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Propagation a vitesse finie des solutions des équations de
Vlasov-Maxwell
Résumé : Dans ce rapport nous étudions la dépendance continue des solutions des équations

relativistes de Vlasov-Maxwell. Plus précisément on montre la propagation & vitesse finie,
la vitesse de propagation étant au plus égale a la vitesse de la lumiére.

Mots-clés :  Equations relativistes de Vlasov-Maxwell, solutions par caractéristiques,
vitesse finie de propagation
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1 Introduction

Consider a population of charged particles with mass m and charge ¢ interacting through
their self-consistent electro-magnetic field. We assume that the collisions are so rare such
that we can neglect them. Let us denote by f(¢,z,p) the particle density, depending on the
time t € [0, 4+o00[, position € R3 and momentum p € R? meaning that at any time ¢ the
number of particles having the position and momentum inside the phase space infinitesimal
volume dxdp around (z,p) is approximately f(¢,x,p) dedp. The particle density f satisfies
the Vlasov equation

Of +v(p) - Vauf +q(E(t,z)+v(p) AB(t,x)) - Vpf =0, (1)
-1/2
where v(p) = £ (1 + 77'5’2';) is the relativistic velocity associated to the momentum

p and c is the light speed in the vacuum. Notice that v(p) = V,E(p) where E(p) =

m2c2?

2\ 1/2
mc? ((1 + o] ) — 1) is the relativistic kinetic energy. The Vlasov equation expresses

formally the invariance of the density f along the trajectories (X(s), P(s)) in the phase
space

L5, X(5), P(s))} =0,

where (X, P) are given by the motion equations under the action of the electro-magnetic
field (E, B)

dXx dP
=5 = vP(), —= = a(E(s, X(5)) +v(P(s)) A B(s, X(s)))-
We introduce the charge and current densities p and j given by

p(t,x) = Q/RS f(t,z,p)dp, j(t,z)= Q/]Rsv(p)f(t,m,p) dp.

The self-consistent electro-magnetic field (E, B) satisfies the Maxwell equations

) (T
O FE — *rotB = _1(67,90)’ 0¢B +rotE = 0, (2)
0
diVE:w’ divB = 0. (3)
0

The system (1), (2), (3) is called the tri-dimensional Vlasov-Maxwell model. It plays a
central role in plasma physics and the study of charged particle beam propagation. Here
eo stands for the dielectric permittivity of the vacuum and peyt is the charge density of a
background distribution of opposite sign particles. We prescribe initial data

£(0,2,p) = folz,p), (z,p) €R®xR*, (E,B)(0,2) = (o, Bo)(z), = €R’,  (4)
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4 Bostan

satisfying the compatibility constraints

diVEO — po(x) + pext(z)

, divBy =0, z € R3, (5)
€o

and the global neutrality condition

q/R/R fol,p) dp d“/mg pest (&) dz = 0. (6)

It is easily seen, by using the continuity equation O;p + divj = 0 and (6), that the global
neutrality condition holds at any time ¢ > 0. By taking the divergence in (2) and by using
one more time the continuity equation, notice that (3) are consequences of (5)).

If we neglect the magnetic field B = 0 we deduce that the electric field derives from a
potential satisfying a Poisson equation with a source term proportional to the charge density

E = _V(ba _Ad) _ p(ta J)) jopext(x) . (7)

Neglecting also the relativistic corrections in the Vlasov equation leads to
Ouf + - Vof +4B(t,2) - V,f = 0. (8)

The analysis of the Vlasov-Poisson model (8)), (7)) is simpler due to the elliptic regularity
effect of the Poisson equation. The global existence of weak solution was proved in [I]. Global
classical solutions were constructed in [2] for small initial data and in [27] for unrestricted
initial data. Simpler proofs for the global existence of smooth solutions were presented in
[30], [25]. The Vlasov-Poisson model can be justified as the limit of the relativistic Vlasov-
Maxwell model when the particle velocities are small comparing to the light speed cf. [13],
[29], [5]. The main global existence result of weak solution for the tri-dimensional Vlasov-
Maxwell model was obtained in [14]. One of the crucial points here was the smoothing effect
by velocity averaging, see also [20]. The boundary value problems were studied as well [2§],
[23], [3]. The global existence of classical solutions is still an open problem. For a conditional
result we can refer to the Glassey-Strauss theorem [19]: the global existence of smooth
solution holds provided that the particle density is compactly supported in momentum.
The same problem has been investigated by other authors using different approaches [24],
[7]. For results in lower dimensions we can refer to [4], [12], [16], [17], [18].

Generally the analytic resolution of the tri-dimensional Vlasov-Maxwell system is im-
possible, except for some very particular situations. Since the numerical simulation requires
important computational efforts, it is worth to take into account the particularities of the
physical problem in order to derive reduced models. Recently a reduced Vlasov-Maxwell
system was introduced by physicists for studying the laser-plasma interaction. In this case
we distinguish a particular direction: it is the propagation direction of the laser wave. Ob-
viously the variations of the unknowns are more important in this direction comparing to

INRIA
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the other omes, justifying the main assumption of the reduced model: the unknowns de-
pend on only one spatial variable x; (0, = 03 = 0). By introducing the vector potential
A =(0,As, A3) (B = curlA,divA = 0) it is easily seen that this simplified geometry provides
additional invariants along the particle trajectories in the phase space

LUPy(s) + adals, Xa(9)} = “{Py(s) + ads(s, Xa()} = 0.

