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Abstract. We present in this paper the design of a graphical user interface to deal
with proofs in geometry. The software developed combines three tools: a dynamic
geometry software to explore, measure and invent conjectures, an automatic theorem
prover to check facts and an interactive proof system (Coq) to mechanically check
proofs built interactively by the user.

Keywords: geometry, theorem prover, proof assistant, interface, Coq, dynamic
geometry, automated theorem proving

1. Introduction

Dynamic Geometry Software (DGS) and Computer Algebra Software
(CAS) are the most widely used software for mathematics in the edu-
cation. DGSs allow the user to create complex geometric constructions
step by step using free objects such as free points and predefined atomic
constructions depending on other objects (for instance the line passing
through two points, the midpoint of a segment, etc.). The free objects
can be dragged using the mouse and the figure is updated in real time.
CAS allow symbolic manipulations of mathematical expressions.

The most widely used systems are the historical ones which appeared
in the 90s, namely Geometer’s sketchpad (Jackiw, 1990) and Cabri Ge-
ometer (Laborde and Bellemain, 1998). But there exists a large number
of free and commercial software as well !

The education community has studied the impact of the use of these
software on the proving activity (Yevdokimov, 2004; Furinghetti and
Domingo, 2003). DGSs are mainly used for two activities:

— to make the student create geometric constructions;

! We can cite (the list is not intended to be exhaustive): CaR, Chypre Cinderella,
Déclic, Defi, Dr. Geo, Euclid, Euklid DynaGeo, Eukleides, Gava, GeoExp, GeoFlash,
GeoLabo, GeoLog, Geometria, Geometrix, Geometry Explorer, Geometry Tutor,
GeoPlanW, GeoSpaceW, GEUP, GeoView, GEX, GRACE, KGeo, KIG, Mentoniezh,
MM-Geometer, Non-Euclid, XCas, etc.

';:‘ © 2006 Kluwer Academic Publishers. Printed in the Netherlands.
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2 Julien Narboux

— to make the student explore the figure, invent conjectures and check
facts.

We believe that these software systems should also be used to help
the student in the proving activity itself. Work has been performed in
this direction and several DGS with proof related features have been
produced. These systems can be roughly classified into two categories:

1. the systems which permit to build proofs;

2. the systems which permit to check facts using an automated theo-
rem prover.

The Geometry Tutor (Anderson et al., 1985), Mentoniezh (Py, 1990),
Defi (Ag-Almouloud, 1992), Chypre (Bernat, 1993), Cabri-Euclide (Lu-

Y

engo, 1997), Geometriz (Gressier, 1998) and Baghera (Balacheff et al.,
2002) systems belongs to the first category. Using these systems the
student can produce proofs interactively using a set of known theorems.
In most of these systems the student can not invent a proof very different
from what the program had pre-computed using automated theorem
proving methods. As far as we know, the exception is Cabri-Fuclide
which contains a small formal system and therefore gives more freedom
to the student. Baghera includes also e-learning features, such as task
management and network communication between teachers and their
students.

MMP-Geometer(Gao, 2000), Geometry Expert (Gao and Lin, 2002), Ge-
ometry Ezplorer(Wilson and Fleuriot, 2005) and Cinderella (Korten-
kamp, 1999; Kortenkamp and Richter-Gebert, 2004; Richter-Gebert and
Kortenkamp, 1999; Schwartz, 1979) belongs to the second category.
Geometry Ezpert and MMP-Geometer are DGS which are used as a
graphical interface for an implementation of the main decision proce-
dures in geometry. Geometry FExplorer provides a diagrammatic visual-
ization of proofs generated automatically by a prolog implementation
of Chou’s full angle method (Chou et al., 1996). Cinderella allows to
export the description of the figure to computer algebra software to
perform algebraic proofs.

The work closest to ours is (Bertot et al., 2003). The Geo View soft-
ware provides a visualization tool for some formal geometric statements
using an off-the-shelf DGS and the PCoq user interface for Coq (Bertot
and Thery, 1998; Amerkad et al., 2001). It is intended to be used with
the formalization of geometry for the French curriculum by Frédérique
Guilhot (Guilhot, 2005) in the Coq proof assistant (Coq development
team, The, 2004).

