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�!���|�Q�������9�d�����p���s�s�Q� ���d�h�����~�B���|�Q�9� �������y�|�s�d�����Q�d�������s�9�d�p�|� l �d���s�?�s�Q�d�|�
�����d�|�9���D� �s�������¡�p���3¢��Q���T�s�Q�d�|� M �p�9��� ���s� a �p���s£0�v��¤����~�����s�d� AWK �d���p���s�s��� ���d�[���|�����|�T�s�¥���0��£0�����0�d���d���p�L�
¢��Q���¦�s�Q�d�|�v���§�0���9�W�p�d�����|�s�9���p���¦�d���s���s�Q�d�|�v���§�0���9� AvK �d�L£d���|�d�d���d�����v�|�s�d�d�d�����|�!���B���0�§�!�D¨��|�F���d�~�v���d�
�����d�|�9�F���D�©�s�Q�y�p��� �9�d���s�¥�s���0���T�p�|�|�d���~��� ADC �|�s�����|�Q�s���0�����d�Q���p�X���D�s� ���|� A �
�B�0�����0���d�����|���|���p�Y���d�9�|�������p�
�������d�Q�����~�����s�0�!���d�~�9�d�|�9�s�d�������~���+���d�¥��ª«�|����� �����p�|���0���p�����p�2���d�3���§�d�|�9� A
K �0�+���d�9�|�������p�D��¬d�p�9�0�����!�d���
�����­�p�d�s�0�­�p���0�d�������0�|���d�Q�|���9�����d�|� l £d�0���s�d���9�����d�����y�|��£��9�p�d�d�����|�����3�p���d�|��®����d���p���9�����d�|� A!U �����|���p�
���9�d���|�9�|�����~�����s�3�Q�|�y�p��®��2�p�Q���p�����!�s� ����� A

¯W° ��±<²�³�´�µ2¶T·m²�¸Q´W± °3¹»º�¼�½m¾L¿�ÀgÁvº�Â�Ã¡ÄXº�Å!ÆmÇX¼pÄYÈ'É¦Â¡½«Ê¦Ë©º�ÌÎÍ2ÏX¾XÁ
u ∈ C0(Ω) Ð Ã¡Ä¦º�¿¡ÉXÆm¼�º

½�ÑB¼�½«¾IÃ¡À©¾IÇX½mÇX¿�ÑiÇ¦¾X¼�Ã¡À©½m¾)½m¾*Ã¡ÄXº�½mÉWº�¾�¿�ÇXÊX¿�º�Ã
Ω ⊂ Rd Ð ¿�ÇX¼pÄ-Ã~ÄXÆ�Ã

H(x, u,Du) = 0 x ∈ Ω ⊂ Rd

u = g x ∈ ∂Ω

Ò|Ó«Ô ÓdÕ

À©¾ÖÃ¡ÄXº-×YÀg¿¡¼�½«¿¡ÀØÃ|ÈÙ¿¡º�¾X¿¡º ÔÙÚ ¾ Ò Ó«Ô Ó Õ Ð (x, s, p) ∈ Ω × R × Rd 7→ H(x, s, p)
Àg¿
ÇX¾¦ÀØÑi½«Â¡Ì'Ë©È

¼�½«¾IÃ¡À©¾IÇX½mÇX¿ Ô
Û º�Ñi½«Â¡º!Üm½«À ¾¦Ü3ÑiÇ¦Â¡Ã¡Ä¦º�Â Ð Ë º�ÃBÇX¿BÊ¦Â~À º�ÝXÈ�Â~º�×YÀ º�ÞÖÃ~Ä¦º9¾¦½�Ã~À ½«¾
½mÑL×YÀg¿¡¼�½«¿¡ÀØÃ|È�¿¡½mË©ÇvÃ¡À©½m¾
Ñi½mÂ Ò ÓmÔ©Ó ÕsÔ

ß ½«Â
Æ�¾YÈ�ÑiÇX¾X¼sÃ~À ½«¾
z Ð Þ�º�¼�½m¾X¿¡À©Á¦º�Â?Ã¡ÄXº�Ç¦É¦ÉWº�Â
¿¡º�Ì'ÀØàY¼�½m¾IÃ¡À©¾YÇ¦½mÇX¿ Ò Ç Ô ¿ Ô ¼ Õ Æm¾XÁ»Ë ½�Þ!º�Â�¿¡º�Ì'ÀØà

¼�½«¾IÃ¡À©¾IÇX½mÇX¿ Ò Ë Ô ¿ Ô ¼ Õ º�¾I×«º�Ë©½mÉWº�¿?½mÑ
z
Þ9À Ã¡ÄáÂ¡º0¿�ÉWº�¼�Ã?Ã¡½âÆ�Ë©ËFÃ¡ÄXº�×dÆmÂ¡ÀgÆ�ÊXË º0¿ Ô'ã Ä¦º�ÈäÆ�Â~º'Á¦º�ÏX¾¦º0Á

ÊYÈ

z∗(x) = lim sup
x→y

z(y)
Æm¾XÁ

z∗(x) = lim inf
x→y

z(y).

ß ½«Ë Ë©½�Þ9À©¾¦Ü*å Ó æ Ð Þ!º?À ¾IÃ¡Â~½vÁvÇX¼�º3Ã~Ä¦º?ÑiÇ¦¾X¼�Ã¡À©½m¾ G

G(x, s, p) =





H(x, s, p) x ∈ Ω

s− g(x) x ∈ ∂Ω.
q



ã Ä¦º�¼�½mÌ'É¦ÇvÃpÆ�Ã¡À©½m¾-½�Ñ
G∗

Æ�¾LÁ
G∗ À©¿�º0Æm¿¡È#Æ�¾XÁ*Þ!º�ÄXÆd×mº«Í





G∗(x, s, p) = G∗(x, s, p) = H(x, s, p)
ÀØÑ
x ∈ Ω

G∗(x, s, p) = min(H(x, s, p), s− g(x))
À Ñ
x ∈ ∂Ω

G∗(x, s, p) = max(H(x, s, p), s− g(x))
À Ñ
x ∈ ∂Ω

Ò|Ó«Ô �«Õ

� Ë ½v¼�ÆmË Ë©È)ÊL½«Ç¦¾XÁvº0ÁâÇ¦ÉXÉLº�Â?¿¡º�Ì'ÀB¼�½«¾IÃ¡À©¾IÇX½mÇX¿yÑiÇ¦¾X¼sÃ~À ½«¾
u
Ávº�ÏX¾¦º�Á�½m¾

Ω
À©¿?Æ�×YÀg¿¡¼�½«¿¡ÀØÃ|È

¿¡Ç¦Ê���¿�½«Ë ÇvÃ~À ½«¾)½�Ñ Ò Ó«Ô Ó Õ ÀØÑ�Æ�¾LÁ)½m¾¦Ë©È#À Ñ Ð Ñi½«Â¥Æ�¾YÈ φ ∈ C1(Ω) Ð À Ñ x0 ∈ Ω
Àg¿¥Æ'Ë©½v¼�ÆmË�Ì�Æ��vÀ Ì
Ç¦Ì

½�Ñ
u− φ Ð Ã¡Ä¦º�¾

G∗(x0, u(x0), Dφ(x0)) ≤ 0.
Ò|ÓmÔ �«Õ

� À©Ì'À ËgÆ�Â~Ë È Ð u Ð Æ9Ë©½Y¼�Æ�Ë©Ë È3ÊL½«Ç¦¾XÁvº0Á Ð Ë Ô ¿ Ô ¼ Ô ÑiÇ¦¾L¼sÃ¡À©½m¾
Ávº�ÏX¾Xº�Á?½m¾ Ω
Àg¿TÆ�×YÀg¿¡¼�½«¿¡ÀØÃ|È+¿�ÇXÉLº�Â���¿�½«Ë Ç¦Ã¡À©½m¾

½�Ñ Ò ÓmÔ©Ó Õ ÀØÑTÆm¾XÁ�½«¾¦Ë È�À Ñ Ð Ñi½mÂ�Æm¾YÈ φ ∈ C1(Ω) Ð À Ñ x0 ∈ Ω
Àg¿!Æ�Ë©½Y¼�Æ�ËWÌ'À ¾¦À©Ì
ÇXÌ$½�Ñ

u−φ Ð Ã~Ä¦º�¾

G∗(x0, u(x0), Dφ(x0)) ≥ 0.
Ò|ÓmÔ 	IÕ

� ×YÀ©¿~¼�½I¿�À Ã|È�¿¡½mË©ÇvÃ¡À©½m¾-À©¿¥¿�À©Ì
Ç¦Ë Ã~Æm¾¦º�½«ÇX¿¡Ë È�Æ'¿¡Ç¦ÊYà#Æ�¾XÁ)Æ'¿¡Ç¦ÉLº�Â���¿¡½mË©ÇvÃ¡À©½m¾*½�Ñ Ò Ó«Ô Ó ÕsÔ
ã Ä¦Àg¿�¼�Æ�¾#ÊLº+Ümº�¾¦º�ÂpÆ�Ë©À�
�º�Á�Ã~½
½mÃ¡Ä¦º�Â�Ã|ÈYÉWº�¿!½�Ñ�ÊW½mÇ¦¾LÁ¦Æ�Â~È�¼�½m¾LÁvÀØÃ~À ½«¾X¿!¿�ÇX¼pÄ-Æm¿
�yº�Ç¦Ì�Æ�¾¦¾ Ð

º�Ãp¼ Ô
� ¾LÁvº�Â)¿|ÃpÆ�¾XÁXÆ�ÂpÁ Æm¿~¿�ÇXÌ�É¦Ã¡À©½m¾X¿#½m¾ Ã~Ä¦ºä½«ÉLº�¾^¿¡Ç¦ÊX¿¡º�Ã

Ω Ð g Æm¾XÁ H Ð ½m¾¦º»¼�Æ�¾^É¦Â¡½�×«º
º��vÀg¿|Ã~º�¾X¼�º3Æm¾XÁ�Ç¦¾¦À��IÇ¦º�¾Xº�¿~¿�½mÑ�Ã¡Ä¦º+×YÀ©¿~¼�½I¿�À Ã|È'¿�½«Ë ÇvÃ~À ½«¾X¿�½mÑ Ò ÓmÔ©Ó Õ Ð ¿¡º�º
å Ó æ§ÔBÚ ¾�ÉXÆmÂ�Ã~À©¼�Ç¦ËgÆ�Â Ð Ã~Ä¦À©¿
Àg¿!Ã¡Â~Ç¦º�ÀØÑ2Ã¡ÄXº��¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾

H
À©¿9¼�½m¾Y×mº���À ¾

p ∈ Rd Æm¾XÁ#À Ñ ∂Ω
Ë À©ÉX¿~¼pÄ¦ÀØÃ�
�¼�½«¾«Ã~À ¾YÇ¦½«ÇX¿ Ô

Ú ¾�Ã~Ä¦À©¿3ÉXÆmÉLº�Â Ð Þ�º�Æm¿~¿�Ç¦Ì'º?Ã~ÄXÆ�Ã Ò ÓmÔ©Ó Õ ÄXÆm¿3Æ�Ç¦¾¦À��IÇ¦º�¾Xº�¿~¿yÉ¦Â~À ¾L¼�À©É¦Ë º Ð Ã~ÄXÆ�Ã+À©¿+Æ�¾YÈ)¿�ÇXÊYà
¿¡½mË©ÇvÃ¡À©½m¾

u
Æ�¾XÁ)Æm¾IÈ�¿¡Ç¦ÉWº�Â�àY¿¡½mË©ÇvÃ¡À©½m¾

v
½�Ñ Ò Ó«Ô Ó Õ ¿¡Æ�Ã¡Àg¿|ÑiÈ

∀x ∈ Ω, u(x) ≤ v(x).

ã Ä¦Â~½mÇ¦Ü«Ä¦½mÇ¦Ã+Ã~Ä¦º�ÉXÆmÉLº�Â Ð Þ�º�¼�½«¾X¿¡À©Ávº�Â�Æ-ÑQÆ�Ì'À©Ë Èâ½mÑ!Â~º�Ü«Ç¦ËgÆ�Â+Ã¡Â~À©Æm¾¦ÜmÇXË©Æ�Ã¡À©½m¾X¿ Ô�ã Ä¦º�Ã¡Â~À��
Æ�¾XÜmÇ¦ËgÆ�Ã~À ½«¾X¿�Æ�Â~º�Ávº�¾¦½�Ã~º�Á ÊYÈ T h Ð h À©¿#Ã¡Ä¦ºäÌ�Æ��vÀ Ì
Ç¦Ì ÁvÀgÆ�Ì'º�Ã~º�Â-½�Ñ?Ã¡Ä¦º»º�Ë©º�Ì'º�¾«Ãp¿

Kj Ð
j = 1, · · · , ne

Æm¾XÁ {xi}j=1,··· ,ns

Àg¿?Ã¡ÄXº�¿�º�Ã�½�Ñ�×mº�Â¡Ã¡Àg¼�º0¿?½�Ñ T h
Ô#ã Ä¦º'ÑQÆ�Ì'À©Ë Èä½�Ñ!Ã¡Â~À©Æm¾¦ÜmÇ��

ËgÆ�Ã¡À©½m¾L¿¥Àg¿?Æ�Ëg¿�½-Æm¿~¿�Ç¦Ì'º0Á)Ã¡½-ÊLº'¿¡ÄXÆ�ÉWº
Â~º�Ü«Ç¦Ë©ÆmÂ Ð Ã¡ÄLÆ�Ã?À©¿3Ã¡ÄXº�Â~º
º��YÀg¿�Ã+¼�½«¾X¿�Ã~Æ�¾IÃp¿ C1
Æ�¾XÁ

C2

¿¡ÇX¼pÄ#Ã~ÄXÆ�Ã9Ã~Ä¦º�ÁvÀgÆ�Ì'º�Ã~º�Â9½mÑ
Kj

¿¡Æ�Ã¡Àg¿|ÑiÈ

C1h ≤ ÁvÀgÆ�Ì
(Kj) ≤ C2h ∀j = 1, · · · , ne.

Ò|Ó«Ô �«Õ

ß ½«Â9Æ
Ü«À ×«º�¾#Ã¡Â~À©Æm¾¦ÜmÇ¦ËgÆ�Ã~À ½«¾ Ð Ã¡Ä¦º�¿¡½mË©ÇvÃ¡À©½m¾*½�Ñ Ò Ó«Ô Ó Õ Àg¿�Æ�É¦ÉXÂ¡½��vÀ©Ì'Æ�Ã¡º0Á�½m¾-Æ
ÑQÆ�Ì'À Ë©È�½�ÑFÁvº�Ü«Â¡º�º
½�ÑFÑiÂ~º�º0Áv½mÌ Ávº�¾X½�Ã¡º0Á)ÊYÈ

Σ = {σl}l=1,··· ,nΣ

Ôyã ÈYÉ¦Àg¼�Æ�Ë©Ë©È Ð À©¾âº�Æ«¼pÄ)º�Ë©º�Ì'º�¾IÃ K Ð Þ!º
¼�½«¾X¿�ÀgÁvº�Â
�



Æ�ÑQÆmÌ'À Ë©È)½�Ñ�ÉW½mÀ©¾«Ãp¿yÃ~ÄXÆ�Ã?Æ�Â~º�Ç¦¾¦Àg¿¡½mË©×dÆm¾IÃ¥Ñi½mÂ?¿¡½mÌ'º�À©¾«Ã~º�Â~ÉL½«Ë©Æ�Ã¡À©½m¾â¿¡ÉXÆm¼�º�¿yÃ¡ÄXÆ�Ã?ÆmÂ¡º
Á¦º�ÏX¾¦º0Á
ËgÆ�Ã¡º�Â¥À©¾)Ã¡Ä¦º
Ã¡º��IÃ Ð Ã|ÈYÉ¦Àg¼�ÆmË Ë©È*¿¡Ç¦ÊX¿¡º�Ãp¿y½mÑ Pk(K) Ð Ã~Ä¦º
¿¡º�Ã+½�ÑBÉL½«Ë ÈY¾¦½«Ì'À©ÆmË©¿9½mÑ�Ávº�Ü«Â¡º�º k ∈ N

Ô
ã Ä¦º�¿�º�Ã

Σ
À©¿¥Ã¡ÄXº
¼�½«Ë Ë©º�¼�Ã¡À©½m¾�½mÑBÃ¡Ä¦º0¿�º�Ávº�Ü«Â¡º�º�¿9½mÑBÑiÂ¡º�º�Áv½«Ì Ôyã ÄXÀ©¿3º�¾XÆmÊ¦Ë©º�¿9Ã~½*Ávº�ÏX¾¦º Ð ÑiÂ~½mÌ

{ui}σi∈Σ Ð Æ�¾äÀ ¾IÃ¡º�Â¡ÉW½mËgÆ�¾IÃ uh Ã¡ÄLÆ�Ã�Þ�º�Æm¿~¿�ÇXÌ�º
Ã¡½-ÊWº�¼�½m¾IÃ¡À©¾YÇ¦½mÇX¿ Ô�ã Ä¦Àg¿+À©¿+½m¾XË È)ÉW½«¿~¿�À©Ê¦Ë©º
Ç¦¾XÁ¦º�Â'¼�½m¾L¿|Ã~Â~ÆmÀ ¾IÃ~¿
½m¾ÙÃ~Ä¦º)Ávº�Ü«Â¡º�º�¿�½mÑ9ÑiÂ¡º�º�Áv½«Ì Ð º��¦Æ�Ì'É¦Ë©º�¿
Æ�Â~º#ÜmÀ©×mº�¾ÙÀ ¾r¿�º0¼sÃ~À ½«¾ 	XÔ � Ô»Ú Ã
Àg¿3¾X½�Ã�¾¦º�¼�º�¿~¿¡ÆmÂ¡È-Èmº�Ã3Ã~½)Üm½#À©¾»Ì�½«Â¡º�Ávº�ÃpÆ�À©Ë©¿ Ô � Æm¿�Ã Ð Ñi½mÂ�Æm¾IÈ σi Ð Vi

Á¦º�¾¦½mÃ¡º
Ã¡Ä¦º�¿¡º�Ã�½�Ñ�À Ã~¿
¾¦º�À Ü«ÄIÊW½mÂp¿ Ô

¹»º3Æ�Â~º9À©¾«Ã~º�Â~º�¿�Ã¡º0Á'À ¾�¼�½m¾X¿�Ã¡Â~ÇX¼sÃ~À ¾XÜ�Ä¦À©ÜmÄ�½mÂpÁvº�Â�¼�½«¾I×«º�Â~Ümº�¾«Ã�¿~¼pÄ¦º�Ì'º0¿FÑi½mÂ Ò ÓmÔ©Ó Õ�Ô Ã¡ÄXÆ�Ã�À©¿
Æ9ÑiÇX¾X¼sÃ~À ½«¾XÆ�Ë H Þ9ÄXÀ©¼pÄ
À©¿2Ávº�ÏL¾¦º�Á�Ñi½mÂBÆ�¾YÈ

σ ∈ Σ Ð ¿¡ÇX¼pÄ�Ã¡ÄLÆ�Ã2Ã¡Ä¦º�Æ�É¦ÉXÂ¡½��vÀ©Ì'Æ�Ã¡À©½m¾ uj ' u(σj)
½�Ñ
u
Æ�Ã
σj
¿~Æ�Ã~À©¿�ÏXº�¿ Ð Ñi½mÂ i = 1, · · · , nΣ Ð

H(σi, ui, {uj , j ∈ Vi}) = 0.
Ò�ÓmÔ �«Õ

Ú ¾ Ò ÓmÔ � Õ Ð Vi
À©¿
Ã¡Ä¦º�¿¡º�Ã�½�Ñ¥¾¦º�À Ü«ÊL½«Â~¿
½�Ñ

σi

ÔÖã ÄXÀ©¿ �¥ÆmÌ�À©Ë Ã¡½m¾XÀ©Æm¾5ÄXÆ«¿�Ã~½äÊWº-¼�½m¾X¿¡Àg¿|Ã~º�¾IÃ
À©¾
Ã¡ÄXº+Ì'º0Æ�¾¦À©¾¦Ü�½�Ñ��3º�ÏL¾¦ÀØÃ~À ½«¾ Ó«Ô Ó Ð Ã¡Ä¦Àg¿9Ê¦Â~À ¾XÜ«¿!Æ�¾-À Ì'É¦Ë©À©¼�ÀØÃyÁvº�ÉLº�¾XÁvº�¾X¼�È�Þ9À Ã¡Ä)Â~º�¿¡ÉLº0¼sÃ!Ã¡½�Ã¡ÄXº
Ì'º�¿¡Ä Ð Æm¾XÁ#À©¾)ÉXÆ�Â¡Ã¡Àg¼�ÇXË©ÆmÂ!À©¾ h Ô

ß ½«Â!Ã¡º�¼pÄX¾¦À©¼�Æ�Ë<Â~º�Æm¿¡½m¾L¿�½«¾¦Ë È Ð Þ�º?¾¦º�º�Á�Ã~½'º��YÃ¡º�¾XÁ�Ã~Ä¦º�Ávº�ÏL¾¦ÀØÃ~À ½«¾*½mÑ�Ã¡ÄXº?¿~¼pÄ¦º�Ì�º3Ã¡½�Æm¾IÈ
ÉW½mÀ©¾«Ã?½�Ñ

Ω
Ô�ã Ä¦Àg¿+¼�Æ�¾�ÊLº'Áv½m¾Xº
Æm¿¥Ñi½mË©Ë©½�Þy¿ Ô ¹äº'¼�½«¾X¿¡À©Ávº�Â3Æ*¿�Ç¦Ê<ÁvÀ©×YÀ©¿¡À ½«¾â½�Ñ

Ω
½mÑ��¡¼�½m¾IÃ~Â¡½«Ë

×m½«Ë ÇXÌ�º0¿�� Cj Ð Ω = ∪nΣ

j=1Cj
¿�ÇL¼pÄáÃ¡ÄXÆ�Ã�Æ�¾YÈ»¼�½m¾IÃ~Â¡½«Ë�×m½«Ë Ç¦Ì'º#¼�½m¾IÃ~ÆmÀ ¾L¿�½m¾¦º*Æ�¾XÁÙ½«¾¦Ë©È�½m¾Xº

Ávº�ÜmÂ~º�º9½�ÑDÑiÂ~º�º0Áv½mÌ Ð Æ�¾XÁ�¼�½m¾Y×mº�Â~¿¡º�Ë©È Ð Æ�¾YÈ
Ávº�ÜmÂ~º�ºy½mÑ<ÑiÂ¡º�º�Áv½«Ì Àg¿�¼�½m¾IÃ~ÆmÀ ¾Xº�Á�À ¾#½m¾¦º¥Æm¾XÁ�½«¾¦Ë È
½m¾Xº
¼�½«¾IÃ¡Â~½mË�×«½mË©Ç¦Ì'º Ô � ÑeÃ~º�Â�Æ#¼�½m¾Y×mº�¾¦À º�¾IÃ¥¾YÇ¦Ì
ÊWº�Â~À ¾XÜ Ð Þ�º�¼�Æm¾�Æm¿~¿�ÇXÌ�º σi ∈ Ci

Ô ¹»º
¼�Æm¾
Æ�Ëg¿¡½+Æ«¿¡¿¡Ç¦Ì'º�Ã~ÄXÆ�Ã�Æ3É¦Â~½mÉWº�Â¡Ã|È?¿¡À©Ì�À©ËgÆ�Â2Ã¡½ Ò Ó«Ô � Õ ÆmË©¿¡½+Ä¦½mËgÁ�Ñi½«Â2Ã¡Ä¦Àg¿2ÑQÆ�Ì'À©Ë È�½mÑL¼�½«¾IÃ¡Â~½mËY×m½«Ë Ç¦Ì'º Ô
� ÉL½I¿¡¿¡À©Ê¦Ë º?¼�½«¾X¿�Ã¡Â~ÇX¼sÃ~À ½«¾�½�ÑF¿�ÇX¼pÄ-¼�½«¾«Ã~Â¡½«ËL×«½mË©Ç¦Ì'º3Àg¿!ÜmÀ©×mº�¾�ÊYÈ#Æ	�B½«Â¡½«¾¦½�
2ÁvÀgÆ�ÜmÂpÆ�Ì Ð ¿�º�º
å � æ
Ñi½mÂ�º��¦Æ�Ì'É¦Ë©º ÔBã Ä¦º9ÑiÇX¾X¼sÃ~À ½«¾XÆ�Ë Hh

Àg¿Bº��YÃ¡º�¾XÁvº0Á�½m¾
Ω
ÊYÈ
Ã~Ä¦º9Ñi½mË©Ë©½�Þ9À ¾¦Ü�Í2À Ñ

x ∈ Ω Ð ¼�½m¾L¿�ÀgÁvº�Â

σ ∈ Σ
¿�ÇL¼pÄ#Ã~ÄXÆ�Ã

x ∈ Cσ
Æm¾XÁ*Þ�º�¿¡º�Ã

H(x, uh(x), uh) = H(σi, ui, {uj , j ∈ Vi}).

ã Ä¦º�Æ�ÉXÉ¦Â¡½��vÀ©Ì�Æ�Ã¡À©½m¾Ö¿~¼pÄ¦º�Ì�º Ò Ó«Ô � Õ ¾¦º�º0Á¦¿
Ã¡½»ÊLº�¼�½«¾X¿¡À©¿�Ã¡º�¾«Ã'Þ9À Ã¡Ä Ò ÓmÔ©Ó Õ�Ô ¹»º-Ñi½mË©Ë ½�Þ
Û Æ�Â~Ë º0¿�Æ�¾XÁ � ½«Ç¦Ü«Æm¾¦À©Á¦À©¿+å � æ Ávº�ÏX¾¦À Ã¡À©½m¾áÍ

��
����������������������! Å�½«¾X¿�Àg¿�Ã~Æ�¾IÃ �¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾L¿#" �%$�&('*),+.-�/0),-1-�/�&32	)54(6�78-:95;06�),; H 6�'
< &=)?>57@+BA=9,;0'=6�'C-�&#;D-E6 FGF#9,H	)57�7

x ∈ Ω
),;JI

φ ∈ C∞
b (Ω) K -�/0&L'*&#-M9NF C∞ O 9,PQ;JI�&=I1F=PQ;RA*-S6�9,;�':TVU

lim sup
h→0,y→x,ξ→0

H(y, φ(y) + ξ, φ+ ξ) ≤ G∗(x, φ(x), Dφ(x))
Ò�ÓmÔ@W�Õ

n



),;JI

lim inf
ρ→0,y→x,ξ→0

H(y, φ(y) + ξ, φ+ ξ) ≥ G∗(x, φ(x), Dφ(x)).
Ò�ÓmÔ �«Õ

$ & '*),+ -�/�)5- H 6�' 'C- H 95;���7@+ A=9,;0'=6�'C-�&#;D-(6 F U < /0&#;J&��,&#H φ 6�' 7@6�;R&=),H K A=95;�'C-:)5;0-��5H )�I,6�&*;0- TVU
< /�)5-:&��,&#H σ ∈ Σ

U
σ ∈ Ω

U

H(σ, φ(σ), φ) = H(σ, φσ,Dφ(σ)).

�y½�Ã~º+Ã¡ÄXÆ�ÃyÀØÑ H À©¿�Þ!º�Æ��IË©È#¼�½m¾X¿¡À©¿�Ã¡º�¾IÃ Ð H À©¿y¿�Ã¡Â~½m¾XÜmË©È�¼�½m¾L¿�Àg¿|Ã~º�¾IÃ Ô
��
����������������%���
	  �� ½«¾¦½�Ã~½m¾¦º �3Æ�Ì'À Ë Ã¡½«¾¦ÀgÆ�¾X¿*" � $�&1'*),+	-�/0),- H 6�' 4 9,;R95-:95;R& 6 F U < /�),-�


&��V&*H
σi ∈ Σ

U
ui ≤ vj

U )5;RI F#9,H()5;0+
s ∈ R

U

H(σi, s, {uj}j∈Vi
) ≥ H(σi, s, {vj}j∈Vi

).

