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EXPLICIT FACTORS OF SOME ITERATED RESULTANTS AND
DISCRIMINANTS

LAURENT BUSE AND BERNARD MOURRAIN

dedicated to Professor Jean-Pierre Jouanolou

ABSTRACT. In this paper, the result of applying iterative univariate resultant
constructions to multivariate polynomials is analyzed. We consider the in-
put polynomials as generic polynomials of a given degree and exhibit explicit
decompositions into irreducible factors of several constructions involving two
times iterated univariate resultants and discriminants over the integer universal
ring of coefficients of the entry polynomials. Cases involving from two to four
generic polynomials and resultants or discriminants in one of their variables
are treated. The decompositions into irreducible factors we get are obtained
by exploiting fundamental properties of the univariate resultants and discrim-
inants and induction on the degree of the polynomials. As a consequence,
each irreducible factor can be separately and explicitly computed in terms of
a certain multivariate resultant. With this approach, we also obtain as di-
rect corollaries some results conjectured by Collins @ and McCallum [@, E]
which correspond to the case of polynomials whose coefficients are themselves
generic polynomials in other variables. Finally, a geometric interpretation of
the algebraic factorization of the iterated discriminant of a single polynomial
is detailled.

1. INTRODUCTION

Resultants provide an essential tool in constructive algebra and in equation solv-
ing, for projecting the solution of a polynomial system into a space of smaller di-
mension. In the univariate case, a well-known construction due to J.J. Sylvester
(1840) consists in eliminating the monomials 1, X, ..., X™*"~! in the multiples

(X'P(X))o<i<n-1, (X' Q(X))o<j<m-1,

of two given polynomials P, @ of degree m and n, and in taking the determinant of
the corresponding (m+n) x (m+n) matrix. Though the first resultant construction
appeared probably in the work of E. Bézout [E} (see also Euler’s work), and although
contemporary to related works (Jacobi 1835, Richelot 1840, Cauchy 1840, ... ), this
method remains well-known as Sylvester’s resultant. It is nowadays a fundamental
tool used in effective algebra to eliminate a variable between two polynomials.

It is a natural belief that equipped with such a tool which eliminates one vari-
able at a time, one can iteratively eliminate several variables. This approach was
actually exploited, for instance in [], to deduce theoretical results (such as the ex-
istence of eliminant polynomials) in several variables. However, if we are interested
in structural results as well as practical computations or complexity issues, this
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2 L. BUSE AND B. MOURRAIN

approach is far from being optimal. This explains the study and development of
different types of multivariate resultants, including projective [@, , anisotropic
, , toric , , , residual ﬂE, E, E}, determinantal [E] resultants.

Nevertheless, in some algorithms, such as in Cylindrical Algebraic Decomposi-
tion (CAD), an induction is applied on the dimension of the problems and iterated
univariate resultants and subresultants are used at many steps of the algorithm
[E, . In its original paper on quantifier elimination for real closed fields by cylin-
drical algebraic decomposition [E], Collins used these iterated resultants in a geo-
metric context and observed certain intriguing factorizations that “suggest some
theorems” [E, p.178]. The same year, 1975, Van der Waerden responded to these
observations in a handwritten letter where he gave some intuitive hints for some of
the phenomena noticed by Collins. More recently, McCallum [@, @] proved rig-
orously that certain iterated resultants have some irreducible factors, but he only
showed the existence and did not give a way to compute them independently. As
pointed out by Jean-Pierre Jouanolou, in 1868 and 1869 Olaus Henrici published
two outstanding papers [E, ] addressing the decomposition of the discriminant of
a discriminant. In particular, he gave the expected factorization of such a repeated
discriminant. However, he did not prove the irreducibility of these factors which is
a more difficult task. One of our goals in this paper is to give the decomposition
into irreducible factors of these iterated resultant computations.

From a geometric point of view, we are interested in the solutions of equations
depending on some parameters and by analyzing what happens “above”, when we
move these parameters. The number of solutions might change if we cross the set
of points where a vertical line is tangent to the solution set (that is to the polar
variety in the vertical direction). This polar variety projected in one dimension
less, might have singularities where the number of solutions changes effectively or
which are only due to the superposition of distinct points of this polar variety.
These critical points of the polar variety of an algebraic surface f(z,y,z) = 0 in
R3 are used effectively in algorithms for computing the topology of the surface (see
e.g. [@]) The projection of the polar curve (say on the (z,y)-plane) is obtained
by a discriminant computation and the critical points of this projected curve are
again computed by a discriminant. These values are then used to analyze where
the topology of a plane section is changing in order to deduce the topology of the
whole surface f(z,y,z) = 0. Similar projection tools are also implicitly used in
higher dimension for the triangulation of hypersurfaces (see e.g. ), which leads
in the algebraic context to univariate resultant computation (see e.g. [[Ld, f]).

Another of our objectives is to show how these critical points corresponding
generically to folds, double folds or pleats of the surface can be related to ex-
plicit factors in iterated resultant constructions. The main results of this paper
are complete explicit factorizations of two times iterated univariate resultants and
discriminants of generic polynomials of given degree. We actually give the decom-
position of these iterated resultants over the integer universal ring of coefficients
of polynomials of given degree. Such a formulation has the advantage to allow
the pre-computation of a given factor. It has direct applications to the topological
computation of algebraic surfaces, which was our starting point.

Our approach is based on the study of these iterated resultants in generic situ-
ations. Most of the interesting formulas are obtained by suitable specialization of
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this case. These specializations are performed using the formalism of the multivari-
ate resultant as it has been originaly introduced and deeply developed by Jouanolou
to whom this paper is dedicated in recognation of its outstanding contributions to
resultant theory (e.g. @, E, @]) It should be noticed that this approach can be
pushed further to study more particular situations (corresponding to other type of
multivariate resultants) that we did not consider in this paper, but which could be
interesting for specific applications.

The paper is structured as follows. In the next section, we recall the definitions
and main properties of resultants and discriminants that we will use. In section 3,
we consider the computation of iterated resultants of 4 and then 3 polynomials. In
section 4, we analyze the iterated computation of resultants of discriminants, first
the resultant of the discriminants of two distinct polynomials P;, P and next the
resultant of the discriminant of P; and the resultant of Py, P,. We here extend the
previous work [E] and prove some properties conjectured by Collins and McCallum.
In section 5, we study the discriminant of a resultant, simplifying the proof and
also extending some results of [@, @] These developments are used in cascade
to provide, in section 6, the complete factorization into irreducible components of
a discriminant of a discriminant for a generic polynomial, as conjectured in [@]
These new results have direct corollaries for polynomials whose coefficients are
themselves generic polynomials in other parameter variables, which we provide.

2. BACKGROUND MATERIAL AND NOTATION

In this section we give the notation and quickly present the tools, as resultants
and discriminants, that we will use all along this paper.

2.1. Resultants.

2.1.1. The univariate case. Let S be a commutative ring (with unity) and consider
the two polynomials in S[X]

f(X) =, X™ + am_le71 + -+ ao, g(X) = b, X" + bn_anfl + -+ by,
where a;,b; € S, and m and n are both positive integers. Their resultant (in

degrees m, n)! that we will denote Resx (f,g), is defined as the determinant of the
well-known Sylvester matrix

Am o .- 0 bn, 0 0
Am—1 Qi brn_1 . 0
0 bn
ag QA bl bnfl
0 QA Am—1 bO
. . . 0 . bl
0 o 0 ao 0 0 bo

Remark 2.1. We emphasize that the notation Resx (f, g) denotes the resultant of f
and g with respect to the variable X as polynomials of their expected degree, which
is here m and n respectively. It is important to keep this in mind since the closed

INotice that the dependence on the degrees m,n can be avoided if one considers homogeneous
polynomials.
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formulas we will prove in this paper are using this convention; see Remark @ for
an illustration.

This “eliminant polynomial” has a long history and many known properties. One
can learn about it in many places in the literature, for instance [EI, @], see also
[14, chapter 12] and [EI] for a detailed exposition. In the sequel we will especially
use the following properties:

e Resx(f,g) belongs to the ideal (f,g) C S[X],

e Resx(f,g) is homogeneous of degree n, resp. m, in the a;’s, resp. in the
bj’S7

e Resx(f,g) is homogeneous of degree mn if we set deg(a;) := m — i and
deg(bj):=n—jforalli=0,...,mand j=0,...,n.

We also recall the definition of the principal subresultant of f and g that we will
use later on. It is defined as the determinant of the above Sylvester matrix where
the two last lines and columns number n and n + m are erased; more precisely

am 0 - 0 0 by 0 0 0
Um—1  Gm : Y P | 0
am-1 -0 0 : b 0
as Am 0 b1 bp
SRes{'(f.9) = | g as Gm—1  am by L by
ao a . : Gm—1 b1
0 LT a : bo . by
: " ai a9 0 L b ba
0 . 0 ag ai 0 0 bo by

(it is a square matrix of size (m+mn—2) x (m+n—2)). Note that the subresultants
share a lot of properties with the resultants; we refer the interested reader to [m]

2.1.2. The multivariate case. All along this paper we will also use resultants of
several homogeneous polynomials; we now quickly recall this notion. Although they
are usually defined “geometrically” (as equations of certain hypersurfaces obtained
by projection of an incidence variety), we will follow the formalism developed by
Jouanolou [@] because it easily provides many properties of resultants.

Suppose given an integer n > 1, and a sequence of positive integers dy,...,d,.
One considers the n “generic” homogeneous polynomials of degree dy,...,d,, re-
spectively, in the variables X1,..., X, (all assumed to have weight 1) :

filXe, . Xp)= Y UiaX®, i=1,...,n.
|D¢‘:di

Denoting U :=Z[U; o : 5= 1,...,r,|a| = d;], the polynomials fi,..., f, belongs to
the ring C' := U[X7, ..., X,]. The ideal of inertia forms of these polynomials is the
ideal of C'

TFm(fla-"afn) ::{fEC:ElVGNmeC(fla-"?fn)}cc

where m := (X3,...,X,) C C. It is naturally graded and it turns out that its
degree zero graded part, denoted TFu(f1,..., fn)o, is a principal ideal of U and
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has a unique generator, denoted Resx,.....x, or simply Res, which satisfies
(2.1) Res(X, ... Xy = 1.

To define the resultant of any given n-uples of homogeneous polynomials in the
variables X1,..., X, (and also to clarify the left side of the equality (R.1))) one

proceeds as follows: Let S be a commutative ring. For all integers ¢ € {1,...,n},
suppose given a homogeneous polynomial of degree d; in the variables X1, ..., X,
gi = Z ’u,iana S S[Xl, e 7Xn]di

‘a|:di

and consider the morphism 6 : U — S : Uj o — uj which corresponds to the
specialization of the polynomials f; to the polynomials g;. Then, given an inertia
form a € TFw(f1,..., fa) we set a(g1,...,gn) := 0(a). In particular, the resultant
of g1,..., gn is nothing but

Res(g1,---,9n) = 0(Res(f1,.-., fn)).

Also, if S = U and 6 is the identity (i.e. g; = f; for all i), then we get a =
a(f1,..., fn); this clarifies the notation Res(f1, ..., f») for the inertia form Res € U.

Resultants have a lot of interesting properties. We recall the ones we will use
in the sequel and refer the reader to [E, §5] for the proofs. Mention that many
formulas are known to compute explicitly these resultants (e.g. 23, Rd], [L4], [L1]
and the reference therein).

Let S be any commutative ring and suppose given f1, ..., f, homogeneous poly-
nomials in the polynomial ring S[X1, X, ..., X,] of positive degree di,...,d, re-
spectively.

e homogeneity: for alli=1,....,n, Res(fi,..., fn) is homogeneous w.r.t. the
coefficients of f; of degree d; ...d,/d;,

e isobarity: Res(f1,..., fn) is isobaric of degree d; . .. d,, by giving to each co-
efficient of the f;’s the power of its corresponding monomial in the variable
Xna

e permutation of variables:

Res(fo(1)s- -+ fom) = (E(@) D4 Res(f1,. .., fn)

for any permutation o of the set {1,...,n} (£(0) denotes the signature of
the permutation o),
e clementary transformations:

Res(fla" '7fi +Zh]f]a 7fn) = Res(fla' "7fn)a
i#j
e multiplicativity:

Res(f{ {lvaa' 7fn) = Res(f{,fQ,,..,fn)Res( {/7f27"'7fn)

e base change formula: if g1, ..., g, are homogeneous polynomials in S[X] of
the same positive degree d, then

(22) Res(fl(glv'"7gn)7"'7fn(gla-"7971)):
Res(g1, - - . ,gn)dl'”d"Res(fl, ol fn)dnfl,



6 L. BUSE AND B. MOURRAIN

o divisibility: if gi,...,9n are homogeneous polynomials in S[X] such that
for all i = 1,...,n there exists an integer u; such that f; € (g1,...,9n)",
then Res(g1,. .., gn)*#n divides Res(f1,..., fn) in S.

In the following, we are going to consider resultant computation for eliminating
a subset Xj,,...,X;, of the variables. Such a resultant, obtained by considering
the homogenization of the polynomials with respect to this variable subset, will be
denoted hereafter Res Xig oo Xy, - With this notation, for homogeneous polynomials
fis--oy fn € S[X], we have

Rele;m;Xn(fl, . ,fn) = ReSXg,...,Xn (fl(l,Xg, e ,Xn), . ,fn(l,Xg, . ,Xn))

2.2. Discriminants. Given a polynomial
P(X):=aX"+u X" '+ 4a,1X +a, € S[X]

where n > 1 and S is any commutative ring, we recall that the discriminant of P,
denoted Discx (P), satisfies the equality

(2.3)  aoDiscx (P(X)) = Resx (P(X), dx P(X)) = Resx (9x P(X), P(X))

where Ox stands for the derivative with respect to the variable X, i.e. 9/9x. Its
properties follow immediately from the ones of the resultant. In particular, its
degree in the coefficients of P is 2(d —1). Note that in our notation the polynomial
P is seen as a polynomial of its expected degree, here n, as we did for the resultant.
Indeed, in (R.3) the considered resultants are in degrees (n,n — 1) and (n — 1,7n)
respectively.

