
HAL Id: inria-00114051
https://inria.hal.science/inria-00114051v1
Submitted on 15 Nov 2006 (v1), last revised 9 Feb 2007 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Quelques applications des contraintes l∞ en traitement
d’images

Pierre Weiss, Laure Blanc-Féraud, Gilles Aubert

To cite this version:
Pierre Weiss, Laure Blanc-Féraud, Gilles Aubert. Quelques applications des contraintes l∞ en traite-
ment d’images. [Research Report] RR-6115, 2006. �inria-00114051v1�

https://inria.hal.science/inria-00114051v1
https://hal.archives-ouvertes.fr


appor t  
de  r ech er ch e

IS
SN

02
49

-6
39

9
IS

RN
IN

RI
A/

RR
--?

??
?-

-F
R+

EN
G

Thème COG

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Some applications of l
∞-constraints in image

processing

Pierre Weiss — Gilles Aubert — Laure Blanc-Féraud

N° ????
November 2006





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	�	�������������������
�
l
∞ � ���
���������
����������� �!���
"
��	������#�$��������"

%'&)(+*,*!(.-/(0&21,1.3546&)727)(01�8�9�:;(0*=<>35?A@B9�*,(.CD7)@FE�GIH�JLK+*M@F9�N
OQPSR=TVU�W$X�Y[Z]\_^a`cbdR!TVU!`fe=gihijlkmbnkmop`

q;rdgistU�bn`$uArdkwvIjBv
xAvIySyFgirdbfz_U'rdU,e{PSU=r{e{PSU|j~}��,�M�M��Z��Ag��iU!T��FU=rA�I�+�i�'Z]�i�DylvihiU!`

�����!�=���S�i�i� X��lr$hig+vi��k�j�bnPSk�`fylvIyFU=rfkw`Qbng�hik��iU'vI��hig+rdk�bdPST�`#o�girATDk�jSk�TVk��!k�jSh�h+U=jSU!rdkweLrdU!hi�S�wvIrnk��=k�jSh
o��ljle�bnk�g+jlvI�w`��Sjlz_U!r;v

l∞ � e�g+jl`tbnrnvik�j0b,����Uf`dPSg� ¡bdPlvIb5TVvija^�e��wvi`n`ckwe=vi�aTDg_z_U!��`5�l`ck�jShLbdgibnvi�_�Mvirdkwv�bnk�g+je!vIj��BU�`tb{v�bdU,z��ljlz_U=rfbdPSkw`Qo�girnT�vI��k�`dT�5ufTVgijlh�gIbdPlU=r{`$vIrnUAbnPSU�x$�lzSk�j � XL`dPSU=r �£¢ v�bnU=TVk~TDg_z_U!�2¤lbdPSU
BV − l1

TDg_z_U!�2¤�bnPSU
BV − l∞

TVg_z_U=��vIjlz¦¥6U!^iU!r!§ `
e=vircbngagijF¨AbnU�©abd�SrnU�z_U!e=giTVyFg+`dkmbnk�g+jªTVg_z_U!�2�
OQPlU=j� #U'z_U,`de=rdk��BU'v�hiU!jSU=r{vI��e�g+ja�iU=rnhiU!j0b�vI��hig+rdk�bdPlT«bdg�`cg+���+U�`d�le{P�ySrdg+�S��U=T�`=�¬OQPSkw`$vI��hig+rdk�bdPlTk�`
bnPSULySrdgistU!e�bdU!z�`c�S�lhir{viz_k�U=j0b�zSU!`ne�U=j0b,���ªU�®ljlvI����^�hik��iUAja�STVU!rdkwe=vi�BrnU!`d�S��bn`;bdPlvIbQ`dPSg� ¯bdPlUL°0�lvi��k�bdk�U!`
vijlzD��k�TVkmb{`5gio~g+�Sr5TVg_z_U=�w`!¤0vijlzD #UQb{vie{±a��UQbnPSUA°0�SU,`tbnk�g+j�gIoFbdPSU��l`cU$gio~bdPSU$bngIb{vI�S��vIrnkwv�bdk�gijDbng�bdrnU!v�b
�Fgi�ljlz_U!z�jSg+k�`dU!`Q`d�le{P6vi`$°0�lvij+bnk��,v�bnk�g+j�jSg+k�`dUi�
²6³0´~µn¶�· ��¸��i�

l∞ � jlgirnT�¤IbdgIb{vI�S��virdkwv�bnk�g+j�TVk�jSk�TVk��!vIbdk�gij�¤+�Bg+�Sjlz_U,zVjSgikw`cU,`=¤+z_�lvI��k�bt^i¤+°0�lvij0bdk��!v�bnk�g+jjlgikw`cU+¤Se�giTVySrnU!`n`dk�g+j�jSg+k�`dUi¤_ySrngIstU,e�bnU!z�`c�S�lhir{viz_k�U=j0b$z_U!`ne�U!j+b,�



¹º��$��»Vº��$�¼�'	�	����=�#�������
���¾½��$�¼�#���������
�=�����$�
l
∞ �$�¿�����
�{���f���$���

½ÁÀt�=����"
�$�

Â�Ã �!Ä�Å Ã �AÆ vijl`5e=U$rnviySyBg+rcb¬z_U$rnU!e{PSU!rne{PlUi¤IjSg+�l`�ySrnÇ!`dU=j0bdg+jl`�yS���l`dk�U!�Srn`�TVg_z_R!��U,`5z_U$rnU!`cbnvI�lrnvIbdk�gij
g+�ÈzSUzSÇ!e�g+TVyBg0`ck�bdk�gij¯z�§ k�T�vIh+U!`�°0�Sk$g+j+b��wvÁylvIrdbdkwe��l��virdk�bdÇz_U�opvIk�rdU6viySylvIr{vMÉwbdrnU��SjSU6e�g+j+bnrnvik�j0bnU
l∞
�.�fg+�l`�TVg+j+bnrdg+jl`
°0�SUÊyl���l`dk�U=�Sr{`
TVg_z_R=��U!`De��wvi`n`dk�°0�SU,`'�_bdk���k�`nvIj0b��wv6��vIrnk�vIbdk�gijÁbngIbnvi��U�yBU!�S�iU!j+b
`!§ U�©_ySrnk�TVU=r�`cg+�l`
e�U=bcbnU�o�girnTVUi�q¬vIrnTDk�z�§ vI�_bnrdU,`=¤�jSgi�B`'rdU=bdrngi�S�+gijl`���UÊTVg_z_R=��U�z_U�x$�lz_k�j � XL`cPSU!r �
¢ v�bnU=TVk2¤;��U,`�TVg_z_R!��U,` BV − L1 U�b BV − L∞ ¤#vIk�jl`ckQ°0�SU���U�TVgazSR=��U�z_Uz_Ç,e�giTVyFg+`dkmbnk�g+jËz�§ �SjSUk�T�vIh+U�U=jËhiÇ!giTVÇ�bnrdk�U�U=b�bnU�©abd�SrnU�zSU�ÌD�5¥6U=^+U=r,�ª�Agi�l`DTVk�jlk�TVkw`cg+jl`D�SjSU�o�gijle�bdk�gijSjSU!����Ue�gija�+U�©_U
zSU�rnÇ=h+�S�wvIrnk�`nv�bnk�g+j�¤;`dgi�l`�e=gij0bdr{vIk�j0bdU!`

l∞
�Í�Agi�l`ÊTDg+j0bdrngijl`V°0��§ �SjSU.z_U,`de=U=j0bdU6z_U6`dgi�l` � h+rnv+z_k�U=j0bylrdgistU�bdÇ�yFU=rnTVU�b�z_U�rdÇ,`cg+�lz_rnU�e=U'ySrngi�S��R=TVU
z_U'T�vIjlk�R!rdU
e=gija�iU!rdh+U=j0bdU+�5�fgi�B`fz_gijljSgijl`$®ljlvI��U=TVU!j+b

yl���l`dk�U=�Sr{`�rdÇ,`c�S��bnvIbn`�ja�STVÇ=rnk�°0�SU,`�°+�lk_TDg+j0bdrnU=j0b�°0�SU!��°0�SU,`¬°0�lvI��kmbnÇ!`�U�b¬��k�TVk�bdU,`¬z_U!`�TVg_z_R=��U!`�Ç=bd�lzSk�Ç,`=�
�Agi�l`#®ljlk�`n`cg+jl`#ylvIrQTVgij0bdrnU=rQ°0�SUL��v���vIrnk�vIbdk�gij�bngIbnvi��ULj�§ U!`cb�yBvi`#bdg+��stgi�Sr{`���v�o�gijBe�bdk�gijljSU=����UL�wv�yS���l`
v+zSvIySbdÇ=U
ÎV�wvVrnÇ=hi�l��virdkw`dvIbdk�gij�z�§ k�T�vIh+U!`$U!j+b{Ïie{PSÇ!U!`$z_U��Srd�lkmb{`$�Bg+rdjlÇ!`
Ðp�Srd�lkmb{`Az_U
e=giTVySrnU!`n`ck�gijBÑ�¤SU�b
°0�SU'z_U,`Qo�gijBe�bdk�gijljSU=����U,`Q��kw`n`dvij+bnU!`�yFU=�S�+U=j0bAz_gijljSU=rfz_U,`QrdÇ,`c�l�mb{v�bn`Qyl���l`A`dvIbdkw`topvik�`nvIj0bn`!�
ÒÓ· �,� µ �iÔ Ã �Õ� jSg+rdTVU

l∞
¤ATVk�jSk�TDkw`nv�bdk�gijÕz_U��wvÖ��virdkwv�bnk�g+j×bdgibnvI��Ui¤A�Srd�lkmb{`��FgirnjSÇ,`=¤f�lrd�Sk�bn`z_U

e=giTVySrnU!`n`ck�gij�¤0�lrd�Sk�bn`$zSU
°+�BvIj0bdk�®Be=vIbdk�gij�¤SzS�lvI��kmbnÇi¤Sz_U,`de=U=j0bdU'z_U
`dgi�B` � hir{viz_k�U=j0b�ySrdgistU�bnÇ



Ø�Ù�Ú�Û�Ü{ÝiÝ~Þàßpá{Ü�â)ßpÙ�ãSäVÙtå
l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �

êÓ�������$�����

ëíì�î �!� · ¸�Ä��I�,ï · î ð
ñóò · �!�_�,ï · î �V� î ¸×¸ ³+ô î ï��!ï · î � õ
�S��öó\_yBU,e�k�®Be�jSgIb{v�bnk�g+jl`Ê�'���'���'���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� �
�S� �÷xfU!e=vi���w`QgIo¬e�g+ja�iU�©�vijlvI��^_`ckw`ø���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ù
�S� � Æ kw`de=rdU=bdk��!v�bnk�g+j�gio�bnPSU'z_k�úFU!rdU!j+bnk�vi��giyFU=r{v�bngir{`û�'���'���'�L�'���'�'���'���'���'�'�L�'� ü

ýÿþ�� ïp�!� ³ î � ³ � î ¸ÍÄ î ï���Ä ³ î ³ �,� ·�� ��� ³ � · ÔpÄ��!ï · î � ·��
	 � · ��Ô ³ Å�� ë�pë�� �
�l��ö��5©akw`cbdU=jBe�U'gIo¬vV`cg+���Sbdk�gij���'���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� �
�l� �÷�Agij�SjSkw°0�SU=jlU!`n`QgIo�bnPSU
`dgi���_bdk�gijl`.�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� �
� Â�³�� ï ³0¶ ·�� ��� ³�	 � ·��,³ �I� ³ ¸Í�!Ä����l���S¸�ï ³ î ��¸ ³ �,� ³ î � ë��� ��ö OQPlU'ySrdk�jle=k�yS��U�gIo�bdPSU
vi��h+girnkmbnPSTø�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö+ö� � � �Ag� ÍbngÊe{PSg+`dUAbnPSU
`dU!°0�SU=jBe�U {tk} � �'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö+ö� � �÷q;rdg+hir{vITVTVk�jShVvi`dyFU!e�b{`$vIjlz�e�g+TVyS�_bdk�jShVbnk�TVU6�'���'���'�L�'���'�'���'���'���'�'�L�'� öM�
ð � î ³+¶ � · ÔpÄ��!ï · î � ·¦Ò|³0´F³ ��!��D�+�_�M� ·�· î#" � ³ � �,Ä�� ³ ¸ ³ � · Å 	;· �!ïp�!ï · î 	 � · ��Ô ³ Å ëaý$ ��ö u[�lrdk�U�o�ySrnU!`dU=j0bnvIbdk�gij�gio�bnPSU'TVg_z_U=�Ê�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö,�$ � � W#�lrdrnU=j0b$ja�STVU=rnk�e!vI��vIylySrdg0vie{PSU,`D�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö �$ � �÷q;rdk�jle�k�yS��U
vIjlz�k�TDyl��U!TDU!j0bnv�bnk�g+jgIo�g+�Sr$TVU�bnPSg_z �'���'�L�'���'�'���'���'���'�'�L�'� ö $$ � � �A�STVU=rnk�e!vI��k�TVyS��U!TVU=j0bnvIbdk�gij¯���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö,�$ � $ xfU!`d�S�mb{`Q���'�L�'���'�'���'���'���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö�ù
õ&%��!ï î �Á¸�Ä��lÔpï�� ´ � · � · Ô �B³

lp
	 � · ��Ô ³ ÅÖ� ë�'

�l��ö OQPlU
BV − lp

TVg_z_U=�~���'���'���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� ö,ü
�l� �÷OQPlU

BV − l1
TVg_z_U=�����'���'���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� �+�

(*) ��ïp�+� 	 ��ï · � �£· �Ê� · Ä î ¸ ³ ¸ î · ï2� ³ �-, ñ.�
ù_��ö*/AjSkw°+�lU=jSU,`d`$gio�bnPSU
`cg+���Sbdk�gij[���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� � �
ù_� � /AjSk�o�girnT¾ $PSk�bdU'jSg+k�`dU10�bdPSU32QvM^+U!`dk�vij'st�l`cbdk�®Be=vIbdk�gij¯���'�L�'���'�'���'���'���'�'�L�'� � $
ù_� � 4��BvIj0bdk��!vIbdk�gij�jlgikw`cU�rnU=TVg���vI�ø�'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� � $
ù_� � �A�STVU=rnk�e!vI��z_U=bnvik��w`.�'���'���'���'�'�L�'���'���'�'���'���'�L�'���'�'���'���'���'�'�L�'� �+�
' 5 · î �+ÔpÄ��!ï · î ý��
� � 	6	;³ î ¸�ï � ý�ë

76798-:<;�=?>A@CBEDAFEGCHAI



� J Û=ßwänäCKML�N<O{Û=ç�âPK6QfÞ�Ü�ã~á æ�RTS çdÜ-N<U

VXWM7YV[Z



Ø�Ù�Ú�Û�Ü{ÝiÝ~Þàßpá{Ü�â)ßpÙ�ãSäVÙtå
l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé $

\ ] ��������½�º��;�����
�
^ jÁbnPSkw`
ylviyBU!r� �U�vIrnU�k�j0bnU=rnU!`cbdU!zªk�j¡v6e��wvi`n`'gioQk�T�vIh+UÊrdU,`tbngir{v�bnk�g+jªvijlz¦z_U!e=giTVyFg+`dkmbnk�g+jªTVg_z_U!��`
bnPlv�bAe!vIj��BU' $rnk�bcbdU!j��ljlz_U=rfbdPSU'h+U=jSU!rnvi�Bo�g+rdT_0

inf
u∈K

J(u)
Ðcöi��ö,Ñ

 $k�bdP
K
z_U�®BjSU!zvi``0

K = {u ∈ Z, ||u − f ||∞ ≤ α} Ðcöi� �iÑ
�AU=rnU

f
kw`¬v�h+k��+U=jDgi�l`dU=rn�iU,z�zSvIbnvl�

Z
e=vij�rnU=ylrdU,`cU!j+b5vij0^'gioBbnPSUQbt �g�zSk�`ne�rnU�bnUQ`dylv+e�U!`T0

X = a ng+r
Y = X ×X

�
X
kw`�bdPSU'z_kw`de=rdU=bdU�`cyBvie�ULgIo�k�T�vihiU!`�Ðpk�j� $PSkwe{P�e!vi`dU

n = nxny
kw`#bdPSU�ja�ST��FU=r$gio

ylkm©_U=�w`{Ñ��
Y
kw`Qv�zSk�`ne�rnU�bnU�`dylvie=U�gio

2−D
�+U!e�bdgir#®lU!��zS`�Ð�bt^0ylk�e!vI����^Vhir{vizSk�U!j+b{`nÑ�� ¢ k�jlvI����^i¤ J : Z → akw`$vVe�g+j0�+U�©�o��SjBe�bdk�gij��

^ j>bdPSUD��vi`cb���kmbdbdU=r{v�bn�SrnU�z_U!�igIbnU!zbng�z_U!jSgikw`dk�jSh�bdU,e{PSjSkw°+�lU!`��0^g+y_bdk�TVk��,v�bdk�gij�¤Bo�U! |TVg_z_U=�w`Ak�j �e=girnyBg+rnvIbdU
l∞ � jSgirnT�`=�#X�jlU'gIo�bdPSU'rnU!v+`cg+jl`�k�`QbnPlv�bAbdPSU l∞ � jSg+rdT¾k�`$jlgIbAz_k�úFU!rdU!j0bdkwvI�S��Ui¤lvijlz�bdPa�l`zSkcbÊe��l�mb$bngDPBvIjlz_��U��BgibdPja�STVU=rnk�e!vI����^Êvijlz�bdPSU!girnU�bdkwe=vi����^i���ªU' $k�����`dPSg� ×bdPlrdg+�ShiPSg+�_bQbdPSkw`QylviyBU!r!¤

bnPlv�b$g+�SrQo�girnT��S�wv�bnk�g+j�v+e�bd�BvI����^Êe=g��iU=r{`�v� $kwz_U�r{vIjSh+U�gio��l`dU�o��S��vIySyS��kwe=v�bnk�g+jl`!�Md�U�bf�l`Qh+k��+ULvD�Srnk�U=o
g��+U=rn�ak�U! '�
¢ k�rn`cb!¤I $PlU=jVz_U!vi��k�jShL $kmbnP�jSg+k�`dU!`�gioB�Fgi�SjlzSU!zDvITVyS��kmbn�lz_Ui¤IbdPSUf¥.vI©_k�T��ST|vAq�g0`tbnU=rnk�g+rdk~Ðp¥.uAq#Ñylrdk�jle�k�yS��U6jlv�bn�Sr{vI����^Ö��U!v+zS`Dbdg¦g+y_bdk�TVk��,v�bnk�g+jÈylrdg+�S��U!T�`V $kmbnP

l∞ � e�gijB`tbnrnvik�j0bn`!�Í\a�le{P¯jSg+k�`dU!`Do�rnU �°0�SU!j0bd��^ÊvIySyFU!virQvIoèbdU!rQe=giTVySrnU!`n`ck�gij�� ¢ girQk�jB`tb{vIjle=ULk�j0bdU!jl`ck�bt^�girQ QvM�iU!��U=b�e�gaUeb�e=k�U!j0b$°0�lvij0bdk��!v�bnk�g+j��U!v+zÊbng�`c�le{P�Fgi�SjBz_U!z�jSg+k�`dU!`!�¬OQPSk�`Q $k������BU�bnPSU�bdg+ySkwe�gio�`dU!e�bdk�gijÁÐ
7
Ñ��

