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Finite speed propagation of the solutions for the

relativistic Vlasov-Maxwell system

M. Bostan *

(December 14, 2006)

Abstract

In this paper we investigate the continuous dependence with respect to the
initial data of the solutions for the 1D and 1.5D relativistic Vlasov-Maxwell
system. More precisely we prove that these solutions propagate with finite
speed. We formulate our results in the framework of mild solutions, i.e.,
the particle densities are solutions by characteristics and the electro-magnetic

fields are Lipschitz continuous functions.

Keywords: Vlasov-Maxwell equations, mild solutions, characteristics, finite speed

propagation.
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1 Introduction

Consider a population of charged particles with mass m and charge ¢ interacting
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through their self-consistent electro-magnetic field. We assume that the collisions are
so rare such that we can neglect them. Let us denote by f (¢, z, p) the particle density,
depending on the time ¢ € [0, +o0[, position z € R? and momentum p € R? meaning
that at any time ¢ the number of particles having the position and momentum
inside the phase space infinitesimal volume dxdp around (z,p) is approximately

f(t,z,p) dedp. The particle density f satisfies the Vlasov equation

Ouf +0(p) - Vo + q(E(t,2) + v(p) A Blt,2)) - Vpf =0, 1)
2\ —1/2
where v(p) = £ (1 + %) is the relativistic velocity associated to the momen-

tum p and c is the light speed in the vacuum. Notice that v(p) = V,E(p) where
1/2
E(p) = mc? ((1 + L2f ) - 1) is the relativistic kinetic energy. The Vlasov

m2c?

equation expresses formally the invariance of the density f along the trajectories

(X (s), P(s)) in the phase space

d
TS (s, X(), P()} = 0,
s
where (X, P) are given by the motion equations under the action of the electro-
magnetic field (E, B)

%gzv@@»,%gng@X@»+wP@»AB@X@D)

We introduce the charge and current densities p and j given by

p(t,z) = Q/Rgf(t,w,p) dp, j(t,r) = Q/R v(p)f(t,x,p) dp.

3

The self-consistent electro-magnetic field (£, B) satisfies the Maxwell equations

OE — c*rotB = —]i’ gc), 0B + rotE = 0, (2)
0
t o .
dive = ’:”)jp ) B =0, (3)
0

The system (1), (2), (3) is called the tri-dimensional Vlasov-Maxwell model. It plays

a central role in plasma physics and the study of charged particle beam propagation.



Here gy stands for the dielectric permittivity of the vacuum and pe is the charge
density of a background distribution of opposite sign particles. We prescribe initial

data
f(0,z,p) = fo(z,p), (z,p) €R®*xR? (B, B)0,1)=(Ey,By)(z), x € R® (4)

satisfying the compatibility constraints

+ pext (ZL’)

divEy — 2 , divBy =0, z€R3, (5)
€0
and the global neutrality condition
o [ aerdpdss [ ooy de=o (6)
R3 JR3 R3

It is easily seen, by using the continuity equation d;p + divj = 0 and (6), that the
global neutrality condition holds at any time ¢ > 0. By taking the divergence in (2)
and by using one more time the continuity equation, notice that (3) are consequences
of (5).

If we neglect the magnetic field B = 0 we deduce that the electric field derives
from a potential satisfying a Poisson equation with a source term proportional to
the charge density

E=—Vo, —A¢— p(t,x) + pext(w). (7)

€0

Neglecting also the relativistic corrections in the Vlasov equation leads to

Ouf + 2 - Vof +qB(t,2) - Vpf =0. ®)
The analysis of the Vlasov-Poisson model (8), (7) is simpler due to the elliptic
regularity effect of the Poisson equation. The global existence of weak solution was
proved in [1]. Global classical solutions were constructed in [2] for small initial data
and in [27] for unrestricted initial data. Simpler proofs for the global existence
of smooth solutions were presented in [30], [25]. The Vlasov-Poisson model can
be justified as the limit of the relativistic Vlasov-Maxwell model when the particle

velocities are small comparing to the light speed cf. [13], [29], [5]. The main global
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existence result of weak solution for the tri-dimensional Vlasov-Maxwell model was
obtained in [14]. One of the crucial points here was the smoothing effect by velocity
averaging, see also [20]. The boundary value problems were studied as well [28],
23], [3]. The global existence of classical solutions is still an open problem. For
a conditional result we can refer to the Glassey-Strauss theorem [19]: the global
existence of smooth solution holds provided that the particle density is compactly
supported in momentum. The same problem has been investigated by other authors
using different approaches [24], [7]. For results in lower dimensions we can refer to
4, 12], [16], (17, [18].

Generally the analytic resolution of the tri-dimensional Vlasov-Maxwell system
is impossible, except for some very particular situations. Since the numerical simu-
lation requires important computational efforts, it is worth to take into account the
particularities of the physical problem in order to derive reduced models. Recently
a reduced Vlasov-Maxwell system was introduced by physicists for studying the
laser-plasma interaction. In this case we distinguish a particular direction: it is the
propagation direction of the laser wave. Obviously the variations of the unknowns
are more important in this direction comparing to the other ones, justifying the
main assumption of the reduced model: the unknowns depend on only one spatial
variable z1 (0., = 0., = 0). By introducing the vector potential A = (0, Ay, A3)
(B = curlA,divA = 0) it is easily seen that this simplified geometry provides addi-

tional invariants along the particle trajectories in the phase space
d d
75 12(8) + qA2(s, Xa(s))} = —-{Ps(s) + qAs(s, Xi(s))} = 0.