Given a homogeneous polynomial P(X;, Xo, X3) = Z|a\:d Ua X7 X52 X5 of
degree d, its discriminant is the polynomial in the universal ring of coefficients
U := Z|Uy; |a| = d], denoted Discx,.x,:x;(P) or simply Disc(P), which satisfies

2
(2.4) d¥ 7393 Discx, . xy: x4 (P) = Resx,:xy: x5 (01 P, 02 P, 03 P)

where 0; stands for 9/0x, for all 4. It is an irreducible polynomial in U which is
homogeneous of degree 3(d — 1)? in the U,’s. Note that we also have the following
equality in U:

Resx,:x,: x5 (01 P, 2P, P) = Discx,.x,:x, (P)Discx,: x, (P(0, X2, X3))
= Disch:XQ:XS (]D>DiSCXS (P(O, 1, Xg))

Finally, we also recall that being given two homogeneous polynomials P, and
P in the variables X1, X5, X3 of degree dj,ds respectively, their discriminant is
defined by the formula [2]]

_ Resx, . x,:x5(P1, P2, 0o P1Os Py — 02 P203Py)

DiSCXl:X2;XS(P1,P2)— TP (Pl 2} Xl) clU
1:X2:X3 » 4725

where U denotes the universal ring of coefficients of P, and P» over Z. It is an
irreducible polynomial in U which is homogeneous with respect to the coefficients
of Py of degree da(2(d; —1)+d2—1) and homogeneous with respect to the coefficients
P, of degree d1(2(d2 — 1) +dy — 1).
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2.3. Notations and derivatives. Let S be a commutative ring and suppose given
a polynomial P(X) € S[X]. We denote by dx P the formal derivative of P with
respect to the variable X. More precisely, the map

Ox : S[X] = S[X]: P— OxP

is S-linear and for all integers k > 0 we have dx(X*) = kX*~1. For any integer
i > 1 we define 9% as the composition of dy with itself i times; for instance 9% (X*)
is either equal to 0 if k < i or either equal to k!/(k — i)\ X*=7 if k > 4.

Now, suppose given an element a € S and consider the S-linear map

P(X) - P(a)

: S| X — S|X]|: P P .=
da : S[X] — S[X] = 0q X _a

For instance, for all integers k > 1 we have d,(X*) = Zf;é a*~1=7X7. As above,
for any integer i > 1 we define &% as the composition of &, with itself i times. It
follows that for all integers n > 1

(2.5)
P(X) = P(a) + (X — a)da(P)(a) + (X — a)*63(P)(a) + -+ + (X — a)" 5 (P)(X).

Indeed, we have P(X) = P(a) + (X — a)d.(P)(X) by definition. Applying this
formula to d,(P) we deduce (@) for n = 2. The general case is obtained by a
similar induction.

Although § is only assumed to be a commutative ring, we still have the expected
formula

Lemma 2.2. For k > 1, for any P € S[X] and a € S, we have the equality
k' 6kP(a) = 0% P(a) in S.

Proof. Notice that 6,P(X) is of degree deg(P) — 1 in the variable X. Thus if
d > deg(P), we have §¢(P) = 0. We deduce that for any polynomial P € S[X],
P(X) = P(a) + (X = a)da(P)(a) + -+ + (X — a)?655 ") (P)(a).

By the binomial identity, for any n € N, X" =>"" / (})a" *(X — a)*. By identifi-
cation of the coefficients in the basis (X —a)* of S[X], we deduce that for all k < n,
we have 65(X™)(a) = (})a"*. As we have 9% (X") = (n’j—!k)!X"_k, we deduce
that for any k,n € N, k! §¥(X")(a) = 0% (X™)(a). By linearity, we also have this
identity for any polynomial P € S[X]. O

As a consequence, if S is assumed to be a Q-algebra then (R.5) shows that for all
integers n > 1
n 9% P(a)

P(X)=P(a)+ (X —a)dxP(a)+ -+ (X —a) "

+ (X —a)" (P,
If n is bigger than the degree of P, then we get the Taylor expansion formula
Ox P(a) n
P(X)=P(a)+ ) — (X
n>1

We now fix a notation that we will use all along the paper. We will mainly
manipulate polynomials in the three variables X;, X» and X3 over a commutative
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ring S. Introducing a new indeterminate X4, for any polynomial P € S[X7, X3, X3]
we set

P(X1,Xo, X3) — P(X1, X2, X
5314(P) = ( ! 2 ;Q—Xi ! 2 4) ES[Xl,XQ,Xg,Xd

so that we have
P(X1,X2,X4) = P(X1, X2, X3) + (X4 — X3)d34(P).
Observe that d3 4(P) is nothing but dx,(P) € (S[X1, X2, X4])[X3] and therefore

that all the above definitions and formulas can be expressed with this notation.
Therefore, we have

(2.6) 034 P = 93 P(X3) + (X4 — X3)03 4 P,

(2.7) 265 ,P = 05P(X3) + 2(Xy — X3)05 4 P
2
= —— 5 (P(X1, X2, X3) — P(X1, X2, Xu) — (X4 — X3)03P1(X1, X2, X3)) .
(X4 — X3)
The above definition can be extended to any variable. We denote by 47 ; the cor-
responding operation, X; playing the role of X3, and X; the role of Xy4. If the
indices i, j are omitted, we implicitly refer to the variables X3 and X,4. Notice that
034P x,=x, = 03P(X3). Also, by convention we set 0; ;P = 9;P.
We will need the two following properties: for any polynomials L, @, we have
(2.8)  034(LQ) = d34(L)Q(X3) + L(X4)d34(Q),
(29) 054LQ) = 034(L)Q(X3)+ d34(L) 05(Q)(X3) + L(X4) 65 4(Q).
To prove (R.§), we remark that
L(X3)Q(X3) — L(X4)Q(X4) = Q(X3)(L(Xa) — L(X3)) + L(X4)(Q(X4) — Q(X3))
and divide by (X4 — X3) to get the formula. To prove (.9), we substitute (R.6) in
the previous relation and obtain
(X4 — X3)05(LQ) + (X4 — X3)%83 ,(QL)
= (X4 — X3)(0s(L)Q(X3) + L(X3) 83(Q)) + (X4 — X3)?85 4,(QL)
= Q(X3) (X1 — X3)05(L) + (X1 — X5)%03 4(L)) + L(Xa) (X4 — X3) 95(Q)

+(Xs — X5)%03,4(Q))

2

so that

(X4 — X3)%63 4,(QL) = (X4 — X3)?63 4,(L)Q(X3)
+ (X4 — X3)(L(X4) — L(X3)) 05(Q) + (X4 — X3)* L(X4) 65 4(Q),
from which we deduce the relation (R.9).
Finally, mention that if S is assumed to be a Q-algebra then we have
P(X1, X2, X4) = P(X1, Xo, X3) + (X4 — X3)05P(X3) + -+
1
(1 —1)!

or equivalently 05 ;P =, -, #(X4 — X3)F 7105 P(X3). Similarly, we have

(X4 — X3) 7105 ' P(X3) + (X4 — X3)'65 , P

. 1 ..
(2.10) 5 4Px,=x0 = 7O P.
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Notice that we will very often omit variables X3 and X5 in the sequel, especially
in the proofs to avoid to overload the computations and the text.

2.4. A Bertini’s lemma. The elimination of the variables X1, Xo, X3, X4 between
polynomials constructed from the polynomials

Pe(X1, X2, X3) = Y UM X{ XX € U[Xy, Xa, Xs),
0<4,53i+7<dk
k = 1,...,r, where U denotes the universal coefficients ring U := Z[Ui(ﬁl;);O <
1,730+ 7 <dg,k=1,...,7], yields polynomials in U for which we are going to give

irreducible factorizations. As in geometric applications, this computation is applied
(k)

with the coefficients U-(k-) replaced by generic polynomials Z‘a|<dri7j R of

degree di, — i — j > 0, where we consider the coefficients a( j)a as indeterminates

where @ denotes a set of indeterminates (x1,...,z;) with ¢ > 1. Therefore, we will
need several times the following lemma:

Lemma 2.3. Suppose that R is an irreducible homogeneous polynomial of U. Then
the polynomial R(x, a) obtained by substituting the coefficients Ui(,];) by generic poly-

nomials 3 <ay—i—; az(-?awo‘ is irreducible in Zx, agkj)a]
Proof. Assume that R is not irreducible and can be splitted into the product of two
(k) E

factors in Z[z,a; /,

R(a(-k-) x) = Rl(a(-k-) x)Ra(a; (k) x).

2,7, 2,7, ,5,00

(k)

1,7,007

By sending @« to 0 we observe that R(a
ok

0) is an irreducible polynomial in the

since R is irreducible so that we only have to rename each coefficient a( )

a; g, i,3,(0,...,0)
by U-( -). It follows that either Ri(a gj)a,O) or Ry(a EJ)Q,O) must be an 1nvert1ble
element in 7Z. But since R; and Ry are homogeneous in the coefficients a ., this

implies that either R; or Ry is an invertible element in 7.

3. RESULTANT OF RESULTANTS

In all this section, we suppose given four positive integers di, ds, ds, d4 and four
homogeneous polynomials

Pp(X1, X2, X3) = Z U(k)X1X]Xdk " e UXy, Xa, Xg| k=1,....4,
0<4,55147<dk
where U denotes the universal ring of coefficients

U:=2zU":0<i,jii+j<dp,k=1,....4].

7,7
We denote by X4 a new indeterminate. Our first result is the most general situation
of an iterated resultant with four different polynomials.

Theorem 3.1. Defining

R = ReSXB(Pl(l,XQ,Xg),PQ(l,XQ,Xg)) € U[XQ],
R3y = ReSXS(P3(1,X2,Xg),P4(1,X2,X3)) S [U[XQ],
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we have the following equality in U:

Resx, (R12, R34) =
Resx,....x, (P1(X1, X2, X3), Po(X1, X2, X3), P3(X1, Xo, X4), Py(X1, X2, X4)).

Moreover, the above quantity is mon-zero, irreducible and multi-homogeneous with
respect to the set of coefficients (Ui(7§))i7j, (Ui(7§))i7j, (Ui(7§))i7j, (Ui(é))iJ of multi-degree
(dodsdy, dydsdy, didady, didads).

Proof. First of all, we observe that the iterated resultant Resx, (R12, R34) and the
resultant

R = ReS(Pl(Xl,XQ,Xg),PQ(Xl,XQ,Xg),Pg(Xl,XQ,X4),P4(X1,X2,X4))

are both non-zero polynomials, for they both specialize to the quantity (—1)?d2dsds
if the polynomials P;(X7, X3, X3),i = 1,...,4, are specialized to Xfll, ng, X2d3
and Xg‘* respectively. Note also that the statement about the multi-degree of R
follows from the homogeneity property of resultants.
To prove the irreducibility of R, we proceed by induction on the positive integer
d:=dy+ds+ds+dy > 4. For d =4, R equals the determinant
Uiy Uty Uig Ui
o o 0 o
Uso Uso Usy Uso
o o us ul
which is checked to be irreducible. Thus, we assume that R is irreducible up to a
given integer p > 4 and we will prove that R is irreducible if d = p+ 1. To do this,
first observe that one of the integers di, ds, ds, d4 must be greater or equal to 2. We
can assume that d; > 2 without loss of generality. Consider the specialization ¢
leaving invariant the polynomials P>, P; and P, and sending the polynomial P; to

the product L1Q; where L; and )7 are both generic forms of respective degree 1
and d; — 1 > 1. Then, by multiplicativity of resultants we have the equality

¢(R) = ReS(LlaP2)P3)P4)RGS(Q13P23P3)P4);

whose right hand side is a product of two irreducible polynomials by our induction
hypothesis. As the specialization ¢ is homogeneous (in terms of the coefficients
of the P;’s, L; and 1), the number of irreducible factors of R can not decrease
under the specialization ¢ and we deduce that R is the product of two irreducible
polynomials R and Ry. But then, one of these two factors must depend on the
coefficients of Py, say R1, and therefore ¢(R;) must depend on the coefficients of
L, and Q. This implies that R is an invertible element in Z and consequently
that R is irreducible.

It remains to prove the claimed equality. To do this, we rewrite Py (1, X3, X3),
forallk=1,...,4, as

dg di—1
k j i
Pl X2, X5) = [ S U XS | X5 € UXa, X3),
i=0 \ j=0
and we then easily see from well-known properties of the Sylvester resultant that
e Rj5 is bi-homogeneous in the set of coefficients (Ui(é)) and (Ui(?) of bi-
degree (da,dy),
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e Ry is a polynomial in U[X5] of degree d;da,
e Ris € (Pl(l, Xo, X3), Pg(l, Xo, Xg)) - [U[XQ, X3].
Of course, completely analogous results hold for R34, in particular
R34 € (Pg(l, Xo, X4), P4(1, Xo, X4)) C U[XQ, X4].
Again, Resx, (R12, R34) € (R12, R34) C U[X2] and we deduce that

RGSX2 (ng,R34) S
(P1(13X2) Xg)a P2(13X23X3)) P3(1) X23X4)) P4(13X2) X4)) C U[X23X3) X4]

After homogenization with the variable X1, it follows that there exists an integer
N such that

)(1]\[}{68)(2 (Ru, R34) c
(Pl(XlaXQ)Xg)aPQ(XlaXQ)Xg)aP3(X13X2)X4)3P4(X13X2)X4))

in U[X1, Xo, X3, X4] (notice that this does not imply directly that Resx, (R12, R34)
is an inertia form because Pi (X1, X2, X3), P2(X1, X2, X3), P5(X1, X2, X4) and
Py(X1, X2, X,4) are not generic polynomials). It implies by the divisibility property
of resultants, that R = Res(P1(X3), P2(X3), P3(X4), P1(X4)) divides the quantity

I{GS(AXVlNI%eSX2 (ng, R34), Pl(Xl, XQ,X3), PQ(Xl, XQ, Xg), P3(X1,X2, X4)) =
RGSX2 (ng, R34)d1d2d3ReS(X1, P1 (X3), PQ(X3), P3(X4))N.