We present in this paper the design of a system whose aim is to
combine automatic theorem proving, interactive theorem proving using
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A GUI for Formal Proofs in Geometry 3

a formal proof system (the Coq proof assistant) and diagrammatic vi-
sualization. The difference between our approach and the other systems
we have cited (except GeoView) is that we use of a general purpose proof
assistant and combine interactive and automated theorem proving. The
difference between our system and GeoView is that communication with
Coq goes in the other direction.

Our approach is guided by the following motivations:

— It is very natural in geometry to illustrate a proof by a diagram-
matic representation and even sometimes a diagram can be seen as
a high level description of a proof (Barwise and Allwein, 1996; Jam-
nik, 2001; Miller, 2001; Wilson and Fleuriot, 2005; Winterstein,
2004a; Winterstein, 2004b). But sometimes a diagram can be mis-
leading. That is why the verification of the proof by a formal proof
system is crucial as it provides a very high level of confidence.

— Compared to an adhoc proof system specialized in geometry, the
use of a general purpose proof assistant such as the Coq proof
assistant provides a way to combine geometrical proofs with larger
proofs. For example, it is possible to use the Coq system to prove
facts about polygons by induction on the number of edges, or facts
about transformations using complex numbers.

— There are facts that can not be visualized graphically and there
are facts that are difficult to understand without a graphical rep-
resentation. Hence, we need to combine both approaches.

— We should have both the ability to make arbitrarily complex proofs
or to use a base of known lemmas, depending on the level of the
user/student.

We will first give a short introduction of our prototype named Geo-
Proof. Then we will focus on the proof related features of GeoProof:
automatic theorem proving and interactive generation of Coq state-
ments.

2. An overview of GeoProof

GeoProof is a free and open source Dynamic Geometry Software. It
allows one to create and then manipulate geometric constructions. It
is distributed under the term of the GPL Version 2 license. It has
been implemented by starting from a project called DrGeoCaml ini-
tially developed by Nicolas Frangois. GeoProof is written in the Ocaml
programming language using only portable libraries in such a way that
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4 Julien Narboux

it can be compiled for Linux, Windows and MacOSX.

In this section, we focus on the dynamic geometry features of Geo-
Proof, the proof oriented functionality will be described in the next
sections. Figure 1 gives a quick overview of the graphical user interface
of GeoProof. The different tools can be sorted in four categories. The
constructions tools are used to create new geometric objects. GeoProof
supports the main geometric constructions and transformations involv-
ing points, circles, lines, segments and vectors.

The visualization tools allow to change the zoom factor and move the
figure on the page. The manipulation tools allow to select, delete and
move objects. The measures and tests tools are shortcuts to create
special dynamic labels (those are described in the section 2.2). For
instance the tool to test if two lines are parallel creates a textual label
which tells if the two lines are parallel on the instance of the figure
which is currently displayed. These test tools do not provide a proof,
they should be used to quickly test the validity of a conjecture on several
instances of the figure by manipulating the free points.

To simplify the creation of large figures, the user can organize the ob-
jects using layers and change the drawing style of the objects (hidden
or not, dashed or not, color ...). A complete description of the features
of GeoProof can be found in (Narboux, 2006d).

Undo/Redo Selection Manipulation Visualization tools Help

7 GeoProof &6
coffuration Help

JDRE &6 x4+ @ 22200+
Construction tools P L ONASNXEPARIINNSNSN=ZL LYIOOD O &Y
Measures and —PNTEYWEEVE VI LA

tests tools entl

Graphic window |Natural language [SVG Preview|

File Edit Create Tools

Description of the figure

Working window —

Status bar e e
Object acquired, you can move it !

Figure 1. A screen-shot of the main window of GeoProof.
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A GUI for Formal Proofs in Geometry 5
2.1. InpuT/OUTPUT

The documents can be saved using an open format based on the XML
technology. It can export the figures using a bitmap format (PNG,
BMP, JPEG), a vector graphic format (SVG) or a textual description
in pseudo-natural language.