OQPSU�TVgazSU=��Ðtöi��ö!Ñ5k�jle=���Bz_U!`�vIjSgibdPSU!r#e=��v+`d`¬gio�vIySyl��kwe=vIbdk�gijl`¬gio�hirnU!vIb;k�j0bnU=rnU!`cb;k�j�k�T�vIh+UfySrng_e�U!`n` �k�jShB�5¥.vIja^�TVg_z_U!��`Q�l`dU�bdPlU�bdgIb{vI����virdkwv�bnk�g+j�v+`$vVySrdk�girQg+j�bnPSU'k�TVvihiU,`=�5OQPSkw`f°0�lvij+bnkmbt^�`cg+TDU!PSg� 
TVU,vi`d�SrdU,`�bnPSU$g+`ne�k�����vIbdk�gijl`�gIo~vIjDk�T�vIh+Ui�6^£b� Qvi`�k�j0bdrngazS�le�U,z��a^
x$�lzSk�j�¤_XL`cPlU=r¬vIjlz ¢ vIbdU!TDk�Ð2xfX ¢ Ñk�jgf �i�+h�v+`$vVrdU!hi�S�wvIrnk��!k�jlhDe=rdk�bdU!rdk�gij�o�girfk�T�vIhiU'z_U!jSgikw`dk�jShB�i^£bn`$T�vik�jk�j+bnU=rnU!`cb$��k�U!`$k�j�bdPSU
opvie�b$bnPlv�b
k�b5rnU=hi�l��virdk��=U,`�bnPSU$k�TVvihiU,`� $kmbnPSgi�_b5�l���Srnrnk�jShLbnPSU$U!z_h+U!`!�M/�`ck�jShLbdPlUQbdPSU!girn^
gIo�z_�lvi��k�bt^jf�ö!�+h£¤i �U$e=vij
`dPSg�  bdPBv�b�TVk�jSk�TDk��=k�jSh�bdPSU�bdgibnvI����vIrnk�vIbdk�gij6�SjBz_U=r�v

lp � e�gijB`tbnrnvik�j0b!¤Fe=vij.�BU�rdU=o�girnT��S�wv�bnU!z�SjBz_U=ro�g+rdT�Ðtöi��ö!Ñ��;OQPSkw`QyBg+k�j0bfkw`$z_U�b{vIk�����U!z�k�j`dU!e�bdk�gijÁÐ
6
Ñ��

ÌD��¥6U!^iU=r'k�jkf�ö!ü+h;k�jl`dySk�rdk�jSho�rngiT bnPSUÊTVg_z_U=�;gIofx$�lz_k�j�¤5XL`cPlU=r
vIjBz ¢ v�bnU=TVklf �I�+h£¤�ySrdg+yBg0`cU,zvVjlU= [TVgazSU=��bng�z_U,e�giTVyFg+`dU�bdPSU�k�T�vihiU!`Qk�j0bdgÊylk�U,e�U= $kw`dU�`cTVgagIbnP�o��Sjle�bnk�g+jl`�Ð�bdPSUDe=vircbng0g+jgIo�bdPSU
k�T�vIh+U!`{Ñ�vijlzªg+`ne�k����wv�bnk�jlh�o��ljle�bnk�g+jl`ÊÐèbnPSU�bnU�©abd�SrnU�gir'jlgikw`cUMÑ��Ê�ªU� $k����;`dPSg�  k�j¦`dU!e�bnk�g+jÈÐ

5
ÑLbnPlv�b

bnPSkw`$TVgazSU=��e=vij�vi��`dgV�BU'rnU�o�g+rdT��S�wv�bdU,zÊ�SjBz_U=r$o�g+rdT�Ðtöi��ö!Ñ��
\ag+���ak�jShÊySrngi�l��U!T Ðcöi��ö!Ñ$ja�STVU!rdkwe=vi����^�kw`�jSgIb�vIj6U!v+`c^�bnv+`c±~�AOQPlU�z_g+TVvik�j

K
Plvi`�jSg+j.`cTVgagIbnP

�Fgi�ljlzSvIrn^.vIjBz> �UVTVvi±iUVjSg6vi`n`d�STVy_bdk�gijl`Lgio�z_k�úFU!rdU!j0bdkwvI�Sk���k�bt^.g+j
J
�ÊOQPSUVySrngIstU,e�bdU,z�`d�S�Sh+rnv+z_k �U!j0b�z_U!`ne�U!j+b�TDU=bdPSg_zmf � $ h�k�`�v6yBg� �U=rdo��S��bng0g+�5bng.`cg+���+UÊ`c�le{PÁh+U=jSU!rdkweVySrngi�S��U=T�`!���ªUÊrdU!�ak�U! /k�bn`

ylrdg+yBU!rcbnk�U,`¬gIo�e�g+j0�+U=rnhiU!jle�UQvIjlzVg+y_bdk�T�vI��kmbt^DvIjlz�`dPSg� ÈPSg� Ëbdg
vIylyS��^Dk�b5bdg'bnPSUAvi�Bg��+U�TVU!j+bnk�g+jSjSU,z
ylrdg+�S��U!T�`=�

76798-:<;�=?>A@CBEDAFEGCHAI



� J Û=ßwänäCKML�N<O{Û=ç�âPK6QfÞ�Ü�ã~á æ�RTS çdÜ-N<U

¥.vija^¦gIoAbnPSUk�zSU!vi`Vylrdg+yBg0`cU,z¦k�jËbdPlk�`�yBvIyFU=r�vIrnU�jlgIb�jSU= '�ÈOQPSgi�lhiP¡ �U6e��wvIk�T bdPlvIb�`cg+TVU
g+rdk�hik�jlvi��e=gij0bdrnk��l�_bdk�gijl`�virdUDySrnU!`dU=j0b'k�j�bdPSkw`'ylviyBU!r!�1/A`dk�jSh�v�ySrngIstU,e�bnU!z>`d�S�Sh+rnv+z_k�U=j0b�zSU!`ne�U=j0b�bdg
g+y_bdk�TVk��!U¬jSgijBz_kmú~U=rnU=j0bnk�vi�S��U�o��ljle�bnk�g+jlvI�w`�gio0k�T�vIhiU¬ylrdg_e�U,`d`dk�jShQ �v+`�jSgIb{vI�S��^Aylrdg+yBg0`cU,zAk�jnf�ö,�_¤iö�ù0¤!�-h)�
X��lrÊT�vIk�j e�g+j+bnrdk��S�_bnk�g+j¯PSU=rnU.TVk�h+P0b��FU>vIjÍU,vi`dk���^¡k�TVyS��U=TVU=j0bnvi�S��U�z_U=®ljSk�bdk�gij×gIo'bnPSU>z_kw`ne�rnU�bdU
`d�S�Sh+rnv+z_k�U=j0bn`!¤_vIjlz�vDrdU,vI��k�`cbdkweLrdU!�0k�U= ÕgIo�bdPSU
°0�lvi��k�bdk�U!`$vijlz���k�TVkmb{`$gIo�bdPSkw`$TVU�bnPSg_z��
u���W#PlvIT��Bg+����Uk�jÈylviyBU!rof ù+h)¤Q`cg+���+U!zÖbdPSU6ySrngi�l��U!T gIo'x$X ¢ �l`ck�jSh¦z_�lvi��k�bt^i�m�fkw`�ja�STVU=rnkwe=vI�TVU=bdPSg_zÈk�`�`dPSg� $jËbdgÁ�FU.e�gija�+U=rnhiU=j0b,¤;vIjlzË �girn±a`Dk�jÈvi��TVg0`tb�rnU!vI�Qbnk�TVUpf ü+h£� \ak�jBe�UbdPlU=j×`cg+TVU

U=úFg+rcb{`$ �U=rnULT�v+z_U'bdg��B`cU�zS�lvI��kmbt^�k�j6TVg+rdU'h+U=jSU!rnvi��ySrdg+�S��U=T�`=��ufTVgijlh�gIbdPlU=rf �girn±_`=¤_��U�bA�B`Ae�k�bdU
bnPSUfylviyBU!r;�a^1ql�r2�U,e�b#vijlz�vI�)�
f �+hF $PSU=rnU$bnPSUAvI�SbdPSg+rn`¬h+U=jSU!rnvi��k��=UQbnPSUAvi��h+girnkmbnPSTÓgio�u��_W#PBvIT��Fgi����U
o�g+r�v¦ $kwz_Uªe��wvi`n`�gIo

l1 � ylrdg+�S��U!T�`Êk�jle����lz_k�jSh¡z_U,e�g+j0�+gi���_bdk�gij�¤�g+r��FU!`cb��lv+`ckw`�yS�lrn`d�Sk�b!�ÓuAjSgIbnPSU=rh+U=jSU!rnvi��k��!vIbdk�gij Qvi`fh+k��+U=j6�a^6O�� ¢ ��W#PlvIj>U�b!��vI�)�fk�jsf �+h£¤F �U=rnU'bnPSUDvi�_bdPlgir{`f�l`dU�z_�lvi��k�bt^�bdg�`cg+���+U`dgiTVU�ySrdg+�S��U=T�`Ak�ja�ig+���ak�jSh�`dU!e�g+jlz6g+rnz_U!rArnU=h+�S��virdk��=k�jSh�o��ljle�bnk�g+jlvI�w`=�`^ j.�FgIbnP> �girn±_`$bdPlgi�Sh+P�¤~bdPSU
vi�_bdPlgir{`¬vIrnUfe�gijB`tbnrnvik�jSU,z
bng
�l`dU

l2 � zSvIbnvL®BzSU=��kmbt^�bdU!rdT�`!�¬X��Sr#e�gij0bnrdk��S�_bnk�g+jDPlU=rnUi¤ikw`¬bnPlv�b# #Uf`dPSg� Plg� Íbdg�viySyS��^�z_�lvi��k�bt^Êo�g+rfvIja^
lp � jlgirnT��

x$U,e�U!j+bn��^Ë`cg+TDU6vi��h+girnkmbnPST�`��B`ck�jShªbdgibnvI�$��virdkwv�bnk�g+j¡ �U=rnU�ySrngiyFg+`dU!zÖbdgÁrnU!z_�le=U�bdPSU.vircbnkmopv+e�bn`
rnU!`d�S��bdk�jShÁo�rngiT bnPSU>e=giTVySrnU!`n`ck�gij¯vI��hig+rdk�bdPST�`!�Õ\~��O�r{vITVk�jSkfU�b,� vi�2� k�jtf �IüS¤��u�-h)¤$ySrngiyFg+`dU!z¡bdg
TVk�jSk�TDk��=U.bdPSUbngIbnvi�f��vIrnk�vIbdk�gijÈ�Sjlz_U!r�v

l∞ � e�g+jl`cbdr{vIk�j+bVbng¦rdU,z_�le�UbnPSU.vIrdbdk�opvie�bn`�gio`q+qv�#Y'�i�i�+�e=giTVySrnU!`n`ck�gij�� ¢ �~uf��bdU!r�U=b!�Avi�2�fk�jwf ��h�ySrdg+yBg0`cU,z�bdgÊTVk�jSk�TDk��=U�bdPSU�bdgibnvI����vIrnk�vIbdk�gij�bdg�rdU,z_�le�U�bdPSUzSk�`cbdg+rcbnk�g+jl`�gIo�bnPSU3q+qv�#Y/e�giTVySrnU!`n`dk�g+j����ªU
°0�SU!`cbdk�gij�bdPlU'�l`cU�gio�bdPlU�bdgIb{vI����vIrnkwv�bdk�gij�¤Svi`QvDySrdk�gir
 $PlU=j¯z_U!vi��k�jShª $kmbnP¯zSk�`cbdg+rcbnk�g+jl`DgIo��Fgi�ljlz_U!zÈvITVyS��k�bd�lz_U+¤�vijlzÈ`cPSg� ¼bdPlvIbÊU!vi`dk�U=rVz_kmú~U=rnU=j0bnk�vi�S��U
ylrdk�gir{`Q`cg+TDU=bdk�TVU!`Q��U!viz�bdg��FU�bdbdU!rfrdU,`c�l�mb{`=�
^£b�kw`
jlgIb
bnPSU�®lr{`tbDv�bcbnU=TVy_b
bng>`dgi���iUVÌ���¥6U=^+U=r,§ `'zSU!e�g+TVyBg0`ck�bdk�gij¦ySrngi�l��U!T��u$e{±ajSg� $��U!z_h+U!z

`dgi���_bnk�g+jl`�e=vijË�FUo�gi�SjBzËk�jxf � � ¤ $ ¤Aö � h£�ÍO�gÁg+�Sr�±ajSg� $��U,z_hiU+¤;g+�SrVo�girnT��S�wv�bnk�g+jËgioAÌD�;¥6U=^+U=r,§ `
zSU!e�g+TVyBg0`ck�bdk�gij�TVgazSU=��kw`$jSU= '¤S`dk�TDyl��U+¤lvIjlze=gi�S�wz���U!v+zÊbngVbdPSU
zSU!`dk�h+j�gio�opvi`cbAvI��hig+rdk�bdPlTV`!�
¢ k�jlvI����^+¤SvIjlz�bdPlvIb�TVk�hiP0b��FU�bdPSU�T�vIk�j�e�g+j0bdrnk��S�Sbdk�gij�gio�bdPSkw`QylviyBU!r!¤0 #ULhik��iULv
h+U=jSU!rnvi�lo�r{vITVU � �girn±Vo�girQbnPSU'ySrngi�S��U=T�`Qgio�bt^ayBUÊÐcöi��ö!Ñ��

y z �'��������������
��½ ½��
{���{�����
���
|~}?� �
���������`�#�l�i���6�.�?���l�
d�U�b$�l`fzSU!`ne�rnk��FULbdPSU'jSgibnvIbdk�gijl`Q �U��l`cULbnPSrdg+�ShiPlgi�_bQbdPlk�`$yBvIyFU=r,�
�ªU�®lr{`tbfrnU=TVk�jlzÊbnPlv�b

X = a n ¤ Y = X × X
vIjlz

Z
e=vij��FU
vIja^Êgio�bnPSg+`dULbt #g�`dylvie=U!`!�

uA���lbdPSUQbnPSU=g+rd^Dz_U=�+U=��giyFU!z�k�jDbdPlk�`;ylvIyFU=r5viySyS��k�U,`�bdg
e=gi��gir¬k�TVvihiU,`=��O�g
`dk�TVyS��k�o�^
bdPlUfjSgIb{v�bnk�g+jl`=¤
 �ULo�g_e��l`$g+j�h+rnvM^_`ne=vi��U�k�T�vIh+U!`!�

f ∈ Z
kw`$vDhik��iU!j�zSvIbnvl¤SvIjlz

J : Z → a k�`AvDe=gija�iU=©�¤0ylrdg+yBU!rQo��Sjle�bnk�g+j��¢ gir u ∈ X
¤
ui ∈ a z_U=jSgibdU,`�bdPSU'k � bnP6e�giTVyFgijSU!j0bQgio u �¢ gir g ∈ Y
¤_bnPSU=j

gi ∈ a 2 zSU=jSgibdU!`$bdPSU i − th
e�g+TVyBg+jSU=j0b$gIo

g
¤Svijlz

gi = (gi,1, gi,2)
�
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< ·, · >X
z_U!jSgIbnU!`QbnPSU'�l`d�lvI��`ne=vi��vir�ylrdg_z_�le�b$gij

X
� ¢ g+r u, v ∈ X

 #U�PlvM�+U�0

< u, v >X :=

n
∑

i=1

uivi
Ð2�_� �+Ñ

< ·, · >Y
z_U!jSgIbnU!`�bdPlU'�l`c�BvI��`ne=vI�wvIrQySrng_z_�le�bQg+j

Y
� ¢ g+r g, h ∈ Y

0

< g, h >Y :=

n
∑

i=1

2
∑

j=1

gi,jhi,j
Ð2�_� � Ñ

| · |p
¤
p ∈ [1,∞[

k�`�bnPSU
lp
jSgirnT¼g+j

X
0

|u|p := (

n
∑

i=1

|ui|p)1/p Ð2�_� $ Ñ

| · |∞
kw`QbdPSU

l∞ � jlgirnTgij X
0

|u|∞ = max
i∈{1,2,...,n}

|ui|
Ð2�_� �+Ñ

|| · ||p
¤So�gir

p ∈ [1,∞[
kw`fvDjSgirnT¼g+j

Y
z_U=®ljSU!z��a^�0

||g||p := (

n
∑

i=1

|gi|p2)1/p Ð2�_�àùIÑ

uAjlz�®ljlvI����^�0

||g||∞ := max
i∈{1,2,...,n}

|gi|2
Ð2�_� ü+Ñ

K
kw`fv�e�g+ja�iU�©�`cU=b�ÐpvV�lvi����k�j.v�e=U=rdbnvIk�j�TDU=bdrnk�e,Ñ����×PSU=j

Z = X
¤
K
k�`¬st�l`tbLvIjPa^0yFU=r{e��l�BU'gio

 $kwzabnP
2α
¤le=U=j0bdU!rdU,z�g+j

f
�

¢ k�jlvI����^ bac ¤_kw`QbdPlU'k�j0bdU!hiU!r�yBvIrdbQgio a ∈ a �
|~}�| �m�����i���?�g�v�j�������������i���i���~�����

��³+ô î ï��!ï · î ñ�2ë� f q5rngiyFU=r�o��Sjle�bnk�g+j�h×uÓe�g+ja�iU�©�o��Sjle�bdk�gij
J
g+j

Z
kw`Aylrdg+yBU!rfkmo�vIjlz6g+jS��^�k�o

J
k�`�jSgIb

kwz_U!j+bnk�e!vI����^�U!°0�lvI�~bng
+∞ vIjlz�bdPlvIbfkmbAzSg0U,`QjSgIb$b{vI±+U�bnPSU���vI���SU −∞ gij Z

�
��³+ô î ï��!ï · î×ñYwñY fàW#gaU=r{e�k��0k�bt^�hªu o��SjBe�bdk�gij

J : Z → a kw`f`dvik�z�bdgV�FU
e�gaU=r{e�k��iU�k�oT0
||u||2 → ∞ ⇒ J(u) → ∞ Ð)�_� �+Ñ
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��³+ô î ï��!ï · î¯ñ�wýY f ^ jlz_kwe=vIbdg+r;o��SjBe�bdk�gij.h d�U=b
K ∈ Z