Since R is irreducible and since the second term in the right hand side of the
above product does not depend on the coefficients of Py, we deduce that R divides
Resx, (Ri12, R34). Now, from the degree properties of Ri2 and Ry3 we deduce that
Resx, (R12, R34) is, similarly to R, multi-homogeneous with respect to the set of

coefficients (Ui(j'))i,ja (Ui(i-))i7j, (Ui(é))i,j, (Ui(é))i,j of multi-degree

(dadsdy, dydsdy, dydady, dydads).

This shows that Resx,(Ri2, R34) and R are equal up to multiplication by an in-
vertible element in 7Z. To determine this invertible element, we take again the
specialization sending P; to Xfll, P to XgZ, Ps to ng, P, to Xg“, and check that
R specializes to (—1)%9293d4 a5 well as Resx, (Ri2, R34). O

A specialization of this theorem gives the following result.

Corollary 3.2. Given four polynomials fr(x,y,z),k=1,...,4, of the form

& o
fre(z,y,2) = Z agygﬁjwo‘yzzj € Slz][y, 2,
o] +i+5<dr
where x denotes a set of variables (x1,...,x,) for some integer n > 1 and S is any

commutative ring, then the iterated resultant Resy(Res,(f1, f2), Res.(f3, fa)) € S[z]
is of degree at most didadsdy in ® and we have

Res, (Res. (f1, f2), Res.(fs, f1)) =
Resy,z,z’(fl (mayaz)an(wayaz)a fB(wayazl)a f4($,y,2/)) € S[w]

Moreover, if the polynomials f1, fo, f3 and fy are sufficiently generic then this iter-
ated resultant is irreducible and has exactly degree dydsdsdy in .
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Proof. 1t is a corollary of Theorem B.1. Indeed, the claimed equality is deduced
from the equality given in Theorem by substituting Xs by y, X3 by 2, by seeing

X1 as the homogenization variable of the variables (X3, X3) and by specializing
each coefficient Ui(f;) to Z|a\§ dp—iej az(-?’amo‘. Moreover, since each coefficient Ui(f;)
is specialized to a polynomial in x of degree at most dx we deduce the claimed
degree bound as a consequence of the isobarity formula for resultants.

If the polynomials fi, fo, f3 and fy are sufficiently generic then it is clear that
the degree bound is reached: this and the irreducibility statement is a consequence
of Lemma P.J. g

The formula proved in Theorem B.1] can be specialized to get the factorization
of an iterated resultant which may occur quite often in practical situations (im-
plicitization of a rational surface, projection of the intersection of two surfaces in

projective space,... e.g. [@, ﬂ])
Proposition 3.3. Assume that d; > 2 and set
Ris = Resx,(Pi(1, X2, X3), P(1, X2, X3)) € U[X3],
Ris := Resx,(P1(1, X2, X3), P5(1, X2, X3)) € U[X3].
Then, we have the equality

Resx, (R13, R12) = Resx, . x,:x,(P1, P, P3) X
Resx, . x, (P1(X3), Pa(X4), P3(X3), 03 4P1 (X3, X4))

where the right hand side is a product of two irreducible polynomials in U.
Moreover, the iterated resultant Resx, (R13, Ri2) is multi-homogeneous with re-

spect to the set of coefficients (Ui(é-))i,j, (Uz'(i'))i,ja (Ui(,?}))i,j of degree 2didads, dids
and d3dy respectively.

Proof. The claimed equality is easily obtained using formal properties of resultants
by specialization of the formula proved in Theorem m:

Res(P1(X3), P3(X3), P1(X4), P2(X4))
— Res(P1(X3), Po(Xa), Py(X3), Pr(X4))
Res(P1(X3), Pa(X4), P3s(X3), P (X4) — P1(X3))
= Res(P1(X3), P2(X4), P3(X3), (X4 — X3)03.4(P1))
— Res(P1, Py, P3)Res(P1(X3), Pa(Xa), P3(X3), 05.4(Py)).

The multi-degree computation and the irreducibility of Res(Py, P», P5) are known
properties of resultants. The only point which requires a proof is the irreducibility
of the factor (which is easily seen to be non-zero by a straightforward specialization)

D .= Res(Pl(X3), PQ(X4), Pg(X3), 63,4(P1)(X3, X4))

To do this, we proceed similarly to what we did in Theorem @, that is, by induction
on the integer d := d; + da + d3 > 4. We can check by hand (or with a computer)
that D is an irreducible polynomial in U if (d1,d2,ds) = (2,1,1). We thus assume
that D is irreducible up to a given integer p > 4 and we will prove that D is
irreducible if d = p+ 1. If dy > 2 (resp. d3 > 2) then we can specialize P (resp.
P3) as a product of a generic linear form and a generic form of degree do — 1 > 1
(resp. d3 — 1 > 1) and conclude, exactly as we did in Theorem @, that D is then
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irreducible. Otherwise, then d; > 3 and we specialize P; to the product of a generic
linear form

Li(X1,X2,X3) :=a X1 +bXo+cX3

and a generic form @)y of degree d; — 1 > 2. We call ¢ the map corresponding to
this specialization. By @), we have

03,4(L1Q1)(X3, X4) = cQ1(X3) + L1(X4) 03,4(Q1)(X3, X4)

and we deduce after some manipulations on resultants that

#(D) = Res(L1(X3)Q1(X3), P2(Xa), P3(X3), cQ1(X3) + L1(X4)d3,4(Q1))

= Res(Q1(X3), P2(X4), P3(X3), L1(X4)03.4(Q1)(X3, X4)) x
Res(L1(X3), Po(X4), P3(X3),cQ1(X3) + L1(X4)03,4(Q1)(X3, X4))

= Res(Q1(X3), P2(X4), P3(X3),03,4(Q1) (X3, X4)) x
Res(Q1(X3), P2(X4), P3(X3), L1(X4)) ¥
Res(L1(X3), P2(X4), P3(X3), (L1(X4) — L1(X ))53 4(Q1) + cQ1(X3))

= Res(Q1(X3), P2(X4), P3(X3),03.4(Q1)(X3, X4))
Res(Q1(X3), P2(X4), P3(X3), L1(X4)) ¥
Res(L1(X3), P2(X4), P3(X3),cQ1(X4))

= ¢?®Res(Q1(X3), P2(X4), Ps(X3), 3.4(Q1)(X3, X4)) X
Res(Q1(X3), P2(X4), P3(X3), L1(X4))
ReS(Ll(Xg), P2(X4); P3(X3)a Ql(X4))

Either by our induction hypothesis or by Theorem @, it turns out that the three
resultants involved in the right hand side of the above computation are irreducible in
U. So if D were reducible, say D = D;Ds, then each factor should be homogeneous

in the coefficients (U( ))m— and hence ¢(D;) and ¢(D2) should be homogeneous in

1]
the coefficients of Q; and L; of the same degree. But

,0),

degy,, o, (c (1
((d1 — 1)dads, dads),
(
(0

(
degy, o, (Res(L1(X3), P2(X4), P3(X3), Q1(Xa)
) (dv — 1)dads, dads),
) ,2d1dad3 — 3dads),

P3
degy, o, (Res(Q1(X3), P2(Xa), P3(X3), L1(X4

)=
) =
) =

degy, o, (Res(Q1(X3), Pa(X4), P3(X3),034(Q1) (X3, X4)))

which implies that either D; or Ds is an invertible element in Z. O

As a consequence of this proposition, we get the following result which improves
Theorem 3.1 and Theorem 3.2 in [24]

Corollary 3.4. Given three polynomials fr(x,y,z),k=1,...,3, of the form

& o
fr@y.z) = Y al)jatyisl e Slally, 2,
lor|+i+i <di
where x denotes a set of variables (x1,...,xy,) for some integer n > 1 and S is any

commutative ring, then the iterated resultant Resy(Res,(f1, f2), Res.(f1, f3)) € S[z]
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is of degree at most d2dads in x and we have

Res, (Res. (f1, f2), Res.(f1, f3)) = (—1)"%% x
Resy,z(fl(mvya Z)a fQ(ma Y, Z)v f3(ma Y, Z))X
Resyﬁz,zl(fl(ma Y, Z)7 f?(ma Y, Z)7 f3(ma Y, Z/)v 52’,2’ (fl))

Moreover, if the polynomials f1, fo, f3 are sufficiently generic then this iterated
resultant has exactly degree didads in & and both resultants on the right hand side
of the above equality are distinct and irreducible.

This corollary can be interpreted geometrically as follows. For simplicity we
assume that @ is a unique variable z and that fi, fo and f3 are three polyno-
mial in z,y,2z. The resultant Ris := Res,(f1, f2) defines the projection of the
intersection curve between the two surfaces {f;1 = 0} and {fo = 0}. Similarly,
Ri3 := Res.(f1, f3) defines the projection of the intersection curve between the
two surfaces {f1 = 0} and {fs = 0}. Then the roots of Res,(R12,R13) can be
decomposed into two distinct sets: the set of roots xy such that there exists yg
and 2o such that fi(xo,yo0,20) = f2(20, Y0, 20) = f3(x0, Yo, 20), and the set of roots
21 such that there exist two distinct points (x1,y1,21) and (x1,y],2]) such that
filzi,y1,21) = fa(x1,y1,21) and fi(z1,91, 21) = f3(x1,yq, 21). The first set gives
rise to the term Res, y .(f1, f2, f3) in the factorization of the iterated resultant
Resy (Res12, Res13), and the second set of roots corresponds to the second factor.

Remark 3.5. Before going further, it is a good point to emphasize the fact that
all the formulas presented in this paper are universal in the sens that they remain
true for any specialization of the coefficients of the given polynomials. It should
be noticed that this is true if and only if we take the univariate resultants in their
expecting degrees. For instance, in the above corollary, Res.(f1, f2) denotes the
resultant w.r.t. the variable z of the polynomials f1, fo which are seen as polynomials
of degree dy and da respectively (even if their degree is actually lower for a given
specialization). If one does not take care of this point, then one looses the universal
property of these formulas as in [@, §7] where it is observed that if f; := y?+z+z,
fo:=—y?+zand f3:=y*+ z then Res, .(f1, f2, f3) = 0 (for there is a base point
at infinity) but Res,(Res.(f1, f2), Res.(f1, f3)) = 4a% # 0, considering f1, fo and
f3 as polynomials in z of degree 1 and not 2. In such a case, formulas similar to the
ones we proved above require the use of more sophisticated resultants which can
take into account some particular structure of polynomial systems. For instance,
in this example one can take into account the presence of the base point defined by
the ideal (32, w), where w is the homogenizing variable, by considering the residual
resultant [, [l (or the multi-homogeneous resultant which is the same here): we
have the decomposition

(fl,f2,f3)=(92aw)< ! o )

z + xw z z

and we can check that the residual resultant equals 422 (up to a sign).

4. RESULTANTS OF DISCRIMINANTS

In this section, we will give the factorization of three iterated resultants corre-
sponding to two cases of a resultant of a discriminant and a resultant and to the
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case of a resultant of two discriminants. As we will see, the first case we are going
to treat yields the two others by suitable specializations.

4.1. Resultant of a discriminant and a resultant.

Proposition 4.1. Assume that dy > 2 and set

D1 = DiSCXS (Pl(l,Xg, Xg)) (S U[XQ],

Roz = ReSXS(PQ(l,XQ,X?,),P3(1,X2,X3)) (S U[Xg]
Then the following equality holds in U:

(US)) 2% Resx, (D1, Ras) =
Resx,:x, (P1(X1, X2, X3), 05 P1 (X1, X2, X3), Po (X1, X2, X4), Ps(X1, X2, X4)).

Moreover, the iterated resultant Resx, (D1, Reg) € U is irreducible and multi-homo-
geneous with respect to the coefficients (Ui(é-))i,j, (Ui(i-))m and (UZ—(E))M of multi-
degree

(2dads(dy — 1),d1(dy — 1)ds,dy(dy — 1)da).

Proof. By @), we easily get that

D := (U§}))2%Resx, (D1, Ras) = Resx, (U D1, Ras) =
I{GSX2 (I{GSX3 (Pl(l, XQ, X3), 83P1(1, XQ, X3)), R23)

and hence, using the formula proved in Theorem EI where we specialize the poly-
nomials P, P; and P, to the polynomials d5 P, P, and Pj5 respectively, we deduce
that, in U,

D = Res(Pl(Xl,XQ,Xg),83P1(X1,X2,X3),P2(X1,XQ,X4),P3(X1,X2,X4)).

The classical multi-degree formula for resultants gives the claimed result concerning
the multi-degree of the iterated resultant Resx, (D1, Res). Now, we proceed by
induction on the integer d := dy + do + d3 > 4 (remember dy > 2, do > 1 and
d3 > 1) to prove the irreducibility of the iterated resultant Resx, (D1, Ra3).

First, if d = 4, that is to say di = 2 and dy = ds = 1, then we check by hand
that D equals an irreducible polynomial in U times Ué_l).

We now assume that d > 5. If d3 > 2 then we consider the specialization ¢ which
sends P to the product of the generic linear form L3 and the generic homogeneous
polynomial @3 of degree ds —1 > 1 and leave P, and P, invariant. We get, using
the multiplicativity of resultants

¢(D) = Res(P1(X3), 03 P1(X3), P2(X4), L3(X4))
Res(Pl(X3), 83P1(X3), Ll(X4), PQ(X4), Qg(X4))

Therefore, by the induction hypothesis ¢(D) = (Uéylo))dzd3 Ry Ry where R; and Ry
are irreducible polynomials such that R; depends only on the coefficients of L3 and
Ry depends only on the coefficients of Q3. Since ¢ is a homogeneous specialization,
each irreducible factor of D which depends on P; must depends on L3 and @3,
we deduce that D has only one irreducible factor depending on P;. Moreover, the
irreducible factors of D which do not depend on Ps are left invariant by ¢ so we
deduce that D equals (UO(}O))”l?d3 times an irreducible factor and we are done. If
ds > 2 then we can argue exactly in the same way.