Therefore it makes sense to look for mono-kinetic densities with respect to the transverse
directions po,ps, f(t,z,p) = fi(t,r1,p1)d(p2 + qA2(t, x1)) ® 6(p3 + qAs(t, 21)). After some
transformations we obtain

O f1 + pflaml fi+q (El(taxl) - iAz(t,xl)amAz - qA3(t>$1)az1A3> Op, f1 =0,
mry mey mey

_q(pyAr)(t, 1) 0,1, — ) 0, By — p(t, 1) + pext (1)

meo o o

02 Ay, — P02, Ay, =

where k € {2,3}, {p,py.j1} = q Jp{1. £ B} fidpy and 7 is given by

ry?

2 2 2

p q
v= (1 + m2lc2 + m2c2 (AQ(tvxl)Q + A3(t,$1)2)>

Despite the few number of variables (only one space variable and one momentum variable),
the strong non linear coupling through the Lorentz factor v makes this system difficult to
study theoretically but also numerically. From the physical point of view studying the above
model is of considerable importance since it captures a lot of the main features of plasma
phenomena. Notice also that the solutions of this model provides new exact (measure)
solutions for the tri-dimensional Vlasov-Maxwell system, which is very interesting from the
mathematical point of view. Further simplified models have been considered by introducing

1/2
the following Lorentz factor approximations: v ~ 1, v = (1 + mziz) / . Mathematical
results on these models were obtained in [10], [6].

The fully relativistic model for laser-plasma interaction has common features with the
Nordstrém-Vlasov system in astrophysics which describes the evolution of a population
of self-gravitating collisionless relativistic particles. It is obtained by coupling the Vlasov
equation with a very simplified version of the Einstein equations: the Nordstrém scalar
gravitation equation [26]. The Cauchy problem of the tri-dimensional Nordstrom-Vlasov
model was studied very recently, see [8] for classical solutions and [9] for weak solutions.
When the light speed becomes large with respect to the particle velocities this system reduces
to the gravitational Vlasov-Poisson model [11].

Other reduced models are obtained by considering asymptotic limits in the Vlasov-
Poisson system as the intensity of the external magnetic field tends to infinity. Studying the
effect of strong magnetic fields on plasmas is of capital importance for the numerical simu-
lation of tokamaks. These asymptotic regimes lead to the "guiding center approximation",
see [21], [22] for recent results on this topic.

RR n° 0123456789



6 Bostan

Let us come back to the tri-dimensional relativistic Vlasov-Maxwell system. We consider
physical units such that m =1, ¢ = —1 (f is a density of negative particles), g = 1,¢ = 1.
Assume for the moment that (f, E, B) is a smooth solution of (IJ), (2). Multiplying (1) by
E(p) and (2)) by (E, B) one gets the formula

at{/ Ep)f dp + S(E]? + B?)} +div/ o(p)E(D)f dp + 10tE - B — rotB - E = 0. (9)
R3 2 R3

For any R > 0 consider the set Kr = {(s,x) : s € [0, R],|z| < R— s} and denote by (ns,ny)
the outward unit normal on 0Kp. As usually, integrating (9) over Kr(t) = {(s,z) € Kg :
s < t} yields for any ¢ € [0, R]

L@miéWV@+§<m”ﬂm%}M-+Aﬂwép+nfwmw@vwwd&@

+/ {E(|E|2+|B|2)+(nME).B}da
Sr()" 2

=[] ety 35 + 150
BrUJR3

where Xg(t) = {(s,2) : s € [0,],|z] = R — s} and Br = {z € R? : |z| < R}. Taking into
account that |n,| = n; on Lx(¢) and |v(p)| < 1, we deduce the well known inequality

/BR_,,{ [ EW)fdp+ %(IEI2 + IBIZ)}da: < /BR{ ) fodp+ %(|E0|2+ |BO|2)}dx, (10)

In particular if fy|g,xrs = 0, (Eo, Bo)|Br = (0,0) then f|k, «rs = 0and (E, B)|k, = (0,0).
Motivated by this standard result we inquire about a more general property whose statement,
in a simplified form, could be

Property 1.1 Assume that (f*, E*, Bk)ke{lyz} are two solutions of the relativistic Vlasov-
Mazwell equations satisfying (f*(0)— f%(0))|syxrz = 0, (E*(0)—E?(0), B'(0)—B?(0))|p, =
(0,0). Then we have (f* — f?)|k.xrs =0, (B — E%, B! — B?)|k, = (0,0).

We recognize here the finite speed propagation for the solution of the Vlasov-Maxwell
equations. The propagation speed do not exceed the light speed, here normalized to the
unity. The purpose in this paper is to establish this property for the relativistic Vlasov-
Maxwell equations in the one dimensional case (1D) (see Theorem [2.1)) and the one and one
half dimensional case (1.5D) (see Theorem [3.1). Obviously this feature inherits from the
hyperbolic structure of the Maxwell equations combined with the relativistic character of the
particle dynamics. Although this property seems very natural we think that it is important
to perform a rigorous analysis of it. This leads to a better understanding of the transport
of relativistic charged particles: we justify the existence of a dependence domain in space.
For the numerical point of view this property has important consequences: it shows that
the numerical approximation of these equations can be localized with respect to the space

INRIA
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variable. Since the numerical simulation of the Vlasov-Maxwell model is very expensive it
is worth getting the possibility to handle only a sub-domain of the spatial domain.

The method we propose allows the treatment of other systems as the reduced model for
laser-plasma interaction and the one dimensional Nordstrém-Vlasov model.

