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Meromorphic and Multipoint Padé Approximants to
Complex Cauchy Transforms with Polar Singularities

L. Baratchart and M. Yattselev

Abstract

We study the asymptotic pole distribution and the convergence in capacity of AAK-type meromorphic
approximants as well as multipoint Padé approximants to functions of the form

Fe) = [ A | g,

z—1

where R is a rational function and p a complex measure with compact regular support included in R, whose
argument has bounded variation on the support.

Key words: meromorphic approximation, AAK-theory, rational approximation, Padé approximation, multi-
point approximation, orthogonal polynomials, Hardy spaces, critical points.

AMS Classification (MSC2000): primary 41A20, 41A21, 41A30, 42C05; secondary 30D50, 30D55, 30E10,
31A15.
1 Introduction

This paper is concerned with the asymptotic behavior of certain meromorphic and rational approximants to
functions of the form

Plz) = / A | g, (1.1)
z—t

where R is a rational function, holomorphic at infinity, and X is a complex measure compactly and regularly

supported on the real line.

The meromorphic approximants that we consider are optimal, for fixed number of poles in the unit disk,
with respect to a LP-norm on the unit circle. When studying them, we assume that suppA and all poles of
R lie in the open unit disk, so that F' is indeed p-summable on the unit circle. The asymptotics are then
understood when the number of poles goes large. In the case where p = oo, this type of approximant was
introduced by V. M. Adamyan, D. Z. Arov, and M. G. Krein in their famous paper [1]. Here we deal with
their natural generalization to LP, although we restrict ourselves to the range 2 < p < oo for technical reasons
to be explained later. The meromorphic approximation problem also has a conformally invariant formulation
on Jordan domains with rectifiable boundary, to which the results of the present paper transpose with obvious
modifications if suppA is contained in a closed hyperbolic geodesic arc rather than a segment. The interested
reader will have no difficulty to carry out this generalization using the construction of [10, Sec. 5].

As for multipoint Padé approximants, we deal with rational interpolants of type (n,n) where, for each n,
a set of 2n + 1 interpolation points has been prescribed one of which is infinity. Moreover, we assume that the
interpolation points are conjugate-symmetric and chosen in such a manner that, when n goes large, they have
a limit distribution whose support is disjoint from the poles of R and the convex hull of suppA.

One reason for treating jointly best meromorphic approximants and Padé approximants is that essentially
the same technique will be used. This technique rests on recent results on (non-Hermitian) orthogonality on a
segment obtained in [8]. A second reason is that when p = 2 best meromorphic approximation to F' reduces
to best rational approximation of fixed degree in L? of the circle. Such rational approximants turn out to be
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multipoint Padé approximants as well (although this time the interpolation points are not known a priori) hence
the two theories make contact for p = 2.

A few words of comparison between these two types of approximants are perhaps in order. On the
one hand classical and multipoint Padé approximants were historically first to be studied, becoming of great
importance both in function theory and in number theory, and they offer linear computational schemes with
remarkable properties that are exploited, e.g. for convergence acceleration in numerical analysis [18]. On the
other hand, the phenomenon of spurious poles and the poor numerical stability when dealing with inaccurate
data have impeded the use of such approximants for modeling and identification in engineering sciences. In
addition, given some criterion, the optimal or suboptimal choice of the interpolation points when their number is
fixed (a crucial issue in practice) is a difficult nonconvex optimization problem which is still not well-understood
as most studies of the approximation rate are asymptotic in nature. In contrast, best meromorphic approximants
on the circle have a guaranteed region of holomorphy (the complement of the closed unit disk in our case) and,
by definition, they make in some sense best possible use of the freedom to choose the poles. Moreover, their
optimality has important interpretations in control and identification of linear dynamical systems [6, 17, 37, 39, 7]
and gives rise in specific cases to near-best rational approximation schemes [20, 35]. Their main drawback is
that they are not so easy to compute, since when p = oo the best approximation projection is generically not
continuous with respect to the L norm, but only with respect to stronger norms [26, 38|, while for p < oo one
has to rely on a numerical search that may get trapped in local minima. In this respect, let us point out that
the results of the present paper are valid, not only for best meromorphic approximants, but more generally for
critical points of the LP-criterion thus also for local best approximants.

To put our results into perspective, let us begin with an account of the existing literature. When A
is a positive measure and R = 0 (in this case F is referred to as a Markov function), the study of diagonal
Padé approximants to F at infinity goes back to A. A. Markov who showed (see [32]) that they converge
uniformly to F' on compact subsets of C\ I, where I is the convex hull of suppA. Later this work was extended
to multipoint Padé approximants with conjugate-symmetric interpolation schemes by A. A. Gonchar and G.
Lépez Lagomasino in [23]. A cornerstone of the theory is the close relationship between diagonal Padé (resp.
multipoint Padé) approximants to Markov functions and orthogonal polynomials, since the denominator of
the n-th approximant is the n-th orthogonal polynomial in L?(d)) (resp. L?(d\/p) where p is a polynomial
vanishing at finite interpolation points). For further references and sharp error rates, we refer the reader to the
monographs [50, 49].

Another generalization of Markov’s result was obtained by A. A. Gonchar on adding polar singularities,
i.e. on making R # 0. He proved in [22] that Padé approximants still converge to F' locally uniformly in
C\ (S’UI), where S’ is the set of poles of R, provided that \ is a positive measure with singular part supported
on a set of logarithmic capacity zero. Subsequently, it was shown by E. A. Rakhmanov in [44] that weaker
assumptions on A can spoil the convergence, but at the same time that if the coefficients of R are real, then the
locally uniform convergence holds for any positive A\. Although it is not a concern to us here, let us mention
that one may also relax the assumption that supp A is compact. In particular, Padé and multipoint Padé
approximants to Cauchy transforms of positive measures supported in [0, oo] (such functions are said to be of
Stieltjes type) were investigated by G. Lépez Lagomasino in [28, 29].

The case of a complex measure was taken up by G. Baxter in [14] and by J. Nutall and S. R. Singh in [34],
who established strong asymptotics of non-Hermitian orthogonal polynomials on a segment for measures that
are absolutely continuous with respect to the (logarithmic) equilibrium distribution of that segment, and whose
density satisfy appropriate conditions expressing, in a way or another, that it is smoothly invertible. These
results entail that the Padé approximants to F' converge uniformly to the latter on compact subsets of C\ I when
R = 0 and dX\/dpu; meets these conditions (here p indicates the equilibrium distribution on I). For instance
Baxter’s condition is that logd\/dp;, when extended periodically, has an absolutely summable Fourier series.
When d)\/dpuy is holomorphic and nonvanishing on a neighborhood of I, still stronger asymptotics, allowing to
handle multipoint Padé approximants as well, were recently obtained by A. I. Aptekarev and W. Van Assche
in [5], using the Riemann-Hilbert approach pioneered by P. Deift and X. Zhou (see e.g. [16]).

Meanwhile H. Stahl opened up new perspectives in his pathbreaking papers [47, 48], where he studied
diagonal Padé approximants to (branches of) multiple-valued functions that can be continued analytically with-
out restriction except over a set of capacity zero (typical examples are functions with poles and branchpoints).
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By essentially representing the “main” singular part of the function as a Cauchy integral over a system of
cuts of minimal capacity, and through a deep analysis of zeros of non-Hermitian orthogonal polynomials on
such systems of cuts, he established the asymptotic distribution of poles and subsequently the convergence in
capacity of the Padé approximants on the complement of the cuts. In [24] this construction was generalized to
certain carefully chosen multipoint Padé approximants by A. A. Gonchar and E. A. Rakhmanov, who used it to
prove the sharpness of O. G. Parfenov’s theorem (formerly Gonchar’s conjecture) on the rate of approximation
by rational functions over compact subsets of the domain of holomorphy, see [35]!. Of course the true power of
this method lies with the fact that it allows one to deal with measures supported on more general systems of
arcs than a segment, which is beyond the scope of the present paper. However, since a segment is the simplest
example of an arc of minimal logarithmic capacity connecting two points, the results we just mentioned apply
in particular to functions of the form (1.1) where A is a complex measure supported on a segment which is
absolutely continuous there with continuous density that does not vanish outside a set of capacity zero. By
different, operator-theoretic methods, combined with a well-known theorem of E. A. Rakhmanov on ratio as-
ymptotics (see [43]), A. Magnus further showed that the diagonal Padé approximants to F' converge uniformly
on compact subsets of C \ I when R = 0 and d\/dt is non-zero almost everywhere with continuous argument
[31].

In contrast with previous work, the present approach allows for the complex measure A to vanish on
a large subset of I. Specifically, we require that the total variation measure |A| has compact regular support
and that it is not too thin, say, larger than a power of the radius on relative balls of the support (see the
definition of the class BVT in Section 3). Although fairly general, these conditions could be further weakened,
for instance down to the A-criterion introduced by H. Stahl and V. Totik in [49]?. However, our most stringent
assumption bears on the argument of \, as we require the Radon-Nikodym derivative dA/d|\| to be of bounded
variation on supp. This assumption, introduced in [27, 8], unlocks many difficulties and will lead us to the weak
convergence of the poles and to the convergence in capacity on C\ (S’ UsuppA) of multipoint Padé approximants
to functions of the form (1.1). Moreover we shall prove that each pole of R attracts at least as many poles of
the approximants as its multiplicity, and not much more. In fact, our hypotheses give rise to an explicit upper
bound on the number of poles of the approximants that may lie outside a given neighborhood of the singular
set of F. Hence, on each compact subset K of C\ (S’ Usupp)), every sequence of approximants contains a
subsequence that converges uniformly to F locally uniformly on K \ E, where E consists of boundedly many
(unknown) points. When suppA is a finite union of intervals, results of this type were obtained under stronger
assumptions in [33] for classical Padé approximants.

As compared to Padé approximants, the study of best meromorphic approximants is quite recent. After
the development of the Adamyan-Arov-Krein theory for p = oo in [1], the latter was extended to the range
1 < p < oo by F. Seyfert and the first author in [12], and independently by V. A. Prokhorov in [42]. However, it
is only for p > 2 that the authors of [12] were able to express the error in terms of (generalized) singular vectors
of a Hankel operator and subsequently to obtain integral formulas for that error when the approximated function
is represented as a Cauchy integral. These formulas make connection with non-Hermitian orthogonality, and
form the basis of the present approach.

When F' is a Markov function, best meromorphic approximants have been instrumental in [4, 15] to
construct rational approximants, and were studied per se by E. B. Saff, V. Prokhorov and the first author in
[11]. Using results from [4] to make connection with orthogonality, these authors prove (and give error rates
for) the uniform convergence of such approximants, locally uniformly on C\ I, whenever 1 < p < co provided
that \ satisfies the Szegd condition: logd\/dt € L'(I). When p = 2, the uniform convergence for any Markov
function follows from the work [13] by H. Stahl, F. Wielonsky, and the first author.

Apart from [12, Sec. 10] where asymptotics of the poles are established, for p > 2, when F' has exactly
two branchpoints and no pole, the present paper seems first to deal with the convergence of best meromor-
phic approximants to (1.1) in case A is a complex measure. The results that we prove are similar to those
already indicated for Padé approximants, except that logarithmic potentials are replaced by Green potentials
throughout.

11t is interesting to note that Parfenov’s proof makes decisive use of the Adamyan-Arov-Krein theory; later, the result was
carried over to multiply connected domains by V. A. Prokhorov in [41].
2This depends on the corresponding generalization of the results in [8] to be found in [27], as yet unpublished.
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2 Preliminaries and Notations

Let X\ be a complex Borel measure whose support S := supp(A) C R is compact and consists of infinitely many
points. Denote by |A| the total variation measure. Clearly A is absolutely continuous with respect to |\|, and
we shall assume that its Radon-Nikodym derivative (which is of unit modulus |A|-a.e.) is of bounded variation.

In other words, A is of the form 4
dX(t) = W d|\|(t), (2.2)

for some real-valued argument function ¢ such that?

N
V(p,S) = sup Z p(x;) = plzj-1)| p < oo, (2.3)

where the supremum is taken over all finite partitions g < 1 < ... < zy of S as N ranges over N.

For convenience, we extend the definition of ¢ to the whole of R as follows. Let I := [a,b] be the
convex hull of S. It is easy to see that if we interpolate ¢ linearly in each component of I\ S and if we set
o(x) == limy_, tes @(t) for © < a and ¢(z) := lim;_p, tes @(t) for > b (the limits exist by (2.3)), the variation
of ¢ will remain the same. In other words, we may arrange things so that the extension of ¢, still denoted by
, satisfies

V(p,S) =V(e,R) = V(p).

Denote by P, the space of algebraic polynomials of degree at most n and by M, the subset consisting
of monic polynomials of degree n whose zeros lie in the open unit disk, D.

Define
e = [P r), (2.4
with Ry € Ry s, where
Rinn = {0m/@n : Pm € Pm, n € My}

is the set of rational functions of type (m,n) with all their poles in D. Hereafter we shall denote by Qg the
denominator of Ry, assumed to be in irreducible form, which is a monic polynomial with zeros in D of the form

Qs(z) = ] (z =)™, (2.5)

n; €S’

where S’ is the set of poles of Ry and m(n) stands for the multiplicity of n € S’. Thus, F' is a meromorphic
function in C\ S with poles at each point of S’. Note in passing that F' does not reduce to a rational function
since S consists of infinitely many points, cf. [10, Sec. 5.1] for a detailed argument.

To alleviate notations, it is convenient to formally rewrite the right-hand side of (2.4) as a single Cauchy
integral plus a constant. For this, we introduce for = x,, + iy, € C the distribution ®,, = x(z —z,) ®6(y —yy)
where § is the Dirac delta at 0 and x the characteristic function of the non-negative semi-axis. For each k € Z
(the set of nonnegative integers), the partial derivative 8’;"’1(1)77 is an analytic functional (although ®,, itself is
not), acting on any function h holomorphic in a neighborhood of 7 according to the rule

(0@, 1)y = P (p),

where h(¥) indicates the k-th derivative. Therefore, if we define As,k) to be 0X®,, /k!, we can formally write

z—t (z — p)kt+1’

/ dA® (t) 1

3Note that e’ has bounded variation if and only if ¢ can be chosen of bounded variation.
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and on rewriting Rq(z) as

n; €S’
we get
_ dx'(€)
R(z) = Roo) + [ 25,
where )\ is given by
m(m) 1
N o= Z Z ri A supp (X) = 5. (2.6)
n; €S’ k=0
This way F' can be put in the form _
dA(§)
F(z)=F ki 74
() = Floo) + [
with _ _ _
A=A+, S:=supp=SUS, (2.7)

which makes for a convenient notation.

In this paper we consider the behavior of certain meromorphic (AAK-type) and rational (multipoint Padé)
approximants to a function F' of the form (2.4). When dealing with meromorphic approzimants, in addition to
our standing hypothesis that S = suppA C R, we always assume that S c D, namely that S C (—1,1) and that
S’ € D. In contrast, this extra-requirement is irrelevant and will not be made when dealing with multipoint
Padé approximants.