ã Ä¦º�Â¡º�º��vÀ©¿�Ã~¿2Ì�Æ�¾YÈ?¾YÇ¦Ì'º�Â~À©¼�Æ�ËY¿¡¼pÄXº�Ì'º�¿2Ávº�×«½�Ã~º�Á?Ã~½¥Ã~Ä¦º�Â~º�¿¡½mË©ÇvÃ~À ½«¾�½�Ñ Ò ÓmÔ©Ó Õ Ð º��¦ÆmÌ�ÉXË º0¿
Æ�Â~º?ÜmÀ©×mº�¾#ÊYÈ#Â~º�Ñiº�Â¡º�¾X¼�º0¿3å 	 Ð � Ð � Ð W Ð � æ Ð Þ9Ä¦º�Â~º+Ã¡Ä¦º�ÉXÂ¡½«Ê¦Ë º�Ì Ò Ó«Ô Ó Õ À©¿yÁ¦À Â~º�¼�Ã¡Ë©È�Ã~Æ«¼��IË©º�Á Ô

� ¾¦º �IÇ¦À Ã¡º�¿�Ã~Æm¾XÁ¦Æ�ÂpÁ»Þ!ÆdÈ�½�Ñ9¼�½m¾L¿|Ã~Â¡ÇX¼�Ã¡À©¾¦Ü�¿¡¼pÄXº�Ì'º'Ñi½mÂ Ò ÓmÔ©Ó Õ Àg¿?Ã¡½â¼�½m¾X¿¡ÀgÁvº�Â?Ã~Ä¦º�Ç¦¾��
¿�Ã¡º�Æ«ÁvÈ�É¦Â~½mÊXË º�Ì

∂v

∂t
+H(x, v(x), Du) = 0 x ∈ Ω ⊂ Rd, t > 0

v(x, t) = g(x, t) x ∈ ∂Ω, t > 0

v(x, 0) = v0(x) x ∈ Ω, t = 0.

Ò|Ó«Ô �IÕ

Ñi½mÂ!¿�½«Ì'ºy¿�Ç¦À Ã~ÆmÊ¦Ë©ºyÀ ¾XÀØÃ~À©ÆmËW¼�½m¾XÁvÀ Ã¡À©½m¾
u0
¿¡ÇX¼pÄ'Ã¡ÄXÆ�Ã�Ã~Ä¦º¥¿¡½mË©ÇvÃ¡À©½m¾�½mÑ Ò ÓmÔ©Ó Õ À©¿�½mÊvÃpÆ�À©¾¦º�Á�Æ«¿BÃ¡ÄXº

Ë©À Ì'À Ã Ð Þ9Ä¦º�¾ t → +∞ ½�ÑFÃ¡Ä¦º
¿�½«Ë ÇvÃ~À ½«¾)½�Ñ Ò Ó«Ô � ÕsÔ�ã Ä¦º�Â~º�À©¿3Æ'Þ9Ä¦½mË©º�À©¾XÁvÇX¿�Ã¡Â~È#½mÑF¾YÇ¦Ì'º�Â¡Àg¼�ÆmË
¿~¼pÄ¦º�Ì'º�¿�Ñi½mÂ Ò ÓmÔ � Õ�Ô � Ì�À Ã�Ã~À ¾XÜ�Ã¡ÄXº¥ÊW½mÇ¦¾XÁXÆ�Â~È�¼�½m¾XÁvÀ Ã¡À©½m¾L¿�Æ�¾LÁ'À ¾�Ã~Ä¦º�À©Â�¿�À©Ì'É¦Ë º0¿|Ã�Ñi½mÂ~Ì Ð Ã~Ä¦º�È
Æ�Â~º?½�ÑTÃ¡Ä¦º?Ã|ÈYÉWº

un+1
i = un

i − ∆tH(σi, u
n
i , {un

j , j ∈ Vi})

Þ9À Ã¡Ä
u0

i = u0(σi)
Ô � Ë©½m¾¦Ü�Ã¡ÄXº�¿¡º�Ë À©¾¦º�¿ Ð ½m¾Xº+Ì�ÆdÈ �IÇ¦½mÃ¡º+Ã¡Ä¦º�Þ!½mÂ���½�Ñ!å � Ð � Ð Ó�� æ Æ�¾XÁ-Æ�Ì'½«¾¦Ü

Ì�Æ�¾YÈ?½�Ã~Ä¦º�Âp¿�å ÓmÓ Ð Ó � æ Ñi½mÂ�Å!Æ�Â¡Ã¡º0¿�ÀgÆ�¾
Ì�º0¿�ÄXº�¿2Æ�¾XÁ#å Ó � Ð Ó�	 Ð Ó � Ð Ó � æ Ñi½mÂFÇ¦¾X¿�Ã¡Â~ÇX¼�Ã¡Ç¦Â~º�Á�Ì'º0¿�Ä¦º0¿ Ô
ã ½
Ã~Ä¦º�ÊWº�¿�Ã¥½�Ñ2½mÇ¦Â��Y¾¦½�Þ9Ë©º�ÁvÜ«º Ð Ã~Ä¦º�½m¾¦Ë©È#¼�½m¾Y×mº�Â¡Ü«º�¾X¼�º¥Â~º�¿¡Ç¦ËØÃp¿ Ð Þ9ÀØÃ~Ä-º�Â¡Â~½mÂ�º0¿|Ã~À Ì�Æ�Ã~º�¿ Ð Æ�Â~º
Ñi½mÂ!ÏXÂp¿�Ã�½mÂpÁvº�Â!¿~¼pÄ¦º�Ì'º0¿ Ð ¿¡º�º
å � Ð Ó,W Ð Ó�� æ Ñi½«Â!¿�Ã¡Â~ÇX¼sÃ~Ç¦Â~º�Á�Ì'º0¿�Ä¦º0¿�Æ�¾XÁ�å Ó � æ Ñi½mÂ!Ç¦¾X¿�Ã¡Â~ÇX¼sÃ~Ç¦Â¡º0Á
Ì'º�¿¡Ä¦º�¿ Ô � Ümº�¾¦º�ÂpÆ�ËDÌ'º�Ã~Ä¦½vÁ*Ñi½mÂ9É¦Â~½�×YÀ ¾¦Ü'¼�½«¾Y×mº�Â~Ümº�¾X¼�º Ð Þ9À Ã¡ÄX½mÇvÃyº�Â¡Â~½mÂ!º�¿�Ã¡À©Ì�Æ�Ã¡º0¿ Ð Àg¿9Ü«À ×«º�¾
À©¾ å � æ�Ô � Ë©Ë�Ã¡Ä¦º0¿�º)¼�½«¾X¿|Ã~Â¡ÇL¼sÃ¡À©½m¾L¿
Æ�Â~º#¿�Ã¡Â~½m¾¦Ü«Ë È»Â~º�ËgÆ�Ã¡º0Á»Ã¡½�Ã¡Ä¦º)ÁvÀ��Wº�Â¡º�¾«Ã
Ã¡º0¼pÄ¦¾¦À��«ÇXº�¿
Ã¡ÄXÆ�Ã

o



ÄXÆd×«º
ÊWº�º�¾»Ávº�×YÀ©¿¡º�Á�Ñi½mÂ�¼�½«¾X¿�Ã¡Â~ÇX¼sÃ~À ¾¦Ü-Ä¦À©ÜmÄ»½mÂpÁvº�Â�Æ«¼�¼�ÇXÂ~Æ�Ã¡º Ð�� ½vÁvÇX¾¦½�×)Ã|ÈYÉLº Ð ¿¡¼pÄXº�Ì'º�¿+Ñi½«Â
¼�½«¾X¿¡º�Â~×dÆ�Ã¡À©½m¾*Ë©ÆdÞy¿ Ô

�yº�Â¡º Ð ¿�Ã~ÆmÂ�Ã~À ¾¦Ü5ÑiÂ¡½«Ì Æ[Á¦À �<º�Â~º�¾IÃ�¼�½m¾L¿|Ã~Â¡ÇX¼�Ã¡À©½m¾ Ð Þ�º»º��vÉ¦ËgÆ�À©¾^Ä¦½�ÞÎÀ Ã�À©¿-ÉW½«¿~¿�À©Ê¦Ë©ºâÃ~½
¼�½«¾X¿�Ã¡Â~ÇX¼sÃ 'C6�4��R7 & Ð ¼�½«¾I×«º�Â~Ümº�¾«Ã Ð Ä¦À©ÜmÄ�½mÂpÁvº�Â�Æm¼�¼�Ç¦ÂpÆ�Ã~ºy¿¡¼pÄ¦º�Ì'º�¿BÑi½«ÂBÃ¡ÄXº¥É¦Â~½mÊ¦Ë©º�Ì Ò Ó«Ô Ó ÕsÔ ¹»º
Æ�Ëg¿¡½�¿�Ä¦½�Þhº��vÆmÌ'É¦Ë º0¿FÑi½mÂ�Þ9Ä¦Àg¼pÄ'Ã¡Ä¦º+¼�½mÌ'É¦Ç¦Ã~Æ�Ã~À ½«¾XÆ�ËL¿|Ã~º�¾X¼�À ËWÀ©¿�Ã¡Ä¦º3Ì'½«¿�Ã�ÉL½I¿¡¿¡À©Ê¦Ë º3¼�½mÌ'ÉXÆ«¼sÃ Ô
� Ç¦Â
¼�½m¾X¿�Ã¡Â~ÇX¼�Ã¡À©½m¾áÂ¡º�Ë À©º�¿�½m¾»Ã¡Ä¦º#Ê¦Ë º�¾XÁvÀ©¾¦Üâ½mÑ9Æ)Ë©½�Þ ½mÂpÁvº�Â
Æ«¼�¼�Ç¦Â~Æ�Ã¡º�¿~¼pÄ¦º�Ì'º�Æ�¾LÁÙÆ)Ä¦À Ü«Ä
½mÂpÁvº�ÂF¿�Ã~ÆmÊ¦Ë©º�¿~¼pÄ¦º�Ì�º Ô2ã ÄXºy¿|Ã~Â¡ÇX¼�Ã¡Ç¦Â~º�½�ÑLÃ¡Ä¦º9Ê¦Ë©º�¾LÁvÀ ¾XÜ�ÉXÆ�ÂpÆ�Ì'º�Ã~º�ÂFÀg¿BÆ�¾XÆmË È 
�º0Á
¿¡½3Ã¡ÄXÆ�Ã�Ä¦À Ü«Ä
½mÂpÁvº�Â2Æ«¼�¼�ÇXÂ~Æ«¼�È?À©¿F½«ÊvÃ~ÆmÀ ¾Xº�Á�Æm¿2Þ�º�Ë ËvÆ«¿2Æ?¼�½m¾Y×mº�Â¡Ü«º�¾X¼�º�É¦Â~½I½mÑ ÔTã Ä¦º0¿�º9¿~¼pÄ¦º�Ì'º0¿2ÆmÂ¡º!½�ÑW¼�½mÇXÂ~¿¡º
¾¦½mÃ!Ì'½m¾X½�Ã¡½«¾¦º Ð Ê¦Ç¦Ã�Ì'½«¾¦½�Ã~½m¾¦Àg¼�À Ã|È'É¦Â¡º0¿�º�Â¡×YÀ©¾¦Ü Ô � É*Ã¡½�½mÇ¦Â �Y¾¦½�Þ9Ë©º�ÁvÜ«º Ð ÀØÃ�Àg¿�Ã~Ä¦º+ÏXÂp¿|Ã!Ã¡À©Ì'º
Þ9Ä¦º�Â¡º'ÊW½�Ã¡Ä»É¦Â~½mÉWº�Â¡Ã¡À©º�¿?¼�Æm¾»¿¡À©Ì
Ç¦Ë Ã~Æm¾¦º�½«ÇX¿�Ë©È�ÊWº'Æ«¼pÄ¦À©º�×mº0Á Ô ¹»º�Æ�Ëg¿¡½-¿�Ã¡ÇXÁ¦È�Ã¡Ä¦º'É¦ÂpÆm¼�Ã¡Àg¼�ÆmË
À©Ì�ÉXË º�Ì�º�¾IÃ~Æ�Ã~À ½«¾�½�ÑBÃ~Ä¦º
¿~¼pÄ¦º�Ì'º Ð Æ�¾LÁ�Ávº�Ì'½m¾L¿|Ã~Â~Æ�Ã¡º�À Ã~¿3º��<º�¼�Ã¡À©×mº�¾Xº�¿~¿9½m¾â½«¾¦º
ÁvÀ©Ì'º�¾X¿¡À©½m¾XÆmË
Æ�¾LÁ»Ã|Þ�½ �§ÁvÀ©Ì'º�¾X¿¡À©½m¾XÆmË�º��¦Æ�Ì'É¦Ë©º�¿ Ô)Ú ¾ÙÃ¡ÄXÀ©¿
ÉXÆ�ÉWº�Â Ð Þ�º�Ñi½v¼�ÇX¿
½«¾ÙÇ¦¾X¿�Ã¡Â~ÇX¼sÃ~Ç¦Â~º�Á»Ã¡Â~ÀgÆ�¾¦Ü«Ç¦Ë©ÆmÂ
Ã|ÈYÉLº�Ì'º�¿¡Ä¦º�¿ Ô�Ú Ã�À©¿?¼�Ë º0Æ�Â+Ä¦½�Þ�º�×mº�ÂyÃ¡ÄLÆ�Ã+Ã¡Ä¦º�Ì�Æ�À©¾�Â~º�¿¡Ç¦ËØÃ?½�Ñ�Ã¡Ä¦º'ÉXÆmÉLº�Â Ò À Ô º Ô Ã~Ä¦º
Ñi½mÂ~ÌÎ½�Ñ
Ã¡ÄXº�¿¡¼pÄ¦º�Ì'º?Æm¾XÁ#Ã¡Ä¦º�¼�½m¾Y×mº�Â¡Ü«º�¾X¼�º¥É¦Â~½Y½�Ñ Õ ¼�Æ�¾-ÊLº�ÇX¿¡º�Á-À©¾�Æ
Ì'½«Â¡º+Ümº�¾¦º�ÂpÆ�Ë�¼�½m¾IÃ¡º��IÃ Ô

ã Ä¦º¥¿�Ã¡Â~ÇX¼�Ã¡Ç¦Â~º9½�Ñ<Ã¡ÄXÀ©¿�ÉXÆ�ÉWº�Â�À©¿�Ã¡Ä¦º9Ñi½«Ë Ë©½�Þ9À©¾¦Ü�ÍTÞ!º�ÏXÂp¿|Ã!¿|ÃpÆ�Â¡Ã�ÊIÈ'Æ?Ümº�¾¦º�ÂpÆ�ËLÁvº�Â~À ×�Æ�Ã¡À©½m¾
½�ÑDÃ~Ä¦º3¿~¼pÄ¦º�Ì�º Ô ¹äº+ÁvÀ©¿~¼�ÇL¿¡¿�À ¾#Á¦º�Ã~ÆmÀ ËLÃ¡ÄXº+¿�Ã¡Â~ÇX¼sÃ~Ç¦Â~ºy½�ÑDÃ~Ä¦º¥Ê¦Ë©º�¾LÁvÀ ¾XÜ
ÉXÆmÂ~ÆmÌ�º�Ã¡º�Â Ô ¹äº3Ã¡Ä¦º�¾
É¦Â~½�×YÀ©Ávº�Æ�¼�½m¾Y×mº�Â¡Ü«º�¾X¼�º?É¦Â¡½Y½mÑ Ô!ã Ä¦º
¾¦º��YÃ3¿¡º�¼�Ã¡À©½m¾�Àg¿¥Ávº�×m½�Ã~º�Á*Ã¡½*¿�Ä¦½�Þ9À©¾¦Ü�¿¡½mÌ'º�º��¦ÆmÌ�ÉXË º0¿
½�Ñ2¿¡¼pÄ¦º�Ì'º�¿ Ð Æm¾XÁ�Þ!º3ÆmË©¿¡½
Á¦À©¿~¼�ÇX¿~¿�Ã¡Ä¦º+É¦ÂpÆm¼�Ã¡Àg¼�Æ�ËWÀ©Ì�ÉXË º�Ì�º�¾IÃ~Æ�Ã~À ½«¾#½mÑ�Ã¡Ä¦º�¿~¼pÄ¦º�Ì'º Ô2ã Ä¦º+ËgÆm¿�Ã
¿¡º�¼sÃ~À ½«¾*Àg¿yÁvº�×m½mÃ¡º�Á#Ã¡½'¾YÇ¦Ì'º�Â~Àg¼�Æ�ËDº��¦Æ�Ì'É¦Ë©º�¿ Ô

��° %��I³�¸��
	v²0¸Q´W±ä´���²�
����0·�
�������� °y¹äº!ÏXÂp¿�ÃBÁ¦À©¿~¼�ÇX¿~¿TÃ¡Ä¦º9¿~¼pÄ¦º�Ì'º�Ñi½mÂ2Ã¡ÄXº!Ì'º0¿�Ä
ÉL½«À ¾IÃ~¿
À©¾*Ã~Ä¦º�½mÉWº�¾)¿¡º�Ã

Ω
Ô�ã Ä¦º?ÊW½mÇ¦¾XÁXÆ�Â~È#¼�½«¾XÁvÀ Ã¡À©½m¾X¿9ÆmÂ¡º�ÁvÀg¿¡¼�ÇX¿~¿�º0Á*Æ�Ã!Ã~Ä¦º�º�¾LÁ*½mÑTÃ~Ä¦Àg¿9¿�º0¼sÃ¡À©½m¾ Ô

¹»º�¼�½m¾X¿¡ÀgÁvº�Â HM
i := HM (σi, ui, {uj}j∈Vi

)
Æ3Ì'½m¾¦½mÃ¡½m¾Xº�¼�½«¾X¿¡À©¿�Ã¡º�¾«Ã �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾
Æm¾XÁ

HH
i := HH(σi, ui, {uj}j∈Vi

)
Æ�Ä¦À©ÜmÄ)½mÂpÁvº�Â4¼�½m¾X¿¡Àg¿|Ã~º�¾IÃ �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾ Ô Û È*Ä¦À©ÜmÄ�½«Â~Á¦º�Â9Þ!º

Ì'º�Æm¾#Ã~ÄXÆ�ÃyÀ Ñ
u
Àg¿yÆ'¿¡Ì�½Y½mÃ¡Ä)¿�½«Ë ÇvÃ~À ½«¾*½mÑ Ò ÓmÔ©Ó Õ Ð Ã¡Ä¦º�¾

HH(σi, ui, {uj}j∈Vi
) = O(hk)

Ò �¦Ô ÓdÕ

Ñi½mÂ
k > 1
�yº��YÃyÞ�º�¼�½«¾X¿¡À©Ávº�Â�Ñi½mÂy¿¡½mÌ'º

` ∈ R
Ã~Ä¦º?Ñi½mË©Ë ½�Þ9À©¾¦Ü �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾

H(σi, ui, {uj}j∈Vi
) = `iHM (σi, ui, {uj}j∈Vi

) + (1 − `i)HH(σi, ui, {uj}j∈Vi
) + ε(h)

Ò �¦Ô �«Õ
¹»º�ÄXÆd×mº3Ã¡Ä¦º�¿¡À©Ì�ÉXË º�Ë©º�Ì'Ì�Æ�Þ9Ä¦À©¼pÄ)É¦Â~½Y½�Ñ2À©¿�À©Ì'Ì�º0ÁvÀgÆ�Ã¡º Ð

� 
������ 	�� ������F HM )5;RI HH )5H & 'C- H 9,;���7@+�A 95;�'C6�'C-:&*;0- U H I�&��E;J&=I O + Ò �¦Ô � Õ 6�' < &=)?>57@+
A=9,;0'=6�'C-�&#;D-��

u



¹»ºâÆm¿~¿�Ç¦Ì'º)Ã~ÄXÆ�Ã
ε(h) = O(hk)

ÔbÚ ¾r½«Â~Á¦º�Â'Ã¡½ÖÁ¦º�ÏX¾¦º
` Ð Þ!º�À©¾«Ã~Â¡½vÁvÇL¼�º)Ã¡ÄXº�Â~Æ�Ã¡À©½

ri :=
HH

i

HM
i

Æ�¾LÁ*Â~º�Þ9Â~À Ã¡º�¿ Ò �vÔ � Õ Æm¿

H(σi, ui, {uj}j∈Vi
) =

(
`i + (1 − `i)ri

)
HM (σi, ui{uj}j∈Vi

) + ε(h)
Ò �vÔ �«Õ

Æ�¾LÁ*¼pÄ¦½Y½I¿�º
`
¿¡ÇX¼pÄ*Ã¡ÄXÆ�Ã

`i + (1 − `i)ri ≥ ε′(h).
Ò �vÔ 	IÕ

Þ9Ä¦º�Â¡º
ε′(h)−1ε(h) = o(1)

Ô3ã Ä¦º
Ë©½v¼�ÇX¿¥½�ÑBÃ¡ÄXº
ÉW½mÀ©¾«Ãp¿
(r, `)

Ã~ÄXÆ�Ã?¿¡Æ�Ã¡Àg¿|ÑiÈ)¼�½«¾XÁvÀ Ã¡À©½m¾ Ò �¦Ô 	 Õ

�

�

`

r

�������	�
���0A�
������������
` + (1 − `)r = 0 �

Ë©À º0¿¥ÊWº�Ã|Þ!º�º�¾âÃ¡ÄXº
Ã|Þ!½#Ê¦ÂpÆ�¾L¼pÄ¦º�¿¥½�ÑBÃ¡ÄXº
ÄYÈYÉLº�Â¡ÊW½mËgÆ
` + (1 − `)r = 0

Á¦À©¿¡É¦ËgÆdÈmº�Á)À©¾ ß À©ÜmÇ¦Â~º
�vÔ©Ó Ô�ã Ä¦º�¾ Ð Þ!º�¼�Æ�¾-Â~º�Þ9Â~ÀØÃ~º

∣∣∣∣H(x, t, {uj}j∈Vi
)

∣∣∣∣ ≤
∣∣∣∣
`

r
+ 1 − `

∣∣∣∣
∣∣∣∣HM (x, t, {uj}j∈Vi

)

∣∣∣∣+
∣∣∣∣ε(h)

∣∣∣∣.
Ò �¦Ô �«Õ

� À©¾X¼�º
ε(h) = O(hk)

Æ�¾LÁ#À Ñ
` ∈ [0, 1] Ð ÀØÑ2Ã¡Ä¦º�Â¡º�º��vÀ©¿�Ã~¿ C > 0

¿¡ÇX¼pÄ#Ã~ÄXÆ�Ã
∣∣∣∣
`

r

∣∣∣∣ ≤ C
Ò �vÔ �«Õ

Ã¡ÄXº�¾-Ã¡Ä¦º�¿~¼pÄ¦º�Ì�º�Ávº�ÏX¾¦º0Á*ÊYÈ�Ã~Ä¦º��¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾ Ò �vÔ � Õ ¿~Æ�Ã~À©¿�ÏXº�¿

H(σi, ui, {uj}j∈Vi
) = O(hk)

Ñi½mÂyÆm¾YÈ#¿�Ì'½Y½�Ã~Ä-¿¡½mË©ÇvÃ~À ½«¾*½mÑ Ò ÓmÔ©Ó ÕsÔ
� À©¾X¼�º?Ã~Ä¦º?Ã~Æm¾¦Ümº�¾IÃ9Æ�Ã9½mÂ~À Ü«À ¾-½�ÑTÃ¡Ä¦º�ÄYÈYÉLº�Â¡ÊW½mËgÆ {(r, `) ∈ R2, `+ (1 − `)r = 0} À©¿ −1 Ð

Æ'¿�½«Ë Ç¦Ã¡À©½m¾-½�Ñ2Ã¡Ä¦º�É¦Â~½mÊXË º�Ì Ò �¦Ô � Õ Àg¿
` = max(`∗, ε′(h))

Þ9Ä¦º�Â¡º

`∗ =





0
À Ñ
r ≥ 0

min
(
1, α|r|

) º�Ëg¿¡º Ô
Ò �¦Ô WmÕ

�



Ñi½mÂyÆm¾YÈ
α ≥ 1

Ô
¹»º
ÄXÆd×«º
Æ�¾»ÆmÁ¦Á¦ÀØÃ~À ½«¾XÆ�ËF¼�½«¾X¿|Ã~Â~ÆmÀ ¾IÃ¥½«¾

`
Ô?Ú Ã?¼�½mÌ'º�¿¥ÑiÂ~½mÌ Ã¡Ä¦º�À Ã¡º�ÂpÆ�Ã~À ×«º
¿~¼pÄ¦º�Ì'º
Ã¡ÄXÆ�Ã

Àg¿�¾¦º�º0Ávº�Á*Ã¡½�¼�½mÌ'É¦ÇvÃ~º+Ã¡Ä¦º�¿¡½mË©ÇvÃ¡À©½m¾-½�Ñ

H(σi, ui, {uj}j∈Vi
) = 0

Þ9Ä¦º�Â¡º H À©¿9Á¦º�ÏX¾¦º0Á-ÊIÈ Ò �vÔ � Õ�ÔBÚ ¾-Ã¡Ä¦Àg¿�ÉXÆ�ÉWº�Â Ð Þ!º?º�Ì'É¦Ë©½�È�Ã¡Ä¦º?Ñi½«Ë Ë©½�Þ9À©¾¦Ü
º��vÉ¦Ë Àg¼�À Ã¥¿~¼pÄ¦º�Ì'º

un+1
i = un

i − ∆tH(xi, t, u
n
i , {un

j }j∈Vi
)

Ñi½mÂ
n ≥ 1

u0
i = u0(Mi)

Ò �¦Ô �IÕ

� ÉäÃ¡½-½mÇXÂ �Y¾¦½�Þ9Ë©º�ÁvÜ«º Ð Æ�Ë©Ë2ÏXÂp¿|Ã?½mÂpÁvº�Â+Ì'½m¾¦½mÃ¡½«¾¦º �3Æ�Ì'À Ë Ã¡½«¾¦ÀgÆ�¾X¿?¿~Æ�Ã¡Àg¿�ÑiÈ)Æm¾
L∞ ¿|ÃpÆ�Ê¦À©Ë©ÀØÃ|È

¼�½«¾XÁvÀ Ã¡À©½m¾-Ç¦¾XÁvº�Â¥Æ'¼�½«¾X¿|Ã~Â~ÆmÀ ¾IÃ�½m¾*Ã¡Ä¦º?Ã~À Ì'º�¿�Ã¡º�É-½mÑTÃ~Ä¦º?Ã|ÈYÉLº

∆t ≤ Ch
Ò �vÔ �«Õ

Þ9Ä¦º�Â¡º
C
Àg¿2Æy¼�½«¾X¿|ÃpÆ�¾IÃ�Ã~ÄXÆ�ÃFÁvº�ÉWº�¾XÁX¿T½«¾¦Ë©È3½«¾

u0
Æ�¾XÁ

H Ð ¾X½�ÃT½«¾ h Ã~Ä¦º�Ì�Æ �YÀ©Ì
ÇXÌkÁ¦À©ÆmÌ�º�Ã¡º�Â
½�Ñ2Ã¡ÄXº+Ì'º0¿�Ä)º�Ë©º�Ì'º�¾«Ãp¿ Ô ß Â¡½«Ì Ò �¦Ô � Õ Ð Ò �vÔ � Õ Æ�¾XÁ Ò �vÔ 	 Õ Þ�º�ÆmË©¿¡½'ÄXÆd×mº

un+1
i = un

i − ∆t

[(
`i + (1 − `i)ri

)
HM (σi, ui, {uj}j∈Vi

) + ε(h)

]

¿¡½
Ã~ÄXÆ�Ã9Ã~Ä¦º�¿~¼pÄ¦º�Ì'º?À©¿
L∞ ¿�Ã~ÆmÊ¦Ë©º+À Ñ

∆t
(
`i + (1 − `i)ri

)
≤ Ch.