�FU�v�jSg+jÊU=TVy_bt^Êe=��g0`cU,z�e=gija�iU=©V`d�S�l`dU�bQgIo
Z
�

OQPlULk�jlz_kwe=vIbdg+rQo��Sjle�bnk�g+jgIo
K
¤Sz_U!jSgIbnU!z

χK
¤Skw`fz_U�®BjSU!z��a^�0

χK(x) =

{

0
k�o

x ∈ K
∞ gibdPSU!rd $kw`dU Ð)�_��ö!�0Ñ

k�o
K
kw`$vVe�g+TDyBvie�bf`dU�b,¤_bdPSU!j

χK
kw`fe�gaU!rne=k��+Ui�

��³+ô î ï��!ï · îÍñY¡�6 f \a�l�Fz_k�ú~U=rnU=j0bdkwvI��vIjlz`d�S�Shir{vizSk�U!j+b�hÖOQPSU
`c�l�Fz_k�ú~U=rnU=j0bdkwvI��gIo
J
vIbfyBg+k�j0b

u ∈ Z
¤

kw`$z_U=®ljSU!z��a^�0
∂J(u) = {η ∈ Z, J(u)+ < η, (x − u) >Z≤ J(x), ∀x ∈ Z} Ð2�S��ö+ö,Ñ

η ∈ ∂J(u)
kw`fe!vI����U,z�vV`d�S�Shir{vizSk�U!j+b,�

OQPSU
`d�S�~z_k�úFU!rdU!j+bnk�vi��e=vij��FU�bdPlgi�Sh+P+b$gio�v+`�bdPSU
`dU�b$gIo�Pa^ayBU!rdyS�wvIjlU!`�ylvi`n`dk�jShDbnPSrdg+�ShiP�yFgik�j+b
u $Plk�e{PÊ�ljlz_U=rnU!`cbdk�T�v�bnUfbdPlUAo��SjBe�bdk�gij

J
�5X�j�yBg+k�j0bn`# $PSU!rdU

J
k�`�z_k�úFU!rdU!j+bnk�vi�S��Ui¤+bdPSU�`c�l�Fz_k�ú~U=rnU=j0bdkwvI�

rnU!zS�le�U,`�bdg�vV`ck�jShi��U�bngij¢0�bdPSU
e=��v+`d`dkwe=vI�~h+rnv+z_k�U!j0b!�
��³+ô î ï��!ï · î×ñYwðY f d�U!hiU=jBz_rdU �£¢ U=jle{PlU=��W#gij�st�lh+v�bnUEhd�U�b

G
�FU�v�e=gija�iU=©Vylrdg+yBU!r�viySyS��k�e!v�bdk�gij�o�rdg+T

Z
bng a ∪ {∞} �¬OQPSU�e�g+j�st�Sh0v�bdU�o��Sjle�bdk�gij�gIo Gkw`$z_U=®ljSU!z��a^�0

G∗(u) = sup
x∈Z

(< x, u >Z −G(x))
Ð2�S��öM�iÑ

G∗ kw`fvVe�g+ja�iU�©Êylrdg+yBU!rQo��Sjle�bnk�g+j��5¥6g+rdU!g��iU=r,¤0 #U�PlvM�+U�0 G∗∗ = G
�

|~}�£ ¤#�?����¥.���.��¦��M�.�����§�v�¨�.©l�tª���«3�Y¥.�6���.�?�����v���Y¥<�6���v¥��
O�g�`ck�TVyS��kmo�^�bdPSU'jSgibnvIbdk�gijl`!¤_ #U'z_U!jSgIbnU

u(i, j)
bnPSU'��vI���SU�gIo

u
gij�ySk�©aU!�

(i, j)
�

O�g�z_k�`ne�rnU�bnk��!ULbdPSU'h+rnv+z_k�U!j0bQ �U��l`dU�bnPSU
e��wvi`n`dk�e!vI�F®lr{`tb$gir{z_U!rQ`ne{PSU!TDU��Fgirnrdg� �U!zÊo�rdg+T¬fàù�h£� ¢ gir
u ∈ X

0

(∇u)(i, j) = ((∂1u)(i, j), (∂2u)(i, j))
Ð)�_��ö!�+Ñ

∇u
kw`$vIj�U=��U=TVU=j0bfgio

Y
�

(∂1u)(i, j) =

{

u(i + 1, j) − u(i, j)
k�o

i < nx

0
kmo

i = nx

Ð)�_��ö � Ñ

(∂2u)(i, j) =

{

u(i, j + 1) − u(i, j)
k�o

j < ny

0
kmo

j = ny

Ð)�_��ö $ Ñ
OQPSkw`fz_U=®ljSk�bdk�gij6vI����g� f`;bng�z_U�®ljlU�bdPSU
z_k��iU!rdh+U=jle=U�ylrdg+yBU!rd��^Ê�a^�z_�lvi��k�bt^i¤_k�TVyBg0`ck�jSh�0

< ∇u, p >Y = − < u, div(p) >X
Ð)�_��ö!�0Ñ
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �

�ªU� $k����~`dU=U�bdPBv�bQPlvM�ak�jSh�`c�le{P�v
rnU=�wv�bnk�g+jÊk�`#jSU,e�U!`n`nvIrn^�bngDe=giTVyS�_bnUfbdPlU�U=©_v+e�b$`c�l�Shir{viz_k�U=j0b;gio
bnPSU
z_kw`de=rdU=bdULo��Sjle�bdk�gijlvi�2�;\_k�TVyS��U
vI��hiU!�Srnv�hik��iU,``0

(div(p))(i, j) =







p1(i, j) − p1(i − 1, j)
kmo

1 < i < nx

p1(i, j)
k�o

i = 1
−p1(i − 1, j)

kmo
i = nx

+







p2(i, j) − p2(i, j − 1)
k�o

1 < j < ny

p2(i, j)
k�o

j = 1
−p2(i, j − 1)

k�o
j = ny

Ð)�_��öMùiÑ

�×k�bdPbnPSk�`Az_k�`ne�rnU�bnk��,v�bnk�g+j�¤a #U'e=vij6z_U�®ljlU�bnPSU�bdgibnvi����vIrnk�vIbdk�gij�v+``0

J1(u) :=

n
∑

i=1

|(∇u)i|2
Ð)�_��ö!ü0Ñ

uAjSgIbnPSU=rA°0�lvij0bdk�bt^ÊgIo�k�j0bdU!rdU,`tb$k�j�bdPSkw`$ylviyBU!r$k�`QbnPSU'z_kw`de=rdU=bdk��=U!z�Pa^ayBU!rn`d�Srdopvie=U�gio
u
0

J2(u) :=
n

∑

i=1

√

|(∇u)i|22 + 1
Ð)�_��ö�+Ñ

OQPSg0`cULbt �gDo��Sjle�bnk�g+jl`fvirdU�e�g+j0�+U�©��

® ¯m° �������$����� �
��½ º�����»Vº��$���$��� ���[�6±�� ���
�=ºÊ���=�
��� �
�|	�����²���f�
³ \3´\�µ

£~}?� ¶·���?�����������#�v�¸�¹�����?º��.�����
xfU= $rnkmbnk�jShVySrngi�l��U!T Ðtö+��ö!Ñ��ljlz_U=rfbdPSU�o�g+rdT¬0

inf
u∈Z

{J(u) + χK(u)} Ð2�S� �I�+Ñ
 $PSU!rdU

χK
k�`5bdPSU�k�jBz_k�e!v�bngir¬o��SjBe�bdk�gij�gIo

K
¤+kmb�k�`#e���U!vir5bdPBv�b#ylrdg+�S��U!T�Ð2�S� �I�iÑ5k�`#e�gija�+U�©�¤iySrngiyFU=r

vijlz�e�gaU=r{e�k��iULgij
Z
��OQPa�l`!¤_ �U'U!vi`dk���^�h+U�b$bdPlU'U�©_k�`cbdU!jle�U�gio�vVTVk�jlk�TVk��=U=r,�

£~}�| »¼���½ºl���?¾
º��6�������¿�v�n�.©��x�����?º����?���l�
�×PlU=j

J
kw`�`cbdrnkwe�bd��^�e=gija�iU=©�¤� �U�PlvM�iUV�SjSkw°0�SU=jlU!`n`'gIofvTVk�jlk�TVk��=U=r,¤��S�_b�k�jÁbdPSU�h+U=jSU!rnvi�5e�g+j0�+U�©

e!vi`dUi¤0 #U�hiU=b�vDe�gija�+U�©�`cU=b#gIo�`cg+���_bnk�g+jl`!���ªU�k������l`cbdr{v�bnUAk�b#bnPSrngi�Sh+P�vIjÊU=©SvITVyS��UAk�j
1−D
bnPlv�b� #U

`cbd�Bz_^Ê�wv�bdU!r$k�j
2 − D
�¬��U�b{vI±+U

Z = X
¤
nx = n

¤
ny = 1

vIjlz�`dU�b30

J(u) =
n−1
∑

i=1

|ui+1 − ui|
Ð2�S� �_öMÑ

76798-:<;�=?>A@CBEDAFEGCHAI



ö,� J Û=ßwänäCKML�N<O{Û=ç�âPK6QfÞ�Ü�ã~á æ�RTS çdÜ-N<U

O�vI±+U
fi = i/(n − 1)

¤_ $k�bdP
i ∈ {0, 2, ..., n− 1} vIjlz α < 0.5

�
OQPSU�k�j+bnU=rnySrnU�bnvIbdk�gijÖgio$bdPSkw`DTVgazSU=�Qk�`�bnPSU�o�g+����g� $k�jShs0Ê �U�virdU���gag+±0k�jSh6o�g+rDbdPSU�o��Sjle�bdk�gij¡gio

TVk�jSk�TVvi��z_kw`de=rdU=bdULbdgibnvi���Mvirdkwv�bnk�g+j�¤_e�g+j+b{vIk�jSU!z�k�j�bnPSU'rnU!z�bd�S�FU
z_r{vM $j�g+j ¢ k�hi�SrnU�Ðtö,Ñ��
W#��U!vird��^i¤avI���BTVg+jSgIbngijSg+�l`¬k�jle�rnU!v+`ck�jSh�`dU!°0�SU!jle�U,`;`nv�bdkw`co�^0k�jSh'bnPSU�e�gijB`tbnrnvik�j0b!¤+hig+k�jSh
o�rdg+T

α
vIjBz

virdrnk��0k�jSh'bng
1− α
PlvM�iUAbdPSU'`nvITVUfbngIbnvi�~�Mvirdkwv�bnk�g+j>Ð

1− 2α
Ñ�¤SvIjBz�vIrnU�`dgi���_bnk�g+jl`;gio�ySrngi�l��U!T

(
ö+��ö

)
�

¢ k�hi�SrnUör0
YLrnU=U=jÀ0
zSvIbnv�bdU!rdT � x$U!zÀ0'�SySyFU=r
vijlzª��g� �U=r'e=gijl`cbdr{vIk�j0bn` � 2����SUÊvijlz��S��v+e{±w0�bt �gyFg+`n`dk��S��U'`cg+���Sbdk�gijl`

Á Â �
Ã����
Ä �
�Ë�6±���	����lÅ��$�;���$½ ��º¸²�"
���
½����$����½��$�����$���
�ªU
h+gÊ�lvie{±�bdg�bnPSU
h+U=jSU!rnvi��ySrngi�S��U=T Ðtö+��ö!Ñ��

J
kw`AvÊhiU=jlU=r{vI��ySrngiyFU=r�e�gija�+U�©Êo��SjBe�bdk�gij>gij

Z
¤BvIjBz

K
kw`Qhik��iU!j��a^>Ðcöi� �iÑ��
^ j�bdPlULyBvi`cb�o�U! Õ^+U!virn`!¤+T�vij0^�U�ú~girdbn`QPlvM�+U��FU=U!j�z_U,z_kwe=v�bnU!z�bdgDbnPSU'z_U!`dk�h+j�gio�opv+`tbfvI��hig+rdk�bdPlTV`

bng�`dgi���iUQk�T�vihik�jSh'ySrngi�S��U=T�`!��xfX ¢ ylrdg+�S��U!TÓo�g+r5k�jl`tb{vIjle=Ufe=vij�jSg� Ë�FUA`dgi���iU,z�k�jÊvI��TVg+`cb;rnU!vI�abnk�TVUf ü_¤�ö+öI¤�öM��h)�
/Aj_o�girdbd�SjBv�bdU!��^+¤a #ULe=vIjljSgIb�PSgiyFUL`dgi���ak�jlh�Ðtö+��öMÑ¬ $k�bdP�v�PSk�hiPÊr{v�bnUAgio�e�gija�+U=rnhiU=jBe�Ufvi`# �UAT�viz_U

jlg�vi`n`d�STVy_bdk�gijl`�g+j
J
U�©Se�U!y_b$e�gija�+U�©_kmbt^+�6^ T�vihik�jSUfbnPlv�b$ �UAPlvM�+U�vIj�vI��hig+rdk�bdPST bnPlv�bQhiU!jSU=r{v�bnU!`;v

`dU!°0�SU!jle�U {uk} bdPBv�bfkw`$`c�SylyBg0`cU,zÊbngÊvIySySrng+v+e{P�v�`dgi���_bdk�gij�gIoQÐtöi��ö,Ñ��
u e��wvi`n`dk�e!vI�;rnU!`d�S��bDgio�e�g+ja�iU�©ÁgiySbdk�TDk��!vIbdk�gij¼f �i�+hQbdU=���w`��B`�bnPlv�bVjSgªkmbnU=r{v�bnk��+U�TVU�bnPSg_z � gijS��^

�B`ck�jSh.bnPSU`cU,°+�lU=jle=U!`
J(uk)

vIjBz
∂J(uk) � e=vij¡vie{PSk�U=�+U�v.�FU�bdbdU!rDr{v�bnUÊbnPlvIj O(1)

ε2
¤�o�girDhiU!jSU=r{vI�

e=gija�iU=©ÊTVk�jSk�TVk��,v�bnk�g+j�ySrngi�l��U!T Ð
ε
k�`QbnPSU
z_U,`ck�rdU,z�ylrdU,e�kw`ck�gijBÑ��

^£o� #U�jSgIbnU
J̄
bnPSU�TVk�jSk�T��STgio#Ðtö+��ö!Ñ�¤SvIjlz

J̄k = mini∈{1,2,...,k}(J(ui))
¤_k�bQTDU,vIjl`;bdPBv�b�bdgDhiU�b

v�ySrnU!e=k�`dk�g+j |J̄k − J̄ | ≤ ε
¤�vIja^6vI��higirnk�bdPST  $k����¬rnU!°0�Sk�rdU

k
bng��FUDgIo#g+rnzSU=r bO(1)

ε2 c Ð2`cU!U¸f �I�+h¬o�g+rLvTVg+rdU�ySrnU!e=k�`dUL`cbnvIbdU!TDU!j0b{Ñ��
�ªUVySrdg+yBg0`cU�k�j>bdPSkw`�ylviyBU!r�bng��B`cU�bdPSUDySrngIstU,e�bdU,z>`d�S�Sh+rnv+z_k�U!j0b�TVU�bnPSg_z6o�gir� $PSkwe{P.bnPSU�e�g+T �yl��U=©ak�bt^¡kw`Ê`dPSg� $jËbdgÖ�FU O(1)

ε2
�[\agÁbdPBv�b!¤QjSg¦TVU=bdPSg_z×e=vijÈzSg¦�BU=bcbdU!rÊbnPlvIj¯k�bÊo�girÊg+�Sr�hiU!jSU=r{vI�
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé ö+ö

ylrdg+�S��U!T¤+�SyÊbdg�v
T��S��bdk�yS��k�e!v�bdk��iUAopvie�bdgir,��O�g��l`cUAbdPSkw`;bdU!e{PljSk�°0�SU� #UAjSU=U,zVbdg��BULvI�S��Ufbng�e�g+TVyS�_bdU
vÁ`d�S�Sh+rnv+z_k�U!j0bVvijlzËbdPSUo�5�Be���k�z_U,vIj¯ySrngIstU,e�bdg+rVgij

K
�k^ jÈbdPSU6jlU�©ab�`cU,e�bnk�g+jl`V #U6`dPSg� ¾Plg� ¼bdg

e=giTVyS�_bnU'`c�S�lhir{viz_k�U=j0bn`!�¬¥6girnU=g��+U=r,¤IbnPSU��5�le=��kwz_U!vijySrdgistU!e�bdgirQg+j
K
e=vij��FU
e�g+TVyS�_bdU,z�U!vi`dk���^+�M^£b

e!vIj��BU
`dPSg� $j�bdPlvIb30

(ΠK(u))i =

{

ui
kmo |ui − fi|2 ≤ α

fi + α ui−fi

|ui−fi|2
gIbdPlU=rn $k�`dU Ð � � �i�+Ñ

OQPSkw`�vI��hig+rdk�bdPSTøkw`� �U=����±0jlg� $j.k�j.bdPSUDgiy_bnk�TVk��!vIbdk�gij�e=giTVT��ljSkmbt^¦Ð2`cU!U
o�girLk�jl`tb{vIjle=Ujf � $ h�Ñ���^£b
 Qvi`#ySrngiyFg+`dU!z�rnU!e=U=j0bd��^�k�j�k�TVvihiULySrngae=U!`n`ck�jSh�k�j�`cg+TDULylviyBU!rn`Æf �a¤�öMù0¤~ö,�+h)�¬�ªU'z_U!`ne�rnk��BULkmbQ�Srnk�UeÇl^
�FU=��g� '�

Èl}?� É¢©��x��¥<�?���������?�Ê�v�n�.©l�t�i�?Ëv�v¥<����©�Ì
ū
kw`$v�`cg+���Sbdk�gij�gIo�Ðcöi��ö!Ñ�¤Skmo¬k�bA`dvIbdkw`t®BU!`#o�girfvij0^

t > 0
0

ū = ΠK(ū − tη)
Ð � � �i�+Ñ

ΠK(·) z_U=jSgibdU,`�bdPSU��5�Be���k�z_U,vIjySrngIstU,e�bdg+rQgij K
¤SvIjlz

η
kw`fvij0^�U=��U=TVU=j0b$gIo

∂J(ū)
�

O�gÊe�g+TDyl�_bdU
ū
¤_ �U'�l`dULbdPSU'ySrngIstU,e�bnU!z�`c�S�lhir{viz_k�U=j0b$vI��higirnk�bdPST¼z_U=®ljSU,z��a^ 0

{

u0 ∈ K

uk+1 = ΠK(uk − tk
ηk

||ηk||2 )

Ð � � � � Ñ
�AU=rnUi¤

tk > 0
o�g+rfvIja^

k
vIjlz

ηk k�`fvija^�U=��U=TVU=j0bfgIo ∂J(uk)
�

Èl}�| Í¼�6ÎÏ���Ð�<©������¼�.©��Ñ����¾
º�������� {tk} ÒOQPlUQe=gija�iU!rdh+U=jle=U5gIoBbdPSkw`�k�bdU=r{v�bnk��+U�`ne{PSU!TDUQz_U!yBU!jlzS`¬g+j
bdPlU��FU=PBvM�0k�gi�lr�giolbnPSU$`cU,°+�lU=jle=U
tk
��d�U=b

