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Homogenization of the 1D Vlasov-Maxwell

equations

M. Bostan *

(December 14, 2006)

Abstract

In this paper we investigate the homogenization of the one dimensional
Vlasov-Maxwell system. We indicate the rate of convergence towards the limit
solution. In the non relativistic case we compute explicitly the limit solution.

The theoretical results are illustrated by some numerical simulations.
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1 Introduction

We consider a population of electrons (with mass m, and charge —e, e > 0) in-

teracting through their self-consistent electro-magnetic field. We denote by f the
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electronic density, depending on the time ¢t € RT, position z € R? and momentum
p € R3 and by (F, B) the electro-magnetic field. The notation pey () stands for the
charge density of the background ion distribution, which are supposed to be at rest.

The unknown (f, £, B) satisfy the Vlasov-Maxwell system

o f + U(p) Vof = €(E(t, I) + U(p) N B(t7 I)) ) vpf =0, (1)
OF — ’rotB = ; v(p)f(t,x,p) dp, 0,B+rotE =0, (2)
0 Jr3
divk = 1 (pext(x) — f(t,z,p) dp) , divB =0, (3)
€o R3

where c is the light speed in the vacuum and ¢ is the dielectric permittivity of the

vacuum. Here v(p) is the velocity associated to the momentum p. This function is

~1/2
given by v(p) = ;2 in the non relativistic case (NR) and by v(p) = ;= <1 + L2f )

2.2
mZc

in the relativistic case (R). We prescribe initial data
f(07I7p) = fO(x7p)7 (Jj,p) S R3 X R37 (EJ B)(O,I') = (E07 BO)(I>7 T € R37 (4)
satisfying the compatibility constraints

1
divEy = -~ <pext(x) - fo(z,p) dp> , divBy =0, z€R? (5)
R

and the global neutrality condition

e/ fo(z,p) dp dx = / Pext () dz. (6)
Rr3 JR3 R3

There are several approaches for studying the Vlasov-Maxwell system (1), (2), (3),
(4): classical solutions have been investigated in [16], [13], [14], [15], [19], [8]; the
existence of weak solutions has been studied in [11], [22], [18], [4].

Neglecting the magnetic field B and the relativistic corrections in the Vlasov
equation leads to the Vlasov-Poisson system

Of + - Vaf = eB(t,) - V,f =0,

rotkF =0, divE = (pext / f(t,z,p) dp)
)
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which were studied by many authors, cf. [1], [2], [17], [20], [21], [3]. The Vlasov-
Poisson system can be justified as the limit of the Vlasov-Maxwell model when the
light speed is much larger than the particle velocities, see [10], [6].

Another interesting problem concerns the homogenization of these equations.
Results for the Vlasov-Poisson system with strong external magnetic field can be
found in [12].

We investigate here the Vlasov-Maxwell equations in one dimension. Choosing

physical units such that m, =1, e =1, ¢g = 1,¢c = 1, these equations become
of +v(p)0uf — E(t,2)0,f =0, (t,z,p) € RT x R?, (7)

OHE = j(t,z), 0.F = pexi(x) — p(t,z), (t,7) € RT x R, (8)

where p = [of dp, j = [pv(p)f dp. We supplement the above equations with the

initial conditions

£(0,z,p) = fo(z,p), (z,p) €R? E(0,z) = Ey(z), = €R. (9)

We assume that the background density is constant pey = n > 0 and that the initial

conditions verify the hypotheses

H1) there is a bounded function gg non decreasing on R~ and non increasing on R™
such that 0 < fo(z,p) < go(p), V (x,p) € R* and which belongs to L'(R;dp) in the
R case and to L'(RR; |p| dp) in the NR case;

H2) Ej belongs to L*(R) such that E) =n — py, where py = [; fo dp.

Notice that fy is supposed to be only locally integrable with respect to the space
variable. We work in the space periodic setting. Assume that (fy, Eg) are 1-periodic
functions with respect to x. Notice that the solvability of £, = n— po in the class of
1-periodic functions is equivalent to the neutrality condition n = fol fR fo(z,p)dp dx.

