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Abstract

In this paper, we analyze the result of applying iterative univariate resultant constructions to
multivariate polynomials. We consider the input polynomials as generic polynomials of a given
degree and exhibit explicit decomposition into irreducible factors of several constructions involv-
ing two times iterated univariate resultants and discriminants over the integer universal ring of
coefficients of the entry polynomials. Cases involving from two to four generic polynomials and re-
sultants or discriminants in one of their variables are treated. The decompositions into irreducible
factors we get are obtained by exploiting fundamental properties of the univariate resultants and
discriminants and induction on the degree of the polynomials. As a consequence, each irreducible
factor can be separately and explicitly computed in terms of a certain multivariate resultant. With
this approach, we also obtain as direct corollaries some results conjectured by Collins [] and
McCallum [] which corresponds to the case of polynomials whose coefficients are them-
selves generic polynomials in other variables. Finally, a geometric interpretation of the algebraic
factorization of the iterated discriminant of a single polynomial is detailled.

1 Introduction

Resultants provide an essential tool in constructive algebra and in equation solving, for projecting the
solution of a polynomial system into a space of smaller dimension. In the univariate case, a well-known
construction due to J.J. Sylvester (1840) consists in eliminating the monomials 1,x,...,2™*"~! in
the multiples

(@' P(x))o<icn—1, (¢! Q(x))o<j<m—1,

of two given polynomials P, Q) of degree m and n, and in taking the determinant of the corresponding
(m +mn) x (m + n) matrix. Though the first resultant construction appeared probably in the work
of E. Bézout [Béz79 (see also Euler’s work), and although contemporary to related works (Jacobi
1835, Richelot 1840, Cauchy 1840, ... ), this method remains well-known as Sylvester’s resultant. It is
nowadays a fundamental tool used in effective algebra to eliminate a variable between two polynomials.

It is a natural believe that equipped with such a tool which eliminates one variable at a time, one
can in several steps eliminate as many variables as one wants. This approach was actually exploited,
for instance in , to deduce theoretical results (such as the existence of eliminant polynomials)
in several variables. However, if we are interested by structural results as well as by practical com-
putation or by complexity issues, this approach is far from being optimal. This explains the study
and development of different types of multivariate resultants, including projective [Mac03, fou91],

anisotropic [Jou9], foudd], toric [[GKZ94, [EC93, [D’A0]], residual [Bus01, BEMOI], determinantal
[Bus04] resultants.

Nevertheless, in some algorithms, such as in Cylindrical Algebraic Decomposition (CAD), an induc-
tion is applied on the dimension of the problems and iterated univariate resultants and subresultants
are used at many steps of the algorithm [|Col74, . In its original paper on quantifier elimination




for real closed fields by cylindrical algebraic decomposition ], Collins used these iterated resul-
tants in a geometric context and observed certain intriguing factorization properties that “suggest
some theorems” , p.178]. The same year, 1975, Van der Waerden responded to these observa-
tions in an handwritten letter where he gave some intuitive hints for some of the phenomena noticed
by Collins. Then, more recently McCallum [McC99] proved rigorously that certain iterated resultants
have some irreducible factors, but he only showed the existence and did not give a way to compute
them independently.

From a geometric point of view, we are interested by the solutions of equations depending on some
parameters and by analyzing what happen “above”, when we move these parameters. The number of
solutions might change if we cross the set of points where a vertical line is tangent to the solution set
(that is to the polar variety in the vertical direction). This polar variety projected in one dimension
less, might have singularities where the number of solutions changes effectively or which are only due
to the superposition of distinct points of this polar variety. These critical points of the polar variety of
an algebraic surface f(r,y,2) = 0 of R? are used effectively in algorithms for computing the topology
of the surface (see e.g. [MT0J]). The projection of the polar curve (say on the (z,y)-plane) is obtained
by a discriminant computation and the critical points of this projected curve are again computed by a
discriminant computation. These values are then used to analyze where the topology of a plane section
is changing in order to deduce the topology of the whole surface f(z,y, z) = 0. Similar projection tools
are also implicitly used in higher dimension for the triangulation of hypersurfaces (see e.g. [Har717]),
which leads in the algebraic context to univariate resultant computation (see e.g. [Cos02, BPR03|)

One of our objective is to show how these critical points corresponding generically to folds, double
folds or pleats of the surface can be related to explicit factors in iterated resultant constructions. The
main results of this paper are complete explicit factorizations of two times iterated univariate resultants
and discriminants of generic polynomials of given degree. We actually give the decomposition of these
iterated resultants over the integer universal ring of coeflicients of polynomials of given degree. Such a
formulation has the advantage to allow the pre-computation of a given factor. It has direct application
in topology computation of algebraic surfaces, which was our starting point.

Our approach is based on the study of these iterated resultants in generic situations. Most of
the interesting formulas are obtained by suitable specialization of this case, specialization that we
can perform using the formalism of the multivariate resultant as it has been described by Jouanolou
. It should be noticed that this approach can be pushed further to study more particular
situations (corresponding to other type of multivariate resultants) that we did not consider in this
paper, but which could be interesting for specific applications.

The paper is structured as follows. In the next section, we recall the definitions and main properties
of resultants and discriminants that we will use. In section 3, we consider the computation of iterated
resultants of 4 and then 3 polynomials. In section 4, we analyze the iterated computation of resultants
of discriminants, first the resultant of the discriminants of two distinct polynomials P;, P> and next
the resultant of the discriminant of P; and the resultant of P;, P». We here extend the previous work
] and prove some properties conjectured by Collins and McCallum. In section 5, we study the
discriminant of a resultant, simplifying the proof and also extending some results of ] These
developments are used in cascade to provide, in section 6, the complete factorization into irreducible
components of a discriminant of a discriminant for a generic polynomial. These new results have direct
corollaries for polynomials whose coefficients are themselves generic polynomials in other parameter
variables, which we provide.

2 Background material and notation

In this section we give the notation and quickly present the tools, as resultants and discriminants,
that we will use all along this paper.



2.1 Resultants
2.1.1 The univariate case

Let S be a commutative ring (with unity) and consider the two polynomials in S[X]
F(X) = amX™ + am1 X™ o +ag, g(X) =b, X"+ by 1 X"+ by,

where a;,b; € S, and m and n are both positive integers. Their resultant (in degrees m,n)! that we
will denote Resx (f,g), is defined as the determinant of the well-known Sylvester matrix

am 0o - 0 bn, 0 0
Am—1 Qm bn_1 R 0
0 bn
ag Am, bl bnfl
0 Qm am—1 bO
. . . 0 . by
0 s 0 aon 0 0 bo

We emphasize that the notation Resx (f, g) denotes the resultant of f and g with respect to the variable
X as polynomials of their ezpected degree, which is here m and n respectively. It is important to keep
this in mind since the closed formulas we will prove in this paper are using this convention; see remark

E for an illustration.
This “eliminant polynomial” has a long history and many known properties. One can learn about

it in many places in the literature, for instance [CLO9§, [Lan03]; see also [GKZ94, chapter 12] and

IAJO]] for a detailed exposition. In the sequel we will especially use the following properties:
e Resx(f,g) belongs to the ideal (f,g) C S[X],
e Resx(f,g) is homogeneous of degree n, resp. m, in the a;’s, resp. in the b;’s,

e Resx(f,g) is (quasi-)homogeneous of degree mn if we set deg(a;) :==m —i and deg(b;) :=n—j
foralli=0,...,mand j=0,...,n.

We also recall the definition of the principal subresultant of f and g that we will use later on.
It is defined as the determinant of the above Sylvester matrix where the two last lines and columns
number n and n + m are erased; more precisely

am 0 - 0 0 by 0 0 0
Um-1  m : N | 0
S ame1 -0 0 : by, 0
as A, 0 brn—1 by
SRes\(f,9) ==det |, as Gm—1  Gm by L ba
ag ai Am—1 by :
0 LT : bo - by
: . ai a9 0 L by ba
0 . 0 ag ai 0 0 bo by

(it is a square matrix of size (m +n — 2) X (m 4+ n — 2)). Note that the subresultants shares a lot of

properties with the resultants; we refer the interested reader to [AJO4].

INote the dependence on the degrees m,n can be avoided if one considers homogeneous polynomials.



2.1.2 The multivariate case

All along this paper we will also use resultants of several homogeneous polynomials; we now quickly
recall this notion. Although they are usually defined “geometrically” (as equations of certain hyper-
surfaces obtained by projection of an incidence variety), we will follow the formalism developed by
Jouanolou [ because it easily provides many properties of resultants.

Suppose given an integer n > 1, and a sequence of positive integers dy, ..., d,. One considers the
n “generic” homogeneous polynomials of degree dy,...,d,, respectively, in the variables Xi,..., X,
(all assumed to have weight 1) :

filXn, . Xp) = Y UiaX® i=1,...,n.
\a|:di

Denoting U := Z[U; o : ¢ = 1,...,7,|a| = d;], the polynomials fi,..., f, belongs to the ring C :=
U[X4,...,X,]. The ideal of inertia forms of these polynomials is the ideal of C

TFm(fi,. s fn) ={feC:weNm"f C(f,...,fn)} CC

where m := (X1, ..., X,,) C C. It is naturally graded and it turns out that its degree zero part, denoted
TFm(f1,---, fn)o, is a principal ideal of U and has a unique generator, denoted Resxy,.....x, or simply

Res, which satisfies
Res(X®, ... X)) =1, (1)

To define the resultant of any given n-uples of homogeneous polynomials in the variables X,..., X,
(and also to clarify the left side of the equality ([])) one proceeds as follows: Let S be a commutative
ring. For all integer ¢ € {1,...,n}, suppose given a homogeneous polynomial of degree d; in the
variables X1,..., X,

gi= Y uaX*€S[X,..., X,
|O¢‘:di

and consider the morphism 6 : U — S : U; o = uj which corresponds to the specialization of

the polynomials f; to the polynomials g;. Then, for any inertia form a € TFy(f1,..., fn) we set
a(g1,-..,9n) := 0(a). In particular, the resultant of g1, ..., g, is nothing but

Res(gla < 7gn) = G(Res(flv . 7f’n>)

Also, if S =TU and 6 is the identity (i.e. g; = f; for all i), then we get a = a(f1, ..., f») which clarifies
the notation Res(f1,..., fn) for the inertia form Res € U.

Resultants have a lot of interesting properties. We recall the ones we will use in the sequel and
refer the reader to , 85] for the proofs. Mention that many formulas are known to compute
these resultants explicitly (e.g. [Mac0g], [Poud7, [GKZ94], [CLO9Y and the reference therein).

Let S be any commutative ring and suppose given f1,..., f, homogeneous polynomials in the
polynomial ring S[X1, Xo, ..., X,,] of positive degree ds, ..., d, respectively.

e homogeneity: for alli =1,... . n, Res(f1,..., fn) is homogeneous w.r.t. the coefficients of f; of
degree d; ...d, /d;,

e quasi-homogeneity: Res(f1,..., fn) is quasi-homogeneous of degree d; ...d,, by giving to each
coefficient of the f;’s the power of its corresponding monomial in the variable X,,,

e permutation of variables: Res(fy(1),-- -, fon)) = (E(0))%IRes(f1,..., fn) for any permuta-
tion o of the set {1,...,n} (£(o) denotes the signature of the permutation o),

e clementary transformations: Res(f1,..., fi + Zi# hifjs-ooy fn) =Res(f1,---, fn),
i multzplzcathty Res(f{ {Iv f?a e fn) - ReS(f{, f27 RS fn)ReS( {Iv f?a e fn)



e base change formula: if g1, ..., gn are homogeneous polynomials in S[X] of the same positive de-
n—1
gree d’ then Res(fl(glﬂ s agn)a L 7fn(g15 cee 7971)) = Res(glﬂ e 7gn)d1maneS(f1’ ety fN)d )

o divisibility formula: if ¢1,...,g, are homogeneous polynomials in S[X] such that for all i =
1,...,n there exists an integer y; such that f; € (g1,...,gn)"* then Res(g1,...,gn)" #n divides
Res(f1,..., fn) in S.

In the following, we are going to consider resultant computation for eliminating a subset X;,,..., X;,
of the variables. Such a resultant, obtained by considering the homogenization of the polynomials
with respect to this variable subset, will be denoted hereafter Resx,, X, - With this notation, for
homogeneous polynomials f1,..., f, € S[X], we have

.....

Relet...;Xn (fl; .. 7fn> = ResX2 ,,,,, X, (fl(l,XQ, e ,Xn>, ey fn(l,XQ, e ,Xn))

2.2 Discriminants

Given a polynomial
P(X):=aX"+a X" '+ +an_1X +a, € S[X]

where n > 1 and S is any commutative ring, we recall that the discriminant of P, denoted Discx (P),
satisfies the equality

agDiscx (P(X)) = Resx (P(X),0x P(X)) = Resx (0x P(X), P(X)). (2)

Its properties follow immediately from the ones of the resultant. In particular, its degree in the
coefficients of P is 2(d — 1). Note that in our notation the polynomial P is seen as a polynomial of
its expected degree, here n, as we did for the resultant. Indeed, in (E) the considered resultants are
in degrees (n,n — 1) and (n — 1, n) respectively.