Therefore it makes sense to look for mono-kinetic densities with respect to the trans-

verse directions ps, ps, [(t,,p) = fi(t, 21, p1)0(ps + gAa(t, 21)) © (ps + g As(t, 21)).

After some transformations we obtain

O f1+ %8w1f1 +q (El(ta xl) - LAQ(t7x1)aIlA2 - LA3(t7xl)azlA3) aplfl =0,

mry mry

prAR)(t, 1)

Ay — 02 Ay = _al p(t, 1) + pexi (1)

(T, T
) 815E11 = _Mv aarlEl - )
meo €0 €0




where k € {273}7 {p7 p’yvjl} = QIR{17 %7 %}fldpl and Y I8 given by

2 2

:(1+ i L4 <A2(t,x1)2+A3(t,x1)2))

m2c?

Despite the few number of variables (only one space variable and one momentum
variable), the strong non linear coupling through the Lorentz factor v makes this
system difficult to study theoretically but also numerically. From the physical point
of view studying the above model is of considerable importance since it captures
a lot of the main features of plasma phenomena. Notice also that the solutions of
this model provides new exact (measure) solutions for the tri-dimensional Vlasov-
Maxwell system, which is very interesting from the mathematical point of view.

Further simplified models have been considered by introducing the following Lorentz

factor approximations: v =~ 1, v = (1 + m%iQ)l/Z. Mathematical results on these
models were obtained in [10], [6].

The fully relativistic model for laser-plasma interaction has common features
with the Nordstrom-Vlasov system in astrophysics which describes the evolution of
a population of self-gravitating collisionless relativistic particles. It is obtained by
coupling the Vlasov equation with a very simplified version of the Einstein equations:
the Nordstrom scalar gravitation equation [26]. The Cauchy problem of the tri-
dimensional Nordstrom-Vlasov model was studied very recently, see [8] for classical
solutions and [9] for weak solutions. When the light speed becomes large with
respect to the particle velocities this system reduces to the gravitational Vlasov-
Poisson model [11].

Other reduced models are obtained by considering asymptotic limits in the
Vlasov-Poisson system as the intensity of the external magnetic field tends to infin-
ity. Studying the effect of strong magnetic fields on plasmas is of capital importance
for the numerical simulation of tokamaks. These asymptotic regimes lead to the
”guiding center approximation”, see [21], [22] for recent results on this topic.

Let us come back to the tri-dimensional relativistic Vlasov-Maxwell system. We

consider physical units such that m = 1, ¢ = —1 (f is a density of negative particles),
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g0 = 1,¢ = 1. Assume for the moment that (f, F, B) is a smooth solution of (1),

(2). Multiplying (1) by £(p) and (2) by (E, B) one gets the formula

1
O {/ E(p)f dp + §(|E|2 + ]B|2)} —i—div/ v(p)E(p)f dp+rotE- B —rotB-FE = 0.
R3 R3
9)
For any R > 0 consider the set Kr = {(s,z) : s € [0,R],|z] < R — s} and
denote by (n, n,) the outward unit normal on 0K g. As usually, integrating (9) over

Kgr(t) ={(s,z) € Kg : s <t} yields for any ¢ € [0, R]

[ fewsans Juer 150 ar [ fincsn o)) aots

+/ {SHBE +|BP) + (n. A E) - Bdo
Zr(?) 2

1
= [ ewinan+ 5057+ 1208}
BrlJR3
where Yg(t) = {(s,z) : s € [0,t],]z] = R—s} and Bg = {x € R? : |z| < R}. Taking

into account that |n,| = n; on Xg(t) and |v(p)] < 1, we deduce the well known
inequality
1 1
[ A [ ewsas g0mr im0 fas < [ { [ewnir+ S5+ 15} as
Br_\JR3 B LJR3
(10)

In particular if fo|g,xrs = 0, (Eo, Bo)|s, = (0,0) then f|x,xrs = 0and (E, B)|k, =
(0,0). Motivated by this standard result we inquire about a more general property

whose statement, in a simplified form, could be

Property 1.1 Assume that (fk,Ek,Bk)ke{LQ} are two solutions of the relativistic
Vlasov-Mazwell equations satisfying (f*(0)—f%(0))|z,xrs = 0, (E'(0)—E?*(0), B*(0)—
B*(0))|5, = (0,0). Then we have (f* — f*)|k,xrs = 0, (B — E* B! — B?)|k, =
(0,0).

We recognize here the finite speed propagation for the solution of the Vlasov-
Maxwell equations. The propagation speed do not exceed the light speed, here
normalized to the unity. The purpose in this paper is to establish this property
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for the relativistic Vlasov-Maxwell equations in the one dimensional case (1D) (see
Theorem 2.1) and the one and one half dimensional case (1.5D) (see Theorem 3.1).
Obviously this feature inherits from the hyperbolic structure of the Maxwell equa-
tions combined with the relativistic character of the particle dynamics. Although
this property seems very natural we think that it is important to perform a rigorous
analysis of it. This leads to a better understanding of the transport of relativistic
charged particles: we justify the existence of a dependence domain in space. For
the numerical point of view this property has important consequences: it shows
that the numerical approximation of these equations can be localized with respect
to the space variable. Since the numerical simulation of the Vlasov-Maxwell model
is very expensive it is worth getting the possibility to handle only a sub-domain of
the spatial domain.