The description of the figure can also be exported to the input language
of the Eukleides software to ease the insertion of figures in a W TEX doc-
ument?. The language used by Eukleides for the description of figures
is high level. This means that after creating the figure using GeoProof,
if the user wants to perform small changes it is not necessary to open it
again using GeoProof, the description is readable enough to be edited
directly within the IWTRX file. Figure 2 shows an example script.

frame(-10.00000,6.00000,12.48000,-3.90000,0.93416)

A = point(-3.22000,4.30000)

color(red)

thickness(2)

draw(A,dot)

color(black)

draw("A",A,O. 28000,arg(circle(A, 1) ,point(1.400,1.400)):)

Segment_3 = segment (C,A)
color(black)
thickness(2)
draw(Segment_3,full)
Line_1 = 1line(D,E)
color(blue)

thickness(2)
draw(Line_1,dashed)

Figure 2. Export to INTgX using Fukleides.

2.2. DYNAMIC LABELS

A dynamic label is a text element enriched with the possibility to display
the result of a computation defined using a small language (Narboux,
2006d). Textual labels which appear in a figure can contain dynamic
fields. Dynamic fields contains expressions which are evaluated in real

2 http://www.eukleides.org/
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Input the text you want to display.
If you want to have dynamic parts or perform some computations
you can use expressions enclosed between #, for example

The length of AB is #length{ABl# and 2*3=#2+3#
#pite#
#if area(AB.C) > arealB,C.D) then "bigger” else "smaller"#

AB and C seem to be #if collinear{AB,C) then " else "not "#caollinear

Help
You can use the following fonctions :

+- k)T

sin,cos tan,arcsinarccos arctan,
sqrtIn.exp,log,pow,
abs,min,max,

<<= ==K

and,or,not,
signed_area,area.angle.length
collinear between left_turn,
parallelorthogonal,
eq_lengths.eq_angles

The following constants
true false e pi

The following constructions

if cond then expr else expr
let id = expr in expr

Cancel Ok

Figure 3. The definition of a dynamic label.

time when the figure is manipulated. Dynamic field are delimited by
the sign #. As all the computations done by GeoProof, the evaluation
of these expressions is performed using arbitrary precision. Thanks to a
configuration file the user can choose at which precision the computa-
tions are performed. If the mathematical expressions contained in the
text elements depend on other points of the figure, the text is updated
in real time when the user changes the position of the free points. The
dynamic part of the labels can contain measures and predicate tests
using variables depending on other objects. For instance if the user
wants to define a label to compare the size of two triangles he can

define the following label: .

The triangle ABC is #if area(A,B,C)>area(D,E,F) then
"bigger" else "smaller"# than the triangle DEF.

Figure 3 shows an example of a dynamic label to test if three points are
collinear. Using predefined dynamic labels the user can check easily for
example if two lines are parallel (on the specific instance of the figure

displayed).
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3. Automatic proof

We present in this section how GeoProof can communicate with auto-
matic theorem proving tools. We have implemented automatic theorem
proving in GeoProof using two different systems: the first one takes
advantage of an implementation of the Grébner basis and Wu methods
(Wu, 1978; Chou, 1988) written by John Harrison (Harrison, 2003), the
second one consists of exporting to our own implementation of Chou’s
decision procedure for affine geometry (Chou et al., 1994) in the Coq
proof assistant (Narboux, 2004). The implementation by John Harrison
was designed to accompany a textbook on automated theorem proving
and is hence not intended to be efficient. We have chosen this implemen-
tation because it is free and can be tightly integrated with GeoProof. We
plan to add the possibility to use the other implementations provided
by the CAS.

3.1. USING EMBEDDED AUTOMATIC THEOREM PROVER

The formalization used by John Harrison is based on a theory with only
points as basic objects whereas GeoProof uses points, lines and circles as
the basic mathematical objects. We need to translate from one language
to the other one. The input of the ATP is a first order formula with the
following predicates: collinear, parallel, perpendicular, eq distance
(written as AB = CD) and eq angles. These predicates are defined
using an algebraic formula using the coordinates of the points.