An interesting question concerns the validity of this result in the general framework of the
tri-dimensional relativistic Vlasov-Maxwell system as suggested by (10). We expect that this
holds true at least for solutions compactly supported in momentum. Probably combining
our techniques with the representation formula for the electro-magnetic field obtained in [19]
would provide the desired result.

The paper is organized as follows. In Section 2 we recall a basic existence and uniqueness
result for the mild solution of the relativistic 1D Vlasov-Maxwell equations. The main
tool here is the formulation by characteristics. Adapting the above method yields also a
continuous dependence result with respect to the initial data. In particular we establish
the finite speed propagation property. In Section 3 the same program is carried out for the
relativistic 1.5D Vlasov-Maxwell equations. Basically we follow the same steps but some of
them are much more difficult in this case. For example a delicate step is how to estimate
the derivatives of the electro-magnetic field. This can be achieved by duality computations.
One of the key point here is the relativistic character of the particle dynamics.

2 The 1D relativistic Vlasov-Maxwell equations

In this case we obtain the system

onf +v(p)ouf — E(t,x)0,f =0, (t,z,p) € RT x R? (11)
OE = j(t,x), 0.F = pext(x) — p(t,x), (t,x) € RT xR, (12)
f(ovxvp) = fO(xap)’ (l‘,p) € RQ’ E(va) = Eo(l‘), HAES R) (13)

where p = fRf dp, j = va(p)f dp. We assume that the initial conditions and peyt verify
the hypotheses

H1) there is a function g € L*(R) N L°(R) non decreasing on R~ and non increasing on
R* such that 0 < fo(z,p) < go(p), V (x,p) € R? ;

H2) Ejy belongs to L>°(R) such that Ej = pext — po, where pg =[5 fo dp ;

H3) pext > 0, pext belongs to L= (R).

Observe that H1 implies pg € L®°(R) and therefore Ey, € W1>°(R). Under the above

hypotheses there is a unique mild solution (f, E) (i.e., E is Lipschitz continuous and f is
solution by characteristics) for (11), (12), (13), cf. [12], [4]. We recall here some bounds for

RR n° 0123456789



8 Bostan

F and its derivatives which will be useful in our further computations. Let us introduce the
system of characteristics for (1))

= —F(s,X(s)), (14)

with the conditions
X(t) ==, P(t)=np. (15)

The solution of (14]), (15)) is denoted by (X (s;t, z,p), P(s;t,x,p)). Saying that f is solution
by characteristics for (11) means that f(¢, z,p) = fo(X(0;¢,2,p), P(0;¢t,x,p)), V (t,2z,p) €
R* x R2 For any test function ¢ € L'(R) one gets by (12)

[0 - Ewppta o = [ / [ 1620 0)o(o) dp d s

///fO(X(O;s,x,p),P(O;s,&p))v(p)ap(m) dp dzx ds.
0JrRJR

Note that det (6(){(59“3875(3%%%?))) =1, for any (s,t,2,p) € Rt x RT x R? and thus, after

change of variables along the characteristics we obtain

/R(E(t,a:)—Eo(x))go(m) dx //fo z,p) ; d go( (s)) ds dp dx

= [ [sen [ o) u dp e (16)

Observe that | X (¢;0,z,p) — x| < t and therefore we can write

X(tO:D,p)
/fo/ ) dudp dz| < /\@(UN//fo1{|u—z|g|x(t;o7x,p)—m|} dp dx du

R rJR

< /\@(U)|//90(P)1{\u—x|gt} dp dx du
R rJR

< 2t|lgollr [l -

We deduce that
[E@)| L < [[EollLe + 2t[|gol L1 =: a(?). (17)

For estimating 0, F we denote by gf the function given by gf(p) = go(p + R) if p < —R,
&t (p) = go(p — R) if p > R and g (p) = go(0) if |p| < R. Observe that for any (¢,z,p) €
[0,T] x R? we have

t
1P(0:t,2,p) — p| < /||E(S)HLN ds < Ta(T) =: R,
0

INRIA
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and thus we deduce by using the monotonicity of gg that go(P(0;t,z,p)) < g&(p),V (t,z,p) €
[0, 7] x R?. We have

plt,z) = / fo(X (03,2, p), P(0,,p)) dp < / 00(P(0:t,2,p)) dp < / oB(p) dp
R R R
= llgollzr +2Ta(T)lgoll L,
implying that for any T > 0 we have

max{ |0z E| L qo,7(xR), |0l Lo, 7(xr) } < |PextllLe + lgollr + 2[goll L<Ta(T) =: b(T).
(18)

Theorem 2.1 Assume that (fg,E{;)ke{u} satisfy the hypotheses HI1-H3 and denote by
(f*, Ek)ke{1,2} the global mild solutions of the 1D relativistic Viasov-Mazwell system corre-
sponding to the initial conditions (fé“,E(’)“)ke{LQ}, Then for any R > 0 there is a constant
Cr depending on R, maxye (1,23 b*(R) such that for allt € [0, R], |z| < R—t, p € R we have

|E' — E?|(t, ) + (X' = X?| 4+ |P' = P?)(0;t,m,p) < Cr(|fo — f3llerq-r rixr)

+ E§ — EfllLe—r,RD):

where (X%, P¥) are the characteristics associated to E* k € {1,2}. In particular if fi(z,p) =
fé(z,p), ¥V (z,p) € [-R,R] xR and E}(z) = E3(x), V x € [-R, R] for some R > 0 then for
any t € [0, R] we have

fl(taxap) = fQ(tvl'vp)a v (x,p) € [_(R - t)vR - t] X Ra
E'(t,z) = E*(t,x), Vo € [-(R—t),R —1].
Proof. Take t € [0, R] and » € CO([—(R —t), R — t]). By using formula (16) one gets