16 L. BUSE AND B. MOURRAIN

So it only remains to consider the case where do = d3 = 1. Let ¢ be the
specialization which sends P; to the product of the generic linear form L; :=
aX1+bXs4cXj3 times the generic homogeneous polynomial @)1 of degree d; —1 and
leaves P, and Ps invariant. By the basic properties of resultants and our induction
hypothesis we get:

Y(D) = Res(L1(X3)Q1(X3),cQ1(X3) + L1(X3)05(Q1(X3)), 2(X4), P3(X4))
Res(L1(X3),cQ1(X3), Po(X4), P3(X4)) X
Res(Q1(X3), L1(X3)03(Q1(X3)), P2(X4), P3(X4)
= (=1)“71cRes(L1(X3), Q1(X3), Pa(X4), P3(X4))? x
Res(Q1(X3), 03Q1(X3), P2(X4), P3(X4))
= (—1)" (UG Res(L1(X3), Q1(X3), Pa(X4), P3(X4))? x R

where R is an irreducible polynomial which does not depend on the coefficients of L
and does depend on the coefficients of Q1, P> of Ps; in particular it has degree 2(d; —
2) in the coefficients of Q1. Observe that Res(L1(X3), Q1(X3), Po(X4), P3(X4)) is
irreducible by theorem and has degree d; — 1 in the coefficients of L; and 1 in
the coefficients of Q). Since 1 is an homogeneous specialization, each irreducible
factor of D which depends on P; must depend on L; and Q)7 and have the same
degree with respect to the coefficients of these two polynomials. From this property
and the above computation we deduce that D has only one irreducible factor that
depends on P;. Moreover, since the others irreducible factors of D are left invariant

by 1 we deduce that D equals (Uo(,lo) )% times an irreducible polynomial. (]
Corollary 4.2. Given three polynomials fr(x,y,2),k = 1,2,3, of the form
k o, ]
frmy.z)= Y al) vy’ e Slally, 2,
o] +i+5<dr
where x denotes a set of variables (x1,...,x,) for some integer n > 1 and S is any

commutative ring, then the iterated resultant Res,(Disc,(f1), Res,(f2, f3)) € S[z]
is of degree at most dy(dy — 1)dads in x and we have

(af)) )% Res, (Disc. (1), Res. (f2., f3)) =

0
Resy,z(fl(mayvz)v %(mayvZ)vf?(mayvz)7f3(mayvz))'

Moreover, if the polynomials f1, fa, f3 are sufficiently gemeric then this iter-
ated resultant has exactly degree dy(dy — 1)dads in x and the iterated resultant
Resy (Disc,(f1), Res.(f2, f3)) is irreducible.

We can now specialize the formula of Proposition @ to get the factorization of
two kinds of iterated resultants: the resultant of two discriminants and the resultant
of a discriminant of a polynomial f and a resultant of f and another polynomial.
We begin with the simplest one.

4.2. Resultant of two discriminants of distinct polynomials.
Proposition 4.3. Assume that dy > 2 and ds > 2 and set

D1 ])iSCXS (Pl(l,XQ, Xg)) € U[XQ],
D2 = ])iSCX3 (PQ(LXQ, Xg)) S U[XQ]
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Then the following equality holds in U:

(U(g,l()))d2(d27l) (Ué?o))dl(dlil)ReSXZ (D17 DQ) =
Resxl;.~~:x4 (Pl(Xl, XQ, Xg), (93P1 (Xl, XQ, Xg), PQ(Xh XQ, )(4)7 83P2(X1, )(27 X4))

Moreover, the resultant Resx, (D1, D2) € U is irreducible and bi-homogeneous with
respect to the coefficients (Ui(é-))i,j and (Ui(i-))m of bi-degree

(2da(dy — 1)(ds — 1), 2d1(dy — 1)(ds — 1)).

Proof. We set D := (Ué}o))dz(drl)(Ué?o))dl(dl_l)Resxz (D1, Ds). By (£.3), we have

(Us) ™~ DResx, (D1, Da) = Resx, (D1, Uy D2) =
RGSX2 (Dl, ReSX3 (Pg(l, XQ, X3), 83P2(1, Xg, Xg)))

and hence, using the formula proved in Proposition @, where we specialize the
polynomial Ps to the polynomial d3 P, we deduce that, in U, D is equal to

Resx,:..x, (P1 (X1, X2, X3), 03Py (X1, X2, X3), Po (X1, X2, X4), 03 P2 (X1, X2, X4)).

The classical multi-degree formula for resultants gives the claimed result concerning
the bi-degree of the iterated resultant Resx, (D1, D2). To prove its irreducibility,
we proceed by induction on the integer d := d; + d2 > 4.

First, if d = 4, that is to say di = d2 = 2, then we check by hand (or with a com-
puter) that D equals an irreducible polynomial in U times the factor (Ué}()) )2 (U(fo) )2.
We now assume that d > 5. Without loss of generality we can also assume that
dy > dy (since the problem is completely symmetric in P; and P») and hence that
dy > 3. Consider the specialization ¢ which sends P; to the product of the generic
linear form Ly := aX; + bXs + ¢ X3 times the generic homogeneous polynomial ¢4
of degree d; — 1 and leave P, invariant. Using properties of resultants we get:

(D) = Res(L1(X3)Q1(X3),cQ1(X3) + L1(X3)05(Q1(X3)), Pa(X4), 03 P2(X4))
= Res(L1(X3),cQ1(X3), Pa(Xy4), 05P2(Xy)) x
Res(Q1(X3), L1(X3)03(Q1(X3)), P2(X4), 05 P2(X4))
= ®(=2"DRes(L1(X3), Q1(X3), Pa(X4), 95 Pr(X4))? x
Res(Q1(X3),03Q1(X3), P2(X4),03P2(X4)).

Using our inductive hypothesis and Proposition we deduce that
6(D) = (cUgg )"V (UG)™ " ~VRY x Ry

(Ué}()) l being the coefficient of Xgl_l in 1) where R; is an irreducible polynomial
of degree da(ds — 1)(dy — 1) in the coefficients of Ly and da(d2 — 1) in the coeffi-
cients of 1, and Ry is an irreducible polynomial independent of the coefficients
of Ly and of degree 2da(dy — 1)(dy — 2) in the coefficients of Q1. Note that we
already know that (Ué}o))dZ(dTl)(Ué?o))dl(dl’l) is a factor of D. Moreover, since
¢ is an homogeneous specialization, each remaining irreducible factor of D which
depends on P; must depend on L; and )7 with the same degree, so we deduce that
R}R; comes from the same irreducible factor of D and we conclude that D equals

(Ué}o))‘b(drl)(Ué?o))dl(dl_l) times an irreducible polynomial in U. O
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Corollary 4.4. Given two polynomials fir(x,y,2),k =1,2, of the form

k
fel@y )= Y agaty's € Slally. 2,
o] +itj<dr
where di,da > 2, ® denotes a set of variables (x1,...,x,) for some integer n > 1

and S is a commutative ring, then the iterated resultant Res,(Disc, (f1), Disc,(f2)) €
S[x] is of degree at most dy(dy — 1)da(d2 — 1) in & and we have

(a5l )2V (a) )8 @ D Res, (Disc. (f1), Disc.(f2)) =

Resy = (f(2,3,2), 2 ,9,2), fol, 1, 2), 2,9, ).

Moreover, if the polynomials f1, f2, fs are sufficiently generic then this iterated
resultant has exactly degree dy(dy — 1)da(dy — 1) in @ and is irreducible.

4.3. Resultant of a discriminant and a resultant sharing one polynomial.
We now turn to the second specialization of Proposition EI which is a little more
intricate than the previous one. Note that this iterated resultant has also been
studied in [E, Theorem 3.3]. In order to improve the previous analysis, we begin
with two technical results. We recall that we sometimes omit the variables X7, X,
i.e. we note P(X3) instead of P(X7, X2, X3) to not overload the text.

Lemma 4.5. Ford; > 2,
(Uo(,lo))dldzReSXz (D1, Ri2) = Resx,.x,. x5 (P1, 03 P1(X3), Pa(X3))*x
Resx,:x,:x5: x4 (P1(X3), 03 P1(X3), Pa(X4), 5 )Pl (X3, X4)).

Proof. By the formula proved in Proposition @ where we specialize the polynomial
P> to the polynomial P; and the polynomial Ps to the polynomial P», we obtain
after some manipulations

(Us )% Resx, (D1, Ri2) = Res(Pi(X3),05P1(X3), PL(X4), Pa(X4))
= Res(Pl(X3),(’)3P1(X3),P2(X4),(X4 — X3)03 4P1))
(4.1) = Res(Py(X3),05P1(X3), Po(X3)) x
Res(Py(X3), 0P (X3), Pa(X4), 65.4(P1))

Using formula (R.6) we can push forward this computation and get

(US DB %= Resx, (D1, Ri2) = Res(Pi(X3),05P1(X3), Pa(X3)) x
Res(Py(X3), 03P1(X3), Po(Xa), (X4 — X3)05 1 Py)
(4.2) = Res(Pi(X3),03P1(X3), P2(X3))? x
Res(Py(X3), 3 P1(X3), Pa(Xa), 851 P)).

Lemma 4.6. Suppose that di > 3. In U, we have the equality
Resx,:....x,(P1,03P1,0 ipl,Pz(sz)) = (Ué}g)dldz (P, P)
where T(Py, P2) is an irreducible polynomial in U of bi-degree
((3dy — 1) (dy — 2)da,d1(dy — 1)(d1 — 2))
in the coefficients of (P1, P2).
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Proof. We will denote by R the above resultant. We first use a geometric argument
to justify that R is the product of a certain power of the coefficient Ué}g and a
certain power of an irreducible polynomial that we will denote T(P;, P2) € U.

We rewrite the polynomial P; as

P (X3) = Ué}())Xgl + Cngl_l + -+ CdI,QXg + cq,—1 X3+ cay

where the ¢;’s are homogeneous polynomials in U[X7, X5] of degree i respectively;
we have

83P = dlUé}ngl_l +(d1 - 1)61Xg1_2+"'+2Cd1,2X3+Cd1,1
and
di—1 i yvdi—1—i d
Lo XEX —di X3!
6§,22P1 = Ué,lo) <(Ez_0 3X4 X )~ Xy ) + - 4 cay—3 (X4 +2X3) + cq, 2.
4 — A3

Embedding Z into the algebraic closure Q of Q, the variety defined by the equation
R = 0 is the projection of the incidence variety

W= {(x1 @2 : w3 : 74) ¥ (uﬁ’j)) € IP% X Ag such that
Pi(z3) = 03Py (23) = 85\ Py (w3, 24) = Pa(4) = 0}

(where Ag denotes the affine space whose coordinates are the N := (d; + 2)(dy +

1) + (d2 +2)(do + 1) indeterminate coefficients, over Q) by the canonical projection
on the second factor
T W CP3x AN — AN,

Consider the canonical projection of VW onto the first factor 7, : WW — P3, which
is surjective, and denote by D the line in P3 which is defined by the equations
X1 =0 and X5 = 0. On the one hand, we observe that for all z € P?\ D the fiber
77 H(x) is a linear space of codimension 4 in AY; therefore the algebraic closure of
Wips\p is an irreducible variety of dimension N — 1 in P2 x AN whose projection
by 7o gives an irreducible hypersurface in AY. We denote by T(P;, ) a defining
equation of this irreducible hypersurface. On the other hand, for all x € D the fiber

77 H(x) is always included in the linear space of equation Ué}()) = 0 (it is actually

exactly this linear space if z = (0: 0:1:0) and the linear space Ué}()) = Uéi)) =0
otherwise). Consequently, since mo(W) = {Uo(,lo) = 0} Ume(W|P3\ D) we deduce
that R is of the form

R = c{dy, do) (Ug)g) " @ T(Py, By) ) € U

where ¢(d1,d2), a(d1,ds),r(d1,ds) are constants that we have to determine (note
that T(Py, P2) can be chosen in U because we know that the variety defined by
R = 0 can be defined by an equation in U since it is a resultant of polynomials in
U).
Now, we will prove by induction on the integer d := d; + d2 > 4 that

(4.3) R = (US)H =S (P, Py) € U

that is, for all integers dy,ds such that d; > 3 and do > 1, we have ¢(dy,d2) =
T(dl,dg) =1 and a(dl,dg) = dldg.

First, by Lemma @ and using the computation (@), we note that we always
have C(dl, d2) Z dldg.
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We check by hand (or with a computer) that the induction hypothesis (f.3) is
true for d = 4, i.e. di = 3 and do = 1 and we assume that d > 5. If do > 2
we specialize P, to the product of two generic homogeneous polynomials, say
P} and Py; then R(Pi, P2) specializes, by multiplicativity of the resultants, to
(Ué}()))dld2R(P1, P))R(Py, Py). Since each irreducible factor of R(P;, P) must de-
pend on Pj and Py and since we already know that ¢(di,ds) > dida, we deduce
that R satisfies (J.g) for all couple (d;,ds) such that dy > 2.