Moreover the solution is unique up to an additive constant. For any ¢ > 0 we



consider the e-periodic functions given by
x x
f§($>p) = fO (g7p> 9 (‘T7p> € RQ; ES(:C> = E:-EWO (g) + K7 MRS IR7
where K € R is a fixed constant. Observe that (fj, E§) satisfy H1, H2. When ¢
goes to 0 we expect that the family of solutions (f¢, E).s¢ associated to (f§, E§)e>0

converges towards some functions not depending on x. Therefore we consider also

the space homogeneous 1D Vlasov-Maxwell system

Ouf — E(t)3,f =0, (t.p) € RY xR, (10)
dE
= [ d=i0), ter (1)
with the initial conditions
1
F(0,p) = Filp) == /0 folw,p) dv, p€ R, E(0) = B, = K. (12)

Our main result describes the behavior of the sequence (f¢, E¢).~o for small ¢ (see

the second section for the definition of gf¥).

Theorem 1.1 Assume that (fo, Eoy) are 1-periodic in x and satisfy H1,H2. Then

for any € > 0 we have the inequality

1B2(6) ~ E@ll~@y < e(lBollze + 4l0llim) exp(@te lgollzie). ¢ € R,

Moreover, for any T > 0 and ¢ € L*(R?; gé?’(T) (p) dp dzx) we have

lim sup / / (Fo(t.2.p) — f(t,p)) o, p) dp diz = O,

eNO 40,7

where R(T) = Ta(T), € {R,NR}, af(T) = ||Eo|zom®) + |K| + 2790|122 (),
anp(T) = (| EollLm + K]+ 2T |plgollrr @) exp(277 gollz: w))-

Our paper is organized as follows. In Section 2 we recall the main existence and
uniqueness results for the 1D Vlasov-Maxwell equations. We establish estimates for
the electric field and its derivatives. In Section 3 we prove the Theorem 1.1. The
main tools are the formulation by characteristics of the Vlasov problem combined
with standard arguments in the homogenization theory. We indicate the convergence
rate for the electric fields and establish weak convergence for the particle densities.

The last section is devoted to numerical simulations.



2 The 1D Vlasov-Maxwell system

We start with existence and uniqueness results for the 1D Vlasov-Maxwell equations.

Theorem 2.1 Assume that (fo, Ey) verify H1,H2. Then there is a unique mild
solution (f, E) (i.e., E is Lipschitz continuous function and f is solution by char-
acteristics) of (7), (8), (9) satisfying E € WH=(]0, T[xR), p,j € L*(]0, T[xR),
VT >0.

Proof. The arguments follow the lines in [5] (see also [9]) with minor changes.
The main difference here is that we construct particle distributions which are only
locally integrable in space, in view of the homogenization process of space periodic
solutions. We do not give all the details. Let us explain how to obtain bounds for
the electric field and its derivatives. These estimates will be useful for our further

computations. Let us introduce the system of characteristics for (7)
aXx dP
S u(P(s)), = —B(s, X(s)), X() =2, P{t)=p. (13)

We denote by (X (s;t,z,p), P(s;t,x,p)) the solution of (13). For any ¢ € L'(R) we

have by the first equation in (8) after the change of variables along the characteristics

/Ot/R/Rf<S> z,p)o(p)p(x) dp dz ds
/R/Rfo(x,p) /xX(t;OZp()U) du dp dx

< /|90(U)|//f0($,p)1{|zu|<|x(t;o,z,p)x} dp dx du.
R RJR

/(E(t, 2) — Eo(2))p(x) da

R

(14)

In the R case we have | X (¢;0,z,p) — 2| <t and thus

< 2t lgoll w1l Ly,

/(E(t, 2) — Eo(2))p(x) do

R

implying that

IE@ N zeo@) < || Eollzoem) + 2t llgollrw) =: ar(?)- (15)



In the NR case we have
t s
x(t0.0) — )< [(Inl+ [ 1B ) ds <ol + 10
0 0

where R(t) = fot |E(s)|| L ds. Therefore we obtain

/(E(tam)—EO(ﬂf))@(x) dz| < / ()] / / 90(P) Lite <t sriey dp d du,

R

implying that

IE() || ®) < || Eollem) + 2t || [plgollor®) + 2t [|goll L ) R(L).