U�FUQbdPlUf`cU=b5gIo�`cg+���_bnk�g+jl`�gIo¬Ðtö+��ö,Ñ��¬OQPSUQo�gi����g� $k�jShLbnPSU=g+rdU!T|ySrng��iU!`�bnPlv�b¬o�g+r5v� #U!���le{Plg+`dU=jV`cU,°+�lU=jle=U
tk
¤_ #U'PlvM�+ULe=gija�iU!rdh+U=jle=UÓf � $ h�0
Ô � ³a· � ³ Å �6pë�*Õ å

limk→∞ tk = 0
Ü�ã�U ∑∞

k=0 tk = ∞ K;âXÖSÛ=ã
limk→∞ J(uk) = infu∈K J(u)

Ü�ã�U
limk→∞ d(uk, U) = 0

× ÖlÛ�çdÛ d(·, ·) ßwä'â[ÖlÛÆØ
Nlá�ÞàßPU+Û{Ü�ãpU�ßwä�â£ÜIãFá{Û#å{çdÙ�Ú Ü�ÝlÙ�ßèãBâ#â ÙÊÜ�ä�Û=â�Ù
¥.vija^
`cU,°+�lU=jle=U!`�`dvIbdkw`to�^�bnPSUQPa^0yFgIbnPSU!`dkw`�giolbnPSk�`�bnPSU=g+rdU!T�� ¢ g+r�k�jl`cbnvijle�U tk = 1

(k+1)p

 $k�bdP
p ∈

]0, 1]
gir

tk = 1
(k+1) log((k+1))

��OQPSk�`� $kwz_UQe{PSgikwe�U#TVvi±iU,`�bnPSU#bdPSU!girnU=T|z_k¡bÊe��S��b�bng��l`cU;o�gir�ySr{vie�bdkwe=vI�
e=giTVyS�_b{v�bnk�g+jl`¨0�vITVg+jSh.vI���;yFg+`n`ck��S��U�`dU!°0�SU=jBe�U!`!¤�T�vIja^ªe=gi�S�wzÁ��U!vizªbng>�+U=rn^�`d��g� «e�g+j0�+U=rnhiU!jle�U+�
\_giTVUfkwz_U!v+`5 �U=rnU$ySrdg+yBg0`cU,zDbdg'b{vie{±a��U$bdPSkw`5ylrdg+�S��U!T vijlzDbdPlUfbdPlU=girn^Dk�`;jSg� ¯ #U!���BU!`cbnvI�l��kw`cPlU!z6Ðp`dU=Uf�ö $ ¤�öMùh�o�g+rf`cg+TVULrnU�o�U!rdU!jle�U,`nÑ��
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^£o
J
kw`~d�k�yl`ne{PSkmbn�
e�g+j+bnk�jlgi�l`� $k�bdP�d�k�yl`ne{PSk�bd�'e�g+jl`tb{vIj0b

L
k2� Ui�~0

|J(u) − J(v)| ≤ L||u − v||2
Ð � � � $ Ñ

 �U
e=vij�®ljBz�vDylvirnviTVU�bdU!rd��U!`n`#giy_bnk�T�vI��`cU,°+�lU=jle=UVÐ2e�ot�~f �+ùh�ÑÆ0
Ô � ³a· � ³ Å �6wñYÚ ÖSÛfÝ~çdÙ�Û=Û{á=â£ÛCUÊäCN<O£éiçdÜrUIßpÛ�ãBâ
U+Û�ä=á{Û=ãlâ × ßèâXÖ�ä�â Û£ÝwÜ

tk =
D√
k

Ð � � �I�0Ñ
Û=ãSäAN_çdÛ�äLâXÖSÜIâ
Ü

εk = J̄k − J̄ ≤ O(1)
LD√

k

Ð � � �+ùiÑ
× ÖlÛ�çdÛ D ßwä
âXÖSÛÆØTNlá�ÞmßPUiÛ{Ü�ãpU�ßpÜIÚVÛ=â£Û=ç�Ùcå'â[ÖlÛ�ä=Û=â K Ù
OQPSkw`�kw`�vij�U!vi`d^�e{Plgikwe�U�bdgAU=jl`d�SrnU5v$higag_zLrnvIbdU¬gIoSe=gija�iU!rdh+U=jle=Ui��¥6girnU5`dgiySPSkw`cbdkwe=v�bnU!z�bdU,e{PSjSkw°0�SU!`

e!vIj��BU'z_U,`ck�hijSU,zÊ�lv+`cU,zÊg+j�k�bdU=r{v�bnk��+U�U,`tbnk�T�vIbdU!`�gio
J̄
Ðp`dU=UÝf�ö!�+h�o�g+r�k�jl`cbnvijle�UMÑ��¬O�gVg+�Sr#±ajSg� $��U!zShiUi¤

bng�rnU!vi����^�h0vIk�jÊUEbÊe�k�U=jBe�^D $kmbnPÊbdPlg+`dU$bdU,e{PSjSkw°+�lU!`!¤+g+jSUAgioèbdU=j�jSU=U,zS`;U=©abdr{v'k�jSo�girnTVvIbdk�gijl`#vI�Fgi�_b#bdPSU
`dgi���_bnk�g+j�¤S��k�±+U�bdPSU�viySySrngM©_k�T�v�bnU'z_k�`cbnvijle�U�o�rngiT

uk bngVbdPSU�`cU=bAgIo¬`cg+���Sbdk�gijl`!��^£b�e!vIj�bdPa�l`A�BU,e�g+TDUrnU!vi����^Êz_k¡bÊe��S��bfbdg�viySyS��^Êk�jySr{vie�bdkwe�U+�
¢ k�jlvI����^+¤l �U'rdU,e=vi���~bnPlv�bAk�o J kw`Ae=gija�iU=©~¤SzSkmú~U=rnU=j0bdkwvI�l��U+¤S $kmbnP�d�k�yl`ne{PSkmbn�'hir{viz_k�U=j0b,¤abdPSU!j6 #U
z_gjlgIb$jSU=U,z�bdgVjSgirnT�vI��k��!ULbdPSU'h+rnv+z_k�U!j0b!¤_vIjlzvVe�g+jl`cbnvIj0b$`tbnU=y6`dk��!ULU!jl`d�SrdU,`$e�g+j0�+U=rnhiU!jle�U�0

Ô � ³a· � ³ Å �6�ý�*Õ å3Ü
||∇J(u) −∇J(v)||2 ≤ L′||u − v||2

Ð � � �Iü0Ñ
âXÖSÛ=ã>âXÖSÛ$ÝFçdÙ�Û=Û{á�â ÛCU�éiçdÜrUIßpÛ�ãBâ
U+Û�ä=á{Û=ãlâTÜ

{

u0 ∈ K
uk+1 = ΠK(uk − t∇J(uk))

Ð � � �u�0Ñ
× ßèâXÖ>á{ÙIãSä�â£ÜIãlâ;ä{â Û Ý t = 2

L′

Û�ãläCN_çnÛ�ä�â[ÖlÜ�â
Ü

d(uk, U) → 0
Ð � � �i�+Ñ

Èl}�£ Þ ¥.�vËv¥<��ÌÐÌÐ�?�lËß�i���������.�w�i�lª¬����Ì¹�Æº~�.�?�lËß�.�?Ìà�
^£o� #U�ySrdg_e=U=U!zÊ $kmbnP�e!vIrnUi¤+bdPSULTVU=TVgirn^VrdU,°+�lk�rnU=TVU=j0b{`5gIo�bdPSkw`QvI��higirnk�bdPST«vIrnUAjSg�TVgirnUfbdPBvIjÊbt $kwe�U
bnPSU�`ck��=U�gIo�bdPlU�k�T�vIhiULvIjlzÊbdPSUL��U=jShibdPl`#gIo�g+�Sr

c � e=gazSU!`�z_g�jSgib�U=©Se�U=U,z 300
��k�jSU!`!�;X�jSUAk�TVyBg+rcb{vIj0b

v+z_��vIj0bnvihiUQgIoFbdPlU!`dUfvI��higirnk�bdPST�`�kw`�bdPa�l`5bdg
vI����g� Öopvi`cb;k�TVyS��U!TVU=j0bnvIbdk�gijVgIo�v�TVgazSU=�)��OQPlU$�Sk�h'kw`n`c�SU
kw`�bdPBv�bAe�g+TVyS�_bdk�jShDbdk�TVU!`fe!vIj��BU'�wvIrnhiU+�
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé ö,�

�ªUAe=vijD`dU=UQk�b; $PSU!j�bnrd^ak�jShLbdg�®ljBzDv�`cbdg+ySySk�jSh
e�rnkmbnU=rnk�g+j���^£b5 �gi�l��z��BUAjSgijl`dU=jB`cU�bdg'v+`d`dU!`n`�bdPSU
e=gijlzSkmbnk�g+j

0 ∈ ∂J(uk)
�v^ jlzSU=U!z�¤

J
TVk�hiP0b$�BU'jSg+j � `cTVgagIbnP�`dgDbdPlvIb$bdPSU'jSg+rdT¾gIo�bdPSU
`d�S�Sh+rnv+z_k�U!j0bTVk�hiP0bf�FU
��virdh+U'U=�+U=j�iU!rd^�e=��g0`cU�bng�bdPlU�`cg+���Sbdk�gij¦Ðpe=gijl`dk�zSU=r

J(x) = ||x||2
o�g+rfk�jl`tb{vIjle=U,Ñ���OQPa�l`fv

`dk�TDyl��U'e{PSg+k�e=ULkw`QbngV`dU�b$bnPSU'ja�ST��FU=r$gio�k�bdU!rnvIbdk�gijl`!�
�ªU� $k�����`cU!U�k�j�bnPSU�vIySyS��kwe=v�bnk�g+jl`#bdPlvIb#bnPSU�rdU!��vIbdk�gij

εk ≤ O(1)LD√
k

vi����g� f`;bdg�®ljlz�bdPSULja�ST��FU=r
gio�k�bdU!rnvIbdk�gijl`QjSU!U!z_U,z�bdgVhiU=b$v�zSU!`dk�rnU!z�vie=e=�Sr{vie�^+�
¢ girQk�jB`tb{vIjle=U� �UAh+U�b�§ yFU=r{e�U!y_bd�lvi����^Ê`cbnvI�l��U+§a`dgi���_bnk�g+jl`;ylrdU=bcbt^Vopvi`cb�o�gir�bdPSU BV −L∞ ySrngi�S��U=TÐ � $ `cU,e�g+jlzS`�o�gir¨d�U=jlv0Ñ�¤;�l�_b�o�girDbdPlU6TDg+rdUe�g+TVyS��U=©¡ySrngi�S��U=T gioAÌD�;¥6U=^+U=r,¤5 �U�jlU=U!zÈvIrngi�ljlz

5
TVk�j0�SbdU!`'o�girÓ2QvIrn�lvirnv�k�T�vIh+Ui�Ê�ªUVbdPlk�jS±�bdPBv�b'bdPlk�`'h+U=jSU!rdkweVvI��hig+rdk�bdPST�`cPSg+�S�wz>�FUÊ�l`dU!zª $PSU!j
 $k�����k�jShbdg>hiU�bDv6°+�lk�e{±�g��iU=rn�ak�U! Ógio�bnPSU�vi�Sk���k�bdk�U!`'gio$vTVg_z_U!�2�6OQPSU!j¦TDg+rdU�rnU�®BjSU!z�bdU,e{PSjSkw°0�SU!`
�Bvi`dU!z�gijvIjvIjlvi��^_`dk�`Qgio�bdPlU
`tbnrd�le�bd�SrnU�gIo

J
`dPSgi�S�wz��BULbnPSgi�Sh+P0bfgIot�

uATDg+jSh'bnPSUAe�g+jle��lrdrnU=j0b;vI��hig+rdk�bdPlTV`!¤I��U�b��l`5TVU=j0bnk�g+j��S�Sjlz_��UfTVU�bnPSg_zS`�f�ö $ h)¤0 $PSkwe{PÊvIrnU$±ajSg� $j
bng�e=gija�iU!rdh+U'opvi`cbdU!r!¤~�S�_b'vIrnU
TVgirnU�zSkcbÊe��l�mb�bdg�k�TVyS��U=TVU!j+b'k�j>ySr{vie�bdkwe�U+¤BrnU!°0�Sk�rdU�PSk�hiPSU!r�TVU=TVg+rd^
`dylv+e�Ui¤QvIjBz¡PlvM�+U�bdPSU.`nvITVU�bdPSU!girnU�bnk�e!vI�fe�g+ja�iU=rnhiU!jle�U�r{v�bdU+�Íx$U!e=U=j0bd��^i¤#Ì5�Srnk�k��fU!`cbdU!rdg��¡k�jxf �_öAh
ylrdg+yBg0`cU,z�vDjSU=  TVU�bnPSg_z� $k�bdP6vVe�g+TDyl��U=©ak�bt^Êgio O(1)

ε

�5OQPSk�`QTVU=bdPSg_zvIySyl��k�U!`�bngVvV`dT�vI����U!rf`cU=bQgio
ylrdg+�S��U!T�`=¤~�S�_b�k�b'`dU=U!T�`fbnPlv�b�kmb'TVk�hiP0bL�FUVvIySyS��k�U!z6bng�bnPSUDySrdg+�S��U=T�`A �UDySrdU,`cU!j0b�k�j.bdPlk�`LylviyBU!r!�^£bf $k������BU�bnPSU'yS�SrnyBg0`cU�gio�o��_bn�SrnU'k�ja�iU,`tbnk�h0v�bnk�g+jl`=�

á â ���
Ä ���
�=ºÊ���=�
� ���äã÷�
å
�Q�QÀc� �#�
��������� æ ��� ° ��º�����½��$����� �
	��
���{������� 	�����²���f�

ç~}?� è*él¥<�?�Y�¨��¥.�����������6�.�?���9�v�n�.©��ÑÌà�~ª����
OQPlk�`#ylvIr{vIh+rnviySP�vIjlzÊbdPSkw`�ylvIr{vIh+rnviySPVgijS��^Vk�`#ySrnU!`dU=j0bdU,z�k�jÊbdPlULe=gij0bdk�ja�Sgi�l`#`cU=bcbnk�jShB�

Ω
z_U=jlgIbdU,`#v

�Fgi�ljlz_U!z�giyFU=j6`dU�b$gIo a 2 ����U'rnU!e!vI���FbdPlvIb$bdPSU
`dylvie=U�gio�o��SjBe�bdk�gijB`$gIo��Bg+�Sjlz_U,z���virdkwv�bnk�g+j�Ðp`dU=U1f �-ho�g+rfvVe�giTVyS��U�bnU�rdU=o�U=rnU=jle=U,Ñ#k�`Az_U�®ljlU!z��a^�0

BV (Ω) = {u ∈ L1(Ω), sup
{ξ∈C1

c (Ω; ê 2),‖ξ‖L∞(Ω)≤1}

∫

Ω

u(x)div(ξ(x))dx < ∞} Ð $ � �SöMÑ

^ jwf�ö!ü-h)¤FÌ��~¥6U!^iU=rL`tbn�lz_k�U!z.bdPSU!girnU�bdkwe=vi����^ÊbnPSUVx$�lz_k�j � XL`cPSU!r � ¢ vIbdU!TDk�TDg_z_U!�2¤�vijlz®lh+�SrdU,zgi�_bk�bn`���k�TVk�bnv�bnk�g+j.bng�z_kw`de=rdk�TVk�jBv�bdU� #U!����v�e!vIrdbdgagij6k�j�v�jSgikw`cU�gir�vVbdU=©0bn�SrnUi�`�fUDgi�l`dU=rn�iU,z�bnPlv�bLbdPlk�`
��k�TDk�bnvIbdk�gijÖe=gi�S�wz¦�FU�g��iU!rdyBvi`n`cU,z.�l`dk�jlh�v.z_k�ú~U=rnU=j0b�zSvIbnvbnU=rnT�bnPlvIjÁbnPSU�r{v�bnPSU=r��SjSk�j_o�girnT�v�bnk��+U
L2 � z_kw`tb{vIjle=UAbngVbdPSU
zSvIbnvl�
�AU
z_U�®ljlU!zvDjSgirnT¬0

||v||G = inf
g
{||g||∞, div(g) = v, g = (g1, g2), |g| =

√

g2
1 + g2

2}
Ð $ � �+�+Ñ

vV`dylvie=UÝ0
G = {v, ||v||G < ∞} ¤
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vijlz¯ySrngiyFg+`dU!zËbdgÖz_U,e�g+TDyFg+`dU.vIj×k�T�vIh+U
f
k�j0bdgÖvÖe!vIrdbdgagij

u
vIjBzÈv¦bdU�©abn�SrdU

v
�l`dk�jShÖbdPSU

o�g+����g� $k�jSh�TVg_z_U!�v0

inf
u∈BV (Ω),v∈G,f=u+v

{
∫

Ω

|Du| + λ||v||G} Ð $ � �i�0Ñ
OQPSU

G � jSgirnTûgIoBvij�g0`de=k�����vIbdk�jShfo��ljle�bnk�g+j�rnU=T�vIk�jl`�`cT�vi���)¤I`cgAbdPlvIb�bdPSkw`�TDg_z_U!�0yFU=rnTVkmb{`�bdgL�BU=bcbnU=rU=©abdr{vie�bQg+`ne�k�����vIbdk�jSh�yBv�bcbnU=rnjl`�gIo�bdPSU�k�TVvihiU,`=��u[higag_zÊU=©_viTVyS��U�bdgVk������l`cbdr{v�bnUAbnPSk�`Qylrdg+yBU!rcbt^�kw`�bdPSU
o�g+����g� $k�jSh¸0
ë ||sin(nx)||L2([0,2π]) = π ∀n ∈ ì
ë ||sin(nx)||G([0,2π]) = 1/n ∀n ∈ ì
ç~}�| ígº�¥.¥.�6���À�Tº�Ìà�Y¥<�?���i�Ó�M���l¥.������©����
ÌD�#¥6U!^iU!rÊz_k�z¯jlgIb�ySrngiyFg+`dU.vIja^Öja�STVU!rdkwe=vi�fTVU�bdPlgazÈbng¡`dgi���iUPSkw`ÊTVg_z_U=�)� OQPlU6®lr{`tb�vi�_bdPSg+rn`
 $Plg�bnrdk�U!zËbngÖe�giTVyS�SbdU.v¦`dgi���_bdk�gijÈ #U!rdUod;�vî¬U!`dU.vIjlz×\~�QXL`cPSU!r�k�jÑf � � h)� OQPlU=^ËviySySrngM©_k�T�v�bnU
bnPSU