Let zp and yp be the x and y coordinates of P.

collinear(A, B,C) =

(xa—2xB)(YyB —yc) — (B —xc)(ya —yB) =0

parallel(A, B,C,D) =

(za —2B)(yc —yp) — (xc —2p)(ya —yn) =0
perpendicular(A, B,C, D) =

(za —zB)(xc —zp) + (Ya —yB) (Yo —yp) =0
eq_distance(A,B,C,D) =

(ra—2B)*+ (ya —yB)* — (vc — xp)* — (yc —yp)* =0

narboux.tex; 10/10/2006; 12:31; p.7



8 Julien Narboux
eq _angle(A,B,C,D,E,F) =

((yp —ya) * (xp —xc) — (yB — yc) * (xB — x4))*
(g —xp)* (v —2F) + (ye — YD) * (YE — YF))

(
_((yE —yp)* (xp —2F) — (Yyg —yr) * (Tg — zp))*
((xp —za)* (zB —2c) + (YB — Ya) * (YB — YC))

3.1.1. Translating a construction into a statement for ATP.

We need to translate from one language to the other one. The idea
of the translation consist of maintaining the invariant that lines and
circles are always defined by two points. Of course this is not true in
GeoProof. For instance one can build a line as the parallel of another
line passing through a point. In such a case we need to define a second
defining point for the line. For that purpose we generate new points
during the translation. We define the translation by case distinction
on the construction. Table I gives the defining points for each line and
circle depending on how these objects have been constructed. P1;,P2;
and O, are fresh variables. For each line and circle we associate some
fresh variables. These new variables which do not appear in the original
figure are used to define lines and circles when we do not have two
points on the object on the figure we translate from.

Lines are defined by two points P; (1) and Pz(l). When we already know
at least one of the defining points we use it instead of creating a new
point because it simplifies the generated formulas.

Circles are defined by their center O(c) and a point P(c) on the circle.
Table II provides the translation of GeoProof constructions® into the
language accepted by the embedded theorem prover. Incidentally, it
gives a subset of the constructions of the language of GeoProof. The
non degeneracy conditions are inspired by those in (Chou and Gao,
1992). The predicate isotropic is defined by:

isotropic(A, B) = perpendicular(A, B, A, B)

In Euclidean geometry it is equivalent to A = B but not in metric
geometry. We produce a statement which is interpreted in the metric
geometry because Wu and Grobner bases methods are complete only
for metric geometry. For more information about this see (Chou and
Gao, 1992; Chou, 1988). Moreover if I; and I are the two intersections
of a circle and of a line or a circle then we add the fact that Iy # I, in
the hypotheses. Note that different constructions of the same figure can
lead to different degeneracy conditions and hence different formulas.

3 To simplify the presentation we only provide the translation for the main
GeoProof constructions.
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Table I. Definition of the defining points of circles and lines

GeoProof Construction Defining points

[ passing through A and B Pi(l)=AP:(l)=B

[ parallel line to m passing through A Pi(l) = A P2(l) = P2

[ perpendicular line to m passing through A Pi(I) = A P2(l) = P2

I perpendicular bisector of A and B P1(l) = P1; P2(l) = P2
[ bisector of the angle formed by A, B and C  P:(l) = B P2(l) = P2,
¢ circle of center O passing through A O()=0P(c)=A

c circle whose diameter is A B O(c) =0: P(c) = A

3.1.2. Correctness of the translation

To convince the reader that the translation we give is correct in the
sense it corresponds to the intuition the user of GeoProof can have, we
will prove that the translation we give is equivalent to a more intuitive
semantic based on points, lines and circles. This semantic is given in
Table III.

We assume that we have three types of objects: Point, Line and Clircle.
We assume we have two relations of incidence?:

€ :Point — Line — Prop
and
€ : Point — Circle — Prop

We assume that we have the perpendicular and parallel predicates over
lines:
|| _: Line — Line — Prop

and
1 :Line— Line — Prop

We assume that we have a predicate expressing the fact that a point is
the center of a circle:

__1s_center _ : Point — Clircle — Prop

We want to show that the formulas defined by the two semantics are
equisatisfiable. We follow the definition of the translation and prove the
property by case distinction, we only show a few cases:

Point P on line [ We need to perform another case distinction on the
way [ has been constructed:

4 Note that the notation € is overloaded here.
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10 Julien Narboux

Table II. Predicate form for each type of construction

GeoProof Construction

Predicate form

Free point

true

Point P on line [

collinear (P, P1(1), P2(l))

Point P on circle ¢

O(c)P(c) = PO(c)

I midpoint of A and B

IA = IB Acollinear(1, A, B)

I intersection of /1 and [

collinear(I, Pi(l1), P2(11))A
collinear(I,P1(l2), P2(l2))A
—parallel(P1(l1), P2(l1), P1(l2), P2(l2))