The method we propose allows the treatment of other systems as the reduced
model for laser-plasma interaction and the one dimensional Nordstrom-Vlasov model.

An interesting question concerns the validity of this result in the general frame-
work of the tri-dimensional relativistic Vlasov-Maxwell system as suggested by (10).
We expect that this holds true at least for solutions compactly supported in mo-
mentum. Probably combining our techniques with the representation formula for
the electro-magnetic field obtained in [19] would provide the desired result.

The paper is organized as follows. In Section 2 we recall a basic existence and
uniqueness result for the mild solution of the relativistic 1D Vlasov-Maxwell equa-
tions. The main tool here is the formulation by characteristics. Adapting the above
method yields also a continuous dependence result with respect to the initial data.
In particular we establish the finite speed propagation property. In Section 3 the
same program is carried out for the relativistic 1.5D Vlasov-Maxwell equations. Ba-
sically we follow the same steps but some of them are much more difficult in this
case. For example a delicate step is how to estimate the derivatives of the electro-
magnetic field. This can be achieved by duality computations. One of the key point

here is the relativistic character of the particle dynamics.



2 The 1D relativistic Vlasov-Maxwell equations

In this case we obtain the system

of +v(p)0uf — E(t,2)0,f =0, (t,z,p) € RT x R?, (11)
OE = j(t,z), 0.F = pext(t) — p(t,x), (t,7) € RT x R, (12)
£(0,z,p) = fo(z,p), (z,p) €R?* E(0,7)= Ey(z), = €R, (13)

where p = fR fdp, 5= va(p) f dp. We assume that the initial conditions and pey
verify the hypotheses

H1) there is a function gy € L'(R)NL>*(R) non decreasing on R~ and non increasing
on RT such that 0 < fo(z,p) < go(p), V (z,p) € R? ;

H2) Ej belongs to L>°(R) such that Ey = pext — po, where py = fRfo dp ;

H3) pext > 0, pexs belongs to L= (R).

Observe that H1 implies pg € L>®(R) and therefore Ey € WH(R). Under the above
hypotheses there is a unique mild solution (f, E) (i.e., E is Lipschitz continuous and
f is solution by characteristics) for (11), (12), (13), cf. [12], [4]. We recall here some
bounds for F and its derivatives which will be useful in our further computations.

Let us introduce the system of characteristics for (11)

dX dP
O —u(Ps)), & = B, X(s)) (14)
with the conditions
X(t)==z P(t)=np. (15)

The solution of (14), (15) is denoted by (X (s;t,z,p), P(s;t,z,p)). Saying that f is
solution by characteristics for (11) means that f(t, z,p) = fo(X(0;¢,z,p), P(0;t,z,p)),
V (t,z,p) € RT x R?. For any test function ¢ € L'(R) one gets by (12)

JEwn - e de = [ [ [ st p0trote) do e ds

R

N /ot/R/RfO(X(O;S’x’p>=P(038a$7p))v(p)so(x) dp dz ds.
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Note that det (B(X(S;t"’gg’;(&t’x’p))) =1, for any (s,t,2z,p) € Rt x RT x R? and thus,

after change of variables along the characteristics we obtain

JiEwa) - Eaneta s = [ [t [ o) ds dp s
- /R /R fo(x,p) / " o) du dp dz. (16)

Observe that | X (¢;0,x,p) — x| <t and therefore we can write

X (t;0,2,p)
//fo/ ¢(u) du dp dx| < /|<P(u)|//f01{|u—x<|X(t;0,x7p)—x} dp dx du
RJR x R RJR

< [l [ [ aotyue dp d du
R RJR
< 2t||gollzr [l L1
We deduce that
[ E(t) || < || Eolle + 2t||gollr =: a(t). (17)

For estimating 0,F we denote by g{t the function given by ¢f(p) = go(p + R) if
p < —R, gf'(p) = go(p — R) if p > R and g¥(p) = go(0) if [p| < R. Observe that for
any (t,z,p) € [0,T] x R? we have

t
P(0: .2, p) — p| < /||E(s)||m ds < Ta(T) =: R,
0

and thus we deduce by using the monotonicity of gy that go(P(0;¢,z,p)) < git(p),
V (t,z,p) € [0,T] x R%. We have

p(t,x) = /fo(X(O;t,:v,p),P(O;t,a:,p)) dp < /go(P(O;t,x,p)) dp < /gf(p) dp
R R R
= |lgollzr +2Ta(T")||go|| L,

implying that for any 7" > 0 we have

max{||0. £ || = o,r(xr), |0 go.rixr) } < || Pext |l +lg0ller+2 g0l Lo Ta(T) =: b(T).
(18)



Theorem 2.1 Assume that (f¥, E )ke{l 2y satisfy the hypotheses H1-H3 and denote
by (f* ,Ek)ke{m} the global mild solutions of the 1D relativistic Viasov-Mazwell sys-
tem corresponding to the initial conditions (fé“,Eé“)ke{l,g}. Then for any R > 0
there is a constant Cr depending on R, maxye 2y V*(R) such that for all t € [0, R],
|lz] < R —t, p € R we have

B — E*|(t,2) + (|1X" = X7+ [P* = P2)(0st,2,p) < Crlfy — follrg-rrixw)

+ By — E§llL~q-rrD),

where (X%, PX) are the characteristics associated to E* k € {1,2}. In particular if
fo(z,p) = f&(z,p), V (z,p) € [-R,R] xR and E}(z) = E3(z), ¥V z € [-R, R] for
some R > 0 then for any t € [0, R] we have

fl(t7l',p) = f2(t7$7p)7 v ((L’,p) € [_(R_t)vR_t] X R7
E'(t,z) = E*(t,z), Vo € [-(R—1), R —1].