Given a homogeneous polynomial P(X7, X2, X3) = Z\a|:d Ua X7 X352 X5" of degree d, its discrim-
inant is the polynomial in the universal ring of coefficients U := Z[U,; |a| = d], denoted Discx, . x,:x, (P)
or simply Disc(P), which satisfies

(i(i273’(1Jr3])iS(‘,)(l;XZ;XS (P) = Rele:X2:X3 (81P, 82P, (93P> (3)

It is an irreducible polynomial in U which is homogeneous of degree 3(d — 1)? in the U,’s. Note that
we also have the following equality in U:

ReSchXszg (81P, 82P, P) = l)iSC)(I:)(2;)(S (]D)DiSC)(2;)(S (P(O, XQ,Xg))
= DiSCchXZ:Xg (]D)DiSCXS (P(O, 1,X3)>.

Finally, we also recall that being given two homogeneous polynomials P; and P, in the variables
X1, X2, X3 of degree di, ds respectively, their discriminant is defined by the formula [Kru39

Resx,:xy:x5 (P1y P2, 02 P1O3 Py — 02 P03 Py)

elU
ReSX1:X2:X3(P17P27X1)

Discx,:x,:x5(P1, P2) =

where U denotes the universal ring of coefficients of P, and P, over Z. It is an irreducible polynomial
in U which is homogeneous with respect to the coefficients of P; of degree da(2(d; — 1) + d2 — 1) and
homogeneous with respect to the coefficients P> of degree dy(2(ds — 1) +dq — 1).



2.3 Notations

In the sequel, we will mainly manipulate polynomials in the three variables X7, Xo and Xj3. Let
S be a commutative ring, for any polynomial P(X;, X2, X3) € S[X1, Xs, X3], introducing a new
indeterminate X4 we will denote d3 4(P) := P(Xl’XZ’);z:;;iX“XQ’X“) € S[X1, X2, X3, X4] so that we
have

P(Xy,X2,X4) = P(X1,X2,X3) + (X4 — X3)d34(P).

More generally, we define (over Z and then over S by specialization) 5@14P as the unique polynomial
such that

P(X1,X5,X4) = P(X1, X2, X3) + (X4 — X3)03P(X3) +---+
1
(i—1)!

or equivalently by & ,P = 37, -, (X4 — X3)k105 P(X3). This definition can be extended to any
variable. We denote by 53 ; the corresponding operation, X; playing the role of X3, and X; the role

of X,4. If the indices i, j are omitted, we implicitly refer to the variables X3 and X4. By convention,
0iiP = 0; P and 03 4P x,—x, = 03P. Similarly, we have

(X4 — X3) 71057 P(X3) + (X4 — X3)'65 4, P

S uPxmx, = 5O4P. (®)
From these definitions we deduce that
§34P = 03P(X3)+ (X4 — X3)83 4P, (5)
BaP = SORP(Xs)+ (Xa— X5)o,P (6)
= ﬁ (P(X1, X2, X3) — P(X1,X2,X4) — (X4 — X3)05P1 (X1, X2, X3)) .

Here are some properties that we will use: for any polynomials L, @), we have

034(L Q) = 634(L)Q(X3) + L(X4)d34(Q), (7)
85,LQ) = 635,(L)Q(Xs)+ d34(L) d5(Q)(X3) + L(X4) 85 4(Q). (8)

To prove (f]), we remark that
L(X3)Q(X3) — L(X4)Q(X4) = Q(X3)(L(Xa) — L(X3)) + L(Xa)(Q(X4) — Q(X3))

and divide by (X4 — X3) to get the formula. To prove (E), we substitute (E) in the previous relation
and obtain

(Xa—X3)05(LQ)+(Xa—X3)203 4 (QL) = (Xa—X3)(95(L)Q(X3)+L(X3) 05(Q))+(Xa—X3)?53 4 (QL)
= Q(X3) (X4 — X3)05(L) + (Xa — X5)%05 4(L)) + L(Xa) (X4 — X3) 05(Q) + (X4 — X3)%55 4(Q))
so that
(Xa—X3)%03 4(QL) = (Xa—X3)?63 4 (L) Q(X3)+(Xa—X3)(L(X4)—L(X3)) 05(Q)+(Xa—X3)? L(X4) 03 4(Q),

from which we deduce the relation (§).

Notice that we will very often omit variables X; and X5 in the sequel, especially in the proofs to
not overload the computations and the text.



2.4 A Bertini’s lemma

The elimination of the variables X1, X5, X3, X4 between polynomials constructed from the polynomials

Py (X1, X2, X3) = Z Ui(ﬁl;)X{Xng"_i_j € U[Xy, X2, X3), k=1,...,m
0<4, 55147 <dk
where U denotes the universal coefficients ring U := Z[Ui(j;-); 0<i,5;i+7 <dg,k=1,...,7], yields
polynomials in U for which we are going to give irreducible factorizations. As in geometric ap-

plications, this computation is applied with the coefficients Ui(f;) replaced by generic polynomials

Z\a|§dk—z‘—j az(-?a:ca of degree d, — ¢ — j > 0, where we consider the coefficients agykj)ﬁa

nates where @ denotes a set of indeterminates (x1,...,2:) with ¢ > 1. Therefore, we will need several
times the following lemma:

as indetermi-

Lemma 2.1 Suppose that R is an irreducible homogeneous polynomial of U. Then the polynomial

R(x,a) obtained by substituting the coefficients Ui(ﬁl;) by generic polynomials Z‘Mﬁdk*i*j az(_?awa is
irreducible in Z[x, agkj)a]

Proof. Assume that R is not irreducible and can be splitted into the product of two factors in
Zx a'® ]:

> 7L,

x)Ry(a'™) ).

4,00

x) = Ry(al”

0,J,00
(k)

ij,a

R(a(k)

,J,00

(k)

By sending @ to 0 we observe that R(a 0) is an irreducible polynomial in the a;; , since R is

irreducible so that we only have to rename each coefficient a™ 0) by Ui(jj-). It follows that either

4,5,(0,--
Rl(agykj)’a, 0) or Ry (az(-?a, 0) must be an invertible element in Z. But since Ry and Rz are homogeneous

(k)

in the coefficients Qo this implies that either Ry or Rs is an invertible element in Z. [l

3 Resultant of resultants

In all this section, we suppose given four positive integers dy, ds, d3, d4 and four homogeneous polyno-
mials

Pe(X1, X9, X3) = > UM X{XIX$T € U[X1, Xo, X3], k=1,2,3,4,
0<4,53i+7<dg

where U denotes the universal coefficients ring U := Z[Ui(,];);o <ijii+j<di,k=1,...,4]. We will
denote by X, a new indeterminate.

Our first result is the most general situation of an iterated resultant with four different polynomials.
We will get some of the formulas by specialization of this first one.

Theorem 3.1 Defining

Ris = ReSXS(Pl(l,XQ,X3),P2(1,X2,X3))GU[XQ],
Rzq = Resx,(P3(1, X2, X3), Pu(1, X2, X3)) € U[Xa],

we have the following equality in U:
I{GSX2 (ng, R34) = Rele:...:X4(P1(X1,X2, Xg), PQ(Xl, XQ,Xg), Pg(Xl, X27X4), P4(X1, X27X4)).

Moreover, the above quantity is non-zero, irreducible and multi-homogeneous with respect to the set of
coeﬁcients (Ul(l»))iyj, (U(2))1J B (Ui?)@j, (U(4))1J Of multi—degree (d2d3d4, d1d3d4, d1d2d4, dldeg).

] %, ¥



Proof. First of all, we observe that the iterated resultant Resx, (R12, R34) and the resultant

R = Res(Pl(Xl, XQ, X3>, PQ(Xl, XQ, X3>, Pg(Xl, XQ, X4>, P4(X1, XQ, X4>)
are both non-zero polynomials, for they both specialize to the quantity (—1)91929394 if the polynomials
P;(X1,X2,X3),i = 1,...,4, are specialized to Xfl, XgZ, ng and Xgl“ respectively. Note also that
the statement about the multi-degree of R follows from the homogeneity property of resultants.
To prove the irreducibility of R, we proceed by induction on the positive integer d := dy + ds +
ds +dy > 4. For d =4, R equals the determinant

1 2 3 4
vy U usn Ul
Ugid Ugd 00 |
1 2 3 4
Use Uy UuSy U
0 o U Uy

which is checked to be irreducible. Thus, we assume that R is irreducible up to a given integer
p > 4 and we will prove that R is irreducible if d = p + 1. To do this, first observe that one of
the integers di, ds, d3, dy must be greater or equal to 2. We can assume that d; > 2 without loss of
generality. Consider the specialization ¢ leaving invariant the polynomials P», P; and P, and sending
the polynomial P; to the product L1@Q; where L; and (); are both generic forms of respective degree
1 and dy — 1 > 1. Then, by multiplicativity of resultants we have the equality

#(R) = Res(L1, P2, P3, Py)Res(Q1, P», P3, Py),

whose right hand side is a product of two irreducible polynomials by our inductive hypothesis. As
the specialization ¢ is homogeneous (in terms of the coefficients of the P;’s, Ly and @1), the number
of irreducible factors of R can not decrease under the specialization ¢ and we deduce that R is the
product of two irreducible polynomials R; and Rs. But then, one of these two factors must depend
on the coefficients of P;, say R1, and therefore ¢(R;) must depend on the coefficients of Ly and Q.
This implies that R, is an invertible element in 7Z and consequently that R is irreducible.

It remains to prove the claimed equality. To do this, we rewrite Py (1, X2, X3), for all k = 1,...,4,

as
dj, di—1 )
P1,X2,X3) = > | ST UMX] | X5 € UXa, Xs],
i=0 \ j=0

and we then easily see from well-known properties of the Sylvester resultant that

e Rj- is bi-homogeneous in the set of coefficients (Ui(;)) and (Ui(?) of bi-degree (dg,dy),

e Rjs is a polynomial in U[X5] of degree d;da,

e Ris € (Pi(1, X9, X3), Po(1, Xo, X3)) C U[X2, X3].
Of course completely analogous results hold for R34, in particular

Ry € (P5(1, X2, X4), Pa(1, Xo, X4)) C U[Xa, X4].

Again, Resx, (R12, R34) € (R12, R34) C U[X3], and we deduce that

Resx, (Ri2, R3s) € (P1(1, X2, X3), P2(1, Xo, X3), P5(1, X2, X4), Ps(1, Xo, X4)) C U[X2, X3, X4]
which yields, after homogenization with the variable X, that there exists an integer IV such that

XlNReSX2 (R12’ R34) € (Pl(Xla X23X3)a PQ(Xla X23X3)a P3(X15 X23X4)a P4(X15 X23X4))



in the ring U[X7, Xa, X3, X4] (note that this does not imply directly that Resx, (R12, R34) is an inertia
form since the polynomials Py (X1, X2, X3), Po(X1, X2, X3), P3(X1, Xo, X4), Ps(X1, X2, X4) are not
generic). It implies by the divisibility property of resultants, that R = Res(P1(X3), P2(X3), Ps(X4), Ps(X4))
divides the quantity

I{GS()({V];{GSX2 (ng, R34), P1 (Xl, XQ, Xg), PQ(Xl, XQ, Xg), Pg(Xl, XQ, X4)) =
ReSX2 (R12, R34)d1d2d3ReS(X1, P1 (Xg), PQ(Xg), Pg(X4))N.
Since R is irreducible and since the second term in the right hand side of the above product does not

depend on the coefficients of Py, we deduce that R divides Resx,(Ri2, R34). Now, from the degree
properties of Ri2 and Ry3 we deduce that Resx, (Ri2, R34) is, similarly to R, multi-homogeneous with

respect to the set of coeflicients (Ui(;))i,j; (UZ-(E-))Z-J, (Ui(z'))i,jv (Ui(é))i,j of multi-degree
(dadsdy, dydsdy, didady, dydads).
This shows that Resx,(Ri2, R34) and R equal up to an invertible element in Z. To determine this

invertible element, we take again the specialization sending P; to X{ll, P to ng, P; to XQdB, P, to
Xg“, and check that R specializes to (—1)91929394  ag well as Resx, (Ri2, R34)- O

A specialization of this theorem gives the following result.

Corollary 3.2 Given four polynomials fr(x,y,z),k=1,...,4, of the form

& o
fe(@y.z)= > all)ayisd €Sy 4,
| +iti<dr
where & denotes a set of variables (x1,...,xzy) for some integer n > 1 and S is any commutative ring,

then the iterated resultant Resy(Res;(f1, f2), Res.(fs, f1)) € S[z] is of degree at most didadzds in x
and we have

Resy(ReSZ(flaf2)aReSZ(f3a f4)) = Resy,z,z/(fl(:v,y,z),fg(:c,y,z),f3(:v,y,z’),f4(w,y,z')) € S[IB]

Moreover, if the polynomials f1, fa, fs and fy are sufficiently generic then this iterated resultant is
irreducible and has exactly degree dydadsdy in x.

Proof. It is a corollary of the theorem Ell Indeed, the claimed equality is deduced form the equality

given in theorem Ell by substituting X5 byy, X3by 2z, by seeing X; as the homogenization variable
(k)

of the variables (X2, X3) and by specializing each coefficient Ui(ﬁl;) to Zla\<dri7j a; ; ox". Moreover,

since each coefficient Ui(f;) is specialized to a polynomial in & of degree at most dy we deduce the
claimed degree bound as a consequence of the quasi-homogeneity formula for resultants.