Of particular importance will be the asymptotic behavior of the poles of the above-mentioned approx-
imants. The latter will be quantified in terms of the weak™ convergence, when the number of poles increases
indefinitely, of the counting measures of these poles. By definition, the counting measure of the poles of a mero-
morphic or rational function is the discrete probability measure with equal mass at each finite pole, counting
multiplicities. The weak* convergence is understood in the usual sense where measures, endowed with the norm
of total variation, are regarded as the dual space to continuous functions with compact support.

We denote by HP, p € [1,00], the Hardy space of the unit disk D consisting of holomorphic functions such
that

1 .
191 = swp 5 [ 1FGOPIEl <00 it pe [1,00)
0<r<1 47T JT

) (2.8)
[flloo :== sup SUPgeT|f(7“§)| <0 if p=oo,
0<r<1

T being the unit circle. It is known ([19, Thm. 1.5.3]) that a function in H? is uniquely determined by its trace
(nontangential limit) on T, and that the LP(T)-norm of this trace is equal to the supremum in (2.8), where
LP(T) is the space of p-summable functions on T. This way H? can be regarded as a closed subspace of LP(T).
Let us recall the well-known fact [19] that a nonzero f € HP can be uniquely factored as f = jw where

wie) = e { o [ <52 oglr(6)11ae )

belongs to HP and is called the outer factor of f, Whilej € H*° has modulus 1 a.e. on T and is called the inner
factor of f. The latter may be further decomposed as j = bS, where

k z— Z]
=cz H T
o |zl| Zz

is the normalized Blaschke product, with multiplicity £ > 0 at the origin, associated to a sequence of points
z1 € D\ {0} and a constant ¢ € T, while

S(z) = exp {—;ﬁ st du(f)}

16— 2
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is the singular inner factor associated with i, a positive measure on T which is singular with respect to Lebesgue
measure. The z; are of course the zeros of f in D, counted with their multiplicities. If there are infinitely many
zeros, the convergence of the product b(z) in D is ensured by the condition ) ,(1 — [%]) < oo which holds
automatically when f € HP. That w(z) is well-defined rests on the fact that log|f| € L*(T) if f € H? \ {0}.
For simplicity, we often say that a function is outer (resp. inner) if it is equal to its outer (resp. inner) factor.

Now, the meromorphic approximants that we deal with are defined as follows. For p € [1,00] and n € N,
the class of meromorphic functions of degree n in LP(T) is

Hf: = HP + Rnfl,n

which is a closed subset of LP(T) (it is in fact weakly closed if 1 < p < oo and weak™® closed if p = oo, see [12,
Lemma 5.1.]).

We need also introduce the set of Blaschke products of degree at most n, denoted by B,,, consisting of
rational functions of the form

, m<n, z €D, cekR

The members of B,, are those rational functions of degree at most n holomorphic in D and having modulus 1
everywhere on T. Note the alternative description:

HP = B 1HP. (2.9)

Our best-LP(T) meromorphic approximation problem can now be stated as follows.

MA(p) : Givenp € [1,00], f € LP(T), and n € N, find g, € HE such that

If = gnllp = inf [If — gllp- (2.10)
gEHY

This problem has a solution [12, Sec. 5]. It is known to be unique when p = oo, provided that f belongs to
the Douglas algebra H* + C(T), where C(T) denotes the space of continuous functions on T [1]. In particular
the solution to MA(c0) is unique when f is of type (2.4) since the latter is analytic in some neighborhood of
the unit circle (i.e. in the complement of S ). When p < oo, a solution needs not be unique even if f is very
smooth [12, Sec. 5]. Therefore, when making a statement about a sequence {g,} of solutions to MA(p), it is
understood that a particular solution has been selected for each n and that the statement holds true regardless
the selection. Note that if f gets replaced by f + ¢ for some constant ¢ € C, then g, gets replaced by g, + c.
Therefore, when dealing with MLA(p) for f = F asin (2.4), we may safely assume F'(co) = 0 for this preliminary
reduction will not affect the poles of the approximants nor their convergence properties. Actually, as far as
MA (p) is concerned, we shall restrict ourselves to the range 2 < p < oo for these are the only values of p for
which a concrete characterization of the solutions is known so far [12, Sec. 8].

As will be explained shortly, for functions of type (2.4), ML A(2) reduces to best rational approximation
in L*(T) from R, . In particular best approximants are holomorphic in C\ T, and it turns out that they
interpolate F' at the reflections of their poles across T and also at infinity. Thus one can regard MA(2) as an
interpolation problem where the interpolation points are implicitly defined by the solution.

In contrast, multipoint Padé approximants are rational functions that interpolate a given function at a
prescribed system of points. More precisely, pick n € N and let A, = {1 n, ..., (2n,n} be a set of 2n interpolation
points, where the (;, € C\ S need not be distinet nor finite. With A,, we form the monic polynomial

wo(2) = [ (=) (2.11)

Cj,n EAnmC

(note that ws,, retains only the interpolation points at finite distance thus it needs not have exact degree 2n).

Given F of type (2.4) and A, as above, the diagonal multipoint Padé approximant to F associated with A,
is the unique rational function IL,, = p,/q, where the polynomials p, and q, satisfy:
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(i) degp, <n, degq, <n, and g, # 0;
(ii) (qn(2)F(2) — pn(2)) /wan(2) is analytic in C\ §;
(iil) (qn(2)F(2) — pn(2)) Jwan(z) = O (l/z”“), as z — 00.

A multipoint Padé approximant always exists since the conditions for p,, and ¢, amount to solving a
system of 2n + 1 homogeneous linear equations with 2n 4+ 2 unknown coefficients, no solution of which can
be such that ¢, = 0 (we may thus assume that g, is monic); note that (iii) entails at least one interpolation
condition at infinity.

If we let now A := {A, }nen be an interpolation scheme, i.e. a sequence indexed by n € N of sets A,
as above, we get a corresponding sequence {p,/qn} of diagonal Padé approximants whose asymptotic behavior
can be studied when n goes large. In this paper we will restrict ourselves to conjugate symmetric interpolation
schemes, namely those for which A,, = An for all n.

Given F as in (2.4) (and some interpolation scheme if we deal with Padé approximants), we shall be
interested in three types of questions:

(a) What is the asymptotic distribution of the poles of best-LP(T) meromorphic or multipoint Padé approxi-
mants to F' as n tends to oo?

(b) Do some of these poles converge to the polar singularities of F'?
(c) What can be said about the convergence of such approximants to F'?¢

As is typical in complex approximation, some answers can be given in terms of logarithmic potential
theory, a brief account of which is sketched below for the convenience of the reader. We refer him to the
monographs [45, 46] for an extensive treatment.

The logarithmic potential and the logarithmic energy of a finite positive measure u, compactly supported
in C, are defined by

Uk (z) = /log Tit'du(m e, (2.12)

and

1= [0 auz) = | o8 = du(tyin). (2.13)

respectively. Clearly U* is a superharmonic function with values in (—o0, +00] which is not identically +oc. In
particular U* is lower semicontinuous, hence it attains its lower bound on suppu so that I[u] € (—oo, +00].

Let now E C C be compact and A(E) denote the set of all probability measures supported on E. If
the logarithmic energy of every measure in A(F) is infinite, we say that E is polar. Otherwise, there exists a
unique pp € A(E) that minimizes the logarithmic energy over all measures in A(F). This measure is called the
equilibrium distribution on E. It is characterized by the property that U#Z is constant on F except perhaps on
a polar subset of E. The logarithmic capacity, or simply the capacity, of E is defined as

cap(E) = exp{—1I{ug]}.

By definition, the capacity of an arbitrary subset of C is the supremum of the capacities of its compact subsets.
We agree that the capacity of a polar set is zero.

Polar sets are very small and look very bad; for instance a polar set has Lebesgue measure zero and a
closed polar set is totally disconnected. A property is said to hold quasi everywhere (abbreviated “q.e.”) if it
holds everywhere except on a polar set.

Logarithmic potentials enjoy weak continuity and semi-continuity properties with respect to their defining
measures that are worth recording. More precisely, if u,, is a sequence of positive measures supported on a fixed
compact set that converges weakly to p, the principle of descent ([46, Thm. 1.6.8]) asserts that

UF(z) <liminf U*"(z), z€C,

n—oo
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while the lower envelope theorem ([46, Thm. 1.6.9]) says that

U*(z) = lim U (z), forq.e.z€C.
n—oo
Another important concept is the regularity of a compact set. The outer boundary 0. F of a nonpolar compact
set E is said to be regular if the equilibrium potential is continuous on FE, and then it is in fact continuous on
C. For Q the unbounded connected component of the complement of E, let go(-,00) be the Green function of
Q with pole at oo, i.e. the unique function such that

(i) ga(z,00) is a positive harmonic function in , which is bounded when z stays away from oo;
(ii) ga(z,00) — log |z| is bounded near oo;

(iii) lgim QgQ(z, o0) = 0 for quasi every £ € 0f).
—€, z€

z

It is classical fact (cf. [45, Sec. 4.4]) that

1

Urs(z) = log (mp(E)

) —ga(z,0), z€Q,

and if we set go(z,00) = 0 in C\ Q one can see that 9,F is regular if and only if go(z,00) is continuous on
C. Points of continuity of go(-,00) on 9.E are called regular, other points are called irregular; the latter form
a polar set. If a boundary point £ € OF is not in 9, F but in the closure of some bounded component ' of C,
it is called regular if and only if, after a conformal map ® of C sending some point of Q' to infinity, the point
B (&) is regular on 9. P(FE). The definition does not depend on which conformal map is used, and if all points of
OF are regular we say that F is regular.

Throughout we use the concept of balayage of a measure ([46, Sec. I1.4]). In particular, we make extensive
use of the following fact. Let D be a domain (connected open set) with compact boundary D whose complement
has positive capacity, and p be a finite Borel measure with compact support in D. Then there exists a unique
Borel measure 7i supported on 9D, with total mass is equal to that of u: ||u| = ||fil|, whose potential UF is
bounded on 9D and satisfies for some constant ¢(u; D)

UR(z) = U*(2) + ¢(u; D) for qe. z€ C\ D. (2.14)

Necessarily then, we have that ¢(u; D) = 0 if D is bounded and ¢(u; D) = [ gp(t,00)du(t) otherwise. Equality
in (2.14) holds for all z € C\ D and also at all regular points of 9D. The measure [ is called the balayage of u
onto dD. It has the property that

UR(z) <UM2) +c(u; D) for every z € C, (2.15)

/hd,u: /hdﬁ (2.16)

for any function h which is harmonic in D and continuous in D (including at infinity if D is unbounded). From
its defining properties i has finite energy, therefore it cannot charge polar sets. Consequently, on solving the
generalized Dirichlet problem [45, Thm. 4.1.5] for an arbitrary positive continuous function on 9D, it follows
from (2.16) that {1 is positive if p is positive; in particular the balayage of a probability measure is a probability
measure. This entails a weak-continuity principle that we record for later use: if p,, is sequence of probability
measures compactly supported in D converging weak™ to some measure p,and if there is a compact set K C D
such that p,(D\ K) — 0 as n — oo, then [i, converges weak® to [i. Indeed, it is easily checked that p is a
probability measure supported on K and that any weak* limit point v of fi,, is a probability measure supported
on 9D. Next, if we denote with superscripts 1 and 2 the restrictions to K and D \ K respectively, we have
that pl converges weak* to p and we see by the positive linearity of balayage that v is a weak* limit point of

and also that

,LT,}L since ||‘LLA%H = ||u2]| — 0. Then, applying (2.15) to ul and using the principle of descent, we get that U” is
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bounded on 9D since Ukn is uniformly bounded there; moreover, by the lower envelope theorem for p), (2.14)
is satisfied with v in place of [.

The minimal energy problem can also be formulated for signed measures [46, Thm. VIIL.1.4]. In particular
for Eq, E5 two disjoint compact sets of positive capacity, there exists a unique measure p* = pi — pb, with
wi € A(Fy) and pb € A(F>), that minimizes the energy integral

Tl = o] = [ og Tl = o) (O = 1)) 11y € A(E)), T =1.2, (2.17)
It can be proved ([46, Lemma 1.8]) that I[u*] is positive and finite. The value C(E1, E) = 1/I[u*] is called
the condenser capacity of the pair (Ey, E2). Further, it holds that pu; = fis and pus = i3 where 17 (resp. [i2)
indicates the balayage of ji; (resp. p2) onto d(C\ Ey) (resp. 9(C \ E})); this property in fact characterizes p*,
see [46, Thm. VIIL.2.6].

In analogy to the logarithmic case, one can define the Green potential and the Green energy of a positive
measure g supported in a domain D with compact non-polar boundary. The only difference is now that, in
(2.12)-(2.13), the logarithmic kernel log(1/|z — t|) gets replaced by gp(z,t), the Green function for D with pole
at t € D. The latter is the unique function defined on D such that (cf. [45])

(i) gp(z,t) is a positive harmonic function in D \ {¢}, which is bounded outside each neighborhood of ¢;

(ii) gp(z,t) —log is bounded near t;

1
|2 — ]
(iil) 1111% gp(z,t) =0 for quasi every & € 9D.
Those points at which limit (iii) exists are precisely the regular points of 9D [45, Thm. 4.4.9]. For example, it

is easily checked that in the case of the unit disk we have

1—zt
z—1

(1) = log
The Green potential relative to the domain D of a finite positive measure p compactly supported in D is given
by
UL D) = [ gn(z. ) duto).

It can be re-expressed in terms of the logarithmic potentials of p and of its balayage i onto 9D by the formula
[46, Thm. I1.4.7 and Thm. IL1.5.1]

UFH(z) =c(; D) - UL(2; D), ze€D (2.18)
where ¢(u; D) was defined after equation (2.14). Moreover, (2.18) continues to hold at every regular point of
0D; in particular, it holds q.e. on dD.

Exactly as in the logarithmic case, if F is a compact nonpolar subset of D, there exists a unique measure

pE € A(E) which minimizes the Green energy among all measures in A(E). This measure is called the Green
equilibrium distribution on E relative to D. By (2.18) we have that

e 2 uE B
Usl (2 D) = Ut (2) = U"e(2) + c¢(pug; D),  z€ D, and qe. z€ 0D,
where ,;E is the balayage of uE onto D. In addition the Green equilibrium distribution satisfies

1
UL (23D) =

W, for g.e. 2 c k. (219)

Moreover, equality in (2.19) holds at all regular points of E.
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Green potentials have two important properties not shared by logarithmic potentials, namely they are
positive and they transform naturally under conformal mappings since this is true of Green functions. In
particular, one can define the Green equilibrium distribution with respect to D of a compact set E in C,
because one can use conformal mapping to bring the situation back to the case where F is compact in C. The
same is true of the condenser capacity.