/(El(asc)—E%t,x»w(x) dr = /éE&(x)—E%(x))w(x) dx (19)

R
2 XF*(t;0,2,p)
e / / £ p) / o(u) du dp d.
k=1 RJR x

Observe that for any s € [0,t] we have

|Xk(8;07:r,p) —il" =

/ o(PH(s;0,2,p)) ds| < 5, k€ {12},
0

which implies that X*(¢;0,z,p) > R —t for any (x,p) € [R,+oo[xR,k € {1,2} and
XE(t;0,2,p) < —R +t for any (z,p) €] — 0o, —R] x R,k € {1,2}. Since the function ¢
has compact support in [—(R — t), R — t|, we obtain

Xk(t;O,;c,p) Xk(t;O,J;,p)
[ etwdu= [ e duguen, ke {12}

RR n° 0123456789



10 Bostan

and therefore formula (19)) yields

IN

/(El(t,x) — E%(t,2))p(x) dx

R

(B @) - Bia))eto) da

X1 (t;0,z,p)
+ / /foa:p/ p(u) du dp dz
X2(t;0,z,p)
X2 (t;0,,p)
-r/ [ = i) [ olu) dudp do

(Ilfs = follnrg-rrixw) + 1B — Bl L q—R.RrD)

/‘/ﬁmWMamww7
—R JR

where h(t,z,p) fxz((ttooff) (u) du, ¥ (t,z,p) € [0, R] x R%. We consider the set

IN

X

lellLrm) +

K(t)={(z,p) € R? : IA@) €[0,1], [ANO)X" + (1= A(6)X?((t0,2,p) < R —t}.

We claim that K(t) ¢ K(s) or CK(s) ¢ CK(t), for any s < t. Indeed, assume that
(z,p) ¢ K(s) for some s < t. Therefore min{X*(s;0,z,p), X%(s;0,z,p)} > R — s or
max{X1(s;0,z,p), X?(s;0,z,p)} < —(R — s). In the first case we deduce that

Xk(t;O,z,p)ZXk(s;O,;z:,p)—(t—s)>R—t, k€{172}7
whereas in the second case we have
X*(t;:0,2,p) < X¥(5;0,2,p) + (t —s) < —(R—1), ke {1,2}.

Therefore in both cases (z,p) ¢ K(t). Notice also that for any (z,p) ¢ K(t) the segment
between X!(¢;0,z,p) and X2(t;0,2,p) has void intersection with the support of ¢ which
implies that A(t,z,p) = 0. We have proved that

h(t,x,p) = h(t,z,p) L{zperwy. ¥ (t.2,p) € [0,R] x R?. (21)

Thus, when estimating h(t,z,p), it is sufficient to consider (z,p) € K(t). For such (z,p)
denote by A(s) € [0,1], V s € [0,¢], a number satisfying

Y (s) := A(8) X (5;0,2,p) + (1 — A\(5))X?(5;0,2,p) € [-(R —5), R — s].
By using the characteristic equations we obtain

d%|X1(8) = X%(s)| < [P(s) = P*(s)], ¥ s € [0, 1], (22)

INRIA
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%IPI(S) —PXs)| < BN (s, X'(s) = E'(s, Y ()| + | B (5, Y (5)) — E*(5,Y ()]
+ |E*(s5,Y(s)) — B*(s,X7(5))]
< () [XT(s) = Y(s)| + 02(1) [V () — X3(s)]
+  1BY(s) = B*(8) | o= (- (r—s),m—sD)» ¥ 5 € [0,1], (23)

where b*(t) = || pext || o< =) + 196 | 2 @) +2ta* ()| g6 | L= m)» @ (1) = [ EG |2 ) +2t] 96 | 2 )
k € {1,2}. From (22), (23) one gets

% {IXT = X2+ [P = P?} < (1+b(t)(IX(s) = X*(s)| + [P (s) — P*(s)])
+ IBY(s) = E*(9)l|Lo(-(R—s),R—sD)> (24)
where b(t) = max{b'(¢),52()}. By Grouwall lemma we obtain
|X(t;0,2,p) — X2(t;0,2,p)] + |PY(t;0,z,p) — P2(t;0,x,p)\ < exp(t(1+b(t)))
x / ||E1 {0 Fe—r>
=: (25)

and therefore, by using (21) one gets as before

R R
‘/R/Rféh dp dx| < /|<P(U)|/ /f&1{(a:,p)eK(t)}1{\u—x1(t;o,x,p)|gQ(t)} dp dx du
< /|g0 |//f (t, X', PY1gu_x1<qudP' dX' du
- / ()| / PL(E X)L o 1<y dX ! du
< 20(0)QM)ell Ly (ry- (26)

Finally combining (20)), (26)) yields for any ¢ € [0, R]
IE'(t) = E*(t)l Lo = r-t),r—tp) < Ifo — f3llerq-r.rixr) + 1 Eo — EdllLq—r,R])
+ Cl/ 1B (5) = E* ()| Lo - (R—s),R—sD) 5,
where C1(R) = 2b(R) exp((1 + b(R))R). We obtain

IEY(t) = B> (0|l e q—(r-t).r—tp) < (Ilfo = flerg=r.rixr) + 1 Eg — EgllLq=R,RD)
X 02(R)? (27)

where C3(R) = exp(R C1(R)). Observe that for any (z,p) € [-(R —t), R —t] x R we have
|X*(s;t,2,p)| < x| +t—s < R—s, s€[0,t, ke {1,2}. Therefore we can prove, by