Ú ¾�½«Â~Ávº�ÂBÃ¡½
ÄXÆd×mº
∆t

¾¦½mÃ�Ã¡½Y½
¿¡Ì�Æ�Ë©Ë Ð Þ�º+¼�½«¾X¿�ÀgÁvº�Â C ′ > 0
Æ�¾XÁ

(ri, `i)
Æm¾XÁ

0 ≤ `i ≤ 1
¿�ÇL¼pÄ

Ã¡ÄLÆ�Ã

0 ≤ `i + (1 − `i)ri ≤ C ′.

ã Ä¦Àg¿�À©Ì'ÉL½I¿�º0¿�Æ�¾�ÆmÁXÁvÀØÃ~À ½«¾XÆ�Ë«¼�½m¾LÁvÀØÃ~À ½«¾?½m¾¦Ë©È¥Ñi½«Â
ri > 0

ÔTã Ä¦º�Â~º�Æ�Â~ºBÌ�Æ�¾YÈ¥Þ�ÆdÈv¿<½�ÑYÀ Ì'ÉW½«¿¡À ¾¦Ü
Ã¡ÄXÀ©¿)¼�½«¾X¿�Ã¡ÂpÆ�À©¾«Ã*À ¾`¼�½m¾��|Ç¦¾X¼sÃ~À ½«¾ Þ9À Ã¡Ä Ò �vÔ 	 ÕsÔ ß ½mÂ)¿�À©Ì'É¦Ë Àg¼�À Ã|È Â~º�Æm¿¡½m¾L¿ Ð Ü«À ×«º�¾ ¼�½«¾X¿�Ã~Æ�¾IÃp¿

α− ≥ 1 Ð α+ > 0
Æ�¾XÁ

β > 0 Ð Þ�º�¼pÄ¦½Y½I¿�º3Ã¡Ä¦º?Ñi½«Ë Ë©½�Þ9À©¾¦Ü�Ñi½mÂ~Ì$Ñi½mÂ
`∗

`∗ =





min(1, α−|r|)
À Ñ
r ≤ 0

0
À Ñ

0 ≤ r ≤ β

min(1, α+(r − β))
º�Ë©¿¡º Ô

Ò �vÔ©Ó��IÕ

ã Ä¦º+ÜmÂpÆ�É¦Ä�½mÑT¿¡ÇX¼pÄ#Æ
ÑiÇ¦¾X¼sÃ~À ½«¾ Ð Ñi½mÂ C = 1
Àg¿!ÁvÀ©¿¡É¦ËgÆdÈmº0Á�½m¾ ß À©ÜmÇ¦Â~º �vÔ � Ô ¹ ÀØÃ~Ä

`
Á¦º�ÏX¾¦º0Á#Æ«¿

À©¾ Ò �vÔ©Ó�� Õ Ð Ã¡ÄXº�Â~º+º��vÀ©¿�Ã~¿ C ′ ¿¡ÇX¼pÄ-Ã¡ÄLÆ�Ã�Ñi½mÂ

0 < ∆tC ′h
Ò �vÔ©ÓmÓdÕ

�



��
� �

`̀

rrβ

��� � �	�
���mA�
�� ��� � ���
`(r) � � ������� � ���	��
���
�� ��� � ����� � �

Ã¡ÄXº�¿¡¼pÄ¦º�Ì'º?Á¦º�ÏX¾¦º0Á-ÊIÈ Ò �vÔ � Õ Ð Ò �¦Ô � Õ Æ�¾XÁ Ò �¦Ô 	 Õ Àg¿ L∞ ÊW½mÇ¦¾XÁ¦º�Á Ô
� Ã¡ÄXº�Ây¼pÄ¦½«À©¼�º�¿�Æ�Â~º?ÉL½I¿¡¿¡À ÊXË º�¿¡ÇX¼pÄ-Æ«¿

l∗ = ϕ(r) :=
|r|

1 + |r|
½mÂ9Ì'½«Â¡º+Ümº�¾¦º�ÂpÆ�Ë©Ë È

l∗ = ϕ(ψ(r))

Þ9À Ã¡Ä
ψ(r) ≥ r

Æ�¾LÁ
ψ′(0) = 1

Ô � ¾âº��¦ÆmÌ�ÉXË º�Àg¿
ψ(r) = r + r2

Ô9ã Ä¦º0¿�º
ÉL½I¿¡¿¡À ÊXÀ Ë©ÀØÃ~À º0¿yÄXÆd×«º
¾¦½mÃyÊLº�º�¾)º��vÉ¦Ë©½mÂ~º�Á Ô

� À©¾X¼�º9º �IÇXÆ�Ã~À ½«¾ Ò ÓmÔ©Ó Õ Áv½Yº0¿B¾¦½�Ã�Á¦º�ÉWº�¾XÁ'½«¾
Ã~À Ì'º Ð ÊW½mÇ¦¾XÁXÆ�Â~È
¼�½«¾XÁvÀ Ã¡À©½m¾X¿FÌ
ÇX¿�Ã�ÊLºy¿¡ÉWº�¼ �
À ÏXº�Á Ð ½�Ã~Ä¦º�Â~Þ9À©¿¡º�Ã¡ÄXº9É¦Â¡½«Ê¦Ë©º�Ì�Àg¿BÌ'º�Æm¾¦À©¾¦ÜmË©º�¿~¿ Ô �yº�Â¡º9Þ!º!Ñi½mË©Ë ½�Þ[Ã¡ÄXº9Ã¡º0¼pÄ¦¾¦À��«ÇXºyÁvº�¿~¼�Â~À ÊWº�Á�À©¾
å Ó�� æ§ÔBÚ ¾#½«Â~Ávº�Â�Ã~½�¿¡À Ì'É¦Ë©À ÑiÈ�Ã¡Ä¦º3Ã¡º��YÃ Ð Þ!º+¼�½m¾X¿¡À©Á¦º�Â!½m¾¦Ë©È�ÏXÂ~¿�Ã�½mÂpÁvº�Â�Æm¼�¼�Ç¦ÂpÆ�Ã~º¥ÁvÀg¿¡¼�Â¡º�Ã¡Àg¿¡Æ�Ã¡À©½m¾
½�Ñ2Ã¡ÄXº+ÊW½mÇX¾XÁ¦Æ�Â~È#¼�½m¾XÁvÀ Ã¡À©½m¾L¿ Ô

¹»º»¼�½m¾X¿¡À©Á¦º�Â*Æ5ÊL½«Ç¦¾XÁ¦ÆmÂ¡Èh¾YÇ¦Ì'º�Â~Àg¼�Æ�Ë �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾ Hb
Ã¡ÄXÆ�Ã-Àg¿-¼�½m¾L¿�Àg¿|ÃpÆ�¾IÃ*Þ9À Ã¡ÄbÆ

ÊW½mÇ¦¾XÁXÆ�Â~È �3Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾
Hb

ÔÙÚ Ã�Àg¿�Á¦º�ÏX¾¦º0ÁÙÑi½«Â
x ∈ ∂Ω Ð s ∈ R

Æ�¾XÁ
p ∈ Rd Æm¾XÁ5ÆmË©¿¡½

¿~Æ�Ã¡Àg¿�ÏXº�¿

∀x ∈ ∂Ω, s ∈ R, p ∈ Rd, Hb(x, s, p) ≤ H(x, s, p).

ã Ä¦º�Â~º�¿¡Ç¦Ë Ã¡À©¾¦Ü�¿¡¼pÄ¦º�Ì'º+Àg¿?ÍFÏX¾XÁ {uj}j=1,··· ,nΣ

¿�ÇX¼pÄ*Ã¡ÄLÆ�Ã

À Ñ
σi ∈ Ω, `iHM

(
σi, ui, {uj}j∈Vi

)
+ (1 − `i)HH

(
σiui, {uj}j∈Vi

)
+ ε(h) = 0

Ò �vÔ©Ó � Æ Õ
�



À Ñ
σi ∈ ∂Ω, max

(
Hb
(
σi, ui, {uj}j∈Vi

)
, ui − g(σi)

)
= 0.

Ò �vÔ©Ó � Ê Õ

ã Ä¦º)¿�½«Ë Ç¦Ã¡À©½m¾Ö½mÑ Ò �¦Ô Ó�� Õ À©¿�¾¦½mÃ'Æm¾5º�Æ«¿�ÈäÃ~Æ«¿ � Ô ß ½«Ë Ë©½�Þ9À©¾¦Üä¿�Ã~Æm¾XÁ¦Æ�ÂpÁáÃ~º�¼pÄ¦¾¦À��IÇ¦º�¿ Ð Þ!º
¼�½«Ì'É¦ÇvÃ¡º
ÀØÃ?Æm¿¥Ã¡Ä¦º
Ë À©Ì'ÀØÃ?Þ9Ä¦º�¾

n → +∞ Ð 6 F	-�/�6�'	786�4(6�- &�� 6�'C-�' Ð ½�Ñ {un
j }j=1,··· ,nΣ

Ð n ∈ N
Ávº�ÏX¾¦º�Á-ÊYÈ

u0
i = u0(xi)

Æ�¾XÁ

ÀØÑ
σi ∈ Ω, un+1

i = un
i − ∆t

(
`iHM

(
σi, ui, {uj}j∈Vi

)
+ (1 − `i)HH

(
σiui, {uj}j∈Vi

)

+ ε(h)

)

Ò �vÔ©Ó � Æ Õ

ÀØÑ
σi ∈ ∂Ω, max

(
un+1

i − un
i

∆t
+Hb

(
σi, ui, {uj}j∈Vi

)
, un+1

i −g(xi)

)
= 0.

Ò �vÔ©Ó � Ê Õ

Ú ¾ Ò �¦Ô Ó�� Õ Æ�¾XÁ Ò �¦Ô Ó � Õ Ð ` Àg¿9Ávº�ÏX¾Xº�Á-ÊYÈ Ò �¦Ô Ó�� ÕsÔ
Ú ¾�Ã~Ä¦º�Ñi½mË©Ë©½�Þ9À ¾¦Ü Ð Þ!º�º��YÃ~º�¾XÁ)Ã~Ä¦º
Á¦º�ÏX¾¦À Ã¡À©½m¾�½mÑ ` Ã¡½#Æm¾IÈ x ∈ Ω

Æm¿yÞ!º�ÄXÆd×«º�Áv½m¾Xº�Ñi½mÂ
Ã¡ÄXº��¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾-×YÀ©Æ
Ã~Ä¦º�º��vÉ¦Ë©À©¼�ÀØÃ¥Á¦º�ÉWº�¾XÁ¦Æm¾X¼�È*½�ÑTÃ¡Ä¦º�ÂpÆ�Ã~À ½

r
À©¾
x
Ô

��° �
´W± � �I³�� �Y±2· ���2³�´�´�� °+¹»º�Ávº�¾¦½mÃ¡º?ÊYÈ
S
Ã¡Ä¦º�½«ÉLº�Â~Æ�Ã¡½«Â

S(h, x, uh) =





`(x)HM
(
x, uh(x), uh

)
+ (1 − `(x))HH

(
x, uh(x), uh

)
+ ε(h)

À Ñ
x ∈ Ω

max

(
Hb
(
x, uh(x), uh

)
, uh(x) − g(x)

)
= 0.

ÀØÑ
x ∈ ∂Ω.

¹»º�ÄXÆd×mº
�	��
0��
�

�
��� ��� $ &(A 95;�'C6�I�&*H -�/�& '*A /0&#4 & Ò �¦Ô Ó�� Õ ),;JI ),'='=PQ4 &3-�/�)5-
� � HM U HH ),;RI Hb

),H & 'C- H 95;���7@+BA=9,;0'=6�'C-�&#;D-
� � HM ),;JI Hb

),H &	4 9,;R95-:95;R& 2	)54(6�7@-�9,;D6�),;0' U
� �
Hb ≤ H

U
� ���J/�& O 7 &#;JI,6�; � �0),H )54�&*-�&#H ` O &*7 9,; �,'3-�9 [0, 1]

),;JI�'*),-S6�'�� &#'

r =
HH(x, uh(x), uh)

HM (x, uh(x), uh)
, `(x) + (1 − `(x))r ≥ ε′(h)

< /�&*H &	-�/0& �0),H ),4 &#-�&#H=' ε(h) )5;RI
ε′(h)

'*)5- 6�'�� &#'
ε′(h)−1ε(h) = o(1)

U
� ���J/�&*H & &�� 6�'C- ' ) PQ;06��*P0&�'*957@PQ- 6�95; 9 F Ò �vÔ©Ó � Õ

uh
-�/�)5- '*),-S6�'�� &#'

L∞ O 9,PQ;JI -�/�),-L6�'
PQ;06 F#95HC4 6�;

h
U

� ���J/�&�&��#P0)5- 6�95; K � � � T	/�)V'() PQ;06��*P0&#;J&C'=' �RHC6�;JA#6 �J7 & �
�



�J/�&*; -�/0&LF#),4 6�7@+
uh

I�&��E;J& I O + K � � � � T A 95; �,&#H�� &#'B7 9 A=),7�7@+!PQ;06 F#95HC4(78+ -�9 -�/�&B'*9,78PQ- 6�95; 9 F
K � � � T 6�; Ω

�
� 

��� 
�� ����� ; &#'='#&*;0-S6�),7�6�;���H &=I,6�&*;0- 6�; -�/�&=95H &#4 � � � 6�' -�/�)5- -�/�&L'*A=/�&*4�& Ò �¦Ô Ó�� Õ /0)V'

).PQ;06��*P0&('*9,7@PQ-S6�9,; < /Q6�A / 6�' O 9,PQ;JI�&=I.6�;
L∞ PQ;06 F#95HC4(7@+ 6�;

h
� �#; �JH )�A*-S6�A )57 A=),7 A*PQ7 )5- 6�95;�'=U

-�/�& '*9,7@PQ-S6�9,;.6�' 9 O -�),6�;J& I O + )5;.6�-�&*H ),-S6 �V& '*A=/�&*4�&�� < & 7 9 9?>MF#9,H -�/�& 7@6�4 6�-�U < /�&*; n→ +∞ U
9NF -�/0& 6�-:&*H ),-S6 �,& '*A=/�&*4�& Ò �vÔ©Ó � Õ K F#9,HL&���)54��J7 & Ò �¦Ô Ó � Õ TVU ÀØÑ�¿¡ÇX¼pÄ'Ë À©Ì'ÀØÃ�º��vÀ©¿�Ã~¿ � ��F 'CP0A / ) 786�4(6�-
&���6�'C- '=UM-�/�&

L∞ O 95PQ;RI A=9,4 &C' F=H 9,4 -�/�&	��

� A=9,;JI,6�-S6�9,; Ò �vÔ©ÓmÓ Õ U O PQ-1-�/�&B&�� 6�'C-:&*;RA=& 9 F(-�/�&
7@6�4 6�- 6�'3;J9,-1) -SHC6 �?6�)57�'C-:)5-:&*4 &#;D-��

�MH 9 9NF Ô å ��Â~½Y½�Ñ2½�Ñ ã Ä¦º�½«Â¡º�Ì �¦Ô©Ó æ
¹»º�É¦Â¡½v¼�º�º�Á-Æm¿�À©¾áå Ó æ�Ô�ã Ä¦º�¿¡º �IÇ¦º�¾X¼�º

uh
À©¿�ÊW½mÇX¾XÁvº�Á)¿¡½'Þ�º�¼�Æm¾�Ávº�ÏX¾Xº

u(x) = lim sup
y→x,h→0

uh(y)
Æ�¾LÁ

u(x) = lim inf
y→x,h→0

uh(y)

ã Ä¦º�ÈâÆ�Â~º
Ávº�ÏL¾¦º�Áä½m¾
Ω
ÊLº0¼�Æ�ÇL¿�º

uh
ÄXÆ«¿¥ÊW½mÇ¦¾LÁ¦¿+À ¾XÁ¦º�ÉWº�¾XÁvº�¾IÃ+½mÑ

h
Ô ¹»º'¿�Ä¦½�ÞkÃ~ÄXÆ�Ã+Ã¡ÄXº

ÑiÇ¦¾X¼�Ã¡À©½m¾X¿
u
Æ�¾XÁ

u
ÆmÂ¡º
Â¡º0¿�ÉWº�¼�Ã¡À©×mº�Ë©È)¿�Ç¦Êvà)Æ�¾LÁ�¿¡Ç¦ÉLº�Â���¿¡½mË©ÇvÃ¡À©½m¾X¿¥½�Ñ Ò ÓmÔ©Ó ÕsÔ ¹»º
É¦Â~½v¼�º�º�Á�À©¾

Ã|Þ!½�ÉXÆ�Â¡Ã~¿yÍTÏLÂ~¿�Ã�Þ!º¥¼�½«¾X¿�ÀgÁvº�ÂBÃ¡Ä¦º+¼�Æ«¿�ºy½mÑ�Æ�¾�À©¾IÃ¡º�Â~À©½mÂ�ÉW½mÀ©¾IÃ Ð Ã¡Ä¦º�¾�Ã¡Ä¦º+¼�Æ«¿�º9½mÑ�Æ�ÊL½«Ç¦¾XÁ¦ÆmÂ¡È
ÉW½mÀ©¾«Ã Ô

�E)V'*&L9NF )5;B6�;D-:&*HC6�9,H �09,6�;D-�� Ú ¾
ÑQÆ«¼sÃ Ð Þ!º�¿¡Ä¦½�ÞÙÏLÂ~¿�ÃFÃ¡ÄXÆ�Ã�ÀØÑ x0 ∈ Ω
Àg¿�Æ+Ë ½v¼�Æ�ËYÌ�Æ��vÀ Ì
Ç¦Ì

½�Ñ
u− φ

Ñi½mÂy¿¡½mÌ'º
φ ∈ Cb

∞(Ω) Ð Ã~Ä¦º�¾

H(x0, ϕ(x0)Dϕ(x0)) ≤ 0,
Ò �¦Ô©Ó0Õ

Þ9Ä¦À©Ë º�À Ñ
x0 ∈ Ω

Àg¿9Æ�Ë ½v¼�ÆmËDÌ'À ¾¦À©Ì
ÇXÌ/½�Ñ
u− φ Ð

H(x0, ϕ(x0)Dϕ(x0)) ≥ 0
Ò �¦Ô �mÕ

ã ½�¿�ÄX½�Þ�Ã~Ä¦º�À©¾¦º �IÇXÆmË À Ã|È Ò �¦Ô � Õ Ð Þ!º�Â~º�ÉWº�Æ�Ã Û ÆmÂ¡Ë©º�¿�Æm¾XÁ � ½«Ç¦Ü«Æm¾¦À©Á¦À©¿���Æ�Â~ÜmÇ¦Ì'º�¾«Ãp¿ Ð Ã¡ÄXº
À©¾¦º �IÇXÆmË À Ã|È Ò �¦Ô � Õ Àg¿�½mÊvÃpÆ�À©¾¦º�ÁrÀ©¾rÃ¡Ä¦º�¿~Æ�Ì'º)Þ�ÆdÈ Ô ¹»ºâÌ�ÆdÈ5Æm¿~¿¡Ç¦Ì'º)Ã¡ÄXÆ�Ã

x0
Àg¿�ÆÙ¿�Ã¡Â~À©¼�Ã

Ì'À ¾XÀ Ì
Ç¦Ì Ð u(x0) = φ(x0) Ð φ ≤ 2 infh ||uh||∞
½mÇ¦Ã~¿¡À©Ávº�½mÑ

B(x0, r) Ð Þ9Ä¦º�Â~º r Àg¿y¿¡ÇX¼pÄ#Ã~ÄXÆ�Ã

u(x) − φ(x) ≥ u(x0) − φ(x0) = 0
À©¾
B(x0, r).

ã Ä¦º�Â¡ºâº��vÀ©¿�Ã~¿-¿�º �IÇ¦º�¾X¼�º�¿
hn

Æ�¾LÁ
yn ∈ Ω

¿¡ÇX¼pÄhÃ¡ÄLÆ�Ã
n → +∞ Ð hn → 0 Ð yn → x0 Ð

uhn
(yn) → u(x0) Ð Æm¾XÁ yn

Àg¿�Æ�Ü«Ë ½«ÊXÆ�Ë�Ì'À ¾XÀ Ì
Ç¦Ì&½mÑ
uhn

− φ
Ô ¹»ºâÁvº�¾X½�Ã¡º)ÊYÈ

ξn
Ã¡ÄXº

�IÇXÆ�¾IÃ~ÀØÃ|È
uhn

(yn) − φ(yn)
Ô ¹»º�ÄXÆd×mº

ξn → 0 Ð uhn
(y) ≥ φ(y) + ξn

À©¾
B(x0, r)

Ô
�3º�ÏX¾¦À©¾¦Ü

rn =
HH

hn

(
yn, uh(yn), uh

)

HM
hn

(
yn, uh(yn), uh

) Ð Þ!º?Ümº�Ã

0 = `(yn)HM
hn

(
yn, uh(yn), uh

)
+ (1 − `(yn))HH

(
yn, uh(yn), uh

)
+ ε(hn)

=
(
`(yn) + (1 − `(yn))rn

)
HM

(
yn, uh(yn), uh

)
+ ε(hn)

Ò �XÔ �IÕ

q�t



� À©¾X¼�º

0 ≤ ε(hn)

`(yn) + (1 − `(yn))rn
≤ ε(hn)

ε′(hn)
= o(1)

Þ!º+ÄLÆd×mº�¿�À©¾X¼�º
`(yn) + (1 − `(yn))r ≥ ε′(h) > 0

Ô Þ!º?Ümº�Ã¥Æ�Ë©ËDÀ ¾�Æ�Ë©Ë

ε(hn)

`(yn) + (1 − `(yn))rn
= o(1).

ÊWº�¼�ÆmÇX¿¡º HM À©¿�Ì�½«¾¦½�Ã~½m¾¦º Æm¾XÁ
ε′(h) > 0

Ô �yº�¾L¼�º Ð À Ñ�Þ�º¥Á¦À ×YÀgÁvº9Ã¡ÄXº¥ËgÆm¿�Ã�º �IÇXÆ�Ë©À Ã|È
½mÑ Ò �XÔ � Õ
ÊYÈ

`(yn) + (1 − `(yn))rn > ε′(hn) > 0 Ð Þ�º�Ü«º�Ã

0 ≤ HM
hn

(yn, uh(yn), uh) + o(1).
Ò �¦Ô 	IÕ

� Æ«¿|Ã Ð ÇX¿¡À ¾¦Ü�Ã~Ä¦º�Ì'½m¾¦½mÃ¡½m¾XÀ©¼�ÀØÃ|È�½mÑ HM
hn
Ð Þ!º?º�¾XÁ-Ç¦É-Ã¡½

0 ≤ HM
hn

(
yn, φ(yn) + ξn, φ+ ξn

)
+ o(1).

Ò �¦Ô �mÕ

�y½mÃ¡º?Ã~ÄXÆ�Ã9À©¾-ÉLÆm¿~¿�À©¾¦Ü�ÑiÂ¡½«Ì Ò �XÔ 	 Õ Ã¡½ Ò �XÔ � Õ Ð Þ!º?ÄXÆd×mº?ÇX¿¡º�Á#Ã¡Ä¦º�ÇX¾¦ÀØÑi½«Â¡Ì ¼�½m¾IÃ~À ¾YÇ¦À Ã|È�½�Ñ
H
Ô

ã ÄYÇX¿

0 ≤ lim sup
n

HM (yn, φ(yn) + ξn, φ+ ξn
)

≤ H(x0, ϕ(x0), Dϕ(x0))

ã Ä¦Àg¿�¿¡Ä¦½�Þy¿2Ã¡ÄXÆ�Ã
u
Àg¿BÆ�¿�Ç¦ÉWº�Â�àY¿¡½mË©ÇvÃ~À ½«¾
½mÑ Ò ÓmÔ©Ó ÕsÔBã Ä¦ºy¿~Æ�Ì'º9Æ�Â~ÜmÇ¦Ì'º�¾«Ãp¿BÆ�É¦ÉXË À©º�Á
Ã¡½

u
¿¡Ä¦½�Þ

Ã¡ÄLÆ�ÃyÀ ÃyÀ©¿9Æ'¿¡Ç¦Ê���¿�½«Ë ÇvÃ~À ½«¾*½mÑ Ò ÓmÔ©Ó Õ À©¾
Ω
Ô

�E)V'*&L9NF ) O 9,PQ;JI�)5HC+ ��956�;0- � �¥½�Þ[Þ!ºy¼�½«¾X¿�ÀgÁvº�ÂFÃ¡Ä¦ºy¼�Æm¿¡º!½mÑ
x0 ∈ ∂Ω

ÔFã Ä¦º�ÏXÂp¿�Ã�Â¡º�Ì'ÆmÂ �
Àg¿!Ã¡ÄXÆ�Ã9Ñi½mÂ

x ∈ ∂Ω Ð Æ�¾XÁ-Æ�¾YÈ ϕ ∈ C∞
b (Ω) Ð

lim sup
h→0,y→x,ξ→0

S(h, x, ϕ+ ξ) = max(H(x,ϕ(x), Dϕ),

max(Hb(x, ϕ(x), Dϕ(x)), ϕ(x) − g(x)))

lim inf
h→0,y→x,ξ→0

S(h, x, ϕ+ ξ) = min(H(x,ϕ(x), Dϕ),

max(Hb(x, ϕ(x), Dϕ(x)), ϕ(x) − g(x)))

ã Ä¦º-É¦Â~½I½mÑ9Ñi½mÂ'¿�ÄX½�Þ9À ¾¦ÜâÃ¡ÄXÆ�Ã�À Ñ
x0 ∈ ∂Ω

Àg¿'ÆâË©½v¼�Æ�Ë!Ì�Æ��vÀ©Ì
Ç¦Ì8½mÑ
u − φ

Ñi½mÂ'¿�½«Ì�º

φ ∈ Cb
∞(Ω) Ð Ã¡ÄXº�¾

min(H(x0, ϕ(x0)Dϕ(x0)),max(Hb(x0, ϕ(x0), Dϕ(x0)), ϕ(x0) − g(x0))) ≤ 0,
Ò �¦Ô �«Õ

Þ9Ä¦À©Ë º�À Ñ
x0 ∈ Ω

Àg¿9Æ�Ë ½v¼�ÆmËDÌ'À ¾¦À©Ì
ÇXÌ/½�Ñ
u− φ Ð

max(H(x0, ϕ(x0)Dϕ(x0)),max(Hb(x0, ϕ(x0), Dϕ(x0)), ϕ(x0) − g(x0))) ≥ 0
Ò �¦Ô@W�Õ

qsq



¼�Æm¾*º0Æm¿¡À Ë©È�ÊWº�½mÊvÃpÆ�À©¾¦º�Á#ÊIÈ*¼�½mÌ
Ê¦À©¾¦À ¾XÜ
Ã~Ä¦º�¿¡ÆmÌ'º?ÆmÂ¡Ü«Ç¦Ì'º�¾IÃ~¿�Æm¾XÁ�Ã~Ä¦½«¿¡º+½�Ñ�å Ó�� æ Ð ã ÄXº�½mÂ~º�Ì
�vÔ �vÔ

� À©¾X¼�º
S
Àg¿9Ì'½m¾¦½mÃ¡½m¾Xº Ð Þ�º�Ü«º�Ã

0 ≤ lim sup
n

S(hn, yn, φ(yn) + ξn) ≤ lim sup
h→0,y→x,ξ→0

S(h, y, ϕ+ ξ)

= max(H(x0, ϕ(x0), Dϕ(x0)),

max(Hb(x0, ϕ(x0), Dϕ(x0)), F (x, ϕ(x0), Dϕ(x0))).