Proof. Take ¢t € [0, R] and ¢ € C?([—(R —t), R — t]). By using formula (16) one

gets

B ) - Bt oeto) o - ﬁax> B (@)ila) de (19

R
_ //foxp/th0$p()dudpdx

Observe that for any s € [0,¢] we have

| X*(s5;0,2,p) — x| = <s ke{1,2},

/OS v(P*(s;0,z,p)) ds

which implies that X*(¢;0,z,p) > R —t for any (z,p) € [R, +oo[xR,k € {1,2} and
X*(t;0,2,p) < =R+t for any (z,p) €] — oo, —R] xR, k € {1,2}. Since the function

¢ has compact support in [—(R — t), R — t], we obtain
Xk (;0,2.p) Xk (t;0,2,p)
[ = [ ) dutgen, ke (1,2)

10



and therefore formula (19) yields

/(El(t, ) — E2(t,2))o(x) da

R

IN

1B} @) - Bitaeto) da

X1(t;0,2,p)
+ / /foxp/ o(u) du dp dx
X2(t;0,z,p)
X2(t;0,2,p)
o [ [ - e [ow iy i

< (Ifo = fillerg=rorixr) + 1By — EgllLq-r.RD)

R
/ /f&(l“,p)h(t,x,p) dp dz|,
—R JR

where h(t, z,p) = [o 2 ttoogfpp ) o(u) du, ¥ (t,2,p) € [0, R] x R2. We consider the set

(20)

X

ol 21wy +

K(t) ={(x,p) €R* : INB) €[0,1], MNOX'+ (1 — ANE)X?|(£:0,2,p) < R — t}.

We claim that K (t) C K(s) or CK(s) Cc CK(t), for any s < t. Indeed, assume that
(z,p) ¢ K(s) for some s < t. Therefore min{X'(s;0,x,p), X*(s;0,7,p)} > R — s
or max{X!(s;0,z,p), X?(s;0,2,p)} < —(R — s). In the first case we deduce that

X*(t;0,2,p) > X¥(5;0,2,p) — (t —8) > R—t, ke {1,2},
whereas in the second case we have

Therefore in both cases (x,p) ¢ K(t). Notice also that for any (x,p) ¢ K(t)
the segment between X(¢;0,z,p) and X?(t;0,x,p) has void intersection with the
support of ¢ which implies that h(t,z,p) = 0. We have proved that

h(t>$ap> = h(t,x,p) 1{(m,p)€K(t)}7 v (t,l‘,p) € [07 R] X R2' (21)

Thus, when estimating h(t, z,p), it is sufficient to consider (z,p) € K(t). For such
(x,p) denote by A(s) € [0,1], ¥V s € [0,¢], a number satisfying

Y (s) := A(s) X' (5;0,2,p) + (1 — X\(5))X?(5;0,2,p) € [-(R— ), R — s].

11



By using the characteristic equations we obtain

d%|X1(8)—X2(8)\ < |P'(s) — P*(s)], Vs €[0,1], (22)
d%ypl(s) — PX(s)| < |E'Y(s,X'(s)) — E'(s,Y(s))| +|E"(s,Y(s)) — E*(s,Y(s))]
+ |E*(s,Y(s)) — E*(s, X?(s))|
< bN(E) [X(s) = Y ()| + bP(E) |Y(s) — XP(s)|
+ BN (s) = B*(s)|l e (r—s).m—sp> ¥ 5 € [0,1], (23)

where B(t) = llpeelliem + lobllii + 20 () ghleey, @) = [BEllmey +
2t)| gkl 11 vy, k € {1,2}. From (22), (23) one gets

d
TAXT =X+ P =P < (14 0(0))(1X(s) = X2 ()] + [PH(s) = P2(s)])
+ BN (s) = E*(5)ll1(-(R-5).R—sD)» (24)
where b(t) = max{b'(t),v*(t)}. By Gronwall lemma we obtain

X' (t;0,2,p) — X*(£:0,2,p)| + |P'(t0,2,p) — PQ(t;O,x,p)! < exp(t(1 +b(t)))

/ uEl 2(5) | e (— (s s 5
- (25)

X

and therefore, by using (21) one gets as before
R R
' / / fohdp de| < / [(w)l / / foliwmer @i liu-x1woeni<u) dp dz du
—-RJR R -RJR
< [letl [ [ 76X P xicodPt ax! du
R R JR

= /RIso(U)I/Rpl(tXl)lﬂu—xwgcz(t)}Xm du
< 20()Q()||¢l L1 (r)- (26)

Finally combining (20), (26) yields for any ¢ € [0, R]