We now turn to the case where d; > 4 and dy = 1. Consider the homogeneous
specialization ¢ which sends P; to X3Q1 where ()1 is the generic homogeneous
polynomial of degree d; — 1. Using the properties of resultants we get

S(R) = Res(X3Q1(X3),Q1(X3) + X305Q1(X3),05)(X3Q1), Pa(X4))
= Res(Xs,Q1(X3), 051 (X3Q1), Pa(X4)) x
Res(Q1(X3), X305Q1(X3),05) (X3Q1), Pa(X4))
= Res(Xs, Q1(X3), 051 (X3Q1), P2(X4))? X
Res(Q1(X3), 85Q1(Xs), 057 (XsQ1), Pa(X4)).
And since, by (B9), 5} (X3Q1) = 83Q1(X3) + Xa851Q1, we deduce that

6(R) = Res(X3, Q1(Xa), 6 (XsQ1),
PQ(X4))2RGS(Q1(X3), 83Q1(X3), X4, P2(X4)) X R(Ql, Pg)

Moreover, (R.4) implies that 5 (Xng) 63@1(X3)+X46§2Q1 evaluated at X3 =

0 is equal to
5Q1(0, Xy) = %fh(o)

So finally, we deduce that

$(R) = (U U~ DRes(Q1 (X1, X2,0),6Q1 (X1, X2, 0, Xa), Po(X1, Xa, X4))?
Res(Q1(X3),03Q1(X3), Po(X1, X2,0))%(Q1, P2).

Since T(Q1, P») is irreducible (by our induction hypothesis), it follows that r(d;, d2)
must equal 1 for each irreducible factor of the above specialization must appear to
a power which is a multiple of r(d1,ds). Also, since P»(X1,X>,0) is a generic
linear form in X; and Xs it turns out that Res(Q1(X3), 95Q1(X3), P2(X1, X2,0))
is, up to a linear change of coordinates, a discriminant of a univariate polynomial:

it equals Uoo) times an irreducible polynomial in U. Moreover, it is easy to see

that Ug}) does not divide Res(Q1(X1, X2,0),0Q1(X1, X2,0, X4), P2(X1, X2, X4))
(for this resultant does not vanish under this condition). Therefore, we deduce
that a(dy,ds) < dids and then that a(dy, d2) = dids. Finally, the three resultants
in the above specialization formula are clearly primitive® (either by the induction
hypothesis for the last one or either because it stays primitive after the change of
coordinate induced by the linear polynomial P») and it follows that ¢(dy,d2) = 1.
The formula on the degree is obtained as a direct consequence of the known
degree formula for the resultants of several homogeneous polynomials. O

2the ged of their coefficients is 1
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Proposition 4.7. Suppose that di > 2. We set

D1 = DiSng(Pl(l,XQ,Xg)) S U,
Riy = Resx,(Pi(1, X2, X3), P2(1, X2, X3)) € U.
Then the following equality holds in U:
Resx, (D1, Ri2) = Resx,.x,.xs(P1, P2, 03P1)?%(P1, P)
where the irreducible polynomial T(Py, P2) has been defined in Lemma for dy >
3;if dy =2 we set (P, P):=1€ .

Moreover, Resx,.x,:x5(P1, P2, 03P1) € U is irreducible and the iterated resultant
Resx, (D1, R12) is bi-homogeneous w.r.t. the coefficients (Ui(é-))i,j and (Ui(i-))m of
bi-degree (3dyda(d3 — 1),d3(dy — 1)).

Proof. First, the classical multi-degree formula for resultants gives the claimed

result for the bi-degree of the iterated resultant Resx, (D1, R12). By Lemma @,
we have

(44) (Uo(,lo))dldzRGSXZ (Dl, ng) = Res(P1 (X3), 83P1 (Xg), P2 (Xg))2 X
ReS(Pl(X3), 63P1(X3), PQ(X4), 65,,241P1)
and by Lemma @, we know that
Res(Py(X3), 03P (Xa), Pa(Xa), 0%) x, P1) = (Ug) " T(Pr, P),

where T(Py, P») is an irreducible polynomial, which implies the claimed formula.
To conclude the proof, it only remains to prove the irreducibility of the resultant

R := Resx, . x,:x5 (P1, P2, 05P1).

We proceed as we already did several times: by induction on the integer d :=
di + do > 3. We check by hand that R is irreducible if d; = 2 and ds = 1
and suppose that d > 4. If do > 2 then one specializes P> to a product of two
generic forms and we conclude using the multiplicativity property of the resultant.
Otherwise, we have d; > 3 and one specializes P; to L1(); where @ is the generic
homogeneous polynomial of degree d; —1 and L; := aX; + X5+ cX3 is the generic
linear form; this sends R to

(—1)492 B2 Res(Q1, P, 33Q1)Res(Q1, Py, L1)?

where Res(Q1, P2, 93Q1) is irreducible by our induction hypothesis and also where
Res(Q1, P2, L) is irreducible for it is the resultant of three generic polynomials.
Examining the degrees in the coefficients of ;1 and L; of the above factors and
using the fact that each irreducible factor of R must specializes to a polynomial
having the same degree in the coefficients of Q1 and L, we deduce that R is
irreducible. O

A specialization of this proposition gives the following result which covers and
precises [2G, Theorem 3.3].

Corollary 4.8. Given two polynomials fr(x,y,2),k =1,2, of the form

o
fr@y,2) = > all) j@ty's € Slally, 2,
|a]+itji<dg
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where dy,dy > 2, & denotes a set of variables (x1,...,xy) for some integer n > 1
and S is any commutative Ting, then the iterated resultant

Resy (Disc,(f1), Res.(f1, f2)) € S[z]

is of degree at most d%dg(dl —1) in & and we have

Resy (Disc.(f1), Res.(f1, f2)) =
Resy . (fi(z,y, 2), f2(x,y, ), %(w, v, 2))> T(fi(zx,y, 2), f2(x,y, 2))

where we recall that, in S[x], we have T(f1(x,y,2), fa(x,y,2)) =1 if d = 2 and
otherwise

(aé}g,d)dld2z(fl (ma Y, Z)? f?(ma Y, Z)) =

0
Resy,Z,Z' (fl (:Ba Y, Z), fQ(CB, Y, Z), %(IE, Y, Z/), 6;2;’.]81 (wa Y,z, ZI))

with

6z,z’(f1)(ma Y, =z, Z/) - %(waya Z)

P € S[z][y, z, 2'].

52?;/.]01 ((1]‘, Y, z, Zl) =

Moreover, if the polynomials f1, f2, fs are sufficiently generic then this iterated
resultant has exactly degree dida(dy — 1) in  and both

0
Resy < (1(2,1,2), o(®.9.2), L (w,,2)

and T(f1, f2) are irreducible polynomials.

5. DISCRIMINANT OF A RESULTANT

In this section, we suppose given two positive integers di,ds > 2 and two homo-
geneous polynomials

Pp(X1, X2, X3) = Z Ui(ﬁl;)X{Xng’“_i_j € U[X1, X2, X3), k=1,2,

0<4,53i+j<dk

where, as usual, U denotes the universal ring of coefficients Z[Ui(,];)]. We will here-
after focus on the factorization of a discriminant of a resultant.

Lemma 5.1. In U[Xs], setting X; = 1, we have

0P 03Py

O2Resx, (Py, Pp) = (—1)+2 02 Py 03P

SResy) (Py, P2) modulo (Py, Py).

Proof. Introduce a new indeterminate U and set

Pi(1, X0, X3+ U) = ag, X 4+ ag, 1 X3+ 4 a1 X3 + ap,
Po(1, X0, X3+ U) = bg, X2 + bay—1 X527 + -+ + b1 X3 + bo,
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where the a;’s and the b;’s are polynomials in U[X5, U]. Expanding the resultant

ag, O - 0  bsy O 0
Ady—1  Qdy : bi,-1 -0
: .0 : ba,
Resx, (P, P2) =| ao ad, b1 ba,—1
0 ag aqg,—1  bo :
. . . 0 . b1
0 tee 0 ap 0 0 bo

with respect to its two last rows, we get

b
ReSXs (Pla P2) = (—1)d1+d2 ao b(l)

ai

SRes'y) (Py, P2) + a2A1 + agboAs + b2 As,

where A; (i = 1,2,3) are polynomials in the a;’s and b;’s. Taking the derivative
with respect to the variable X5, we deduce that

(5.1)
(92ReSX3 (Pl,PQ) — (71)d1+d2 820/0 aQbO
1

a1 b SResgg (Pl, PQ) modulo (ao, bo)

Now, it is easy to check that we have
ag = P1(1,X2,U), by = Pa(1,X5,U), a1 = 93P1(1,X2,U) by = 03P(1, X5, U).
Moreover, by invariance property (change of bases formula)
Resx, (P1(1, X2, X3+ U), P2(1, X2, X3+ U)) =
Resx, (P1(1, X2, X3), P2(1, X2, X3)) = Resy (Pi(1, X2,U), Po(1, X3, U))
and the same is true for the subresultant SResgg (Py, P2). Therefore we deduce that
(b.1) is nothing but the claimed equality by substituting X3 by U. O
This lemma implies the following factorization.
Proposition 5.2. In U, we have the equality
Discx, (Resx, (Pi (1, X2, X3), Pa(1, X2, X3))) = (—1)(d2FD(ddatdi=1)

Resx, x50 x5 (Pry Po, SResy) (Pr, Py)) x Discx, x,: x5 (Pry Po).

This iterated resultant is bi-homogeneous with respect to the sets of coefficients Ui(;)

and UZ-(E-) respectively of bi-degree (2da(dids — 1);2d1(dy1d2 — 1)).

0Py 03P
Proof. Set Ro := Res(P1, Py, X1), Ji =
roof. Set Ro es(Py, P2, X1), J1 0yPy O3 Py

tion, we have Rg Discx,.x,:x; (P1, P2) = Res(Py, P», J1). Setting
D .= ])iSCX2 (I{GSX3 (Pl(l, XQ,X3), PQ(LXQ, Xg))) S U,
it follows from (R.3) that

and recall that, by defini-

R = Rop =
I%QSX2 (I{GSX3 (Pl(l, XQ,X3), Pg(l, XQ, Xg)), GQReS(Pl(l, XQ, Xg), PQ(LXQ, Xg)))
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Now, using Lemma we deduce that R belongs to the ideal
(Py(1, X2, X3), P2(1, Xo, X3), J1(1, X2, X3) SResy) (P1 (1, X2, X3), P2(1, X2, X3)))

which gives, after homogenization by X7, the existence of an integer N > 1 such
that

XNR € (Pi(X1, X2, X3), Po(X1, X2, X3), J1 (X1, X2, X3)SResy) (Py (X1, X2, X3))).

Therefore, using the divisibility property (and others) of the resultants we deduce
that

Res(Py, Py, JiSRes) (P1, P2)) = Res(Py, Py, J1) x Res(Py, Po, SResy) (Py, P2))
= Ry x Disc(P1, P2) x Res(P1, Py, SRes) (P1, Py))

divides Res(Py, P, XVR) = RYRMd> = RITd1d2pdidz iy U, We know that R
and Disc(Py, P») are irreducible polynomials in U; just by comparing their degree
we see that Ry does not divide Disc(Py, P2). Also, just by looking to the defining
matrix of the subresultant, we have

SRes{y) (X + X&171 Xy, Xg2) = (= Xp)(@ =D
so that Ro(X{" + X 71 X3, X$2) = Res(X{" + X$ 7' X3, X2, X,) = 0 in U and
also

Res(X{" + X§1 71 X3, X282, SRes') (X" + X511 X5, X&) =
Res(X{" + X$ 71 X3, X2, (— X,p)(h—1(d2—1)
= Res(X1, X3, —Xp)rd2(=Dd2=1) — 7,

Since Ry is irreducible, it does not divide Res(Py, P, SResgg (Py, P2)) and therefore

Disc(Py, P2) Res(Py, Py, SResy) (Py, Py)) divides D in U.

By known degree properties, D has degree daz(2d1ds — 2) in the coefficients of the
polynomial P, and that the product

. 1
Disc(Py, P2) Res(Py, Pa, SRes'y) (Py, Pa))
has degree
da(2(dy — 1) +do — 1) + da(dy — 1)(de — 1) + dr1da(d2 — 1) = d2(2d1d2 — 2)
(note that SResgg (Py, P2) is an homogeneous polynomial in X1, Xo of degree (d; —
1)(da — 1) which is also homogeneous in the coefficients of P;, resp. Pa, of degree

dy — 1, resp. di — 1) With a similar computation for the degree with respect to the
coefficients of P,, we deduce that D and the product

Disc(P, Py)Res(Py, Ps, SResy) (Py, Ps))

are equal in U up to a non-zero element in Z, that we denote c(d, da).
To finish the proof, it remains to determine ¢(di,ds) € U using, as usual, a
suitable specialization. We choose the specialization ¢ such that

G(P1) = X§' + AX,1 71Xy + BX1M and ¢(Py) = X127 X5 — Xp®2.
It is easy to compute

Resy, (X$' + AXy + B, X3 — Xp™) = (=)D (XoM% + AX, + B)
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and hence to deduce that

Discx, (Resx, (¢(P1)(1, X2, X3), ¢(P2)(1, X2, X3))) =

Discy, ((—1)% (XyM% 4+ AX, + B)) =
Resx, (Xo™% + AXy + B, dida XoM 271 4 A).

Denoting D the above quantity, we have

(d1de)M 271D = Resx, (d1de X2 % + dyda AXy + dido B, dyda X271 + A)

= Resx, ((didy — 1)AXy + didy B, dyda X, %271 4+ A)

and finally

(dydp)"%7'D =

(dydy —1)A 0 e 0 dydy

dydyB (dydy — 1)A 0
(—=1)h=Y(dydy) e~ 0 ddyB C 0 o,

: (dvdy —1)A 0

0 0 didoB A

that is to say,
D= (71)d1d271(d1d2 _ 1)d1d271Ud1d2 + (dldQ)dldQBdldzfl.