RR n° 0123456789



12 Bostan

performing a similar decomposition as in (23)), that

t
(IX" = X2+ |P' = P?))(0; t, 2, p) <exp(t(1 +b(t)))/OH(El*Ez)(s)HL"O(]—(R—s),R—sD ds
< exp(R(1+b(R))) R Co(R) (IIfg — fillLrg=r.rixw) + 1 Es — EgllL=q—r.RrD) »

and the first statement of our theorem holds with Cr = C2(R)(1 + Rexp(R(1 + b(R)))).
The second statement follows immediately by taking into account that for any ¢ € [0, R],
|z| < R —t, p € R we have | X*(0;¢,z,p)| < R,k € {1,2} and therefore

fl(t,x,p) = f[}((Xl,Pl)(O;t,(E,p)) = fg((X2,P2)(0;t,x,p)) = f2(t,x,p).

[

3 The relativistic Vlasov-Maxwell system in one and one
half dimension

We assume that the electron density f depends on the time ¢ > 0, one space coordinate
r € R and two momentum coordinates p = (pi,p2) € R2. We suppose also that the
electro-magnetic field is of the form E = (E(t,z), E2(t,x),0), B = (0,0, B(¢,z)) for any
(t,z) € [0,400[xR. In this case we obtain the equations

ouf +v1(p)0ef — (E1(t, ) +v2(p) B(t, 7))y, [ — (E2(t,2) — v1(p)B(t,2))0p, f =0, (28)

8tE1 = jl(tvx)’ 8IE1 = Pext — p(t,x), (t,.]?) 6]07+OO[XRa (29)
0,Fs + 0B = ja(t,7), (t,) €]0, +00[xR, (30)
OB+ 0, F2 =0, (t,x) €]0,+00[xR, (31)

where pext > 0 is the charge density of the background ion population and p, j are the charge
and current densities of the electrons

plta) = [ ftap)dp, (t.0) = [ o)) dp. (2) € 0, +oolxER.
R R
We supplement the above equations with the initial conditions

f(O,SC,p) = fO(va)a (:1771)) € R37 (ElaEQaB)(Oa‘T) = (E0,17E0727BO)(‘T)7 z € R (32)

We assume that the initial conditions and peyt satisfy the hypotheses H3 and
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Finite speed propagation for the Viasov-Mazwell system 13

H4) there is a function go € L*(RT;u? du) N L*°(R*) non increasing on RT such that
fo(z,p) < go(lpl), V (z,p) €R?;

H5) (EO,laEO,Z, Bo) S LOO(R)s 3

H6) Eg; = pext — fR2f0 dp, (Egq,By) € L>(R)?.

Notice that H4 implies that [, (14 |p|)fo(-,p) dp € L°(R). In particular we have Ej; €
L*°(R). Under the hypotheses H3-H6, by using the method of [6] we prove the existence of
a unique mild solution (f, E, B) for the 1.5D relativistic Vlasov-Maxwell system, satisfying
(1+ |p))f € L*=(]0, T[xR; L}(R?)), (E, B) € W1°°(]0,T[xR)?, ¥ T > 0. The system (28),
(29), (30), (31), (32) was studied in [16], [I5]. Let us recall here the main steps for estimating
the electro-magnetic field and its derivatives. We denote by (X(s;t,x,p), P(s;t,x,p)) the
characteristics of (28) given by

% =v1(P(s;t,2,p)),
% = —(Ev(s, X(s;t,2,p)) + v2(P(s;t, 2,p)) B(s, X (s 1, 2, p))),
2 = (Bals, X(s58,2.9) — 0a(P(sit,2,0)Bls, X(5:8,,)),

satisfying the conditions X (¢;t,z,p) = =, P(t;t,x,p) = p. Solving (29), (30), (31) with
respect to F1, Fsy, B yields

E1 (t, :v) = Eo’l(x) + Jl (t, l‘), (33)
1 1 1. 1
Es(t,x) = i(Eog + Bo)(z —t) + §(E072 —By)(xz+1t)+ §J2 (t,z) + §J2 (t, ), (34)

1 1 1 1 _

Blt,2) = 3 (Boa + Bo)(x — 1) — 3 (Boa — Bo)w +1) + 3 J3 (1) = Ly (t.2),  (35)
where Ji(t, 1) = fgjl (s,z) ds, JE(t,z) = fotjg(s,a: F (t — s)) ds. Multiplying (33)) by a test
function ¢ € L*(R), integrating with respect to x € R and changing the variables along the
characteristics yields, as in the 1D case (see (17)), the bound

HﬁhﬂﬂhwaHEmﬂhx<+2{/’gdhﬂ)@?=radﬂ- (36)
R2

For estimating (E3, B) we follow the ideas in [16]. Multiplying (28) by (1 + |p|?)2, the first
equation of (29) by E1, (30) by Es, (31) by B and integrating with respect to p € R? implies

of [+t sap+ S8 + 5 b0, fut)+ ) a8} =0 o)
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14 Bostan

Integrating (37) on {(s,y) : s € [0,], |z — y| <t — s} we deduce that
2 t
2 / /Rz“ 1612 (14 (~)f0r () (s, 2+ (1)t — 5).p) dp ds

ot T+t
< /1 /Rz(l +[p|*)? foly. p) dp dy + %/1 (IEo(y)|2 + Bo(y)?) dy.

