1] where R(T) = Tak(T) in the R case and R(T) =
TaX n(T) in the NR case. Take ¢ € Ll(R2;gé%(T) dp dx) and ¢, € C}(R?) such that

JeJrle — onlge ™ (p) dp da < 7. Observe that

/ (ot 2p) — F(t.p))p() dp da
RJR

/fftxp F(t,0)) () dp d| + 21,

and therefore it is sufficient to consider only test functions in C!(R?). For such a test
function ¢ we can write

/ / (Fo(t2,p) — f(t,p))p dp do = s/ / (¢°(t,2,p) — F(t.p)) o, p) dp da
RJR RJR
- / / fole, p)p(e X (80,2, p), P*(£;0, 2, p)) dp dx

- //f p(eX(t;0,2,p), P(t;0,x,p)) dp dx
= I3+ 13,

where
IE=c / / Jolo(eX*(£:0,2,p), P*(£:0,2,p)) — p(eX (10, 2, p), P(1:0, 2, p))} dp d,
RJR

and

RJR
By (31), (36) we have for some constant C' depending on T', Ey, go

(6| X° — X| 4 |P° — P|) (t;0,2,p) < Ce, (t,z,p) € [0,T] x R%

RR n° 0123456789



12 Bostan

We need to estimate the support sizes of the functions p(e X¢(¢; 0, -, -), P*(¢; 0, -, ), (e X (¢; 0, -

with respect to the space variable. Assume that ¢(x,p) = 0 for any |z| > A,p € R. In the

R case we have for any |z| > AJEFT, peR

T
cwin( X, X1)(0:0.0,9) 2 (ol = T ) > 4,

and thus (e X¢(¢;0,x,p), P°(t;0,z,p)) = p(eX(¢;0,2,p), P(t;0,2,p)) = 0. In the NR case

A+T(R(T)+|p|)
we have for any |z| > ————"*> peR

cmin(| X, X1)(60.2.) > & (Jal = 2ol + R(T)) > A

and thus (e X®(t;0,x,p), P(t;0,x,p)) = p(eX(¢;0,2,p), P(t;0,2,p)) = 0. In the R case
we deduce that

|I5] < eLip(p) //fo(x,p)(dXE — X[+ |P° = P|)(t;0,2,p)1{cjaj<asTy dp dz
RJR
< Ce%Lip(p) / / fo(@,p)Liczj<asry dp da
RJR
< 2C(A+T)Lip(@)llgoll L () &

In the NR case we have

| < CLin(e) /R /R Jols D)L (epal e as sy dp o

IN

2CcLip(p) / go(p){A + T(R(T) + [p])} dp
2C{(A+TR(T))|lgollLr ) + T |l[plgoll 1 m) }Lip(e) €.

In both cases we obtain that lim.\ o I§ = 0. Let us analyze the term I. Using (27), (28)
one gets

IN

Iy = 6//(fo(x,p)*fl-(p))@(m”rY(t;O,p),P(t;O,p))dpdw
RJR

= fo (2.0) = fip) Y @ + Y (£0,p), P(t;0,p)) dp da.
L[ {0 (Er) - 10}

Since for any p € R we have the convergence fy (é,p) — fol fo(z,p) de = f;(p) weakly % in
L>(R) we deduce

lim R{fo (5:7) = i)} ole + Y (5:0,p), P(t:0,p)) de =0, pe R,

INRIA
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Observing that ¢(z + Y (¢;0,p), P(t;0,p)) = p(eX(t:0, Z,p), P(t0, Z,p)) = 01if [z > A+ T
in the R case and if |z| > A+ T(|p| + R(T)) in the NR case we deduce that

/{fo (E,p) - fi(p)} o(r +Y(t0,p), P(t;0,p)) dz| < 4g0(p)(A+T S(T,p))l¢llL=,
R €

where S(T,p) = 1 in the R case and S(T, p) = |p|+ R(T) in the NR case. Using the Lebesgue
convergence theorem yields lim.\ o I{ = 0 and thus

i [ (75 (t.2.0) = F(0)(w.p) dpdo =0, wniformly in t € 0.7].
€ RJR

Corollary 3.1 Under the hypotheses of Theorem 1.1l we have the convergences

li\r\% p°(t,x)p(x) doe = n/ap(x) dx, uniformly with respect to t € [0,T],
N0 Jr R

li{% 3t x)p(x) de = j(t) /Lp(x) dx, uniformly with respect to t € [0, T,
N0 JR R

for any function ¢ € L*(R).

4 Numerical simulations

This section is devoted to the numerical validation of the asymptotic behavior for small
€ > 0 predicted in Theorem [1.1. The numerical approximation of the 1D Vlasov-Maxwell
problem (7), (8), (9)) is performed by using a particle-in-cell method. Let us present briefly
this numerical scheme. Assume for the moment that the initial density has finite mass fy €
L*(R?). For any (n,i,j) € N x Z? let t" = nAt,z; = iAz,p; = jAp with At,Az,Ap > 0
and denote by in the mean density over the cell around (z;,p;)

5
0
D= fo(z,p) dp dz.
T ATAP Jiemsii<ae Sy < 8
Consider v a shape function (i.e., ¥ > 0, compactly supported, fR Y(u)du=1). If (f,F)is
the exact solution of the 1D Vlasov-Maxwell system with the initial conditions (fo, Ey) we
have (see (14))) for any n € N and ¢ € L'(R)

X (t™;0,2,p)

B a) = Ea@)otw) da = [ [ fown) [ ol dudp s

R

RR n° 0123456789



14 Bostan

where (X, P) are the characteristics associated to E. Taking now ¢,(-) = =1 (5£) we
obtain the formula
1 T -y
E E
JiEe ) - B g0 () o

X(t™;0,z,p) 1 u—1y
//foxp/ Az (Ax>dudpd:c

X(t 707I1>p_7) u —
3 Apf;;/ w( Axy) du.