Now, since two consecutive integers are always relatively prime, we deduce that
¢(dy,ds) = £1 € Z. To determine exactly this integer, we compute the other side
of the claimed equality. For simplicity, we will consider the specialization i which
is similar to the specialization ¢ with in addition A = 0. We have

Disc(X§* + BX;™, X127 X3 — Xp%)
Res(X$ + BX, M X171 X5 — Xo® dydy Xp™2 71 X3B 1)
Res(X§' + BX, ™, X,%71 X3 — Xo™, X))
= (=1)DFD(d, dy) D Res (X + BXT X271 X5) 42 1Res(BX (1, — X J2) 11
= (fl)dl(d2+1)(dldQ)dldz(71)d1(d271)2Bdgledz(dlfl)

(71)d1(d2+1)+d1(d271)2 (dldQ)dldQBdldzfl.
It is not hard to see from the definition of the subresultant that
1 dy di yda—1 ds d1—1)(d2—1
SResy) (X§' + BX{, X271 X — Xg2) = x (@D
and also to compute

I{GSX1:X2:X3(‘XV3CI1 + BdeladeZilX3 - X2d2aX1(d171)(d271)) = (_1)(d1_1)(d2_1)'

Gathering all these specializations, we obtain ¢(dy, dy) = (—1)(@TD(didatdi=1) " 5q

claimed. O

At this point, the factorization given in the above proposition is not complete
since we only know that one factor is irreducible. The following result shows that
the second factor is not irreducible, but is the square of an irreducible polynomial
and moreover that it can be interpreted as a particular iterated resultant itself.
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Lemma 5.3. Introducing a new indeterminate Xy, we have the following equalities
in U:

Resx,.x,:x; (P1, P2, SResﬁg (P, P2)) =
Resx, (Resx, (P1(1, X2, X3), Pa(1, X2, X3)), SRes ) (P1(1, X2, X3), Pa(1, X2, X3)))
= Resx,.x,:x5: %, (P1,03,4P1, Py, 034 ).

Proof. First, for simplicity we set

Rl = I{GSX%XS (I{GSX3 (Pl(l,XQ, X3)7 P2(17X27X3>)a
SResgg (P1(1, X2, X3), P2(1, X2, X3))).

We know that Resx, (P1, P2) has degree dids in X5 and bi-degree (dz,d;) in U, and
that SResgg (Py, P2) has degree (dy —1)(d2 — 1) in X5 and bi-degree (do —1,d; — 1)
in U. It follows that R; has bi-degree ((2d; —1)dz2(d2—1), (2d2—1)d;(dy — 1)) which
is exactly the same than the bi-degree of Resx,.x,.x,(P1, P, SResgg (P1, P)) (by
a straightforward computation). Moreover, we have

Rl S (Pl(l,XQ,Xg),PQ(l,XQ,Xg), SResgg (Pl(l,XQ,Xg),PQ(l,XQ,Xg)))

which implies, after homogenization by X; and a suitable use of the divisibility
property of the resultants that

Resx,:x,:x, (Prs Po, SResly) (Pr, P2)) divides Resy,.x,.x, (Pr, Pa, X1) VR

in U, where N denotes a positive integer. We have already seen in the proof
of Proposition .9, that Ry := Res(Py, Py, X;) is irreducible and does not di-

vide Resx,.x,: x5 (Pr, P2, SRes§) (Pr, P)). 1t follows that the later divides R and
since they have the same bi-degree in U we deduce that they equal up to multi-
plication by a constant. To determine this constant, we consider the specializa-
tion P = X{ll + X3171X3 and P, = ng for which we have already seen that

Resx,:x,: x5 (P1, Po, SResgg (P, P,)) = 1 in the proof of Proposition f.3. Since we
also have

R1(P1, Py) = Resy, ((—X1)M% (= X,) (@ =D(d2=1)y — 1,

we deduce that R1 = Resx,.x,.x5(P1, Pa, SResgg (Py, P)) in U.
We now turn to the proof of the third claimed equality. Introduce a new inde-
terminate U and define

Py(X1, X2, X3+ U) = ag, X§" + ag,1 X5+ + a1 X3 + ao,
Py(X1, Xo, X34+ U) = bgy X2 + bgy 1 X271 4. 4 b, X3 + by,
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where the a;’s and the b;’s are polynomials in U[X;,Xs,U]. The subresultant
SResgg (Py, P2) is defined as the determinant of the matrix

ad, 0 e 0 0 bd, 0 0 0
ag,—1  Gq, : o bgye1 -0 0
ag,—1 - 0 0 : ba, 0
as . ad, 0 ba,—1  bd,
a as Ady—1  Qd, ba : ba,—1 |
agp aq ad; —1 by
0 L ap ; T
: " ai a9 0 . b ba
0 . 0 ag ai 0 0 bo by
determinant which remains unchanged if we add, for allt =1,...,d; + ds — 3, the

line number ¢ times
di+da—1—14 di+da—1—14
X3 - X,

_ iy
Xa — X4 - Z X3X4
3 0<i,jsitj=dy+ds—2—i

to the last line which then becomes of the form
( 0 --- 0 aoRy 034(P1) O -+ 0 DRy d3.4(P2) )
where Ry and Rp are polynomials in U[X;, Xo, X5, X4,U]. It follows that, by
developping this determinant with respect to the last line,
SResly) (Py(X1, X2, X3 + U), Po(X1, X2, X3 + U))
€ (a0, 03,4(P1),bo, 93 4(P2)) C U[X1, Xo, X3, X4l.
Moreover, ag = P1(X1, X2,U), bg = P2(X1, X2,U) and by invariance of the subre-
sultant under the change of coordinates U «— X3 + U we deduce that
SRes{) (P1(X1, X2, U), Pa(X1, X2,U))
€ (P1(U),034P1(U, X4), Po(U), 034 P>(U, X4))

which implies, after a substitution of U by X3 and a suitable use of the divisibility
property of the resultants, that

Resx,:.x, (P1(X3),03.4P1 (X3, X4), Po(X3), 03,4 P2 (X3, X4))
divides I{QSX1 :X0:X3 (Pl, Pg, SResgg (Pl, PQ))

An easy computation shows that these two resultants have the same bi-degree
w.r.t. the coefficients of P; and Py; therefore they are equal up to sign in U (we
have already seen that

Resx, . x,:x; (Prs Po, SRes) (Pr, b))

is a primitive polynomial in U through a particular specialization). To determine
the sign we consider again the specialization P; = Xfll + Xgling and P, = X§12
for which it is easy to see that both resultants then specialize to 1. (I
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The following result can be seen as the main explanation of [Rg, theorem 3.4].

Proposition 5.4. Introducing a new indeterminate X4, there exists a mon-zero
irreducible polynomial ©(Py, P2) in U such that

Resx,....x, (P1,03.4(P1), P, 03 4(P2)) = D(P1, P2)>.

It is bi-homogeneous with respect to the set of coefficients (Ui(j'))i,j and(Ui(i-))m of
bi-degree

(2dy —1)da(d2 — 1) (2dz —1)d1(dy — 1)
2 ’ 2 '
Proof. Let us denote by R the above resultant. Embedding 7 into the algebraic

closure of @, the variety defined by the equation & = 0 is the projection of the
incidence variety

W =
{(561 T2 1 X3 1'4)X(’U,£7k])) S IPBXAN suchthatP1 = 5374(P1) = P2 = 5374(P2) = 0}

(where N is the number of indeterminate coefficients) by the canonical projection
on the second factor mg : W C P3x AN — AN, But for a generic point (a(-?) € AN

K3
such that /% = 0, we have at least two pre-image in W since if (x : @2 : @3 : z4)
is such pre-image then (z1 : 22 : 24 : x3) is also a pre-image (which is generically
different). It follows that the co-restriction of 7y to the variety 8 = 0 has degree
at least 2 and hence that, in U,

R = e(d) x RV x RP@ x . x Rj@

where p is a positive integer, c(d) is also a positive integer but may depend on
d:= (d1,d2) and r1(d), ..., rp(d) are positive integers greater or equal to 2 and may
also depend on d. Note that we know by Lemma @ that ¢(d) = 1. To determine
the other quantities we will proceed by induction on d; + dy > 4 (remember that
dy > 2 and d2 > 2). First, we can check by hand (or with a computer) that the
claim is true if dy = do = 2: R is the square of an irreducible polynomial in U
of bi-degree (3,3). Now, assume that dy + da > 4; without loss of generality one
may assume that d; > 3. Consider the homogeneous specialization ¢ which sends
P, to the product L1Q, where @7 is generic homogeneous polynomials of degree
di —1 > 2 and Ly := aX; +bXs +cX3 is a generic linear form. We have, using
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obvious notations,

(5.2)
d(R) = Res(L1(X3)Q1(X3), Q1(X3)d3,4(L1) + L1(X4)d3,4(Q1), P2(X3), d3,4())
= Res(L1(X3),cQ ( ) L1(X4)03,4(Q1), P2(X3),03,4(12)) x
Res(Q1(X3), L1(X4) 53 4(Q1), P2(X3), 03.4(P2))
= Res(L1(X3),cQ1(X3) + (L1(X4) — L1(X3))03,4(Q1), P2(X3), 03,4(P2)) %
Res(Q1(X3), L1(X4), Pz(X3)753,4(P2)) X
Res(Q1(X3),034(Q1), P2(X3),03,4(FP2))

= B2 DRes(L(X3), Q1(X3) + (X4 — X3)03.4(Q1), P2(X3), 03.4(Ps)) X
Res(Q1(X3), L1(X4), P2(X3), 03.4(P2)) X
Res(Q1(X3),03,4(Q1), P2(X3), 03 4(P2))

= 2 @"DRes(L1(X3), Q1(X4), Pa(X3),03.4(P2)) x
Res(Q1(X3), L1(X4), P2(X3), 03.4(P2)) X
Res(Q1(X3),03,4(Q1), P2(X3), 03 4(P2))

= 2 "DRes(L)(X3), Q1(X4), Pa(X3), 05.4(P2))?
Res(Q1(X3),034(Q1), P2(X3),03.4(FP2)),

since exchanging the role of X3 and X4, we have

Res(L1(X3), Q1 (X4), P2(X3),03,.4(FP2))
= Res(L1(X4), Q1 (X3), P2(X4), 03.4(P2))
= Res(L1(X4), Q1(X3), P2(X3), 03,4(F2))
= Res(Q1(X3), L1(X4), P2(X3),d3.4(P2)).

Observe that this resultant is irreducible by Proposition @ and that the last one
if the square of an irreducible polynomial by our induction hypothesis. Moreover,

e ¢ has bi-degree (1,0) in terms of the coefficients of L1 and @i respectively,
o Res(L1(X4), Q1(X3), P2(X3), 03 4(P2)) has also bi-degree (da(dz — 1)(d1 —
1),d2(d2 — 1)) and
o Res(Q1(X3),03,4(Q1), P2(X3), d3.4(P2)) is the square of an irreducible poly-
nomial which has bi-degree (0,dz(d2 — 1)(dy — 1) — %).
Since the specialization ¢ is homogeneous, each irreducible factor R; of R must give
through this specialization irreducible polynomial(s) having the same degree with
respect to the coefficients of L1 and Q1. With the bi-degree given above, we deduce
that 9 can at most have two irreducible factors (and moreover that they specialize
to the same polynomial via ¢). It follows that we have p =1 and r(d) = 2. (I

Remark 5.5. Some technical limitations of the theory of anisotropic resultants as
exposed in [@, prevent the explicit description of the “squareroot” of the above

resultant. More precisely, suppose given two sequences of integers (ms,...,my)
and (di,...,d,) such that m;|d; for all couple (4,5) € {1,...,n}? If g1,..., gy are
n homogeneous polynomials of degree my, ..., m, respectively in the graded ring

S[X1,...,Xp] (with deg(X;) =1foralli=1,...,n) and fi,..., f, are n isobaric
polynomials of weight dy,...,d, respectively in the graded ring °S[X1,..., X,]
(now with deg(X;) =m; for all i = 1,...,n) then an easy adaptation of the proof
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of the base change formula [[I§, 5.12] shows that

dy..dp

Res(fl(gla s 597’1)7 R fn(glv et 7gn)) = aReS(f17 cety fn)AReS(gla e agn)mlmmn
in S where A := #’%
In our case, denoting §°(P) := P(X1, Xa, X3) — P(X1, X2, X4), it is easy to see
that
Res(6°(P1), 8" (P1),0°(Py), 8" (Py)) = 2(h—d2=1{dhtdz) o

ReS(Pl (Xla XQ; Xg)a 5(P1)(X1) X23X3) X4)a PQ(XlaXQ) Xg)a 6(P2)(X13X2) X33X4))-

And since, for all i = 1,2, §°(P;) and §'(P;) are symmetric polynomials with respect
to the variables X3 and X, we deduce that there exists four quasi-homogeneous
polynomials Q;(X1,...,X4),i=1,...,4, with deg(X;) = deg(X2) = deg(X3) = 1,
deg(X4) = 2 and such that, for instance,
Q1(X1, X, X3 + Xy, X3X4) = 8°(P1) (X1, X2, X3, X4).
By using the above adapted base change formula, we should obtain
Res(6°(P1), 6 (Py), 8°(Py), 8" (P2)) = £"Res(Q1, Q2, Q3,Qu)”.

It turns out that @Q1,Q2, @3, Q4 are isobaric of weights (di,dy — 1,da,ds — 2) re-
spectively and hence the condition of the existence of their anisotropic resultant
as in [[Id, §2] are not fulfilled. However, in a personal communication Jouanolou
informed us that it is possible to extend the theory of anisotropic resultant to our
particular setting and conclude to the existence of such an anisotropic resultant.

Gathering the results of this section, we obtain the full factorization of the dis-
criminant of a resultant.