I an intersection of ¢; and co

10(01) = O(
10(c2) = O(c

—isotropic(O(c

(
1)P(e)A
2)P(c2)A

1), 0(c2))

I an intersection of ¢ and {

I10(c) = O(c)P(c)A
collinear (I, P1(l), P2(1))A
—isotropic(P1(l), P2(1))

[ passing through A and B

A#B

[ parallel to m passing through A

parallel(A, P2(l), P1(m
A #Pa(l)

), P2(m))A

[ perpendicular to
through A

m  passing

perpendicular(A, Pa(l), Pi(
A#Pa(l)

m), Pz(m))A

[ perpendicular bisector of A and B

PL(l)A = P1(1)B A Pa(1)A = Pa(1) BA
Pi(l) #P2() ANA# B

I bisector of the angle A,B,C

eqiangle(A7 B7P2(l),732(l), B, C)/\
B#P()NA#BAB#C

c circle of center O passing through

A

true

c circle whose diameter is A B

collinear(O(c), A, B)A
O(c)A=0(c)B

narboux.tex; 10/10/2006; 12:31;
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Table III. Semantic of reference for GeoProof

GeoProof Construction

Predicate form (second)

11

Free point true
Point P on line [ Pel
Point P on circle ¢ Pec

I midpoint of A and B

IA = IB A collinear(1, A, B)

I intersection of [; and [

TeliANT€lNlL 2

I an intersection of ¢; and c»

I et NI € co
O1is__centerc1 A Ozis__center ca/
O1 € mo,0, N O2 € mo,0,N\

—isotropic(mo,o0,)

I an intersection of ¢ and {

I € cNI €l N—isotropic(l)

[ passing through A and B

A#+<BNA€lANBel

[ parallel to m passing through A

L|lmAAel

[ perpendicular to
through A

m  passing

l1lmAnAE€el

[ perpendicular bisector of A and B

IA =1IB Acollinear(I,A,B) NI € IA

Il L map NA € map ANB € map

I bisector of the angle A,B,C

6qiangle(A7va2(l)77)2(l)7 B, C)/\
B#P()NA#BAB#C

c circle of center O passing through

A

AecNOis centerc

c circle whose diameter is A B

collinear(O¢, A, B) N OcA = O.BA
Ocis_centercNA € c

! passing through A and B The formula defined in Table I and

IT is the following:

collinear(P,A, B) N A # B

The formula defined in Table III is the following:

PelNA#BANA€lNBel

narboux.tex; 10/10/2006;
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12 Julien Narboux

It can be shown that:
collinear(P,A,B) N A # B <—

A, PelNA#BANAe€lNBEel
Hence the result.

[ parallel to m passing through A The formula defined in Ta-
ble I and II is the following:

collinear(P, A, Py) Aparallel(A, Py, Pi(m), Pa(m))NA # Py
The formula defined in Table III is the following:
Pelnl|mAnAel

From A # Py we know that there is an [ such that A € [ and
Py € 1. From collinear(P, A, Py;) we know that P € [ (note
that here we need the hypothesis A # Py).

In the other direction, we first construct a point Py different
from A on [. It follows that collinear(P, A, Py;) and hence we
have parallel(A, Py, Py(m), Po(m)).

. The other cases are similar.

Point P on circle ¢ We need to perform another case distinction on
the way ¢ has been constructed:

c circle of center O passing through A This case is a conse-
quence of the equivalence:

OA=PA < de,PeccNAeccAOis_centerc

c circle whose diameter is AB This case is a consequence of
the equivalence:

O.A = PO, A collinear(O., A, B) NO,A = O.B <~
de, P € ¢ A collinear(O¢, A, B) N O.A = O.BA
AecNO.is_centerc

I midpoint of A and B This case is trivial as the formulas for the
midpoint are the same in both semantics.

. We do not detail here the other cases about intersection of lines
and circles. They can be be shown by case distinction on the way
the lines and the circles have been built.

narboux.tex; 10/10/2006; 12:31; p.12
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3.1.3. An example
Let’s take the midpoint theorem as an example, it states that:

Theorem 1. Let ABC be a triangle, and “

let D and F be the midpoints of AC and

BC respectively. Then the line DE is par- D E
allel to the base AB. /

A B

The construction is translated into the following statement?:

(((((is_midpoint(D,C,A) /\ is_midpoint(E,C,B))/\
~C=A) /\ "A=B) /\ "B=C) /\ ~D=E) /\ TA=B

The fact that AB || DE is then checked using the Grobner basis
method. During the proof process the user can work on his figure, if it
takes too long the proof can be interrupted.