From the physical viewpoint, the equilibrium measure ug can be interpreted as the equilibrium distribu-
tion of a unit electric charge placed on the conductor F, and finding such a measure is called the electrostatics
problem. A natural way of generalizing this problem is to add an external field acting on the charge. Specifically,
let E be a closed subset of C, and @ a lower semi-continuous function on E which is less than infinity on a
nonpolar subset; if E is unbounded, one requires in addition that Q(z) —log|z| tends to infinity when |z| tends
to infinity in E. Then there exists a unique measure uZ € A(E), called the weighted equilibrium distribution,
that minimizes the weighted energy integral

1
Ll = [ [0 —rdudut) +2 [ Qo)
over all u € A(F). Moreover, there is a constant F, ([46, Thm. 1.1.3]) such that

Ut (2) +Q(z) > Fy for qe. z€ E,
Ut (2) + Q(z) < Fy for every 2 € supp (ul),

F,, is called the modified Robin constant for @@ and it is equal to

szmwﬂ—/QMWﬂﬂ

Coarser discussions of potentials, energy, Green functions, and balayage are held, for example, in [46]
and [30]. For the reader’s convenience, we formulate below two propositions that will be of particular use to us.
The first one has to do with the particular geometry of the disk, and we prove it in detail as we could not find
an appropriate reference for it in the literature.

Proposition A Let E C D be a compact set of positive capacity not containing 0 with connected comple-
ment, and E* stand for its reflection across the unit circle, i.e. E* := {z € C: 1/z € E}. Further, let
w€ A(E) and o € A(E™) solve the signed energy problem for the condenser (E,E*). Then, we have that

(a) o is reflected from p across the unit circle, i.e. o(B) = p(B*) for any Borel set B, and likewise p is
reflected from o;

(b) w is the Green equilibrium distribution on E relative to C\ E* and o is the Green equilibrium distribution
on E* relative to C\ E;

(c) i = &, where X denotes the balayage of the measure A onto the unit circle. Moreover, the balayage of i
onto E is  and the balayage of i1 onto E* is o;

(d) [ is the Green equilibrium distribution on T relative to both C\ E and C\ E*;

(e) p is the Green equilibrium distribution on E relative to D and o is the Green equilibrium distribution on
E* relative to C\ D. Further,

UE(C\ B) = gy

z€C\D, and Ug(z;(C\E*)zi zeD,

where in fact
C(E,T)=C(E",T).
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Proof: (a) First of all we observe that E* is compact since E does not contain 0. Then, if we denote by p’ and
o’ respectively the reflections of 1 and o across T, and likewise by 2’ the reflection of the point 2z € C, we get
on changing variables in (2.17)

o8 Lt = )@yt - o)

[[//Lio’] |t/—2/‘

1o i)+ [log (o = i)(®)dlo" ~ 1)) + [ logl¢ld(o’ ~ u)(E)dlo" ~ 1))
— 1o’ — ), (2.20)

where the last equality uses that log |z| is bounded on F'U E* together with Fubini’s theorem and the fact that
o’ — u' has total mass zero. Since ¢’ € A(E) and p/ € A(E*) we get that u = o’ and o = ¢/ by uniqueness of
the solution to the signed energy problem on (E, E*).

(b) This follows immediately from [46, Cor. VIII.2.7] as applied to both y — ¢ and o — p.

(c) Let zp € D and d,, be the Dirac measure with a unit mass at zg. Then, by the properties of balayage (see
2.14), we get for each z € T since the latter is regular

U0 (z) = —log |z — 20| = —log |z — 1/20| — log |20] = U™/ (2) — g 5(1,/Z0, o) — log |20].

Therefore the potentials of EZO and 51 /z, differ by a constant on their common support T, and since these two

measures have equal mass and finite energy we get from the unicity theorem [46, Thm. 11.4.6] that SZO = 51 /%o
Using the linearity of balayage [46, Eq. 11.4.13] and the definition of o, we now obtain

i [ Bdu(t) = [ Geautt) = [ Gidott) =5

Since balayage onto OF from outside D can be done in two steps (we first balayage onto T and then onto OF),
we get on denoting this balayage with a “~ ” that

~ ~

p=0=0=pu,
where the last equality follows from the properties of equilibrium signed measures mentioned after (2.17). The
equality & = o is obtained by the same argument.
(d) By (c¢) the pairs (fz, 1) and (f1, o) satisfy the mutual balayage property and therefore solve the signed energy
problem for the condensers (T, E) and (T, E*), respectively. The assertion now follows from [46, Cor. VIII.2.7].
(e) We have that

Ub(%D) = Ut (z) — UF(z) = /%\E(t,oo)dﬁ(t), qe. z € E,

where the first equality is a general property of balayage onto the boundary of a bounded domain (in our case
D since we balayage out u onto T) [46, Thm. I1.5.1] and the second equality follows from (c) and (2.14) applied
with D = C \ E and i in place of p. Then, since u has finite energy and Uk (z;D) is constant g.e. on E, we
deduce that p is the Green equilibrium measure on E relative to D [46, Thm. II1.5.12] and moreover that

ﬁ — [ e et o)t (2.21)

Now, using again (¢) and the general relation between Green potentials and balayage [46, Thm. I1.5.1], this

time for the measure i over the unbounded domain C\ E, we get for any z € C\ D

1

UG(z C\ E) = UP(2) — U*(2) + /g@\E(t,oo)dﬁ(t) - BT
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where the last equality comes from (2.21) and the fact that U¥ and U* coincide on C \ D by the regularity of
T. The assertions on ¢ and on Ug(z; C\ E*) are proved in the same manner. Finally, it follows from the proof
of (d) that

cmm =l g =1 - 7

cE,m WM gEnT) H
and since f1 is its own reflection across T we get from (a) and a computation similar to (2.20) that these two
quantities indeed coincide.

|

Proposition B Let E be a compact set of positive capacity and Q be the unbounded component of C \ E.
Let further o be a probability measure such that supp(c) C Q. Then, if & denotes the balayage of o onto 09, it
holds that

pZ =5 and F, z/gc\E(Z,OO)dU(t)7

where pZ is the weighted equilibrium distribution on E for the external field —U°® and F,, is the modified Robin
constant. Moreover, if E is reqular, then supp(uZ) = 0Q = 9. E, the so-called exterior boundary of E.

Proof: This is a consequence of [46, Thm IV.1.10(g)].
|
This paper is organized as follows. Section 3 deals with meromorphic approximants that are solutions
(more generally: critical points) of MA(p) when f is of the form (2.4). We discuss the asymptotics of poles as
being the limit zero distribution of polynomials satisfying certain non-Hermitian orthogonality relations with
respect to varying measures. We apply the results to the convergence in capacity of these approximants, and
to the convergence of some of their poles to the polar singularities of f. Section 4 deals with the corresponding
matters for multipoint Padé approximants. Some computational results are adduced in Section 5.

3 Meromorphic Approximation

We start this section with a brief insight to the solution of MA(p), needed to understand the results of this
section and providing a motivation for them.

Originally this problem was solved for the case p = co by V. M. Adamyan, D. Z. Arov, and M. G. Krein
in [1] and the solution came through operator theory. The most accessible reference to this result is perhaps
[51]. Later F. Seyfert and the first author [12], and independently V. A. Prokhorov [42], generalized it to the
case 1 < p < oo, but it is only in [12] and when p € [2,00] that concrete equations were obtained for the
approximants. These form the basis of our approach, and presently limit its scope to p > 2.

As it is the case of interest here, we shall restrict our discussion to the situation where the approximated
function is of the form (2.4), and accordingly we write F' instead of f. We should note that when p = 2
the problem reduces to rational approximation. Indeed, since H?> C L?(T) as a closed subspace, L*(T) can
be decomposed into the orthogonal sum of H? and its orthogonal complement HZ, which consists of analytic
functions in C \ D vanishing at co with norm sup,-; || f(r)||2 (compare (2.8)). Now, since F is the Cauchy
transform of a measure supported in D, it belongs to H2. Thus for any g = (h + p,_1/¢,) € H? with h € H?
and p,,_1/g, a rational function in HZ, we get by orthogonality

1F = gll3 = Ihl13 + |1 F = pu—1/anll3-

Clearly then, for g to be a best approximant h must be zero, and we arrive at the following approximation
problem:

Given f € HZ and n € N, minimize ||f — pn_1/qnl2 over pn_1 € Pn_1 and g, € M,,.

Moreover, thanks to Parseval’s formula, p,_1/g, will be a best approximant to f not only from R,_1, but
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also from R, ,, since f vanishes at infinity. Despite this, we shall not distinguish p = 2 from the other cases but
rather keep a unified operator approach.
Let us denote by P, and P_ the analytic and anti-analytic projections acting on Fourier series as

—+o00 +o00 “+o0 —1
P+ E akezke _ E akesz P_ E akezke _ E akezke )
k=0

k=—o00 k=—oc0 k=—oc0

By a well-known theorem of M. Riesz [19], P, : LP(T) — H? and P_ : LP(T) — H} are bounded when

1 < p < o0, and when p = 2 they are just the orthogonal projections associated to the orthogonal decomposition:

L*(T) = H? ® H2. When f € L*(T), we simply regard P (f) and P_(f) as Fourier series of distributions.
For each p € [2, o0], the Hankel operator with symbol F' is given by

Ap : HY — Hg
u — P_(Fu),

where p’ is conjugate to p modulo 2, i.e. 1/p+1/p’ =1/2.
For n =0,1,2,..., the n-th singular number of the operator Ag is defined to be

on(Ap) := inf {|||AF 1|, T:H" - HZ a linear operator of rank < n} ,

where ||| - ||| stands for the operator norm; when p = 2 we assume in addition that T' is weak™ continuous.
Note that if p = oo then p’ = 2, hence Ap operates between Hilbert spaces, and since it is compact?
the 0,,(Ar) are just the singular values of Ap, that is, the square-roots of the eigenvalues of A} Ap arranged
in nonincreasing order; throughout A3} indicates the adjoint of Ap. When 2 < p < oo, the usual eigenvector
equation gets replaced by a nonlinear equation of Hammerstein type. More precisely, to each o, (Ap) there
exists (at least one) v, € H ?" of unit norm, whose inner factor is a Blaschke product of degree at most n, such
that
A Ap(vn) = o2 (Ap)Py ([l 20, if p>2,
Ay Ap(vn) =Py (JAp(vn)[?oy) and  ||Ar(vn)|l2 = on(AF) if p=2.

Such a v,, will be called a n-th singular vector for Ar. From the definition it follows that a n-th singular vector
can be factored as

(3.1)

Uy = bpwy, (3.2)

where b, € B,, and w, is an outer function of unit norm in H?'. Actually, upon pairing with v,,, equation (3.1)
implies that v, € B, if p = 2, so that w, =1 in this case.
The solutions to MA(p) turn out to be exactly the functions of the form ([12, Thm. 8.2])

go = F — Ar(vy) _ P+(Fvn)’ (3.3)

Un Un

where v, is some n-th singular vector for Ap. Moreover, we have that |F' — g, |, = 05 (AF). Such a g, is called
a best meromorphic LP-approximant of order n to F.

When p € [2,00) a best meromorphic approximant g, is, in general, not unique, but it has exactly n
poles; this implies that b,, in (3.2) has exact degree n for any n-th singular vector v,,. To the contrary, if p = oo,
then g, is unique but may have less than n poles and b, could have degree less than n. In the latter case
the span of n-th singular vectors has dimension greater than 1, so that v, is far from being unique up to a
multiplicative constant, but it is remarkable that all the v,, give rise to the same g, through formula (3.3); in
fact there always exist n-th singular vectors for which b,, has exact degree n, but some of the poles may cancel
with zeros of P4 (Fuvy,) in (3.3).

4This can be deduced from the fact that F' € C(T), see [39, Thm. 1.5.5].
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The notion of a best approximant can be further weakened to the notion of a critical point. By definition,
a function g, is a critical point of order n in MA(p) if and only if it assumes the form

Af(vn)
w=F - 20
g o

where v, is a H? function of unit norm (a Blaschke product if p = 2) whose inner factor lies in B, \ By_1,
which is such that
ApAp(a) = 1Py (JoaP20,), W €R, if p>2,
A Ap(va) = Py (|Ar(va)[Pon) if p=2.

The difference with (3.1) is that here =, or ||Ar(v,)||2 needs not be equal to o,(Ar). With a slight abuse of
language, we will continue to say that v,, is a singular vector associated to g, although ~,, may no longer be a
singular value. Note that, as for best meromorphic approximants, v, is just a Blaschke product when p = 2.
Thus it has an inner-outer factorization of type (3.2) where b, has exact degree n and w, =1 if p = 2.

A critical point g, of order n may have less than n poles, even though we insisted in the definition that
vp, has exactly n zeros. This happens when some zeros of v,, (which are, of course, zeros of b,,) cancel with some
zeros of P4 (F'v,). In this case b, can be further factorized as

(3.4)

bn = bn1 : b?LQ? (35)

where b,,, is the greatest common inner divisor of P (Fv,) and v,. Then ([12, Prop. 9.1])

Ap(va)(€) = 7/ %€ (bnzjnwﬁl/z) €)= (bnzjnwﬁ/”)g ), p>2 (3.6)
Ar(v,)(§) = ¢ (bnoun)(§) = (bnaun)a ), p=2,

for a.e. £ € T, where j,, is some inner function, u,, € H?, and h°(z) := z7'h(1/z). Note that if h € H?
then h? € HZ and vice versa. We remark that for the case p = 2 equation (3.6) is an interpolation condition
saying that g, interpolates F' with order 2 at the reflection of its poles. The same can be said when p € (2, o],
provided g, is analytic at the reflection of its poles, but this is no longer automatic because it may no longer
be rational.

Although their definition is a little technical, critical points are just those g,, € H? for which the derivative
of ||F'— gn||p with respect to b, € B,, and h € H? in factorization (2.9) does vanish. Beyond best approximants,
the most important critical points are local best approzimant [12, Prop. 9.3.]. By definition, a local best
approximant is some ¢, € H? for which there exists § > 0 such that

geHy and g —gnl, <0 imply [|F —gnll, <[IF =gl

The reason why we introduce critical points is that all a numerical search can yield in general is a local best
approximant, and we feel it is important that our results should apply to computable objects.