�y½�ÞrÞ!ºyÄXÆd×mº�Ã~½
¼pÄ¦º0¼���Ã¡ÄLÆ�Ã�Ã~Ä¦º¥¼�½«¾XÁvÀ Ã¡À©½m¾ Ò �¦Ô � ÕyÒ Â¡º0¿�É Ô�Ò �XÔ W Õ�Õ À©Ì'É¦Ë©À º0¿BÃ¡ÄXº¥¿�ÇXÉLº�Â���¿�½«Ë Ç¦Ã¡À©½m¾
Ò Â~º�¿¡É Ô ¿¡Ç¦Ê���¿�½«Ë ÇvÃ~À ½«¾ Õ ¼�½«¾XÁvÀ Ã¡À©½m¾ Ô

• ��± ���D¶�	���¸i²���� ��°	� 
 ÔBÚ Ñ
F (x0, u(x0), Dφ(x0) ≤ 0 Ð Ã¡Ä¦º�Â¡º+Àg¿�¾¦½mÃ¡Ä¦À©¾¦Ü
Ã¡½
É¦Â¡½�×«º Ô ¹äº

Æm¿~¿¡Ç¦Ì'º
F (x0, u(x0), Dφ(x0) > 0

Ô ¹»º�ÄXÆd×mº?º�À Ã¡ÄXº�Â

H(x0, ϕ(x0), Dϕ(x0)) ≤ 0
Ò �¦Ô �«Õ

½mÂ

max(Hb(x0, u(x0), Dφ(x0), F (x0, u(x0), Dφ(x0)) ≤ 0.

Ú ¾'Ã¡ÄXº¥¿�º0¼�½«¾XÁ'¼�Æm¿¡º Ð Þ�º9ÄXÆd×«º9¾¦º�¼�º�¿~¿¡ÆmÂ¡À©Ë©È Ò �XÔ � Õ Ð Æm¾XÁ�À ¾�ÊW½�Ã~Ä�¼�Æ«¿�º0¿FÃ¡Ä¦º¥À ¾¦º �IÇXÆ�Ë©ÀØÃ|È
Ä¦½«Ë©Á¦¿ Ô

• ��± ���D¶�	���¸i²���� ��°
� 
 ÔFÚ Ñ
F (x0, u(x0), Dφ(x0) ≥ 0 Ð Ã~Ä¦º�Â~º¥Àg¿�¾¦½mÃ¡Ä¦À©¾¦Ü
Ã¡½�É¦Â~½�×mº Ô � ¿ �

¿¡Ç¦Ì'º
F (x0, u(x0), Dφ(x0) < 0 Ð Ã¡ÄXº�¾�Þ!ºBÌ
ÇX¿�Ã�ÄXÆd×mºBº�ÀØÃ~Ä¦º�Â H(x0, u(x0), Dφ(x0)) ≥

0
½mÂ

max(Hb(x0, u(x0), Dφ(x0), F (x0, u(x0), Dφ(x0))) ≥ 0.

� À©¾X¼�º
F < 0 Ð Ã¡Ä¦Àg¿�À©¾¦º �IÇXÆmË À Ã|È�À©Ì�ÉXË À©º�¿ Hb ≥ 0 Ð ¿¡½�Ã¡ÄXÆ�Ã

H(x0, u(x0), Dφ(x0)) ≥ Hb(x0, u(x0), Dφ(x0)) ≥ 0.

ã ÄYÇX¿ Ð À ¾ ÊW½�Ã~Ä ¼�Æ«¿�º0¿ Ð Þ!º�Ümº�Ã H(x0, u(x0), Dφ(x0)) ≥ 0 Ð Þ9Ä¦Àg¼pÄ Àg¿�Þ9ÄXÆ�Ã#Þ�º
Þ�Æ�¾IÃ¡º0Á Ô

�E9,;JA#7@P�'C6�95;�� � Ë©ËFÃ¡ÄXÀ©¿�¿¡Ä¦½�Þy¿¥Ã¡ÄXÆ�Ã
u
Àg¿?Æ*¿¡Ç¦ÉWº�Â �§¿¡½mË©ÇvÃ¡À©½m¾äÆ�¾XÁ

u
Àg¿�Æ-¿�Ç¦Ê��§¿¡½mË©ÇvÃ¡À©½m¾�½�Ñ

Ò Ó«Ô Ó ÕsÔ�ã Ä¦º�¿�Ã¡Â~½m¾¦Ü�Ç¦¾¦À��IÇ¦º�¾Xº�¿~¿9É¦Â~À ¾X¼�À ÉXË º?º�¾LÆ�Ê¦Ë©º�¿!Ã~½�¼�½m¾L¼�Ë©ÇXÁvº Ô

� 

��� 
�� 	��
q �



� � � 
T´W¸Q· �*´��
ε(h)

	¦±2µ
ε′(h) � 6�;JA & < &L4(P�'C- /0) �,& ε(h) = O(hk)

U
` = O(hk)

),;RI
ε′(h)−1ε(h) = o(1)

U	) � 9 9?I!A=/�956�A & F#9,H
ε(h)

),;RI
ε′(h)

6�'
ε(h) = Chk+1 ),;RI

ε(h) = C ′hk F#9,H	)5;0+BA=9,;0'=-�),;D-�'
C
U
C ′ �

�C; -�/0& ;DPQ4�&*HC6�A=),7 ) � �R786�A )5- 6�95;�'=U /09 < &��V&*H=U < & /�) �V&�A=/�9V'*&*; ε′(h) = 0
-�/�)5-E'*&=&#4('

-�9 < 9,H >��E;J& �
� � �
´L± �0¸ ��² �Y±T· �b´�� HH ° �J/0& �JH 9?9 FBI�9 &#'�;J9,- 4�) >�&.),;D+.P�'*& 9NF�-�/�&.A 95;�'C6�'C-:&*;RA*+

9NF HH ��� ;D7@+ HM 4�)5- -�&#H=' � 2	9 < &��,&#H=U 'C6�;JA & HH '*),-S6�' �M&C' Ò �¦Ô Ó Õ U 6�-34 P�'C- O &
A=9,;0'=6�'C-�),;D-��

�T° ��� 	
� � � ����´ � �0·�
�������� 	¦±2µ �T³ 	¦·m²�¸�· 	��9¸�� � �������Y±<² 	v²0¸Q´W± °
�T°Q¯W° �9¸Q³���²Ö´L³dµ �I³r±D¶ ���I³�¸Q· 	�����·�
 � � � � °
¹»ºâ¼�½«¾X¿¡À©Ávº�Â�Ã|Þ�½ �YÀ ¾LÁ¦¿�½�Ñ3ÏXÂp¿|Ã�½mÂpÁvº�Â

¿~¼pÄ¦º�Ì'º�¿ Ð Ã¡Ä¦º � ½vÁvÇ¦¾X½�×�¿¡¼pÄ¦º�Ì'º?Æm¾XÁ�Ã~Ä¦º � Æ � ß Â~À º0ÁvÂ¡Àg¼pÄX¿�¿~¼pÄ¦º�Ì'º Ô ¹»º?Â¡º0¼�Æ�Ë©Ë<Ê¦Â~À º�ÝXÈ'Ã¡Ä¦º�À Â
¼�½«¾X¿�Ã¡Â~ÇX¼sÃ~À ½«¾ÙÄ¦º�Â~º Ô ¹»º*Á¦º�¿~¼�Â~À ÊWº�Ã~Ä¦º�À©Â�¼�½m¾X¿�Ã¡Â~ÇX¼�Ã¡À©½m¾áÑi½mÂ
º�Ë©º�Ì'º�¾IÃp¿ Ð Æm¾XÁ»Ã¡Ä¦º)Ávº�ÜmÂ~º�º�¿�½�Ñ
ÑiÂ~º�º�Á¦½mÌ:Æ�Â~º
Ã¡Ä¦º'×mº�Â�Ã~À©¼�º�¿+½�Ñ�Ã¡Ä¦º0¿�º'º�Ë©º�Ì'º�¾«Ãp¿ Ô�ã ½)Ì�Æ �«º�Ã~Ä¦º'Ã¡º��IÃ�¿¡À Ì'É¦Ë©º�Â Ð Þ!º
À©Ì'É¦Ë Àg¼�À Ã¡Ë©È
Æm¿~¿¡Ç¦Ì'º3Ã~ÄXÆ�Ã9Ã~Ä¦º�º�Ë©º�Ì'º�¾«Ãp¿9Æ�Â~º+Ã¡Â~À©Æm¾¦ÜmË©º�¿!À©¾ � � Ð ÊXÇvÃ9Ã¡Ä¦Àg¿9Àg¿yÆ�ÊL¿�½«Ë ÇvÃ~º�Ë©È�¾¦½mÃ�º0¿¡¿¡º�¾IÃ~À©ÆmË Ô

� 9?I5PQ;R9 �B2	),4 6�7@-�9,;D6�),;�� Ú Ñ
H = H1 + H2

Þ9Ä¦º�Â¡º
H1

Ò Â~º�¿¡É Ô
H2

Õ Àg¿
¼�½m¾Y×mº�� Ò Â¡º0¿�É Ô
¼�½«¾X¼�Æd×«º Õ Ð Ã~Ä¦º�¾)Þ!º�¿�º�Ã

HG
h (p1, · · · , pki

) = inf
q∈R2

max
0≤l≤ki

sup
y∈−Ωl+q

[pi · (y − q) −H∗
1 (y) −H∗

2 (q)]
Ò 	XÔ©Ó0Õ

Þ9Ä¦º�Â¡º
Ωl Ð l = 1, · · · , k1

ÆmÂ¡º¥Ã¡Ä¦º?Æ�¾¦Ü«Ç¦ËgÆ�Â�¿¡º�¼�Ã¡½«Â~¿�Ávº�ÏX¾Xº�Á�ÊYÈ'Ã~Ä¦º¥Ã~Â¡ÀgÆ�¾XÜmË©º�¿
T1, · · · , Tki

Æ�Ã
¾¦½vÁvº

Mi Ð H∗
1

Æ�¾XÁ
H∗

2

ÆmÂ¡º�Ã¡Ä¦º � º�Ü«º�¾XÁ¦Â¡º�Ã~Â~Æm¾X¿�Ñi½mÂ~Ì'¿¥½�Ñ
H1

Æm¾XÁ
H2

Ô ¹»º
ÄXÆd×«º
Ávº�¾X½�Ã¡º0Á
ÊYÈ

x · y Ã¡Ä¦º�Áv½mÃyÉ¦Â~½YÁ¦ÇX¼sÃ9½�Ñ x Æ�¾LÁ y Ô
Ú Ñ
h
Àg¿+Ã¡Ä¦º'¿¡Ì'ÆmË Ë©º�¿�Ã?Â~Æ«ÁvÀ ÇL¿3½mÑ�Ã¡ÄXº'¼�À Âp¼�Ë©º�¿+½mÑ�¼�º�¾«Ã~º�Â

Mi
¼�½«¾IÃ~Æ�À©¾¦º0Á�À ¾ ∪ki

i=1Tj Ð À Ñ L1

Æ�¾LÁ
L2

ÆmÂ¡º � À ÉL¿¡¼pÄ¦À Ã 
3¼�½m¾L¿|ÃpÆ�¾IÃ~¿FÑi½«Â
H1

Æm¾XÁ
H2 Ð Ã¡ÄXº�¾�Ã~Ä¦º¥¿~¼pÄ¦º�Ì'ºyÀg¿�Ì'½«¾¦½�Ã~½m¾¦º9É¦Â~½�×YÀ©Á¦º�Á

Ã¡ÄLÆ�Ã9Ã¡ÄXº?Ã¡À©Ì�º�¿�Ã¡º�É�¿¡Æ�Ã¡Àg¿|ÏXº0¿

∆t

h
(L1 + L2) ≤

1

2
,

½m¾Xº?¼�Æ�¾)¼�½«¾X¿�ÇXËØÃ�å Ó � æ Ñi½«ÂyÌ'½mÂ~º+Á¦º�Ã~ÆmÀ Ëg¿ Ô
Ú ¾ÙÌ'½«¿�Ã
½�Ñ Ã¡Ä¦º*¾YÇ¦Ì'º�Â~À©¼�Æ�Ë�º��vÆmÌ'É¦Ë º0¿�ÊWº�Ë©½�Þ Ð Ã~Ä¦º �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾ÙÀ©¿
¼�½m¾Y×«º�� Ð ¿¡½ Ò 	LÔ Ó Õ

ÊWº�¼�½«Ì'º�¿9¿¡À Ì'É¦Ë©º�Â

HG
h (p1, · · · , pki

) = max
0≤l≤ki

sup
y∈−Ωl

[pi · y −H∗
1 (y).]

Ò 	XÔ �mÕ

¹»º'Á¦º�¾¦½mÃ¡º'ÊYÈ
HT

Ã~Ä¦º�Ã¡º�Â~Ì
supy∈−Ωl

[pi · y −H∗
1 (y)]

Þ9Ä¦º�Â¡º
Ã¡ÄXº'Æm¾¦ÜmÇXË©ÆmÂ+¿¡º�¼�Ã¡½mÂ
Ωl
À©¿

Ã¡ÄXº�¿�º0¼sÃ¡½«Â�½�Ñ
T
¿¡º�º�¾#ÑiÂ~½mÌ$Ã~Ä¦º�×mº�Â�Ã~º��

M
Ô

� 

��� 
�� ��� �J/0&16�4��R7 &*4�&*;0-�),-S6�9,;B9 FM-�/Q6�'G2	)54(6�78-:95;06�),; 6�' �V&*HC+3& ),'C+ 6 F -�/�& &��V)57@P0),-S6�9,;
q�n



9NF

sup
y∈−Ωl

[
pi · y −H∗

1 (y)

]

6�' 'C6�4��R7 &��!$ & � H='=- ;J& &=IB-:9 6�;D6�- 6�)57@6�� & HG
i := HG(σi, u

h
i , uh)

-�9 ) 7 )5H � & ;R& � )5- 6 �,& �,),7@P0&��
$ &B-�/�&*; 4 )?> & ) 7 9 9 � 9 �V&*H -�/�& &#7 &#4 &#;D-�' 9 F -�/�& 4�&#' / U &��,),78P0),-�& F#95H.&=)�A=/ &#7 &*4 &#;D- -�/�&
��H )�I56�&#;D- 9NF -�/0& �R6�&=A=& < 6�'*&L7@6�;J&=),H 6�;D-:&*H �09,7 )5;0- uh

U &��,),7@P0)5-:&EF#9,H &=) A / �,&#HC-�&�� 9NF -�/�&3&*7 &*4�&*;0-
-�/�& �#P0)5;0-S6�- +

HT
i := sup

y∈−Ωl

[
pi · y −H∗

1 (y)

]

< /�&*H &#UDF#9,H3-�/�& �,&#HC-�&��
σi
U
Ωl

6�'3-�/�& '#&=A*-:95H	9NFL-�/�& &#7 &#4 &#;D- ),'36�; 
 6 �5PQH & � � � �
σi

Ωl

K

θi
l

��������� ���0A�� � � ����
��	� � � � � � � � � 
�� � � � �
� ��� � � �
K

���
σi �

� ) ��
 
�HC6�&=I,HC6�A=/ ' 2	)54(6�78-:95;06�),; � �¥º�Â~º�Þ�º�¿¡º�Ã

HLF
h (DuΩ1

, · · · , DuΩki
) = H(Ū) − ε

h

∮

Ch

[u(M) − u(Mi)]dl,
Ò 	XÔ � Æ Õ

Þ9Ä¦º�Â¡º
Ch

Ò Â~º�¿¡É Ô
Dh

Õ Àg¿yÆ'¼�À©Âp¼�Ë©º Ò ÁvÀg¿ � Õ ½�ÑF¼�º�¾«Ã~º�Â
Mi

Æm¾XÁ*Â~Æ«ÁvÀ ÇL¿
h Ð

Û =

∫
Dh

Du dxdy

πh2
,

Æ�¾LÁ
ε
À©¿�ËgÆ�Â~Ümº�Â�Ã~ÄXÆ�¾�Æm¾IÈ � À ÉL¿¡¼pÄ¦À Ã 
�¼�½m¾X¿�Ã~Æm¾IÃ!½mÑ

H
ÁvÀ©×IÀgÁvº0Á*ÊYÈ

2π
Ô

� ÁvÀ��Wº�Â¡º�¾IÃ�×mº�Âp¿¡À ½«¾
½�ÑWÃ¡ÄXº � Æ�� ß Â~À º0ÁvÂ¡Àg¼pÄX¿ �3Æ�Ì'À Ë Ã¡½«¾¦ÀgÆ�¾ Ð Ã~ÄXÆ�Ã�Àg¿BÌ'½m¾X½�Ã¡½«¾¦º�Ç¦¾XÁvº�ÂBÃ¡ÄXº
¿~Æ�Ì'º�¼�½m¾L¿|Ã~Â~ÆmÀ ¾IÃ Ð Àg¿�Ã¡ÄXº?Ñi½mË©Ë ½�Þ9À©¾¦Ü-Í

HLF
h (DuΩ1

, · · · , DuΩki
) =

∫

Dh

H(Du)

πh2
− ε

h

∮

Ch

[u(M) − u(Mi)]dl.
Ò 	XÔ � Ê Õ

q|o



ã Ä¦Àg¿9×mº�Â~¿¡À©½m¾#¼�Æ�¾)ÊLº�Â~º�Þ9Â~À Ã�Ã¡º�¾-Æ«¿

HLF
h (DuΩ1

, · · · , DuΩki
) =

∑

0≤l≤ki

θi
l

2π
H(DuΩi

l
)+ε

∑

0≤l≤ki

tan θi
l

~ni
l−1/2 + ~ni

l+1/2

2
·DuΩi

l
.

ã Ä¦º+×mº0¼sÃ¡½«Â
~nl+1/2

Àg¿�Ã~Ä¦º?Ç¦¾¦À Ã9×mº�¼�Ã¡½«Â�½mÑ�Ã¡Ä¦º?º0ÁvÜmº3Ã¡ÄXÆ�Ãy¿�º�ÉXÆ�ÂpÆ�Ã~º�¿BÃ~Ä¦º�Æ�¾¦Ü«Ç¦ËgÆ�Â�¿�º0¼sÃ¡½«Â~¿
Ωl

Æ�¾LÁ
Ωl+1 Ð Ã~Ä¦º�Æ�¾¦Ü«Ë º θi

l

Àg¿+Ã¡Ä¦º�Æ�¾XÜmË©º
½mÑ�Ã¡ÄXº�Æ�¾¦Ü«Ç¦Ë©ÆmÂ+¿¡º�¼�Ã¡½«Â?Æ�Ã
σi Ð ¿�º�º ß À©ÜmÇ¦Â~º

	XÔ � Ô�ã ÄXº
ÉXÆmÂ~ÆmÌ�º�Ã¡º�Â

ε
À©¿�Ã~Ä¦º�¿~Æ�Ì'º�Æm¿�À©¾*Ã~Ä¦º?É¦Â~º�×YÀ ½«ÇX¿�×mº�Â~¿¡À©½m¾ Ô

Ωi

Ωi+1

σi

~ni+1/2

��������� � �mA�� � � ��� � � ��� 
���� ��� � � � ����
��	� � � � � � � � � � Ωi
���	� � � ��� � � � � � � ~ni+1/2

� � ����� � � �	� � ��� � 
 ��� odA n � � �

� Ã¡ÄXÀ ÂpÁ-×mº�Âp¿¡À ½«¾ Ð Þ9Ä¦À©¼pÄ-Àg¿�Ã¡Ä¦º�½«¾¦º?Þ�º?ÄXÆd×«º3ÇL¿�º0Á*À©¾-Ã¡Ä¦º�¿¡À©Ì
Ç¦ËgÆ�Ã~À ½«¾X¿ Ð Àg¿

HLF (DuΩ1
, · · · , DuΩki

) =

∑

T3Mi

|T |H(Du|T ) + α
∑

Mj∈T

(ui − uj)

∑

T3Mi

|T |
Ò 	XÔ � ¼ Õ

Æ�¾LÁ
α ≥ hT maxp ||DpH || Þ9Ä¦º�Â~º hT

Àg¿!Ã¡ÄXº�Ë©ÆmÂ¡Ü«º�¿�Ã!º0ÁvÜmº?½�Ñ
T
Ô

ã Ä¦ºyÌ�ÆmÀ ¾�ÁvÀ��<º�Â~º�¾X¼�ºyÊLº�Ã|Þ�º�º�¾'Ã~Ä¦º�¿¡º¥ÁvÀ��Wº�Â¡º�¾IÃ�Ñi½mÂ~Ì
Ç¦ËgÆm¿�À©¿�Ã¡ÄXÆ�Ã Ò 	LÔ � Æ Õ Æ�¾LÁ Ò 	XÔ � Ê Õ Æ�Â~º
À©¾«Ã~Â¡À©¾X¿¡À©¼yÀ ¾�Ã~Ä¦º3¿¡º�¾L¿�ºyÜ«À ×«º�¾�À©¾âå Ó � æ Þ9Ä¦À Ë©º Ò 	XÔ � ¼ Õ À©¿�¾¦½mÃ Ô Û È
Ã~Ä¦º¥Þ�ÆdÈ Ð Ã¡Ä¦º+¿¡ÆmÌ�º¥À©¿�Ã¡Â~Ç¦ºyÑi½«Â
Ò 	LÔ Ó Õ�Ô �¥º�¾X¼�º Ð Ñi½mË©Ë ½�Þ9À©¾¦Ü'Ã¡ÄXº
¿~Æ�Ì'º�Â¡º�Ñiº�Â~º�¾X¼�º Ð Ò 	XÔ � Æ Õ Æ�¾LÁ Ò 	XÔ � Ê Õ Æ�Â~º
¼�½«¾Y×mº�Â~Ümº�¾IÃ9Æm¾XÁ-Ã¡ÄXº
º�Â~Â~½mÂ!º�¿�Ã¡À©Ì'Æ�Ã¡º?Àg¿ O(h1/2)

Ô ß ½mÂ Ò 	XÔ � ¼ Õ Ð ¿�ÇL¼pÄ*Æ�¾-º�Â~Â~½mÂ!º�¿�Ã¡À©Ì'Æ�Ã¡º?Àg¿�¾¦½�ÃyÆd×�Æ�À©Ë©ÆmÊ¦Ë©º Ò Æ�ÃyË º0Æm¿�Ã
Þ9Ä¦º�¾'Ñi½mË©Ë ½�Þ9À©¾¦Ü?Ã¡ÄXº9Ã¡º0¼pÄ¦¾¦À��«ÇXºy½�ÑBå Ó � æ Ð ÊXÇvÃ�À Ã�Àg¿�¼�½«¾Y×mº�Â~Ümº�¾IÃ�ÍTÃ¡ÄXÀ©¿�À©¿�Æ�¿�À©Ì'É¦Ë©º¥Æ�É¦ÉXË Àg¼�Æ�Ã¡À©½m¾
½�Ñ�å � æ�Ô

ã Ä¦º#Æ«Áv×�Æ�¾IÃ~ÆmÜmº'½�Ñ Ò 	XÔ � ¼ Õ ½�×mº�Â?Ã¡Ä¦º�½mÃ¡Ä¦º�Â�Ã|Þ!½�×mº�Â~¿¡À ½«¾X¿?Àg¿�ÀØÃp¿
¿¡À Ì'É¦Ë©Àg¼�À Ã|ÈäÀ©¾Ö¼�½vÁvÀ©¾¦Ü Ô
� ¿ Ò 	LÔ � Ê Õ Ð Þ!º�¾¦º�º�Á�Ã~½�Ì�Æ �«º
Æ�Ë©½Y½mÉâ½�×«º�Â9Ã~Ä¦º
º�Ë º�Ì'º�¾IÃ Ô ß ½mÂ3º�Æ«¼pÄâº�Ë©º�Ì'º�¾IÃ Ð Þ!º
¼�½mÌ'É¦ÇvÃ~º

q�u



Du|T Ð α Æm¾XÁ-º�×�Æ�Ë©ÇXÆ�Ã¡º+Ñi½mÂ9º0Æm¼pÄ)Ávº�Ü«Â¡º�º3½mÑTÑiÂ~º�º0Áv½mÌ À©¾-Ã¡Ä¦º�º�Ë º�Ì'º�¾IÃ Ð

|T |H(Du|T ) + α(ui − uj).