3.1.4. Dealing with non-degeneracy conditions

Non degeneracy conditions play a crucial role in formal geometry, this
has been emphasized by most papers about formalization of geometry
(Guilhot, 2005; Meikle and Fleuriot, 2003; Narboux, 2004). This trans-
lation is not an exception, we must be careful about the semantic of the
generated statements. For this translation we have decided to consider
GeoProof as a tool which permits to define a geometric formula and it
does not build a model of this formula. The user can define “impossible”
figures. For instance if we perform the following construction:

First, create two points A and B and then create the midpoint C of
the segment [AB] and the midpoint D of the segment [BA]|. Finally,
create the line passing through C' and D. Then if we try to prove that
A = B, GeoProof should answer “yes”, as the hypotheses of the theorem
are inconsistent (ex falso quod libet). This is consistent with logic but
not with the user’s intuition because the “impossible” objects are not
displayed by GeoProof. This is why in fact GeoProof checks first if false
can be proved, if this is the case it warns the user that its construction
is impossible as shown on Figure 5.

5 ~A=B appears twice in this statement because both the line and the segment

from A to B have been built.
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[=ia) 7 GeoProof OO

File Edit Create Tools Proofs Layers View Configuration Help

IUOEE &6 X+ 28000+

fo 5 ONSANXEOABRIINNNNZL LN {QODO s &y
INFEXWEVL VI | A
Documentl
Graphic window | Natural language SVG Preview
oe X Automatic theorem proving [sXsXs]

-1- Choose the fact you want ta check
Hypothesis
{{{(tis_midpoint(D,C,A) Ais_midpointiE.C.B)) A ~C = Al A ~A = BI A ~B =
D=EIN~A=

Conclusion
parallel(DEAB)

-2- Choose the method you wart to use
® Grobner bases method
Wu method

-3- Get the result

The theorem is true

Help Close \

¥ Input in natural language
oo far ! A

Figure 4. Checking the midpoint theorem using the embedded theorem prover.

3.2. UsinGg CoQ

In (Narboux, 2004) we have described the implementation of Chou, Gao
and Zhang’s decision procedure for affine geometry in the Coq proof
assistant. This development provides a very high level of confidence
as the proofs produced by our tactic are checked by the Coq kernel.
This required the formal proofs of all the theorems needed to prove the
correctness of the decision procedure. Our formalization has allowed to
fix some non-degeneracy conditions in the statements of some lemmas.
Moreover, as the logic behind Coq is intuitionist, this work has also
permitted to clarify what are the classical reasoning steps which are
used in the decision procedure. More information is also available in
french in (Narboux, 2006a).

Here we want to export a construction built using GeoProof into a
statement in the language of the Coq development. Our implementation
of Chou, Gao and Zhang’s decision procedure is restricted to affine
plane geometry. Hence in GeoProof the tools which do not have any
corresponding concept in the Coq implementation are grayed out. The
Coq development is based on the axiom system shown on Table IV.
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Figure 5. Trying to prove a property with contradictory hypotheses.

This axiom system is based on two geometric quantities. The signed

area of a triangle (Sapc) and the ratio of two oriented distances (A=g).

To ease the Coq formalization, this axiom system has been slightly
modified compared to the axiom system found in (Chou et al., 1994).

In the original axiom system the ratio of two oriented distances A:g

is defined only when AB is parallel to C'D. Here we do not put this
restriction at the axiom system level but only when we state theorems
involving ratios. It is clear that this axiom system is based on points.
Hence we have to perform a translation similar to those described in the
last section. Table V gives the translation of some common geometric
notions in the language of the axiom system. Figure 3.2 shows the
translation of the statement corresponding to the midpoint theorem
in the syntax of Coq.
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Table IV. The Chou axiom system (slightly modified for the formalization
in Coq).