IEY(t) — E*(t) |-ty < Ifo = fellrq—rrixr) + 1By — EgllLoe(—r,R

/ | EY(s) ()| oo (1= (R—s),R—s A5



where C1(R) = 2b(R) exp((1 + b(R))R). We obtain

IEY(t) — E*(t)lzeq-rtyrp < (Ifo = fillerg=rrixe) + |1 By — EgllLoe(-rRD)

x  Cq(R), (27)

where Cy(R) = exp(R C1(R)). Observe that for any (z,p) € [-(R—1),R —1t] xR
we have | X*(s;t,z,p)| < |z| +t—s < R—s, s€[0,t], ke {1,2}. Therefore we

can prove, by performing a similar decomposition as in (23), that
t
(IX1= X2 + [P = P2))(0; , 2, p) Sexp(t(1 + b(1))) / 1B E*)(8) | s (- () s
0
< exp(R(1+b(R))) R Co(R) (Ify — f3lcrg-roixm + 1 Eg = Eglleq-rnrp)

and the first statement of our theorem holds with Cr = Cy(R)(1 + Rexp(R(1 +
b(R)))). The second statement follows immediately by taking into account that for
any t € [0,R], |[z| < R—t, p € R we have | X*(0;t,2,p)| < R,k € {1,2} and

therefore

fitzp) = fo(XY, PY(0st, 2, p) = f5 (X2, P?)(0st, 2,p) = f2(t, x,p).

3 The relativistic Vlasov-Maxwell system in one
and one half dimension

We assume that the electron density f depends on the time ¢t > 0, one space coordi-
nate z € R and two momentum coordinates p = (p1, p2) € R%. We suppose also that
the electro-magnetic field is of the form E = (F4 (¢, x), E2(t, x),0), B = (0,0, B(t, x))

for any (t,z) € [0, +o0o[xR. In this case we obtain the equations
O f+v1(p)0zf—(Er(t, x)+v2(p) B(t, ) Op, f—(Ea(t, ) —v1(p) B(t, 2))Op, f = 0, (28)
8t-E'l = jl(twr)a @zEl = Pext — p(t)x)v (ta Z’) 6]07 +OO[><R) (29>
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OBy + 0, B = ja(t,x), (t,x) €]0,+00[xR, (30)
OB+ 0,Fy =0, (t,x) €]0, +o0[xR, (31)

where peyt > 0 is the charge density of the background ion population and p, j are

the charge and current densities of the electrons

plta) = [ ft.p) dp. i(t.) = [ o) (tp) dp. (t.2) € 0, +o0lxR
R R
We supplement the above equations with the initial conditions

f(07$7p) = fO(x7p)7 (fE,p) € Rga (Ela E27 B)(07$) = (EO,la E0,27 BO)<:B>7 YIS R
(32)
We assume that the initial conditions and pey; satisfy the hypotheses H3 and

H4) there is a function gy € L'(RT;u? du) N L°(RT) non increasing on R such
that fo(z,p) < gollpl), V (z,p) € R? ;

H5) (Eo1, Fo2, Bo) € L*(R)? ;

H6) FEj; = pext — f]szO dp, (Eg,By) € L>(R)>.

Notice that H4 implies that [, (14 [p])fo(-,p) dp € L*®(R). In particular we have
Eg, € L*(R). Under the hypotheses H3-H6, by using the method of [6] we prove the
existence of a unique mild solution (f, £, B) for the 1.5D relativistic Vlasov-Maxwell
system, satisfying (1 + |p|)f € L*(]0, T[xR; L'(R?)), (E, B) € W1>=(]0, T[xR)3,
VT > 0. The system (28), (29), (30), (31), (32) was studied in [16], [15]. Let us
recall here the main steps for estimating the electro-magnetic field and its derivatives.

We denote by (X (s;t,z,p), P(s;t,z,p)) the characteristics of (28) given by

Cil—f = ’U1<P(S;t,$ap))7
O = (Bils, X (s:,2,9)) + eal(P53t,,9)) Bls, X (5:1,,),
% = —(Ba(s, X(s;t,2,p)) —vi(P(s;t,2,p)) B(s, X (s;t,2,p))),

14



satisfying the conditions X (¢;¢,z,p) = x, P(t;t,z,p) = p. Solving (29), (30), (31)
with respect to Ey, Fsy, B yields

Bi(t,2) = Eoa(@) + I(t,), (33)
B(t,0) = 5 (Fua + Bo)(w — 1) + 5 (Bos — Bo)a +) + LI (6,2) + 2y (t,2), (34
B{t,) = 5(Fo + Bo)(z — 1) — 3 (Boz — Bo)w +0) + 3 (1,2) = 3.J5 (1,2), (35)

where Ji(t,z) = f(fjl(s,x ds, JE(t,z) = f0j2 s,x F (t — s)) ds. Multiplying (33)
by a test function ¢ € L'(R), integrating with respect to z € R and changing the

variables along the characteristics yields, as in the 1D case (see (17)), the bound

B[z < ([ Eoallzes +2t/ go(|pl) dp =: ax(2). (36)
R2

For estimating (Es, B) we follow the ideas in [16]. Multiplying (28) by (1 + |p|?)z,
the first equation of (29) by E1, (30) by Es, (31) by B and integrating with respect

to p € R? implies

of Joe s+ 5058+ 59 bron { fom+ o a8 | =0 67

RQ

Integrating (37) on {(s,y) : s € [0,¢t],|x —y| <t — s} we deduce that
> 0B D)+ (04— 5)0) s
x4+t ) 1 x+t
[ [as b s+ [ (EGP+ B dy
z—t JR2 z—t