If the polynomials f1, fa, f3 and f, are sufficiently generic then it is clear that the degree bound is
reached: this and the irreducibility statement is a consequence of lemma @ O

The formula proved in theorem B.1] can be specialized to get the factorization of an iterated resultant
which may occur quite often in practical situations (implicitization of a rational surface, projection of

the intersection of two surfaces in projective space,. . . [MC93, BEM0]).

Proposition 3.3 Assume that dy > 2 and set

Ry = ReSXB(Pl(l,XQ,Xg),PQ(l,XQ,Xg))GU[XQ],
Rz = ReSXS(Pl(l,XQ,X3),P3(1,X2,X3))GU[XQ].

Then, we have the equality

Resx, (R13, R12) = Resx, . x,:x,(P1, P, P3) X
Resx,:....x, (P1(X1, X2, X3), Pa(X1, X2, X4), P3(X1, X2, X3),03.4(P1) (X1, X2, X3, X4))



where the right hand side is a product of two irreducible polynomials in U.
Moreover, the iterated resultant Resx,(Ri3, R12) is multi-homogeneous with respect to the set of

coefficients (U(l))z s (U(2))Z s (U(3))”- of multi-degree (2d1dads, d3ds, d3ds).

2V ) )

Proof. The claimed equality is easily obtained using formal properties of resultants by specialization
of the formula proved in theorem @:

Res(P1(X3), P3s(X3), Pi(X4), P2(X4)) = Res(Pl(X3 , Pa(X4), P3(X3), P1(X4))
= Res(P1(X3), P2(X4), P5(X3), P1(Xa) — P1(X3))
= Res(P1(X3), P2(X4), P3(X3), (X4 — X3)03.4(P1))
= Res(P1, Py, P3)Res(P1(X3), P2(X4), P3(X3),3,4(P1)).

The multi-degree computation and the irreducibility of Res(P;, P2, P3) are known properties of resul-
tants. The only point which requires a proof is the irreducibility of the factor (which is easily seen to
be non-zero by a straightforward specialization)

D := Res(P1 (Xg), PQ(X4), Pg(Xg), 5314(P1)(X3,X4)).

To do this, we proceed similarly to what we did in theorem , that is to say by induction on the
integer d := d; + d2 + d3 > 4. We can check by hand (or with a computer) that D is an irreducible
polynomial in U if (dy,ds,d3) = (2,1,1). We thus assume that D is irreducible up to a given integer
p > 4 and we will prove that D is irreducible if d = p+1. If do > 2 (resp. d3 > 2) then we can specialize
P, (resp. P3) as a product of a generic linear form and a generic form of degree do — 1 > 1 (resp.
ds —1 > 1) and conclude, exactly as we did in theorem EI, that D is then irreducible. Otherwise,
then d; > 3 and we specialize P; to the product of a generic linear form

Ll(Xl,XQ,Xg) = aX1 +bX2 +CX3

and a generic form @; of degree dy — 1 > 2. We call ¢ the map corresponding to this specialization.
By (), we have
03,4(L1Q1)(X3, X4) = cQ1(X3) + L1(X4) 03,4(Q1) (X3, X4)

and we deduce after some manipulations on resultants that

(D) = Res(L1(X3)Q1(X3), P2(Xa), P5(X3), cQ1(X3) + L1(X4)d3,4(Q1) (X3, X4))
= Res(Q1(X3), P2(X4), P3(X3), L1(X4)d5,4(Q1) (X3, X4))
Res(L1(X3), P2(X4), P3(X3), cQ1(X3) + L1(X4)d3,4(Q1) (X3, X4))
= Res(Q1(X3), Pa(X4), P3(X3),03.4(Q1)(X3, Xa))Res(Q1(X3), Pa(X4), P3(X3), L1(X4)) x
Res(L1(X3), Po(X4), P3(X3), (L1(Xa) — L1(X3))d5,4(Q1) (X3, X4) + cQ1(X3)
= Res(Q1(X3), P2(X4), P3(X3),03,4(Q1)(X3, X4)) x
Res(Q1(X3), Pa(X4), P3(X3), L1(X4)) x Res(L1(X3), Pa(X4), P3(X3),cQ1(X4))

= ™% Res(Q1(X3), P2(X4), Ps(X3), 65.4(Q1)(Xs, X1)) x
Res(Q1(X3), Pa(X4), P3(X3), L1(X4)) x Res(L1(Xs), P2(X4), P3(X3), Q1(X4)).

Either by our induction hypothesis or by theorem @, it turns out that the three resultants involved
in the right hand side of the above computation are irreducible in U. So if D were reducible, say

D = D1D,, then each factor should be homogeneous in the coefficients (Ui(,;))h ; and hence ¢(D;) and

¢(D2) should be homogeneous in the coefficients of )1 and L; of the same degree. But

degy, o, (c) (1,0),
degr, o, (Res(L1(X3), P2(X4), P3(X3),Q1(X4))) = ((di — 1)dads, d2ds),
degy, o, (Res(Q1(X3), P2(X4), P3(X3), L1(X4))) = ((di — 1)dads, dads),
deng,Q1 (ReS(Ql(X3),PQ(X4),P3(X3),63,4(Q1 (X3,X4))) = (0,2d1dads — 3dads),
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which implies that either D; or Ds is an invertible element in Z. O

As a consequence of this proposition, we get the following result which improves theorems 3.1 and

3.2 in [McCO9).

Corollary 3.4 Given three polynomials fi(x,y,z),k=1,...,3, of the form

& o
fe(@y.2)= > all) aoyisd €Sy 4,
o +i+j<dx
where & denotes a set of variables (x1,...,xzy) for some integer n > 1 and S is any commutative ring,

then the iterated resultant Res,(Res;(f1, f2), Res.(f1, f3)) € S[x] is of degree at most didsds in @ and
we have

Resy(ReSz(fla f2)aReSz(fla f3)) = (_1)d?d2d3ReSy,z,z/(fl(waya Z)a fQ(waya Z)a f3(waya Z))X
Resyaz;zl(fl(m5 Y, Z), fQ(CB, Y, Z), f3(IB, Y, Z/), 52,2’(f1))'

Moreover, if the polynomials f1, fa, f3 are sufficiently generic then this iterated resultant has exactly
degree didads in & and both resultants on the right hand side of the above equality are distinct and
irreductble.

This corollary can be interpreted geometrically as follows. For simplicity we assume that x is a
unique variable x and that fi, fo and f3 are three homogeneous polynomial in z,y,z. The resul-
tant Rya := Res.(f1, f2) defines the projection of the intersection curve between the two surfaces
{fr = 0} and {f» = 0}. Similarly, Ri3 := Res,(f1, f3) defines the projection of the intersection
curve between the two surfaces {fi = 0} and {fs = 0}. Then the roots of Res,(Ri2, R13) can be
decomposed into two distinct sets: the set of roots xy such that there exists yo and zo such that
f1(xo,y0,20) = f2(xo0,v0,20) = f3(0, Y0, 20), and the set of roots x; such that there exist two dis-
tinct points (w1,y1,21) and (z1,y,21) such that fi(z1,91,21) = fa(21,91,21) and fi(21,y1,21) =
fa(z1,y1, #1). The first set gives rise to the term Res, 4 »(f1, f2, f3) in the factorization of the iterated
resultant Res, (Resi2, Resi3), and the second set of roots corresponds to the second factor.

Remark 3.5 Before going further, it is a good point to emphasize the fact that all the formulas
we proved and we will prove are universal in the sens that they remain true for any specialization
of the coefficients of the entries of the given polynomials. It should be noticed that this is true if
and only if we take the univariate resultants in their expecting degrees; for instance, in the above
corollary, Res, (f1, f2) denotes the resultant w.r.t. the variable z of the polynomials f1, fo which are
seen as polynomials of degree dy and dy respectively (even if their degree is actually lower for a given
specialization). If one does not take care of this point, then one looses the universal property of these
formulas as in [McC99d, §7] where it is observed that if fi := y? + 241z, fo ;== —y>+z and f3 := y> + 2
then Resy .(f1, f2, f3) = 0 (for there is a base point at infinity) but Res,(Res;(f1, f2), Res.(f1, f3)) =
422 # 0, considering f1, f> and f3 as polynomials in z of degree 1 and not 2. In such a case, formulas
similar to the ones we proved above require the use of more sophisticated resultants which can take into
account some particular structure of polynomial systems. For instance for this example one can take
into account the presence of the base point defined by the ideal (y2,w), where w is the homogenizing
variable, by considering the residual resultant [, ]: we have the decomposition

(f1. fo, f3) = (4%, w) < 1 -1 1 )

z 4+ xw z z

and we can check that the residual resultant equals 422 (up to a sign).

4 Resultants of discriminants
In this section, we will give the factorization of three iterated resultants corresponding to two cases of

a resultant of a discriminant and a resultant and to the case of a resultant of two discriminants. As
we will see, the first case we are going to treat yields the two others by suitable specializations.
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4.1 Resultant of a discriminant and a resultant
Proposition 4.1 Assume that di > 2 and denote

Dy = DiSCXS(Pl(l,Xg,X3)) S [U[XQ],
Roz = RGSXS(PQ(LXQ,Xg),P3(1,X2,X3)) (S U[XQ]

Then the following equality holds in U:

(Ué,lg)dzdg' Resx, (D1, Ra3) =
Resx,:....x, (P1(X1, X2, X3), 03Py (X1, X2, X3), Po(X1, Xo, X4), P3(X1, X2, X4)).

Moreover, the iterated resultant Resx, (D1, Ra3) € U is irreducible and multi-homogeneous with respect
to the coefficients (U( )) iis (U(Z))Zj and (U( ))i,j of multi-degree

) ]

(2dads(dy — 1), dy(dy — 1)ds, dy (dy — 1)ds).

Proof. By (E), we easily get that

D := (US§)®%Resx, (D1, Ros) = Resx, (U} D1, Ras) =
Resx, (Resx, (P1(1, X2, X3),03P1(1, X2, X3)), Ra3)

and hence, using the formula proved in theorem @ where we specialize the polynomials P», Ps and
P, to the polynomials 93 Py, P> and P; respectively, we deduce that, in U,

D = Res(P (X1, X2, X3),03P1 (X1, X2, X3), Po(X1, X2, Xy), P3(X1, Xo, Xy)).

The classical multi-degree formula for resultants gives the claimed result concerning the multi-degree
of the iterated resultant Resx, (D1, R23). Now, we proceed by induction on the integer d := d; + da +
ds > 4 (remember d; > 2, d2 > 1 and d3 > 1) to prove the irreducibility of the iterated resultant
RGSX3 (Dl, Rgg).

First, if d = 4, that is to say d; = 2 and dy = d3 = 1, then we check by hand that D equals an
irreducible polynomial in U times Ué 3

We now assume that d > 5. If ds > 2 then we consider the specialization ¢ which sends P5 to the
product of the generic linear form L3 and the generic homogeneous polynomial Q3 of degree ds—1 > 1
and leave P; and P, invariant. We get, using the multiplicativity of resultants that

¢(D) = Res(P1 (Xg), 83P1 (X3), PQ(X4), L3(X4))RQS(P1 (X3), 83P1 (Xg), Ll(X4), P2 (X4), Qg(X4))

Therefore, by the inductive hypothesis ¢(D) = (Ué}g )%24s R) Ry where R; and Ry are irreducible
polynomials such that Ry depends only on the coefficients of Lg and Ry depends only on the coefficients
of Q3. Since ¢ is an homogeneous specialization, each irreducible factor of D which depends on Pj
must depends on L3 and @3, we deduce that D has only one irreducible factor depending on Ps.
Moreover, the irreducible factors of D which do not depend on Pj5 are left invariant by ¢ so we deduce
that D equals (UO(}O))‘M3 times an irreducible factor and we are done. If do > 2 then we can argue
exactly in the same way.

So it only remains to consider the case where do = d3 = 1. Let ¢ be the specialization which sends
P; to the product of the generic linear form Ly := aX; + bX5 + ¢X3 times the generic homogeneous
polynomial @; of degree d; — 1 and leaves P, and Ps invariant. By the basic properties of resultants
and our inductive hypothesis we get:

(D) = Res(L1(X3)Q1(X3),cQ1(X3) + L1(X3)05(Q1(X3)), P2(X4), Ps(X4))
= Res(L1(X3),cQ1(X3), Po(X4), P3(X4))Res(Q1(X3), L1(X3)03(Q1(X3)), Pa(Xa), P3(X4))
= (-1~ cRes(Ll(Xg) Q1(X3), P2(X4), P3(X4))*Res(Q1(X3), 05Q1(X3), Pa(X4), P3(X4))
)

= (-1 te(U] ) "“'Res(L1(X3), Q1(X3), P2(X4), P3(X4))* x R
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where R is an irreducible polynomial which does not depend on the coefficients of L1 and does depend
on the coefficients of Qq, P2 of Ps; in particular it has degree 2(d; — 2) in the coefficients of Q.
Observe that Res(L1(X3), Q1(X3), P2(X4), P3(X4)) is irreducible by theorem B.J and has degree dy —1
in the coefficients of L; and 1 in the coefficients of (J;. Since v is an homogeneous specialization,
each irreducible factor of D which depends on P; must depend on L; and @7 and have the same
degree with respect to the coefficients of these two polynomials. From this property and the above
computation we deduce that D have only one irreducible factor that depends on P;. Moreover, since
the others irreducible factors of D are left invariant by ¢ we deduce that D equals (Ué}()))dl times an
irreducible polynomial. (I

Corollary 4.2 Given three polynomials fi(x,y,z),k =1,2,3, of the form

& o
fr(@y.z)= > all)ay'sd €Sy 4,
la|+i+ji<dg
where x denotes a set of variables (x1,...,xy) for some integer n > 1 and S is any commutative ring,

then the iterated resultant Res,(Disc,(f1), Res,(fa, f3)) € S[x]| is of degree at most di(dy — 1)dads in
x and we have

0
(adly o)%2% Res, (Disc. (f1), Res. (fa, f3)) = Resy,z(fl(m,y,Z),%(m,y,Z),fz(m,y,Z),fa(m,y,Z))-

Moreover, if the polynomials f1, f2, f3 are sufficiently generic then this iterated resultant has exactly
degree dy(d1 — 1)dods in x and the iterated resultant Res,(Disc,(f1),Res,(f2, f3)) is irreducible.