Theorem 5.6. Introducing a new indeterminate X4, we have in U:

Discx, (Resx, (P1(1, X2, X3), Po(1, X2, X3))) = (—1)(d2FD(ddatdi=1) 5

Discx,:x5:x5 (P1, Po)D(Pr, Ps)?
where Discx,.x,: x5 (P1, P2) and D(Py, Py) are irreducible polynomials in U. This
iterated resultant is bi-homogeneous with respect to the sets of coefficients Ui(;-) and
Ui(? respectively of bi-degree
(2da(d1de — 1);2d;1(dyd2 — 1)).
As usual, we can specialize this result to obtain the following;:

Corollary 5.7. Given two polynomials fr(x,y,2),k =1,2, of the form

& o
f@yz) = S o) ety e Slally, <),
o] +i+5<dr
where x denotes a set of variables (x1,...,x,) for some integer n > 1 and S is any

commutative ring, the iterated resultant Discy(Res.(f1, f2)) € S[z] is of degree at
most dida(dida — 1)in @ and can be factorized, up to sign, as

DiSCy(RGSZ(fl, f2)) = (_1)(d2+1)(d1d2+d1_1)Discy,z(f17 fQ)D(fh f2)2'

Moreover, if the polynomials f1 and fo are sufficiently generic, then this iterated
resultant has exactly degree dida(dide —1) in @ and the two terms in the right hand
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FIGURE 1. A quartic surface and the projection of a polar curve.

side of the above equality are respectively an irreducible polynomial and the square
of an irreducible polynomial.

6. DISCRIMINANT OF A DISCRIMINANT

In this section, we are interested in analyzing two iterated discriminants. Before
going into the algebraic study, let us consider the problem from a geometric point
of view. Suppose we are given an implicit surface f(z,y,z) = 0. Computing the
discriminant of f in z consists in projecting the apparent contour (or polar) curve in
the z direction, which is defined by f(z,y,2) =0, 0. f(z,y,2) = 0. Computing the
discriminant in y of this discriminant in z of f consists in computing the position
of lines parallel to the y axis, which are tangent to the projected curve.

We illustrate it by some explicit computations, with the polynomial

f(xaywz):z4—y32+223—yz2—y2—xz+1.

Its discriminant in z is a polynomial of degree 12 and the discriminant in y of this
discriminant can be factorized as:

5540271966595842048 (14348907 20 — 93002175 2° + 273574017 25—
909290448 27 4 2868603336 2° — 5353192260 2° + 9038030571 x* — 17693165669 >+
17648229264 2> — 4081683588 x + 218938829)(x — 1)%(125 & — 173)% (47832147 2+
147495688 2 — 245928792 2% — 212731008 x 4 230501936)>.

Figures® 1 and 2 illustrate the situation, where we represent the surface f = 0
and the projection of its apparent contour (the z-direction is pointing to the top
of the image and z-direction to the left).  The first factor of degree 10 has 4
real roots corresponding to the smooth points of the surface with a tangent plane
orthogonal to the z-direction. The second factor of multiplicity 2 corresponds to
points of the polar variety which project in the (z,y)-plane onto the same point.

3The topology computation and visualization have been performed by the softwares AXEL
(http://axel.inria.fr/) and SYNAPS (http://synaps.inria.fr/).
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F1GURE 2. The polar curve of the quartic surface projected on a plane.

Geometrically speaking, we have a double folding of the surface in the z-direction
above these values. There are two such real points in our example. The last
factor of multiplicity 3 corresponds to cusp points on the discriminant curve, which
are the projection of a “fronce” or a pleat of the surface. There are 4 such real
points. Notice that the branches of the discriminant curve between two of these
cusp points and one of the double folding points form a very tiny loop, which is
difficult to observe at this scale.

These phenomena can be explained from an algebraic point of view, as we will
see hereafter. They have also been analyzed from a singularity theory point of view.
A well-know result in singularity theory, due to H. Whitney (see [@, @, E]) asserts
that the singularities of the projection of a generic surface onto a plane are of 3

types:
e a regular point on the contour curve corresponding to a fold of the surface,
e a cusp corresponding to a pleat,
e a double point corresponding to the projection of two transversal folds.

These are stable singularities, which remain by a small perturbation of the surface
or of the direction of projection. For a more complete analysis of the singularities

of the apparent contour, see also [@]
We are now going to analyze the algebraic side of these geometric properties for

generic polynomials of a given degree. Suppose given a positive integer d > 3 and

a homogeneous polynomial
P(X1, X2, X3) = Yoci jursea Ui XIXIXET77 € UlXy, X, X,
where U is the universal coefficients ring Z[U, ;]. In this section we will study the

discriminant of the discriminant of P. Here is the first factorization we can get as
a specialization of the iterated resultant we studied in the previous section.
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Proposition 6.1. We have the equality in U:

U33272d71DiSCX2 (])iSCX3 (P(l, XQ, X3))) = DiSCX1!X2!X3 (P) X
Resx, . x,:x, (P, 03P, 03 P) X Resx,.....x, (P, 63.4P, 03P, 83,403 P).
The iterated discriminant Discy, (Discx,(P(1, X2, X3))) s homogeneous with re-
spect to the set of coefficients U, ; of degree 4 (d — 1) (d*> —d—1).
Proof. This is essentially a specialization of the formula given in Proposition @,
which yields in our case the equality
l)iSCX2 (RCSX3 (P(l, XQ, Xg), 83P(1, XQ, Xg))) = DiSC(P, 83P) X
Res(P, 63,4P, 83P, (‘)‘37463P).

On the one hand, we know by definition of the discriminant and properties of
resultants, that

(6.1) Res(P, 03P, X1)Disc(P, 05 P)
= Res(P,03P,0:PO3P — 03P0y05P)
= Res(P,agP,agPagP)
(6.2) = Res(P,03P,05P) x Res(P, 03P, 03 P).

Moreover, by Euler identity we have dP = X101 P + X209 P + X303P from we
deduce that

d4'Res(P,03P,X1) = Res(X20,P,05P, X1)
= Res(Xg, 83P, Xl) X Res(ﬁgP, 83P, Xl)
= d UoﬁoReS(aQP, 83P, Xl).
Again by Euler identity, the relation (.4) yields
A Res(P, 03P, 0,P) = Res(X101P,05P,0,P)
= Res(Xl, 83P, GQP)Res(alP, 63P, GQP)
A% —34+3Reg (0, P, 93 P, X )Disc(P)
and by substitution in @) and simplification by Res(02 P, 93P, X1) and d?~2, we
get that
Up,oDisc(P, 03 P) = Disc(P)Res(P, 3P, 03 P)
so that
UoﬁoDiSCX2 (RCSXS (P(l, XQ, Xg), 83P(1, XQ, Xg))) = DISC(P) X
Res(P, 03P, 03P) x Resx,....x, (P(X3),0x,.x,(P), 03 P(X3), 0x;.x, (03 P)).
On the other hand,
])iSCX2 (I{GSXS (P(l, XQ, Xg), 83P(1, XQ, Xg)))
])iSCX2 (UQQDiSCXS (P(l, XQ, Xg)))
= Uy "V UDiscx, (Discx, (P(1, X2, X3)))
= U2 ~2"2Discx, (Discx, (P(1, X2, X3)))
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since Discy, (P(1, X2, X3)) is of degree d(d — 1) in X5 and the discriminant of a
polynomial of degree D is homogeneous of degree 2 (D — 1) in its coefficients. The
claimed formula then follows immediately.

Concerning the degree, observe that Discx, (P (1, X2, X3)) has coefficients of de-
gree 2(d — 1) in the coefficients of P. The discriminant of a polynomial of de-
gree D being homogeneous of degree 2 (D — 1) in its coefficients, we obtain that
Discy, (Discx, (P(1, X2, X3))) is of degree

2(d(d—1) —1) x 2(d — 1) = 4(d — 1)(d* —d — 1)
since the degree of Discx, (P (1, X2, X3))) in Xg is D = d(d — 1). O

In the factorization of Discx, (Discx, (P)) given in this proposition, we only know
that the factor Disc(P) is known to be irreducible in U. The remaining of this
section is devoted to the study of the full factorization of the two other factors. We

begin with the study of the factor appearing in Proposition @ which corresponds
to the resultant of P, its first and second derivatives with respect to X3.

Lemma 6.2. Let S be a commutative ring and suppose given a linear form L =
a X1+b Xo+c X3 € S[X1, X, X3] and a homogeneous polynomial Q € S[X1, X2, X3]
of degree d — 1 > 2. Then

Res(LQ, 85(LQ), 82(LQ)) = 221 DB 4=1Res(L, Q. 85(Q))* xRes(Q, 85(Q), 92(Q)).
Proof. Tt is a straightforward computation using the properties of the resultants:
Res(LQ,03(LQ),03(LQ)) = Res(LQ,cQ + Ld3(Q),2c05(Q) + LI3(Q))
= Res(L,cQ,2c03(Q)) x
Res(Q, L 05(Q),2¢05(Q) + L 05(Q))
= 2712 Res(L, Q, 05(Q))Res(Q, L, 2¢05(Q)) %
Res(Q, 95(Q), L 03(Q))
_ 22(d71)62d73+d71Res(L7Q,aBQ)QX
RGS(Q, 83 (Q)v L)RGS(Q, 83 (Q)a a32 (Q))
_ 22(d*1)c3d*4Res(L,Q,33(Q))3 X
Res(Q, 83(Q), %3(Q))-

Proposition 6.3. The following equality holds in U:
Resx,.xy:x, (P, 03P, 05 P) = 2" VU [ §(P)
where F(P) is an irreducible homogeneous polynomial in U of degree 3d(d — 2).
Proof. We rewrite P as
P=UpoX$+ a1 X§ 4+ +cgoX?+ca1Xz+ca

where the ¢;’s are homogeneous polynomials in U[X7, X5] of degree i respectively;
we have

BP = dAooX{ 4+ (d—1)a X824 4204 9X5 4 ca,
2P = d(d—1)Up X2 4 (d—1)(d—2)er X$73 4 -+ + 2¢q_o.
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Consider the incidence variety
W= {(z1: 72 : 23) % (a; ;) € P? x AYIFD/2 gych that P = 85 P = 03P = 0}

whose canonical projection onto the second factor, i.e. by mo : W — Add+1)/2 g
the variety of pure codimension one defined by the equation Res(P, 93P, 95 P) = 0.
Considering the canonical projection onto its first factor m; : W — P2, which is
surjective, we observe that 777 *(0: 0 : 1) is the hyperplane {Up o = 0} in Ad(d+1)/2
and that 77 '(z1 : 2o : x3) is a linear space of codimension 3 in Ad(d+1)/2 jf
(r1 12 :23) # (0:0:1) € P? (just observe that in this case the three conditions
cqg =0,c4-1 =0,cq—_2 = 0 are non trivial and that d3P does not depend on ¢4 and
that 93P does not depend on ¢4 and cq—1). It follows that W = Wy U W3 where
Wy is the irreducible variety defined by {Upo = 0} and Ws, which is the closure
of the fiber bundle 7y *(P2\ (0: 0: 1)) — P2\ (0:0: 1) in P2 x Add+1/2 g
an irreducible variety of codimension 3. We deduce that 72 (W) is the union of two
irreducible varieties: ma(Wy) whose defining equation is {Up o = 0} and ma(Ws).
Therefore, we obtain that, in U,

Res(P, 05 P, 92P) = c(d)Us'S" R,

where ¢(d), a(d), r(d) are all positive integers (in particular, they are nonzero) which
may only depend on d, the degree of P, and Ry is an irreducible polynomial in U. In
order to determine ¢(d), a(d), r(d) we will use a particular specialization and some
properties of the resultants.

First, it is easy to check by hand (or with a computer), that the case d = 3 gives,
in U,

Res(P, 03P, 05 P) = 2°U§ (3 (P)
where F(P) is an irreducible polynomial. Moreover, if ¢ denotes the homogeneous
specialization which sends all the coefficients of ¢4 to 0, we have ¢(P) = X5@Q,
where @) is a generic homogeneous polynomial of degree d — 1. By Lemma @, we
get
d(Res(P, 93P, 02 P)) = 22~ YRes(Q, 33Q, X3)*Res(Q, 33Q, 02Q).

So, if we proceed by induction on the integer d, we obtain
¢(Res(P,0sP,03P)) = 2%"VRes(Q, 03Q, X5)* x 2 V=275 (Q)
217U Res(Q. 93Q, X3)*F(Q)

where we notice that Res(Q, 95Q, X3) = Res(cq—1, ca—2) is an irreducible polyno-
mial in U (it is the resultant of two generic homogeneous polynomials) which does
not depend on Up. Since we must also have

$(Res(P, 85 P, 93 P)) = c(d)Us  o(F(P))"@
we deduce by comparison that, for all d > 3,
e ¢(d) divides 24@—1),
e r(d) = 1 (since the specialization of R4 by ¢ produces an irreducible and
reduced factor),
e a(d) <2.
It is easy to see that 2 divides 02 P and hence that 24(4=1) divides Res(P, 03 P, 03 P).

This implies that 2¢(4=1) divides ¢(d) and hence, since we already noted that ¢(d)
divides 24(d—1), e(d) = 24(d=1) " Ty conclude the proof, it remains to show that



36 L. BUSE AND B. MOURRAIN

a(d) > 2 for all d > 3, that is to say that U&O divides Res(P,d3P,03P) in U.
Moreover, it is sufficient to show that Ug o divides

R := Res(d(d — 1)P, (d — 1)03P, 93 P)
since
Res(d(d—1)P, (d—1)d3 P, 02 P) = d(d—1)4=D4=2) x (d—1)4=2) x Res(P, 93 P, 92 P).
Using Euler identity several times, we get
R = Res((d—1)X10,P + (d — 1) X205 P, (d — 1)03P, 05 P)
= Res(X{07P +2X1X2010oP + X305P, X10103P + X20203P, 05 P).
It is clear that 93P € (X1, X2,Up 0X3) and that
X10103P + X20203P € (X1, X2) C (X1, X2, Up 0 X3).

Moreover, X12612P + 2X1X5010:P + X%@%P (S (Xl,X2)2 C (Xl,XQ, UO,0X3)2.
Therefore, the divisibility property of resultants implies that

Res(X1, X2, Uy 0 X3)?* ! divides R,

and since Res(X1, X2, Up 0X3) = Up, we are done.
Finally, the degree of F(P) in the coefficients of P is given by the formula

dd—1)4+d(d—-2)+(d—-1)(d—2)—2=3d(d—2).
O

We now turn to the study of the third factor appearing in the factorization of
Discx, (Discx, (P)) in Proposition f.1]
Proposition 6.4. Assuming that d > 4, we have the following equality between
homogeneous polynomials in U of degree 2(d — 1)(2d? — 4d + 1):

2d(d_l)l%es)(l:m:)(4 (Pa 6374Pa 83Pa (63,463)P) =

Resx, .xy: x4 (P, 03P, 03 P)* x Resx, .....x, (P, 03P, 63 , P, (65 405 — 263 ,) P).