L∞ � jSg+rdT k�jÁbnPSU G � jSgirnT¤��a^�v Lp � jSgirnT bng6ySrnU!`dU=rn�iU�z_k�úFU!rdU!j+bnk�vi�Sk���k�bt^i¤�vIjlzªk�TVyBg0`cU�bnPlv�b
f = u + v

�a^�v
yFU=jlvi��k��!vIbdk�gijÊTVU=bdPSg_z��;\a�Be{P�vIj�vIySySrngM©_k�T�vIbdk�gij�k�TDyl��k�U!`Q`dgiTVUAja�STVU=rnkwe=vI�Fkw`d`d�SU!`!¤
vijlz�e�gijB`tbnrnvik�jl`#bng��l`cU���vI���SU,`QgIo

p
virdg+�Sjlz

2
�

qB� ¢ ��uf�Istgi��U�b!��vI�)�Ak�jsf � h¬ySrngiyFg+`dU�v��FU�bdbdU=r'viySySrngM©ak�T�v�bnk�g+j�gio¬bdPSUDTVg_z_U=�)��OQPSU!^6`cPSg� [bnPlv�bbnPSU$z_kw`de=rdU=bdU
G � `dU=TVk � jSg+rdT[kw`�bdPSU$z_�BvI�_gIolbdPSU TV

o��Sjle�bnk�g+jlvI�Svijlz'bnPlv�b¬k�b5e=vIj��BUfe=giTVyS�_bnU!z��l`ck�jSh
u��FW#PlviT��Fgi����U'vI��hig+rdk�bdPlT¬f ù�h)�;�AU=�+U=rdbdPSU!��U,`d`#bdPlU=^�vi��`dgVk�TVyFg+`dU�bdPlvIb

f = u + v
�0^�yBU!jlvI��k��,v�bnk�g+j��

OQPlU=k�rfz_k�`ne�rnU�bnU'vIySySrngM©_k�T�vIbdk�gij� $rnk�bdU!``0

inf
u,v

{TV (u) + µ
∑

i,j

|f − u − v|2i,j + TV ∗(
v

γ
)}

OQPSU!^VySrdg+yBg0`cULv
e�g+ja�iU=rnhiU!j0b;vI��higirnk�bdPST bdgD`cg+���+Ufk�bÆf � h~bdPlvIb# Qvi`#hiU!jSU=r{vI��k��!U!zD�a^�W��SW#PBvI�_©�U�b
vi�2��k�jgf�ö,�+h)�
ujlU= «vIySySrng+v+e{P>Plv+`�rdU,e�U!j+bn��^��BU!U=j¦z_U!�iU=��giylyBU,z��a^ Æ ��YLg+��z_opvIrn�ªU=b!��vi�2��k�jkf�ö � h£��O�g6gi�Sr

±ajSg� $��U!zShiUÊbnPSkw`�kw`�e��lrdrnU=j0bd��^ªbdPSU�FU!`cb�j0�lTDU!rdkwe=vi��viySySrngM©_k�T�v�bnk�g+jÁbdgªÌ��¬¥6U!^iU!r!§ `DySrdg+�S��U=T¤;vi`
jlgÁviySySrngM©_k�T�v�bnk�g+jÖkw`VjSU=U,z_U!z¡bdgÁk�TDyFg+`dU

f = u + v
�ÈOQPlUvi�_bdPlgir{`D`dgi���iU�k�bÊ�l`ck�jSh¦vÁ\aU!e=gijlz

X�r{z_U!rÊW#g+jSUq5rngihir{vITVTVk�jShÈÐ)\lX'W#q#ÑVviySySrng+vie{P��ÈOQPSkw`�vI��hig+rdk�bdPlT k�`Êvi��`dgª±0jlg� $j¡bngÁe=gija�iU!rdh+U
k�jªyBg+��^ajSg+TDkwvI��bnk�TVUi��OQPSUVT�vIk�jªk�`n`c�lU�rnU=T�vIk�jSk�jSh�TDk�hiP0b'�FUVbdPSU�e�g+TVyS��U=©_kmbt^6gio;bdPlUÊe�g_z_U!`VÐ�bdPSU
vi�_bdPlgir{`A�l`dUDbdPSU�¥�X�\���ï¼��k��lrnvird^SÑfvijlz>bdPSU�e�g+TVyS�_bdk�jSh�bdk�TVUi�Ý^ j¿f�ö � h£¤�bnPSU=^.k�jlz_kwe=vIbdUDbdPBv�b�bdPSU
q Æ �¯vIySylrdg0vie{PVbdgD`cg+���+U�x$�Bz_k�j � XL`dPSU=r � ¢ v�bnU=TVklylrdg+�S��U!T«k�`QvIrngi�ljlzDbt $k�e=UAopv+`tbnU=r#bdPlvijÊbnPSU�\BX'W#qviySySrng+v+e{P��
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé ö $

ç~}�£ Þ ¥<�?�������Æ���k�i�lª¬��Ìà�����6Ì¹�6�����M�.�����ð�v�¨��ºl¥mÌà���.©l�
ª
^ j�bdPlU
vIySySrng+v+e{PSU!`;ySrngiyFg+`dU!zÊk�jgf � � ¤ � h�bnPSU��l`dU=r$Plv+`;bngVhik��iU�vIj�U�©abdr{v�yBvIr{vITVU�bnU=r,¤av+`

f = u + vkw`�k�TVyFg+`dU!z��a^�yBU!jlvI��k��,v�bnk�g+j��¬O�vi±0k�jShDkmbQbng0gD�wvIrnhiUA��U!v+zS`#bdgDPSk�hiPe�giTVyS�Sbdk�jSh�bnk�TVU+¤SvIjlz�bnvi±0k�jShDkmb
bngag�`dT�vI����z_gaU,`�jlgIb�U=jl`d�SrnU�bnPlv�bLbdPSU�e=gijl`cbdr{vIk�j0bAk�`�b{vI±iU!j> �U=����k�j0bdgvie!e�g+�Sj0b!�`^ j>bnPSU�o�gi����g� $k�jShl¤
 �U�ySrnU!`dU=j0bfv�TVU=bdPSg_z�bdPlvIbfyBU!rdTVk�bn`Qbng�vM�igikwz�bnPSkw`$yBU!jlvI��k��!v�bnk�g+j��
ÌD�l¥6U=^+U=r,§ `$zSk�`ne�rnU�bnk��!U!z�ySrdg+�S��U=T¼ $rnkmbnU!``0

inf
u∈X

{J1(u) + λ inf
g∈Y,div(g)=f−u

{||g||∞)}} Ð $ � � � Ñ
�×PSU!rdU

J1
k�`$z_U=®ljSU,z�k�j¦Ð2�S��ö,üiÑ��¬�ªU'PlvM�iU�bdPlU�o�gi����g� $k�jShVrdU,`c�l�mb�0

ñ � ·<	#· �,ï��,ï · î¯ðYpë�ò çnÙrO=Þ�Û�Úôó�õrÙ÷öø�ù�á{Ü�ãgO{Û
çdÛ2å�Ù�ç�ÚÝN_Þ�ÜIâ£ÛCU�Ü�ä5å�Ù�ÞèÞ�Ù × äÝÜ

inf
g∈Y,||g||∞≤α

{J1(f − div(g))} Ð $ � � $ Ñ

ñ � ·�·�� � OQPSU�®lr{`tb$kwz_U!vDkw`QbdPlvIbf #U'e!vIj��l`cULbnPSU
e{PlvIjlhiU�gIo��MvirdkwvI�l��U10

u = f − div(g)
Ð $ � �+�+Ñ

bng>hiU=bDvijÖgiy_bnk�TVk��!vIbdk�gij¦ySrngi�S��U=T bnPlv�bVz_U=yFU=jlzl`�g+jS��^ÁgiofgijSU��MvirdkwvI�l��U
g
�>OQPSkw`�k�`�yBg0`d`dk��S��U

�FU!e!vI�l`dULbdPSU'g+yBU!rnvIbdg+r
div
k�`f`d�Sr2stU!e�bdk��iULo�rdg+T

Y
bdg

X
�

inf
u∈X

{J1(u) + λ inf
g∈Y,div(g)=f−u

{||g||∞}} = inf
g∈Y

{J1(f − div(g)) + λ||g||∞} Ð $ � �0ùiÑ

OQPSkw`fylrdg+�S��U!T�e=gi�S�wz��BU�`dgi���iU,z��l`ck�jShÊv�`d�S�Sh+rnv+z_k�U!j0b$zSU!`ne�U=j0b,��O��SrnjSk�jlhVbdPSU
�wvIh+rnvijShiULT��l�mbnk �yl��k�U=r
λ
k�j0bdgLvAe�g+jl`cbdr{vIk�j+b,¤! �U;h+U�b�bnPSU#o�gi����g� $k�jShfTVk�jSk�TVk��!vIbdk�gij
ySrngi�l��U!T Ðp #U#rdU=o�U=r�bdg$bnPSU�viySyFU=jlz_k�©

o�g+rQbdPSU'��k�jS±Ê�FU�bt �U=U=j�bnPSU�bt #gVTVg_z_U=�w`{Ñl0

inf
g∈Y,||g||∞≤α

{J1(f − div(g))} Ð $ � �iü0Ñ

�

�AgIbdkwe�U�bnPlv�b�k�o� �U�rnU=yS�wvie=U�bnPSU
L∞ � jSgirnT �a^Öv L2 � jSgirnT k�j Ð $ � � � Ñ�¤; �U�h+U�bDbdPSUTVg_z_U=�$gioXL`dPSU!r � \agi��Ç � î¬U!`dUÓf �I�-h)�
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ç~}XÈ »tºlÌà�Y¥��?���i�Ó��Ì¹�Æ����Ìà�������M�.�����
�ªU'PlvM�+UL`dPSg� $j�bdPlvIb$bdPSU'ySrngi�l��U!T¼gIo�Ì��l¥6U!^iU!rfe=vIj��FU
`tb{v�bdU,z�v+`�o�gi����g� f``0

inf
g∈Y,||g||∞≤α

{J(g)} Ð $ � ���+Ñ
�×k�bdPp0

J(g) :=
n

∑

i=1

|(∇(f − div(g)))i|2
Ð $ � � �0Ñ

O�g>�l`dU�bnPSU�`d�S�Sh+rnv+z_k�U=j0b�z_U!`ne�U!j0bD`cbnv�bnU!zÁk�j Ð � � � � Ñ�bnPSU�TVvik�jÖzSkcbÊe��l�mbt^ªbdPBv�b�rnU=T�vik�jl`�k�`�bdg
e=giTVyS�_bnU�j0�lTDU!rdkwe=vi����^�vV`d�S�Shir{vizSk�U!j+b,�
O�gÊz_g�`cgB¤_ #U��l`dULbdPSU�o�g+����g� $k�jShVrdU,`c�S��b$gij�bdPSU
`d�S�Sh+rnv+z_k�U=j0b$gIo�e=giTVyFg+`dU!z�o��Sjle�bnk�g+jl`�f �i�+h�0

ú;³ ÅÖÅ¡� ðYpë�ûÕ å
φ : Y → a ßwä
á{Ù�ã�üMÛþý�ÜIã�U�Ý~çdÙnÝlÛ�çCK A ßwä'ÜVÞmßèãFÛ{Ü�ç
ÙnÝlÛ=çdÜ�â Ù�ç¬å{çdÙIÚ X

â£Ù
Y
K¬â[ÖlÜ�â

á{ÜIã O{Û�U+Ûná{ÙIÚfÝlÙMä=ÛCU¸N_ã�UiÛ=ç�â[ÖlÛ;å�ÙIç�Ú
Au = A0u + b

âXÖSÛ=ã Ü

∂(φ ◦ A)(u) = A∗
0(∂φ(Au))

Ð $ � � ö,Ñ
W#PSgag0`ck�jSh�0

φ(x) = ||x||1
Ð $ � � �+Ñ

�ªU
e=vij� $rnkmbnUn0

J(g) = φ(∇(f − div(g)))
Ð $ � � �0Ñ

¥6g+rdU!g��iU!r!¤ ∇(f − div(g)) = A0g + b
¤S $k�bdP

b = ∇f
vijlz 0

A0(·) = A∗
0(·) = −∇div(·) Ð $ � ��� Ñ

�AgIbdU�bnPlv�b$bnPSkw`$giyFU=r{v�bngir�k�`f`dU=��o � vizMstg+k�j0b!���ªU
e=vij�`dPSg�  U,vi`dk���^�bnPlv�b�0

(∂φ(g))i =

{ gi

|gi|2
k�o |gi|2 > 0

{ηi ∈ a 2, |ηi|2 ≤ 1} gIbnPSU=rn $k�`dU
Ð $ � � $ Ñ

uAj�U!��U!TDU!j0b�gio�bdPSU'`d�S�Sh+rnv+z_k�U!j0b#gIo
J
e=vIj�bdPa�l`��FULh+k��+U=jÊ�a^

A∗
0(Ψ)
¤_ $kmbnP

Ψ ∈ Y
`d�le{P�bdPBv�b�0

(Ψ)i =

{

(Ag)i

|(Ag)i|2
k�o |(Ag)i|2 > 0

0
gibdPSU!rd $kw`dU Ð $ � � �0Ñ

X�jVbnPSUAySk�©_U=�w`5 $PSU!rdU |∇(f −div(gn))|2
z_g
jlgIb;��vIjlk�`dP�¤+bdPSU�hir{viz_k�U=j0b5gIo~bnPSU

J
o��Sjle�bdk�gijlvi�Bkw`�0

∇(div(
∇(f − div(gn))

|∇(f − div(gn))|2
))

Ð $ � � ùiÑ

VXWM7YV[Z
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 $PSkwe{P #U'z_gVjSgibfjSU=U,zÊbng�rdU!hi�S�wvIrnk��=Ui�
OQPSU���v+`tb'b{vi`d±>rnU=T�vIk�jSk�jShbdg6�l`dUVbdPlUÊySrngIstU!e�bdU,zª`d�S�Sh+rnv+z_k�U=j0b
z_U!`ne�U!j+b�TDU=bdPSg_zÁkw`�bdg.zSU!`dk�h+j

bnPSU
`dU!°0�SU=jBe�U
tk
¤_k)� U+��bdgV®ljlz

D
vIjlz�bngV`dPSg� 

L < ∞ �^£bfkw`Qbdrnk��0kwvI�~bng�`cPSg�  bdPlvIb30

D = 2α
√

n
Ð $ � � ü0Ñ

^£bfkw`QbdPlU��5�le���kwz_U!vijzSk�viTDU=bdU!r$gIo�bnPSU
l∞ � �lvi���)�

¢ k�jlvI����^+¤S �U�e!vIj`cPlg� ÍbdPBv�b J kw` L � d�k�yl`ne{PSk�bd�L $kmbnP¢0

L ≤ 16
√

n
Ð $ � � �0Ñ

^ jlzSU=U!z�¤
∂J(g)

e!vIj¡�FUU�©_ySrnU!`n`cU,zÖvi` ∇(div(p))
¤#o�girÊ`dgiTVU

p
 $k�bdP |pi|2 ≤ 1 ∀i

�Ë\agªbnPlv�b
|(div(p))i| = |a + b + c + d| ≤ 4

o�g+rf`cg+TVU
a, b, c, d

gIo�jSgirnT��U!`n`;bnPlvIj
1
�v/�`ck�jSh�bdPSU'`nvITVULbdrnk�e{±~¤

∂J(u) = ∇v
¤� $kmbnP |vi|2 ≤ 4 ∀i

U=jl`d�SrnU!`AbdPlvIb |(∂J(u))i|2 ≤ 16
�D\ag�bdPlvIb�®ljlvI����^ ||∂J(u)||2 ≤

16
√

n
�
�AgIbdU�bnPlv�b$bnPSU'g��iU!rnvi���~e�g+TVyS��U=©_kmbt^Êgio�bnPSkw`$vI��higirnk�bdPST¼kw`Q��U!`n`�bdPlvij¢0

O(1)
16αn√

k

Ð $ � $ �0Ñ
OQPSU
e=giTVyS��U�©_k�bt^Êk�jBe�rnU!vi`dU!`���k�jlU!vIrn��^� $kmbnPbdPSU'ja�ST��BU!r$gIo�ylkm©_U=�w`fvijlz� $k�bdP

α
�

ç~}�ç �m����º����.�
¢ k�jlvI����^� �U�ySrnU!`dU=j0b
bnPSU�ja�STVU!rdkwe=vi�;rnU!`d�S�mb{`
g+jÁ®lhi�SrnU>Ð2�+Ñ��ªOQPSUj2QvIrn�lvirnvk�T�vIhiU�k�`�rdU,`de!vI��U!zÁk�j
[0, 1]
¤SvIjlz� #ULb{vI±iU

α = 0.1
�

ufoèbdU=r
4
`dU!e�g+jlzS`$Ð

100
k�bdU=r{v�bnk�g+jl`{Ñ�¤i �U$hiU=b5bdPlUfTVk�zSzS��Ufylk�e�bd�SrnU!`!��OQPlUfTVgazSU=�B`dU=U!T�`�bdg
v+e{PSk�U!�iU

 �U=���S $PlvIb5kmb#k�`5`d�SySyFg+`dU!z�bng
z_gl��OQPSUA`cbdrnk�yFU!`5k�jn2QvIrn�lvIr{vLe���gIbdPlU!`5virdUQrnU=TVg��iU,z�¤�bdPlUfe=vIrdbdgag+j�ylvircb
kw`QjSgibf�0kw`dk��S��U�k�j�bnPSU�bdU=©0bn�SrnU!z�ylvIrdb!�¬¥6g+rdU!g��iU!r!¤+bdPSkw`$kw`$z_gijlU�opv+`tb,�
ufoèbdU=r

5
TVk�ja�_bnU!`.Ð

7500
k�bdU!rnvIbdk�gijl`{Ñ�¤� #U6rnU!v+e{PÈ`cbnvi�Sk���k�bt^i� OQPlU.rdU,`c�l�mb�kw`ÊySrnU�bdbt^¡z_U!e=U=k��ak�jShB�

�ªUe=vIjË`cU!UÊbdPBv�bVjSgIb�vI����`cbdrnk�yBU,`DvirdU�rdU!TDg��+U!zÁk�jÖbnPSU�e!vIrdbdgagij¡ylvIrdb!¤5vijlzÁbdPBv�b�`cg+TDU�e=vircbng0g+j
yBv�bcbnU=rnjl`'vIylyBU,vIr'k�j�bnPSU�bnU�©abd�SrnU�ylvircbÊÐp`dU=U¨2Qx Ðp�0ÑcÑ��¨�5�iU!j¦ #g+rn`cb10'bdPSUVbngiyÁk�TVvihiU,`�rdU!ySrdU,`cU!j0b
bnPSUfrnU!`d�S��bn`5 $k�bdP�x$�lz_k�j � XL`cPSU!r � ¢ vIbdU!TDklTDg_z_U!�2�¬OQPSU l2 � jSg+rdT�`¬gioFbnPSUArnU!`dkwz_�lvI�w`¬k�jVbdPSULO�g+y � x$k�h+P0bÐ2O$xAÑQk�T�vIhiU
vijlz�k�jbnPSUÓ2�gIbdbdg+T � x$k�hiP0b
ÐP2QxAÑfk�T�vIh+U'vIrnU�bdPSU�`nvITVU+��^£b�`dU=U!TV`$bdPlvIb�xfX ¢ TVg_z_U=�yFU=rdo�girnT�`QU=�+U=j��BU=bcbdU!r$bdPBvIj�Ì��l¥6U!^iU!r!§ `QTVgazSU=�)�
OQPSkw`�rdU,`c�S��b�kw`�zSkmú~U=rnU=j0b�o�rngiTÕbdPlU#e�g+jle����l`dk�g+jl`�gio<q ¢ �,uf��stg+�+U=b!��vI�)��k�j¨f $ h)¤� $PSU!rdU5bdPSU�vI��higirnk�bdPSTh0vM�iU'��U!`n`Ah+U=g+TDU=bdrn^k�j

v
����U�bdPlk�jS±bnPlv�bLbdPlUDviySySrng+vie{PySrngiyFg+`dU!z.k�j.g+�SrLylvIyFU=r�vIySylrdgM©_k�TVvIbdU,`

�FU�bdbdU!r#ÌD�S¥6U=^+U=r,§ `#TVg_z_U=�)¤_vi`�jSg�U=©abdr{v�ylvirnviTVU�bdU!r;kw`�jSU=U,z_U!z�¤Svijlz�bnPlv�bQ �ULe=giTVyS�_bnU!zÊU=©_yS��kwe�k�bd��^
bnPSUQrnvIbdU�gIoBe=gija�iU!rdh+U=jle=Ui��¥.girnU=g��iU!r!¤!bdPlU�rnU!`d�S��bn`� �U#g+�_bnvik�jDvIrnU�e=gijle=gir{zSvIj0b� $k�bdP�bdPlUQe=gijle=���B`ck�gijl`
gio��ªgIb{vIgDÌ�k�jU�b,�;vI�)�5k�j¢f �SöEh)�;OQPlU
vI�_bnPSgir{`$`cPlg� ÍbdPBv�b$bdPlU�î¬U!`dU � XL`cPSU!rQTDg_z_U!��vIjBz�bnPSU
`dk�TVyS��U=r
BV −L1 TVgazSU=�~�BgibdP�gi�_bnyBU!rco�g+rdT«ÌD�S¥6U=^+U=r,§ `�TVg_z_U=�Fo�g+rf`cg+TDUAbnv+`c±_`�gIo�k�T�vIh+ULzSU!e�g+TVyBg0`ck�bdk�gij��

76798-:<;�=?>A@CBEDAFEGCHAI



ö,ü J Û=ßwänäCKML�N<O{Û=ç�âPK6QfÞ�Ü�ã~á æ�RTS çdÜ-N<U

ÌD��¥6U=^+U=r,§ `�z_kw`de=rdU=bdk��=U,z.TVg_z_U=�¬z_gaU!`�jlgIb'`cU!U=T vi`LySrngiTVk��=k�jShvi`Lk�j�bdPlUDe=gij0bdk�ja�Sgi�l`�`dU�bdbdk�jShl�
�ªU' $k�������U!v+zÊo��lrcbnPSU=r$k�ja�iU!`cbdk�h+vIbdk�gijl`#bng�®Bhi�SrnU�gi�_b$bnPSU'rdU,vi`dgij�o�girQbdPBv�b!�

¢ k�h+�SrnU'�.0;X�rdk�hik�jlvI��2QvIrn�lvirnv�k�T�vIh+U

ÿ � ���=��" ½�º������{��å ��� ���
�AÃ
�
l
p 	�����²���f���

�~}?� É¢©��
BV − l

p Ì¹�~ªl���
^ jÊbdPSkw`Q`cU,e�bdk�gij�¤+ �UA��gagi±�v�bQv�`dU!e�g+jlz�vIylyS��kwe=vIbdk�gijÊgio�gi�Sr�hiU!jSU=r{vI�So�rnviTDU! #g+rd±~����U�vIrnUfk�j+bnU=rnU!`cbdU,z
k�j�bdPSU�o�g+����g� $k�jSh�ylrdg+�S��U!T¬0

inf
u∈X

λ|u − f |pp + J1(u)
Ð2�S� $ ö,Ñ

o�g+r
p ∈]1,∞[

�L�ªUDTDk�jSk�TVk��!U�bnPSU�bngIb{vI����vIrnk�vIbdk�gij.`d�S�_stU!e�b�bng�v
lp
e=gijl`cbdr{vIk�j0b!�L�×PSU=j

p = 2bnPSkw`$TVgazSU=��kw`QbdPSU
xfX ¢ TVg_z_U!�vf �i�+h£�¬��U�bnrdU,v�bQbdPSU
e!vi`dU p = 1
`cU!ylvIr{v�bnU=��^i�

�AgIbdU�bdPBv�b�bdPSU�`cg+���Sbdk�gijÊgio#Ðp�l� $ ö!Ñ5kw`��SjSkw°0�SULzS�SUAbng�`cbdrnk�e�bQe=gija�iU=©_kmbt^VvIjlz�e�gaU=r{e�k��akmbt^DgIo�bdPSU
lpjlgirnT��

�ªU�®lr{`tbfrnU!e!vI���~`dgiTVULopvie�bn`$gio�e=gija�iU=©�vIjlvi��^_`dk�`�Ðp`dU=Unf�ö!�-h)¤_o�g+rfvVe�giTVyS��U�bnU�rdU=o�U=rnU=jle=U,Ñ��
Λ : X → Y

z_U!jSgIbnU!`Lv���k�jSU,vIrLz_kmú~U=rnU=j0bnk�vi��giyFU=r{v�bngir,�
Λ∗ : Y → X

kw`�kmb{`�z_�BvI��g+yBU!rnvIbdg+r!�~2�^
zSU�®ljSk�bdk�gij�¤_o�girfvij0^

u ∈ X
¤
q ∈ Y
¤_ �U'PlvM�iUÝ0

< Λu, q >Y =< u, Λ∗q >X
Ð2�S� $ �+Ñ

VXWM7YV[Z
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�������
	���
������������	�������� �!��	��#"$��	&%�'(�*)+�-,-�/.102��%3�4�5�76����
	����8��	��#"$��	�%9'(�:);�-,-�<.=02>?�������	@�������A�8��	��B��"C���<	�D�E��/F<���!,
EG0=>?%H�
�5�76����
	��I�!��	����J"C���/	�D�E@�KF7���8,
EG0=L��M�8����	@���N�O�A�!��	@���J"C���<	
P );���N�
���/E�0=L�%Q�
�5�76����!	��I�!��	@�R��"C���<	 P );���N�
���/ES5S3TJU!VKW@XZY\[7]Z^7_\`Za



�i� J Û=ßwänäCKML�N<O{Û=ç�âPK6QfÞ�Ü�ã~á æ�RTS çdÜ-N<U

d�U�b
F : X → a vIjBz G : Y → a �BU�bt �g�e�g+ja�iU�©ySrngiyFU=r�o��Sjle�bdk�gijl`!��d�U�b P ¤~�BU�bdPlU�ySrnk�TVvi�ylrdg+�S��U!T¬0

inf
u∈X

G(Λu) + F (u)
Ðp�l� $ �+Ñ

OQPSU
zS�lvI��ySrngi�l��U!T P∗ kw`�bdPSU!jzSU�®ljSU,z��0^�0

inf
q∈Y

G∗(−q) + F ∗(Λ∗q)
Ð2�S� $ � Ñ

d�U�b
ū
vijlz

q̄
�BU6bnPSU�`dgi���_bnk�g+jl`�gIo P vIjlz P∗ rdU,`cyFU!e�bdk��iU!��^+� OQPSg0`cU.`dgi���_bnk�g+jl`ÊvIrnU6rnU=�wv�bdU,zbnPSrngi�Sh+P�bnPSU'U�©abdrnU=T�vi��k�bt^�rdU!��vIbdk�gijl`Æ0

F (ū) + F ∗(Λ∗q̄) =< Λ∗q̄, ū >X
Ð2�S� $r$ Ñ

G(Λū) + G∗(−q̄) =< −q̄, Λū >Y
Ð2�S� $ �0Ñ

^ j¡bdPSU�o�gi����g� $k�jSh
p′
kw`
bnPSUe�gijIst�Shi�lvIbdUÊgio

p
���×PSU=j

p ∈]1,∞[
¤
p′ = p

p−1

���×PlU=j
p = 1
¤

p′ = ∞ ���×PSU=j p = ∞ ¤ p′ = 1
�

ñ � ·<	#· �,ï��,ï · î õ wñY Ú ÖSÛ1U-NlÜIÞaÝFçdÙ�O�Þ�Û�Ú Ùtå1ó@brÙ[õ�ceùDßwä�U+Ûed;ãFÛCU¨O<f¸Ü

inf
{q∈Y,||q||∞≤1}

< −div(q), f >X −β|div(q)|p
′

p′

Ð2�S� $ ùiÑ
× ÖlÛ�çdÛ1Ü

β = (λp)−1/(p−1) − λ(λp)−p′ Ð2�S� $ ü0Ñ
ñ � ·�·�� � ^ j�g+�Srfe=v+`cU

Λ = ∇ ¤ Λ∗ = −div
¤
F (u) = λ|u − f |pp

¤SvIjBz
G(q) = ||q||1

�
¢ k�rn`cb!¤S �U�rdU,e=vi���~bnPlv�bQo�rngiT��Rgi�wz_U=r$k�jSU,°+�BvI��kmbt^Ê �U�PlvM�iU�o�gir p ∈ [1,∞[∪{∞} 0

sup
{r∈Y,||r||p=t}

q · r = t||q||p′

Ð2�S� $ �0Ñ
OQPa�l`!¤

G∗(−q) := sup
r∈Y

< −q, r >Y −||r||1
Ð2�S� �i�0Ñ

= sup
t>0

sup
||r||1=t

< −q, r >Y −t
Ð2�S� �Sö,Ñ

= sup
t>0

t||q||∞ − t
Ð2�S� �+�iÑ

= χK(q)
Ð2�S� �i�+Ñ

VXWM7YV[Z
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �Sö

�×PSU!rdU
K
¤_k�`�bnPSU
`dU�b {q ∈ Y, ||q||∞ ≤ 1} �

¢ gir 1 < p < ∞ 0

F ∗(−div(q)) := sup
u∈X

< −div(q), u >X −λ|u − f |pp
Ð2�S� � � Ñ

= sup
v∈X

< −div(q), (v + f) >X −λ|v|pp
Ð2�S� � $ Ñ

= < −div(q), f >X + sup
t>0

sup
|v|p=t

− < div(q), v >X −λtp
Ð2�S� �i�0Ñ

= < −div(q), f >X + sup
t>0

t|div(q)|p′ − λtp
Ð2�S� �0ùiÑ

= < −div(q), f >X +β|div(q)|p
′

p′

Ð2�S� �iü0Ñ
OQPSU$�wvi`cb¬U!°0�lvIbdk�gijDk�`¬g+�_bnvik�jlU!z��0^De=vijle�U!��k�jSh�bdPSUfz_U!rdk���v�bnk��+U�gioBbnPSUQo��Sjle�bdk�gij

t → t|div(q)|p′ −
λtp
� Æ g+k�jlhV`dgl¤_ �UL®ljlz

β = (λp)−1/(p−1) − λ(λp)−p′ �

�

ñ � ·<	#· �,ï��,ï · î õ �ý� Ú ÖSÛVÛ�ý+â)çdÛ=ÚVÜIÞàßèâhfVçdÛ=Þ�ÜIâ2ßpÙIãSä�Ü�ÞèÞ�Ù × â ÙVä�ÖSÙ × Ü

ū = f − βp′|div(q)|p′−2div(q̄)
Ðp�l� ���+Ñ

ñ � ·�·�� � ¢ k�r{`tbf �U�rdU,e=vI���FbdPlvIb F ∗∗(u) = F (u)
�

\agVbnPlv�b
F (ū) = supv∈X < ū, v >X −F ∗(v)

�
OQPSU�®Brn`cb$U�©abdrnU=T�vI��k�bt^ÊrdU!��vIbdk�gij�vI�w`cgVhik��iU,`

F (ū) =< −div(q̄), ū >X −F ∗(−div(q̄))
�

OQPSg0`cU�bt �g�U!°0�lv�bnk�g+jl`�k�TVyS��^
bnPlv�b −div(q̄)
e=vijle�U!��`�bnPSUfz_U=rnk��MvIbdk��iUQgIo

v →< ū, v >X −F ∗(v)
�

\agVbnPlv�b�0

(ū − f) + βp′|div(q̄)|p′−2div(q̄) = 0
Ðp�l� ùI�+Ñ

�×PSkwe{PU=jlzl`QbdPSU'ylrdgagIot�

�

OQPSUDja�STVU=rnk�e!vI��k�j0bdU!rdU,`tbLgIo;z_�BvI��kmbt^kw`AySrnU�bdbt^6e���U!vIr,�f�ªU�jlg�  PBvM�iU'bng�`dgi���iU
v�z_kmú~U=rnU=j0bnk�vi�S��U
ylrdg+�S��U!T�Sjlz_U!rfvVe�gija�+U�©Êe�g+jl`tbnrnvik�j0b,¤_k�jl`cbdU,viz�gIo�PBvM�0k�jShVvDjSgijz_k�úFU!rdU!j+bnk�vi�S��ULylrdg+�S��U!T���ªU'e=vij
�B`cUVbnPSU�e�g+jl`cbnvIj0b
`cbdU=y¦ylrdgistU!e�bnU!zªhir{vizSk�U!j+b
z_U,`de=U=j0b'bdg.`dgi���iUVk�b!� ¢ g+r p = 2

¤�u
�¬W#PlvIT��Bg+����U�k�jfàùh£¤¬ySrngiyFg+`dU!zÁv.e�g+ja�iU=rnhiU!j0b'vi��h+girnkmbnPST bng>`dgi���iUÊySrngi�l��U!T Ð2�S� $ ùMÑ���^ jÊf ü-h�PSU�rdU!TVvird±_`�bnPlv�b�bdPSU
yFU=rdo�girnT�vIjle=U!`�gIoSbnPSkw`�vi��h+girnkmbnPSTû`cU!U=T[bng��FU$`c��k�h+P0bd��^Lk�j_o�U!rdk�gir,¤Mbdg�bdPSUQySrngIstU,e�bnU!z'h+rnv+z_k�U!j0b�z_U,`de=U=j0b!�
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�~}�| É¢©��
BV − l

1
Ì¹�~ªl���

�ªU'jSg�  `tbn�lz_^�bnPSU'ySrngi�S��U=T¬0

inf
u∈X,|u−f |1≤λ

J1(u)
Ð2�S�àùaö,Ñ

OQPSkw`�TVg_z_U=�¬ Qvi`Lk�jSkmbnk�vi����^.ySrngiyFg+`dU!z6bdgrdU!TVg��iU�k�TVyS�S�w`cUVjSg+k�`dUi����UVrnU�o�U!r�bng f�öi¤��+�a¤¬öiöi¤¬ö,��h
o�g+r�v�higag_zg��iU=rn�ak�U! Õgio¬bdPSUDjSkwe�U�ySrdg+yBU!rcbnk�U,`fgio¬bdPSkw`LTDg_z_U!�2����U�st�l`cb�rnU!e!vI����bdPBv�b�kmbLk�`Lv�`dk�TVyS��^
e=gija�iU=©o��Sjle�bnk�g+j�¤�`dg�bnPlv�b�bdPlU=rnUD`dPSgi�l��z>jSgIb��BUV�Sjlk�°0�SU!jSU!`n`LgIo5bnPSU�`cg+���_bnk�g+j>k�j>h+U=jSU!rnvi�2��^ j�bdPSU
o�g+����g� $k�jShl¤a �U�`dPSg� ÕPSg�   �U'e=vIjvIylyS��^�z_�lvi��k�bt^�bdgDbnrnvijl`to�g+rdT¾kmbfk�j0bdgDo�girnT Ðtö+��öMÑ��

ñ � ·<	#· �,ï��,ï · î õ ¡�6 Ú ÖSÛ1U-NlÜIÞaÝFçdÙ�O�Þ�Û�Ú Ùtå1ó@brÙjiKceùDßwä�U+Ûed;ãFÛCU¨O<f¸Ü

inf
{q∈Y,||q||∞≤1}

< −div(q), f >X +λ|div(q)|∞
Ð2�S�àùI�+Ñ

�ªU'��U,vM�iU�bdPSU'ylrdgagIo�o�girQbnPSU'rdU,viz_U!r!¤_v+`Qkmbfkw`$�iU!rd^Ê`dk�TDk��wvIrQbdgDbnPSU
lp
e!vi`dUi�

OQPSU�rnU=�wv�bnk�g+jl`L�BU=bt #U!U=jªbdPlUÊz_�lvI�#vIjlz>bdPSU�ylrdk�T�vI�¬ySrngi�S��U=T�vIrnUDTVg+rdU�e�g+TVyS��kwe=vIbdU,z.bnPlvIjÁk�j
bnPSU
z_k�úFU!rdU!j0bdkwvI�S��U'e=vi`dUi�
ñ � ·<	#· �,ï��,ï · î õ wðY*Õ å

div(q̄) 6= 0
K5âXÖSÛ=ã>âXÖSÛ�Ûþý+â2çnÛ�Ú�Ü�Þàßèâjf�çdÛ=Þ�Ü�â)ßpÙ�ãlä'Þ�Û{ÜrU�â£Ù¸Ü

ūi = fi + λγi
(−div(q̄))i

|(div(q̄))i|
Ð2�S�àù��0Ñ

J ßèâ[Ö
γ = (γ1, γ2, ..., γn) ∈ a n äANláþÖ6â[ÖlÜ�â~Ü







γi ≥ 0 ∀i ∈ {1, 2, ..., n}
|γ|1 = 1
γi = 0

ß å |(div(q̄))i| < |div(q̄)|∞

Ð2�S�àù � Ñ

ñ � ·�·�� � /A`dk�jShDbnPSU�®lr{`tbfU=©0bnrdU!T�vI��kmbt^�rnU=�wv�bnk�g+j�¤SvIjlz�bdPlU�opvie�b$bnPlv�b
F ∗∗ = F

¤_ #U�h+U�b30

F (ū) = < −div(q̄), ū >X −F ∗(−div(q̄))
Ðp�l� ù $ Ñ

= sup
u∈X

< ū, u >X −F ∗(u)
Ð2�S�àù��+Ñ

OQPSkw`$k�TVyS��k�U!`$bdPlvIb`0

0 ∈ ū − ∂F ∗(−div(q̄))
Ðp�l� ù+ùIÑ

/�`ck�jSh���U=TVT�v
11
¤Se{Plviy_bdU!r

5
k�j¢f � $ h£¤_ #U
e!vIj`cPlg� ÍU!v+`ck���^ÊbdPlvIbfkmo

v 6= 0
¤abdPSU!jg0

(∂F ∗(v))i = fi + λγi
vi

|vi|
Ð2�S�àù�ü0Ñ

VXWM7YV[Z



Ø�Ù�Ú�Û�Ü{ÝiÝ~Þàßpá{Ü�â)ßpÙ�ãSäVÙtå
l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �i�

�×k�bdP
γi
`dvIbdkw`to�^ak�jSh�0







γi ≥ 0 ∀i ∈ {1, 2, ..., n}
|γ|1 = 1
γi = 0

k�o |vi|2 < |v|∞

Ð2�S�àù-�0Ñ

�

OQPSkw`�rdU!��vIbdk�gijÊz_gaU,`;jSgibQvi����g� Èbdg�rdU=bdrnk�U!�iU
ū
o�rdg+T

q̄
�5�AU=�+U=rdbdPSU!��U,`d`;kmbQhik��iU,`;`dgiTVUAk�j_o�girnT�v�bnk�g+j

g+j
ū
�
�ªU�e=vij�jlgIbdkwe�UVbnPlv�b�gijªySkm©_U!��`' $PlU=rnU |(div(q̄))i| 6= |div(q̄)|∞

¤
ui = fi

��OQPlk�`'TVU,vIjl`�bnPlv�b
T�vij0^ySk�©_U=�w`L $k�����rdU!TVvik�j��Sjle{PlvijShiU,z��
OQPSkw`Lk�`Lk�j�vIh+rdU!U=TVU=j0bL $kmbnP.bdPlU�opv+e�bLbdPlvIb�bnPSkw`�TDg_z_U!��k�`
v+zSvIySbdU!z�bdgVrnU=TVg��iULk�TDyl�S��`dk��iU'jSg+k�`dU10Bst�B`tbfbnPSU'jSg+k�`d^�ySk�©aU!��`A`cPSg+�S�wz��FU
e{PlvIjlhiU!z��
�ªU'PlvM�iU�jSgib$�l`cU,z�bdPSU
`dU!e=gijlz�U�©abdrnU=T�vi��k�bt^�rdU!��vIbdk�gij�^iU=b!��^£bf��U,vizS`�bngVbdPSU�o�g+����g� $k�jSh�rnU!`d�S��b�0

ñ � ·<	#· �,ï��,ï · î õ  õ 

(∇ū)i = |(∇ū)i|2q̄i
Ð2�S� üi�0Ñ

ñ � ·�·�� �
G(∇ū) = G∗∗(∇ū)

Ð2�S� üSö,Ñ
= sup

q∈Y
< ∇ū, q >Y −G∗(q)

Ð2�S� ü+�iÑ

= < −q̄,∇ū >Y −G∗(−q̄)
Ðp�l� ü+�+Ñ

OQPa�l` −q̄
`cg+���+U!`;ySrdg+�S��U=T Ðp�l� ü0��Ñ��5OQPSkw`#^0k�U=�wzS`#bdPlUAU�©_kw`tbnU=jle=UDÐ2e�ot�
f �i�+h�Ñ5gio�T��l�mbnk�yS��k�U=r{`

µi
`c�Be{P

bnPlv�b30

(∇u)i − µiq̄i = 0
Ð2�S� ü � Ñ

�×k�bdP
µi = 0

k�o |q̄i|2 < 1
¤_gir

µi > 0
kmo |q̄i|2 = 1

�i^ j�BgibdP6e=v+`cU,`� #U�hiU=b
µi = |(∇u)i|2

�

�

Ð2�S� üi�iÑ#bnU=����`$�B`�bdPlvIb
q̄
rnU=ySrnU!`dU=j0bn`#bnPSU'girnk�U!j0bnv�bnk�g+j�gio�bnPSU���U!�iU=����k�jSU!`Qgio

ū
�

OQPSU�ja�STVU=rnk�e!vI��k�j0bdU=rnU!`cbAgio;z_�lvI��k�bt^�o�g+rfbdPlU
BV − l1

ySrngi�l��U!T¾kw`AjSgib�e���U!vir!�$q;rdg+�S��U!T Ð2�S�àùI�IÑ
e!vIjË�BU6`dgi���iU!zÖ $kmbnPËg+�Sr�vI��higirnk�bdPST¤¬�S�_bÊz_gaU,`�jlgIbÊ`cU!U=T U,`cyFU!e=k�vi����^Ö`ck�TVyS��U=rDbdPlvij¡bnPSU�ySrdk�T�vI�
ylrdg+�S��U!T�
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k l ±�����± 	����=�'�ø���
� ²���º���½��$½ ���
�=���$�nm
OQPlULTVg_z_U!�� #U'`cbd�lzS^�PSU!rdU� $rnkmbnU!``0

inf
{u∈X,|u−f |∞≤α}

J(u)
Ð£ùa� ü $ Ñ

�×k�bdP
X = a n ���ªUL $k�����`tbn�lz_^VbdPlk�`�TVg_z_U=�F $kmbnPÊbt �g�z_k�ú~U=rnU=j0b�ylrdk�gir{` J �¬OQPSU�®lrn`cb#g+jSUAkw`#bdPSUbngIb{vI����vIrnk�vIbdk�gij 0

TV (u) = J1(u) :=

n
∑

i=1

|∇u|2
Ð£ùa� üi�0Ñ

OQPSU
`dU!e=gijlz�kw`�bdPSU
z_kw`ne�rnU�bdk��=U,z�Pa^ayFU=r{`c�Srdopvie=U�gio
u
0

J2(u) :=

n
∑

i=1

√

|∇u|22 + 1
Ð£ùa� ü0ùIÑ

OQPSU'ylrdg+�S��U!T¾ $k�bdP
J = J1

kw`fz_U!jSgIbnU!z P1 ¤BvIjlz�bdPSU�gijSU� $k�bdP J = J2
kw`$z_U!jSgIbnU!z P2 �;OQPlU=^PBvM�iULrdU,`cyFU!e�bdk��iU'`cU=bn`Qgio�`dgi���_bdk�gijB`

U1 vIjlz U2 �

o }?� p#�l�?¾
ºl���������s�v�¨�.©��x�����?º��.�����
uzSkcbÊe��l�mbt^�bdPlvIb
 #U�U!jle�g+�Sj0bdU!r'�l`ck�jSh

TV
v+`
v�ySrdk�gir'kw`�bnPSUÊjSg+jª�ljSk�°0�SU!jSU!`n`'gio#bnPSUÊ`cg+���Sbdk�gij��

u$e�bd�lvi����^i¤MbnPSU=rnU�U=�iU!j�kw`�vAPa�Sh+U�`dU�b�gIo~`cg+���_bnk�g+jl`�k�j
1−D
¤Ivi`�`cPSg� $j�k�j�bdPlU#k�j0bdrngazS�le�bngirn^LU=©SvITVyS��Ui�

U1
k�`QbnPa�l`$v�e�g+j0�+U�©�`dU�b,¤_hiU=jlU=r{vI����^�jSgibfrdU,z_�le=U!z�bdg�v�`ck�jSh+��U=bdgij��
X�j�bdPlU
e�gij0bnrnvird^+¤ibnPSU
`cg+���Sbdk�gijl`Qgio P2 vIrnULhiU=jlU=r{vI����^��Sjlk�°0�SU'U=©_e=U=y_bfk�jjSgij�rnU=��U=��vIj0bfe=v+`cU,`=�

ñ � ·<	#· �,ï��,ï · î (  ( *Õ å

amplitude(f) := max
i

(fi) − min
i

(fi) ≥ 2α
Ð£ùa� üiü+Ñ

âXÖSÛ=ã>âXÖSÛ
ä=Ù�Þ N_â)ßpÙ�ãÁÙtå P2
ßwä�N_ãBßeqENlÛ�Ù

ñ � ·�·�� � O�g.ySrng��iUDbnPSk�`�ySrngiyFg+`dkmbnk�g+j�¤�®Brn`cb�rnU=T�vIrn±6bdPBv�b�k�o
amplitude(f) < 2α

bdPSU!j¦bdPSU�`cg ����_bnk�g+jl`VvIrnUÊbdPlUe=gijl`cbnvij0bn`�gIoAbnPSU�k�j0bdU!rd��vi�
[mini(fi) + α, maxi(fi) − α]

�w^ jËbdPlU�gibdPSU!rVe!vi`dU!`
�ljSk�°0�SU!jSU!`n`�rnU!`d�S�mb{`Lo�rdg+T bnPSUVopvie�b'bdPlvIb

J2
k�`'`cbdrnkwe���^>e�g+j0�+U�©>k�j¦vI���5z_k�rdU,e�bdk�gijB`�U�©Se�U!y_b'bdPSUÊe=gij �`cbnvij0bn`!��OQPa�l`;bdPSU�`dgi���_bdk�gijÊkw`#�SjSkw°+�lUA�Sy�bdg�v�e�g+jl`tb{vIj0b!���×PSU!j

amplitude(f) ≥ 2α
kmbQkw`;U,vi`d^�bng

ylrdg��+UAbnPlv�bfbnPSU
TVk�jSk�T��STøgIo�bdPSU�`dgi���_bnk�g+j�T��l`cbf�BU
U,°0�lvI��bng
mini fi + α

¤F`cgDbnPlv�bfbnPSU�e=gijl`cbnvij+b
kw`$vie�bd�lvi����^�®S©_U,z��5OQPSkw`QU=jlzS`$bdPSU'ySrngagIot�

�

d�U�bf�l`�st�B`tbnkmo�^�bdPSU'k�j0bdU=rnU!`cb$gIo�bdPSg0`cU�TVg_z_U=�w`!�

VXWM7YV[Z



Ø�Ù�Ú�Û�Ü{ÝiÝ~Þàßpá{Ü�â)ßpÙ�ãSäVÙtå
l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé � $

o }�| p#�l���C�v¥�Ì Î¿©l�����x�����?���Hr���©l�tsg�Y���������i��u�ºl���.���Æ���M�.�����
�ªU�e!vIj�st�l`cbdk�o�^VySrngiyFU=rn��^�bdPSU,`cU�TDg_z_U!��`;�a^��l`dk�jSh'bdPlUAT�v�©_k�T��ST«v'yFg+`cbdU=rnk�girnk�Ðp¥.uAq#Ñ5o�girnTVvi��kw`dT��
\a�lySyBg0`cU�bdPBv�b

f = u + b
¤~ $PSU!rdU

b
kw`�vÊ�SjSk�o�girnT  $PSk�bdUDjSgikw`dU�gij

[−α, α]
� ¢ �SrdbdPSU!rL`d�SySyFg+`dUbnPlv�b# #U$PlvM�+U$v�ySrdg+�lvI�lk���kmbt^

P (u)
g��iU=r�bnPSUfk�T�vIhiU,`�bdPBv�b5kw`5ySrngiyFgirdbdk�gijlvi�abdg

exp(−J(u)) v �¬OQPSU!jk�bfkw`QrdU,vi`dgijlvi�S��U�bdgVrnU!e=g��iU=r
u
o�rngiT

f
`cg+���ak�jSh�bnPSkw`$ySrngi�S��U=T¬0

sup
u
{P (u|f)} = sup

u
{P (f |u)

P (u)

P (f)
} Ð£ùa� ür�0Ñ

�×PSkwe{Pk�`fU!°0�Sk��Mvi��U!j0b�bng�0

inf
u
{−log(P (f |u))− log(P (u))} Ð£ùa� �i�+Ñ

�AgIbdUDbnPlv�b
P (fi|ui) = 1

2α w [ui−α,ui+α]

��uA`LbnPSU�jSg+k�`dU�kw`�ySk�©_U=�� $k�`dUVk�jlzSU=yFU=jlzSvij0b!¤
P (f |u)

kw`
h+k��+U=j��0^ 0

P (f |u) =

{

0
kmo |f − u|∞ > α

1
(2α)n

gIbdPlU=rn $k�`dU�Ð�jk�`�bnPSU'ja�ST��FU=r$gio�ylkm©_U=�w`{Ñ Ð£ùa� �SöMÑ
`dgDbdPlvIb$bdPSU
¥.uAq×`cg+���_bnk�g+jk�`Qh+k��+U=j��0^�0

inf
u,|u−f |∞≤α

{J(u)} Ð£ùa� �+�iÑ
OQPSkw`�TVgazSU=�~k�`�jSgib#jSU! '�;\~�_O�r{vITVk�jSkFU�b!�5vi�2��k�j�f �IüS¤_�u�-h~k�j0bdrng_z_�le�U,zÊk�b#o�g+r;bnPSULrdU!TDg���vi�Bgio�bdPSU

vircbnkmopv+e�b{`fvIySyFU!virdk�jSh�k�j6bdPlUÓqiq��#Y'�I�+�i�Vk�TVvihiU�e=giTVySrnU!`n`ck�gij���OQPSg0`cU
vircbnkmopv+e�b{`fvIrnU
�Fgi�SjlzSU!z6vIjBz
TVk�hiP0b$�BU�bnPSU'ySrnk�jBe�k�ylvI��viySyS��k�e!v�bdk�gij�gIo�bdPlk�`QTVg_z_U=�)�

o }�£ xsºl�����.��¦��M�.�������l���?���t¥.��Ìà�����i�
uA���Qz_k�hik�bnvi�#k�T�vIhiU,`�virdU�°+�BvIj0bdk��=U,z�¤�bt^aySk�e!vI����^ªgij

256
h+rdU!^���U=�+U=�w`=� ^£bDkw`�jSgIbDk�TVyFU!z_k�jSh�o�gir�bdPSU

yFU=r{e�U!y_bdk�gijDgIoFbdPlU$k�T�vIh+U!`!¤I�S�_b5 $PlU=j�e�g+TDyl�_bdU!rn`�bnrd^'bng'U=��vI���lvIbdUQySrnU!e�kw`dU=��^�`cg+TVU�k�T�vIh+U#o�U,v�bn�SrdU,`=¤
��k�±iU�bdPlU5girnk�U!j0bnv�bnk�g+j�gIo0bdPSU5h+rnv+z_k�U=j0bn`!¤!°0�lvij+bnk��,v�bnk�g+jLk�jlz_�Be�U!`���virdh+U�U=rnrdg+rn`FbnPlv�b�ylrdU!�iU=j0b�vI��hig+rdk�bdPlTV`
bngV #g+rd±�ySrngiyFU=rn��^>Ðp`dU=U1f�ö�+h�o�g+r$k�jB`tb{vIjle=U,Ñ��¬q;rdU � ySrng_e�U,`d`dk�jlh+`�vIrnU�bnPSU=j6e=rd�le=k�vi����^�jSU!U!z_U,z��
d�U�b

Q
�BU�bnPSU
°0�lvIj0bdk��!vIbdk�gij�giyFU=r{v�bngir!¤_z_U=®ljSU,z�v+`Æ0

Q : a → 2α ì
ui → 2αb u

2αc + α

Ð£ùa� �i�0Ñ
YLk��iU!jÈv�ySrnk�g+r

J
¤#v�jlvIbd�Sr{vI�Qkwz_U!v>bdgÁrnU!`cbdgirnUÊbnPSUk�T�vihiU!`�kw`Dbdgª��gagi±Áo�g+rDbdPSUk�TVvihiU� $PSkwe{P

TVk�jSk�TDk��=U,`QbdPlk�`QySrnk�gir$k�j�bnPSU
`dU�b$gIo¬vIj0bdU,e�U,z_U=j0bn`
Q−1(f)

�i^£bAe=vij��FU'U!v+`ck���^�`cPSg� $j�bdPBv�b30

Q−1(f) = {u, f = Q(u)} = {u, |u− f |∞ ≤ α} Ð£ùa� � � Ñ
y{z}|�~��}~��}���Z�j�j~��K����~ �-���n�j�K�����Z�j���h|J����~��9�\�Z�{�}|J�{�7�1�����Z� 8�� � � �\������~ �h� � �Z�

76798-:<;�=?>A@CBEDAFEGCHAI



�i� J Û=ßwänäCKML�N<O{Û=ç�âPK6QfÞ�Ü�ã~á æ�RTS çdÜ-N<U

�������
�����8�B�����8���<�8 ¡��¢; �����£O�
[0, 1] ¤ ��¥¦�§���<�8 ��¨¢� ����;© U([−0.2, 0.2]) ª ���§«2�<�!£��¬@�K®°¯��²±�³

BV − L∞ ª ¥H�!«2�<�
£O��¬��/®´¯��²±�³ MinSurface− L∞

µ$¶�·}µC¸



Ø�Ù�Ú�Û�Ü{ÝiÝ~Þàßpá{Ü�â)ßpÙ�ãSäVÙtå
l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �0ù

OQPa�l`!¤S �U�virdU�vIh0vIk�j���gagi±ak�jSh�o�g+rQbdPSU
`dgi���_bnk�g+j�gio�bnPSU�o�gi����g� $k�jShDgiy_bnk�TVk��!vIbdk�gij�ySrdg+�S��U=T¬0

inf
u,|u−f |∞≤α

{J(u)} Ð£ùa� � $ Ñ
^ jbnPSU'o�gi����g� $k�jShB¤S �U
`cPSg� ÕbdPlrdg+�ShiP6`dgiTVU
`ck�TVyS��U'U�©SvITVyS��U!`!¤SbnPlv�bA�B`ck�jShVbdPlU'bdgibnvI���Mvirdkwv�bnk�g+j

v+`$vDySrdk�girQkw`fvD�lviz�kwz_U!v�o�girQbnPSU!`dU'±ak�jBzS`$gIo�z_kw`tbngirdbdk�gijl`!�
OQPSU�T�vIk�j6st�l`cbdk�®Be=vIbdk�gij¦o�g+r�bnPSU��l`dU�gio

TV
v+`�v6ylrdk�gir,¤�k�`�bdPlvIb�k�bDrnU=h+�S�wvIrnk��!U!`�bnPSU�k�T�vIhiU,`=¤

 $k�bdPlgi�_b��S���Srnrdk�jShªbdPSUU,z_hiU,`=�À^ jÈbdPSU6e=v+`cUgioLvIj
l∞ � e�g+jl`tbnrnvik�j0b,¤5bdPlk�`�v+z_��vIj0bnvihiU�k�`VjSgibÊe���U!vIrvija^0TVg+rdU+�

^ jlzSU=U!z�¤Bk�T�vIhik�jSU�bnPlv�b
f(i + 1, j) − f(i, j) > C > 2α

bdPSU!jbdPSUD`cU=b {u ∈ X, |u − f |∞ ≤ α}g+jS��^>e�g+j+b{vIk�jl`Lk�T�vihiU!`L $PSkwe{PÁ`dvIbdkw`to�^
u(i + 1, j) − u(i, j) > C − 2α

�VOQPa�l`LbdPSU
l∞ � e=gijl`cbdr{vIk�j0bU!jl`d�SrdU,`#bdPlvIb$bdPSUQst�STVyl`fhirnU!v�bnU=r�bdPBvIj