We can now specialize the formula of proposition EI to get the factorization of two kinds of iterated
resultants: the resultant of two discriminants and the resultant of a discriminant of a polynomial f
and a resultant of f and another polynomial. We begin with the simplest one.

4.2 Resultant of two discriminants of distinct polynomials

Proposition 4.3 Assume that di > 2 and do > 2 and denote

Dl = DiSCXS (Pl(l,XQ, Xg)) € U[X2]’
Dy := Discx,(P2(1, X2, X3)) € U[Xs].

Then the following equality holds in U:
(UO(,lO))dZ(dz_l)(UO(?O))dl (dl_l)RGSX2 (Dl, DQ) =
Resx,:ix, (P1 (X1, Xo, X3), 03P (X1, Xo, X3), P2(X1, X2, Xy), 03 P2 (X1, X2, X4)).

Moreover, the resultant Resx,(D1,D2) € U is irreducible and bi-homogeneous with respect to the
coefficients (U(l))m- and (U-@))m of bi-degree (2d2(dy — 1)(d2 — 1),2d1(dy — 1)(d2 — 1)).

] %]
Proof. We set D := (Ué}g)dﬂdrl)(Ué?g)dl(dl*l)ResXZ (D1, Ds). By (B), we have
(USD) =D Resx, (D1, Ds) = Resx, (D1, U Ds) =
RGSX2 (Dl, ReSX3 (Pg(l, XQ, X3), 83P2(1, Xg, X3)))

and hence, using the formula proved in proposition Q7 where we specialize the polynomial P5 to the
polynomial 03 P>, we deduce that, in U,

D = Resx,:..x, (P1 (X1, Xo, X3), 03 P1 (X1, X2, X3), Pa (X1, Xo, Xu), 03 P2 (X1, X2, X4)).
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The classical multi-degree formula for resultants gives the claimed result concerning the bi-degree
of the iterated resultant Resx, (D1, D2). To prove its irreducibility, we proceed by induction on the
integer d := dj + do > 4.

First, if d = 4, that is to say d; = do = 2, then we check by hand (or with a computer) that D

equals an irreducible polynomial in U times the factor (Ué}()))z(Uéfg)Q. We now assume that d > 5.
Without loss of generality we can also assume that d; > ds (since the problem is completely symmetric
in P, and P2) and hence that d; > 3. Consider the specialization ¢ which sends P; to the product
of the generic linear form L; := aX; 4+ bXs + cX3 times the generic homogeneous polynomial @)1 of
degree d; — 1 and leave P, invariant. Using properties of resultants we get:

¢(D) = Res(L1(X3)Q1(X3), ¢ Q1(Xs) + L1(X3)05(Q1(X3)), P2(X4), 03 P(X4))
= ReS(Ll(Xg), CQl(Xg), PQ (X4), 83P2(X4)) X ReS(Ql(Xg), Ll(X3>83(Q1(X3)), PQ (X4), (93P2 (X4))

= ¢ "DRes(L1(X3), Q1(X3), P2(X1), 03P2(X1))? x Res(Q1(X3), 05Q1(X3), Po(X4), 03 P2(X1)).
Using our inductive hypothesis and proposition EI we deduce that
9(D) = (cUSQ )= = DUE) ™ =D RE x Ry

(Ué,lo), being the coefficient of Xgﬁl in Q1) where R; is an irreducible polynomial of degree da(d2 —
1)(d1 — 1) in the coefficients of Ly and da(da — 1) in the coefficients of @1, and Ry is an irreducible
polynomial independent of the coefficients of L; and of degree 2da(de — 1)(d1 — 2) in the coeflicients
of Q1. Note that we already know that (Ué}g)dﬂd?*ﬂ(Ué?o))dl(dl’l) is a factor of D. Moreover, since
¢ is an homogeneous specialization, each remaining irreducible factor of D which depends on P; must
depend on L; and Q; with the same degree, so we deduce that R? Ry comes from the same irreducible

factor of D and we conclude that D equals (Uo(,lo) )d2(d2=1) (UO(?O) )@1(d1=1) times an irreducible polynomial
in U. O

Corollary 4.4 Given two polynomials fi(x,y,2),k = 1,2, of the form

& .
fe(@y.z)= > all)ay'sd €Sy 4,
|| +i4j<dg
where di,dy > 2, ® denotes a set of variables (x1,...,x,) for some integer n > 1 and S is any

commutative ring, then the iterated resultant Resy(Disc,(f1), Disc.(f2)) € S[x] is of degree at most
dy(dy — 1)da(da — 1) in x and we have

1 — 2
(a60.0,)" ™V a0

,0,d ,0,d2

)dl(dl*l)ReSy(DiSCz(fl)a DlSCZ(f2)) =

8f1 an
Resy,Z(fl (w’ Y, Z)) E(wa Y, Z))a fQ(wa Y, Z)a E (IB, Y, Z)))
Moreover, if the polynomials f1, f2, f3 are sufficiently generic then this iterated resultant has exactly

degree di(dy — 1)da(d1 — 1) in x and is irreducible.

4.3 Resultant of a discriminant and a resultant sharing one polynomial

We now turn to the second specialization of the proposition @ which is a little more intricate than
the previous one. Note that this iterated resultant has also been studied in theorem 3.3 in [McC99].
In order to improve the previous analysis, we begin with two technical results.

Lemma 4.5 For d; > 2,

(Usig) " Resx, (D1, Riz) = Resx,xaix, (P1, 93P1(X3), Pa(X3))
Resx,:x,:x5:x, (P1(X1, X2, X3), 03 P1 (X1, X2, X3), P2(X1, X2, X4), 55,2}71 (X1, X2, X3, X4)).
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Proof. By the formula proved in proposition @ where we specialize the polynomial P, to the
polynomial P; and the polynomial Ps to the polynomial P, we obtain after some manipulations

(Ué,lo))dleResXQ(Dl,ng) = Res P1 Xg ,83P1 Xg ,P1 X4 ,PQ(X4)) (9)

[
=
D
w0

N N N /N
o

Using formula (f) we can push forward this computation and get

(US DB Resx, (D1, Ri2) = Res(Py(X3),05P1(X3), Pa(X3)) X (10)
(X4 — X3)5:5,22P1)
2

Lemma 4.6 Suppose that di > 3. In U, we have the equality
Resx,saxy (P 05P1, 0571 Pr Po(Xa)) = (Ug ) TPy, Po)

where T(Py, Py) is an irreducible polynomial in U of bi-degree ((3dy —1) (d1 —2) da,dy(d1 — 1)(d1 — 2))
in the coefficients of (P1, Pa).

Proof. We will denote by R the above resultant. We first use a geometric argument to justify
that R is the product of a certain power of the coefficient Ué,lo) and a certain power of an irreducible
polynomial that we will denote T(Py, P2) € U.

We rewrite the polynomial P; as

P (X3) = Ué,lo)Xgl +aXPT b b cg o X3+ a1 X3 + cay

where the ¢;’s are homogeneous polynomials in U[X7, Xs] of degree i respectively; we have

03P = dlUO(}())X51171 + (dl — 1)01X§172 + -+ 2cq,—20X3+ g -1
and
di—1 i vdi—1—1 d
1O XEX ! —d1 X3!
0P = Uy <(21_0 3X4 X L ) + o+ cay—3 (X4 +2X3) + ¢y -2
4 — A3

Embedding Z into the algebraic closure Q of Q, the variety defined by the equation R = 0 is the
projection of the incidence variety

W= {(21: 22 : @3 24) X (u§’§>) € IP% X [Ag such that
Pi(x3) = 03 P1(x3) = 85y Py (23, 74) = Po(4) = 0}

(where Ag denotes the affine space whose coordinates are the N := (d1 +2)(d1 +1) + (d2 +2)(d2 + 1)

indeterminate coefficients, over Q) by the canonical projection on the second factor
T WCP3x AN — AN,

Consider the canonical projection of W onto the first factor m; : W — P?, which is surjective, and
denote by D the line in P? which is defined by the equations X; = 0 and X2 = 0. On the one hand, we
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observe that for all € P3\ D the fiber 7; !(x) is a linear space of codimension 4 in A™; thereforethe
algebraic closure of Wips\ p is an irreducible variety of dimension N —1 in P3 x AN whose projection
by 7 gives an irreducible hypersurface in AY. We denote by T(Py, P;) a defining equation of this
irreducible hypersurface. On the other hand, for all z € D the fiber 7y (z) is always included in the

linear space of equation Uo(,lo) = 0 (it is actually exactly this linear space if z = (0: 0: 1:0) and the
linear space Ué}()) = Ué?o) = ( otherwise). Consequently, since mo (W) = {Ué}g =0} Ume(W|P3\ D) we
deduce that R is of the form

R = C(dl, d2)(U(§,1(3)a(dl’d2)T(P1, PQ)T(dl’dz) cU

where ¢(dy,dz),a(dy,ds),7(d1, d2) are constants that we have to determine (note that T(Py, P») can
be chosen in U because we know that the variety defined by R = 0 can be defined by an equation in
U since it is a resultant of polynomials in U).

Now, we will prove by induction on the integer d := d; + d2 > 4 that

R = (Us)n=3(P, P) €U (11)

that is to say that, for all (dy,d2) > (3,1), we have ¢(d1,ds) = r(d1,d2) = 1 and a(dy,ds) = d1ds.

First, by lemma @ and using the computation (E), we note that we always have ¢(dy, d2) > dida,
a fact that will be useful.

We check by hand (or with a computer) that the inductive hypothesis ([L1]) is true for d = 4,
i.e. dy = 3 and dy = 1 and we assume that d > 5. If do > 2 we specialize P» to the product of
two generic homogeneous polynomials, say Ps and Py'; then R(P;, P») specializes, by multiplicativity
of the resultants, to (Ué}()))dld2R(P1, P))R(Py, Py). Since each irreducible factor of R(P;, P;) must
depend on Pj and Py and since we already know that ¢(dy,d2) > didsz, we deduce that R satisfies
(EI) for all couple (dy,ds) such that dy > 2.

We now turn to the case where d; > 4 and do = 1. Consider the homogeneous specialization ¢
which sends P; to X3Q1 where )1 is the generic homogeneous polynomial of degree d; — 1. Using the
properties of resultants we get

$(R) = Res(X3Q1(X3), Q1(X3) + X303Q1(X3), 5@ (X3Q1), P2(X4))
= Res(X3, Q1(X3), 05} (X3Q1), Pa(Xa))Res(Q1(Xs), X305Q1(X3), 05} (X3Q), Pa(Xa))
= Res(X3, Q1(X3), 55,,22()(3@1), Py(X4))*Res(Q1(X3),03Q1(X3), 5§722(X3Q1), Py(X4)).

And since, by (§), 65,’22(X3Q1) = 05Q1(X3) + X45§72ZQ1, we deduce that
6(R) = Res(Xs, Q1(X3), 552} (XsQ1), P2(X4))*Res(Q1(X3), 05Q1(Xs), X, Po(X4))R(Q1, Po).
Moreover, (f) implies that 5;22(X3Q1) = 03Q1(X3) + X45§722Q1 evaluated at X3 = 0 equals

5Q1(0, Xy) = %:Ql(())

So finally, we deduce that

d(R) = (U(g,lo))(dl*l)ReS(Ql(leXz,0)75@1(X1,X270,X4),P2(X1,X2,X4))2
Res(Q1(X3), 03Q1(X3), P2(X1, X2,0))T(Q1, P2).
Since T(Q1, P») is irreducible (by our inductive hypothesis), it follows that r(dy,d2) must equal 1
for each irreducible factor of the above specialization must appear to a power which is a multi-

ple of r(dy,ds). Also, since P2(X1,X2,0) is a generic linear form in X; and X5 it turns out that
Res(Q1(X3),05Q1(X3), Po(X1, X2,0)) is, up to a linear change of coordinates, a discriminant of a
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univariate polynomial : it equals Ué’lo) times an irreducible polynomial in U. Moreover, it is easy to

see that Ué’lo) does not divide Res(Q1 (X1, X2,0),0Q1(X1, X2,0, X4), P2(X1, X2, X4)) (for this resul-
tant does not vanish under this condition). Therefore, we deduce that a(dy,ds) < dids and then
that a(dy,d2) = dids. Finally, the three resultants in the above specialization formula are clearly
primitives (either by the inductive hypothesis for the last one or either because it stays primitive after
the change of coordinate induced by the linear polynomial P») and it follows that ¢(dy, ds) = 1.