Observing that (14 |p|2)2(1 — |v1(p)]) = |va(p)| we obtain

_ 1
|3 (8, 2)| + | Jy (£, 2)] < Zt/RQ(l +1p*)2g0(Ip]) dp + t (| EollZee + [ BollZe),

implying that

max{ || Ea(t)|| e, || B(t)] 2=}

IN

1
IEoalz + 1Bl +t [ (14 1P 2g0(lp) do
R

t
+ B (1 Eol|7 + I Boll7=)
= :ax(t). (38)
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The charge density can be estimated as in the 1D case by using H4. Indeed, by
the characteristic equations we deduce that | |P(0;t,z,p)| — |p| | < ta(t), where
a(t) = (a1(t)? + az(t)?)'/? and therefore we obtain

p(t,r) = fo(X(0;¢,2,p), P(0;t,2,p)) dpﬁ/go(IP(O;t,x,p)l)dp
R2 R2

< w(ta®)?||gollr= + 27 /0 " go(u) (u + ta(t)) du. (39)

By the second equation in (29) one gets

—+00

10 Erll e qorpry < max{[|pext |, 7(Ta(T))||goll = + 2%/90(U)(U+TG(T)) du}
0

In a similar way we can estimate k(t,z) = [g.|p|f(t,z,p) dp. We obtain

+oo

(ta(t))’llgoll = + 27 /(U +ta(t))*go(u) du =: d(t).

0

21

k(t,z) < —
(ta) <~

We estimate now the = derivatives of J5°. For any test function ¢ € C!(R) we write

/Jzi(t,x)@’(:c) dr = ///Wv2 "(x £ (t—5))f(s,2,p) dp dx ds (41)

R

_ /RR2f0(w,p)/0 Gi(P(s))d%gp(X(s)i(t—s)) ds dp dz,

where G*(p) = p2(=p1F(+p)'?)

T for any p € R%2. By direct computation we check

that
max{|G*(p)|,|V,G*(p), [V;G*(p)|} < C(1+Ipl), V p € R?,

for some constant C'. Integrating by parts with respect to s in (41) yields
/J;(t,x)gol(x) de = / fOGjE Yo(X (1)) dp dx — / fOGjE o(x +t) dp dx

—//ﬁxp/—mﬂ<mmm¢w—ww@w
- — T (42)

16



The terms 75 can be estimated as follows

ITE| = ft, X(t), P(t))GE(P(t))p(X (1)) dp dx

RQ

f(t,2,p)G*(p)¢(x) dp du

RQ

< //fmp (1+ D)o (2)| dp da

< el

(L4 [p[)f(t;-,p) dp
B2 L (®)
< el (ba(t) +d(2). (43)
Similarly we obtain
1751 < llellza ey (01(0) + d(0))- (44)
In order to estimate T3 notice that for any s € [0,t] we have

dP,

%{Gi(P(s))}‘ < | < (ax(t) +6ax(1))(1+|P(5))).

+(;+2(1+|P >

and therefore one gets
T < / /f /0<a1<t>+6a2<t>><1+\P<s>\>|w<x<s>i<t—s>>\dsdpdx
- @0+ [ [ R2f3xp><1+|p|>|¢<xi<t_s>>|dpdm

= t) + 6aq(t //|g0x:|: (t—9)|(p(s,x) + k(s,z)) dz ds
< (aa(t) + 6ag () ¢ [l (ba(t) + d(t)). (45)

Collecting the inequalities (43), (44), (45) yields

/JQ(tx) '(z) da

R

< [l@llor @ (02(2) 4 d(1))(2 + t(ar(t) + 6as(1))),

saying that |0, J5(t) || o) < (b1(t) +d(t))(2+ (a1 () + 6az(t))). Finally we deduce
by (34), (35)

max{ |0y Ea| > qorixr) » 10:Bllrqorixr)} < 1 Epalloem®) + |1 BgllLem — (46)

17



Take 0 <t < R and let us introduce

K(t) = {(z,p) € R® : IA(t) € [0,1], [M)X" + (1 = M) X?[(t;0,2,p) < R —t},

where (X k,Pk)ke{l’Q} are the characteristics associated to some smooth electro-
magnetic fields (Ek,Bk)ke{LQ}. We intend to establish a continuous dependence
result with respect to the electro-magnetic field for characteristics starting from
K(t) at s = 0. As before we have K(t) C K(s) for all s € [0,¢] and thus for any
(s,z,p) € [0,t] x K (t), the segment between X(s;0, z, p), X2(s; 0, x, p) has non void
intersection with [—(R — s), R — s]

Vs e[0,t],3As)€[0,1],Y(s) := (M) X +(1-X(5))X?)(5;0,2,p) € [-(R—s), R—s].
Using the characteristic equations yields

d
TIXT = X < 2PYs) - PX(s)], Vs € [0.1]

d
d—fpl — P?| <2D%(s) + C(s){|X"(s) — X*(s)| + [P'(s) — P*(s)[}, V5 € [0,1],
S
where Df(s) = ||E(s) = E*(s)l| 12— (r-s).r-s) T | B'(8) = B*()|| 12— (R-s),rs)) and
C(s) = 2maxye(1,2) [|0:E%(5)|| Lo +2 maxye 1,2y [|0:B¥(5)|| Lo +4 maxe 1,0y | B¥() || oo -