By Gronwall lemma one gets

IE )| roor) < (|| Eoll o) + 2 || |plgoll i ry) exp(26% |goll i) =: anr(t).  (16)

In order to estimate the derivatives of E consider for any R > 0 the function g&(p)
given by go(pF R) if £p > R and go(0) if [p| < R. Observing that |P(¢;0,z,p) —p| <
R(t) we obtain easily by using the monotonicity of gy that go(P(0;t,x,p)) < gf(t) (p)

and thus we have
p(t,r) = /fo(X(O;t,x,p),P(O;t:r,p)) dp
R

< / g0 (p) dp
R

= lgollzr®) + 2R(t) | goll Lo ()

< lgollzi ey + 2taa(®)ligoll L) =: ba(?), (17)

where av € {R,NR}. In the R case we have also |j(t,x)| < dg(t) := bg(t). In the
NR case we can write as before
itol < [ plaf ) dy
= [Iplgollzr @) + B(®)llgoll @) + B2(®)]goll o= (z) (18)
< |1 1plgollzrry + tanr(®)llgoll 1wy + (tanr(t))?||gollL~w) = dvr(t).
It is easily seen by (8) that ||0,E(t)||zec®) < max{n,b,(t)} =: ca(t), @ € {R,NR},

t € R* and |0 E(t)| 1) = Ili(t)]l 2@ < da(t), @ € {R,NR}, t € R*. -

6



Corollary 2.1

1) Assume that (fo, Eo) are 1-periodic in x and satisfy H1, H2. Then there is a
unique 1-periodic mild solution of (7), (8), (9).

2) Assume that fo = fo(p) satisfies H1 and let Ey € R. Then there is a unique mild
solution of (10), (11) with the initial conditions (fo, Fo).

3 Homogenization of the 1D Vlasov-Maxwell equa-
tions

Consider (fo, Fy) verifying H1, H2 and assume that these functions are 1-periodic

in z. We denote by (f5, E§) the e-periodic functions

fg(%p):fo(gp>, (z,p) € R? Ei(z )—EE()( )+K z € R,

where K € R. Note that (f§, E§) satisfy H1, H2 and thus by Corollary 2.1, for
any £ > 0 there is a unique e-periodic mild solution (f¢, E¢) for the 1D Vlasov-
Maxwell system with the initial conditions (f§, E§). Since the family (E§)eso is
bounded in L*(R) we deduce by the estimates in Theorem 2.1 that (E¢).s¢ is
bounded in W (]0, T[xR) and (p° := [ [ dp, j° := fR )f¢ dp)eso are bounded
in L>°(]0, T[xR), VT > 0. Observmg that f; = fo fo(z,-) dx satisfies H1 (with the
same function gg) we deduce by Corollary 2.1 that there is a unique mild solution
(f = f(t,p),E = E(t)) of (10> (11), (12) verifying E € W;*(RY) and p(-) =

JofCp)dp, () = [pu(p p) dp € L2 (RT). For any ¢ > 0 we intend to compare
the solutions (fE,Ee) and (f, E).

Proof. (of Theorem 1.1) We scale the solution (f¢, E€) by introducing the fast

variable £
x x
f€<taxap):g€ <t7_7p> ) E€<t7l') = F* (ta_>'
€ €
Then the functions (¢°, F°) are 1-periodic in « and solve the problem

atgE + @a gE - Fs(tax)apgs = 07 (t,.ﬁl],p) < RJF X R2’ (19)



1
o = (v (o) dp, 0, =0~ [ (tp) dp. (ta) €XF xR (20
R R

(0, z,p) = fo(z,p), (x,p) €R?* F°(0,z) =cEy(z) + K, = €R. (21)