Points  Point : Set
Field & Js field

. , = Point — Point — F
Signed distance AB=0 <= A=1B

S . Point — Point —_ Point — F
Sapc = CAB
ABc = — SBac

Signed area

Chasles’axiom Sapc =0 — AB+ BC = AC

. . 3A,B,C : Point, Sapc # 0
Dimension Sapc = Sprc + Sapo - Sasp

c Vr: F 3P : Point, Sapp :_OAAPiT B
onstruction AN Sapp =0AN AP =rAB _ p
A¢B/\ Sappr =0N AP’ =rAB —P=r

Proportions A # C — Spac #0 — Sapc =0 — AB _ Span

AC Spac

Table V. Expressing some common geometric no-
tions using S and ratios

Geometric notions Formalization

A,B and C are collinear Sapc =0
AB | CD
I is the midpoint of AB 42 = 2A8Sap; =0
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Figure 6. The midpoint theorem, expressed in the Coq language for Chou decision
procedure.
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4. Interactive input

In this section we describe the interactive proof mode of GeoProof.
Thanks to the configuration menu, the user can choose between three
interactive modes, the first one uses the language described in section
3.2 and the second one uses the language of the Coq development for
high school geometry by Frédérique Guilhot (Guilhot, 2005) and the
third one use the language of our formalization of the geometry of Tarski
(Narboux, 2006¢). In the first mode the user can deal with affine plane
geometry and in the two other modes with Euclidean plane geometry.
The interaction with Coq is performed through the CoqIDE user inter-
face. GeoProof communicates with CoqIDE® via a private clipboard.
We have started by implementing the translation from a GeoProof
construction to a Coq statement. We perform the same translation as
in (Bertot et al., 2003) except that it is in the reverse direction (here
we translate to Coq)”.
The interactive mode of GeoProof is decomposed into four steps:

Goal
Definition

Init. Construction Proof

In the initialization phase, the communication between CoqIDE and
GeoProof is started. Depending on the used language some construction
tools which can not be exported to Coq are grayed out in GeoProof.
The Coq definitions corresponding to the used are language loaded using
the Coq command Require. A new section is opened. If the user had
already constructed some objects before starting the interactive proof
mode, these objects are now exported to Coq. Objects which do not
have any meaning in the selected language are ignored.

In the construction phase the objects created by the user are added in
the Coq context with their corresponding assumptions. In the example
shown® in Figure 9 this corresponds to the Variable and Hypothesis
commands.

In the goal phase the user needs to define what he wants to prove.
In the context of education this phase can be presented as an exercise
consisting in finding an interesting conjecture about the figure. For that
purpose GeoProof provides several features:

6 This feature requires CoqIDE version 8.1 or later.

" In the future we should merge our developments to allow communication in
both directions, this requires a more complex communication system as explained
in the future work section.

8 The predicates names are in French because this development is focused on the
French high-school curriculum
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Labels :

Rename

Hide

Lock
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Layer L4
Prove that collinear(&,C.B) using embedded ATP
Prove that collinear(A,C,B) using Coqg

Figure 7. The contextual menu associated to a dynamic label.

1. The user can move the free points of the figure to guess the invari-
ants.

2. When the user has guessed a conjecture, he can make a first ex-
periment to check the conjecture by building a dynamic label to
perform measures on the figure as described in section 2.2. Then if
he wants to prove the fact represented by the label, he can right
click on the label and choose the corresponding menu entry. Figure
7 shows the contextual menu of a dynamic label.

3. To invent a conjecture about the locus of a point i.e. the path
traced out by a moving point under given geometrical conditions,
the user can take advantage of the trace option. When this option
is activated for an object, this object leaves a trace behind him. For
instance the locus of a point, which is equidistant from two fixed
points, is the perpendicular bisector of the straight line joining the
two fixed points.

In the proof phase the user proves his statement within CoqIDE.

Hence, the current implementation of GeoProof requires to know how
to use Coq. This will be improved in future versions by adding some
features to allow the application of theorems within GeoProof.
If during the proof a new object needs to be created, the user can do
it using GeoProof. Indeed when a new object is added in GeoProof
a Coq tactic is pasted into CoqIDE. This tactic applies the theorem
which proves the existence of the object which has just been created
and introduce in the context the knowledge about this new object. In
some cases this generates non-degeneracy conditions which need to be
proved by the user. Figure 8 shows the command (defined in Ltac - the
tactic language of Coq) which is used when the user creates a point I
at the intersection of two lines AB and CD.
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Ltac DecompEx H P := elim H;intro P;intro;clear H.
Ltac let_intersection I A B CD :=

let idl := fresh in ((assert (idl:exists I,

I = pt_intersection (line A B) (line C D));
[apply (existence_pt_intersection) |DecompEx idl I])).