ã Ä¦º�¾YÇ¦Ì'º�Â~Àg¼�Æ�Ë �3Æ�Ì'À Ë Ã¡½«¾¦ÀgÆ�¾)À©¿!Ã~Ä¦º�Æ�Â~À Ã¡Ä¦Ì'º�Ã~À©¼?Æd×«º�ÂpÆ�Ümº3½�Ñ2Ã¡Ä¦º0¿�º �IÇXÆm¾«Ã~ÀØÃ~À º0¿ Ô
ã Ä¦º�ÁvÀg¿¡¿¡À©ÉXÆ�Ã~À ½«¾#Ì'º�¼pÄXÆm¾¦Àg¿�Ì�¿!À©¿!Ì
ÇX¼pÄ-¿¡À©Ì�ÉXË º�Â�Ã~ÄXÆ�¾*Ñi½mÂ Ò 	XÔ � Ê Õ�Ô Å�½«¾X¿¡À©Ávº�Â¡À©¾¦Ü Ò 	LÔ � Æ Õ Ð

Ã¡ÄXº�Ë©½Y½mÉâÄLÆm¿3Ã¡½-ÊLº'¼�ÆmÂ¡Â~À©º�Á�½«ÇvÃ+½�×«º�Â+º�Æ«¼pÄ�Ávº�Ü«Â¡º�º
½mÑ�ÑiÂ¡º�º�Áv½«Ì Ô�ã Ä¦º�¾�Ñi½mÂ?º�Æ«¼pÄâ½�Ñ�Ã~Ä¦º�Ì Ð
Þ!º�¾¦º�º0Á-Ã¡½�Ì�Æ �«º�Æ'Ë ½Y½«É�½�×mº�Â9À Ã~¿¥¾¦º�À©ÜmÄYÊW½mÂp¿ Ô�Ú ¾)Ã¡Ä¦º
¼�Æm¿¡º�½�Ñ Ò 	XÔ � ¼ Õ Ð Ã~Ä¦º
¼�½YÁ¦À ¾¦Ü�Àg¿ 4 P0A=/
¿¡À Ì'É¦Ë©º�Â Ð Ã¡Ä¦Àg¿9Àg¿9Þ9ÄYÈ�Þ!º+ÉXÂ¡º�Ñiº�Â Ò 	LÔ � ¼ ÕsÔ

�T° ��° .�¸ � 
)´L³dµ �I³3. 	
�5¸ �i²0´L±2¸ 	X±�� ° ã Ä¦º�Â~º�Æ�Â~ºBÌ�Æ�¾YÈ3Ñi½mÂ~Ì'ÆmË Ë©È¥ÄXÀ Ü«Ä�½mÂpÁvº�Â�¾YÇ¦Ì'º�Â¡Àg¼�ÆmË
�¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾X¿ Ð Ê¦ÇvÃBÀ Ã�À©¿FÌ'½mÂ~º�ÁvÀ���¼�Ç¦ËØÃBÃ~½�¼�½m¾L¿|Ã~Â¡ÇX¼�Ã�¿|ÃpÆ�Ê¦Ë©º9Æ�¾XÁ
Ä¦À©ÜmÄ�½mÂpÁvº�Â �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾X¿ Ô
ß ½«Â�º��¦Æ�Ì'É¦Ë©º Ð À ÑFÆ�ÁvÀg¿¡¼�Â¡º�Ã¡º L2 àIË©À��«º+¿�Ã~ÆmÊ¦À©Ë À Ã|È�É¦Â~½mÉWº�Â¡Ã|È�À©¿�¿¡½mÇ¦Ü«ÄIÃ Ð ½m¾Xº3ÄXÆ«¿!Ã¡½'Â~º�Æ�Ë©À 
�º3Ã¡ÄXÆ�Ã
Ã¡ÄXº�Â~º�Àg¿?¾¦½)¾XÆ�Ã¡Ç¦ÂpÆ�Ë�¼�½mÇ¦¾IÃ¡º�Â¡ÉLÆ�Â¡Ã3½m¾äÃ¡ÄXº�¼�½m¾IÃ~À ¾YÇ¦½«ÇX¿?¿�ÀgÁvº'ÊLº0¼�ÆmÇX¿�º'½mÑ�Ã¡ÄXº�¾XÆ�Ã~Ç¦Â¡º'½mÑ�Ã¡ÄXº
×YÀ©¿~¼�½I¿�À Ã|È5¿¡½mË©ÇvÃ¡À©½m¾L¿)Í�Ã¡Ä¦º)Ã~º�¿�Ã�ÑiÇ¦¾X¼�Ã¡À©½m¾X¿#Æ�Â~º-¾X½�Ã�À©¾«Ã~º�Ü«Â~Æ�Ã¡º�Á[ÊYÈ5ÉXÆmÂ�Ã�Æ«¿'Ñi½mÂ�¿�Ã~Æm¾XÁ¦Æ�ÂpÁ
ÄYÈYÉLº�Â¡ÊW½mË©À©¼�ÉXÂ¡½«Ê¦Ë º�Ì�¿ ÔFã Ä¦ºy¾XÆ�Ã¡Ç¦ÂpÆ�Ë

L2 àYË À
�mºy¿�Ã~ÆmÊ¦À©Ë À Ã|È
ÉXÂ¡½«ÉLº�Â�Ã|È
ÄXÆm¿FÃ~½�ÊWº¥Þ9Â~ÀØÃ¡Ã¡º�¾�½«¾ Du Ð
Ã¡ÄXÀ©¿'¼�ÆmÇX¿¡º�¿�¿�½«Ì�º)ÁvÀ���¼�Ç¦Ë Ã¡À©º�¿
Ã¡ÄLÆ�Ã'Ì'ÆdÈáÊWº)½�×mº�Âp¼�½«Ì'º Ð ¿�º�º�Ñi½«Â�º��¦Æ�Ì'É¦Ë©º�å Ó�	 æ Æ�¾LÁÖÌ'½mÂ~º
Â~º�¼�º�¾IÃ¡Ë©È5å � � æ§Ô�Ú ¾áÃ¡Ä¦º#Ñi½mË©Ë ½�Þ9À©¾¦Ü Ð Þ!º�ÏXÂp¿|Ã
¼�½m¾X¿¡ÀgÁvº�Â
Æ�Ñi½mÂ~Ì'ÆmË Ë©È�ÄXÀ Ü«ÄÙ½mÂpÁvº�Â
¿~¼pÄ¦º�Ì�º�Ã¡ÄXÆ�Ã
Æ�ÉXÉLº0Æ�Âp¿!Ã¡½�ÊWº
¿|ÃpÆ�Ê¦Ë©º�Æm¿yË ½«¾¦Ü�Æm¿9¾¦½�¿¡À©¾¦ÜmÇ¦ËgÆ�Â~À Ã|È�½�Ñ

Du
ÆmÉ¦ÉLº0Æ�Â Ô�Ú Ã¥Àg¿9À©¾)Ã¡Ä¦º�¿¡É¦À©Â¡À Ãy½�ÑFÃ¡ÄXº

� � � àIË©À��«º�¿~¼pÄ¦º�Ì'º�½�Ñ¥å � Ð �¦Ó æ Æ�¾XÁ5å Ó � æ§Ô � ¿�º0¼�½«¾XÁ�º��¦ÆmÌ�ÉXË º�À©¿�ÆmË©¿¡½*¼�½m¾X¿¡ÀgÁvº�Â~º�Á)Ñi½«Ë Ë©½�Þ9À©¾¦Ü
å Ó � æ§Ô9ã Ä¦º
¿~¼pÄ¦º�Ì'º�Àg¿9Ì'½mÂ~º�¼�½«Ì�ÉLÆm¼sÃ Ð Ê¦Ç¦Ã3½m¾XË È-ÆmÁ¦ÆmÉvÃ¡º0Á-Ã¡½�Ä¦½«Ì'½mÜmº�¾¦º�½«ÇX¿ �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾X¿ Ô
�y½�Þ!º�×«º�Â Ð Þ�º?É¦Â~½mÉW½«¿¡º+Æm¾ ) I 
,/�9 A º��IÃ~º�¾X¿¡À©½m¾*Ã¡½'Ã¡ÄXº�À ¾¦ÄX½mÌ'½mÜ«º�¾¦º�½mÇX¿!¼�Æ«¿�º?À©¾*Ã~Ä¦Àg¿9ÉXÆ�ÉWº�Â Ô

�	95-:)5- 6�95;�' � Ú ¾'Ã~Ä¦Àg¿�ÉXÆmÂ~ÆmÜmÂpÆ�É¦Ä Ð Þ!ºy¼�½«¾X¿¡À©Ávº�Â�º�Ë©º�Ì'º�¾«Ãp¿FÃ¡ÄLÆ�Ã�ÆmÂ¡º9À©Ì'É¦Ë Àg¼�À Ã¡Ë©È
Ã¡Ä¦½«Ç¦ÜmÄIÃ�Æ«¿
Ã¡Â~ÀgÆ�¾¦Ü«Ç¦Ë©ÆmÂyº�Ë©º�Ì'º�¾«Ãp¿ Ð Ê¦Ç¦Ã¥Ã¡ÄXÀ©¿3Â¡º0¿|Ã~Â¡Àg¼sÃ~À ½«¾�À©¿3¾¦½mÃ3º�¿~¿¡º�¾IÃ¡ÀgÆ�Ë Ô ¹»º�ÏXÂp¿|Ã+É¦Â~º�¼�Àg¿¡º�Ã¡Ä¦º
Ã|ÈYÉLº
½�Ñ
À©¾«Ã~º�Â~ÉL½«Ë©Æm¾IÃ Ò Â¡º0¼�½«¾X¿|Ã~Â¡ÇL¼sÃ¡À©½m¾ Õ ½mÑ {ui}i=1,··· ,nΣ

Þ�º�¼�½m¾X¿¡À©Á¦º�Â�À ¾-Ã~Ä¦º�º��¦Æ�Ì'É¦Ë©º�¿ Ô
ã Þ�½ �YÀ©¾XÁ¦¿9½mÑ � Æ�Ü«Â~Æm¾¦Ümº3Ã|ÈYÉLº�À©¾IÃ¡º�Â~ÉW½mËgÆ�¾IÃ~¿yÆmÂ¡º�¼�½m¾X¿¡À©Á¦º�Â~º�Á Ô � À ¾L¼�º�Ã~Ä¦º�Â~º�À©¿¥¾¦½�Æ�Ì
Ê¦À��

ÜmÇXÀØÃ|È�Þ9Ä¦º�¾�Þ!º
¼�½m¾X¿¡À©Á¦º�Â?Æ#Ü«À ×«º�¾âÀ©¾IÃ¡º�Â~ÉW½mËgÆ�Ã¡À©½m¾ Ð uh Â¡º�É¦Â~º�¿¡º�¾IÃ~¿yÃ¡Ä¦º'À©¾«Ã~º�Â~ÉL½«Ë©Æ�Ã¡À©½m¾â½mÑ�Ã¡ÄXº
¼�½«¾IÃ¡À©¾IÇX½mÇX¿�ÑiÇ¦¾X¼�Ã¡À©½m¾

u
Ô

Ú ¾�Ã~Ä¦º9ÏXÂp¿|Ã�¼�Æ«¿�º Ð À©¾�º�Æ«¼pÄ
Ã~Â¡ÀgÆ�¾XÜmË©º T Ð Ã~Ä¦º3¿¡½mË©ÇvÃ~À ½«¾�À©¿�Æ�É¦É¦Â~½��vÀ Ì�Æ�Ã¡º�Á�ÊYÈ'Æ�ÉL½«Ë ÈY¾¦½«Ì'À©ÆmË
½�ÑBÁvº�ÜmÂ~º�º

r Ð Ã¡Ä¦º�À Â3¿�º�Ã�Àg¿ Pk(T )
Ô �¥º�¾X¼�º Ð Ã~Ä¦º�¿¡½mË©ÇvÃ¡À©½m¾-À©¿¥Ávº�¿~¼�Â~À ÊWº�Á*ÊYÈ (r+1)(r+2)

2

Ávº�ÜmÂ~º�º0¿
½�ÑLÑiÂ¡º�º�Áv½«Ì Ô Ú ÃBÀg¿ �I¾X½�Þ9¾�Ã¡ÄLÆ�ÃFÃ¡Ä¦º�ÉW½mÀ©¾IÃ~¿F½�Ñ

T
Þ9Ä¦Àg¼pÄ�ÊXÆ�Â~Èv¼�º�¾IÃ~Â¡Àg¼�¼�½Y½mÂpÁvÀ ¾LÆ�Ã¡º0¿TÆmÂ¡º

( i
r ,

j
r ,

k
r )

Þ9À Ã¡Ä
i, j, k

ÉL½I¿�À Ã¡À©×mº�À©¾IÃ¡º�Ümº�Âp¿yÆm¾XÁ
i+ j + k = r

ÆmÂ¡º�ÇX¾¦À©¿¡½mË©×�Æ�¾IÃ Ô � �¦Æ�Ì'É¦Ë©º�¿¥Ñi½mÂ
r = 1 Ð 2

Æ�Â~º¥ÁvÀg¿¡É¦Ë©ÆdÈ«º�Á�½«¾ ß À Ü«Ç¦Â~º 	XÔ � Ô�ã Ä¦º+Ávº�Ü«Â¡º�º�¿�½mÑDÑiÂ¡º�º�Áv½«Ì
σ
À ¾�Ã¡Ä¦º+Ì'º�¿¡Ä#Àg¿�Ã~Ä¦º3¼�½mË©Ë º0¼sÃ¡À©½m¾#½�Ñ

Ã¡ÄXº�¿¡º�¾¦º�ÞbÉL½«À ¾IÃ~¿ Ô
� Ã¡ÄXº�Â3¼pÄX½mÀg¼�º�¿¥Æ�Â~º�ÉL½I¿¡¿¡À ÊXË º
¿¡ÇX¼pÄâÆ«¿9Ã¡ÄXº
À©¾«Ã~º�Â~ÉL½«Ë©Æm¾IÃ~¿yÁvº�ÏX¾¦º0Á�À ¾Ùå � � æ�Ô¥ã ÄXº
¿�À©Ì'É¦Ë©º�¿�Ã

q �



1

2
3

1

4

2
5

3

6

r = 1 r = 2

��������� � �«A�� � 
 � � ��� ���	� � � � � ��� ��� �
r = 1 � r = 2 �

º��¦ÆmÌ�ÉXË º'Àg¿�Ávº�¿~¼�Â~À ÊWº�Á Ð À©¾áÆm¾YÈ�Ã¡Â~À©Æm¾¦ÜmË©º Ð ÊYÈ�Ã¡Ä¦º�Ávº�ÜmÂ~º�º0¿3½mÑ�ÑiÂ~º�º0Áv½mÌ;¼�½m¾X¿¡Àg¿|Ã~À ¾¦Ü)½mÑ�Ã¡ÄX½«¿¡º
½�Ñ¥Ã¡Ä¦º

P2 À ¾IÃ~º�Â~ÉL½«Ë©Æ�Ã¡À©½m¾ÖÉ¦Ë©ÇX¿
Ã¡ÄXº)¼�º�¾IÃ¡Â~½mÀgÁÙ½mÑyÃ¡Ä¦º-Ã~Â¡ÀgÆ�¾¦Ü«Ë º Ð ¿�º�º ß À©ÜmÇ¦Â~º 	LÔ 	 Ô �¥º�¾¦½�Ã~À ¾XÜ
ÊYÈ*×«º�¼

(b)
Ã~Ä¦º
¿¡º�Ã+½�ÑBÑiÇ¦¾L¼sÃ¡À©½m¾L¿¥½mÑ2Ã~Ä¦º�Ã|ÈYÉWº

λb
Þ9Ä¦º�Â¡º

λ ∈ R Ð Ã~Ä¦º
À©¾IÃ¡º�Â¡ÉW½mËgÆ�Ã~À ½«¾â¿�ÉXÆ«¼�º�Àg¿

P̃2(T ) = P2(T )
⊕ ×«º�¼sÃ

(b)
ÔFã Ä¦º�Ê¦Ç¦Ê¦Ê¦Ë©º�ÑiÇX¾X¼sÃ~À ½«¾�À©¿ Ð À Ñ {Λj}j=1,3

Ávº�¾¦½�Ã~º�¿�Ã¡Ä¦º�ÊXÆ�Â~Èv¼�º�¾«Ã~Â¡Àg¼
¼�½Y½«Â~ÁvÀ©¾XÆ�Ã¡º�¿TÀ©¾

T Ð b = Λ1Λ2Λ3

ÔFã Ä¦Àg¿FÀ ¾IÃ~º�Â~ÉL½«Ë©Æ�Ã¡À©½m¾
¿¡ÉXÆm¼�º�Àg¿2ÇX¿¡º�Á
À ¾
Ã¡Ä¦º!Ã|Þ!½+ÁvÀ©Ì'º�¾X¿¡À©½m¾XÆmË
º��¦ÆmÌ�ÉXË º0¿ Ô Ú Ã�ÈYÀ©º�ËgÁ¦¿�Æ»Ã~Ä¦À ÂpÁr½mÂpÁvº�Â�Æ«¼�¼�Ç¦Â~Æ�Ã¡º)À©¾«Ã~º�Â~ÉL½«Ë©Æ�Ã¡À©½m¾ Ð Æ�¾XÁrº�¾ �|½�Èv¿'Ã¡Ä¦º)Ñi½«Ë Ë©½�Þ9À©¾¦Ü
�IÇXÆmÁ¦Â~Æ�Ã¡Ç¦Â~º3Â~º�ËgÆ�Ã~À ½«¾

∫

T

f(x)dx = |T |
∑

j

ωjf(xj)
Ò 	LÔ 	YÕ

Þ9À Ã¡Ä
ωj = 1

20

Ñi½«Â
j = 1, . . . , 3 Ð ωj = 2

15

Ñi½«Â
j = 4, . . . , 6

Æ�¾XÁ
ω7 = 9

20

Ô � º�º�å � � æ Ñi½mÂ!Ì'½mÂ~º
Ávº�Ã~Æ�À©Ëg¿9Æ�¾XÁ-½�Ã~Ä¦º�Â9º��¦Æ�Ì'É¦Ë©º�¿ Ô

1 2

3

4

56

7

��������� � �IA�� � � ��� 
 ��� ��� � � � ��� 
 � � ��� ������� � � � ��� ��� � � � � � ��
 � � � � ��� � � � � � � ��� � ��� � � � � � ����� ��� 	 �

¹»ºáÁ¦º�¿~¼�Â~À ÊWºâÃ~Ä¦ºáÊXÆm¿¡À©¿#ÑiÇ¦¾X¼�Ã¡À©½m¾X¿-Ñi½«Â
P1(T ) Ð P2(T )

Æ�¾LÁ
P̃2(T )

Ô ¹äºäÑi½mË©Ë©½�ÞÎÃ¡Ä¦º
¾¦½mÃ~Æ�Ã~À ½«¾X¿�½�Ñ ß À Ü«Ç¦Â¡º 	LÔ � Æ�¾LÁ 	LÔ 	 Ô

q �



• � 	
���
P1(T )

Ô ¹äº?ÄXÆd×«º Ni = Λi

Ô

• · 	�� � P2(T )
Ô ¹äº�ÄXÆd×mº N1 = Λ1(2Λ1 − 1)

Æ�¾XÁh¿¡À Ì'À©Ë©ÆmÂ'Ñi½mÂ~Ì
Ç¦ËgÆäÑi½mÂ
i = 2, 3 �

N4 = 4Λ1Λ4
Æ�¾LÁ*¿¡À Ì'À©Ë©ÆmÂ�Ñi½mÂ~Ì
Ç¦ËgÆ
Ñi½mÂ

i = 5, 6
Ô

• � 	
���b´��
P̃2(T )

Ô^ã Ä¦º�ÊXÆ«¿�Àg¿'ÑiÇ¦¾L¼sÃ¡À©½m¾L¿�Æ�Â~º N1 = Λ1(2Λ1) + 3b
Æm¾XÁh¿�À©Ì'À ËgÆ�Â

Ñi½mÂ~Ì
ÇXË©Æ�Ñi½mÂ
i = 2, 3 � N4 = 4Λ1Λ3 − 12b

Æ�¾LÁ[¿¡À Ì'À©Ë©ÆmÂ�Ñi½mÂ~Ì
Ç¦ËgÆâÑi½«Â
i = 5, 6 �

N7 = 27b
Ô

ã Ä¦º�Ì�ÆmÀ ¾�ÁvÀ��Wº�Â¡º�¾X¼�º
ÊLº�Ã|Þ�º�º�¾)Ã¡ÄXº�ÊXÆm¿¡Àg¿�ÑiÇ¦¾X¼�Ã¡À©½m¾X¿¥½�Ñ
P2(T )

Æ�¾XÁ-Ã~Ä¦½«¿¡º�½�Ñ
P̃2(T )

Àg¿9Ã~ÄXÆ�Ã
∫

T

Nσdx = 0
Ñi½«Â

σ = 1, 2, 3
À©¾

P2(T )
Þ9Ä¦À©Ë º ∫

T

Nσdx > 0
Ñi½mÂ�Æm¾YÈ

σ
À©¾

P̃2(T )
Ô�ã ÄXÀ©¿

ÊWº�ÄXÆd×YÀ©½mÂ�É¦ËgÆdÈY¿9Æm¾*À©Ì'ÉL½«Â�ÃpÆ�¾IÃ9Â¡½«Ë º?À©¾-Ã¡Ä¦º�¾¦º��YÃ�ÉLÆ�ÂpÆ�ÜmÂpÆ�ÉXÄ Ô
� Ã¡ÄXº�Â�Ã|ÈYÉLº0¿9½�Ñ � ÆmÜmÂpÆ�¾¦Ü«º¥À©¾«Ã~º�Â~ÉL½«Ë©Æm¾IÃ~¿9¼�½«Ç¦ËgÁ#ÄXÆd×«º3ÊWº�º�¾�¼�½m¾L¿�ÀgÁvº�Â~º�Á Ô

�T° ��°Q¯W° �+������� �+��� ��¸�� � �0·�
�������� °�Å�½«¾X¿¡À©Ávº�Â*Æm¾IÈhÁvº�ÜmÂ~º�º�½�Ñ�ÑiÂ~º�º0Áv½mÌ
σ
Ô Ú Ã

ÊWº�Ë©½m¾¦ÜI¿+Ã¡½�¿�º�×mº�Â~ÆmËTÃ~Â¡ÀgÆ�¾XÜmË©º�¿
T Ð ÉW½«¿~¿�À©Ê¦Ë©Èâ½m¾XË Èâ½«¾¦º'ÀØÑ r ≥ 3

Ô �3º�¾X½�Ã¡º�ÊYÈ Vσ
Ã~Ä¦º'Ë Àg¿�Ã�½�Ñ

Ã¡ÄXº�¿¡º?Ã¡Â~À©Æm¾¦ÜmË©º�¿ Ô ¹»º�Ávº�ÏX¾¦º?Ã¡ÄXº�Ä¦À Ü«Ä*½«Â~Á¦º�Â �¥ÆmÌ�À©Ë Ã¡½m¾XÀ©Æm¾)Æ«¿

HH
σ := HM (Duh

Tk
, Tk ∈ Vσ)

Ò 	LÔ �«Õ

Þ9Ä¦º�Â¡º HM Àg¿FÆ�¾YÈ�½�ÑLÃ¡Ä¦º�Ë©½�ÞÖ½mÂpÁvº�Â �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾X¿FÁvº�ÏL¾¦º�Á�Æ�ÊW½�×mº�ÊIÈ Ò 	LÔ Ó Õ Ð Ò 	LÔ � Õ Ð Ò 	XÔ � Æ Õ ½«Â
Ò 	LÔ � Ê Õ�Ô � Ã¡Ä¦º�Â9Ä¦À Ü«Ä)½mÂpÁvº�Â �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾X¿ Ð ¿�ÇL¼pÄ)Æ«¿!Ã¡Ä¦º�ÄXÀ Ü«Ä-½«Â~Á¦º�Â9¼�º�¾«Ã~Â~ÆmËD½m¾¦º�½mÑ!å � � Ð Ó?� æ
¼�½«Ç¦ËgÁ#ÄXÆd×«º?ÊLº�º�¾�¼�½«¾X¿�ÀgÁvº�Â¡º0Á Ô

Ú ¾)Ã¡ÄXº�×mº�Â¡È�º0Æ�Â~Ë È*ÁvÂ~Æ�ÑeÃ¥½�Ñ2Ã¡ÄXÀ©¿¥Þ�½«Â � Ð Ò 	LÔ � Õ ÄXÆ«¿�ÊLº�º�¾�À©Ì�ÉXË º�Ì�º�¾IÃ¡º�Á�Æm¾XÁ-Ã¡º0¿|Ã~º�Á Ô ¹»º
Áv½�¾X½�Ã�É¦Â~º�¿¡º�¾IÃ�Ã~Ä¦º¥Â~º�¿¡Ç¦Ë Ã~¿BÄXº�Â~º Ð Ì'ÆmÀ ¾XË È�ÊLº0¼�ÆmÇX¿�º¥Þ�ºyÞ�Æ�¾IÃBÃ~½
¿�Ã¡Â~º�¿~¿B½m¾�¿¡À Ì'É¦Ë©Àg¼�À Ã|È�Æ«¿�ÉWº�¼�Ã
½�Ñ�½mÇ¦Â+Ávº�Â~À ×�Æ�Ã¡À©½m¾ Ô+Ú ¾âÃ~Ä¦º�¼�Æm¿¡º
½mÑ � � ��� ¹ � � � Ã|ÈYÉWº�¿~¼pÄ¦º�Ì�º Ð Ã¡Ä¦º�Â¡º0¼�½«¾X¿|Ã~Â¡ÇL¼sÃ¡À©½m¾â¿�Ã¡º�É
Àg¿�×«º�Â~È
¼�½«Ì'É¦Ë º�� Ð º0¿�ÉWº�¼�À©ÆmË Ë©È
Ñi½«Â�Ç¦¾L¿|Ã~Â¡ÇX¼�Ã¡Ç¦Â~º�Á'Ì'º0¿�Ä¦º0¿ ÔFÚ ¾�Ã~Ä¦º¥¾Xº��YÃ�¿¡º�¼sÃ~À ½«¾ Ð Þ�º3É¦Â¡º0¿�º�¾IÃ�Æ
Ì
ÇL¼pÄ�¿¡À Ì'É¦Ë©º�Â�Ì�º�Ã¡Ä¦½vÁ
Ñi½mÂ�¼�½m¾X¿�Ã¡Â~ÇX¼�Ã¡À©¾¦Ü?Ä¦À Ü«Ä
½«Â~Á¦º�ÂB¿¡¼pÄXº�Ì'º9Þ9Ä¦Àg¼pÄ
ÄXÆ«¿FË º0Á�ÇX¿FÃ¡½�ÆmÊXÆ�¾XÁ¦½m¾
Ã¡ÄXº � � � ½m¾¦º Ô

�T° ��° ��° �
´ � � 	¦·m² �0·�
��������
±D¶����I³�¸Q· 	���. 	��Ö¸ �Q²�´W±T¸�	¦±�� ° Ú ¾*Ã¡Ä¦Àg¿y¿¡º�¼sÃ~À ½«¾ Ð Ñi½mÂyÆm¾IÈ
Ã¡Â~ÀgÆ�¾¦Ü«Ë º Ð Ã¡Ä¦º�À©¾IÃ¡º�Â~ÉW½mËgÆ�¾IÃ uh ÊWº�Ë©½m¾¦ÜI¿�Ã¡½ P1(T )

½mÂ
P̃2(T )

Ô
	 &#HC6 �,),-S6�9,; � ¹»ºyÑi½«Ë Ë©½�Þ�å Ó�� æ ÍFÀ©¾'Ã¡Ä¦º+¼�Æm¿¡ºy½mÑDÆm¾�Ä¦½mÌ'½«Ümº�¾Xº�½mÇL¿ �¥ÆmÌ�À©Ë Ã¡½m¾XÀ©Æm¾�½�Ñ�Ávº�Ü«Â¡º�º

k
À ¾

p Ð Ñi½mÂ9º��¦ÆmÌ�ÉXË º

H(x, u,p) ≡ H(p) − f(x)

Þ9À Ã¡Ä

H(p) =
1

k
DpH(p) · p,
q �



Þ!º?¼�Æ�¾-Ë ½Y½ �#Æ�Ã

H(x,Du) = 0

Æm¿9Æ'¼�½m¾Y×mº0¼sÃ¡À©½m¾*É¦Â~½mÊ¦Ë©º�Ì Þ9À Ã¡Ä�¿¡½mÇ¦Âp¼�º+Ã~º�Â~Ì Ð

~λ ·Du = f(x)
Ò 	XÔ �«Õ

Þ9Ä¦º�Â¡º ~λ = 1
kDpH(Du)

Ô
ã Ä¦º�¾*Þ!º+¼�½m¾X¿¡ÀgÁvº�Â!Ã¡ÄXº+ÇX¾X¿|Ã~º�Æ«ÁvÈ�É¦Â~½mÊ¦Ë©º�Ì Æ«¿¡¿¡½v¼�ÀgÆ�Ã¡º0Á'Ã¡½�Ã~Ä¦À©¿!º �«ÇLÆ�Ã¡À©½m¾ Ò Þ9À Ã¡Ä¦½«ÇvÃ9Ã¡ÄXº

ÊW½mÇ¦¾XÁXÆ�Â~È#¼�½«¾XÁvÀ Ã¡À©½m¾X¿ Õ Ð

∂u

∂t
+

1

p
Hp(Du) ·Du = f(x)

À Ô º Ô Æ
¼�½«¾I×«º�¼�Ã¡À©½m¾YàYË À
�mº9É¦Â~½mÊXË º�Ì Þ9ÄXÀ©¼pÄ*À©¿!Æ�É¦ÉXÂ¡½��vÀ©Ì'Æ�Ã¡º0Á Ð ×YÀgÆ?Ã¡ÄXº � � � � Ì'º�Ã¡Ä¦½vÁâå ��	 æ Ð Æm¿

∫

Ω×[tn,tn+1]

ω
(∂u
∂t

+H(x,Du)
)
dx+

∫

Ω×[tn,tn+1]

(∂ω
∂t

+DH ·Dω
)
τ
(∂u
∂t

+H(x,Du)
)

= 0.
Ò 	LÔ WmÕ

Þ9Ä¦º�Â¡º
ω
À©¿+Æ�¾YÈ-Ë À©¾¦º�ÆmÂ+¼�½mÌ
Ê¦À ¾LÆ�Ã¡À©½m¾�½mÑBÃ¡Ä¦º�ÊXÆ«¿�Àg¿9ÑiÇ¦¾L¼sÃ¡À©½m¾L¿ Nσ(x)ϕ(t)

Þ9À Ã¡Ä
ϕ
Ë©À ¾¦º0Æ�Â+À ¾

Ã¡À©Ì'º Ô�ã Ä¦º�ÉW½«¿¡À Ã¡À©×mº?Â¡º0Æ�ËD¾YÇ¦Ì
ÊLº�Â
τ
Àg¿�Ã|ÈYÉ¦Àg¼�Æ�Ë©Ë©È#¼pÄ¦½«¿¡º�¾-Æm¿

τ =

((
2

∆t

)2

+

(
2|DpH |

h

)2)−1/2

.