The formula on the degree is obtained as a direct consequence of the known degree formula for
the resultants of several homogeneous polynomials. (I

Proposition 4.7 Suppose that di > 2. We denote

Dl = DiSCXS (P1(13X23X3)) € [U’
R12 = RGSX3 (P1(1’X25 Xg)’ P2(1’X2’X3)) €vl.

Then the following equality holds in U:
Resx, (D1, Ri2) = Resx,.x,.x5(P1, P2, 03P)* T(Py, Py)

where the irreducible polynomial T(Py, Ps) has been defined in lemma @ fordy > 3; if di = 2 we set
‘Z(Pl,Pg) =1 S [U

Moreover, Resx,.x,.x5(P1, P2, 03P1) € U is irreducible and the iterated resultant Resx, (D1, R12)
is bi-homogeneous w.r.t. the coefficients (Ui(;)%',j and (Ui(,i‘)%j of bi-degree (3dida(d? —1),d3(dy —1)).

Proof. First, the classical multi-degree formula for resultants gives the claimed result for the bi-
degree of the iterated resultant Resx, (D1, Ri2). By lemma [L.], we have

(US DB Resx, (D1, Ri2) = Res(P1(X3), 3Py (X3), Pa(X3))?x
Res(Py(X3), 03P1(X3), Po(X4),61P1)  (12)

and by lemma @, we know that
(2) — (77 \d1ds
Res(P1(X3),03P1(X3), P2(X4),0x, x, 1) = (Ugo) " 2 E(P1, ),

where T(Py, P) is an irreducible polynomial, which implies the claimed formula.
To conclude the proof, it only remains to prove the irreducibility of the resultant

R := Resx, . x,:x5 (P1, P2, 03P1).

We proceed as we already did several times: we use on induction on the integer d := d; + d2 > 3. We
check by hand that R is irreducible if d; = 2 and ds = 1 and suppose that d > 4. If do > 2 then one
specializes P, to a product of two generic forms and we conclude using the multiplicativity property
of the resultant. Otherwise, we have d; > 3 and one specializes P; to L1Q; where @; is the generic
homogeneous polynomial of degree d; — 1 and L; := a X + bXs + ¢ X3 is the generic linear form; this
sends R to

(—=1)41%2c"2Res(Q1, P, 03Q1)Res(Q1, Py, L1)?

where Res(Q1, P2, 03Q1) is irreducible by our inductive hypothesis and Res(Q1, P, L1) is irreducible
for it is the resultant of three generic polynomials. Examining the degrees in the coefficients of Q4
and L; of the above factors and using the fact that each irreducible factor of R must specializes to a

polynomial having the same degree in the coefficients of Q1 and L;, we deduce that R is irreducible.
d

A specialization of this proposition gives the following result which covers and precises ,
theorem 3.3].
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Corollary 4.8 Given two polynomials fr(x,y,z),k = 1,2, of the form

& o
fi@y) = Y o) ayis e slally, 4,
la|+i+ji<dy
where di,dy > 2, ® denotes a set of variables (x1,...,x,) for some integer n > 1 and S is any

commutative ring, then the iterated resultant Res, (Disc.(f1), Res.(f1, f2)) € S[x] is of degree at most
d3dy(dy — 1) in x and we have

Resy(DiSCZ(fl)’Resz(fla fQ)) = Resy,z(fl(:c,y, Z)a fQ(w’ya Z)a %(IB, Y, Z))2 ‘z(fl(ma Y, Z), f2($a Y, Z))

where we recall that, in Sx], we have T(f1(x,y, z), fo(x,y,2)) =1 if dn =2 and otherwise

0
(aé}g,d)dldfl(fl(m, Y, 2), fa(x,y,2)) = Resy .. (f1(x, y, 2), fo(z, v, 2), %(%y, '), 522/f1(m, %)
with B
8o (J) (@, y,2,2') — S (@, 9, 2)
zl—z

5§?;’fl(mayvzvz/) = € S[m][y,z,z']

Moreover, if the polynomials f1, f2, f3 are sufficiently generic then this iterated resultant has exactly
degree dids(dy—1) in @ and the resultant Res, .(f1(z,y, 2), f2(x,y, 2), %(m, y,2)) and the polynomial

T(f1, f2) are both irreducible.

5 Discriminant of a resultant
In this section, we suppose given two positive integers di, ds > 2 and two homogeneous polynomials

Pp(X1, X2, X3) = Y UM XIXIX$ ™ e UlXy, X2, X5], k=12,

0<i,j5i+j<dk

where, as usual, U denotes the universal coeflicients ring Z[Ui(f;)]. We will hereafter focus on the
factorization of a discriminant of a resultant.

Lemma 5.1 In U[X3], setting X1 = 1, we have

P 03P (1)
0yPy s Py SResy, (P1, P;) modulo (P, P).

3

GQRGSXS (Pl, Pg) = (—1)d1+d2

Proof. Introduce a new indeterminate U and set

Pi(1, X0, X34+ U) = ag, X&' 4+ ag, 1 X3+ 4+ a1 X3 + ap,
Po(1, Xo, X3+ U) = bay X2 + by 1 X271 4o 4 b1 X5 + bo,

where the a;’s and the b;’s are polynomials in U[X», U]. Expanding the resultant

ag, 0 - 0 by 0 0
ad,—1  Qd, : bi,-1 -0
: .0 : ba,
ReSX3 (Pl, PQ) = ap ad, bl bd2_1
0 ap aag, -1 bo :
0 s 0 ao 0 0 bo
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with respect to its two last rows, we get

Resx, (Pr, Py) = (—1)%+ | 400

a1 SReSgZ (Pl, PQ) + a%Al =+ aoboAQ —+ b%Ag,

where A; (¢ = 1,2,3) are polynomials in the a;’s and b;’s. Taking the derivative with respect to the
variable X5, we deduce that

7) Oab
DoResx, (P, Py) = (—1)h+d 200 12,10

ai

SResgg (P1, P;) modulo (ao, bo). (13)

Now, it is easy to check that we have
apg = Pl(l,XQ, U), bo == PQ(l,XQ, U), a1 = 83P1(1,X2, U) and b1 == 83P2(1,X2, U)
Moreover, by invariance property (base change formula)

I{GSXS (Pl(l,XQ,Xg =+ U),PQ(l,XQ,Xg =+ U)) = ReSXB(P1(17X27X3>,P2(1,X2,X3>)
= Resy (P1(1, X2,U), P2(1, X2,U))

and the same is true for the subresultant SResgg (P1, P>). Therefore we deduce that ([LJ) is nothing
but the claimed equality by substituting X3 by U. (I

This lemma implies the following factorization.
Proposition 5.2 In U, we have the equality

Discy, (Resx, (Pi (1, X2, X3), Pa(1, X2, X3))) = (—1)(d2FD(drdatdi=1)
Rele:X2:X3 (Pl, PQ, SRes()g (Pl, PQ)) X DiSCXl:X2:X3 (Pl, P2>
This iterated resultant is bi-homogeneous with respect to the sets of coefficients Ui(é) and Uz-(j) respec-
tively of bi-degree (2da(d1da — 1);2d1(d1d2 — 1)).

0P 03Py

5Py OsPs and recall that, by definition, we have

Proof. Set Ry := Res(P1, P2, X1), J1 = ’
RoD = Res(P1, Py, J1) where

D := Discx, (Resx, (P1(1, X2, X3), P2(1, X2, X3))) € U.
Also, by (P) it follows that
RoD = Resx, (Resx, (P1 (1, Xa, X3), Pa(1, X2, X3)), BaRes(Py (1, Xa, X3), P (1, X2, X3))) =: R.
Now, using lemma @ we deduce that
R € (Pi(1, X2, X3), Pa(1, X2, X3), J1 (1, X2, X3) SResy) (Py(1, X2, X3), Pa(1, X2, X3)))
which gives, after homogenization by X, the existence of an integer N > 1 such that
XNR € (Pi(X1, X2, X3), P2(X1, X2, X3), J1 (X1, X2, X3)SResy) (Py (X1, X2, X3), Pa(X1, X2, X3))).
Therefore, using the divisibility property (and others) of the resultants we deduce that

Res(Py, Py, JiSRes) (P1, Py)) = Res(Py, Py, J1) X Res(Py, Po, SResy) (Py, P2))
= Ro x Disc(P1, P;) x Res(Py, P2, SResy) (Py, Py))
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divides Res(Py, P2, XN R) = RYRYd2 = RIYTd1d2pdidz iy U, We know that R and Disc(P;, Py) are
irreducible polynomials in U; just by comparing their we see that Ry does not divide Disc(Py, Py).
Also, just by looking to the defining matrix of the subresultant, we have

SRes{E) (X1 + X5~ X, X§?) = (= Xp)(B 70D

so that Ro(X{" + X§ 71 X5, X$2) = Res(X" 4+ X371 X3, X§2, X,) = 0 in U and also

Res(X{" + X$' 71 X5, X2, SResy) (X{" + X571 X5, X§2)) =
Res(Xfl + Xgrng, ng, (7X2)(d171)(d271)) = Res(X1, X3, 7X2)d1d2(d171)(d271) — 1
Since Ry is irreducible, we deduce that Rg does not divide Res(Py, Ps, SResgg (Py, P2)) and therefore

that
Disc(P, P2) Res(Py, Pa, SRes'y. (P, P2)) divides D in U.

By known degree properties, it is clear that D has degree da(2d1da — 2) in the coefficients of the
polynomial P; and that the product Disc(Py, P2) Res(Py, Ps, SResgg (Py, P2)) has degree (note that

SResgg (Py, P2) is an homogeneous polynomial in X1, X2 of degree (d; — 1)(d2 — 1) which is also
homogeneous in the coefficients of Py, resp. Pz, of degree do — 1, resp. d; — 1)

d2(2(d1 — 1) +dy — 1) + dg(dl — 1)(d2 — 1) + dldg(dg — 1) = d2(2d1d2 — 2).

With a similar computation for the degree with respect to the coefficients of P5, we deduce that D
and the product Disc(Pr, Po)Res(Py, Ps, SResgg (P1,P)) equal in U up to a non-zero element in Z,
that we denote ¢(d1, ds).

To finish the proof, it remains to determine ¢(d;, ds) € U using, as usual, a suitable specialization.
We choose the specialization ¢ such that

o(P) = X&' + AX, "7 X, + BX, ™ and ¢(Py) = X171 X5 — Xp%2.
It is easy to compute
Resx, (X' + AXy + B, X3 — Xp%) = (—=1)4(XoM% + AX, + B)
and hence to deduce that

DiSCXQ (ReSXS (¢(P1)(1a X2; X3)a ¢(P2)(1a XQa X3))) = DiSCX2 ((_1)d1 (X2d1d2 + AXs + B))
= I{CSX2 (X2d1d2 + AX2 + B, dldQXledzil + A)
Denoting D the above quantity, we have

(didy)"1 71D = Resx, (dida X2 ™ + didy AXy + dyda B, dydp X, 71 + A)
= Resx, ((didy — 1)AXs + dida B, d1d2a X271 + A)

and finally
(didy —1)A 0 0 dydy
ddy B (didy — 1)A 0
(dydy)P 271D = (—1)hd2=1(d, dy)Dd2=1 | 0 dydyB C0
: (dvdy —1)A 0
0 0 didyB A

that is to say
D= (_1)d1d2—1(d1d2 _ 1)d1d2—1Ud1d2 + (dldg)dleBdle_l.
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Now, since two consecutive integers are always relatively prime, we deduce that ¢(d;,ds) = +1 € Z. To
determine exactly this integer, we now compute the other side of the claimed equality. For simplicity,
we will consider the specialization ¢ which is similar to the specialization ¢ with in addition A = 0.
We have

Disc(X$' + BX; ™, X271 X5 — Xp®)
Res(X&' + BX, ™, X127 X5 — Xp% dydy X2t X3h 1)
Res(ngl1 +BX M X 2T X — Xp%2) X))
= (—1)DFD(d,dy) D Res( XS + BXT, X271 X5) 2" Res(BX (1, — X §2) 1
(71)d1(d2+1)(dldz)lhdz(71)d1(d2—1)2Bd2—le2(d1—1)

(71)d1(d2+1)+d1(d271)2 (dldQ)dldQBdldzfl.

It is not hard to see from the definition of the subresultant that
1 dy di yda—1 d> di1—1)(d2—1
SRes\y) (X5 + BX{", X{2 71 X5 — Xg2) = x{h-D®Y
and also to compute
Resx,:xy:xs (X3 4+ BXH, X271 X, — X x (=D — (qy(di-1)(da=1)

Gathering all these specializations, we deduce that ¢(dy,dy) = (—1)(%TD(dd2+di=1) "55 claimed. O

At this point, the factorization given in the above proposition is not complete since we only know
that one factor is irreducible. The following result shows that the second factor is not irreducible, but
is the square of an irreducible polynomial € U, and moreover that it can be interpreted as a particular
iterated resultant itself.