Since 0, f = 0, FE = 0, observe that (f, E) solve also the problem

atH@azf—Eapf:o, (t,7,p) € R* x R?, (22)
OF — / o(p)f dp, (7)€ R* x R, (23)

R
£(0,z,p) = fi(p), (z,p) € R?, E(0,z) =E;, z € R. (24)

For any (t,x,p) € RT x R? we denote by (X°(-;t,z,p), P°(-;t,z,p)) the characteris-
tics of (19)

dXxe v(Pe(s;t,x,p)) dP* B . o n
yr . T =—F°(s, X%(s;t,z,p)), s €RT, (25)

verifying the conditions X°(s = t;t,z,p) = =, P%(s = t;t,x,p) = p. Similarly
consider (X(-;t,x,p), P(-;t,x,p)) the characteristics of (22)

dX v(P(s;t,x,p)) dP

B S s X Rt 26
= 2B S5 (), s e R, (26)
verifying the conditions X (s = t;t,z,p) = =, P(s = t;t,z,p) = p. Surely, the
characteristics in (26) depend also on ¢ but in order to avoid the confusion with the

characteristics in (25) we use the simplified notation (X, P). We check immediately
that for any (s,t¢,z,p) € (RT)? x R?

P(s;t,z,p) =p— /ts E(r) dr =: P(s;t,p), (27)

1 [ 1
X(s;t,x,p) =z + g/ v(P(t;t,p)) dr =z + EY(s;t,p). (28)
t

Let us estimate F°(¢,-) — E(t). For this take p € L'(R) and observe that by (20),
(23) we have



/(Fa(t, z) — E(t))e(x) de= /(Fa(O,a:) — E(0))¢(x) dx

R [ [t i
///fsp (x) dp dx ds

=4ﬁ&@—ﬂwwwm
+/Ot/R/RgE(OaXE(O;s,x,p),Pe(O;s,x,p))v(pyp dp dz ds

—Aléﬁ@@@%@ﬂ@ﬂ@@wmh (29)

By changing the variables along the characteristics (recall that these changes are

measure preserving) we obtain

JiFe () - BO)ota) o = [(F(0.0) ~ Eew) da + T(a5) ~ (£, (30)

R R

where

X¢(t;0,x,p) tO:cp
Z(g5) —5// O:Up/ @(u) du dp dz, fl—e//fl / ) du dp dz.

In order to continue our computations we need to estimate (X°—X, P°—P). Observe

that in both R and NR cases we have
QX - X< 2P Pl S0P P < FGs) — B(5) oo
and we find easily by Gronwall lemma that for any (¢, z,p) € RT x R?
(\XE—X\+§|PE—P|> (t;0,2,p) /HFE )| Loe(r) ds €. (31)
Since ¢°(0, -, -) = fo we can write
T(66) — T(f)] < 10|+ |1 (3

where

X(;0,3,p) Xf(t 0,7,p)
h=c [ [en~£o) [ et dudpde, =z [ [ i) [ o) dudp do.
RJR x X(t 0 z,p)



The first integral I; can be written

I // fO x p fl )) ( )(1{m<u<X(t;0,x,p)} - 1{x>u>X(t;O,x,p)}) du dp dx

= [ elothit) = K} du (3)

where
i) = [ [1len) = SO 1yieom e dodo
and

) = [ [{len) = SO v o o do

Since fy(+, p) is 1-periodic and f;(p) is its average we deduce easily that for any p € R

we have

—2fi(p /{fO z,p) = fi(p )}1{u—lY (1:0.p)<a<u} AT < 2fi(p),

and similarly

_2f1 /{fo T p f2< )}1{u<x<u7lY (t;0,p)} dr < 2fl( )

After integration with respect to p € R one gets

1
ma{ |5 | o=y, 115 ey } < 26 / / Jol,p) dp de < 2] goll 11
0JR

and therefore we deduce by (33) that

11| < dellgollrmy 1ol Lt m)- (34)

The estimate of the second integral I follows by using (31)