—t —t
Observing that (1 + [p|2)2 (1 — |v1(p)]) > |v2(p)| we obtain
_ 1
|3 (t, )| + [Ty (8 @) < 2t /Rz(l +1p*)2g0(Ip]) dp + t (| EollZ~ + || BollZ-),

implying that

A

max{||Ex ()|, |B(t)[[L=} < [Eozllze +||Bo||Lw+t/ (1+ |pI*) 2 g0([p]) dp
RQ

+

t
3 (I1Eoll7 + 1 BollZ)
= :as(t). (38)

The charge density can be estimated as in the 1D case by using H4. Indeed, by the character-
istic equations we deduce that | |P(0;t,z,p)| — |p| | < ta(t), where a(t) = (a1 (t)? +ag(t)?)'/?
and therefore we obtain

ptr) = [ HXO ). POsta) dp < [ a0 POSE20)) do
< wltalt)lanlle +27 [ gou)u-+talo) du (39)
By the second equation in (29) one gets
10sExll i qorixiy < max{ | pextll s 7(Ta(T))? [gol o + 2 / o)t + Ta(T)) du)
= by (7). (40)

In a similar way we can estimate k(t,x) = [o.|p|f(t, z,p) dp. We obtain

T Hoo
k(t,x) < %(ta(t))3||go||po + 27?/(u +ta(t))*go(u) du =: d(t).
0

We estimate now the z derivatives of Ji. For any test function ¢ € C1(R) we write

[t = [ [ wes - i ()

— /R R2fo(fc,p)/0 Gi(P(s))%go(X(s) + (t—s)) ds dp dx,
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Finite speed propagation for the Viasov-Mazwell system 15

_ 2\1/2
where G*(p) = pa( PljFl(j;rglpl )1/2)

for any p € R?. By direct computation we check that
max{|G*(p)|, |V,G* ()], VoG (p)|} < C(L+[p]), Vp € R?,

for some constant C. Integrating by parts with respect to s in (41)) yields

/Jit(t,xw'(x)dx - / JoG* (P(£))p(X(¢)) dp da - / JoG* (p)p(x £ 1) dp do
R RJR2

R R2
=[] ) [ ACHPEX ) £ - ) ds dp o
RJR2 0
= TE-TF -Tf. (42)

The terms T can be estimated as follows

T = RQf(tyX(t)vP(t))Gi(P(t))w(X(t)) dp dz
= | ] .,/ t2.pG(p)e() dp da
< // (b2, (1 + B (2)] dp da
< lellom | [ 1+ D7) do
R2 L>(R)
< lepllor @y (b (2) + d(2)). (43)
Similarly we obtain
T3] < ||50||L1(R)(b1(0) +d(0)). (44)
In order to estimate T3 notice that for any s € [0,¢] we have
d dP; 1
e < |+ (5 +20+ 1) ) £)-+ Gaa(t) (1-+ |P(s)]).

and therefore one gets

T < //f/ +6a2(0)(1 + |P(s))|(X(s) £ (¢ — 5))] ds dp da

(ax (t) + 6as (1)) / / / F(5,2,0)(1+ pDlg(e £ (& — 9))] dp de ds

= (a1(t) + 6az(t //|<p:cj: (t—s))|(p(s,x) + k(s,x)) de ds
< (aa(t) +6az(t)) ¢ [lpll L2 @) (br(2) + d(2))- (45)
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16 Bostan

Collecting the inequalities (43), (44), (45) yields

/Jth ) dz

saying that [|0,J5 (t)|| L) < (b1(t) + d(t))(2 + t(a1(t) + 6as(t))). Finally we deduce by
(34), (35)

< llepllLr ) (02(8) + d(t)) (2 + t(a1 (t) + 6az (1)),

max{[|0z Fall e qo,rixr) » 102BllLeqorixr)} < 1Eoalloee® + 1Bo @y — (46)
+ (01(T) +d(T))(2+ T(a1(T) + 6az(T))) =: bo(T).

Take 0 < t < R and let us introduce
f((t) = {(x,p) € R® : 3 A(t) € [0,1], |/\(t)X1 +(1- /\(t))X2|(t;0,a:,p) < R-—t},

where (X* PF) ke{1,2) are the characteristics associated to some smooth electro-magnetic
fields (E*, B¥) ke{1,2}- We intend to establish a continuous dependence result with respect

to the electro-magnetic field for characteristics starting from K(t) at s = 0. As before we
have K (t) C K(s) for all s € [0,t] and thus for any (s,z,p) € [0,t] x K(t), the segment
between X (s;0,z,p), X%(s;0,z,p) has non void intersection with [—(R — s), R — s

Vs e[0,4,3AN(s) €[0,1],Y(s) := (A(s) X' 4+ (1 — X\(5))X?)(5;0,2,p) € [-(R—s), R — s].

Using the characteristic equations yields

d
Ele — X?| < 2|P'(s) — P%(s)|, Vs €[0,1],
S

%uﬂl — P?| <2DR(s) + C(s){| X" (5) — X%(s)| + |P'(s) — P%(s)|}, Vs € [0,1],

where Df(s) = [|E(s) — E*(s)| Lo (r-s),r—s) T [B'(s) = B*(8)||l 1<~ (r—s),r—s) and
C(s) = 2maxpe(1,2y |0 E* (s)|[ L + 2maxye(1 2y |02 B ()|l + dmaxpe 2y [ B (5)] L
By Gronwall lemma we deduce that for any s € [0, ¢]

IX(5) = X2(s) + P! (5) = PA(3)] < 2exp(t(2 -+ max C(s)) / DR(s)ds.  (47)
s€f0,t
Theorem 3.1 Assume that (ff, EE, Bg)ke{l)g} satisfy the hypotheses H3-H6 and denote by
(f* E*, Bk)ke{l,Z} the global mild solutions of the 1.5D relativistic Viasov-Mazwell system
corresponding to the initial conditions (fé“,E(’f,Bg)ke{Lg}. Then for any R > 0 there is a
constant Cr depending on R, maxye (1 2y {| Ef |l w0+ Bg lw< }, maxee (1,23 {1196 | 21 (et sz +
g5 Lo} such that for all t € [0, R] we have
max _(|E'— E?| + |B - B2)(t,x) + (IX" - X*| + [P — P2)(0;t,2,p) < CpD{,

|z|<R—t,pER?
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where (X*, P¥) are the characteristics associated to (E*, B¥), k € {1,2} and

R
Df = [ [ (IS — 131 dp o+ 155 = Bl + 155 = BElu=q- .