Proof. Using known properties of resultants and equalities (2.4) and (.7), we get
the equalities

Res(P, 634P, 03P, 03405P) = Res(P, 03P + (X4 — X3)63 4P, 03P, 63,405 P)
= Res(P, (X4 — X3)83 4P, 03P, 65405 P)
= Res(P, (X4 — X3),05P,83.403P) x

Res(P, 63 4P, 03P, 03P + (X4 — X3)83 4,05 P)
= Res(P, 03P, 05P) x

Res(P, 03 4P, 0sP, 03P + (X4 — X3)83 ,05P).

Let us denote

S(P) :=Res(P, 03 4P, 03P, 03P + (X4 — X3)83 4,05 P).
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Since 93 P = 263 , P — 2(X4 — X3)d3 , P in U, we deduce that, in U,
2Ud=D=2)§(P) = Res(P,203 4P, 03P, 03P + (X4 — X3)83 405 P)
= Res(P,265 4P, 0sP, (X4 — X3)(03 405 — 203 4) P)
= Res(P, 263 4P, 03P, (X4 — X3)) x
Res(P, 263 4P, 03P, (63 4,03 — 203 4)P)

P, 03P, 03P, (X4 — Xg))

P, 263 4 P, 03P, (65 403 — 263 4) P)

= 2Ud=DUE=3)Res(P, 92 P, 03 P )

Res(P, 03 4P, 05 P, (63 405 — 263 ,) P).

Res(
Res(

Therefore, we have

2Ud=VRes(P, 83,4 P, 3 P, (03,403) P) = Res(P, d3 P, D2 P)*x
Res((P, 03P, 63 4 P, (63 405 — 203 4)P).

The claimed formula for the degree of Res(P, 3 4P, 03P, (d3,403)P) follows imme-
diately by specialization of the formula given in Lemma @ O

As a consequence, to get the full factorization of Discy, (Discx,(P)) it only
remains to study the factorization of the term

R(P) := Resx,:...x, (P, 03P, 85 , P, (65 ,05 — 263 ,) P)
whose degree in the coefficients of P is
2 (d—1) (2d*—4d+1)—2(d (d—1)+d (d—2)+(d—1) (d—2)) = 2 (2d—3) (d*—3d+1).
This is the aim of the next proposition. We begin with two technical lemmas.

Lemma 6.5. Let S be a commutative ring and suppose given a linear form L =
a X1+b Xo+c X3 € S[X1, X, X3] and a homogeneous polynomial Q € S[X1, X, X3]
of degree d — 1 > 2. Then
Resx,:..x, (LQ, 85(LQ), 03,4(LQ), 65 105(LQ)) = 224D 2d=1Bd=5)
Resx, .xy: x5 (L, Q, 03Q)% x Resx,.....x, (L(X4), Q, 05Q, 65 ,Q)* x
Resx,:...x, (Q,034Q, 03Q, 03 403Q).
Proof. Set P := LQ. Applying (@) with P, = 95(P) and
03P(X4) = 03P (X3) + (X4 — X3) 03,405 P,
we obtain the decomposition
(6.3) Res(P, 05(P), 03,4(P), d3,403(P))
= 97D Res(L(X4), Q(X3), 93(P), 83,405(P))? x
Res(Q, 3,4(Q), 95(P), 63,405(P))
= (d"VUE=2) R2 R,
Using the relations
93(P) = 03(L)Q+ Los(Q),
03,403(P) 03(L) 03,4(Q) + 63,4(L) 03(Q) + L(X4)03.403(Q),



38 L. BUSE AND B. MOURRAIN

we can decompose further the previous expressions:

Ry := Res(L(X4),Q, 03(P), 3 403(P))
= Res(L(X4),Q,L3(Q),03(L)d34(Q

(L ) +05,.4(L) 35(Q))

= Res(L(X ) Q L,c34(Q) +c05(Q))
(L )

@

X Res(L(X4),Q,03(Q), cd34(Q))
+95(Q))) %
)

= Res(L(X4),Q,c (X3 — X4),c(03,4(Q
=t 2>Res< (X1),Q,05(Q), 3.4
— D@2 Reg( L, Q, 205(Q)) X
D2 Res(L(Xa), Q. 95(Q), 85,4(Q))
= 28-1d=DZ=3Reg(L, Q, 33(Q)) x Res(L(X4), Q,3(Q), d3.4(Q)).
Now, using the relation d54(Q) = 93(Q) + (X4 — X3)d3 4(Q), we have
(6.4) Res(Q,05(Q), 03,4(Q), L(X4))
= Res(Q,83(Q), (Xa — X3) 53,4(Q), L(X4))
= Res(L,Q,33(Q)) x Res(Q,5(Q), 03 4(Q), L(X4))-
We deduce that
Ry = 2771 "D Res(L, Q, 05(Q))? x Res(Q, 95(Q), 63 4(Q), L(X4)).
Similarly, we have
Re = Res(Q 03,4(Q), 03(P), 63,403(P)
= Res(Q,034(Q), L 05(Q),03.4
= Res(Q,03,4(Q), L, 03,4(L)03(Q) + L(X4) 03,495(Q)) x
Res(Q, 65,4(Q), 95(Q), L(X4) 03,403(Q))
= Res(Q,034(Q), L, c05(Q)(X4)) x Res(Q, 03,4(Q), 03(Q), L(X4))
xRes(Q, 03,4(Q), 05(Q), 03,405(Q))
= 4DUE2DRes(Q, 35(Q), 03.4(Q), L(X4))? x
Res(Q, 03,4(Q), 03(Q), 03.403(Q)),

)
Q 3,4(L)03(Q) + L(X4) 03,405(Q))
Q
Q
Q

since
c053(Q) + L(X4)03,405Q — L(X3) 03,405(Q) = c03(Q)(X4),
and

Res(Q,03.4(Q), L, 05(Q)(X4)) = Res(Q, 95(Q), 03.4(Q), L(X4)).
using the relation (6.4), we deduce that
Ry = "V 2 Res(L, Q, 03Q)* x Res(L(X4), Q, 95Q, 63 4,Q)*
Res(Q, 65,4(Q), 95(Q), 65,405(Q)).

By (E), squaring R; and taking the product with Ry and ¢(=1(4=2)  we obtain
the expected decomposition. (I

Lemma 6.6. Let S be a commutative ring and suppose given a linear form L =
aX1+bXo+c X5 € S[X7, Xo, X3] and a homogeneous polynomial Q € S[X1, X2, X3]
of degree d — 1 > 2. Then

R(LQ) = S =2+ 18 Res(L(X4), Q, 85(Q), 63 ,(Q) R(Q).
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Proof. Set P := L(Q. By Proposition @ and Lemma @, we have
244"V Res(P, d3,4(P), 05(P), 85,405(P))
= Res(P,05(P),95(P))*> R(P)

= (22006 Res(L, Q. 05(Q))* Res(Q. 05(Q). 33(Q))) R(P)

= 21 USSRes(L, Q, 85(Q))° Res(Q, 35(Q), 93(Q))* R(P).
Moreover, by Lemma @ and Proposition @ we also have
Res(P, 63,4(P),d3(P), 63,403(P))
22001 2d=DBI=5)Res (L, Q, 05Q)° Res(L(X4), Q, 95(Q), 05 ,(Q))* x
Res(Q, 03,4Q, 05Q, 03,405Q)
= 271 NREVEIRes(L, Q, 05Q)° Res(L(Xa), Q. 05(Q), 65 4(Q)) "
Res(Q, 05Q, 95Q)*R(Q)

and the claimed formula follows by comparison. (I

Proposition 6.7. Assuming that d > 4, we have
R(P) = Ugg "™ "u(P)?,
where $U(P) is irreducible in U of degree 2d (d — 2) (d — 3).
Proof. We first prove that Ugﬁ%(d_l)_fs divides R(P) in U. Gathering the results of
the propositions @, @, @ and @ we obtain the following equality in U:
(6.5)
U2N=D=pise x, (Discx, (P(1, Xa, X3))) = Up oDiscx, . x,:x4 (P)F(P)*R(P).

)

In order to prove that U027Cé(d71)76 divides R(P), it is thus sufficient to prove that
Uop,o divides Discx, (Discx, (P(1, X2, X3))). Rewrite the polynomial P as

P = onng + ad,ngfl + e + a1X3 + an

where the a;’s are homogeneous polynomials in X7, X». If one specializes Up g to 0
then P specializes to a polynomial of degree d—1 in X3 and hence, by a well-known
property of discriminants we have

l)iSCX3 (P(l,XQ, Xg)) = (71)dad,1(1,X2)2DiSC/X3 (P(l,XQ, Xg))

where Disc’X3 (P(1, X2, X3)) denotes the discriminant of P as a polynomial of degree
d — 1 (and not d). But then, the discriminant with respect to Xs of the above
quantity equals 0 since it contains a square factor. This implies that Up o divides
])iSCX2 (DiSCXS (P(l, XQ, Xg)))

Observe now that by Proposition .4 and Proposition 6.4, R(P) is a square and
hence can be decomposed as

R(P) = C(d)2U§1%(d_1)_6 9{? r1(d) (P) 9{3 r2(d) (P) - R, (P)2 rs(d)7

where RR;(P) are irreducible polynomials and ¢(d) € Z. As we did several times, we
will prove the claimed factorization by induction on the degree d of P. For d = 4,
we find by explicit computation that

R(P) = 2°Uy3uU(P)?



40 L. BUSE AND B. MOURRAIN

where U(P) is an irreducible polynomial in U of the expected degree. Assume that
for a generic polynomial @ such that deg(Q) < d, we have

R(Q) = Uoo(@)*"~ M 270(Q)?
where (@) is an irreducible polynomial of bi-degree (0,2(d — 1)(d — 3)(d — 4)) in

(L, Q).
Consider the specialization ¢(P) = L @ where L and @ are generic polynomials
of degree 1 and (d — 1) respectively. We denote by c, resp. Uy, the coefficient of

X3, resp. X§71, of L, resp. Q. Each factor ¢(9%;) must decompose into a product
of irreducible factors such that the degree in the coefficients of L is equal to the
degree in the coefficients of ). By Lemma @, we have

R(LQ) = S¥ =248 Res(L(X4), Q, 05(Q), 63.4(Q)) ' R(Q)
and by Proposition @, we have
Res(L(X4), Q,05(Q), 03 4(Q)) = Uy '%(Q, L)

where ¥(Q, L) is irreducible of degree ((d — 1)(d — 2)(d — 3),(3d — 4)(d — 3)) in
(L, Q). Using now the induction hypothesis, we deduce that

R(LQ) _ ch2722d+18Ué‘,10(d—1)+2(d—1)(d_2)_6T(Q7L)4u(Q)2
= SETREBETITT(Q, L u(Q)?
2d(d—1)—6 _ —
_ (CUé,O) ( ) C4(d 2)(d B)S(Q,L)ZLH(Q)Q

An explicit analysis, as the ones we did several times before in this paper, shows
that the product c2(4=2(@=3)F(Q, L)24(Q) must comes from the same factor R;(P).
Indeed, counting 1 for the degree of a coefficient of L and —1 for the degree of a
coefficient of @, the degree of a term /T (Q, L)*U(Q) with [ < 2(d — 2)(d — 3) is at
most
2(d—2)(d—3)+k((d—1)(d—2)(d—3)— (3d—4)(d—3)) —2(d—1)(d— 3)(d — 4)
=2(d — 3)(d* — 6d + 6)(k — 2).

which is < 0 for £ = 0,1 with d > 5 and 0 for k£ = 2. This proves that for d > 5, any
sub-product c2(4=2(1=3)F(Q, L)2U(Q) has not the same degree in the coefficients
of L and @, except when k = 2 for the product of all terms. We deduce that $4(P)
is irreducible, which concludes the proof of the proposition. (I

Gathering all our results, we get the following theorem:
Theorem 6.8. Assuming that d > 4, we have the equality in U
Discx, (Discx, (P(1, X2, X3))) = Up0 Discx, . x,.x, (P) §(P)> L(P)>.

The iterated discriminant Discx, (Discx, (P (1, X2, X3))) is homogeneous with re-
spect to the set of coefficients U; j of degree 4 (d — 1) (d*> —d —1).

Proof. Tt is a direct consequence of (@) and Proposition @ (I

Corollary 6.9. Given a polynomial f(x,y,z) of the form

fxyz)= > aaixy'2 € SKy, 2,
la|+i+ji<d
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where x denotes a set of variables (x1,...,xy) for some integer n > 1 and S is any
commutative ring, the iterated discriminant Discy(Disc,(f)) € S[x] has degree at
most d(d — 1)(d?> —d — 1) in x. If the polynomial f is sufficiently generic and S is
an infinite field, we have

Disc, (Disc. (f)) = ao,0.a Discy . (f) F(f)® U(f)2.
where
e Disc, .(f) is an irreducible polynomial in x of degree d(d —1)?2,
o F(f) is irreducible in x of degree d(d — 1)(d — 2) and we have the equality
Resy - (f,0.1,02f) = 290"V ag o, F(f).
e $U(f) is an irreducible polynomial in x of degree +d(d — 1)(d — 2)(d — 3),

2
such that
Resy,z,Z’(fa 5z,z’(f)a 0. f, 52,2’(82f)) = ag,O,dg(f)Qu(f)2
and also

Resy.. o (f, 0. 1,02 (f), (82,85 — 263 L) f) = agny V=0u(f)2.

Remark 6.10. In the decomposition formula given in the above corollary, we can
replace Discy, . (f) by a resultant up to the constant factor a(2),0, g
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