L] < /|90 |//f0 z,p)1 (ot 1Y (60p)—ul << [ F=(5)—E(s)]| oo my ds} IP 4T dU
= /'“0 |/g" / (o4 2Y (09 —ul< 2 EFe(s)B(S)] oo ey ds} O AP AU
< 2llellzrm®llgoll 2w 6t/||FE(S) — E(s)||ew) ds. (35)
0
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Combining (30), (32), (34), (35) yields
[E=()=E(t)|| L) < 5(HE0”L°°(R)+4H90‘|L1(R))+2etHQOHLl(R)/OﬁFE(S)_E(S)HLW(R) ds,
which implies by Gronwall lemma
HEE(t) - E(t)”Lw(R) < 6(HEOHLOO(R) + 4H90HL1(R)) exXp (2tetHgOHL1(R)) , te R*. (36)
As in the proof of Theorem 2.1 we have for any ¢t € [0, 7], ¢ €0, 1] the estimates

max{ || E(t)[| Ly, |1 2°(t) ooy} < | Bollpoem) + K| + 2T [|goll 1wy = ag (T),
in the R case and

max{[|E(t)||eem), [E°(Oll e} < ([Eollze® + K]+ 2T || [plgoll 2 ®))
x exp(27°goll 1 ®) = anr(T),

in the NR case. Therefore we deduce that f(t,z,p) < gé%(T) (p), f(t,p) < gé%(T) (p)
for any (t,z,p) € [0,T] x R% ¢ €]0,1] where R(T) = Ta%(T) in the R case and
R(T) = TaX ,(T) in the NR case. Take ¢ € L'(R2 g™ dp dz) and ¢, € C1(R?)
such that [, [o]p — cpn|g§(T) (p) dp dz < n. Observe that

/R/R(fg(t’ z,p) = [(t,p)p(x) dp dx

<

[ [t = o) dp i)+,

and therefore it is sufficient to consider only test functions in C}(R?). For such a

test function ¢ we can write
//(fa(t, z,p) — f(t,p))e dp dv = 6//(9%, z,p) — f(t,p))e(ex,p) dp dx
RJR RJR
— = [ [ e poleX?(t:0.0.0), PA(t:0.2.p)) dp da
RJR

— 6//]2-(19)90(6)((75; 0,z,p), P(t;0,z,p)) dp dzx
RJR
= I3 + I3,

where
I5 = 6//fo{¢(8X€(t;0,x7p), PE(t;0,2,p)) — w(eX(t;0,2,p), P(t;0,2,p))} dp dx,
RJR

11



and
I == [ [{le.p) = o)X (:0.0.p), P(t:0,2,p) dp e
RJR
By (31), (36) we have for some constant C' depending on T', Ey, go
(e|X* = X[+ |P* = P|) (;0,2,p) < Ce, (t,z,p) € [0,T) x R%.

We need to estimate the support sizes of the functions p(e X*(¢;0, -, ), P(¢;0, -, +)),
w(eX(t;0,-,-), P(t;0,-,-)) with respect to the space variable. Assume that ¢(z,p) =

0 for any |z| > A,p € R. In the R case we have for any |z| > #, pEeR
T
cmin(( X7 [X0)(50.0.9) 2 < (ol = T ) > 4,
5

and thus p(eX®(t;0,z,p), P*(t;0,2,p)) = 0(eX(t;0,z,p), P(t;0,2,p)) = 0. In the

NR case we have for any |z| > w, pER

cmin(|X°] [X])(6:0,2,p) > ¢ (m Lol + R(T))) -4,

and thus p(eX®(t;0,z,p), P*(t;0,2,p)) = o(eX(t;0,z,p), P(t;0,2,p)) = 0. In the

R case we deduce that

|I5] < eLip(p) //fo(x,p)(éng — X| 4+ |P° = P))(t;0, 2, p)Licjoj<ayry dp dz
RJR

< C€2Lip(90>//fO(xvp)1{5|a:|§A+T} dp dx
RJR
< 2C(A+ T)Lip(¢)llgoll 21w -

In the NR case we have

|| < CEQLip(@)//fO(x>p)1{5|z|§A+T(R(T)+|p|)} dp dx
RJR

< 2C:Lip(y) / go(p){A + T(R(T) + p))} dp
< 2C{(A+TR(T)llgoll 2y + T llIplgoll () } Lip(p) €.