Lemma 5.3 Introducing a new indeterminate X4, we have the following equalities in U:

Resx, . x,:xs (Prs Po, SResy) (Pr, o))
Resx, (Resx, (Pi (1, X2, X3), Po(1, X2, X3)), SResyy) (Py (1, X2, X3), P2 (1, X2, X3)))
= Resx,:x,:Xy5:x,(P1,03.4P1, Py, 034 P).
Proof. First, for simplicity we set

Ri = Resx,, x, (Resx, (Pi(1, X2, X3), Pa(1, X2, X3)), SRes §) (Pi (1, X2, X3), Pa(1, X2, X3))).

We know that Resx, (Py, P2) has degree dyds in X5 and bi-degree (d, dy) in U, and that SReSX (P, P2)
has degree (d; — 1)(d2 — 1) in X5 and bi-degree (d2 — 1,d; — 1) in U. It follows that R1 has bi-
degree ((2d7 — 1)da(da — 1) (2d2 — 1)di(d1 — 1)) which is exactly the same than the bi-degree of
)

Resx,:x,: x5 (P1, P2, SRes Py, P,)) (by a straightforward computation). Moreover, we have

R1 € (Pi(1, X2, X3), Po(1, Xo, X3), SResy) (Py(1, X2, X3), Pa(1, X2, X3)))

which implies, after homogenization by X; and a suitable use of the divisibility property of the
resultants that

Resx, . x,:x, (P1, Po, SResy) (Pr, Py)) divides Resx, . x,:x, (Pr, Po, X1)VRE ™

in U, where N denotes a positive integer. We have already seen in the proof of proposition @, that
Ro := Res(P1, Py, X7) is irreducible and does not divide Resx,.x,.x,(P1, P, SResgg (P1, P)). It fol-
lows that the later divides R and since they have the same bi-degree in U we deduce that they equal up
to multiplication by a constant. To determine this constant, we consider the specialization P, = X fl +
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X3171X3 and P, = ng for which we have already seen that Resx,.x,.x;(P1, P, SResgg (P, P2)) =1
in the proof of proposition @ Since we also have

R1(P1, Py) = Resy, ((—X1)M%, (= X,) (@ =Dd2=1)y —

we deduce that Ry = Resx, . x,.x5 (P1, P2, SResgg (P, P2)) in U.
We now turn to the proof of the third claimed equality. Introduce a new indeterminate U and
define
Pi(X1, X0, X3+ U) = ag, X$" + ag, 1 X3 + - 4 a1 X3 + ao,
Po(X1, Xo, X3+ U) = bay X9 + bay 1 X271+ + b1 X3 + b,

where the a;’s and the b;’s are polynomials in U[X7, X2,U]. The subresultant SResgg (P, P2) is
defined as the determinant of the matrix

ad, 0 e 0 0 ba, 0 0 0
ag,—1 g, : : bg,—1 - 0 0

C ag,1 -0 0 : ba, 0

as . ad, 0 ba,—1 b,

a az ad,—1  Qd, by ; ba,—1 |

ag ai . Qd;—1 by

0 o a : R
- ay as 0 by ba

0 e 0 ao ay 0 0 bo b1

determinant which remains unchanged if we add, for all i = 1,...,d; + ds — 3, the line number i times

Xd1+d2717i _ Xd1+d2717i
3 4

_ iy
% = Z Xix)
3 0<i,jritj=di+dz—2—i

to the last line which then becomes of the form
( o --- 0 a0R1 5374(P1) o --- 0 bOR2 5374(P2) )

where R; and Ry are polynomials in U[Xy, Xo, X3, X4, U]. It follows that, by developping this deter-
minant with respect to the last line,

SResEQ (P1(X1, Xo, X3+ U), Po(X1, X2, X3+ U)) € (a0, 03,4(P1), bo, 03,4(P2)) C U[X1, X2, X3, X4].

Moreover, ag = P1(X1,X2,U), bg = P2(X1,X2,U) and by invariance of the subresultant under the
change of coordinates U «— X3+ U we deduce that

SResly) (Py(X1, X2, U), Po(X1, X2, U)) € (Pi(U), 63,4 P (U, X4), Po(U), 83,4 Po(U, X4))

which implies, after a substitution of U by X3 and a suitable use of the divisibility property of the
resultants, that

Resx, i x, (P1(X3),03,4P1 (X3, X4), Po(X3), 03 4 P2 (X3, X4))
divides I{QSX1 :X0:X3 (Pl, Pg, SResgg (Pl, PQ))
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An easy computation shows that these two resultants have the same bi-degree w.r.t. the coefficients
of P; and P; therefore they are equal up to sign in U (we have already seen that

Resx, . xa:x, (P1, Po, SRes) (P1, Py))

is a primitive polynomial in U through a particular specialization). To determine the sign we consider
again the specialization P, = Xfll + X5171X3 and Py, = ng for which it is easy to see that both
resultants then specialize to 1. O

The following result can be seen as the main explanation of [McC99, theorem 3.4].

Proposition 5.4 Introducing a new indeterminate X4, there exists a non-zero irreducible polynomial

D(P1, Py) in U such that
Resx,....x, (P1,03.4(P1), P, 03 4(P2)) = D(P1, P2)?.

1t is bi-homogeneous with respect to the set of coefficients (U.(l}))m- and(Ui(?)iﬁj of bi-degree

(2dy — 1)da(dy — 1) (2dy — 1)dy(dy — 1)
O T

Proof. Let us denote by R the above resultant. Embedding Z into the algebraic closure of @, the
variety defined by the equation SR = 0 is the projection of the incidence variety

W= {(z1:22:23:24) X (uz(,k])) € P3 x AN suchthat Py = 63 4(P1) = Py = d34(P2) = 0}

(where N is the number of indeterminate coefficients) by the canonical projection on the second factor
m : W C P3x AN — AN, But for a generic point (ag?) € AV such that 98 = 0, we have at least
two pre-image in W since if (z1 : z3 : x5 : x4) is such pre-image then (z1 : @2 : x4 : x3) is also a
pre-image (which is generically different). It follows that the co-restriction of mo to the variety R =0
has degree at least 2 and hence that, in U,

R =c(d) x m?(‘” X 9‘{;2(d) X -ee X g)r{;p(d)

where p is positive integer, ¢(d) is also a positive integer but may depend on d := (di,ds) and
ri(d),...,rp(d) are positive integer greater or equal to 2 and may also depend on d. Note that we
know by lemma that ¢(d) = 1. To determine the other quantities we will proceed by induction on
dy + da > 4 (remember dy > 2 and dy > 2). First, we can check by hand (or with a computer) that
the claim is true if d; = do = 2: R is the square of an irreducible polynomial in U of bi-degree (3,3).
Now, assume that d; 4+ d2 > 4; without loss of generality one may assume that d; > 3. Consider the
homogeneous specialization ¢ which sends P, to the product L@, where )1 is generic homogeneous
polynomials of degree d; —1 > 2 and L := aX; + bXs + cX3 is a generic linear form. We have, using
obvious notations,

d(R) = Res(L1(X3)Q1(X3),Q1(X3)03,4(L1) 4+ L1(X4)03,4(Q1), Po(X3),034(FP2)) (14)
= Res(L1(X3),cQ1(X3) + L1(X4)d3,4(Q1), P2(X3), 3 4(P2)) x
(
(

1 + (L1(X4) — L1(X3))d5,4(Q1), P2(X3), 63,4(F2)) X
( P5(X3),03.4(P2)) x Res(Q1(X3),03,4(Q1), P2(X3),034(F))
(X3), Q1(X3) + (X4 — X3)03.4(Q1), P2(X3),03.4(P2)) ¥
Res(Q1(X3), L1(Xa), P2(X3),03,4(P2)) x Res(Q1(X3),03,4(Q1), P2(X3), 63,4(12))
= 2 @"DRes(L1(X3), Q1(X4), Pa(X3),03.4(P2)) x Res(Q1(X3), L1(X4), Pa(X3),03.4(P2)) x
Res(Q1(X3),03.4
= ch(drl)Res(Ll(
Res(Q1(X3), 03,4

X3), Q1(X4), Pa(X3), 63.4(P2))? ¥
(Q1), P2(X3),03,4(12)), (15)
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since exchanging the role of X3 and X4, we have

Res(L1(X3), Q1(X4), P2(X3), 63 4(F))
L1(Xa), Q1(X3), P2(X4), 03,4(F2))
L1(X4), Q1(X3), P2(X3),03,4(F2))
Q1(X3), L1(X4), P2(X3), 63,4(F2)).

)

3
= Res(
= Res(
= Res(
Observe that this resultant is irreducible by proposition @ and that the last one if the square of an
irreducible polynomial by our inductive hypothesis. Moreover,

e ¢ has bi-degree (1,0) in terms of the coefficients of L; and @)1 respectively,
[ Res(Ll(X4), Ql(Xg), PQ(Xg), 5314(P2)) has also bi—degree (dQ(dQ — 1)(d1 — 1), d2(d2 - 1)) and

e Res(Q1(X3),03.4(Q1), Pa(X3),03.4(P2)) is the square of an irreducible polynomial which has
bi-degree (0,dz(dy — 1)(dy — 1) — %).

Since the specialization ¢ is homogeneous, each irreducible factor SR; of R must give through this
specialization irreducible polynomial(s) having the same degree with respect to the coefficients of L
and Q1. With the bi-degree given above, we deduce that R can at most have two irreducible factors
(and moreover that they specialize to the same polynomial via ¢). It follows that we have p =1 and
T1 (d) = 2. O

Remark 5.5 Some technical limitations of the theory of anisotropic resultants [, ] prevent
the explicit description of the “squareroot” of the above resultant. More precisely, suppose given two
sequences of integers (my, ..., m,) and (di, . .., dy) such that d; > m; for all couple (4,5) € {1,...,n}>
If g1,...,9, are n homogeneous polynomials of degree my, ..., m, respectively in the graded ring
S[X4,...,X,] (with deg(X;) =1foralli=1,...,n) and fi,..., f, are n quasi-homogeneous polyno-
mials of weight dy, ..., d, respectively in the graded ring *S[X7, ..., X,,] (now with deg(X;) = m; for
all i = 1,...,n) then an easy adaptation of the base change formula [Jou91l, 5.12] shows that

dy..dp

Res(fl(gla' -'7gn)a" -7f1(gla" 7971)) = aReS(fla' H 7fn)AReS(gla' -'agn)mlmmn

in S where A = —J21Mn___
ged(ma,..., M)

In our case, denoting 6°(P) := P(X1, X2, X3) — P(X1, X2, X4), it is easy to see that

Res(6°(P1), 81 (Py), 60(Py), 01 (Py)) = 2(d—D(d2=1)(ditdz) o
Res(P1 (X1, X2, X3),6(P1)(X1, X2, X3, Xy), Po(X1, X2, X3),6(P2) (X1, X2, X3, X4)).

And since, for all i = 1,2, 6°(P;) and §'(P;) are symmetric polynomials with respect to the variables X3
and X4 we deduce that there exists four quasi-homogeneous polynomials Q;(X1,...,Xy),i=1,...,4,
with deg(X;) = deg(Xs) = deg(X3) = 1, deg(X4) = 2 and such that, for instance,

Q1(X1, Xo, X5 + Xy, X3X4) = 0°(P1) (X1, X2, X3, Xy).
By using the above adapted base change formula, we should obtain
Res(0°(P1), 6" (P1),0°(P2), 6" (P2)) = £'Res(Q1, Q2, @3, Q1)°

However, Q1,Q2,Q3,Q4 are quasi-homogeneous of weights (dy,d; — 1,da,da — 2) respectively and
hence the condition of the existence of their anisotropic resultant [, §2] are not fulfilled.

Gathering the results of this section, we obtain the full factorization of the discriminant of a
resultant.
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Theorem 5.6 Introducing a new indeterminate X4, we have in U:
Discx, (Resx, (P (1, Xa, X3), Pa(1, Xa, X3))) = (—1)( @2t Dldidetdi=DDige o o (P, P)D(Py, P)?

where Discx,. x,. x5 (P1, P2) and D(P1, P2) are irreducible polynomials in U. This iterated resultant is

bi-homogeneous with respect to the sets of coefficients Ui(é) and Uz-(j) respectively of bi-degree
(2d2(d1d2 — 1); 2d1(d1d2 — 1))

As usual, we can specialize this result to obtain the following:

Corollary 5.7 Given two polynomials fr(x,y,z),k = 1,2, of the form

& o
fe(@y.2)= > all)ayisd €Sy 4,
la|+i+ji<dg
where x denotes a set of variables (x1,...,xy) for some integer n > 1 and S is any commutative ring,

the iterated resultant Discy (Res.(f1, f2)) € S[z] is of degree at most dids(dida — 1)in & and factors,
up to sign, as

Discy (Res. (f1, f2)) = (—1)(d2tD(didardi=DDige (f1 £)D(f1, f2)>.

Moreover, if the polynomials fi1 and fo are sufficiently generic, then this iterated resultant has
exactly degree dida(dide — 1) in @ and the two terms in the right hand side of the above equality are
irreducible and a square of an irreducible polynomial respectively.