When p € [2,00), best and local best approximants have exactly n poles, counting multiplicities, hence
they are a fortiori critical points of order n ([12, Prop. 9.2 and 9.3]); such critical points are called irreducible.
For p = oo the critical points are just the best meromorphic approximants, so the notion is nothing new, but
it may happen that a best approximant out of H:° has less than n poles. However, each time the number
of poles of g, increases with n, it jumps to the maximum value n, in particular there exists a subsequence of
natural numbers, say Ng = Ng(F'), such that for each n € Ny the best approximant g, has exactly n poles in
D, i.e. it is irreducible ([12, p. 114]). Since the behavior of the poles of best approximants from HS® is entirely
characterized by this subsequence, hereafter we say “a sequence of irreducible critical points of order n” to mean
if p = oo that we pass to a subsequence if needed. Let {g,,} be such a sequence. As usual, we denote by v,, an
associated singular vector to g,. According to (2.9), each g,, can be decomposed as

9n = b_l : hn7

n
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where h,, € H? and b,, = by,, i.e. b,, =1 in (3.5). Moreover, we can write b, as ¢,/q,, where ¢, € M,, and
qn(t) := t"q,(1/t) is the reciprocal polynomial of g,. Arguing like in ([12, Sec. 10]), where R is not present,
equation (3.6) implies easily the following orthogonality relations

n t) ~
/tkqn(t)%()d)\(t)zo, k=0,...,n—1, (3.7)
an(t)
where w, is the outer factor of v, and X is given by (2.7). Upon rewriting (3.7) as
777) 1 (k)
T’L k Wn (t)
[Pestmoggoans S5 (Paonog) | =0
ni€S’ = & t=n;
for all P,y € P,_1 and taking P, _; to be a multiple of ()5, these relations yield for n > s
n(t
/ths(t)qn(t)zfQ((t)) d\t) =0, k=0,....n—s—1 (3.8)
dn

where Qs was defined in (2.5). When p € (2, 00, the w,, are a priori holomorphic in the unit disk only, but due
to the analyticity of F' it is possible to say more. Since for |z| > 1

2m/ / z—vn — MBdE = / ol dA (3.9)

we obtain from (3.6) that (bn jnwﬁ/ ) can be analytically extended to C \ S by the formula

W2 (bajnwt) ) (2) = Ap(vn)(2) = / ) 3@, 2eT\S. (3.10)

z—t

Recall that v, # 0 since F' is not rational. This, in particular, implies that b, ]nwﬁ/ can be extended to a

holomorphic function in o
Qz:=C\ 5", (3.11)

where S* denotes, as before, the reflection of S across T. This extension, in turn, implies that j, must be
a finite Blaschke product, because the zeros of an analytic function are isolated in the domain of analyticity.
Multiplying (3.10) by b,,j, and applying P_, we get from the definition of “°”, since wﬁ/ € H? and |b,jn| = 1

on T that the left-hand side is

N2p_ (bnjn (bnjnwﬁl/z)o) —~l2p_ ((wﬁ’/z)") = 1/ (wg’/z)"

and computing the right-hand side as in (3.9) we get for |z| > 1

7}/2 (wg’/Q)U (2) = /bn(t)jn(t)vn(t)dx(t) _ / b () Jin (t)vn (t) dA(t)

z—1 z—1
m(n;)—1 (k)
7'2 k ]n( ) n(t)
by e (el
n; €S’ k=0 t=n;

’ [ —
This shows that (wa / 2) has a meromorphic extension to C\ S and may only have a pole of order at most

m(n) at each n € S’, though possible cancellations may occur due to the zeros of b, j,. Equivalently, w}, /2 can

be meromorphically extended to 2z and may only have poles at the points 1/7, of respective multlphcltles at
most m(n) for each n € S’

Now we are ready to analyze the behavior of the poles of the irreducible critical points. To do so, we
shall restrict the class of measures under consideration as follows. We say that a complex measure u of type
(2.2), with argument of bounded variation, supported on (—1,1), belongs to the class BVT if
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(1) supp(u) is a regular set;

(2) there exist positive constants ¢ and L such that, for any x € supp(p) and 6 € (0,1), the total variation of
p satisfies |p|([x — &,z + 6]) > coF.

Let us first state the 4 theorems in this section before proceeding with the proofs. We start with a result
on the zero distribution of polynomials satisfying certain nonlinear orthogonality relations. It is the working
tool of our approach to the asymptotic behavior of poles of irreducible critical points, in particular of poles of
best or local best approximants. We continue to denote by I the convex hull of S = supp(}).

Theorem 3.1 Let {g,}nen be a sequence of polynomials of exact degree n with all zeros in D satisfying the
orthogonality relations

/tkqn(t) o) ) =0, k=0,....n—1, (3.12)
qn(t)

where X = X+ X is given by (2.2)-(2.6) with S C (=1,1) and S’ C D, while W = {w,}2, is a family of

complex measurable functions on the union of S’ and I,whose moduli are uniformly bounded above and below,

and whose arguments are smooth with uniformly bounded derivatives on I. Suppose further that A € BVT.

Then the counting measures of the zeros of q,(z) = H?Zl(z —&jm), namely vy, == (1/n) Z?Zl d¢, ., converge in

the weak* sense to u*g;, the Green equilibrium distribution on S relative to D.

The above stated theorem is a direct generalization of Theorem 5.1 and Corollary 6.2 in [8]. The main
difference is that here we add a distribution of the form (2.6) to the measure (3.12), i.e. F may have polar
singularities inside of the unit disk. As compared to the above reference, we simplified the proof somewhat by
using the two-constant theorem instead of weighted potential theory. To the author’s knowledge these are the
first published results about the zero distribution of polynomials satisfying nonlinear orthogonality equations
like (3.12) that are typical of rational or meromorphic approximation with free poles. In the Ph.D. thesis of
R. Kistner [27], an analog of Theorem 5.1 in [8] is given when the measure ), instead of belonging to BVT,
satisfies the so-called A-criterion introduced in [49, Sec. 4.2]:

Log(1 —
cap ({t €S : limsup og(1/plt —r.t+1])

r—0 Log(1/r) < +O°}> = cap(S).

Paralleling the arguments in [27], all the results in this section could be obtained under this weaker assumption,
but the exposition would be heavier and we leave it to the interested reader to carry out the details.

Theorem 3.2 Letp € [2,00], p’ the conjugate exponent modulo 2, and {gn }nen a sequence of irreducible critical
points of order n of MA(p) for F, where F is given by (2.4) with A € BVT. Then the counting measures of
the poles of g, converge to pé in the weak™ sense.

The previous theorem gives one answer to question (a) raised in Section 2. The next one addresses question (c)
by stating that approximants behave rather nicely toward the approximated function, namely they converge in
capacity to F' on D\ S and locally uniformly on C\ D. Moreover, n-th root estimates for the error are provided.
Recall that a sequence of functions {g,} converges in capacity to a function g on a compact set K C C if, for
any € > 0,

cap({z € K : |gn(2) —g(2)] > €}) = 0, as n — oo.

We say that {g,} converges in capacity to g on a domain D if {g,} converges in capacity on compact subsets
of D. Hereafter we denote by ||.||g the sup norm on a set E.

Theorem 3.3 Let {gn }nen, F, and X be as in Theorem 3.2. Then {g,} converges to F in capacity on D\ S;
more precisely, for any compact K C D\ S there exist positive constants 8 and v such that, for n large enough,
one has

cap{z € K : |rn(z)| > 6_5”} <e 77,

where 1y, := (F — gyp).
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In addition, in the case of rational approzimation (i.e. when p = 2), we have that for any compact
KcC\(DuKkK)

; 1
Lim sup ||, |3/ *" < exp {_C(ST)} '

where C(S,T) is the condenser capacity and K is the set of limit points of poles of {gn}. In particular, {gn}
converges locally uniformly in C\ D.

To approach question (b), we need to introduce some more notation. For any £ # 0 € C, we let
Arg(€) € (—m, x| be the principal branch of the argument and for £ = 0 we set Arg(0) = 7. With this definition,
Arg(-) becomes a left continuous function on R. Now, for any interval [a,b] C R we can define the angle in
which this interval is seen at & € C by

Angle(§, [a,0]) := |Arg(a — §) — Arg(b - §)|.

Note that 0 < Angle(&, [a,b]) < m and Angle(, [a,b]) = 7 if and only if £ € [a, b]. We define additively this angle
for a system of disjoint closed intervals: if {[a;,b;]}J2, is such a system, then the angle in which it is seen at {
is defined by

0(¢) = Z Angle(€, [aj, bj]). (3.13)

The notation 6(£) does not reflect the dependency on the system of intervals, but the latter will always be made
clear. The forthcoming theorem implies that each pole of F' attracts at least as many poles of meromorphic
approximants as its multiplicity and not much more. This is one answer to question (b).

Theorem 3.4 Let {gn}nen, F, and X be as in Theorem 3.2. Then for each n € S"\ S there exist D,,, an open
neighborhood of n, a constant C, = C,)(F), and a number N = N(n) € N such that for any n > N

m(n) < #{Sn N Dy} < m(n) + Cy, (3.14)
where m(n) is the multiplicity of 7.

In fact, the proof of the above theorem is constructive in the sense that we obtain an upper bound for Cj,.
Namely, let Is,, := {[a;, b;]}]L, be any finite system of intervals covering S and let w,, be the outer function
in the inner-outer factorization of the singular vector v, associated to g, for each n € N. Then

o < V(p) +Vw + (m— D +237, s m(n:)0(m:)
"= ™ —0(n) ’

where

Vv 1= sup V (Arg(uwn), 5) (3.15)
neN

and 6(-) is the angle function defined in (3.13) applied to Is,,. We shall prove in due course that indeed
Vw < 4+00.
The proof of Theorem 3.1 relies on several auxiliary lemmas.

Lemma 3.5 With the previous notation the following statements hold true

(a) Let v be a positive measure which has infinitely many points in its support and assume the latter is covered
by finitely many disjoint intervals: supp(v) C UL, [a;, b;]. Let further 1 be a function of bounded variation
on supp(v). If for some integer | we have

‘/Plfl(t)e“p(t)dl/(t) — 0’ VPlfl c Pl*l)
then -
Z V(wa [a‘j? b]]) > (l —m + 1)7‘(’

j=1
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(b) Let [a,b] C (=1,1) and £ € D. Define

9(&;t) := Arg(t — §) — 2Arg(t — 1/¢), (3.16)
where the term 2Arg(t — 1/€) is omitted if € = 0. Then
V(g(€7 ')7 [av bD < Angle(&a [aa b]) (317)

(c) Let v be a real function of bounded variation on an interval [a,b], {a,(x)} a sequence of continuously
differentiable real functions with uniformly bounded derivatives on [a,b], and Q a polynomial. Then there
exists a polynomial T # 0 and a constant B € (0,7/32) such that

‘Arg (eiw(z)"'a"(m))Q(x)T(x)) ’ <7/2-20 (3.18)
for all x € [a,b] such that T(z)Q(x) # 0 and all n from some infinite sequence Ny C N.
(d) Assume I C (0,1) and {q,} is a sequence of polynomials of degree m,, whose roots {1 - ., &m,.n} lie in
D and satisfy
Mnp
> (m — Angle(¢n, 1)) < C
j=1

where the constant C' is independent of n. Then, to every € > 0 there exists an integer | such that, for all
n large enough, there is a polynomial T}, of degree at most | satisfying:

|qn (2)]

In particular, the argument of T}, (z)/qn(x) lies in the interval (—2¢, 2€) when n is large enough.

—Tin(x)| <e, zel

Proof: (a) This assertion follows from the proof of Lemma 3.2 in [8] if we put d,, = n there.

(b) When ¢ ¢ I, the proof of this statement is contained in that of Lemma 5.2 in [8]. In the remaining
cases, one can see by inspection that (3.17) reduces to 0 < w when £ = b and to 7 < 7 when & € [a,)).

(¢) Observe that p(z) = ¥(z) + Arg(Q(x)) is a real function of bounded variation on I. Therefore by
Lemma 3.4 in [8], there exist a polynomial 7* # 0 and a constant 3* € (0,7/16) such that

‘Arg (eiw(x)Q(x)T* (ac))’ = ‘Arg (eiW(m)T*(x))‘ <w/2-20" for ze€l, Qz)T"(x)#0.

For later use we also record that, by the very construction of T* the cited lemma, its zeros belong to I and are
discontinuity points of ¢.

Let K be such that |al,(z)| < K for all n € N and z € I, where the superscript “prime” indicates the
derivative. By Jackson’s theorem (cf. e.g. [40]) there is a constant C' > 0 and there are polynomials {7}, ;} of

degree at most [ such that
. CK
7 = T < -
Fix [ so large that CK/l < 3*/3. Being bounded of bounded degree, the sequence {T},;} has a subsequence
converging uniformly on I to a polynomial 7; of degree at most [. Therefore, for some subsequence N; we obtain

*

‘1 —em”(z)Tl(x)‘ < %, n € Ny,

which implies that

‘Arg (eia"(g”)Tl(x))’ < % < fB*, meN.
Now inequality (3.18) follows by taking T' = T*T}, § = */2, and using that |Arg(&1+&2)| < |Arg(&1)|+]|Arg(&e)|
for any &1,& € C.

(d) This is exactly what is proved in Lemma 5.4 of [8].
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Lemma 3.6 Let g,(z) = H;L (z — &) satisfy (3.12) for &, < 1 for j = 1,...,n, where A=A+ N is
given by (2.2)-(2.6) with S C (—1,1) and S’ C D, while w,, is a complez-valued measumble function on SUS’.
Consider a covering of S by ﬁmtely many disjoint closed intervals: S C Ig p, 1= szl[a],bj]. Then®

n

D (1= 0(n) S V(e) + Viarg(wn), S) + D m(n;)0(n;) + (m + s — L), (3.19)

j=1 n; €S’
where arg(wy,) is any argument function for w, on S and m(n;) is the multiplicity of n;.

Proof: If w, has no argument function of bounded variation on S, there is nothing to prove. Otherwise, we pick
one and extend it to the whole of R without increasing the variation, as explained in Section 2. In particular,
we get

V(arg(wn)v S) = Z V(arg(wn)v [a‘jvbj])'
j=1

As in the case of (3.8), equation (3.12) yields

/Pnsl LROTACE:

where P,,_¢_1 is any polynomial in P, _s_1.
Denote by 1, (t) an argument function for e**®Q(t)q, (t)wn(t)/q2(t), say

wn (1)

dA(t) = 0, (3.20)

Un(t) = (1) +arg(wn(t) + > Arg(t —n;) +Z Arg(t — &.n) — 2A1g(t — 1/€:.)) ,

n; €S’

where it is understood that Arg(t — 1/&;,,) is omitted when &, = 0. It is easy to see that 1, is of bounded
variation. Then Lemma 3.5(a) with

Y=, du(t) = ‘Q(t);zn(t)wnt

(®) =n-—s
Z(0) ’d|)\(t), and [ =

implies that
van, a;,b;]) > (n—s—m+1)m.
j=1

So, we are left to show that

Z V(tn,laj, b5]) < V(p) + Z V(arg(wn), la;, bs]) + Z m(n;)0(n:) + Ze(fi,n)'
j=1 j=1 ni€S’ i=1
By the definition of 1, we have
D V@ lapbil) <Y Vg la, b)) + ) Viarg(wn), [aj, b;])
j=1 j=1 j=1
+ Z m AI‘g _ni)a[aj7bj])
j=1m;€8’
+ ZZV gznv' ajﬂbj})v
j=11i=1

where g(&,t) was defined in (3.16). The assertion of the lemma now follows from Lemma 3.5(b) and the fact
that by the monotonicity of V(Arg(- — &), [a,b]) = Angle(&, [a, b]).
|

5Note that the hypothesis A € BVT is not required for this lemma to hold.
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Corollary 3.7 Let ¢ and arg(wy,) have bounded variation on S, with V(arg(wy, ), S) < C where C is independent
on n. Then, to each neighborhood U of S, there exists a constant ky € N such that each g, has at most ky
zeros outside of U for n large enough.