�y½mÃ¡Àg¼�À©¾¦Ü�Ã¡ÄXÆ�Ã

∂ω

∂t
=
ω(x, tn+1) − ω(x, tn)

∆t
,

ÇX¿¡À ¾XÜ Ò 	XÔ 	 Õ Þ!º�Æ�É¦ÉXË È�Ì�Æ«¿¡¿�Ë©Ç¦Ì'É¦À©¾¦Ü�Æ�¾XÁ*Ümº�Ã

un+1
σ − un

σ

∆t
+ Hσ(σ, uσ , uξξ∈Vσ

) = 0

Þ9À Ã¡Ä

Hσ(σ, uσ , uξξ∈Vσ
) :=
(∫

Ω

H(σ,Duh)Nσdx

+ h

∫

Ω

[
DpH(σ,Duh)∣∣∣∣DpH(σ,Duh)

∣∣∣∣ ·DNσ

]
H(σ,Duh)dx

)(∫

Ω

Nσdx

)−1

Ò 	LÔ �IÕ
q �



Ú ¾ Ò 	LÔ � Õ Ð h Àg¿9Ã~Ä¦º
Ì�Æ��vÀ©Ì
Ç¦Ì ÁvÀgÆ�Ì'º�Ã~º�Â3½�ÑFÃ¡Ä¦º
Ã¡Â~À©Æm¾¦ÜmË©º�½�ÑFÃ~Ä¦º
Ì'º�¿¡Ä Ô ã Ä¦º �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾
Ò 	LÔ � Õ Þ9À©Ë Ë<ÊWº¥ÇX¿¡º�Á�Ñi½mÂ Ò ÓmÔ©Ó Õ Ð Þ9Ä¦º�¾ H À©¿�Ä¦½«Ì�½«Ümº�¾¦º�½«ÇX¿BÀ©¾

p = Du
Ô � ½vÁvÀ ÏL¼�Æ�Ã¡À©½m¾X¿�Ñi½mÂ�Ã¡Ä¦º

À©¾¦Ä¦½mÌ'½«Ümº�¾Xº�½mÇL¿!¼�Æm¿¡º?À©¿9¼�½m¾X¿¡À©Á¦º�Â~º�Á�ËgÆ�Ã~º�Â Ô
¹»º�ÄXÆd×mº*Ã¡Ä¦ºâ¿¡À©Ì�ÉXË º � º�Ì'Ì'Æ»Þ9Ä¦Àg¼pÄ ¼�Æm¾[º0Æm¿¡À Ë©ÈÙÊLº�Ü«º�¾¦º�Â~ÆmË À 
�º0ÁÙÃ~½»½mÃ¡Ä¦º�Â'Ã|ÈYÉLº0¿'½�Ñ

À©¾«Ã~º�Â~ÉL½«Ë©Æm¾IÃ~¿ Ô
� 
���������� ��� � '='CPQ4�&

H
6�'
C1 )5;RI A 95;�'C6�I�&*H -�/�&B6�;0-�&#H �09,7 ),;0- 6�;

P1(T )
9,H

P̃2(T )

< /�&*H & 7@6�;R&=)5H�F=PQ;RA*- 6�95;�' ),H & �RH &C'*&*H �V&=I � � < ),+ F=H 9,4 -�/0& O 95PQ;RI�)5HC6�&C'=U�H &#7 ),-S6�9,; Ò 	LÔ � Õ I�&��E;J&C'
)BA=95;�'C6�'C-:)5;0-�2(),4 6�7@-�9,;06�)5; 6�; -�/0& 4 &=),;D6�;�� �56 �,&#; O +BI & � ;06�-S6�9,; � � � �

�MH 9 9NF Ô�Ú Ñ
u
Àg¿9Ë©À ¾¦º0Æ�Â Ð uh = u

Ô ß ½mÂyÆ�¾YÈ#Á¦º�ÜmÂ~º�º+½�Ñ2ÑiÂ~º�º�Á¦½mÌ
σ Ð Þ!º?ÄXÆd×mº

(∫

Ω

H(σ,Duh)Nσdx

)(∫

Ω

Nσdx

)−1

= H(σ,Du(σ)).
Ò 	XÔ � Æ Õ

ÊWº�¼�ÆmÇX¿¡º
Du

À©¿y¼�½m¾X¿�Ã~Æm¾IÃ Ô
� À©¾X¼�º

σ
Àg¿�¾¦½�Ãy½«¾#Ã~Ä¦º�ÊL½«Ç¦¾XÁ¦ÆmÂ¡È�½mÑ

Ω Ð Ã¡Ä¦º�¿¡Ç¦É¦ÉW½mÂ¡Ãy½�Ñ Nσ
Ë À©º�¿�À©¾X¿¡À©Ávº�½mÑ

Ω
Æ�¾XÁ#Ã¡ÄYÇX¿

∫

Ω

DNσdx = 0.

ã Ä¦º�¿¡º�¼�½m¾XÁ#Ã¡º�Â¡Ì À©¾ Ò 	LÔ � Õ Ü«À ×«º�¿

∫

Ω

[
DpH(σ,Duh)∣∣∣∣DpH(σ,Duh)

∣∣∣∣ ·DNσ

]
H(σ,Duh)dx

= H(σ,Du)

[
DpH(σ,Duh)∣∣∣∣DpH(σ,Duh)

∣∣∣∣

]
·
∫

Ω

DNσdx

= 0.

Ò 	XÔ � Ê Õ

� ¿¡À©¾¦Ü Ò 	XÔ � Æ Õ Æm¾XÁ Ò 	XÔ � Ê Õ Æ�¾XÁB�¥º�ÏX¾¦À Ã¡À©½m¾ ÓmÔ©Ó Ð Ã¡Ä¦º �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾ Ò 	LÔ � Õ Àg¿�¼�½«¾X¿�Àg¿�Ã¡º�¾IÃ Ô
� 

��� 
������
� ���J/�& A=/�956�A=&	9NF -�/0& O )V'C6�' F=PQ;JA#-S6�9,;0' 6�'�F=PQ;JI�),4 &*;0-�),7 O &=A=),P�'*& ∫

Ω

Nσdx
;J&=& I,' -�9 O &

;R95; � &#H 9 �
� ���J/�& �RH 9 9NF I 9?&#' ;J9,- I &��0&*;RIV' 95; -�/0& F#)�A*-B-�/�)5- -�/�& 2(),4 6�7@-�9,;06�)5; 6�' /�9,4 9�� &�


;R&=95P�' � �C-1A=),; O &�&=)V'C6�7@+ )�I ) �R-�&=I -:9B-�/0&�A ),'*& < /0&#H & -�/0&�� I56�'='=6 �0),-S6�9,;�� ��)5H ),4 &*-:&*H
DpH(x,Duh)∣∣∣∣DpH(x,Duh)

∣∣∣∣
6�' H & �R7 ) A=& I O + DH U )BA=9,;D- 6�;DP09,P�' �V&=A*-:95H�
��,),7@P0&=I F=PQ;RA*- 6�95;��

¹»º'ÏXÂ~¿�Ã�Â~º�×YÀ º�Þ4Ã~Ä¦º�¿|ÃpÆ�Ê¦À©Ë©ÀØÃ|ÈäÉ¦Â¡½«ÉLº�Â�Ã~À º0¿?½�Ñ Ò 	LÔ � Õ Ñi½mÂ�ÄX½mÌ'½mÜ«º�¾¦º�½mÇX¿ �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾X¿ Ð
ÑiÂ~½mÌ:å Ó � æ§Ô

� -�) O 6�7@6�-S+ �JH 9 �0&#HC-S+ � � ¿�Ì'º�¾«Ã~À ½«¾¦¾¦º0Á+¿¡º�×«º�ÂpÆ�ËdÃ~À Ì'º�¿�º�ÆmÂ¡Ë©À º�ÂDÀ ¾?Ã~Ä¦ºBÃ~º��YÃ Ð Ã¡ÄXº �¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�Ë
Ò 	LÔ � Õ Ì
ÇX¿�Ã3¿~Æ�Ã~À©¿�ÑiÈ*¿¡½mÌ'º
¿�Ã~ÆmÊ¦À Ë©À Ã|È#É¦Â~½mÉWº�Â¡Ã|È Ô �yº�Â~º Ð Þ�º�Â~º�¼�Æ�Ë©Ë�¿¡½mÌ'º�Â¡º0¿�ÇXËØÃp¿9½�Ñ9å Ó � æ Þ9Ä¦º�Â~º

� t



Ã¡ÄXº�È*¿¡Ä¦½�Þ^Ã¡ÄXÆ�Ã9Ã¡Ä¦Àg¿yÀg¿�À ¾LÁvº�Æ«Á#Ã~Ä¦º�¼�Æ«¿�º Ð Æ�Ã9Ë©º�Æ«¿|ÃyÞ9Ä¦º�¾�Æ'ÉXÆ�Â¡Ã¡Àg¼�Ç¦ËgÆ�Â�À©¾IÃ¡º�Ü«Â~Æ�Ã¡À©½m¾)¿¡¼pÄXº�Ì'º
½�Ñ Ò 	XÔ@W Õ À©¿¥¼pÄ¦½«¿¡º�¾ Ô

Ú ¾-å Ó�� æ Ð Ã¡Ä¦º �3Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾ Ò 	LÔ � Õ Ð À©¾IÃ¡Â~½YÁ¦ÇX¼�º0Á�Ñi½«Â �3Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾X¿2Ã~ÄXÆ�Ã�ÆmÂ¡º!Ä¦½«Ì�½«Ümº�¾¦º�½«ÇX¿
½�Ñ�Ávº�ÜmÂ~º�º

k
À©¾)Ã¡Ä¦º

Du
×�Æ�Â~À©ÆmÊ¦Ë©º Ð ÄXÆd×«º?Ã¡Ä¦º
É¦Â¡½«ÉLº�Â�Ã|È#Ã¡ÄXÆ�Ã Ò 	XÔ � Õ Æm¾XÁ Ò 	XÔ@W Õ ¿¡Æ�Ã¡Àg¿|ÑiÈ-Æ�Ì'À ¾��

À©Ì�À 
�Æ�Ã¡À©½m¾[É¦Â¡À©¾X¼�À É¦Ë©º-Ñi½mÂ
f = 0

Ôrã Ä¦º�À©Â'Â¡º�Ì'ÆmÂ �áÀg¿
Ã¡Â~À ×YÀgÆ�Ë©Ë ÈÙº��IÃ~º�¾XÁ¦º�Á5Ã¡½
f 6≡ 0

Ô5ã Ä¦Àg¿
º�¾L¿�Ç¦Â~º�¿9Æ�¿�Ã~ÆmÊ¦À©Ë À Ã|È#¼�½«¾XÁvÀ Ã¡À©½m¾ Ô ß ½mÂ¥º��¦Æ�Ì'É¦Ë©º Ð Ã~Ä¦º�Ñi½mË©Ë©½�Þ9À ¾¦Ü'À©¾¦º �IÇXÆmË À Ã|È�Àg¿y¿¡Ä¦½�Þ9¾*À©¾Ùå Ó � æ Í
� º�Ã�Ã¡À©¾¦Ü

tn = n∆t Ð Þ!º�ÄXÆd×mº

1

2
||u(tN− )||2Ω+

1

2

N−1∑

n=0

||u(tn+) − u(tn−)||2Ω +
N−1∑

n=0

||√τ
(∂u
∂t

+H(x, u,Du)
)
||2Ω×[tn,tn+1]

+
1

2

N−1∑

n=0

∑

T∈T

∫ tn+1

tn

∫

T

u2
(
D ·DH

)
dxdt

=
1

2
||u(t0−)||2Ω.

Ò 	XÔ©Ó��IÕ
ã Ä¦Àg¿�Â~º�ËgÆ�Ã~À ½«¾'¿¡Ä¦½�Þy¿FÃ~ÄXÆ�Ã�Ã¡Ä¦º Ò À©Ì�ÉXË Àg¼�À Ã�À©¾�Ã¡À©Ì'º Õ �Fº�Ã¡Â~½�× � ÆmË º�Â �YÀ©¾'¿~¼pÄ¦º�Ì�º Ò 	XÔ@W Õ Àg¿�º�¾¦º�Â~ÜmÈ
¿�Ã~Æ�ÊXË º Ô

� A A*PQH ) A#+ )5H ��PQ4�&*;0- ' � ¹»º
¿�ÄX½�Þb¾¦½�ÞbÃ¡ÄLÆ�Ã¥Ã~Ä¦º
¿~¼pÄ¦º�Ì'º Ò 	XÔ � Õ Àg¿yÄ¦À©ÜmÄ�½«Â~Á¦º�ÂyÆm¼�¼�Ç¦ÂpÆ�Ã~º
Ñi½mÂ3Ã¡ÄXº 'C-:&=) I,+ É¦Â~½mÊXË º�Ì Ò ÓmÔ©Ó Õ À©¾âÞ9Ä¦Àg¼pÄâÞ!º
½«Ì�À Ã¥Ã~Ä¦º
ÊW½mÇX¾XÁ¦Æ�Â~È�¼�½«¾XÁvÀ Ã¡À©½m¾X¿ Ô ¹»º�Æ«¿¡¿¡Ç¦Ì'º
Ã¡ÄLÆ�Ã¥Ã~Ä¦º'¿�½«Ë ÇvÃ~À ½«¾

u
Àg¿+¿�Ì'½Y½�Ã~Ä�º�¾¦½«Ç¦ÜmÄ�¿¡½�Ã~ÄXÆ�Ã3Ã¡Ä¦Àg¿3Ñi½mÂ~Ì'ÆmËT¼�Æ�Ëg¼�Ç¦ËgÆ�Ã~À ½«¾�À©¿3À ¾LÁvº�º0Á�×�Æ�Ë©À©Á Ô

¹»º-ÄLÆd×mº Ð ¿�Ã¡Â~½m¾XÜmË©È Ð Ã~ÄXÆ�Ã'Ñi½mÂ�Æm¾IÈ x Ð H(x, u(x), Du(x)) = 0
Ô � ½ Ð À Ñ Ihu

Ávº�¾¦½�Ã~º�¿
Ã¡ÄXº
À©¾«Ã~º�Â~ÉL½«Ë©Æm¾IÃ�½�Ñ?Ã¡Ä¦º�º��¦Æm¼�Ã#¿�½«Ë ÇvÃ~À ½«¾ Ð Þ!ºâ¿�º�º�Ã¡ÄXÆ�Ã�Ã¡ÄXº�Ã¡Â~Ç¦¾X¼�Æ�Ã¡À©½m¾hº�Â¡Â~½mÂ�À©¾hÃ¡º�Â¡Ì ½�Ñ?Ã¡ÄXº
ÜmÂpÆmÁ¦À º�¾«Ã�½�Ñ2Ã¡ÄXº�º�Â~Â¡½«Â

eh = uh − Ihu
¿~Æ�Ã~À©¿�ÏXº0¿

∫

Ω

[
H(x, uh, Duh) −H(x, Ihu,DIhu)

]
Nσ+

h

∫

Ω

[
Hp(Du

h)

||Hp(Duh)|| ·DNσ

][
H(x, uh, Duh) −H(x, Ihu,DIhu)

]
dx

= O(hk) ×
[ ∫

Ω

Nσ

]
dx.

À Ñ
u − Ihu = O(hk)

À ¾»Æ*¿¡Ç¦À Ã~ÆmÊ¦Ë º�¾¦½«Â¡Ì Ð k = 2
Ñi½mÂ

P1(T )
Æm¾XÁ

k = 3
Ñi½«Â

P̃2(T )
Ô
ã ÄXÀ©¿

Â~º�ËgÆ�Ã¡À©½m¾-À©¾XÁvÀg¼�Æ�Ã~º�¿�Ã~ÄXÆ�Ã
H(x, uh, Duh) −H(x, Ihu,DIhu) = O(hk)

À ¾-Ã¡ÄXº
¿¡ÆmÌ'º�¾¦½mÂ~Ì Ð
¿¡½*Ã~ÄXÆ�Ã

Deh = O(hk)
Ô�ã Ä¦À©¿�À©¿�¼�Ë º0Æ�Â~Ë Èâ¾X½�Ã�Æ-É¦Â¡½Y½mÑ Ð ½m¾XË È�Æm¾äÀ©¾XÁvÀg¼�Æ�Ã¡À©½m¾»½�Ñ!Ã¡Ä¦º'Ñi½«Â¡Ì�ÆmË

Æm¼�¼�Ç¦ÂpÆm¼�È)½�Ñ�Ã~Ä¦º�¿~¼pÄ¦º�Ì'º Ô ¹»º�¿�º�º
Ã~ÄXÆ�Ã�Þ!º
Ü«º�Ã�Æ�¾»º��YÃ~Â~Æ*½mÂpÁvº�Â+Ã~ÄXÆ�¾ �v¿+Ã~½*Ã~Ä¦º'ÑQÆm¼�Ã?Ã¡ÄXÆ�Ã
Ã¡ÄXº�º��¦Æm¼�Ã9¿¡½mË©ÇvÃ~À ½«¾

u
¿~Æ�Ã~À©¿�ÏXº�¿ Ð Ñi½mÂyÆm¾YÈ σ Ð Ã¡ÄXº�Â¡º0¿�ÀgÁvÇXÆmËDÉ¦Â¡½«ÉLº�Â�Ã|È

∫

Ω

H(x, u,Du)Nσdx+ h

∫

Ω

[
DpH(x, uh, Duh)∣∣∣∣DpH(x, uh, Duh)

∣∣∣∣ ·DNσ

]
H(x, u,Du)dx = 0.

� q



�E)V'*& 9 F 6�;Q/�954�9�� &*;R&=95P�' 2(),4 6�7@-:95;06�)5;�' � ã ÄXº�ÁvÀ���¼�Ç¦Ë Ã2ÉXÂ¡½«Ê¦Ë º�ÌbÀg¿�Ã¡½3¼�½m¾IÃ¡Â~½mËmÃ¡Ä¦º�Ã¡º�Â¡Ì

(
h

∫

Ω

[
DpH(x,Duh)∣∣∣∣DpH(x,Duh)

∣∣∣∣ ·DNσ

]
H(x,Duh)dx

)(∫

Ω

Nσdx

)−1 Ò 	XÔ©ÓmÓdÕ

½�Ñ Ò 	XÔ � Õ�Ô ß ½mÂ�Æm¾�Ä¦½mÌ'½«Ümº�¾Xº�½mÇL¿ �¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾'½mÑWÃ~Ä¦ºyÃ|ÈYÉWº
H(x, u,p) ≡ H(p)−f(x)

Þ9À Ã¡Ä

H
Ä¦½mÌ'½mÜ«º�¾¦º�½mÇX¿!½mÑFÁvº�ÜmÂ~º�º

> 0 Ð Ã¡Ä¦Àg¿�Ã¡º�Â¡Ì ¼�Ë©º�Æ�Â~Ë©È�Ê¦Â~À ¾¦ÜI¿�ÁvÀ©¿~¿¡À ÉXÆ�Ã¡À©½m¾-ÊLº0¼�ÆmÇX¿�º

DpH(x,Duh) ·DNσ H(x,Duh) =
1

p

(
DpH(x,Duh) ·DNσ

) (
DpH(x,Duh) ·Duh

)

−DpH(x,Duh) ·DNσ f(x).

ã Ä¦º?¿�º0¼�½«¾XÁ�Ã~º�Â~Ì$É¦Ë©ÆdÈv¿�Ã¡Ä¦º?Â~½mË©º¥½mÑTÆ
¿¡½mÇXÂ~¼�ºyÃ¡º�Â¡Ì Æm¾XÁ#Á¦½Iº0¿!¾¦½�Ã9Æ �<º�¼�Ã!Ã~Ä¦º?¿|ÃpÆ�Ê¦À©Ë À Ã|È Ô
Ú ¾áÃ¡ÄXº�À ¾XÄ¦½mÌ'½mÜ«º�¾¦º�½mÇX¿?¼�Æm¿¡º Ð Ã~Ä¦Àg¿
Æ�Â~ÜmÇXÌ�º�¾IÃ�Á¦½Iº0¿�¾¦½mÃ�Þ�½«Â �äÆ�¾YÈ�Ë©½m¾¦Ü«º�Â Ð Ê¦ÇvÃ
ÀØÑ9Þ!º

Þ9Â~ÀØÃ~º

H(x, u,Duh) = DH(x, uh) ·
(
Duh − p �

��� )
+H(x, u, p �

���
)

Þ9Ä¦º�Â¡º
p �

��� À©¿
Æ�¾YÈäÂ~º�Ñiº�Â¡º�¾X¼�º�×«º�¼�Ã¡½mÂ Ð ÀØÑ�Ã¡ÄXº#Ì�Æ�É¦ÉXÀ ¾¦Ü Duh 7→ DH(x, uh)
Àg¿
¼�½m¾IÃ¡À©¾YÇ¦½mÇL¿

Ò ¿¡½�Ã~ÄXÆ�Ã+Ã¡ÄXº
¾YÇ¦Ì'º�Â~À©¼�Æ�Ë �¥ÆmÌ�À©Ë Ã¡½m¾XÀ©Æm¾âÂ¡º�Ì�Æ�À©¾X¿¥¼�½m¾X¿¡À©¿�Ã~Æm¾IÃ Õ Ð Þ!º
¼�Æm¾âÂ~º�ÉWº�Æ�Ã3Ñi½mÂ~Ì�Æ�Ë©Ë È-Ã¡ÄXº
¿�Ã~Æ�ÊXÀ Ë©ÀØÃ|È*Æ�Â~ÜmÇ¦Ì'º�¾IÃ9ÊYÈ�Â~º�É¦ËgÆm¼�À ¾¦Ü Ò 	XÔ©ÓmÓ Õ À©¾ Ò 	XÔ � Õ ÊYÈ

h

∫

Ω

[ DH(x, uh)∣∣∣∣DH(x, uh)
∣∣∣∣ ·DNσ

]
H(x, uh, Duh)dx

∫

Ω

Nσdx

.
Ò 	XÔ©Ó �«Õ

� ¾XÆ�Ã¡Ç¦ÂpÆ�Ë�¼pÄ¦½«À©¼�º¥Ñi½«Â DH(x, uh)
À©¿

DH(x, uh) =

∫ 1

0

DpH(x, uh, sDuh + (1 − s)p �
���
)ds,

Ò 	XÔ©Ó �IÕ

Æ�¾LÁ�Ã~Ä¦º�¾ Ð À ¾X¿�Ã¡º0ÆmÁ*½�Ñ Ò 	LÔ � Õ Ð Þ!º�¼�½«¾X¿�ÀgÁvº�Â�Ã~Ä¦º�¾YÇ¦Ì'º�Â~À©¼�Æ�Ë �¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾ Ð Æ�¾LÁ#Ã~Ä¦º��¥ÆmÌ'À Ë Ã¡½ �
¾¦ÀgÆ�¾

Hσ(σ, uσ , uξξ∈Vσ
) :=
(∫

Ω

H(σ,Duh)Nσdx

+ h

∫

Ω

[ DH(σ,Duh)∣∣∣∣DH(σ,Duh)
∣∣∣∣ ·DNσ

]
H(σ,Duh)dx

)(∫

Ω

Nσdx

)−1

,

Ò 	XÔ©Ó�	YÕ

Þ9Ä¦º�Â¡º
pref À©¿3Æ�¾�Æ�Â~Ê¦À Ã¡ÂpÆ�Â~È�×mº�¼�Ã¡½«Â Ô �¥½�Ã~º�Ã¡ÄXÆ�ÃyÃ¡ÄXº�Æm¼�¼�Ç¦ÂpÆm¼�È*Æ�Â~ÜmÇ¦Ì'º�¾IÃp¿�½�Ñ2Ã¡Ä¦º�ÉXÂ¡º�×IÀ©½mÇL¿

ÉXÆmÂ~ÆmÜmÂpÆ�É¦Ä#¿�Ã¡À©Ë©Ë�Ä¦½mËgÁ¦¿ Ð Æm¿�Þ!º�Ë©Ë�Æm¿ � º�Ì'Ì�Æ 	XÔ©Ó Ô
� �



�C4��R7 &#4 &#;D-:)5- 6�95; I�&*-�),6�7 ' � ¹»º�º�¾XÁ[Ã¡ÄXÀ©¿�¿¡º�¼�Ã¡À©½m¾hÊYÈÖÜmÀ©×YÀ ¾¦ÜÙ¿¡½mÌ'º�Ávº�ÃpÆ�À©Ë©¿�ÆmÊL½«ÇvÃ�Ã¡ÄXº
À©Ì�ÉXË º�Ì�º�¾IÃ~Æ�Ã~À ½«¾�½�Ñ Ò 	LÔ � ÕsÔ ¹»º�Ñi½«Ë Ë©½�Þ å Ó � æ�Ô ß Â¡½«Ì Ò 	XÔ � Õ Ð Þ!º
¿�º�º?Ã¡ÄXÆ�Ã¥Ã~Ä¦º
¾YÇ¦Ì'º�ÂpÆ�Ã~½mÂyÆm¾XÁ
Ã¡ÄXº'Á¦º�¾¦½«Ì�À©¾XÆ�Ã¡½mÂ�¼�Æ�¾�ÊWº�¼�½«Ì�ÉXÇvÃ¡º0ÁâÑi½«Ë Ë©½�Þ9À ¾XÜ*Æ�¾»º�Ë©º�Ì'º�¾«Ã?ÊXÆ«¿�º0ÁäÆmÉ¦É¦Â~½«Æm¼pÄ Ô�Ú ¾äÉX¿¡º�ÇLÁv½
¼�½vÁvº Ð Ã¡Ä¦Àg¿9Ü«À ×«º�¿

ÓmÔ À©¾¦ÀØÃ~À©ÆmË À 
�º Hσ = 0
Æ�¾LÁ

ψσ = 0
Ñi½mÂyÆm¾YÈ#Ávº�Ü«Â¡º�º?½�Ñ�ÑiÂ~º�º0Áv½mÌ Ð

�vÔ � ½Y½«É*½�×«º�Â�º�Ë©º�Ì'º�¾IÃp¿
T Ð jt = 1, . . . , ne

Ò Æ Õ Å�½mÌ'É¦ÇvÃ~º Nσ
Ñi½mÂ9º�Æ«¼pÄ-Á¦º�ÜmÂ~º�º+½�Ñ2ÑiÂ~º�º�Á¦½mÌ ½«¾

T
Ò Ê Õ Å�½mÌ'É¦ÇvÃ~º

u
Æ�¾XÁ

Du
Ò ¼ Õ � ×�Æ�Ë©ÇXÆ�Ã~º

Hσ = Hσ +

∫

T

H(x, uh, Duh)Nσdx

+ h

∫

T

DH(x, uh)∣∣∣∣DH(x, uh)
∣∣∣∣ ·DNσ DpH(x, uh, Duh) ·Duhdx

×IÀgÆ�Ä¦À©ÜmÄ-½mÂpÁvº�Â �IÇXÆmÁ¦Â~Æ�Ã¡Ç¦Â~º¥Ñi½«Â¡Ì
Ç¦ËgÆ�Æm¾XÁ#Ã¡ÄXÆm¾ �v¿!Ã¡½ Ò 	LÔ Ó � Õ
Ò Á Õ � ×�Æ�Ë©ÇXÆ�Ã~º