By Gronwall lemma we deduce that for any s € [0, ]

| X1 (s) — X2(s)| 4 | P'(s) — P*(s)| < 2exp(t(2 4+ max C(s)))/o Df(s) ds. (47)

s€[0,4]
Theorem 3.1 Assume that (f§, E§, B§)req1,2) satisfy the hypotheses H3-H6 and de-
note by (f*, E*, Bk)ke{l,g} the global mild solutions of the 1.5D relativistic Viasov-
Mazwell system corresponding to the initial conditions (fé‘;,Eg,Bg)ke{LQ}. Then
for any R > 0 there is a constant Cg depending on R, maxgep o {||Ef|lwre +

| BE ||}, maxke{lyg}{ﬂgg||L1(R+;u2du) +|lg8 |z} such that for all t € [0, R] we have
max (B~ B +|B'~ B)(t,2) + (X" — X*| 4 |P'— P))(0: 1,2, p) < CaD,

where (X*, P*) are the characteristics associated to (E*, B¥), k € {1,2} and
R
Dy = /R /RQ(l +IpD)Ifo = f51 dp dx + || Eg — E§llzq-r.p + 1B = Billz=q-r.rp-
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In particular if f}(r.p) = f2x.p), ¥ (£.p) € R F] x R and (E}, BY)(x) =
(E2,B2)(x), VY z € [-R, R] for some R > 0 then for any t € [0, R] we have

fl(thup) = f2(t7x7p>7 (:C,p) € [_(R _t)vR_ t] X R7
(EY, BY)(t,z) = (E*, B*)(t,), v € [-(R—1),R—1].

Proof. From now on the notation C'y stands for any constant as in the statement

of the above theorem. By the previous computations we know that

max{|| E* || Lo jo,r1xm), || B* | L= o,rxmy } < a"(T), k€ {1,2},

max{[|8; E*(| oo go,rixmy, 100 B* | e qorixmy } < BH(T), k€ {1,2},

where a* = ((a¥)? + (a§)?)V/2, bF = ((bF)% + (b5)*)Y/2, the coefficients a¥(T'), ak(T),
by (T), b5 (T) being defined as in (36), (38), (40), (46). Take t € [0, R] and ¢ € C°(R)
with compact support in [—(R —t), R — t].

Estimate of E? — E}

Multiplying (33) by ¢ and integrating with respect to x implies

/fo 3 /X2 t)ocggif dp dx

(48)

/ () (B2 — EY) da| <

R
X2t0a:p
+ // fo/ ) du dp dz| .
RJR2 tOzp

Notice that if z < — R then X*(¢;0,7,p) < —R+t and if z > R then X*(¢;0,2,p) >

/so< J(E2, — EL,) da| +

R — t. Taking into account that suppy C [—(R —t), R — t] we can restrict the
integrations with respect to x in the right hand side of (48) to [—R, R]. Therefore

we obtain

< lellr(1Es — Egalleq-rap + 115 = follorg-r.rixe2)) + |T4l,
(49)

JECET

R
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where T, = [~ RfR2f0 T,p le(ttOO;IS o(u) du dp dz. Observe that if (x,p) ¢ K(t)
then le (t:0,.7) o(u) du = 0 and if (z,p) € K(t) then we have by (47)

(¢;0,2,p)

(|X" = X2+ |P' — P?)(;0,2,p) < 2exp(t(2 + 4a(t) + 4b(1))) /ODR(S) ds =: Q(t),

(50)

where a(t) = maxye1 2y a*(t), b(t) = maxyeqr 2y b¥(t). Therefore we can estimate T}

as in the one dimensional case

R X2(t;0,2,p)
‘T4| = / f(} (map>1{(m7p)€k(t)} / QO(U) du dp dx

—RJR2 X1(¢;0,z,p)

IN

R
/ |gO(u)’/ / Jo @ )i ek Lifu-x1 (o.ami<aoy P de du
R —RJR2
t
< Callelly [ D"(s) s (51)
0

We deduce from (49), (51) that

|E} — B\l noeq-retyr—ty < 1Eo1 — Edilleq-rrp + 1o — follrg-rrixw)

+ Cgr /bR(s) ds, s € [0,t]. (52)

Estimate of (E3 — E3, B> — B')

By (34), (35) it is easily seen that

max{||E3(t) — E3(t)|| oo (= (r—t),r—t: | B>(t) — B*(t)|| oo = (R—t), 1) }
< | E§o(t) — Ego()lzeq-rrp + I1B5(t) — By (t)|| oo —r,Rp) (53)

1 _
§\|J2+’2(t)—Jz+’l(t)HLoo —(R—t),R—t]) T HJ 2(t) = Iy () 2o - (R-t),B-1D>

and therefore we need to estimate ||.J32(t) — J5' () | oo 1= (R—t),R—¢p)- Multiplying by
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¢ and integrating with respect to z yields as in (41)

o= g def = i(—nk [ [ [P a00i ) (6= 50 ds dp

R
XF(s)£(t—s)
= // fe /Gi / o(u) du ds dp dx
R2 Xk (t)

X (t)
< V] fGEP) | elu) dudp da
; [ Lo ]
Xk (s)£(t—s)
+( pk
+ //R2f0/ {G=(P"(s))} Xk(t<) )dudsdpdx
= |T5!+!T6 (54)

It is easily seen that for any s € [0,¢], |z| > R, p € R?, k € {1,2} the segment
between X*(t) and X*(s) 4 (t — s) has void intersection with the support of ¢ and
thus the integrations with respect to x in the terms T5,Ts can be restricted over
[—R, R]. Performing similar computations as those in (26) and taking into account

that |GE(p)| < 1+ |p| and |p| < |P(t;0,z,p)| + ta(t) yields

< el fr bl - gl avar+ [ s [l ap i
X1(£;0,z,p)
<t foe bl - gl ava+ [ 1ol [ [ e
x (1 +ta(t) +|P! (0,2, D)) L0 x1.(1:0.2.0) <000} 4P dz du
< Vel foa+ lsg - Al avde-+ Calilas D7) as. (59

For analyzing the term Ty we need some notations. For any (z,p) € [-R, R] x R,

k€ {1,2} we define
s*(t,x,p) = sup{s € [0,¢] : [X"(s5;0,2,p)| < R —s}.