Proof: Since U is open, its intersection with (—1,1) is a countable union of intervals. By compactness, a finite
number of them will cover S, say U7, (a;,b;). Apply Lemma 3.6 to the closure of these intervals and observe
that any zero of g, which lies outside of U will contribute to the left-hand side of (3.19) by more than some
positive fixed constant which depends only on U. Since the right-hand side of (3.19) does not depend on n and
is finite we can have only finitely many such zeros.
|
Proof of Theorem 3.1: Hereafter we are going to use (3.20) rather than (3.12) and we set g, (z) = H?:l(z_fj,n)~
We start by observing that we may suppose S C (0,1). Indeed, if this is not the case, take a negative
number w such that —1 < w < a, where [a,b] = I denotes the convex hull of S. Then M,,(S), the image of S
under the Mobius transformation M, (z) := (z — w)/(1 — zw), is a subset of (0, 1). Moreover, observe that the
Green equilibrium measure is invariant under M&bius transformations, i.e., for any Borel set E C M, (S) we
have that
per S(B) = pS (M_ o (E))

(M_,, is the inverse function of M,,). This implies that the weak* convergence of v, to u2 is equivalent to that
My (S)

of v} to pg , where v}¥ is the counting measure of the images of the zeros of ¢, under M,,. Now, if we let
n(7) Gn(M_y(7))(1 +wT)",
Li(m) = Qs(M_y(7))(1+wT)?,
pn—s—l(T) = Pn—s—l(M—w(T))(l + wT)nisila
wy, () wn (M (7)),

then ¢,, is a polynomial of degree n with zeros at M,,(§;»), 7 = 1,...,n. In addition, since M(1/§) = 1/M(§),
x € (—1,1), we have that
Lo (T) = Gn(M_(7))(1 + wr)™.

Analogously, L, is a polynomial of degree s with zeros at M, (n;), j = 1,...,s, and p,_s_1 is an arbitrary
polynomial of degree at most n — s — 1. Let us show that ¢,, satisfies orthogonality relations of type (3.20) for
a new measure, supported this time in (0,1), that still belongs to BVT.

With the above notation equation (3.20) implies

/ Po o (DQs(g(t) 2D e 1)

(1)
wn (M—w(7))
[ B @) Z

o
I

ei@(M—W(T))d|/\‘ (M—w (T))

('in(T) eigp*(‘r)d|>\*|(7_)’
22(r

/ Pn—s—1 (T)Ls (T)én(T)
My (S)

~—

where d|A*|(7) = (1 + w7)d|\|(M_, (7)) is a positive measure supported on M, (S), ©*(7) = p(M_,(7)) is
a function of bounded variation, and {w}} is a sequence of measurable functions whose moduli are uniformly
bounded above and below, and whose arguments are smooth with uniformly bounded derivatives. Further, since
Green functions are conformally invariant, M, (S) is regular so clearly A* € BVT. This allows us to assume
that S C (0,1).

First we will suppose that all zeros of the polynomials q, lie outside some fized neighborhood of zero.

For each n denote by o, the counting measure of zeros of ¢,,. By the assumption that we just made there
exists a compact set K such that 0 ¢ K and supp(v,,) C K. Then supp(c,) C K~ ! for all n € N, and K~ ! is
also compact. By Helly’s selection theorem (cf. [46, Thm. 0.1.3]) there exists a subsequence of natural numbers,
Ny, such that v, = v for n € Ny, where = stands for weak* convergence. Denote by o the reflection of v across
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the unit circle, i.e. do(t) = dv o (1/t). Tt is easy to check that o,, = 0. Observing that the assumptions on wy,
imply that the variation of its argument on I, thus a fortiorion S, is bounded independently of n, it follows from
Corollary 3.7 that v and o are probability measures such that supp(v) C S C (0,1) and supp(c) C S~ = S§~1.

Claim: it is enough to show that the logarithmic potential of v — o is a constant g.e. on S. Indeed, let
UY~? = Dy q.e. on S, where

g — /log E L v =)o)

Then, since U is harmonic outside of S~!, we have that U is bounded quasi everywhere on S, hence everywhere
by lower semi-continuity of potentials. Thus, v has finite energy and by reflection so does o. Moreover, for
quasi every z € S™1, we have

Uo(z) = /log %d(y — o)) = /log md (v — o) o (1/2)]

|z —
= /log

- /1og \eld(o — v)(x) — Dy =: D, (3.21)

T

f/lz/z‘ d(o —v)(z) = /log lz/z|d(o — v)(z) — U 7(1/z)

where we used that v — o has total mass zero. Now, denote by & the balayage of o onto S. Then
U°(t) =U°(t) + c(o;C\ S)
for quasi every t on S. Thus, as (v — 7)(C) = 0 and since v and & have finite energy, we get

0 = /D1 dlv —0o)(z) = /U”f"(z)d(u —0)(z) = /U”fa(z)d(y —-0)(z)
/log P i n d(v — o) (t)d(v — ) (2).

But the energy of a signed measure is equal to zero if and only if the measure is zero ([46, Lemma 1.1.8]),
provided that this measure is the difference of two positive measures with finite energy; thus, v = &. Using
(3.21), we can obtain in a similar fashion that ¢ = ¥, where 7 is the balayage of v onto S~!. Hence, we proved
that o — v is the equilibrium signed measure for the condenser (S, S~1) ([46, Thm. VIIL.2.6]). Then Proposition
A points (b) and (e) ensures that v = 2 is the Green equilibrium distribution relative to both D and C\ S~*.
Since {Vy, }nen, Was an arbitrary subsequence, the whole sequence {v;, }nen converges to u% in the weak™* sense.
This proves the claim.

Being left to prove that U¥~7 is a constant g.e. on S, suppose to the contrary that this is not true. Then
there exist nonpolar Borel subsets of S, say E_ and E,, and two constants d and 7 > 0 such that

U'~%x)>d+7, v€Ey, U %(x)<d—21, z€FE_.
In this case we claim that there exists yo € supp(r) such that
U""(yo) > d. (3.22)
Indeed, otherwise we would have that
U"(z) <U%(z)+d, x € supp(v). (3.23)

Then the principle of domination ([46, Thm. I1.3.2]) would yield that (3.23) is true for all z € C, but this would
contradict the existence of E .

Since all o, are supported outside of the closed unit disk, the sequence of potentials {U?" },,cn, converges
to U uniformly on compact subsets of . This implies that for any given sequence of points {y,} C D such
that y, — yo as n — oo, n € Ny, we have

lim U7 (g) = U7 (y). (3.24)

n—oo, n€Ny
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On the other hand all v,,, n € Ny, have their support in . So, by applying the principle of descent for the
above sequence {y,}, we obtain
liminf  U""(y,) > U"(yo). (3.25)

n—oo, n€N;

Combining (3.22), (3.24), and (3.25) we get

liminf U~ (y,) > U""7(yo) > d. (3.26)

n—oo n€N;y

Since {y,} was an arbitrary sequence in D converging to yg, we deduce from (3.26) that there exists p > 0 such
that, for any y € [yo — 2p, Yo + 2p] and n € Ny large enough, the following inequality holds

Urm=on(y) > d. (3.27)
Since ) 1 5)
_ qn\Y
U= (y) = — log | — ,
W=z o qn(Y)

where «,, := H;L=1 |£5.n|, inequality (3.27) can be rewritten as

<emd (3.28)

: a0 (y) ‘
an(y)

for any y € [yo — 2p, Yo + 2p] and n € N; large enough.

Here we notice for later use that the above reasoning does not really require the polynomials to have
exact degree n. Specifically, let {p,} be a sequence of monic polynomials of degree d,, = n + o(n) where o
denotes the Landau symbol “little oh”. Moreover, suppose that the counting measures of their zeros normalized
by 1/n rather than 1/d,, (so it may no longer be a probability measure) are supported on a fixed compact set of
the complex plane. Call u,, these measures and assume that they converge to v in the weak* topology. In this
case (3.25) and (3.26) still hold with v, replaced by uy,, at the cost perhaps of dropping finitely many terms of
N; and making p smaller. Thus, we obtain that

<emd (3.29)

o, W) ‘
n(y)

for any y € [yo — 2p, yo + 2p] and n € N; large enough.
In another connection, since U¥~7(z) < d — 27 on E_, applying the lower envelope theorem gives us

liminf U7 (z) =U""°(x) <d—27, forqe. xz€FE_. (3.30)

n—oo, n€N;

Let Z be a finite system of points from (—1,1), to be specified later. Then by [2, 3] there exists® Sy C S
such that Sy is regular, cap(E_ N Sy) > 0 and dist(Z, Sp) > 0, where dist(Z, Sp) := min, ¢z dist(z, Sp). Put for
simplicity b, (z) = ¢n(x)/qn(z), which is a finite Blaschke product. Then

U () =~ log b (@)
and by (3.30), as |a,| < 1, there exist Ny C Nj and z € E_ N Sy such that
[bn ()] > [anbn(z)| > e
for any n € Ny. Let x,, be a point where |b,| reaches its maximum on Sp. Then

M, := max |by, ()| = |bn(x0)| > || My = by ()| > e, (3.31)

T€So

6In [8] So is not introduced, which makes there for a slightly incorrect argument in Theorem 3.1. An alternative remedy in that
reference would be to apply the lower envelope theorem to T'qy, rather than gy, as they have the same asymptotic zero distribution.
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Note that M,, < 1 and therefore d — 7 is necessarily positive. For simplicity, we shall denote D\ Sy by D. Since
the modulus of a Blaschke product is bounded by 1 in the unit disk and log |b,| is a subharmonic function, the
two-constant theorem ([45, Thm. 4.3.7]) yields the following pointwise estimate

log |b,(2)] < wp(z,S0) log | M, | (3.32)

for any z € D, where wp(z,Sp) is the harmonic measure on D (cf. [45, Sec. 4.3]). Combining the last two
inequalities we get

1 1—wp(2,50)
|bn(2)| < (Mn)wD(z,So) =M, (M) < Mnen(d—r)(l—wD(z,So)) (3.33)

for z € D, and obviously also when z € Sy, where wp(-,Sp) = 1 for Sy is regular. Moreover, by the regularity
of Sy again, it is known ([45, Thm. 4.3.4]) that for any = € Sy

lim wp(z,S0) =1
uniformly with respect to x € Sp. Thus, for any ¢ > 0 there exists r(J) < dist(Sp, T) such that for z satisfying
dist(z,Sp) < r(0) we have
]

-7

1—wp(z,S) <
This, together with (3.33), implies that for fixed ¢, to be adjusted later, we have
b, (2)] < Mpe™, |z, — 2| < 7(6).
Note that b, is analytic in D, which, in particular, yields for |z — z,| < r(9)

roy L bn(§)
bn(2) = 2mi le—an|=r(s) (€ —2)? -

Thus, for any z such that |z — z,| < 7(5)/2 we get

O " omr(s) = 4]%”5.
Now, for any x such that
|z — 2| < ;éig (3.34)
the mean value theorem yields
AM,,end M,
bu(a) = ba(on)| < TS ] = 52
Thus, for z satistying (3.34) we have
bu(@)] 2 [ba(ea)| — ) b)) > My — 25 = 22
and by (3.31)
by ()| > ‘O‘”# > %e—"@l—ﬂ. (3.35)

The estimates (3.29), (3.35), together with the relation (3.20) are the main ingredients in proving the claim
that U¥~7 is constant g.e. on S. To combine them we shall use a specific choice of P,,_;_1 in (3.20).

First, we pick a polynomial T" such that Lemma 3.5-(c) holds with ¢ = ¢, a, = Arg(w,), Q@ = Qs,
and [a,b] = I for n € N3 C Ny. We denote by k the degree of T. Second, for each n € N3, we choose T,
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as in Lemma 3.5-(d) with ¢ = /9. Note that the use of Lemma 3.5-(d) is legitimate by Lemma 3.6 and our
assumptions on S, ¢ and w,. Since all T} are bounded and have degree at most [, which does not depend
on n, there exists Ny C N3 such that sequence {7} }nen, converges uniformly to some polynomial 7; on I.
In particular, we have that deg(7;) < [ and the argument of Tj(z)/g,(x) lies in (—d/4,0/4) for n € Ny large
enough. Denote by 2« the smallest even integer strictly greater than 2l + k + s. As soon as n is large enough,
since yo € supp(v), there exist 51 p, ..., B2q,n, zeros of g,, lying in

Oy ([yo — psyo + pl) := {2 € C: dist (2, [yo — p,yo + p]) < 7/2},

where v, 0 < v < p/2, will be specified later. Define

LTI
Hjil (Z - ﬂj,n)
The polynomial P has degree n —s — 1 or n — s — 2, depending on the parity of k + s.
Denote by I, C (0,1) the interval defined by (3.34). By comparing (3.28) with (3.35) and (3.31), it is

clear that I,, and [yo — 2p, yo + 2p] are disjoint when n € Ny is large enough.
Now, we choose v = v(p) so small that

P(z) =

2a 2c
S Arg (gﬂ;) — S Arg (0 - B;)| <0/2. @€ R\ [yo — 20,0+ 20).
j=1

Jn =1

Letting § be such that 6 < 3, the choices of T', T;, and P} together imply

’Arg (Pﬁ(x)Qs(f)qn(x)wew(mo ‘

qn(x)
L T2 () ,
_ 2, L . ip(x)
= |Arg [ |gn(2)| jlzll @ *Bjm) () T(x)Qs(x)wy (z)e"?
6 0
< §+§+g—2ﬁ§7"/2_57

for x € T\ [yo — 2p, yo + 2p] except at points where T or Qs are equal to zero. This means that for such
2 px* Wn (LC) ip(z)
o, Pr(2)Qs(x)gn(2) =—=€'?
(@)Q: ()0 (2) 55
a7 (2)Qs ()T () T7 (x)wn ()
2« a2
Hj:l(‘r - ﬁj,n)

Moreover, if € S\ [yo — 2p, yo + 2p] satisfies (3.34), then by (3.31) and (3.35) the above quantity is bounded
from below by

e |anl?P* (x x x wni(x)eww) sin
Re (1o P2 (0)Qu e)an () 55200 ) = sing

> sind >0

sind minxe[a,b] |Tl(x)|2 infen minace[a,b] |wn(m)

‘ —2nd+2nt __ —2nd+2n1
(diam(S) + 2p)2* e = c1|T(2)Qs(x)le ;

T (2)Qs ()]

where diam(S) := max, yeg |z — y| and

sind minge(q ) |Ty(z)|? inf,en minge(qp) [wn ()]

(diam(S) + 2p)% >0

C1 =

by construction of 7; and the uniform boundedness of {|w,,|} from below. Thus

R a,|2P* D wn(t)€i¢(t)dA
( Lo el B0 |(t)>
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> siné / o2 P2 (0)Qu(Dan() 22 o] g3 1)
S\[yo—2p,y0+2p] gz (t)
> e 2ndtanT / |T(£)Qs (t)|d|N|(t) > cge™2ndtn(2r=Ld) (3.36)
SN,

The last inequality is true by the following argument. Recall that z,, the middle point of I,,, belongs to Sy,
where dist(Sp, Z) > 0 and Z is a finite system of points that we now choose to be the zeros of TQ, in (—1,1).
Then TQ, which is independent of n, is uniformly bounded below on I, and (3.36) follows from this and
hypothesis BVT point (2). On the other hand (3.28) and (3.29), applied with p, = P, yield that

«a 2 D* wn(t)
‘/[yo—Zp,yO-&-Qp] | ’ﬂ| Pn (t)QS(t)qn(t) a%(t)

where we used uniform boundedness of {|w,|} from above. Choosing 0 so small that 27 — Lé > 0, which is
possible, the bound in (3.36) becomes bigger than the bound in (3.37) for n large enough. But this is impossible,
since by (3.20) the sum of these two integrals must be zero.