ψσ = ωσ +

∫

T

Nσdx

×IÀgÆ�Ä¦À©ÜmÄ-½mÂpÁvº�Â �IÇXÆmÁ¦Â~Æ�Ã¡Ç¦Â~º¥Ñi½«Â¡Ì
Ç¦ËgÆ Ð
�¦Ô Å�½mÌ'É¦Ç¦Ã¡º

Hσ =
Hσ

ψσ

� 

��� 
������ $ /�&*; 6�4��J7 &*4�&*;0-S6�;�� -�/0& O 7 &*;RI & I '*A /0&#4 & Ò �¦Ô Ó�� Æ Õ U -�/�& 7 9 < 95H I�&*H
2	)54(6�78-:95;06�),;0' )5H &.6�4��J7 &*4�&*;0-�&=I O + P�'C6�; � ) 'CP O 
�-SHC6�),; �5PQ7 )5- 6�95;����#; -�/�& A=),'#& 9 F

P̃2(T )
U

< &	P�'#& -�/0&3'CP O 
�- HC6�)5;���PQ7 ),-S6�9,;!9NF 
 6 ��PQH & � � � �
�T° ��° �?³ 	¦·m²�¸Q· 	��»¸ � � � �����Y±<² 	¦²�¸Q´W± ´ �ä² 
 � �0·�
������ Ò �vÔ©Ó � Õ���Ò �vÔ©Ó � Õ���Ò �vÔ©Ó�� Õ ° ã ÄXº

Ì'½«¿�Ã?¿�Ã¡ÂpÆ�À©ÜmÄIÃ¡Ñi½mÂ~Þ!ÆmÂ~Á-À©Ì�ÉXË º�Ì�º�¾IÃ~Æ�Ã~À ½«¾�Àg¿3Ã¡½-ÇX¿�º
Ã¡ÄXº
ÉX¿¡º�ÇLÁv½�àIÃ¡À©Ì�º�À©¾X¼�½«¾X¿�Àg¿�Ã¡º�¾IÃ�¿¡¼pÄXº�Ì'º
Ë©À��«º

un+1
σ = un

σ − ∆tHσ

Þ9Ä¦º�Â¡º�Ã¡Ä¦º�Ã¡À©Ì�º�¿�Ã¡º�É
À©¿TË À©Ì'ÀØÃ~º�Á
ÊIÈ?Æ+Å ßG� Ã|ÈIÉWº�¼�½m¾XÁ¦ÀØÃ~À ½«¾ Ô � À©¾X¼�º�Þ!º�Æ�Â~º�¼�½mÌ'É¦ÇvÃ~À ¾¦Ü 'C-:&=)�I5+
¿¡½mË©ÇvÃ¡À©½m¾ Ð Ã¡Ä¦º�Ã~À Ì'º�¿�Ã¡º�ÉâÆ�¾XÁ*Ã¡ÄXº?Ã¡À©Ì�º tn ÆmÂ¡º?½«¾¦Ë È*Â¡º�Ë©Æ �¦Æ�Ã¡À©½m¾-Æ�¾XÁ)À Ã¡º�Â~Æ�Ã¡À©×mº?ÉXÆmÂ~ÆmÌ�º�Ã¡º�Â~¿

Ô
�yº�¾X¼�º Ð Æ�ÊLº�Ã�Ã~º�Â¥¿�Ã¡ÂpÆ�Ã~º�ÜmÈ�Àg¿!Ã¡½�ÇL¿�º�Æ'Ë©½Y¼�Æ�ËWÃ¡À©Ì'º
¿�Ã¡º�É Ô

� º�Ì�º�Ì
ÊWº�Â�Þ!ºâÆ�Â~º*ÇL¿�À©¾¦ÜáÃ¡ÄXº-Ë©À©Ì�À Ã¡º�Â Ò �¦Ô Ó�� Õ Ð À Ã�À©¿'ÇL¿�º�ÑiÇ¦Ë9Ã¡½Ö¿¡º�º)º��vÆ«¼sÃ~Ë ÈÖÄX½�Þ Ã¡ÄXº
¿~¼pÄ¦º�Ì'º?À©¿yÞ9Â¡À Ã�Ã~º�¾ Ô ß ½mË©Ë ½�Þ9À©¾¦Ü
Ã¡Ä¦º�¾¦½mÃ~Æ�Ã¡À©½m¾X¿�½mÑ2¿¡º�¼sÃ~À ½«¾ Ò � Õ Ð Þ�º�¿¡º�º+Ã¡ÄLÆ�ÃyÀ Ñ α− = 1

� n
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• À Ñ r > β +
1

α+
Ð Hσ = γHH

σ

Þ9ÀØÃ~Ä
γ =

1

β
≤ 1

À Ñ
β ≥ 0 Ð

• À Ñ r ∈ [β, β+
1

α+
] Ð Hσ = γHH

σ

Þ9À Ã¡Ä
γ = 1+α+

(1 − r)(r − β)

r
∈ [0, 1]

À Ñ
β ≥ 1 Ð

• À Ñ r ∈ [0, β] Ð Hσ = HH
σ Ð

• À Ñ r ∈ [−1, 0] Ð Hσ = γHH
σ

Þ9ÀØÃ~Ä
γ = −HH

σ

HM
σ

∈ [0, 1] Ð

• À Ñ r < − 1

α−
Ð Hσ = HM

σ

Ô
ã ÄYÇX¿ Ð Þ!º3¿¡º�º3Ã¡ÄLÆ�Ã�ÀØÑ β ≥ 1

Æm¾XÁ
α− = 1 Ð Þ!º+¼�Æ�¾#ÆmË Þ�ÆdÈv¿�Þ9Â~ÀØÃ~º Hσ = HH ½mÂ Hσ = γHH

σ

Þ9À Ã¡Ä
σ ∈ [0, 1]

ÔBã Ä¦º�¿~¼pÄ¦º�Ì�º Ð ½mÌ'À Ã�Ã¡À©¾¦Ü�Ã¡ÄXº�ÊL½«Ç¦¾XÁ¦ÆmÂ¡È#¼�½m¾XÁ¦ÀØÃ~À ½«¾X¿ Ð Àg¿9Þ9Â~ÀØÃ¡Ã¡º�¾-Æ«¿

un+1
σ = un

σ − ∆tγ(un)σ





HM
σ

À Ñ
r ≤ −1

HH
σ

À Ñ
r ≥ −1

− ∆t× ε(h)

Þ9À Ã¡Ä
0 ≤ γ(un) ≤ 1

Ô ã Ä¦Àg¿-Ë º0ÆmÁhÃ~½5Ã~Ä¦º�Ñi½«Ë Ë©½�Þ9À©¾¦Ü[¼pÄ¦½«À©¼�º�½mÑ�Ã¡Ä¦º»Ë©½Y¼�Æ�Ë+Ã¡À©Ì'º»¿�Ã¡º�É�Í

∆tσ := ∆tγ(un)σ

Ô�ã Ä¦º�½«ÉvÃ¡À©Ì�Æ�Ë�¿�Ã~ÆmÊ¦À Ë©À Ã|È*¼�½«¾XÁvÀ Ã¡À©½m¾-À©¿

∆tσ = CFL×





∆tLmax

ÀØÑ
r ≤ −1

∆tHmax

ÀØÑ
r ≥ −1

Ò 	XÔ©Ó �«Õ

Þ9Ä¦º�Â¡º
∆tLmax

Ò Â~º�¿¡É Ô
∆tHmax

Õ Àg¿�Ã¡ÄXº-Ì�Æ �YÀ©Ì
ÇXÌ8Ã¡À©Ì'ºâ¿|Ã~º�ÉhÆ�Ë©Ë ½�Þ!º�ÁÙÊYÈÙÃ~Ä¦º)ÏXÂp¿|Ã'½mÂpÁvº�Â
¿~¼pÄ¦º�Ì'º Ò Â~º�¿¡É Ô Ã¡ÄXº+ÄXÀ Ü«Ä-½«Â~Á¦º�Â9¿¡¼pÄXº�Ì'º Õ�Ô

�yº�¾X¼�º Ð À©¾
ÉXÂ~Æ«¼sÃ¡Àg¼�º Ð Þ!º!À©Ì'É¦Ë©º�Ì'º�¾IÃBÃ¡ÄXº�Ñi½«Ë Ë©½�Þ9À©¾¦Ü+¿~¼pÄ¦º�Ì�º Ò ÇX¿�À©¾¦Ü?Ã~Ä¦º!ÑQÆm¼sÃBÃ~ÄXÆ�Ã ε(h) =

Chk Þ9À Ã¡Ä C > 0
Æ�Â~Ê¦À Ã¡ÂpÆ�Â~È Ð ¿�º�Þ!º�¼�Æm¾*Â~º�Ávº�ÏX¾¦º ε Õ Í

ÓmÔ ß ½«ÂyÆ�¾-À ¾IÃ~º�Â~¾XÆ�Ë�Ávº�ÜmÂ~º�º?½�ÑTÑiÂ¡º�º�Áv½«Ì Ð

un+1
σ = un

σ − ∆tσHσ

Ò 	XÔ©Ó?�IÕ
� o



Þ9Ä¦º�Â¡º

Hσ =





HM
σ + ε(h)

ÀØÑ
r ≤ −1

HH
σ + ε(h)

º�Ëg¿�º
Ò 	XÔ©ÓVWmÕ

�vÔ ß ½«ÂyÆ'Ávº�Ü«Â¡º�º+½mÑ�ÑiÂ~º�º0Áv½mÌ ½«¾#Ã~Ä¦º�ÊW½mÇ¦¾XÁXÆ�Â~È Ð un+1
σ

Àg¿9Ávº�ÏX¾Xº�Á)Æm¿!Ã~Ä¦º�¿�½«Ë Ç¦Ã¡À©½m¾-½�Ñ

max

(
un+1

σ − un
σ

∆tσ
+ HL

σ , u
n+1
σ − g(σ)

)
= 0

Ò 	XÔ©Ó��IÕ

Þ9À Ã¡Ä
∆tσ = CFL× ∆tLmax

Ô
¹»º+¿¡º�º¥Ã¡ÄXÆ�Ã Ð Ã¡ÄXÆm¾ �v¿�Ã~½�Ã~Ä¦º3Ë©½v¼�ÆmËXÃ~À Ì'º?¿|Ã~º�É¦É¦À©¾¦Ü�¿|Ã~Â~Æ�Ã¡º�Ü«È Ð Þ�º+¼�Æm¾�ÇX¿¡º3Æ�Ë©Ì'½«¿�Ã�º�×mº�Â~È �

Þ9Ä¦º�Â¡º?Ã~Ä¦º
Ä¦À©ÜmÄ�½«Â~Á¦º�ÂyÇ¦¾XË À©Ì'ÀØÃ~º�Á�¿~¼pÄ¦º�Ì'º Ð Þ9ÀØÃ~Ä¦½mÇ¦Ã+¼�Â~º�Æ�Ã¡À©¾¦Ü�¿¡É¦Ç¦Â~À ½«ÇX¿9½«¿~¼�À©Ë©Ë©Æ�Ã¡À©½m¾X¿�À©¾�Ã¡ÄXº
¿¡½mË©ÇvÃ¡À©½m¾ Ô�Ú ¾�½mÂpÁvº�Â�Ã~½�À Ë©Ë©ÇX¿|Ã~Â~Æ�Ã¡º?Ã~Ä¦À©¿¥Â¡º�Ì�Æ�Â�� Ð Æm¾XÁ*Ã¡Ä¦º
Þ!ÆdÈ�Þ!º�ÄXÆd×«º�Ávº�ÏX¾Xº�Á-Ã¡ÄXº�×dÆmÂ¡À©½mÇL¿
¿~¼pÄ¦º�Ì'º�¿!Ã~Ä¦Â~½mÇ¦Ü«Ä¦½mÇvÃ!Ã¡ÄXº�ÉXÆ�ÉWº�Â Ð Þ!º+ÉXÂ¡½�×YÀgÁvº3¾X½�Þb¿¡½mÌ'º?¾IÇXÌ�º�Â¡Àg¼�ÆmËDÀ Ë©Ë©ÇX¿|Ã~Â~Æ�Ã¡À©½m¾X¿ Ô

��° ��¶ ���I³�¸Q· 	���¸ � �Q¶ ��²�³ 	v²�¸�´L± � °
��°Q¯W° �
´�� �2¶T² 	¦²�¸Q´W± 	�� ��²�³ 	v²�� � � ° Ú Ñ

ε(h) = 0 Ð Æ)¼�Ë©½«¿¡º�º��¦Æ�Ì'À ¾LÆ�Ã¡À©½m¾»½�Ñ Ò �vÔ � Õ Æm¾XÁ
Ò �¦Ô � Õ Â~º�×mº0Æ�Ëg¿FÃ¡ÄLÆ�Ã�À Ñ�½m¾¦º¥À ¾¦À Ã¡ÀgÆ�Ë©À 
�º�¿�Ã¡Ä¦º+¼�ÆmË©¼�Ç¦Ë©Æ�Ã¡À©½m¾�Þ9À Ã¡Ä�Æ A=95; �,&#H � &=I ÏLÂ~¿�Ã�½mÂpÁvº�Â�¿�½«Ë Ç¦Ã¡À©½m¾
Ò Â~º�¿¡É Ô Æ A 95; �,&#H�� &=I ¿�º0¼�½m¾LÁâ½mÂpÁvº�Â3¿¡½mË©ÇvÃ¡À©½m¾ Õ Ð Þ�º
Ümº�Ã ` = 1

Ò Â~º�¿¡É Ô
` = 0

Õ À ¾äÜmº�¾¦º�ÂpÆ�Ë Ô3Ú ¾
½�Ã~Ä¦º�Â2Þ!½mÂpÁ¦¿ Ð Ã~Ä¦º�ÄXÀ Ü«Ä�½mÂpÁvº�ÂF¿~¼pÄ¦º�Ì'º�Þ9À©Ë©ËIÉXÂ¡½�×YÀgÁvº�º�À Ã¡ÄXº�ÂBÆ9ÏXÂp¿�ÃT½mÂpÁvº�Â2¿¡½mË©ÇvÃ¡À©½m¾
½mÂTÆ+¿¡º�¼�½«¾XÁ
½mÂpÁvº�Â+¿¡½mË©ÇvÃ¡À©½m¾äÞ9ÀØÃ~ÄäÉW½«¿~¿¡À Ê¦Ë©È�½«¿~¼�À©Ë©Ë©Æ�Ã¡À©½m¾X¿

. . . �
ã Ä¦º�Â¡½«Ë º�½�Ñ�Ã¡Ä¦º'ÉXÆmÂ~ÆmÌ�º�Ã¡º�Â

ε(h) 6= 0
Àg¿

É¦Â~º�¼�À©¿¡º�Ë©È�Ã¡½�Æd×«½mÀgÁ�Ã¡ÄXÀ©¿y¿¡À Ã¡ÇXÆ�Ã¡À©½m¾ Ô
Ú ¾5ÉXÂ~Æ«¼sÃ¡Àg¼�º Ð º�À Ã¡ÄXº�Â'Þ�º-À©¾¦ÀØÃ~À©ÆmË À 
�º-ÊYÈÖÆä¼�½m¾X¿�Ã~Æm¾IÃ
ÑiÇ¦¾L¼sÃ¡À©½m¾hÆ�¾LÁÖÂ~Ç¦¾ÖÃ~Ä¦º*ÄXÀ Ü«Ä5½mÂpÁvº�Â

¿~¼pÄ¦º�Ì'º�ÑiÂ~½mÌ ¿¡¼�Â~Æ�Ã~¼pÄ Ô ã Ä¦Àg¿#¿�Ã¡ÂpÆ�Ã~º�Ü«È5Þ!½mÂ��Y¿�Þ�º�Ë Ë¥Ñi½mÂ�Ã~Ä¦º�½«¾¦º�ÁvÀ©Ì'º�¾X¿¡À©½m¾XÆmË¥º��¦ÆmÌ�ÉXË º0¿
ÊWº�Ë©½�Þ ÊWº�¼�Æ�ÇX¿¡º'Ã¡Ä¦º�Â¡º#À©¿�¾X½âÉXÆ�Â¡Ã¡Àg¼�ÇXË©ÆmÂ�ÁvÀ���¼�Ç¦ËØÃ~À º0¿�À©¾áÃ¡Ä¦º#º�×�Æ�Ë©ÇXÆ�Ã~À ½«¾á½�Ñ

H
Ô*Ú ¾áÃ~Ä¦º�Ã|Þ!½

ÁvÀ©Ì'º�¾X¿¡À ½«¾XÆ�ËB¼�Æm¿¡º�¿ Ð ÊWº�¼�Æ�ÇX¿¡º
Æ DpH
Ò Â¡º0¿�É Ô DH Õ Æ�É¦ÉWº�ÆmÂ~¿3À ¾�Ã¡Ä¦º�Ávº�¾¦½mÌ'À©¾XÆ�Ã~½mÂ+½�Ñ Ò 	LÔ � Õ

Ò Â~º�¿¡É Ô#Ò 	XÔ©Ó�	 Õ¡Õ Ð Þ!º�ÄXÆd×mº
ÏXÂp¿|Ã?Â¡ÇX¾âÃ¡ÄXº
ÏLÂ~¿�Ã+½«Â~Á¦º�Â?¿¡¼pÄ¦º�Ì'º
Ç¦ÉäÃ¡½)Æ*ÉL½«À ¾IÃ�Þ9Ä¦º�Â~º
Ã¡Ä¦º�Â¡º�À©¿
¾¦½�ÁvÀ���¼�Ç¦Ë Ã|È#À©¾-Ã¡Ä¦º�º�×dÆmË ÇLÆ�Ã¡À©½m¾-½�Ñ HH Ð Æ�¾XÁ#Ã¡ÄXº�¾)Þ�º�Â~Ç¦¾*Ã¡Ä¦º�ÄXÀ Ü«Ä*½«Â~Ávº�Ây¿¡¼pÄXº�Ì'º�¿ Ô

� �¦¼�º�ÉvÃ�À©¾r¿¡Ç¦ÊX¿¡º�¼�Ã¡À©½m¾ �vÔ �¦Ô � Þ9Ä¦º�Â¡º
P̃2(T )

À©¿'ÇL¿�º0Á Ð Ã~Ä¦º�À ¾IÃ~º�Â~ÉL½«Ë©Æ�Ã¡À©½m¾5Àg¿�Æ�Ë©Þ�ÆdÈY¿
À©¾

P1(T )
Ô

��° ��° ��±���µ2¸ ���Y± ��¸�´L± 	�� � � 	
� � � ��� ° Ú ¾+Ã¡Ä¦Àg¿�º��¦Æ�Ì'É¦Ë©º Ð Þ�º�¼�½m¾X¿¡À©Á¦º�Â<Ã¡ÄXº � Æ �«à ß Â~À º0ÁvÂ~À©¼pÄX¿
¿~¼pÄ¦º�Ì'º
Æm¾XÁ�Ã~Ä¦º'½m¾¦º�ÁvÀ©Ì�º�¾X¿¡À ½«¾XÆ�ËF×mº�Â~¿¡À©½m¾�½�Ñ�Ã¡Ä¦º'Ä¦À©ÜmÄâ½«Â~Á¦º�Â?¿¡¼pÄ¦º�Ì'º�¿ Ò 	XÔ � Õ Æ�¾LÁ Ò 	LÔ Ó 	 ÕsÔ
ã Ä¦º?Ã~º�¿�Ã�ÉXÂ¡½«Ê¦Ë º�Ì Àg¿

|u′| − n(x) = 0 x ∈ [0, 1]

u(0) = u(1) = 0

Ò �¦Ô ÓdÕ

� u



Þ9Ä¦º�Â¡º
n(x) = 3x2 + a

Þ9À Ã¡Ä
a =

1 − 2x3
0

2x0 − 1

Æm¾XÁ
x0 =

3
√

2 + 2

4 3
√

2

Ô�ã Ä¦º�¿�½«Ë ÇvÃ~À ½«¾*Àg¿

u(x) =





x3 + ax
À Ñ
x ∈ [0, x0]

1 + a− ax− x3 À Ñ
x ∈ [x0, 1]

Ú ¾�Ã~Ä¦À©¿3º��¦ÆmÌ�ÉXË º Ð Ã¡ÄXº
¿¡½mË©ÇvÃ¡À©½m¾�Àg¿¥¼�½mÌ'É¦ÇvÃ~º�Á�ÊYÈ)Æ�Ê¦Ë©º�¾XÁvÀ©¾¦Ü*ÊLº�Ã|Þ�º�º�¾)Ã¡ÄXº�ÏXÂp¿|Ã+½mÂpÁvº�Â � Æ��
ß Â~À©º�ÁvÂ~À©¼pÄL¿
¿~¼pÄ¦º�Ì'º-Æ�¾XÁÖÃ¡Ä¦º)¼�½«Ì�ÉLÆm¼sÃ'¿¡¼pÄXº�Ì'º#½mÑ3¿�º0¼sÃ~À ½«¾ 	XÔ �vÔ � Æ«Á¦Æ�ÉvÃ~º�ÁáÃ~½�Ã~Ä¦º-½m¾¦º-ÁvÀ��
Ì'º�¾X¿¡À©½m¾XÆmË�¼�Æm¿¡º Ôrã Ä¦º�¿¡¼pÄ¦º�Ì'º-¿¡Ä¦½mÇXË©Á[ÊLº-Ñi½«Â¡Ì�Æ�Ë©Ë©ÈÖ¿�º0¼�½m¾LÁÖ½mÂpÁvº�Â�Æ«¼�¼�ÇXÂ~Æ�Ã¡º Ô � À©¾X¼�º-Ã¡ÄXº
�¥ÆmÌ'À Ë Ã¡½«¾¦À©Æm¾

x 7→ |x| À©¿yÄ¦½mÌ'½mÜ«º�¾¦º�½mÇX¿�½�ÑBÁvº�ÜmÂ~º�º Ó Ð Þ!º�ÇX¿�º+Ã~Ä¦º�½mÂ~À Ü«À ¾LÆ�ËWÑi½mÂ~Ì
Ç¦ËgÆ�½�Ñ!å Ó�� æ§Ô
¹»º�ÄLÆd×mº
Â~º�ÉXÂ¡º0¿�º�¾«Ã~º�ÁâÃ¡Ä¦º�¿¡½mË©ÇvÃ¡À©½m¾ä½m¾ ß À©ÜmÇ¦Â~º �vÔ©Ó Ñi½«Â+½«¾¦Ë©È � � Ì�º0¿�Ä»ÉW½mÀ©¾«Ãp¿?Æm¿+Þ�º�Ë Ë

Æm¿ 
�½Y½mÌ�¿?À ¾
[0.4, 0.6]

Þ9Ä¦º�Â~º�Ã¡Ä¦º#¿¡½mË©ÇvÃ~À ½«¾äÀg¿�¿¡Ì�½Y½mÃ¡Ä Ò ¿¡º�º ß À Ü«Ç¦Â~º �vÔ � Õ Æm¾XÁáÆ�Â~½mÇ¦¾XÁ�Ã¡ÄXº
Ì�Æ��vÀ©Ì
Ç¦Ì Ò ¿�º�º ß À Ü«Ç¦Â¡º �¦Ô � Õ�Ô

¹»º¥ÄXÆd×«ºyÆ�Ëg¿�½�¼�½mÌ'É¦ÇvÃ~º�Á'Ã~Ä¦º
L1 º�Â~Â¡½«Â�À©¾ [0, 1]

Ò ß À Ü«Ç¦Â~º �vÔ 	 Õ Æ�¾XÁ
L∞ º�Â~Â¡½«ÂBÀ ¾

[ 1
3
√

2
, 1

2 ]
Þ9Ä¦º�Â¡º�Ã~Ä¦º)¿�½«Ë ÇvÃ~À ½«¾ÙÀ©¿�¿�Ã¡À©Ë Ë�¿�Ì'½Y½�Ã~Ä Ò ß À©ÜmÇ¦Â~º �¦Ô 	 Õ�Ô ¹»º-¿¡º�º�Ã¡ÄXÆ�Ã
Ã¡ÄXº#º��vÉWº�¼�Ã¡º�Á5½mÂpÁvº�Â
½�Ñ
Æm¼�¼�Ç¦ÂpÆm¼�È�Àg¿y½mÊ¦Ã~Æ�À©¾¦º0Á Ô9ã Ä¦º
¼�½«¾Y×mº�Â~Ümº�¾X¼�º?ÊWº�ÄXÆd×YÀ©½mÂy½mÑFÃ¡Ä¦º�ÊXË º�¾XÁvº�Á�¿¡¼pÄ¦º�Ì'º�¿�º�º�Ì�¿yÊWº�Ã¡Ã¡º�Â
Ã¡ÄLÆ�¾-Ã¡Ä¦½I¿�º?½mÑ�Ã¡ÄXº�Ç¦¾¦Ë©À Ì'À Ã¡º�Á�¿¡º�¼�½m¾XÁ*½mÂpÁvº�Â�¿~¼pÄ¦º�Ì�º Ô

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2

blended
exact

������� �
� �0A���� � � � �
� � u0A�q ��� � � � � � � � � � � 
 ��� ���	� � � � � � 
 ��� � ��� ��
��	� � ��� � � � �
� � �	��� � � � � ��� �
����� � � ���

� ��
�� � � �

ã Ä¦º�¾-Þ!º�¼�½«¾X¿�ÀgÁvº�Â�Æ'À©¾¦Ä¦½«Ì'½mÜmº�¾¦º�½«ÇX¿!Æ�¾XÁ-¾¦½«¾-¼�½m¾Y×mº�� Ð ¾XÆmÌ'º�Ë©È

H(x, p) = cos(p)2 + |p|.
� �



0.4 0.6
0.5

0.7

0.9

First order
Second order, blended
Second order, unlimited
Exact solution

������� �
���mA�� � ��� 
 � � � � � � � ��� 	 ��� � � u0A�q �

0.5 0.6 0.7 0.8

0.8

1

1.2

first order
blended
unlimited
exact

������� �
� �«A�� � ��� � �������	��� � � � � ��
�� �	� ��� � � u0A�q �

� �



−3 −2.5 −2 −1.5 −1
−6

−5

−4

−3

−2

−1

First order
Second order unlimited
Second order limited
Slope 2
slope 1

−3 −2.5 −2 −1.5 −1
−6

−5

−4

−3

−2

−1

First order
Second order unlimited
Second order limited
Slope 1
Slope 2

L1 ¾¦½mÂ~Ì L∞ ¾¦½mÂ~Ì

������� �
� �IA������ � � 
�� � � �
L1

���	�
L∞

� � � � ��� � � � ���	� � � � ����� �
�
�
� ���	��� � ���	� � � � ���	� � � ��� � � � � 
 � 
�� � �

� � � �
� � � � � � � ��� � � 
�� � � �
L∞

� � � � 
�� � � ��� ����� � � 
��
[1/ 3

√
2, 1/2.]

� � � � � ��� � −1
���	� −2

� � � � ��� � � � � � � � � �

ã Ä¦º�É¦Â~½mÊXË º�Ì Â¡º0ÆmÁ¦¿

H(x, u′) = 0
À ¾
x ∈ [0, 1],

Þ9À Ã¡Ä
u(0) = u(1) = 0.