In both cases we obtain that lim.\ o I5 = 0. Let us analyze the term Ij. Using (27),
(28) one gets

= /R /R (folw.p) — fip))lex + Y (10,p), P(t:0,p)) dp du
- /R/R{fo (5:p) = fip) ol + Y (1:0,p), P(£:0,p)) dp do.

12



Since for any p € R we have the convergence f (g,p) — fol folx,p) de = fi(p)
weakly * in L>®°(R) we deduce

_ T
tim [ 1o (30) = filp) ol + Y (:0.9), P(50,9)) de =0, p B
Observing that ¢(z + Y(£;0,p), P(t;0,p)) = @(eX(t;0,2,p), P(t;0,%,p)) = 0 if
|z| > A+ T in the R case and if || > A+ T'(|p| + R(T)) in the NR case we deduce

that

J{ (£0) = 500} oo+ Y(6:0.0), PU:0.5) da| < dan(o)(4+ T ST, )l

where S(T,p) = 1 in the R case and S(T',p) = |p| + R(T) in the NR case. Using the

Lebesgue convergence theorem yields lim.\ o I; = 0 and thus

i [ [ (t.2.0) = F(t.9)plw.p) dp de =0, wniformly it € [0.7].
€ RJR

Corollary 3.1 Under the hypotheses of Theorem 1.1 we have the convergences

1% p°(t, x)p(x) de = n/gp(m) dx, uniformly with respect to t € [0,T],
€ R R

li{% Jo(t, z)p(x) de = j(t) /gp(w) dx, wuniformly with respect to t € [0,T],
¢ R R

for any function ¢ € L'(R).

4 Numerical simulations

This section is devoted to the numerical validation of the asymptotic behavior for
small ¢ > 0 predicted in Theorem 1.1. The numerical approximation of the 1D
Vlasov-Maxwell problem (7), (8), (9) is performed by using a particle-in-cell method.
Let us present briefly this numerical scheme. Assume for the moment that the initial

density has finite mass fo € L'(R?). For any (n,4,j) € N x Z* let t" = nAt,z; =

13



iAx,p; = jAp with At, Az, Ap > 0 and denote by the mean density over the

cell around (z;, p;)
=)
0 _ folw,p) dp dz.
| o\Z,p p ax
7 AxAp |lz—zi| <52 J [p—ps|<5E

Consider ¢ a shape function (i.e., 1) > 0, compactly supported, [, ¥ (u) du = 1).

If (f,E) is the exact solution of the 1D Vlasov-Maxwell system with the initial
conditions (fo, Ey) we have (see (14)) for any n € N and ¢ € L}(R)

/RSE(t”,x)—EO( ) d:v—//fo T,p / tno)xallz dp dzx,

where (X, P) are the characteristics associated to E. Taking now ¢, (-) = =0 (52)

we obtain the formula

B - Bl = [(B ) - B 5w (Y do

X (t™;0,x,p) 1 .
://foxp/ w(u y)dudpd:v
Ax Ax
X (t™;0,z4,p;) u—y
~ ZAp/ ¢<Ax>du.
(i,§)€Z?

Motivated by the above approximations we define our numerical scheme as follows

1) let (X35, P5) = (zi,p5), (i,)) € 2%

K
2) for any n € N compute (X[, P"1); jyez2 according to

Xlnj+1 _ XZ + At U(Pl?)’ Pn+1 Pn At En(XZ),

B + Y Apf / (%) du.