In particular if f3(z,p) = f2(x,p), V (z,p) € [-R,R] x R and (E}, B})(z) = (E3, BE)(z),
YV z € [-R, R] for some R > 0 then for any t € [0, R] we have

fl(tvxvp) = fQ(t,.’E,p), (l‘,p) S [_(R - t)vR - t} X ]Ra

(EY, BY(t,x) = (E* B?)(t,x), v € [-(R—1),R—t].

Proof. From now on the notation C'r stands for any constant as in the statement of the
above theorem. By the previous computations we know that

max{ || E*|| 0 7(x®): | B¥| L= qo.r[xr)} < a*(T), k€ {1,2},
max{||0, E¥|| o (o, 7(xR): |02 B¥| L qo,rxm) } < V5 (T), k€ {1,2},

where a* = ((a%)2+(ak)?)'/2, bF = ((b¥)%+(05)?)"/2, the coefficients a¥ (T'), a5 (T), b¥(T), b5(T)
being defined as in (36)), (38), (40), (46). Take t € [0, R] and ¢ € C°(R) with compact sup-
port in [—-(R —t), R —t].

Estimate of E? — E}

Multiplying (33)) by ¢ and integrating with respect to x implies

X(tOz,p
5= 1) [ oty dudp da

/ﬂg(x)(E? - Bl da| < | [o(@)(B5 - By do| +
X2 (t 0 a:,p)
f0 ) du dp dx| . (48)
RJR2 t 0 z,p

Notice that if < —R then Xk(t;O,a?,p) < —R+tandif z > R then X*(;0,z,p) > R—t.
Taking into account that suppy C [—(R —t), R — t] we can restrict the integrations with
respect to z in the right hand side of (48)) to [ R, R]. Therefore we obtain

/ o(E? — E) du
R

1—r.rD + /5 — follerg—r.Rixr2)) + |Tal,

(49)

< el (1E5, —

R X2 t;0,x, . g
Wh(jl‘e Ty = [T e fo(z,p) Xl((t;O,ac,;f))) o(u) du dp dx. Observe that if (x,p) ¢ K(t) then
X“(¢;0,x, . iod
X1(2;07££) o(u) du =0 and if (z,p) € K(¢) then we have by (47)

(X = X2 + |P' — P?|)(t;0,z,p) < 2exp(t(2+ 4a(t) + 4b(t))) /ODR(S) ds =: Q(t),
(50)
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where a(t) = maxye 1,2} a¥(t), b(t) = maxye(1 2y ¥ (t). Therefore we can estimate T} as in
the one dimensional case

R L X2(t;0,x,p)

—RJR X1 (t;0,2,p)

IN

R
L, p)1 R oy dpda d
/RW(“)'/fR/szo(I’p) (@ eR ML {lu-X110,0,)<G)} P dT du

Crllglls / DR(s) ds. (51)

We deduce from (49), (51) that

IN

IE? — Ellroq—r-t),r—tp < Eo1— Eoilleeq-rrp + 155 = follLrg—r,rixm)

+ Cx /O DR(s) ds, s € [0.1]. (52)

Estimate of (E5 — E, B> — B?)

By (34), (35) it is easily seen that

max{[|E3(t) — B3 ()| o q—(r—1t),r—tp: | B*#) = B (t) || oo = (r—t),R—1]) }
< ||E§72(t) - Eé,2(t)HL°°(]—R,R[) +[IB3(t) — By (t Mz~q-r,R) (53)

1 _
+ §||J2+’2(t) — I Ol poe = (R—t),R—t]) + = ||J2 2(t) = I3 ()| noe = (R—t), R—1])>

and therefore we need to estimate ||Ji2(t) — J2i71(t)||L°°(]7(th),R7t[)- Multiplying by ¢
and integrating with respect to x yields as in (41

+2 gE1 7 2_k k ;}2 ks ks —3 s x
JuE? - s ea kZ( D[ A5 [P e)eet ) & (= 5) dsdp

R
X*(s)+(t—s)
// fy /Gi P*(s / o(u) du ds dp dx
R2 dS Xk(t)

1

2 X (t)
< Z / 764 w) [ olu) dudp ds
rtt
XF(s)E(t—s)
+ fy / {GE(P*(s))} o(u) du ds dp dz
— R2 X (t)

= ITs\ + | Te|- (54)

It is easily seen that for any s € [0,], |z| > R, p € R?, k € {1,2} the segment between X*(t)
and X%(s) + (t — s) has void intersection with the support of ¢ and thus the integrations
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with respect to x in the terms T5,Tg can be restricted over [—R, R]. Performing similar
computations as those in (26) and taking into account that |G*(p)| < 1+ |p| and |p| <
|PY(t;0,z,p)| + ta(t) yields