We just completed the case when all the zeros of polynomials ¢, stay away form the point zero. Now
we shall consider the general situation. Let € > 0 be such that U := D\ {z : |z| < ¢} is a neighborhood of S.
Corollary 3.7 says that there exists a constant ky € N such that each g, has at most ky zeros outside of U,
or equivalently, zeros which have modulus less than e. In this case, from any sequence of natural numbers, we
can extract a subsequence, say Ny, such that for some number m < ky, g, has exactly m zeros outside of U for
each n € Ny. Denote these zeros &, ..., &mn,n, and consider the polynomials

ePDdN|(t)| < cze™2M, (3.37)

W)=y

Then the sequence {¢n }nen, will satisfy the following weighted orthogonality relation:

n € Np.

wy, (1) _
/Pn—s—l(t)Qs (t)Qn(t) (q;kl(t))Qd)\(t) - 07 Pn—s—l S Pn—s—h
where .
wi(t) = wa®) [JA ~ 18,072 tel.

In what follows we are going to stress the modifications needed to adapt the previous proof to the present
case. Let, as before, N; C Ny be a subsequence of natural numbers such that v, — v, n € N;. Because we
only discarded a fixed number of zeros from ¢, (z) to obtain ¢, the counting measures o}, of the zeros of ¢
(normalized by 1/n), again converge weak* to o. Since U 75 enjoys all the relevant properties of U™, inequalities
(3.28) and (3.29) remain valid with ¢, replaced by ¢.

Further, define b,(x) as ¢,(x)/q¢}(z). In this case, b, is no longer a Blaschke product, but rather a
Blaschke product multiplied by the polynomialH;n:l(z —&jn). Then we get instead of (3.32) that

log b (2)| < wp(2, So) log | M| + (1 — wp (2, 5o))m log 2,
and (3.33) can be replaced by
|bn(2’)‘ < Mnen(d—r—i-m10g2/n)(1—wD(z,So)) < J\4nen(d—7’+1)(1—wD(z,So))7
for n large enough. This yields an insignificant modification of r(d) (we should make 1 — wp(z, Sp) less than
d/(d — 7+ 1) rather than just §/(d — 7)). Lemma 3.5(d) can be applied to polynomials ¢ without change.
Therefore we are left to show that {w} is uniformly bounded above and below on I, and that its

arguments are smooth with uniformly bounded derivatives on I with respect to n. The uniform boundedness
of {w?} easily follows from the estimates
2 1 2m
< .
“\1l-e¢

1 2m m 1
s) <1l
2
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Since none of the &, j = 1,...,m can come close to I, Arg(l — 173 is a smooth function on [

J gn
whose derivative Im¢; ., /(1 — £, ,,) is uniformly bounded there independently of j and n. Then the rest of the

assumptions on {w}} follows from the representation
arg(wy (t)) = arg(wn(t) — 2> Arg(1—tg;,,).
j=1

This completes the proof of the theorem.
|
The forthcoming lemma is needed for the proof of Theorem 3.2. Recall that H, a family of functions
analytic in some fixed domain of the complex plane, is called normal if each sequence of functions from H
contains a locally uniformly convergent subsequence.

Lemma 3.8 Let p € (2,00] and {gn}nen be a sequence of a sequence of irreducible critical points of order n of
MA (p) for F given by (2.4)-(2.6) with X satisfying” (2.2) and (2.3). Further, let v, be an associated singular
vector to g, with inner-outer factorization given by v, = b, - w, for some Blaschke product b,, and w, an outer

function in H?' . Then the families W := {w,} and Wy = {wﬁ'”} are normal in D and Qg respectively, where

Qg was defined in (3.11). Moreover, any limit point of VW is zero free in D.

Proof: The main idea of the proof was given in [12, Thm. 10.1]. The necessary modification for the case of
complex measures with argument of bounded variation were given in [10, Prop. 6.3]. Only a simple adjustment is
needed in the present case where the approximated function may have polar singularities inside D. Nevertheless,
we present the whole proof for the ease of the reader.

First we establish the normality of WW,/. By a classical theorem of Montel it suffices to show that W,/ is
locally uniformly bounded in Q3. We claim it is enough to prove that

M= { (4wt ?) (N @T) (175}

is locally uniformly bounded in Qz \ D, where j, is the finite Blaschke product from (3.6) and T is a fixed
polynomial with all zeros in S such that

’Arg (ei‘p(x)T(x)>‘ < g -3, zel, (3.38)

for some 3 € (0,7/16), where ¢ is given by (2.2). The existence of such a polynomial is guaranteed by Lemma
3.5-(¢) (with ¢» = ¢ and a,, = 0) where it should be observed that, in the proof, the polynomial 7} is not needed
since a,, = 0. Hence, as mentioned in that proof, the zeros of T belong to I and are discontinuity points of
©; but since the latter was extended linearly on each component of R\ S, the zeros of T' actually belong to S,
as announced. The family H is well defined, since jnwﬁ// ? extends analytically to Qg (see the discussion after
equation (3.10)).

Now, the normality of H in Qz \ D is sufficient to establish the lemma, because [(Q27)(1/Z)| is bounded

away from zero on compact subsets of 2z, since all zeros of QT lie in S , hence the sequence

{ () ()}

will be locally uniformly bounded in Qg \ D. Moreover, since j, is a finite Blaschke product, we have

lin(2)] > 1, z€C\D,
and therefore W, will be locally uniformly bounded in Qg \D. But since each wfbl/ s holomorphic in 2z D D,
the maximum principle yields that this family is, in fact, normal in Qz. This establishes the claim.

"Note that we do not require the hypothesis A € BVT to hold. It is sufficient to have a measure merely with an argument of
bounded variation and infinitely many points in the support.
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So, it only remains to prove that H is locally uniformly bounded in Qg \ D. This can be established in
the following way.
Consider the family of traces of functions from H on T:

Hr o= { (nw ) QTN } € LA(T),

Each function of Hr is a sum of its analytic and antianalytic parts hy, 1(§) and hy, 2(€), where

hn,l(g)
hn,Z(f)

P (et ) (OW@QT)E)
P ((juutl ) ©@T)(E)

We can regard h,, » as an analytic function in C \ D that vanishes at infinity. Thus, upon writing

: wp'/2 VO S waS
hoate) = 3 [ (32 (@D

_ e, |2 > 1, 3.39
L s & I (330
we see that {h,2} is locally uniformly bounded in C\ D, since Qs and T are fixed, |j,| = 1 on T, and
o], = 2

2

Now, multiplying the first line of (3.6) by b, Q*T = b,Q>T and applying P_ yields

Arun @) = 24P (& (i) (€ (@1) @)

/2 Py ((Juwt?) ©QDE)
= /2 Eh,1(f), €€, (3.40)
where we used that
P_(h(¢) = &P+ (€h(9)). he LA(T),

and
P_(P_(h)g) =P_(hg), heL*T), g€ H”.

Following the computations preceding (3.10) we obtain

(bnvanT)(t) oY (bnvanT)(t)
rp R - [ a0, et

where the second equality is valid since Q2 has a zero at each 7 € SL of multiplicity greater than or equal to
m(n) + 1. Thus, using (3.40), we get an analytic extension of h, 1 to C\ S~! by the formula

() = 2 [ L0 g5, (3.41)

Ar(b,0,@21)(O) = |

1—tz

Combining (3.39) and (3.41) we see that
(dnw ) (N@T)ATZ) = hna(2) + hna(2), 2 € Q5\D.

So, for H to be normal, it remains to show that {h, 1} is uniformly bounded on compact subsets of Qz\D. Due
to formula (3.41) this is actually true in C\ S~!. Indeed, let K C C\ S~! be compact. Then for any z € K
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equation (3.41) yields the estimate
|0vn Q3T (t)

hn, < —1/2 [ st LRV g (¢
haa < 7 AN
771/2
n 2
- b, Q3T (t)d|A|(
1nftESz€K|1_tZ| | @ ’ AI(E)
Tn Slnﬁ 2 2 (t)+Arg T(1))
< b w, Q5T ( d|A
o lnfteSzeK|1_tz| /| ntn@s | AI®)

v (sin B)~1

inftes’zeK |]. — tZ|

[ (uwi0.) ) (k@) ario).

where we used (3.38). Note that wa/? is well-defined in D since w,, has no zeros there. For simplicity we shall
denote
(sinB)~!

" infresex |1 —tz]

V(K

We remark that this quantity is finite and depends solely on K and the measure .
Define G, (z) := (answ}/Q(Z)), z €D. Then G, € H%', its trace has the same L?'(T) norm as

(st,ll/z) and G,, coincides with (answ,l/z) on (—1,1). Further, let » < 1, dependent on n, be such that D,

contains S and all zeros of by, jn. Then by the estimates above, the fact that @, vanishes on S’, the Cauchy
formula, equation (3.10), and Fubini-Tonelli’s theorem we get for every z € K

@l < 2 2 [ (G ) () (o) dA(0)

- [ (@) On0 ) i
S T,

271 E—t

_ L wh® (1/) ag|
= 7(K) o - (GnQsT) (&) (bnjn) (1/@ 1/72(5) 5 (3.42)

The integrand
P /2 (1/5) 1
w6 ¢

is meromorphic in D\ S. Moreover all of its poles, that are necessarily zeros of b, j,, are encapsulated both by
T, and T. Despite possible zeros of w, on the unit circle, the function

wh” (1/8)
wi(€)
extends continuously there, since p’ > 2 and wh /25 analytic on T. Therefore, the integration contour T, in the

last integral of (3.42) can be replaced by T without changing the value of that integral. Thus, for any z € K,
we get by a straightforward majorization and Holder’s inequality that

(GnQsT)(E) (bnjn) (1/5)

bnjnwg//2 (5)
)l < 505 [ @G n<£>(wl/2)d|s|
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YE) 1Qslloo T llo [1Gall2 ol =072y
'—1)/2
VI 1Qslloe 1T 150 1Qsw 212 lwall P < A(K) 1Qsll (1T oc-

This finishes the proof of the local uniform boundedness of W,,, since the above estimate does not depend on

IN

IA

n, but only on the set K itself and the measure A

A classical result of Hurwitz states that each limit point of a normal family consisting of zero free function
in the domain of the normality is zero free unless it is identically zero. Now, W,, has no zero function as a limit
point because these functions have unit L?(T) norm. Since each w}, /2
have zeros in D. The corresponding result for W is then obvious.

is outer in ID, no limit point of W, can

|
Note that in the previous theorem the normality of YW in D was clear beforehand by the Cauchy formula,
since ||wy|l,» = 1, but the nonzeroing of every limit point was not.

Proof of Theorem 3.2: Let v, be a singular vector associated to g, with inner-outer factorization given by
Up = by - wy, for some Blaschke product b, = ¢, /g, and some outer function w, € le, |wn|lpr = 1, where
wy, = 1 when p = 2. The poles of g, are exactly the zeros of g,. Moreover, {g,} is a sequence of polynomials
satisfying the non-Hermitian weighted orthogonality relations (3.7). Thus, the assertion of the theorem will
follow from Theorem 3.1 if W = {w,,} is uniformly bounded above and below on I, the convex hull of S, and
if it is a family of functions whose arguments are smooth with uniformly bounded derivatives on I. In the case
p = 2 this is trivial since each w, = 1. In the case p € (2,00] Lemma 3.8 says that W is a normal family.
Thus, it is uniformly bounded above on I. Moreover, since all limit points of W are zero free in D, this family
is uniformly bounded below on I (in fact on any compact subset of D). Further, the derivatives again form a
normal family and so does the logarithmic derivative w),/w, in D. Since the imaginary part of the latter is
equal to darg(w,,)/dt on I, we see that the rest of conditions on W is satisfied.

|

Before we prove Theorem 3.3 we need a simple observation that will be of further use later on.