6 Discriminant of a discriminant

In this section, we are interested by analyzing two iterated discriminants. Before going into the
algebraic study, let us consider the problem from a geometric point of view. Suppose we are given
an implicit surface f(x,y,z) = 0. Computing the discriminant of f in z consists in projecting the
apparent contour (or polar) curve in the z direction, which is defined by f(z,y,2) =0, 9. f(z,y,z) = 0.
Computing the discriminant in y of this discriminant in z of f consists in computing the position of
lines parallel to the y axis, which are tangent to the projected curve.

We illustrate it by some explicit computations, with the polynomial

fry,2) =2 —P2+222 —y22 — > —wz+ 1.

Its discriminant in z is a polynomial of degree 12 and the discriminant in y of this discriminant factors
as:

5540271966595842048
(14348907 2'° — 93002175 2° + 273574017 2° — 909290448 27 + 2868603336 2° — 5353192260 z°

+9038030571 2% — 17693165669 2> 4 17648229264 2° — 4081683588 2 + 218938829) (= — 1)
(1252 — 173)* (47832147 2* + 147495688 2° — 245928792 2% — 212731008 = + 230501936)3 .

Here is a picture of the situation, where we represent the surface f = 0 and the projection of its
apparent contour? (the z-direction is pointing to the top of the image and z-direction to the left):

2The topology computation and visualitation have been performed by the softwares AXEL
(http://www-sop.inria.fr/galaad/axel/) and SYNAPS (http://www-sop.inria.fr/galaad/synaps/).
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The first factor of degree 10 has 4 real roots corresponding to the smooth points of the surface with a
tangent plane orthogonal to the z-direction. The second factor of multiplicity 2 corresponds to points
of the polar variety which project in the (x,y)-plane onto the same point. Geometrically speaking,
we have a double folding of the surface in the z-direction above these values. There are two such real
points in our example. The last factor of multiplicity 3 corresponds to cusp points on the discriminant
curve, which are the projection of a “fronce” or a pleat of the surface. There are 4 such real points.
Notice that the branches of the discriminant curve between two of these cusp points and one of the
double folding points form a very tiny loop, which is difficult to observe at this scale.
These phenomena can be explained from an algebraic point of view, as we will see hereafter. They
have also been analyzed from a singularity theory point of view. A well-know result in singularity the-
ory, due to H. Whitney (see [Whi5d, Mat7d, [AVGZ86]) asserts that the singularities of the projection

of a generic surface onto a plane are of 3 types:

e a regular point on the contour curve corresponding to a fold of the surface,

e a cusp corresponding to a pleat,

e a double point corresponding to the projection of two transversal folds.

These are stable singularities, which remain by a small perturbation of the surface or of the direction
of projection. For a more complete analysis of the singularities of the apparent contour, see also
[P1agd).

We are now going to analyze the algebraic side of these geometric properties for generic polynomials
of a given degree. Suppose given a positive integer d > 3 and a homogeneous polynomial

P(X1,X2,X3) = Yocijurgea Ui XiX3X5 ™7 € U[X1, X, X3,

where U is the universal coefficients ring Z[U; ;]. In this section we will study the discriminant of the
discriminant of P. Here is the first factorization we can get as a specialization of the iterated resultant

we studied in the previous section.
Proposition 6.1 We have the equality in U:

U2 & =2 Discx, (Disex, (P(1, Xa, X3))) = Discx, x,.x, (P) X Resxyixgox, (P, 93 P, 07P) %
ReSXlz---:X4 (P7 63,4P7 63P7 63,463P)'

The iterated discriminant Discy, (Discx,(P(1, X2, X3))) is homogeneous with respect to the set of

coefficients U, ; of degree 4 (d — 1) (d> —d —1).
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Proof. This is essentially a specialization of the formula given in proposition @, which yields in
our case the equality

])iSCX2 (I{GSX3 (P(l, XQ,X3), 83P(1, XQ, Xg))) = DiSC(P, 63P) X Res(P, 5374P, 83P, (537463P).
On the one hand, we know by definition of the discriminant and properties of resultants, that
Res(P, 03P, X1)Disc(P, 05 P) (16)
= Res(P,03P, 0, PO3P — 03P0,05P)
= Res(P,03P, 0, PO5P)
= Res(P,03P,02P) x Res(P, 03P, 03 P). (17)
Moreover, by Euler identity we have dP = X101 P + X205 P + X303 P from we deduce that
d%'Res(P,03P,X1) = Res(X205P, 03P, X1)
= ReS(XQ, 63P, Xl) X RGS(GQP, 83P, Xl)
= d UoﬁoReS(aQP, 83P, X1>.

Again by Euler identity, the relation @) yields
d“"V*Res(P,05P,0,P) = Res(X10,P,03P,9,P)

= Res(Xl, 83P, 82P)Res(81P, 83P, 82P>

= ¥ ~393Res(0, P, 95 P, X1)Disc(P)
and by substitution in (E) and simplification by Res(doP, 03P, X1) and d?~2, we get that

Uo.oDisc(P, 03 P) = Disc(P)Res(P, 03P, 03 P)
so that
U07()DiSCX2 (I%GSX3 (P(l, Xg, Xg), 63P(1, XQ, X3))) = DiSC(P) X
Res(P, 03P, 03 P) x Resx,....x, (P(X3),0x, x,(P), 03P(X3), 0x,.x, (03 P)).
On the other hand,
DiSCX2(ReSX3(P(1,X2,Xg),agp(l,XQ,Xg))) = DiSCX2(U070DiSCX3(P(1,XQ,Xg)))
Uy =V~ YDisc x, (Disex, (P(1, X2, X3)))

= U242 2Discy, (Discx, (P(1, X2, X3)))

since Discx, (P(1, X2, X3)) is of degree d(d—1) in X5 and the discriminant of a polynomial of degree D
is homogeneous of degree 2 (D — 1) in its coefficients. The claimed formula then follows immediately.

Concerning the degree, observe that Discx, (P (1, X2, X3)) has coefficients of degree 2(d — 1) in
the coefficients of P and as the discriminant of a polynomial of degree D is homogeneous of degree
2(D — 1) in its coefficients, Discyx, (Discx,(P(1, X2, X3))) is of degree 2(d(d — 1) — 1) x 2(d — 1) =
4(d —1)(d? — d — 1), since the degree of Discy, (P(1, X2, X3))) in X is D =d(d — 1). O

In the factorization of Discx,(Discx,(P)) given in this proposition, only the factor Disc(P) is
known to be irreducible in U. The remaining of this section is devoted to the study of the full
factorization of the two other factors. We begin with the study of the factor appearing in proposition
@ corresponding to the resultant of P, its first and second derivative with respect to Xs.

Lemma 6.2 Let S be a commutative ring and suppose given a linear form L =a X1 +bXo +c X3 €
S[X1, X2, X3] and a homogeneous polynomial @Q € S[X1, Xa, X3] of degree d —1 > 2. Then

Res(LQ,85(LQ), 02(LQ)) = 2211 De34=4Res(L, Q, 35(Q))* x Res(Q, 05(Q), 82(Q)).
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Proof. It is a straightforward computation using the properties of the resultants:

Res(LQ, 93(LQ), 93 (LQ)) = Res(LQ, cQ + Ld5(Q), 2cd3(Q) + L 93(Q))
= Res(L,cQ,2c03(Q)) x Res(Q, L 95(Q),2¢cds3(Q) + L I3(Q))
= 2971c24=3Res(IL, Q, 03(Q))Res(Q, L, 2 ¢ 05(Q))Res(Q, 93(Q), L 92(Q))
= 221D 23 Res(L, Q, 05Q) Res(Q, 33(Q), L)Res(Q, 35(Q), 35(Q))
= 22d-13d~4Res(L, Q, 33(Q))*Res(Q, 33(Q), 92(Q)).

Proposition 6.3 The following equality holds in U:
Rele;XQ;XS (P, 03P, 6§P) = 2d(d71)U0270 S(P)
where F(P) is an irreducible homogeneous polynomial in U of degree 3d(d — 2).

Proof. We rewrite P as
P=UpoX{+car X+ +cgoXi4ca1X3+ca
where the ¢;’s are homogeneous polynomials in U[X7, X5] of degree i respectively; we have

83P = dA070 ngl + (d - 1)01X§72 + -4 2Cd_2X3 + Cd—1,
DIP = d(d—1)UppX$ 2+ (d—-1)(d—2)er X8+ +2cq_a.

Consider the incidence variety
W= {(z1:22: x3) X (a;,) € P? x AY+tD/2guchthat P = 5P = 6§P =0}

whose canonical projection onto the second factor, by mo : W — Ad(d+1)/2 g the variety of pure
codimension one defined by the equation Res(P, 93P, 95 P) = 0. Considering the canonical projection
onto its first factor 7; : W — P2, which is surjective, we observe that 77 *(0: 0: 1) is the hyperplane
{Uoo = 0} in AY+D/2 and that ;' (zy : @2 @ a3) is a linear space of codimension 3 in A4(d+1)/2
if (1 : w2 2 23) # (0:0: 1) € P? (just observe that in this case cg4,cq_1,cq—2 gives non trivial
conditions and that d3P does not depend on c¢gq and that 6§P does not depend on ¢4 and cq—1). It
follows that W = Wy U W35 where W is the irreducible variety defined by {Upo = 0} and Ws, the
closure of the fiber bundle 77 *(P2\ (0:0: 1)) — P2\ (0:0: 1) in P? x Add+D/2 i an irreducible
variety of codimension 3. We deduce that m2(W) is the union of two irreducible varieties: m2(Wy)
whose defining equation is {Up o = 0} and w2 (Ws). Therefore, we obtain that, in U,

Res(P, 03P, 92P) = c(d)UyS" R,

where ¢(d), a(d), r(d) are all positive integer (in particular, they are nonzero) which may only depend
on d, the degree of P, and Ry is an irreducible polynomial in U. In order to determine ¢(d), a(d), r(d)
we will use a particular specialization and some properties of the resultants.

First, it is easy to check by hand (or with a computer), that the case d = 3 gives, in U,

Res(P, 05 P, 05 P) = 2°U§ o3 (P)

where §(P) is an irreducible polynomial. Moreover, if ¢ denotes the homogeneous specialization
which sends all the coefficients of ¢4 to 0, we have ¢(P) = X3 @, where @ is a generic homogeneous
polynomial of degree d — 1. By lemma @, we get

d(Res(P,d3P,02P)) = 221D Res(Q, D3Q, X3)>Res(Q, 83Q, 92Q).
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So, if we proceed by induction on the integer d, we obtain
6(Res(P,05P,03P)) = 22" VRes(Q,05Q, X3)* x 2" D205 V5(Q)
2DU o Res(Q, 0:Q, X3)*§(Q)

where we notice that Res(Q, 95Q, X3) = Res(cq—1, cq—2) is an irreducible polynomial in U (it is the
resultant of two generic homogeneous polynomials) which does not depend on Up . Since we must
also have

9(Res(P, 95 P, 95 P)) = e(d)Uy 5 6(F(P))""

we deduce by comparison that, for all d > 3,
e ¢(d) divides 24@—1),
e 7(d) =1 (since the specialization of R4 by ¢ produces an irreducible and reduced factor),
e a(d) <2.

Now, it is easy to see that 2 divides 5P and hence that 24(d=1) divides Res(P,dsP, 032P). This
implies that 2%(¢=1) divides ¢(d), which implies, since we already noted that c¢(d) divides 24=1)

)

that c(d) = 244=1). To conclude the proof, it remains to show that a(d) > 2 for all d > 3, that is
to say that U, divides Res(P,83P,05P) in U. Note that it is sufficient to show that Ug, divides
R := Res(d(d — 1) P, (d — 1)93P, 93 P) since

Res(d(d — 1)P, (d — 1)d3P, 82 P) = d(d — 1)@= 1D@=2) » (d — 1)44=2) x Res(P, d3P, 02 P).
Using Euler identity several times, we get

R = Res((d—1)X101P+(d—1)X90:P, (d — 1)03P, 95 P)
Res(X{07P + 2X1X2010oP + X305 P, X10103P + X20203P, 95 P).

It is clear that 8§P S (Xl,XQ,UQ()Xg) and X10103P + X20203P € (Xl,XQ) C (Xl,X27U070X3).
Moreover, X%&fP + 2X1X2010-P + X%&%P S (Xl,X2)2 C (Xl,X27U070X3)2. Then, the general
divisibility lemma implies that

Res(X1, Xo, Uy 0 X3)?*1*! divides R,

where Res(X1, X2, Uy 0X3) = U o.
The degree of F(P) in the coefficients of P is given by the formula

dd—1)4+d(d—-2)+(d—1)(d—2)—2=3d(d—2).

O

We now turn to the study of the third factor appearing in the factorization of Discx, (Discx, (P))
in the proposition @ We begin with a first factorization of this factor.