Figure 8. The tactic to prove the existence of the point of intersection.

&= j2] X coqide 006
File Edit Navigation Try Tactics Templates Queries Compile Windows Help

H s *20F 2O

[EFJInnamed Buffert isfgoa‘
ReqLire Export geometrie_plane, B: PO
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Hypothesis HE: E = [milieu A C).
Goal (paralleles (droite B C) (droite D E)),

paralleles (droite B C) (droite D E)

Ready in Page_1, proving Unnamed_thm Line: 11 Char: 45 i

Figure 9. The midpoint theorem in the language used by Frédérique Guilhot’s Coq
development.

If the user deletes an object in GeoProof it is removed from the Coq
context thanks to the clear command of Coq. If the user wants to
delete some object without deleting it in Coq, he can hide the object
in GeoProof.

5. Future Work

The current prototype of GeoProof uses a private clipboard? as a com-
munication pipe between GeoProof and the Coq Interactive Develop-

9 Technically, we use a feature provided by GTK: we create a clipboard identified
by a name (here “GeoProof”) which is different from the standard clipboard.
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Figure 10. Integrating GeoProof in the proof general infrastructure

ment Environment. This approach has the advantage to be both easy to
implement and easy to use. The user can start the interaction without
any configuration step, he just needs to launch GeoProof and CoqlDE
on the same computer. But this infrastructure has some limitations.
First, the communication with Coq is done using the Coq syntax, which
is easy to produce but hard to parse. Second, the synchronization be-
tween what is typed in CoqlDE and the input generated by GeoProof
is not ensured. A better infrastructure for the communication between
Coq and GeoProof would be to use the Proof General Interaction Pro-
tocol (PGIP) framework (Winterstein et al., 2004; Aspinall et al., 2004).
This framework is based on XML and allows to have several interfaces
interacting at the same time with one proof assistant. This is exactly
what we need because as mentioned before, some proofs are easier to
grasp diagrammatically and some are better presented the classic way
(proofs using complex numbers for instance). In our example, GeoProof
and CoqlDE would interact with the Coq proof assistant. But this could
be generalized to other proof assistants and graphical user interfaces
such as Isabelle, Eclipse/Proof General and PCoq as shown in Fig-
ure 10. This approach would require implementation of PGIP within
Coq, CoqIDE and GeoProof.

The proving features of GeoProof in itself should also be extended.
We need to add the possibility to apply a theorem graphically by drag
and drop and to mark facts on the diagram to produce new assertions
in Coq. We could also transform macro constructions into proof of
existence of geometric objects verifying some properties.

Another planned extension of GeoProof is to adapt it to deal with
diagrammatic proofs in abstract term rewriting (see the first chapter of
(Baader and Nipkow, 1998)). We have formalized in (Narboux, 2006b)
the kind of diagrams which are usually found in the rewriting literature.
The next step is to implement this formalization in GeoProof to provide
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a high level input language for proofs in abstract rewriting. The design
presented in this paper can be adapted to abstract term rewriting.

We are also aiming at pseudo-diagrammatic proofs in euclidean ge-
ometry. Because of degenerated cases (impossible figures) we think that
a fully diagrammatic and intuitive notation for euclidean geometry is
hard to obtain. We believe that the solution consists in using a mixed
approach which is diagrammatic or textual depending on the context.

6. Conclusion

Proving is a crucial aspect of mathematics and hence must have a
prominent role in the education. The most widely used software in the
teaching of mathematics are mainly used to explore, visualize, calculate,
find counter examples, conjectures, or check facts, but most of them can
not be used to build a proof in itself. We believe that proof assistants
should be adapted to fulfill this need.

We have presented in the paper a prototype which aims at integrating
dynamic geometry, automatic theorem proving and formal proof. This
should be considered as a first step toward the use of a proof assistant
in the classroom.

Availability

GeoProof is available at: http://home.gna.org/geoproof/
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