Lemma 3.9 Let A be a compact set such that AN S = (0. Further, let {u,} and {\,} be two sequences of

positive measures such that supp(pn) C A, pn — p, {supp(An)} is bounded, and N\, = [i, where u € A(A) and
it s the balayage of u onto S. Then

(¢)
liTrLrLSOIip |exp {U# A} ¢ < exp{—c(u; C\ S)};

(b) for any compact set K C C\ S having a neighborhood V such that V Nsupp(\,) = 0 for n large enough,
we have

lim sup Hexp {U)‘"_”"}HK <exp{c(p;C\ 9)} lexp{-UL( - ;C\ S)H g -
where U (z;C\ S) is the Green potential of p relative to C\ S.
Proof: (a) By the principle of descent ([46, Thm. 1.6.8])

liminf UM (2) > U (z),

n—oo
for any z € C. Further, for any z € C\ A, let ¢, be a continuous function which is 1 on A and 0 outside a
relatively compact neighborhood of A that does not contain z in its closure, we get by weak™ convergence since
t— ¢.(t)log(1/]z — t|) is continuous with compact support that

tim [ 6.0)log - dua 1) = [ o0 log 7 dult)

n—oo |Z —
which is equivalent to

lim Ut (z) = UH(z).

n—oo
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Thus, for any = € S ~
limsup U¥n = (z) < UF P (z) = —c(u;C \ 9),
n—oo

by the regularity of S and the properties of balayage. The assertion follows immediately from this.
(b) Because for n large supp(A,) is included in the compact set (C\ V) N {|z| < R} for some suitable R > 0,
we may find a continuous function ¢x with compact support which is 1 on this compact set and zero on K.
Applying the principle of descent to {U#~} and the weak* convergence argument to

1

{UA”}(Z>:/¢K(t)IOg7‘Z,t| d\,(t), z€K,

we get in the same manner as before

lim sup U ~Fn (z) < UPTH(z),

n—0o0

for any z € K. This together with (2.18) implies the second assertion of the lemma.
|
Proof of Theorem 3.3: To prove the convergence in capacity we first establish an integral representation for
the error r, = (F' — g,). As usual we denote by v, = b, - w, a singular vector associated to g,, where b, is
a Blaschke product of degree n and wy,, is an outer function. Since any critical point satisfies (see discussion
before (3.4))
_Ap (vn)

F_gn v ’
n

equation (3.10) allows us to write for z € D\ S

rn(z) = — / on®) 3ty = —dnl2) / an(t) wn®) 34y, (3.43)

'Un(z) z—=1 Qn(z)wn(z) z—=1 an(t)

In another connection, the orthogonality relations (3.7) yield

/M an(t) wn(?) dX(t) = 0.

z—1

This, in turn, implies that (3.43) can be rewritten as

_ @a(2) aa(®) walt) 50 _
m(®) = e (?) / c—t 2@ P ZEDAS (3.44)

Let K be a compact subset of D\ S and let U an open neighborhood of K such that U ¢ D and U N S = .
Denote by &1 ;. .., &n,n the zeros of ¢, and define

()= T (=&

i nelU

Corollary 3.7 implies that there exists m € N such that degg,1 < m for all n € N. Let a < 1 be such that
S C D,. Then by Lemma 3.6 the number of zeros of ¢, in D, \ U tends to infinity with n. Thus, for n large
enough and in any case bigger than s, we can pick s of them, say &; ,,...,&s  and define

S

Lin(2) =[] (z = &m)-

Jj=1

Since the polynomial g, 1ls , has bounded degree, the asymptotic zero distribution of ¢ = an/(qn1lsn) is the
same as that of g,. Thus, by Theorem 3.1 and Proposition A, points (b)-(e), the counting measures v# of g
converge weak* to u2, the Green equilibrium distribution on S relative to both D and C\ S~!. Using the
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orthogonality relations (3.7) and the fact that Qs vanishes at the n; with multiplicity m(n;), we can rewrite
(3.44) as

_ a%(z) (qu)Q(t)(Qn,le)(t) (Is,nwn) () dA() I
() = o)) / ——, z€D\S. (3.45)

(2)?(2)(gn.1@s) (2 g7 (t)

Lemma 3.8 says that {w,,} is bounded above and below on compact subsets of D. This and the choice of I,
yield that

|7“ (Z)‘ < C1 E]Vn(z) i ‘ @ ’ (346)
" o |qn,1(z)Qs(z)| qu(z) an S

for any z € K and some positive ¢; < oo which does not depend on n. We shall apply Lemma 3.9 with A =T,
Ap = Vﬁ, and p, = Uy, where v, is the balayage of v, onto the unit circle and v, is the counting measures
of zeros of ¢,,. Because v,(D\ S) — 0 by Corollary 3.7 the weak*-limit of the balayage is the balayage of the

weak™ limit, hence Theorem 3.1 implies that u = u*g; and Proposition A-(c) shows that i = ,ué. Also notice
that in this case

UMTEn(z) = UAT(z) = U (2) — U (2) + UG (2 D)
1 1 1 1— 2t 1 dn(2)
= —log|—|——1lo +/lo ’duntzlo , 2€D\S,
n gq2<z>| n gmz)‘ B | O ) '

LS
since ¢(v,; D) = 0 by the boundedness of D. As Ug4¢(z;C \ S) is a non-constant positive harmonic function in
D\ S, it is strictly positive there so there exists 5 > 0 such that

< i HE (.
O<2ﬂlegf(UG (,C\ 9).

Then Lemma 3.9, in particular, implies that for all n large enough

f

ZTZ Sgexp{—n-c<;7§;;(C\S) +nﬁ/2}7
and _
B <oy oo (1118) -3} o K

Combining the last two estimates and (3.46) we obtain that

< cre—2nB
N |qn,1(z)Qs(z)|
for any z € K and n large enough. Denote by K, the following sets

| (2)

K, = {z €K |Qn71(Z)QS(Z)‘ < e_nﬁ} :

Since each K, is the lemniscate of a monic polynomial of degree at most s +m we get that ([45, Thm. 5.2.5])

cap(K,) < exp {n v }

s+m

But for z € K\ K,, we get
[rn(2)] < cre™™P.

This establishes the main assertion of the theorem upon letting v := 8/(s + m).
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Let us finally fix p = 2 and consider a compact set K C C\ (D U K). In this case w, =1 for any n € N,
rn(z) is defined everywhere outside of S, and has the representation

0 (2) (¢5)*()Qs(D)ls,n(t) dA(?)
/ 20) oy z€C\ S,

Tn(2) = (05)2(2)Qs(2)ls.n(2)

where ¢, = qn/ls,n and we fixed s arbitrary zeros of g, in D, in order to define I, ,,. Note that this time we do
not introduce ¢, 1, since zeros of ¢, cannot accumulate on K by definition of K. For any z € K, the reasoning

that led us to (3.46) now gives us
2

# 2
‘ H

dn
for some ¢y independent of n. Since K does not contain any limit point of zeros of {q%}, applying Lemma 3.9
as before gives us in view of (3.47)

QEL(Z)

rn(2)| < c2 (3.47)

)
S

lim sup |7, (2)[Y/2" < exp {_Ugé (z;,C\ S)} = exp {_C(Sl”ﬂ‘)}

for any z € K, where we used Proposition A-(e). This completes the proof of the theorem.
|
Proof of Theorem 8.4: It was proved in Theorem 3.3 that {g,} converges in capacity on compact subsets of

D\ S to F. Then the lower bound in (3.14) follows from the classical Gonchar’s lemma ([21, Lemma 1]). Indeed,
suppose to the contrary that there exist a number § > 0 and a subsequence Ny C N such that

#{Sn N Bs(n)} < m(n)

for n € Ny and some fixed n € S"\ S, where Bs(n) = {z € C: |z —n| < é}. Thus, {gn}nen, iS a sequence
of meromorphic functions in Bs(n) with at most m(n) poles, which converges in capacity on Bs(n) to the
meromorphic function F| Bs(n) with exactly one pole of multiplicity m(n) there. Then by Gonchar’s lemma each
gn has exactly m(n) poles in Bs(n) and these poles converge to 1. This contradiction proves the lower bound
in (3.14).

Now, for each n; € S’ define D,, := By, (1;), 0;’s to be chosen later. Moreover, assume that D,, NS’ = {n;}
and for each n; € S"\ S assume further that D,, NS = 0, which is always possible by the appropriate choice of
51"8.

Fix any n € S’ \ S. In general, the existence of C,, in (3.14) follows from Corollary 3.7 applied to D\ D,,,
but it is possible to say more. Let Ig,, = U;»"zl[aj, b;] cover S and let S, stand for the set of all poles of gy,
Sp ={&m,---+&un}. Then by Lemma 3.6 we have

Z(’R’ —0&n) < V(e +Vw+(m+s—1)m+ Z m(n;)0(n;), (3.48)
i=1 €8’

where 60(-) is the angle function defined in (3.13) for the system of intervals I ,, and V}y was defined in (3.15).
The finiteness of Vjy was obtained in the proof of Theorem 3.2. Then for n large enough (3.48) yields

V(p) +Vw + (m—Dm+ 32, corm(n:)(0(n:) + maxeep,, 0())
T — maxeep, 0(&) ’

#{S» N Dy} —m(n) <

Denote by C' the right hand-side of the previous inequality. By a suitable choice of §;’s and the continuity of
0(-) in D\ [-1,1] we can make C such that

Vig) +Vw + (m—Lm+237 o m(n;)0(n;)
™ —0(n)

IC] < <C,
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where |C] is the greatest integer smaller than C. Since C is a bound for an integer, we get that

V(e)+Vw +(m—1m+23", s m(n:)6(n:)

4 Multipoint Padé Approximation

In this section we investigate the behavior of the poles of multipoint Padé approximants to functions of type
(2.4). These are analogs of rational approximants solving MA(2) except that the interpolation points not
implicitly determined by an optimality property, but rather have to be chosen a priori. In what follows we no
longer assume that S’ C D and S C (—1,1), i.e. S’ is a set of s elements from C, counting multiplicities, while
S may be any regular compact subset of R.
Let
A= {Ak}k€N7 A C (C\ (SU Sl), Ap = Ay,

be a conjugate-symmetric interpolation scheme, as defined in Section 2. Thus, Ay consists of 2k points
C1ks - - - Gok k, DOt necessarily finite nor distinct, none of which lies in S = S U S’, and such that Qk c A
for each j € {1,...,2k}. If we define the polynomial wqy as in (2.11), the conjugate-symmetry implies that it
has real coefficients.

Given F of type (2.4), we put IIx = pr/qx for the multipoint Padé approximant associated with A;. We
denote, as usual, the convex hull of S by I.

The interpolation scheme A is said to be admissible if the set of limit points of A, indicated by K(A),
is disjoint from S’ U I, and if the counting measures of the points in Ay converge in the weak* topology, as
k — 00, to some probability measure with finite logarithmic energy o = o(A) € A(K(A)), i.e.

1 2
*
o = ﬂ;ég’k — 0.

We call such o an asymptotic distribution for A. Note that IC(A) is not necessarily compact. If it is not
compact, the finiteness of the logarithmic energy of o is understood as follows. Since IC(A) is closed and does
not intersect S, there exists zg € C\ UpAy such that zy ¢ K(A). Pick such a z and set M, (2) :=1/(z — z0).
Then, all M, (Ay) are contained in some compact set and their counting measures converge weak™ to of such
that o#(B) := o(M_'(B)) for any Borel set B C C. We say that A is admissible if o* has finite logarithmic
energy. Obviously this definition does not depend on a particular choice of zy. If all the interpolation points
are assigned to infinity, i.e. wy, = 1 for all n € N, then II, is just the classical Padé approximant to F.

We shall follow the same exposition as in the previous section on meromorphic approximation. We start
with an analog to Theorem 3.1 which is the basis of our approach.

Theorem 4.1 Let {q,}nen be a sequence of polynomials of degree at mostn satisfying the weighted orthogonality

relations ~
4 dA(t) .
g (t =0, j=0,...,n—1, 4.1
[ra0 =0, (@.1)

where {way, }nen is the sequence of monic polynomials associated via (2.11) to some admissible interpolation

scheme A with asymptotic distribution o, and where X = X\ + X is given by (2.2)-(2.6) for some A € BVT.
Then the counting measures vy, of the zeros of q, converge in the weak* sense to p2, the weighted equilibrium
distribution on S = supp(\) with external field given by —U°.

Note that, by Proposition B, the measure u is nothing but the balayage & of o onto S out of C\ S.
Let us stress also that, in general, the polynomials ¢, satisfying (4.1) need not be unique up to a multiplicative
constant nor have exact degree n. In the above theorem, it is understood that ¢, is any sequence of such
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polynomials, and that v, is normalized by 1/n so that it may no longer be a probability measure. This is of no
importance since, as will be shown later, the defect n — deg g, is uniformly bounded.

Let T be any closed Jordan curve that separates S and /C(A) and contains S in the bounded component
of its complement, say D. Then, the fact that (¢, F — pn)(2)/wan(z) = O(1/2"!) as z — oo, and that it is
analytic in C\ s, yields that

dz

2 qn(2)F (2 =0, j=0,...,n—1, z€D,
[Pa@re =0

which is equivalent to (4.1) by definition (2.4) of F', the Fubini-Tonelli theorem, and the residue formula.
Hence the denominators of the multipoint Padé approximants to F' are polynomials satisfying a non-Hermitian
orthogonality relation with varying complex measures as in the previous theorem. The asymptotic distribution
of their zeros is described in the following theorem which gives one answer, for the case of multipoint Padé
approximants, to question (a) raised in Section 2.

Theorem 4.2 Let {IL, },en be a sequence of multipoint Padé approximants, corresponding to some admissible
interpolation scheme A, to F' given by (2.4) with A € BVT. Then, the counting measures of the poles of 11,
converge to 2 in the weak® sense.

For classical Padé approximants, this theorem reduces to the following result.

Corollary 4.3 Let {I1,}nen be a sequence of classical Padé approxzimants to F given by (2.4) with A € BVT.
Then the counting measures of the poles of I1,, converge in the weak® sense to pug, the equilibrium distribution

on S.

As before, taking into account the special structure of A, we deduce from (4.1) that
dA(t)
Wan (t)

which is the equation we shall really work with when proving Theorem 4.2.

The forthcoming theorem is of classical scope and stands as an analog to Theorem 3.3 for multipoint
Padé approximants. It deals with their convergence in capacity to F' and offers one answer to question (c¢) raised
in Section 2. In a way, it generalizes Theorem 6.1.6(a) in [49].

/Pn—s—l(t)Qs(t)Qn(t) = 07 Pn—s—l S Pn—s—l (42)

Theorem 4.4 Let {II,,}nen, F, and X\ be as in Theorem 4.2 for some admissible interpolation scheme A.
Further, let o stand for the asymptotic distribution of A. Then {I1,,} converges to F in capacity on C\ S, and
for any compact set K C C\ S there exist positive constants 8 and v such that

cap{z € K : |ry(z)| > 6_5”} <e 77,
where 1y, := (F —11,,). Further, for each compact set K C C\ (SUK) we have
. 1/2 o
lim sup|r, |/ < lexp{~U&(: C\ )} -

where UZ(z;C\ S) is the Green potential of o relative to C\ S and K is the set of limit points of the poles of
1I,,.

Our last theorem asserts the convergence of some of the poles of the multipoint Padé approximants of F
to its polar singularities. It parallels Theorem 3.4 and yields one answer to question (b) of Section 2.

Theorem 4.5 Let {II,,}nen, F, and X\ be as in Theorem 4.2. Moreover, let S, denote the set of poles of 11,,.
Then for each n € S"\ S there exists D,,, an open neighborhood of n, a constant C,, = Cy(F), and a number
N = N(n) € N such that, for anyn > N,

m(n) < #{Sn N Dy} <m(n) + Cy,

where m(n) is the multiplicity of 7.
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As in Theorem 3.4, we shall obtain in the course of the proof of the above result an upper bound for C,,.
Namely if Is,, := {[a;, b;]}L; is a system of intervals covering S, then

o < V(e)+(m—1)m+232 o m(n:)0(m:) |
" m—0(n)

where 60(-) is the angle function, defined in (3.13), applied to Ig .
The proof of Theorem 4.1 runs parallel to the proof of Theorem 3.1. It relies on the following lemma.

Lemma 4.6 Let g,(z) = Hj;l(z —&j.n) be a n-th orthogonal polynomial in the sense of (4.2). Then
dn
(T = 0(&m) + (= dn)m V(@) + Y m(u)0(n) + (m+ s — 1,
Jj=1 n; €S’

where 0(-) is the angle function defined in (3.13) for a system of intervals Ism = UL, [a;, b;] which covers S,
with I = [ay, by, the convexr hull of S.