Proposition 6.4 Assuming that d > 4, we have the following equality

214"V Resx,.....x, (P, 834 P, 3 P, (83 403) P) =
Resx, . x,:x, (P, 03P, 03 P)* x Resx,.....x, (P, 03P, 63 4 P, (65 405 — 263 ,) P)

between homogeneous polynomials in U of degree 2(d — 1)(2d? — 4d + 1).
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Proof. Using known properties of resultants and equalities (E) and (E), we get the equalities
Res(P, 03, 4P, 03P, 63 40sP) = Res(P,03P + (X4 — X3)03 4P, 03P, 83 405 P)
= Res(P, (X4 — X3)85 4P, 03P, 63,405 P)
= Res(P, (X4 — X3>, 83P, 537483]3) X
Res(P, 03 4P, 03P, 03P + (X4 — X3)63 ;0 P)
= Res(P,03P,05P) x
Res(P, 03 4P, 03P, 03P + (X4 — X3)83 405 P).
Let us denote
S(P) := Res(P, 03 4P, 03P, 03P + (X4 — X3)83 4,05P).
Since 03 P = 203 4P — 2(X4 — X3)d3 ,P in U, we deduce that, in U,
2Ud=DI=2)§(P) = Res(P,263 ,P, 03P, 03P + (X4 — X3)63 ,05P)
= Res(P,263 4P, 03P, (X4 — X3)(65 405 — 263 4) P)
= Res(P,265 4P, 03P, (X4 — X3)) x Res(P, 203 4P, 03P, (63 405 — 263 ,) P)
= Res(P,03P,03P, (X4 — X3)) x Res(P, 203 4P, 03 P, (65 403 — 263 ,) P)
= 24=DE=3)Res(P, 03P, 03 P) x Res(P, 65 ,P, 03 P, (83 405 — 203 ,)P).
Therefore, we have
2=V Res(P, 3,4 P, 93P, (83,405) P) = Res(P, 93P, 03 P)? x Res((P, 03P, 03 4P, (63 4,05 — 263 ;) P).

The claimed formula for the degree of Res(P, d3 4P, 03P, (d3,403)P) comes immediately by specializa-
tion of the formula given in lemma @ O

As a consequence of this proposition, to get the full factorization of Discx, (Discx,(P)) it only
remains to study the factorization of the term

R(P) := Resx,....x, (P, 03P, 5§,4P7 (5%7483 — 2534)P)
whose degree in the coefficients of P is
2(d—1)(2d* —4d+1) —2(d(d—1)+d(d—2)+ (d—1)(d —2)) =2(2d — 3) (d* — 3d + 1).
This is the aim of the next proposition; we begin with two technical lemmas.

Lemma 6.5 Let S be a commutative ring and suppose given a linear form L =a X1 +bXs+cX3 €
S[X1, X2, X3] and a homogeneous polynomial @Q € S[X1, Xo, X3] of degree d —1 > 2. Then

Resx,:...x, (LQ, 05(LQ), 05.4(LQ), 05 405(LQ)) = 22471 24D (3d=5)
ReSXl:XQ:Xg (La Q) a362)6 X ReSX1:~~:X4 (L(X4); Qa a?)Qa 6§74Q)4X
Resx,:....x, (Q, 03,4Q, 03Q, 03 403Q).

Proof. Set P := LQ. Using relations ([L3) with P, = 83(P) and
63P(X4) = 63P(X3) + (X4 — Xg) (53,483P,
we obtain the decomposition

Res(P, 05(P), d3.4(P), d3,405(P))
= D) Res(L(X4), Q(Xs), 05(P), 63,405(P))* x Res(Q, 05.4(Q), 03(P), 35,405 (P))
d-Dd=2) g2 R, (18)
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Using the relations

03(P) = 03(L)Q+ Los(Q),
03403(P) = 03(L)03,.4(Q) + 03.4(L) 05(Q) + L(X4)d3,403(Q),

we can decompose further the previous expressions:

Ry :=Res(L(X4), Q,03(P), d3.493(P))
= Res(L(X4),Q,L5(Q),05(L) 65,4(Q) + d3,4(L) O ( )
= Res(L(X4),Q,L,cd34(Q) +c05(Q)) x Res(L(X4), Q, 05(Q), cd3.4(Q))
= Res(L(X4),Q,c (X3 — X4),¢(554(Q) + 93(Q))) x "V 2Res(L(X4), Q, 93(Q), 55.4(Q))

= cld=DFd= i DRes(L, Q,205(Q)) x VU2 Res(L(X4), Q, 05(Q), 63,4(Q))
= 2071 d=DI=Reg (1, Q, 05(Q)) x Res(L(X4), Q,95(Q),53.4(Q))

Now, using the relation 03 4(Q) = 93(Q) + (X4 — X3)d3 4(Q), we have

RGS(Q, 83(6’2)) 63,4(6’2)’ L(X4)) = ReS(Qa 83(6’2)’ (X4 - X3) 6%,4(6’2)) L(X4))
= Res(L,Q,93(Q)) x Res(Q,33(Q), 03 4(Q), L(X4)).  (19)

We deduce that
Ry = 27717 DCIRes(L, Q, 05(Q))* x Res(Q, 95(Q), 65 4(Q), L(Xy4)).
Similarly, we have

Ry = ReS(Q 03,4(Q), 05(P), 65,405(P))
= Res(Q,034(Q), L 05(Q),05,4(L)03(Q) + L(X4) 65,405(Q))
Res(Q,03,4(Q), L, 63,4(L)05(Q) + L(X4) 03,403(Q)) x Res(Q, 5,4(Q), 95(Q), L(X4) 03,405(Q))
= Res(Q,03.4(Q), L, c95(Q)(X4)) x Res(Q, d3,4(Q), 05(Q), L(X4))
xRes(Q, 03,4(Q), 95(Q), 03,403(Q))

= VU 2Res(Q, 05(Q), 05.4(Q), L(X4))? x Res(Q, 05.4(Q), 95(Q), 05.405(Q)),

since

c03(Q) + L(X4)03,403Q — L(X3) 03,403(Q) = c03(Q)(X4),

and

Res(Q, 03,4(Q), L, 05(Q)(X4)) = Res(Q, 05(Q), 65,4(Q), L(X4)).
using the relation ([l), we deduce that

R2 = C(dil) (d72)ReS(L; Q7 83Q)2 X ReS(L(X4)7 Qa 83@5 5%,4@)2 X RCS(Q, 5374 (Q)7 83 (Q)7 53,483 (Q))

By equation (E), squaring R; and taking the product with Ry and ¢(=1(4=2) e obtain the expected
decomposition. O

Lemma 6.6 Let S be a commutative ring and suppose given a linear form L = a X1 +bXs+cX3 €
S[X1, X2, X3] and a homogeneous polynomial @Q € S[X1, Xa, X3] of degree d —1 > 2. Then

R(LQ) = ST 22H18 Res(L(X4), Q, 85(Q), 62 4(Q)) R(Q)-
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Proof. Set P := LQ. By proposition [.4 and lemma [.3, we have
214V Res(P, §3.4(P), 03(P), 53.403(P)) = Res(P, 05(P), 93 (P))* R(P)
= (22<d—1>c3d—4Res<L, Q,95(Q))* Res(Q, 35(Q), 0%(@)))27%(13)
= 21D Res(L, Q, 05(Q))° Res(Q, 35(Q), 35(Q))* R(P).
And since by lemma f.5 and proposition .4 we also have
Res(P,d3,4(P),03(P), 03,403(P))

22(d=1) 2(d=1B4=5)Res(L, Q, 93Q)° Res(L(X4), Q, 05(Q), 03 4(Q))* Res(Q, 33.4Q, 05Q, 35,.405Q)
2~ dld=1)2d=DEIE)Res (L, Q, 05Q)° Res(L(X4), Q, 95(Q), 05 4(Q))* Res(Q, 9:Q, 93Q)*R(Q),

the claimed formula follows by comparison. O

Proposition 6.7 Assuming that d > 4, we have
R(P) = Ugg """ u(P)?,
where $U(P) is irreducible in U of degree 2d (d — 2) (d — 3).

Proof. We first prove that U027%(d71)76 always divides R(P) in U. Gathering the results of propositions
b.1, 6.3, .4 and b.7 we obtain the following equality in U:

2d(d—1)—6
0

Us Discx, (Discx, (P(1, X2, X3))) = Up.oDiscx,: x,:x, (P)F(P)*R(P). (20)

)

In order to prove that Ugfé(d*l)f6 always divides R(P), it is thus sufficient to prove that Uy o always
divides Discx, (Discx, (P(1, X2, X3))). Rewrite the polynomial P as

P = onng + ad,ngfl + e + 0,1X3 + an

where the a;’s are homogeneous polynomials in X5, Xs, If one specializes Uy o to 0 then P specializes
to a polynomial of degree d — 1 in X3 and hence, by a well-known property of discriminants we have

])iSCXS (P(l, XQ,Xg)) = (71)dad,1(1, ,)(Q)QDiSC/X3 (P(l,XQ,Xg))

where Disc’y, (P(1, X2, X3)) denotes the discriminant of P as a polynomial of degree d — 1 (and not
d). But then, the discriminant with respect to X5 of the above quantity equals 0 since it contains a
square factor. This implies that Uy o divides Discx, (Discx, (P(1, X2, X3))).

Observe now that by propositions @ and @, R(P) is a square and hence can be decomposed as
R(P) = c(d)?Ug 5 ROy Ry (P) -, ()27,

where RR;(P) are irreducible polynomials and ¢(d) € Z. As we did several times, we will prove the
claimed factorization by induction on the degree d of P. For d = 4, we find by explicit computation
that

R(P) = 2%UyuU(P)?

where Y(P) is an irreducible polynomial in U of the expected degree. Assume that for a generic
polynomial @ such that deg(Q) < d, we have

R(Q) _ U07O(Q)2(d71)(d72)76u(Q)2

where (Q) is an irreducible polynomial, of bi-degree (0,2(d — 1)(d — 3)(d — 4)) in (L, Q).
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Consider the specialization ¢(P) = L Q where L and @ are generic polynomials of degree 1 and
(d — 1) respectively. We denote by ¢, resp. U}, the coefficient of X3, resp. Xg_l, of L, resp. Q.
Each factor ®(R;) must decompose into a product of irreducible factors such that the degree in the
coefficients of L equals the degree in the coefficients of (). By lemma @, we have

R(LQ) = ¥ 24H18 Res(L(X4), Q, 05(Q), 62.4(Q)) ' R(Q)

and by proposition @, we have

Res(L(X4), Q. 05(Q). 85,4(Q)) = Ugy 'T(Q. L)
where T(Q, L) is irreducible of degree ((d —1)(d —2)(d — 3), (3d —4)(d — 3)) in (L, Q). Using now the
induction hypothesis, we deduce that
R(LQ) _ C6d2—22d+18U(;"10(d*1)+2(d*1)(d*2)*GS(Q, L)4ﬂ(Q)2
— CGd2722d+18U620d(d*1)*6s(Q L)411(Q)2
2d(d—1)=6 4(d—2)(d—
_ (cUé,O) (d=1)=6 4(d-2)(d 3)5(@ L)MI(Q)2.

An explicit analysis, as the ones we did several times before in this paper, shows that the product
Ad=2d=3)7(Q), [)%4(Q) must comes from the same factor R%;(P). Indeed, counting 1 for the degree
of a coefficient of L and —1 for the degree of a coefficient of @, the degree of a term ¢/T(Q, L)*U(Q)
with [ < 2(d — 2)(d — 3) is at most
2d—=2)(d—3)+k((d—1)(d—2)(d—3)— (8d—4)(d—3)) —2(d — 1)(d — 3)(d — 4)
=2(d —3)(d* — 6d+ 6)(k — 2).

which is < 0 for K = 0,1 d > 5 and 0 for £k = 2. This proves that for d > 5, any sub-product
AA=2d=3)7(Q, L)%44(Q) has not the same degree in the coefficients of L and Q, except when k = 2

for the product of all terms. We deduce that 4(P) is irreducible, which concludes the proof of the
proposition. O

Gathering all our results, we get the following theorem:
Theorem 6.8 Assuming that d > 4, we have the equality in U
Discx, (Discx, (P(1, X2, X3))) = Uo,0 Discx,.x,:x, (P) §(P)? tU(P)>.

The iterated discriminant Discx, (Discx, (P(1, X2, X3))) is homogeneous with respect to the set of
coefficients U; ; of degree 4 (d — 1) (d*> —d — 1).

Proof. It is a direct consequence of formula (@) and proposition @ O

Corollary 6.9 Given a polynomial f(x,y,z) of the form

fxyz)= > aaix*y'2 € SKy, 2,
lal+iti<d
where x denotes a set of variables (x1,...,x,) for some integer n > 1 and S is any commutative ring,

the iterated discriminant Disc,(Disc.(f)) € S[x] has degree at most d(d —1)(d*> —d — 1) in x. If the
polynomial f is sufficiently generic and S is an infinite field, we have

Discy (Disc.(f)) = ao,0,a Discy, . (f) F(f)> U(f)>.

where
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e Disc, . (f) is an irreducible polynomial in x of degree d(d —1)?,

e J(f) is irreducible in x of degree d(d—1)(d—2), such that Res,, .(f, 0, f, 02f) = 24(d—1) ag.0.aS(f)-

e U(f) is an irreducible polynomial in x of degree % d(d —1)(d — 2)(d — 3), such that

Resy7z7z’(fa 62,2’ (f)a 0.f, 6z,z’(azf)) = aé,O,ds(f)2ﬂ(f)2

and also

Resy».o0 (£, 0: f,02 . (f), (62,05 — 282 ) f) = a7 °uU(f)2.

Remark 6.10 In the decomposition formula given in the above corollary, we can replace Disc, ,(f)
by a resultant up to the constant factor a(Q),O, a
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