Observing that s — |X*(s;0,z,p)| — (R — s) is strictly increasing we deduce that
| X% (s;0,2,p)| < R—s, s €0,s"(t,x,p)] and | X*(s;0, 2, p)| > R—s, s €]s*(t,x,p), t].
In particular for any (z,p) € [—R, R] x R? we have (z,p) € K(s(t,z,p)), where
s(t,z,p) = maxyeqi 2y s"(t,x,p). Moreover for any (z,p) € [-R,R] x R%, s €
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|s(t,z,p), t] the segment between X*(t), X*(s) & (¢ — s) has void intersection with
the support of ¢ and thus the integration with respect to s in the term Ty can be
restricted to [0, s(¢, z, p)]. We introduce the functions H* : R> — R given by

0G* 0G*

o (p) — (e2 = v1(p)b) o, (p), (p,e,b) € R2xR?xR.

H*(p,e,b) = —(e1 +v2(p)b)

By direct computation we check that there is a continuous function h : R® — R

such that
max{|H*(p,e,b)|,|[Vpen H |} < (14 |p))h(e,b), (p,e,b) € R. (56)

Actually the functions H* are the derivatives of G* along the characteristics

d%Gi(P’f(s)) = H*(P*(s), E*(s, X"(s)), B*(s, X"*(s))) =: H®*(s),k € {1,2}.

By using (56) we can write

2 XF(s)(t—s) 2
> e (P ) o(u)du| < ol |S-DFEHs)|  (57)
k= Xk(t) k=1
X2(t)
© Cr(1+ P(s)) / o(u) du
X1(t)

X2(s)£(t—s)
+ Cgr(1+ \P1(3)|) / o(u) dul.
X1(s)x(t—s)

Notice also that for any (z,p) € [-R, R] x R? s € [0,s(t,z,p)] we have (z,p) €
K(s(t,z,p)) C K(s) and thus there is A(s) € [0,1] such that Z(s) = A\(s)X'(s) +
(1 —X(s))X?%(s) € [-(R—5), R — s]. Using now (56), (50) one gets by intercalating
H*(P*(s), E*(s, Z(s)), B"(s, Z(s)))
[H*? = HY (s) < Cr(1+ [P ()| + |P*(s)D(IX = X2 + |[P' = P?| + D(s))
< Cr(1+ |PY(s)| + | P(s)]) (DR(S) + /Ds DR(7) dT) . (58)
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Combining (57), (58) yields
t PR
Tl < Crllol / / / (14 |PA())IS2 — f1] dp de ds
RQ
(t,z,p)
4 ORMLI/ /fo/1+\P1( )+ [P*(s)) (DR /DRdT) ds dp dz

s(t,z,p) X2(t)

+ CR/ /fo/ (1+ |P(s) / o(u) du
R2 X1(t)
s(t,z,p) X2(s)£(t—s)

+ CR/ /fo/ (1+ |P(s) / o(u) du
R2 X1(s)£(t—s)

= |T7| + |Ts| + |To| + [T10]- (59)

ds dp dx

ds dp dx

Taking into account that 1+ |P?(s;0,z,p)| < Cr(1 + |p|) we deduce that

R
T < Caliele | [+ 10DIfE - il dp de (60

Since 1+ |P(s;0,z,p)| + | P?(s;0,x,p)| < Cr(1 + |p|) one gets easily that

1< Culelis [ [ 4083w (076 [ DR ) ap i s
< Cullle [(0%6)+ [(0%yar) as [ [ 0+ bl dpas

t
< Callellr [ D"(s) ds (61)
0

The analysis of Ty, T}o are similar to those of T in (51). Notice that we can apply
(50) on [0, s(t, z, p)] for any (z,p) € [-R, R] x R?. We obtain

3]+ [Tl < Callels [ D"(5)ds. (62
Finally we deduce from (54), (55), (59), (60), (61), (62)
1572(8) = T3 (D)l 2o (- (Rt),R—t) < C'R/Z/Rgl +1pDIf5 = fol dp dz + Cr OtDR ds,
and therefore (53) implies

max{||E3(t) — Ey(t)|| oo (= (r—t).r—t: | B*() = B*(t) || oo = (r—t), 1) }
< NES5(t) = Ego(t) e q—rmp + 11B5 () — Bo(t) || Lo (1-r.R1)

R t
2 gl R
+ CR/_R/RZ(Hypy)ny foydpdx+CR/0D () ds. (63)
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Combining (52), (63) yields

t
DE(t) < CrDE + Cr / D (s) ds,
0

which implies by Gronwall lemma that for any ¢ € [0, R] we have Df(t) < CrD[t.

Finally observe that for any (z,p) € [—(R —t), R —t] x R? we have | X*(s;t, 2, p)| <

R — s,V s €[0,t] and therefore we obtain as in the proof of (47)

t
(| X' — X%+ |P* — P2|)(0;t,2,p) < Cr /DR(S) ds < OrD{.
0
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