� ¾ ß À Ü«Ç¦Â¡º �¦Ô � Ð Þ�º�ÁvÀg¿¡É¦Ë©ÆdÈ H À©¾»Ã¡Ä¦º�ÂpÆ�¾XÜmº
x ∈ [−1, 1]

Ô�ã Ä¦º'¾YÇ¦Ì'º�Â~À©¼�Æ�Ë�¿¡½mË©ÇvÃ¡À©½m¾X¿�ÆmÂ¡º

−1 −0.5 0 0.5 1
1

1.1

1.2

1.3

������� �
� �mA � � ��� ���
H(p) = cos(p)2 + |p| 
�� p ∈ [−1, 1] �

ÁvÀg¿�ÉXË©ÆdÈ«º�Á[À ¾ ß À Ü«Ç¦Â~º �¦Ô � À©¾hÃ¡Ä¦º�ÂpÆ�¾XÜmº
x ∈ [0.5, 0.8]

Ô ã Ä¦º�Ì'º0¿�ÄhÄXÆ«¿
50

ÉL½«À ¾IÃp¿ Ô ¹»º
���



ÄXÆd×«º�¾YÇ¦Ì'º�Â¡Àg¼�ÆmË Ë©Èä¼pÄ¦º0¼��mº0Á�Ã~ÄXÆ�Ã
Ã¡Ä¦º�Ü«Â~Æ«ÁvÀ©º�¾IÃ�½�Ñ�Ã¡Ä¦º*¿�½«Ë ÇvÃ~À ½«¾áÌ'ÆdÈäÊLº#Ë©ÆmÂ¡Ü«º�Â?Ã¡ÄLÆ�Ã
1
À©¾

Æ�ÊL¿�½«Ë ÇvÃ~º
×�ÆmË Ç¦º Ð ¿�½*Ã¡ÄLÆ�Ã�¾¦½m¾»¼�½«¾I×«º���º��<º�¼�Ã~¿�Áv½-½v¼�¼�Ç¦Â Ô ¹äº'ÄXÆd×«º
¼pÄ¦½I¿�º pref = 0
À ¾äÃ¡Ä¦º

½m¾Xº?Á¦À Ì'º�¾L¿�À©½m¾XÆmËD×mº�Â~¿¡À ½«¾#½mÑ Ò 	XÔ©Ó�	 Õ�Ô

0.5 0.6 0.7 0.8
0.8

1

1.2

First order 
Second order limited
Second order unlimited

������� �
� �«A � � ������� � � � �	� � �
�
� � � ���	� � � ��� � ���	� � � ���	��� � ����� � � 
 ��� � 
��

x ∈ [0.5, 0.8]

ã Ä¦º*ÀØÃ~º�ÂpÆ�Ã¡À©×mº-¼�½«¾I×«º�Â~Ümº�¾X¼�º�ÄXÆ«¿
ÊWº�º�¾ÖÂ~Ç¦¾ÖÃ~½�Ì�Æm¼pÄ¦À©¾¦º-Æm¼�¼�Ç¦ÂpÆm¼�È Ô � ¾X¼�º*ÆmÜ«Æ�À©¾ Ð Ã¡ÄXº
Ê¦Ë©º�¾XÁ¦º�Á�¿¡½mË©ÇvÃ¡À©½m¾)Ë©À º0¿9ÊLº�Ã|Þ�º�º�¾)Ã~Ä¦º�ÏXÂp¿|Ãy½«Â~Á¦º�ÂyÆ�¾LÁ�¿�º0¼�½m¾LÁ*½«Â~Á¦º�Â9Ç¦¾¦Ë©À©Ì�À Ã¡º0Áâ¿¡½mË©ÇvÃ¡À©½m¾ Ô�Ú ¾
Ã¡ÄXº3¿¡Ì�½Y½mÃ¡Ä�Â~º�Ü«À ½«¾X¿ Ð Ã¡Ä¦º¥Ã|Þ�½
¿�º0¼�½m¾LÁ�½mÂpÁvº�Â�¿�½«Ë ÇvÃ~À ½«¾X¿!Æ�Â~ºyÀ ¾LÁvÀ©¿�Ã¡À©¾¦Ü«Ç¦À©¿¡ÄXÆmÊ¦Ë º Ð Þ9ÄXÀ Ë©º3Æ�Ã�Ã¡ÄXº
º��YÃ~Â¡º�Ì'Æ Ð Ã~Ä¦º �IÇXÆ�Ë©À Ã|È
½�ÑWÃ¡ÄXº9ÏXÂp¿|Ã�½«Â~Á¦º�Â�Æ�¾LÁ'Ê¦Ë º�¾XÁvº0Á�¿�½«Ë ÇvÃ~À ½«¾X¿�ÆmÂ¡º9¼�½«Ì'ÉXÆ�ÂpÆ�Ê¦Ë©º Ô ¹äº¥¾¦½�Ã~º
Æ�¾-½�×mº�Â~¿¡Ä¦½Y½�Ã�Ñi½mÂ9Ã~Ä¦º�¿�º0¼�½«¾XÁ#½«Â~Á¦º�Â9Ç¦¾¦Ë©À©Ì�À Ã¡º0Á)¿�½«Ë ÇvÃ~À ½«¾ Ô

��° ��° ���
´Öµ2¸ ���Y± ��¸�´L± 	�� � � 	
� � ��� � ° ß À©Â~¿�Ã Ð Þ!º�¼�½«¾X¿�ÀgÁvº�ÂyÆ�¾-º��¦Æ�Ì'É¦Ë©º�½�ÑBÆ�¾-Ä¦½mÌ'½ �
Ümº�¾¦º�½«ÇX¿ �¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾ Ò Ã~Ä¦º*º�À©¼�½m¾XÆmË �¥Æ�Ì'À©ËØÃ~½m¾¦ÀgÆ�¾ Õ Æm¾XÁ5¿¡º�¼�½m¾XÁ Ð ÆäÀ©¾¦Ä¦½mÌ'½«Ümº�¾Xº�½mÇL¿ Ð Ê¦ÇvÃ
¿�Ã¡À©Ë ËD¼�½«¾Y×mº�� Ð ½m¾¦º Ô ¹äº?ÄXÆd×«ºy¾¦½�Ãy¼�½m¾X¿¡À©Á¦º�Â~º�Á�Æm¾IÈ'¾¦½«¾*¼�½m¾Y×mº��'¼�Æm¿¡º3¿¡À ¾X¼�º3À Ãy¿�º�º�Ì�¿!ÁvÀ���¼�Ç¦ËØÃ
Ã¡½á¼�½«¾X¿�Ã¡Â~ÇX¼sÃ�º��¦Æ�Ì'É¦Ë©º�Ñi½«Â�Þ9ÄXÀ©¼pÄ[º��vÀ©¿�Ã¡º�¾X¼�º-Æ�¾XÁ5Ç¦¾¦À��IÇ¦º�¾¦º0¿¡¿ Ð Þ9À Ã¡Ä%�¥À©Â¡Àg¼pÄ¦Ë©º�Ã'ÊL½«Ç¦¾XÁ¦ÆmÂ¡È
¼�½«¾XÁvÀ Ã¡À©½m¾X¿ Ð ¼�Æm¾*ÊWº�É¦Â~½�×mº0Á Ð Æ�ÃyË©º�Æm¿�Ã�ÑiÂ¡½«Ì$Ã¡ÄXº�À ¾vÑi½«Â¡Ì�Æ�Ã¡À©½m¾X¿�É¦Â~½�×YÀ©Á¦º�Á�À©¾áå Ó æ�Ô

��° ��°Q¯W° �+¸��L´W± 	�� ���D¶�	v²0¸Q´W± °'¹»ºâ¼�½«¾X¿�ÀgÁvº�Â'Ã¡Ä¦º�º�À©¼�½m¾XÆmË9º �IÇXÆ�Ã~À ½«¾[Þ9À Ã¡Ä Æ!�3À Â~À©¼pÄXË º�Ã
ÊW½mÇ¦¾XÁXÆ�Â~È-¼�½m¾XÁvÀ Ã¡À©½m¾�½«¾)Ã¡Ä¦º
À ¾¦¾Xº�Â+ÊL½«Ç¦¾XÁ¦ÆmÂ¡È*½�ÑBÃ¡ÄXº�Ümº�½mÌ'º�Ã~Â¡È-¼�½m¾L¿�ÀgÁvº�Â~º�Á)À©¾ ß À Ü«Ç¦Â~º �vÔ@W
ã Ä¦º?¿�½«Ë Ç¦Ã¡À©½m¾�Àg¿�¾X½�Ã¡ÄXÀ ¾¦Ü
Ì'½mÂ~ºyÃ¡ÄLÆ�¾�Ã~Ä¦º?ÁvÀ©¿�Ã~Æm¾X¼�º¥ÑiÇ¦¾X¼�Ã¡À©½m¾�Ã~½�Ã~Ä¦À©¿!ÊW½mÇ¦¾LÁ¦Æ�Â~È Ô � ¾ ß À©ÜmÇ¦Â~º
�vÔ � Ð Þ!º�¿�ÇXÉLº�Â¡À©Ì'ÉL½I¿�º?Ã~Ä¦º?ÏXÂp¿|Ã9½mÂpÁvº�Ây¿�½«Ë ÇvÃ~À ½«¾ Ð Ã¡ÄXº�¿�º0¼�½m¾LÁ#½«Â~Ávº�Â�Ç¦¾¦Ë©À Ì'À Ã¡º�Á�¿¡½mË©ÇvÃ~À ½«¾-Æm¾XÁ
Ã¡ÄXºyË À©Ì'ÀØÃ~º�Á'½«¾¦º ÔFã Ä¦Àg¿BÏXÜ«Ç¦Â¡ºy¿¡Ä¦½�Þy¿2Ã~ÄXÆ�Ã�Ã~Ä¦º9Ã|Þ!½�¿�º0¼�½«¾XÁ�½mÂpÁvº�Â�¿¡½mË©ÇvÃ¡À©½m¾L¿�¿�ÇXÉLº�Â¡À©Ì'ÉL½I¿�º9À©¾
Ã¡ÄXº
Æ�Â~º�Æ'Þ9ÄXº�Â~º�Ã¡Ä¦º�¿�½«Ë Ç¦Ã¡À©½m¾�Àg¿3¿¡Ì'½I½mÃ¡Ä Ð Ã¡ÄLÆ�Ã¥Ã~Ä¦º
ÇX¾¦Ë À©Ì'ÀØÃ~º�Á�º��vÄ¦À©Ê¦ÀØÃp¿¥¿¡Ë À©ÜmÄIÃ+½«¿~¼�À©Ë ËgÆ�Ã~À ½«¾X¿

� �
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Frame 001  4 Apr 2006  Unstructured
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Æm¿�º��vÉLº0¼sÃ¡º0Á Ô�ã Ä¦º�È#Æ�Â~º+Ã¡½�ÃpÆ�Ë©Ë È*¼�Ç¦Â~º�Á*ÊYÈ�Ã¡ÄXº�Ë À©Ì'ÀØÃpÆ�Ã¡À©¾¦Ü'É¦Â~½v¼�º�Á¦Ç¦Â¡º Ô

��° ��° ��° ��± 
T´��Ö´ � �Y± �Y´L¶ �?· 	
��� ° ã Ä¦º3É¦Â~½mÊ¦Ë©º�Ì À©¿�Ã¡½
ÏX¾XÁ
u
À ¾

Ω = [0, 1]× [0, 1]−C
Þ9Ä¦º�Â¡º

C = {(x, y) ∈ [0, 1/2]× [0, 1/2]
Æm¾XÁ

(x− 1/2)2 + (y − 1/2)2 ≥ 1} Ð ¿¡½mË©ÇvÃ~À ½«¾*½mÑ

ψ(Du) − 1 = 0
À©¾

Ω
Æ�¾LÁ

u = 0
½m¾

∂Ω.
Ò �¦Ô �«Õ

Ú ¾ Ò �¦Ô � Õ Ð ψ Àg¿9Ávº�ÏX¾Xº�Á)Æm¿

ψ(p) =





||p||2 + 1

2

ÀØÑ ||p|| ≤ 1

||p|| º�Ë©¿¡º Ô
nst



Ú ¾ Ã~ÄXÆ�Ã)¼�Æm¿¡º Ð Ã~Ä¦ºâÃ~Ä¦À©Â~Á ½«Â~Á¦º�Â*Æ«¼�¼�Ç¦Â~Æ�Ã¡º�À©¾IÃ¡º�Â~ÉW½mËgÆ�¾IÃ#½�Ñ�å � � æ Àg¿#ÇL¿�º0Á Ð ¿¡º�º�¿¡º�¼�Ã¡À©½m¾ 	LÔ � Ð
ÈYÀ º�Ë©Á¦À ¾¦Ü[ÆÙÑi½mÂ~Ì�Æ�Ë©Ë È[Ã¡ÄXÀ ÂpÁ ½mÂpÁvº�Â#Æm¼�¼�Ç¦ÂpÆ�Ã~ºâ¿�½«Ë ÇvÃ~À ½«¾ Ô � Ç¦Â*É¦Ç¦Â~ÉL½I¿�ºäÀ©¿#¾¦½�Ã*Ã¡½r¼pÄ¦º�¼��rÆ
Ã¡ÄXÀ ÂpÁ�½mÂpÁvº�Â¥Æm¼�¼�Ç¦ÂpÆ�Ã~º�º�Â~Â¡½«ÂyÊLº�ÄXÆd×YÀ ½«Â Ð Ê¦ÇvÃ3Ã¡½*¿¡Ä¦½�Þ`Ã¡ÄLÆ�Ã3½mÃ¡Ä¦º�Â¥À©¾IÃ¡º�Â~ÉW½mËgÆ�Ã¡À©½m¾-Ã~º�¼pÄ¦¾¦À��IÇ¦º�¿
Æ�Â~º
ÉW½«¿~¿¡À Ê¦Ë©º
Æm¾XÁ�Ã~º
Â~º�¿¡Ç¦Ë Ã¡À©¾¦Ü)¿¡¼pÄ¦º�Ì'º
Àg¿+¿�Ã¡À©Ë©ËF¿¡À©Ì�ÉXË º
Ã¡½-À Ì'É¦Ë©º�Ì'º�¾«Ã Ô�ã Ä¦º�×mº�¼�Ã¡½«Â DH À©¿
¼pÄ¦½I¿�º�¾âÃ¡½)ÊWº Duh

||Duh||
Æm¿+À©¾äÃ~Ä¦º'Ä¦½mÌ'½«Ümº�¾Xº�½mÇL¿3¼�Æm¿¡º�ÊWº�¼�Æ�ÇX¿¡º

ψ′ ≥ 0
Ô'ã Ä¦º'Ì'º�¿¡ÄäÀg¿?×mº�Â¡È

¼�Â~ÇXÁvº Ð ¿�º�º ß À©ÜmÇXÂ¡º �vÔ � Ô
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 � � � � �

Ú ¾ ß À©ÜmÇ¦Â~º �vÔ©Ó�� Ð Þ!º�ÄXÆd×«º�É¦Ë ½mÃ�Ã~º�Á)Ã~Ä¦º�ÏXÂp¿�Ã¥½mÂpÁvº�Â Ò � Æ�� ß Â~À º0ÁvÂ¡Àg¼pÄ Õ Ð Ã~Ä¦º
¿¡º�¼�½m¾XÁ-½mÂpÁvº�Â
Ç¦¾¦Ë©À©Ì�À Ã¡º0Á�Æm¾XÁ�Ã~Ä¦º
Ê¦Ë©º�¾LÁvº�Áä¿�½«Ë ÇvÃ~À ½«¾ Ô � ¾ ß À Ü«Ç¦Â¡º �vÔ©Ó�� Þ!º
ÄLÆd×mº
ÉXË ½mÃ�Ã¡º0Á)Ã¡ÄXº�¿¡½mË©ÇvÃ¡À©½m¾�½�Ñ
),7�7 Ã~Ä¦º�Ávº�ÜmÂ~º�º�¿!½mÑ�ÑiÂ~º�º�Á¦½mÌ Ô

ß À Âp¿�Ã!Þ!º+¿¡º�º?Æ�×«º�Â~È�¼�Ë©º�Æ�Â�À©Ì'É¦Â¡½�×«º�Ì'º�¾IÃ�½mÑ�Ã~Ä¦º+¿¡½mË©ÇvÃ~À ½«¾#ÊWº�Ã|Þ!º�º�¾#Ã¡Ä¦º+ÏXÂp¿�Ã�½mÂpÁvº�Â!Æm¾XÁ
Ä¦À©ÜmÄ¦º�Â9½mÂpÁvº�Â9¿¡½mË©ÇvÃ¡À©½m¾ ÔFã ÄXº�Â¡º0¿�½«Ë ÇvÃ~À ½«¾#½mÑFÁvÀg¿~¼�½m¾IÃ~À ¾YÇ¦À Ã¡À©º�¿�Àg¿�×mº�Â¡È#¿¡ÄXÆmÂ¡É Ô

ã Ä¦º
¿¡º�¼�½m¾XÁ-½«Â~Ávº�Ây¿�½«Ë Ç¦Ã¡À©½m¾�Àg¿yÆ�Ë©Â¡º0ÆmÁvÈ*×mº�Â¡È�Ü«½Y½YÁ Ô ¹»º�ÄXÆd×«º�¿�Ì�Æ�Ë©Ë�Þ9À©ÜmÜ«Ë º0¿ Ð ½«ÂyÞ9ÄXÆ�Ã
Ë©½I½ �v¿�Ë À
�mº�¿¡Ì'ÆmË ËDÞ9À©ÜmÜ«Ë º0¿ Ô

��° �
´W±T· �Q¶ ��¸�´L±����§¶T³0²�
��I³ �
´X³ � ° Ú ¾#Ã~Ä¦Àg¿�ÉXÆ�ÉWº�Â Ð Þ�º+ÄXÆd×«º3É¦Â~º�¿¡º�¾IÃ~º�Á#Æ�Ü«º�¾¦º�Â~ÆmËWÆm¾XÁ
¿¡À Ì'É¦Ë©º9Ì'º�Ã¡ÄX½YÁ
Ñi½«ÂBÀ ¾X¼�Â¡º0Æm¿¡À ¾XÜ¥Ã~Ä¦º9½mÂpÁvº�ÂF½mÑWÆm¼�¼�Ç¦ÂpÆm¼�È�½�ÑD¿¡¼pÄXº�Ì'º�¿2Ñi½«ÂFÏXÂ~¿�ÃB½mÂpÁvº�Â �3Æ�Ì'À Ë Ã¡½«¾
� Æm¼�½«Ê¦Àmº �IÇXÆ�Ã~À ½«¾X¿ Ô�Ú Ã2Â~º�Ë©À º0¿�½«¾
Æ¥¿¡À Ì'É¦Ë©º�ÊXË º�¾XÁvÀ©¾¦Ü3½mÑXÆyË©½�Þá½mÂpÁvº�Â2Æ�¾XÁ�Æ¥Ä¦À©ÜmÄ�½«Â~Ávº�ÂT¿~¼pÄ¦º�Ì'º Ô
ã Ä¦º9¿�Ã¡Â~ÇX¼sÃ~Ç¦Â¡º�½mÑXÃ¡ÄXº!ÊXË º�¾XÁvÀ©¾¦Ü?ÄXÆm¿FÊWº�º�¾�¿�Ã¡ÇXÁ¦À º0Á�¿¡½3Ã¡ÄXÆ�Ã2Ã~Ä¦º9½mÂ~À©ÜmÀ©¾XÆ�ËY¿|ÃpÆ�Ê¦À©Ë©ÀØÃ|È�ÉXÂ¡½«ÉLº�Â�Ã~À º0¿
½�Ñ�Ã¡Ä¦º�½«Â¡À©ÜmÀ©¾XÆmËTÏLÂ~¿�Ã�½mÂpÁvº�Â�¿~¼pÄ¦º�Ì'º�Æ�Â~º �mº�É¦Ã Ô�ã Ä¦º'Ì�Æ�À©¾ÙÁvÀ���¼�Ç¦ËØÃ|ÈäÀ©¿+Ã~½�¼�½m¾L¿|Ã~Â¡ÇX¼�Ã�Ä¦À Ü«Ä
½mÂpÁvº�Â*¿~¼pÄ¦º�Ì'º�¿�Ã¡ÄXÆ�Ã)ÆmÂ¡ºä¿|ÃpÆ�Ê¦Ë©º�À©¾bÆ5Ì�º0Æ�¾¦À©¾¦Ü5Ã¡½5ÉXÂ¡º0¼�Àg¿�º Ô ¹»ºäÄXÆd×«ºâÉ¦Â~º�¿¡º�¾IÃ¡º0Á ¿¡½mÌ'º
º��¦ÆmÌ�ÉXË º0¿ Ð Ê¦Ç¦Ãy½mÇ¦Â9º��vÆmÌ'É¦Ë º0¿9Æ�Â~º+¼�Ë º0Æ�Â~Ë È#¾¦½�Ã9½mÉ¦Ã¡À©Ì'ÆmË Ô

ã Ä¦Àg¿�Þ!½mÂ���¼�Æ�¾�ÊWº¥º��IÃ~º�¾XÁ¦º�Á'À©¾�Ã|Þ�½
ÁvÀ Â~º�¼�Ã¡À©½m¾X¿ ÔFã Ä¦º9ÏXÂp¿|Ã!½m¾¦º¥À©¿�Æ�ÊW½mÇvÃ�Ã~Ä¦º3¼�½m¾X¿�Ã¡Â~ÇX¼��
Ã¡À©½m¾[½�Ñ¥ÊWº�Ã¡Ã¡º�Â�ÄXÀ Ü«ÄÖ½mÂpÁvº�Â'¿~¼pÄ¦º�Ì'º�¿ ÔÙã Ä¦º�Â~º#Àg¿�Ë ½mÃ~¿
½�ÑyÝLº��vÀ ÊXÀ Ë©ÀØÃ|ÈÙÀ©¾ÖÃ~Ä¦º)¼�½m¾L¿|Ã~Â¡ÇX¼�Ã¡À©½m¾ Í

n0q



ß À Âp¿�Ãy½mÂpÁvº�Â Ð u ∈ [0, 0.4364]
� º0¼�½m¾LÁ*½«Â~Á¦º�Â Ð u ∈ [0, 0.4922]

Û Ë º�¾XÁvº0Á-¿¡½mË©ÇvÃ~À ½«¾ Ð u ∈ [0.4848]
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Ã¡ÄXº�½m¾¦Ë©Èä¼�½m¾X¿�Ã¡ÂpÆ�À©¾IÃ�À©¿�Ã¡Ä¦º#¼�½m¾X¿¡Àg¿|Ã~º�¾X¼�Èâ½�Ñ�Ã¡ÄXº�Ä¦À©ÜmÄá½mÂpÁvº�Â�¿~¼pÄ¦º�Ì�º Ð Ã~Ä¦º�Â~º�Àg¿�¾¦½�¼�½m¾X¿¡º�Â �
×�Æ�Ã~À ½«¾YàIÂ~º�ËgÆ�Ã~º�ÁÖ¼�½m¾X¿�Ã¡ÂpÆ�À©¾IÃ~¿�Æm¿
Ñi½mÂ�¼�½«¾X¿¡º�Â~×dÆ�Ã¡À©½m¾Öº �IÇXÆ�Ã~À ½«¾X¿'¿�À©¾X¼�º*Ã¡ÄXº�¿¡º)¼�½m¾X¿�Ã¡ÂpÆ�À©¾IÃ~¿�Æ�Â~º
Ì'º�Æm¾¦À ¾XÜmË©º�¿~¿ Ô �¥ÇXºyÃ¡½
Ã¡Ä¦º+Ümº�¾¦º�ÂpÆ�Ë©À Ã|È
½�Ñ�½«Ç¦Â�Ì'º�Ã¡Ä¦½vÁ Ð Þ!º3¼�Æm¾#ÆmÁXÆ�ÉvÃ�À Ã�½�Ñ�Ê¦Ë©º�¾XÁ�Ë ½�Þh½mÂpÁvº�Â
¿~¼pÄ¦º�Ì'º
Æm¾XÁ �3À©¿~¼�½«¾«Ã~À ¾YÇ¦½«ÇX¿|à � Æ�Ë©º�Â��YÀ ¾-Ë©À��«º
¿¡¼pÄXº�Ì'º�¿3¿�ÇX¼pÄäÆm¿9Ã~Ä¦½«¿¡º�½mÑyå Ó 	 Ð ��� æ§Ô¥ã Ä¦Àg¿¥Þ9À©Ë Ë
ÊWº�Áv½m¾¦º?À©¾�Æ
ÑiÇ¦Ã¡Ç¦Â~º�Þ�½«Â � Ô

ã Ä¦º�¿¡º�¼�½m¾XÁ-ÁvÀ©Â¡º0¼sÃ¡À©½m¾-Àg¿9Æ�ÊW½mÇvÃyÇ¦¾L¿|Ã~º�ÆmÁ¦È�É¦Â~½mÊ¦Ë©º�Ì�¿ Ô Å�½«¾X¿¡À©Ávº�Â

∂u

∂t
+H(x, u,Du) = 0,

Þ!º?¼�Æ�¾-É¦Â~ºsàYÁ¦À©¿~¼�Â~º�Ã~À�
�º3À ÃyÀ ¾-Ã~À Ì'º?ÏXÂp¿|Ã Ð Ñi½mÂ9º��¦Æ�Ì'É¦Ë©º+ÊYÈ#Á¦½mÀ©¾¦Ü

3

2
(un+1 − un) − 1

2
(un − un−1) + ∆tH(x, un+1, Dun+1) = 0

Þ9Ä¦Àg¼pÄÙÀ©¿
Æ�¿�º0¼�½m¾LÁä½«Â~Á¦º�Â�À©¾áÃ¡À©Ì'º#Æ�É¦ÉXÂ¡½��vÀ©Ì'Æ�Ã¡À©½m¾ä½�Ñ�Ã¡Ä¦º�Ã¡Â~Ç¦º�É¦Â~½mÊ¦Ë©º�Ì Ô-ã Ä¦À©¿
º �IÇXÆ�Ã¡À©½m¾
¼�Æm¾�ÊLº�¿�º�º�¾âÆ«¿¥Æ�¿�Ã¡º0ÆmÁvÈ �¥ÆmÌ�À©Ë Ã¡½m¾và � Æm¼�½«Ê¦À�É¦Â~½mÊXË º�Ì À©¾�Ã¡ÄXº
×�Æ�Â~À©ÆmÊ¦Ë©º

v := un+1
Ô � Ã¡ÄXº�Â Ð

n �



Æ�¾LÁ#Ì'½mÂ~º�Æm¼�¼�Ç¦ÂpÆ�Ã~º3É¦Â~º���ÁvÀg¿¡¼�Â¡º�Ã¡Àg¿¡Æ�Ã¡À©½m¾ Ð Ë©º�Æ«ÁvÀ ¾XÜ
Ã~½'É¦Â¡½«Ê¦Ë©º�Ì�¿�Ë À
�mº

αun+1 + β∆tH(x, un+1, Dun+1)) = F ({uk, k = n, n− 1, . . . , n− k}) ≡ F (x)

Þ9À Ã¡Ä
α, β > 0 Ð º��vÀg¿|Ã Ô Û º�¼�Æ�ÇX¿¡º?½mÇ¦Â�Ã~º�¼pÄ¦¾¦À��IÇ¦º 9,;D7@+ ¾¦º�º0Á*Ã¡Ä¦º
¼�½m¾X¿¡Àg¿|Ã~º�¾X¼�È�½�Ñ2Ã¡Ä¦º��3Æ�Ì'À©Ë��
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