(i,5)ez?

where

For the practical implementation of this scheme we restrict the summation in the
expression of E™ over a finite subset D = {(i,j) € Z* : |i| < I,|j| < J} by
neglecting f; for (i,j) ¢ D. Indeed, observe that the contribution of the pairs
(i,7) € Z* N CD is arbitrarily small if I and J are large enough since

S Apfl /”@z)(uA—;') dul< S Awdpf

(i,5)€Z2nCD (i,5)€Z2nCD

//fo($7p)1{|x>(1+1/2)m O [p|>(J+1/2)Ap} dp d.
RJR
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The above scheme adapts easily in the framework of 1-periodic solutions. Assume
that the shape function ¢ has the support in [—1/2,1/2]. For any Az < 1 let
us denote by 1a, the function given by a.(-) = ﬁw (M) and consider zﬁm its
periodic extension (i.e., ¥a, is 1-periodic and coincides with s, on [—1/2,1/2]).

For any 1-periodic test function ¢ € Li (R) we have

/OI(E(t”,x) — Eo(x))p(x) de = /01/]R folz,p) /IX(t;;(()gjp)du dp dx.

Taking now Az and I such that Az = 1 and replacing ¢ by @Z;Ax(- — y) yields

X (t™;0,z4,p5) B
E{t",y) — ZZAp / Yaz(u—y) du, Yy eR,

i=0 jeZ
and the numerical scheme for the periodic case follows in obvious way. A complete
analysis of this scheme can be found in [7].

We perform the numerical computations in the NR case since in this case the
solution (f, E) of (10), (11), (12) can be computed explicitly. Indeed, multiplying

(10) by p and integrating with respect to p € R yields

% + E(t)p(t) =0, t € R*, (37)

where p(t) = [, f(t,p) dp. Observe also, by integrating (10) with respect to p that

p'(t) = 0 and thus
/fz dp = /Ol/Rfo(x,p) dp dz = .

Clearly we obtain from (11), (37

= /0 /Rpfo(x,p) dp dx cos(y/nt) — K+v/nsin(y/nt), (38)

f[) prfO dp dx .
\/ﬁ

We check immediately that f(¢,p) = f; (p — WTJ@) together with E given above

E(t) = K cos(v/nt) + sin(y/nt). (39)

solve the Vlasov-Maxwell problem (10), (11), (12). We recognize here the oscillations

15



of a spatial homogeneous plasma with frequency proportional to \/n. We fix the

initial conditions

B 1 n 722 9 _no
folz,p) = (1 +3 cos(27rx)) \/ﬂe , (z,p) € R*, Ey(z) = gy sin(2mzx), = € R.

For any € > 0 we consider the solution (f¢, E¢) for the NR 1D Vlasov-Maxwell

‘@
S

equations with the initial conditions

3

Bl

- 1 x n o _p? /N EM x
folz,p) = (1 + 5 cos (27rg>) me , Ei(z) = — 1, Sin (2#2) + vVnb.

The limit solution in this case is given by (38), (39) with K = v/n#

f(t,p):\/%e ( 2 <p+\/§sm(\/_t)>)

j(t) = —nV@sin(v/nt), E(t) = Vn cos(v/nt).

The following figures illustrate the behavior of the numerical approximations of
(f%, E°) with small € > 0 comparing to the analytical space homogeneous solution
(f, E). By Theorem 1.1 and Corollary 3.1 we know that

li{r[l) E*(t,xz) = E(t), uniformly with respect to (¢,z) € [0,T] X R,

and
1

11{1(1) J°(t,z) de = j(t), uniformly with respect to ¢ € [0,7].
€ 0
The previous convergences are emphasized in the Figure 1, the values of the parame-

ter n, 0, e for this simulation being n = 25,0 = 0.1, = 1/40. The Figure 2 describes

the time evolution of the electric current j( pr fe(+, xo,p) dp and the kinetic
energy k= ( fR 5 fa , 0, D) dp at some fixed space point x,. We recognize here
the weak convergences towards j(-) = [ppf(-,p) dp and k(- fR ~f(-,p) dp. The

behaviors of the total kinetic energy ka fo 5 f6 x,p) dp dz and the total

potential energy W . (-) = 5 fo E?(-,z)* dz are presented in Figure 3.
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