Proof: The proof is the same as that of Lemma 3.6, observing that
V(Arg(wan), Is.m) =0,

since wa,, is real on S.
|
Note that Lemma 4.6, applied e.g. with m =1 and Is; = I, implies that the defect n — d,, is bounded
above independently of n.

Corollary 4.7 Let U be a neighborhood of S. Then there exists a constant ky € N such that each ¢, has at
most ky zeros outside of U for n large enough.

Proof of Theorem 4.1: Recall the notation A = {A,,} for the admissible interpolation scheme, and let o, be

?ll(z —&;,n) and recall that it satisfies (4.2) (the more

the counting measure of the points in A4,,. Set ¢, (2) =[]
general relation (4.1) is not used in this proof).

We claim that we may suppose A is contained in a compact set. Indeed, if this is not the case, we
can pick a real number zo ¢ C(A) U S’ U I, where K(A) is, as usual, the set of limit points of A. Consider
the analytic automorphism of C given by M, (z) := 1/(z — xo), with inverse M '(7) = 2o + 1/7. If we put
Ab = M, (A,), then Af = {A%} is an admissible interpolation scheme having asymptotic distribution ¢#, with
o¥(B) = o(M_'(B)) for any Borel set B C C. Moreover, the choice of z yields that K(AF) is compact. Now,

if we let

b(T) = 1'qn (Mm,_ol(’l')) ,
Ly(r) = 7°Qs (M;OI(T)) ,
Prg—s—l(T) = TniSian—S—l (M;OI (T)) )
wgn(T) = 72, (M,J;O1 (7')) ,
then ¢, is a polynomial of degree n with zeros at My (&), j = 1,...,d,, and a zero at the origin with

multiplicity n — d,,. In addition, wgn is a polynomial with a zero at each point of A% counting multiplicity.

no

Thus, up to a multiplicative constant, wgn is the polynomial associated with Af wvia (2.11). Analogously, L
is a polynomial of degree s with a zero of multiplicity m(n;) at M, (n;), n; € S, and P __ |

polynomial of degree at most n — s — 1. Making the substitution ¢ = M_!(7) in (4.2), we get

x

is an arbitrary

i T T T dAu(T)
[, ) Pl 060 575

=0, Pﬁ_s_1 € ,Pnfsflu
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where d\(7) = 7dX (M_'(7)) is a complex measure with compact support M,,(S) C R, having an argument
of bounded variation and total variation measure |[A\¥| € BVT. Note that 7 is bounded away from zero on
supp(Af), since S is compact and therefore bounded away from infinity. Now, since Lemma 4.6 implies that
n — d, is uniformly bounded above, the asymptotic distribution of the counting measures of zeros of £, is
the same as the asymptotic distribution of the images of the counting measures of zeros of ¢, under the map
M,,. As the counting measures of the points in Af, converge weak? to ¥, the claim follows from the fact that
uf\f =09 _ ¥ since uS = & by Proposition B and since balayage is preserved under M, (e.g. because harmonic
functions are, c¢f. equation (2.16)). Hence we assume in the rest of the proof that A is contained in a compact
set, say Ko, which is disjoint from S by the definition of admissibility. B

Let T be a closed Jordan arc such that the bounded component of C\ I', say D, contains S while the
unbounded component, say D’, contains Ko. Then ¢, = gn.1 * gn,2, where

Qn,l(z) - H (Z_fj,n)

Ej,T,ED

and
Qn,Q(Z) = H (Z - gj,n)-
§5.m¢D

Corollary 4.7 assures that degrees of polynomials g, > are uniformly bounded with respect to n, therefore the
asymptotic distribution of the zeros of g, 1 coincides with that of g,. Denote by v, ;1 the zero counting measure
of ¢, 1 normalized with 1/n. Since all v, 1 are supported on a fixed compact set, Helly’s selection theorem and
Lemma 4.6 yield the existence of a subsequence N; such that v, ; % v for n € Ny and some measure v € A(S);
remember the defect is bounded which is why v is a probability measure in spite of the normalization of ¢, 1
with 1/n.

Next, we observe it is enough to show that the logarithmic potential of v — o is constant q.e. on S. Indeed,
the same argument as in the proof of Theorem 3.1 shows in this case that v has finite logarithmic energy, and
then we get from the characterization (2.14) of balayage that v = & (= u2), as desired.

Now, suppose that U”~7 is not a constant q.e. on S. Then there exist nonpolar Borel subsets of S, say
E_ and E., and two constants d and 7 > 0 such that

U'=%x)>d+7, v€Ey, U %(x)<d—-27, z€E_.
Exactly as in Theorem 3.1, this leads to the existence of yo € supp(r) and p > 0 such that

q%,l(y)

< 672nd
wan (Y)

3

for any y € [yo — 2p, yo + 2p] and n € N; large enough. We also remark that the same bound holds if {g,} is
replaced by a sequence of monic polynomials, say {v,}, of degree n+ o(n), whose counting measures normalized
with 1/n have asymptotic distribution v. Moreover, in this case

4n,1 (y)vn (y)
w2 (Y)
for any y € [yo — 2p, yo + 2p] and n € Ny large enough.

In another connection, arguing still as in the proof of Theorem 3.1, there exists x € E_ NSy (where we
will choose Sy in exactly the same way as in that proof) such that

< g~ 2nd (4.3)

Qi,l ()
Wap, ()

> e~ 2nld=T) (4.4)

for n € Ny C Ny. Let ,, be a maximum place for |qi,1/w2n| on Sp:

q%,l(iﬂn)
w2n(xn)

%21,1(3”)
wWap ()

M, = max
€Sy
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Since way, has no zeros on D, the function log|ga ; /way| is subharmonic there. Thus, by (4.4) and an obvious
majorization, the two-constants theorem on D \ Sy (compare (3.33)) yields

diam(D)

2
0,1 (2)
1 <Mnexp{2n <d_T+logdiS'E(F,K0)> (l—wD\SO(z,SO))}, z €D,

Wap (2)

where wpy g, (-, So) is the harmonic measure on D\ Sp. Note that d —7 +log(diam(D)/dist(I", Ko)) is necessarily
positive otherwise qiyl /way, would be constant in D by the maximum principle, which is absurd. Then, following
the arguments after (3.33), we get from the regularity of Sy that for any § > 0 there is r(d) < dist(Sp,I") such
that

%21,1(515)

1
> —e—2n(d-7) 4.5
wan(@)| 2 (4.5)

\V]

for x € I,,, where

__ r(d) r(4)
I, = {xn 86”571.” e | -

Now, Lemma 3.5(c) guarantees that there exist a polynomial T of degree, say, k, and a number § €
(0,7/32) such that
[Arg (*Q.T(1))| < 5 - 25,
for all t € I such that (T'Qs)(t) # 0, where ¢ is as in (2.2). Denote by 2« the smallest even integer strictly

greater than k£ + s+ 1. Then, as in the proof of Theorem 3.1, there exist B1 ;. .., B2q,n, zeros of ¢, 1, so close
to [yo — p,yo + p] that

2a

ZArg( )| = [ A o= )| <8, € RV o~ 2000+ 201
jn

j=1

Define for n € Ny sufficiently large

. an(2)T(2)(z = ¢*)
Pn (Z) = 2a
[1;2:(2 = Bim)
where the factor (z — (*) is present only if Arg(ws,(t)) = 7 on I in which case ¢* is a real zero of ws, lying to

the right of I (such a (* exists for wy, is positive at infinity and real on R by the conjugate-symmetry of A,,
while it does not vanish on I when n is large enough since K(A) NI = () by assumption). Then

)

. e \| 2 7L (3= ) (TQ)(x)el@
s (i@ 2 )] = [ o) -5 Ly
< 7/2-3, (4.6)

for all @ € T\ [yo — 2p,yo + 2p] except if T(x)Qs(x) = 0, where § was chosen so small that § < § and where
n € Ny is sufficiently large. Just like in the proof of Theorem 3.1, we fix Sy to be at positive distance from the
zeros of T'Q), which is a polynomial independent of n.

Denote by my, 1 the number of zeros of ¢, 2 of modulus at least 2maxgeg |x|, and put o, for the inverse
of their product. Let m,, o := deg gy 2 — My 1. Then, for t € S, we have

(dist(S,1))""2 (1/2)"" < |anga2(t)] < (3m§§<|x|> * (3/2ymne,

and since my, 1 + My, 2 = deg g, 2 is uniformly bounded with n so is {|a.,gn 2|} bounded above and below on S.
Therefore, using (4.6), (4.5), (4.3) with v, (z) = P}(2)/qn,2(Z), and reasoning as in the proof of Theorem 3.1,

we obtain
ele(t)

Re / o |2 Py () Qu (£)gn () ———d|A[(t) | > cye2ndm3T=E0) (4.7)
S\[yo—2p,y0+2p] wan (1)
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and
ete(t)

/ v 2P () Qs () (H)— < cpe2d, (4.8)
[yo—2p,y0+2p] w2

This completes the proof, since ¢ can be taken such that 27 — L > 0 which would contradict the orthogonality
relation (4.2) because, for n large enough, the integral in (4.7) is much bigger than in (4.8).

|
Proof of Theorem 4.4: Exactly as in the proof of Theorem 4.1 we can suppose that all the interpolation points
are contained in some compact set Ky disjoint from S. By the Hermite interpolation formula, (cf. [49, Lemma
6.1.2, (1.23)]) the error r,, has the following representation

Wan(2) [ qu(t) dA(t)
qi(Z) /UJQn(t) z—t (4.9)

Let K C C\ S be compact and let U be a bounded open neighborhood of K not intersecting S. Further, let D
be an open disk around the origin such that (SUU) C D. Denote by &1, .., &a, n zeros of g, and define

qn,l(z) = H (ngj,n)

&in€U

QH,2<Z) = H (Z_gjm)-

£j,n€C\D

rn(z) =

Corollary 4.7 implies that there exist mi,mo € N independent of n such that degg, ; < m; for any n € N and

j =1,2. Since at least d,, —my —mq zeros lie in D\ U we can fix s of them there, say &1 p, ..., &s n, for n large
enough. Denote by

Lin(2) =[] (z = &m)-

Jj=1

#, converge weak® to g, the
balayage of o onto S. Using the orthogonality relations (4.1) in the same way as we did to obtain (3.45), we
can rewrite (4.9) as

By Theorem 4.1, the counting measures of ¢, := ¢,/(¢n.1qn 2lsn), denoted by v¥

) D0

Tn(z) — Wan Z) / (qg)g(qn,lQ;)2(ian|Qn,2)ls,n -,

(qgl)Q(qn,le)(‘anmn,Q)ls,n

where o, is the inverse of the product of the zeros of g, 2. Then, the choice of I, ,, and o, yields that

H (¢%)°
Wan

c1 Wan (2)

O @ )

for all z € K and some ¢; < oo which does not depend on n. Now we may apply Lemma 3.9 with A = K,
Ap = l/,g, and p, = o,, where o, is the counting measure of the zeros of ws,. Notice that in this case

(4.10)
S

way (2)
(gh)%(2)
By the regularity of .S, the Green potential UZ(z;C\ S) tends to zero whenever z tends to £ € S. Moreover, it

is strictly positive and superharmonic in C\ S. Thus, by the generalized minimum principle ([46, Thm. 1.2.4]),
there exists # > 0 such that

1
Urn=Hn(z) = —

= 1
2n g

0<56/2< iél}”(Ug(z;(C\S).
Then, Lemma 3.9 implies that for all n large enough

j

Wan

< exp{—~2n-c(o;C\ S) + 203}
S
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and
Wan (Z)
(gh)%(2)
Combining the last two estimates and (4.10) we obtain for any z € K and n large that
—2n
cie
Irn(2)] £ ——=5—=7-
|gn.1(2)@s(2)]

This yields the first assertion of the theorem exactly as in the proof of Theorem 3.3.
Now, let K C C\ (SUK) be a compact set. Then for any z € K

H (4h)°

<exp{2n-c(o;C\ S)—4np}, ze€K.

Wap (2)

(4)%(2)

for some constant c3 which is independent of n. The second assertion then follows upon applying Lemma 3.9.

|

Proof of Theorem 4.5: The proof is exactly the same as the proof of Theorem 3.4. The only difference is that
Lemma 4.6 states that
dn

D (T —=0(En) + (n—d)T V() + (m+s—Dm+ Y m(n;)0(n),

j=1 n; €S’

I (2)] < e3

Wan

S

and therefore

o < V(p)+(m—1)m+232, o m(n:)0(m:) '
"= T —6(n)

5 Numerical Experiments

The Hankel operator Ap with symbol F € H* + C(T) is of finite rank if and only if F is a rational function
[36, Thm. 3.11]. In practice one can only compute with finite rank operators, due to the necessity of ordering
the singular values, so a preliminary rational approximation to F' is needed when the latter is not rational. One
way to handle this problem is to truncate the Fourier series of F' at some high order N. This provides us with
a rational function F that approximates F' in the Wiener norm which, in particular, dominates any LP norm
on the unit circle, p € [1,00]. It was proved in [26] that the best approximation operator from HZ° (mapping
F to g, according to (3.3)) is continuous in the Wiener norm provided (n + 1)-st singular value of the Hankel
operator is simple. It was shown in [9, Cor. 2] that the last assertion is satisfied for Hankel operators with
symbols in some open dense subset of H> + C(T), and the same technique can be used to prove that it is
also the case for the particular subclass (2.4). Thus, even though the simplicity of singular values cannot be
asserted beforehand, it is generically true. When it prevails, one can approximates Fy instead of F' and get a
close approximation to g, when NN is large enough. This amounts to perform the singular value decomposition
of Ap, (see [51, Ch. 16]). When 2 < p < oo there is no difficulty with continuity issues, but the computation
of g, has to rely on a numerical search. To numerically construct rational approximants when p = 2, we used
the above truncation technique together with the Hyperion software described in [25].

As to Padé approximants, we restricted ourselves to the classical case and we constructed their denomi-
nators by solving the orthogonality relations (4.1) with ws,, = 1. Thus, finding these denominators amounts to
solving a system of linear equations whose coefficients are obtained from the moments of the measure .

In the numerical experiments below we approximate function F' given by the formula

it dt 1 dt In(t)dt
F(z) = 7/ - —(3+i)/ 5 +(2—4¢)/ H(J
[~6/7,—1/8] # — 1 2/5,1/2) t — 212 —1 2/37/8] 1t

2 6 24
G13/7T—4i/1)° " (z=5/9—3i/4° T G+ 1/5+6i/)F

_|_
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Figure 1: Padé approximants to F' of degree 8 and 13
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Figure 2: AAK (left) and rational (right) approximants to F' of degree 8

On the figures the solid lines stand for the support of the measure, diamonds depict the polar singularities
of F', and circles denote the poles of the correspondent approximants. Note that the poles of F' seem to attract
the singularities first.
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