(i,5)€Z?

E(t",y) — Eo(y)

Q

Q

Motivated by the above approximations we define our numerical scheme as follows
1) let (X0, PY) = (zi,p;), (i,4) € 2%

97

2) for any n € N compute (Xi”jﬂ, PZ?;+1)(i7j)eZ2 according to

X = X7+ Ato(PD), PIT = PL— At E"(XD),

where xn
ij u — -
(l j)ez?

For the practical implementation of this scheme we restrict the summation in the expression
of E™ over a finite subset D = {(i,5) € Z* : |i| <I,|j| < J} by neglecting f} for (i,5) ¢ D.
Indeed, observe that the contribution of the pairs (i,7) € Z2NCD is arbltrarlly small if T
and J are large enough since

> Afj

(4,5)€72nCD

[

/R/Rfo(x,p)l{|m|>(1+1/2)m or |p|>(J+1/2)Ap} dp dx.

< Z AxAp 3

(4,5)€Z2nCD

The above scheme adapts easily in the framework of 1-periodic solutions. Assume that the
shape function ¢ has the support in [-1/2,1/2]. For any Az < 1 let us denote by ¥,

the function given by ¥a.(-) = A%C (Tx) and consider 1, its periodic extension (i.e.,

Yag is 1-periodic and coincides with ¥a, on [—1/2,1/2]). For any l-periodic test function
¢ € L. .(R) we have

/OI(E(t",x) — Eo(z))p(x) doe = /Ol/R fo(z,p) /EX(tn;)(Z’f)du dp dz.

Taking now Az and I such that Az = 1 and replacing ¢ by ¥a.(- — y) yields

X(t";0,zi,p5) _
E(t",y) — Eo(y ZZAp / Yaz(u—y) du, Vy € R,

=0 jEZ

INRIA
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and the numerical scheme for the periodic case follows in obvious way. A complete analysis
of this scheme can be found in [7].

We perform the numerical computations in the NR case since in this case the solution
(f, E) of (10), (11), (12) can be computed explicitly. Indeed, multiplying (10) by p and
integrating with respect to p € R yields

dj
£+E()()=07teR+, (37)

where p(t) = [, f(t,p) dp. Observe also, by integrating (10) with respect to p that p’(t) = 0

and thus
/fz dp = //foxpdpdx_n

Clearly we obtain from (11)), (37)
1
t) = / /pfo(x,p) dp dz cos(v/nt) — K+/nsin(y/nt), (38)
0 JR

Jo Jepfolz.p) dp dz
Vn
We check immediately that f(t,p) = f; (p — w) together with E given above solve

the Vlasov-Maxwell problem (10)), (11)), (12). We recognize here the oscillations of a spatial
homogeneous plasma with frequency proportional to y/n. We fix the initial conditions

E(t) = K cos(y/nt) + sin(v/nt). (39)

n p?

n
—— e 29, (z,p) € R?, Ey(z) = ——sin(27z), = € R.
B (a,p) € R, Bofa) = — - sin2ra)

For any € > 0 we consider the solution (f¢, E¢) for the NR 1D Vlasov-Maxwell equations
with the initial conditions

© = 1 n 722 £ 7_6777, i f
fo(fﬂvp)—<1+2cos<27r ))\/ﬂ , Ej(z) = 47rsm<27r€)+\/@,

The limit solution in this case is given by (38), (39) with K = v/nf

fola.p) = (1 + ;cos(zm)>

[s

|

f(t,p) = ﬁ exp (—210 (p+ \/ésin(\/ﬁt))Q) ,
j(t) = —nVOsin(v/nt), E(t) = vVn cos(v/nt).

The following figures illustrate the behavior of the numerical approximations of (¢, E¢) with

small € > 0 comparing to the analytical space homogeneous solution (f, F). By Theorem
1.1l and Corollary (3.1l we know that

hi% E*(t,z) = E(t), uniformly with respect to (¢,x) € [0,T] x R,

RR n° 0123456789
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2 4
j j j j fumerical  + j EaEN j Y Tumerical  +
analytical ------- PN FAS analytical -------
4 + *
15 ", Faay 5 E Y f X
*, 4 Y 7 i ¥ X
* Fy Y I f i py |
* 7 Y # # % 1
L h i S # / + t
1 AY Py % F 2 ! b 4 y
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4 A / Y
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Figure 1: Time evolution of the electric field and the total current

numerical
analytical -------

numerical

analytical -------

time

time

Figure 2: Time evolution of the electric current and the kinetic energy

and
1

li i (t,z) d
Yy | J (t,z) do

j(t), uniformly with respect to ¢ € [0,T].

The previous convergences are emphasized in the Figure [1, the values of the parameter
n,0,e for this simulation being n = 25 0 = O l,e = 1/40. The Figure 2 describes the
time evolution of the electric current j¢(

pr fe(-, o, p) dp and the kinetic energy
ke (- fR f8 , Lo, ) dp at some ﬁxed space pomt :co
convergences towards j(-

We recognize here the weak

pr f, dp and k(- fR > ) dp. The behaviors of

the total kinetic energy ka fo fR > ff x,p) dp dx and the total potential energy
cot() =3 fo E¢(-,z)% dz are presented in Figure 3

INRIA
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Figure 3: Time evolution of the total kinetic and potential energies
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