2α
vIrnU�ySrnU!`dU=rn�iU!z�¤0 $k�bdP6vDT�v�©_k�TVvi��z_kw`tbngirdbdk�gij�gIo

2α
�

uAjSgIbnPSU=rfrnU=T�vird±�gio�k�j+bnU=rnU!`cb$k�`QbnPlv�b30
ñ � ·<	#· �,ï��,ï · î (  '�*Õ ã¹c æeº ó£ßPÙèÛ�Ù × ÖSÛ=ã ny = 1

ù+K
U2 ⊂ U1

OQPSkw`DrdU,`c�l�mbDk�`D°0�SkmbnU�k�j0bdU!rdU,`tbnk�jShB¤¬kmb�`dPSg� f`'bnPlv�b�vIjÖU,vi`d^Á �vM^�bdgªySkwe{±Áv�`cg+���Sbdk�gijÖgio
U1
k�`

bng6`cg+���+U P2  $PSkwe{P�kw`'`c�lySyBg0`cU,z.U,vi`dk�U!r�v+` J2
k�`'z_k�ú~U=rnU=j0bdkwvI�S��Ui����UÊ`d±ak�y>bdPSU�ylrdgagIo�vi`�bdPSUö � Æylrdg+�S��U!T¼kw`QjSgIb$bnPSU�bdg+ySk�eLgio�bnPSk�`fylvIyFU=r,�

OQPSU
2 − D

e=v+`cU
��U!v+zS`$bng�jSU! û`c�SrnySrnk�`dU!`!�fOQPSU
jlgij.�Sjlk�°0�SU!jSU!`n`fkw`AjlgIb�v+`fySrngijSg+�Sjle=U!z6vi`Ak�j
bnPSU

1 − D
e=v+`cU+¤SvIjlz�ySrngiyFg+`dk�bdk�gij�Ð£ùa� üiÑQz_g�jlgIb$PSgi�wz��

�ªU
`cPlg� ÍkmbQbnPSrdg+�ShiP�vV`ck�TVyS��U�k������l`cbdr{v�bnU!zÊU=©SvITVyS��Ui����U
e{Plg+`dU
f
bngV�BU'v�bdrn�Sjle!v�bdU,z�e=gijSU'vi`

`dPSg� $j6g+jbdPSUDO�g+y � d�U�oèbVÐpO~d�Ñ$®lhi�lrdU�Ð $ Ñ��LOQPSU=j> #U�°0�lvij0bdk��=U
k�bDÐ2O�g+y � xfk�h+P+bA®lhi�SrnU,Ñ���^£b�h+k��+U!`fv`d�SyFU=rnyBg0`ck�bdk�gijVgio~e=^0��k�jlz_U=r{`!���ªUfjSgibdU$bnPSk�`5o��Sjle�bdk�gij
f
�M^£o~ �UfrnU�o�U!r�bdg'bnPSUfk�j+bnrdg_z_�Be�bdg+rd^�U�©SvITVyS��Ui¤

 �U�jlv�bn�Sr{vI����^�e=giTVU�bdgVbnPSk�jS±ÊbnPlv�b$bnPSU�`dgi���_bdk�gij�gIo P1 TVk�h+P+bf�FU
vIja^Êr{vizSk�vi��k�jle=rdU,vi`dk�jlh�o��SjBe�bdk�gijh+gik�jSh6o�rngiT
min(f) + α

bng
max(f) − α

�Öu$e�bd�BvI����^ªbdPlU�ja�STVU=rnkwe=vI�Q`dgi���_bdk�gijÖ �U�h+U�bDk�`Vv.jlU= 
`d�SyFU=rnyBg0`ck�bdk�gij�gIo�e�^a��k�jlzSU=r{`'Ðpe�ot��2#gibcbngiT � ��U�oèb
Ð�2Td�Ñ#®lhi�lrdUMÑ��
uAj6k�j0bd�lkmbnk��+U'U�©_yS�wvIjlvIbdk�gij�¤_kw`QbdPBv�bfk�j6� � Æ  #ULbdrn^Êbng�TVk�jSk�TVk��!U�bdPSU'k�j0bdU!hir{vI��gIo�bdPlU'��U!jShIbnP�giobnPSU$��U=�iU!�_��k�jSU,`¬g��iU!r5vI���_��U!�iU=�w`$ÐèbnPSkw`5kw`¬±ajSg� $jDv+`;W#g+virdU,vfo�g+rdT��S��v�e�ot�Tf �+h�Ñ��¬OQPSkw`¬k�j+bnU=h+rnvi�0kw`5e=��U,vIrn��^

��U!`n`�o�girfvVe=^0��k�jlz_U=rQbnPlvIj6v�bdrn�Sjle!v�bnU!z�e�gijlUi�
OQPSkw`L`ck�TVyS��U�U�©SvITVyS��U�`dPSg� f`QbnPlv�b

TV
kw`f�Sjlv+zSvIySbdU!z�o�g+rLzSU!°0�lvIj0bnk��,v�bdk�gij�¤Bvi`fbdPSU�rdU,`c�l�mbAkw`Av

jlU= «°+�BvIj0bdk��=U,z�k�T�vIh+Ui�ÊOQPSUj2�gibcbdg+T � x$k�hiP0bÊÐP2QxAÑLylk�e�bd�SrnUÊk�j¯Ð $ ÑLkw`�bdPlU�`cg+���Sbdk�gijªgIo P2 ��OQPlk�`o��ljle�bnk�g+j�PBvi`�bdPlULTVk�jSk�TVvi��`d�Srcopv+e�U�k�j�bnPSU
`cU=b {u ∈ X, |u − f |∞ ≤ α} �i^£bfkw`QT��le{Pe���g+`dU=r�bngVbdPSUg+rdk�hik�jlvi�~e=gijSU+�
�ªU
e�g+TDULbngVbdPSU
`nvITVU'e�g+jle����l`dk�g+j� $k�bdP6vVjlv�bn�Sr{vI�~k�T�vihiUi�5\aU!U�®lhi�lrdU�Ðp�0Ñ��
¢ k�jlvI����^+¤�gijSUDe=vij. #g+jlz_U!rA $Pa^�bdPSUV¥.ufq `cg+���Sbdk�gij. $PSkwe{P>kw`AbdPSU!girnU�bdkwe=vi����^�giy_bnk�T�vI��o�g+r��FgIbnP°0�lvij0bdk��!v�bnk�g+j.jSg+k�`dU�vijlz.�Sjlkmo�g+rdT  $PSk�bdUDjSg+k�`dU� �girn±_`A`dg��lv+z_��^6k�j�gijSUVe=v+`cU+¤~vijlz.`dg� �U=����k�j�bdPSU

gibdPSU!r!�¬OQPSkw`$�FU!e=giTVU!`QySrnU�bdbt^�e���U!virQ $PSU=j �ULylk�e�bd�SrnU�bdPSU
zSkmú~U=rnU=j0b$jSgikw`dU!`'Ð)ùiÑ��
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¢ k�hi�SrnU $ 0ÖO~dð0AW#gijlU � O$x 0l4��lvIj0bdk��=U,zÍe�g+jSU�2
d�0�§ Æ U,°0�lvIj0bdk��=U,z�§Q $kmbnP BV − L∞ 2Qx 0Æ U!°0�lvij0bdk��=U!z� $k�bdP
MinSurface− L∞

VXWM7YV[Z
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �r�

�������
����»!�����:�§£����������! �����¢� ���� ¤ ��¥¼�}½R�! ��N±���¾<�K®¿�}�/�! �£�� 10
�¨�/À��/��¬ ª ���4Á «R�KÂO�8 ��N±���¾<�K®�Á!¯��¨±�³

BV − L∞ ª ¥H�!«2�/ÂN�! ��N±��¨¾/�/®´¯��²±�³ MinSurface− L∞
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�5�����!���&ÏN�1�4�7ÐC±��1ÑR�
�²Ð$£O��¢Ò¯�³
�²±��#�
£��¬�� ¤ ¥9�¨�O³O±���½R�8 ��N±���¾/ �±���£��A�!£��¬@�

½R�! ��N±���¾/ J±��¨£O�Ó�
£��¬@��³8 �¬� ¿¬�¢� ����=�BÔ�Õ5¯�³
�¨���¡�
�!�²Ð$£O��¢Ö�
£��¬���³! �¬� °� ��������BÔ&×4ØÙ�Ú£��!��Û?Ü9Ý
 �Þ
Þ
��£O Oß\³}Õ
±�³
�

l∞ ¤ �!£���¢3�¬I¬@�!Þ
Þ8£N¬@�K®°±�£à¢;£-®-�<��±�³!�&�
£O��¬���Õ� ��!®á�BÔH±�³
�+��¢; ����K¬<×IÜ�ßZ±��! ����¨âOÕã±�³
����/ O¬@£O�¿¯�³�âà�¨±I¯G£O��ä-¬9���?±�³
�;ß< �¬���£�Ð=¯�³
�¨±��+�
£��¬���Õã��¬2±�³! J±#�BÔH�!£�±2£O�
��â¿¢+£-®-�/��¬R±�³!�&��¢� ����&å
�-±
 ���¬�£+¯�³! J±9�¬B�
£�±9�!£��¬@�O×
æ�ç$è étêRëQì}í8î@ïãðnñ�òRì�ó-ð�î�ñ@ô
�5£�¬@£O�¨ÀO�R±�³
£O¬��#Þ
��£�å
���<¢�¬/Õ�¯G�#�!¬��/®A±�³!�#Þ
��£�õ{�/ß7±��/®à¬��
å
���\ �®
�¨�/�O±� �Þ!Þ
��£N �ß\³à®-�/¬�ß7���¨å§�/®´�/ ��������<�K×
�B³
��¬��
å
�O�� O®-���<�N±�£�Ð5±�³
�I±�£�±� ���À� ���� J±��¨£O�A�¬�����À��/�´å�â?�

div(Ψ)
¯��¨±�³

Ψ =

{ ∇u
|∇u|2

�²Ð |∇u|2 > 0

0
£�±�³
�/��¯��¬�� ö ÏN× ÷�»Nø

ÜR�!®à�²±Rß/ ��°å8��¬�³
£J¯��A±�³! �±
L1 = ||∂J1||2 ≤ 4

√
nÝ1��£�å!�¨�/¢ P2 ��¬�®-�¨ùã�<���<�N±�� �å
����×Mú �°ß/ ��M�!¬��°  ß7� �¬�¬���ß/ ��BÞ
��£�õ{�/ß7±��K®û���\ �®
�¨�/�O±�®-�K¬�ß<�<�N±+¯��¨±�³ß<£��!¬@±� ��N±�¬@±��/ÞA±�£¡¬@£O�¨ÀO�2�¨±/×

ü ýÿþ����������
	<þ��
ØÙ��±�³
�¬�Þ! �Þ§�<�KÕ�¯G��¬@³
£J¯��/®(±�³! J±�¢� ���âI¢+£-®-�/��¬5£�Ð
��¢� ��O�=Þ
��£-ß7�/¬�¬��¨�
�9ß/ ���å§�B¬{±\ J±��K®#�
�!®
�<�5±�³
�B¬� �¢;�
Ð$£O��¢� ��¨�¬@¢ ö�� × � øZ×�ú �B���Kß< ������/®#±�³
��±�³
�/£���â#£�Ð8±�³
�BÞ
��£�õ{�KßZ±��K®�¬��
���\ �®
�¨�/�O±n®-�K¬�ß<�<�N±/Õ� ��!®�¬��!ß/ß7�/¬�¬@Ð$�
�¨��â �Þ
Þ
���¨�K®¿�¨±R±�£°¬�£�¢;��Þ
��£�å
���<¢�¬/×2�B³
£N¬@��Þ
��£Oå
���<¢�¬R���!ß<�¨�!®
�&¥��!®
�¨� ¤� ¬�³
�<� ¤ �8 J±��<¢;�4¢;£-®-�<�jÕ�Û¿�<âO�<�KÁ ¬¢;£-®-�/�hÕ( ��!®*¬�£�¢;�¹¢+£-®-�/��¬AÐ$£��àå§£��
�!®
�/®*�!£��¬@� ®-�<�
£O��¬����
�!×Qú¹�á±�³
���
ä ±�³! J±°¯G� ß7£O�
��®*���K®-�!ß7�

µ$¶�·}µC¸
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l∞ æ á{ÙIãSä�â2çnÜ�ßèãlâ2ä�ßèã>ßèÚ�Ü=é0ÛQÝ~çdÙ!á{Û�ä{ä{ßèãaé �lö

`d�S�l`cbnvij0bdkwvI����^�bnPSU
e�g+TVyS�_bdk�jShVbnk�TVU!`f�l`ck�jShVTVgirnU'viz_��vIjBe�U!z�bnU!e{PSjSkw°0�SU!`Qgio�e=gija�iU=©Êgiy_bnk�TVk��!vIbdk�gij��
OQPlk�`Q $k������BU�bnPSU�bdg+ySk�e�gio�o��SrdbdPlU=r$k�j0�+U!`cbdk�h+vIbdk�gijl`!�

�V��� î ·a¶ Ô ³ ¸6� ³ Å ³ î �i� OQPSU#®lrn`cb¬vI�_bnPSgir� #g+�S�wz
��k�±+U;bngAbnPlvIjS±
uA��U=©_k�`i2QvI�Bz_gi�Sr�o�gir��l`dU�o��S�_T�vIbdP �U!T�v�bdkwe=vi��z_kw`de=�l`d`dk�gijl`!�

â â 	�	��$��½�� °
Ô � ³a· � ³ Å ë�¡�6 Õ å

F
Ü�ã�U

G
Ü�çnÛ�â × ÙÊá{Ù�ã�üMÛþýLåCN_ãFá=â2ßpÙIãFÜIÞ ä�Ùtå a n ßèãlâ Ù a + K#Ü�ã�U λ ßwä�Ü�çdÛ{Ü�Þ�Ùtå a + ÙÚ ÖSÛfÝ~çdÙrO=Þ�Û=Ú Ü

inf
{u∈ ê n}

{F (u) + λG(u)} Ðtö+� �aùIÑ
ÖlÜMä�ÜVä=Û=â�Ùcå�ä=Ù�Þ N_â)ßpÙ�ãlä

UλÚ ÖSÛfÝ~çdÙrO=Þ�Û=Ú Ü

inf
{u, G(u)≤α}

{F (u)} Ðtö+� �+ü+Ñ
ÖlÜMä�ÜVä=Û=â�Ùcå�ä=Ù�Þ N_â)ßpÙ�ãlä

UαÚ ÖSÛ=ãpÜ

∀λ, ∀u ∈ Uλ, ∃α ∈ a +, u ∈ Uα
Ðcöi� �r�0Ñ

L�ã�U�á{Ù�ã�üMÛ=ç{ä=Û�Þ fjÜ

∀α, ∀u ∈ Uα, ∃λ ∈ a +, u ∈ Uλ
Ðtö+��ö,�i�0Ñ

� Û�çdÛ
Uλ
çdÛ ÝFçnÛ�ä=Û=ãlâ2ä�â[ÖlÛDä=Û�âLÙtå�ä�ÙIÞ N_â)ßpÙ�ãSä�ÙtåAÝFçnÙrO=Þ�Û�Ú ó{crÙ��
i�ù+KAÜ�ã�U

Uα
çdÛ ÝFçdÛ�ä=Û�ãBâpäDâ[ÖlÛDä=Û�âAÙcå

ä=ÙIÞ N_â2ßpÙIãSä�Ùtå#Ý~çdÙrO=Þ�Û=ÚôóÙc�Ù����ùrÙ
�ªU
z_g�jSgibQh+k��+ULbdPSU'ySrngagIo� $PSk�e{P�kw`$ySrnU�bcbt^���g+jShl�

Â �$���Q���$�����$�
f�öeh
\��~uA����k�jSU=^+�
u/q;rdg+yBU!rcbt^gIo¬bnPSU�¥6k�jSk�T��ST î¬U!e�bdg+rn`�gIo#v�x$U=h+�S�wvIrnk��!k�jSh ¢ �SjBe�bdk�gijBvI� Æ U=®ljSU!z�a^�¥6U!vijl`QgIo�bdPSU
uA�l`cg+���SbdU
�fg+rdT� Õ Ø�ØvØ Ú Ù�ØBßméiãFÜIÞ ò çdÙ,á{Û�äeÙ ¤ � $ 0 �Sö,�����SöMù_¤Sö���0ù_�
f �-h ¢ ��uf��bdU=r,¤�\�� Æ �lrnvijlz�¤�vijlzgql� ¢ rngiTVU=j0b!�Êu$zlvIy_bnU!zÁO�gibnvi�iî5vIrnk�vIbdk�gij�o�gir
ufrdbdk�opvie�b ¢ rnU=U Æ U �e=giTVySrnU!`n`ck�gij�gIoiqiyFU=h1^ T�vIh+U!`!����� Õ�� ¤l�I�<0�ö��r���_�_ö+öi¤+�i�i� $ �
f �uh'uAT��Srng+`dk�gl¤ ¢ �l`ne�gB¤SvIjlz�q¬vI����virnvl� ¢ �ljle�bnk�g+jl`QgIo62�g+�Sjlz_U,zjî5virdkwv�bnk�g+j�vIjlz ¢ rnU=U Æ k�`ne�g+j+bnk�ja�Sk�bt^q;rdg+�S��U!T�`=��� ýnå�Ù�ç�U! �ãBß[üMÛ=ç{ä�ßèâhf ò çnÛ�ä{ä ¤B�I�+�i�l�
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f � h�q ¢ ��uf��stg+�2��W#g+j+bnrdk��S�_bnk�g+j>Î��2§ vIjlvi��^_`dU�z_U�bdU=©0bn�SrnU!`�U=j.bnrnvikmbnU=TVU=j0b'z�§ k�T�vIh+U!`�ylvIrLTVÇ�bnPSg_z_U!`��virdkwv�bnk�g+jSjSU=����U!`�U=b�Ç!°0�lv�bnk�g+jl`�vi�_©Lz_Ç!rdk��iÇ!U!`~ylvircbnk�U!����U!`!�6Ú Ö�"�ä=Û~UiÛ�Þ�# N_ãBß[üMÛ=ç{ä�ßèâ S U+Û%$'ßpá{Û æ Ø�ÙnÝ<ÖaßpÜ æL�ãBâ2ß ÝlÙ�Þmßwä ¤~�I�+� � �
f $ h�qB� ¢ �Muf�Istgi�)¤iYD�,uA�S�BU!rcb,¤ud5��2#�wvIjBe � ¢ Ç!rnvi�lz�¤MvIjlz�u
�IW#PlvIT��Bg+����Ui�u^ T�vihiU Æ U!e=giTVyBg0`ck�bdk�gij'k�j0bdgAv2�g+�Sjlz_U,z`î5vIrnk�vIbdk�gij
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