X2(t;0,z,p)
Ty < HwHLl/ /1+|p| 172 - fo\dpdx+/ /1+Ip\fo/ o(u) du| dp dz
X1(¢;0,z,p)
< HsouLl/ /1+|p| 12 - fo\dpd:H/Iso |//f (t,x*, PY)
x (1 +ta( )+\P1(t0xp)|)1{|u X1(8:0,2.p)| <O} 4P T du
< Jells / ) /R<1+ D2 — £ dp do + CrllgllLs / DR(s) ds. (55)
_ 2 0

For analyzing the term Ty we need some notations. For any (z,p) € [-R, R] xR?, k € {1,2}
we define

s¥(t,x,p) = sup{s € [0,t] : |X"(s;0,2,p)] < R —s}.
Observing that s — | X*(s;0, x, p)|—(R—s) is strictly increasing we deduce that | X*(s;0,z,p)| <
R —s, s €[0,s%(t,r,p)] and \Xk(s 0,2,p)| > R—s, s €]s*(t,z,p),1]. In particular for any
(z,p) € [-R, R] x R2 we have (x,p) € K(s(t,z,p)), where s(t,z,p) = maxye(1,23 5*(t, 2, p).
Moreover for any (z,p) € [-R, R] x R?, s €]s(t,x,p), t] the segment between X*(t), X*(s) &
(t — s) has void intersection with the support of ¢ and thus the integration with respect to
s in the term T can be restricted to [0, s(¢, ,p)]. We introduce the functions H* : R® — R
given by

oG+ 0G*

H*(p,e,b) = —(e1 + va(p)b) o (p) — (e2 — v1(p)b) s (p), (p,e,b) € R? x R? x R.

By direct computation we check that there is a continuous function h : R® — R such that
max{|H*(p, e, )], |V(p,e,b)Hi\} < (1 +|p|)h(e,b), (p,e,b) € R (56)
Actually the functions HT are the derivatives of G* along the characteristics
d
d—Gi(P’“(s)) = H*(P*(s), B*(s, X*(s)), B"(s, X" (s))) = H**(s),k € {1,2}.
s

By using (56) we can write

2 XF(s)£(t—s)
> et (P ) / (1) du

X*(t)

A
<
S

Cr(1+[P(s)])

_|_

X2(s)£(t—s)
/ o(u) dul.
X1(s)£(t—s)
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Notice also that for any (z,p) € [-R, R|xR?, s € [0, s(t, = p)] we have (z,p) € K(s(t,z,p)) C
K (s) and thus there is A(s) € [0, 1] such that Z(s) = A(s) X (s) + (1 — A(s)) X (5) €[—-(R-
s), R—s]. Using now (56), (50) one gets by intercalating H*(P*(s), E*(s, Z(s)), B*(s, Z(s)))

(52— H5Y () < Ca(1+ [P (s)] + [P*(9))(X" — X?| + |P' — P*| + DR(s)
1 S 2 S R S ) R T T .
scR<1+|P<>|+P<>|>(D<>+/OD<>d) (58)
Combining (57), (58) yields

t rR
Tl < cRnsonLl// /(1+IP2(5)I)|f3ff&|dpdasds

s(t,z,p)
i cRnsanLl/ /f/ A1 1P (s)] + [P*(s)) (DR /DRdT) ds dp da
s(t,z,p) X2(t)
+ cR/ /f/ (1+|P'(s) / o(u) du
X1(t)
s(t,z,p) X2(s)+(t—s)
+ CR/ /fo/ (14 |PY(s) / (1) du

X1(s)£(t—s)
= |T7| + |Ts| + [To] + |T1ol- (59)
Taking into account that 1 + |P?(s;0,z,p)| < Cr(1 + |p|) we deduce that

ds dp dx

ds dp dx

R
Tl < Caleles [ [ 0+ oIS~ f3) dp da: (60)

Since 1+ |P(s;0,z,p)| + | P%(s;0,7,p)| < Cr(1+ |p|) one gets easily that

culill [ [ @+ st (0760 +[ DAyir) dp e a
culllls [(p%6)+ [0y ar) as [ [ v igboh av o

< Crllgllz / DF(s) ds. (61)

The analysis of Ty, T1( are similar to those of Ty in (51). Notice that we can apply (50) on
[0, s(t,z,p)] for any (x,p) € [-R, R] x R%. We obtain

|T|

IN

IN

A

t
2]+ T < Callgl [ D(s) ds. (62)
0

Finally we deduce from (54), (55), (59), (60), (61), (62)

R t
1572(8) = I3 (Ol L - (r—0).r—e) < Cr / /R (L+ IpDIf§ — f3| dp dx+ Cr | D™ ds,
—-R 0
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and therefore (53)) implies

max{[|E3(t) — E3(t)|| o q—(r—1t),r—tp+ | B*X) = B (¢)|| 1o 1= (R—t),R—1] }
< NEG5(t) — Ef oWl q—r,rp + 1B3(t) — By ()|l 2=q—r.R])

R t
+ Cn [ [ @Dl - Sl dpdo+ Cr [ DR(s)d. (63)
—RrJR2 0
Combining (52)), (63) yields
t
DE(t) < CrDF + Cr /DR(s) ds,
0

which implies by Gronwall lemma that for any ¢ € [0, R] we have D®(¢t) < CrD{'. Finally
observe that for any (x,p) € [-(R—t), R—t] x R? we have | X*(s;t,2,p)| < R—s,V s € [0,1]
and therefore we obtain as in the proof of (47)

t
(X' = X% 4 |P' — P?))(0;t,z,p) < Cg /DR(s) ds < CrDE.
0
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