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pearl . . .
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{I1, I2, O1, O2}
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¼�v©��²`�y¬�oq]�b�npv©�yu�xy«`npb�oLv©n
{SY NC : event, O1, O2 : integer, I1, I2 : integer � pair}
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(I1(9,9), O18, I2(0,0), O20)
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o�]`b�«©b:x[n}oLt`����b:{O�?syt`u���xyu��c�y{�b:x�oqb:npo¶«¦s�¾�b�{¶�?syt�u��¢v¦u��"t�r�b@�¢�ml
≤
² � b>x�«wnps��"b� �u`b.oq]�b��"v �?b:{qb:u�r�b

r1 \ r2
¬"¾.]`vwr�]³]�xyn.nqt`�`�?sy{qo

supp(r1) \ supp(r2)
x�u��ªb:´Ht�xy«©n

r1
syu³v»o�n.npt��`��s[{po@²
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r1, r2 ∈ R(P )

r1 ./ r1 ⇒ r1 ∨ r2, r1 \ r2, r1 ∧ r2, r2 \ r1 ∈ R(P )
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oq]�b�npb@´Ht`b�u�r�v¦u���s�£La¢b:n�n�x��yb@n^syu�r�sya¢a�t`u�v©r:x�oqv©syu�r�]�x�u`u`b:«©n:¬�xyu��¹®T�y±.xy«¦«
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P
¬��"b:u`s�o�b:�

Atoms(P )
v©ngo�]`b�npb�o#sy£�o�]`b

nqa�x�«©«¦b@n}o��g{qb@xyr1o�v¦s[u�n�s�£
R(P )

�"v �?b:{qb:uHo.£¤{qs[a
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≤
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~�o�sya¢v©rÃoq{�x�u�nqv»o�v¦s[u�n�]�x9�ybÃ�yb:{ql u`vwr�b��`{�sy�?b�{qoqv©b:n:² \S¾�s¹x�o�sya�n
a1
xyu��

a2
x�{�bÃb�v¦oq]�b�{/u�syu"·

v©uHoqb:{p£¤b:{qb:u[o�® s�£L�"vwn¤|}s[v¦uHo�nqt`�`�?sy{qo:¬�r�£}²�jmb@r1o�v¦s[u]$`² $y±1¬�sy{�r�s[uHoq{�xy�"vwr1o�sy{�ly²L¼`t�{po�]`b�{�a¢sy{�by¬`x�uml/oq{�x�u�nqv»·
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r ∈
R(P )
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r =
∨

a∈Atoms(P ),a≤r

a
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xcnqlHu�r�]`{qs[u`syt�nLa¢s"�"t`«©bgsy£¿oq]�b�¯#~>°�jªnpl"npoqb:a
²¶\^]`b�xyu�x�«©l"npvwnOvwn���xynqb:�/syu/oq]`b#vw�"b�uHoqv¦ �r:x�oqv©syuªs�£�x
nqb�o.sy£�{�b:xyr�oqv©syu�n�¾.]`vwr�]ª�[b�u`b:{�x�oqbg�ml�t`u`v©syu³x�«©«Bs�oq]�b�{.{�b:xyr�oqv©syu�n:²�\^]`b#�yb�u�b�{�x�oqs[{�nqb�o.vwn.r�s[ac��t"oqb@�
v©u�r�{qb:acb:uHo�x�«©«©l>£¤{�sya o�]`b^b:´Ht�x�oqv©syu�n�s�£`o�]`b.np�?b:r�v» ?r�x�o�v¦s[u¿²�\^]�b���{qs"r�b@nqn�vwn � �R¾.]`b:u�o�]`b��[b�u`b:{�x�oqs[{
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nqt�r�] r�syu�npoq{�x�v©uHo�n:¬�¾�b�b:u`{qvwr�] oq]`bR�"sya�xyv¦u

D⊥
S

s�£�b:x[r�] npv©�yu�xy«�¾.v¦oq]<xVu�b�¾*��x�«©t`b
⊥⊥
²J\^]mt�n:¬

D⊥⊥
S = D⊥

S ∪ {⊥⊥}
¬"¾.v¦oq]

⊥ ≤ ⊥⊥
²

~ ��x�{qoqvwx�«�{�b:xyr�oqv©syu
r
vwn¢x�uml­��xy«¦t�x�oqv©syu¹sy£�oq]�b
nqv¦�[u�x�«wn�s��[b�{�oq]`b:v¦{cb�¨moqb:u��"b@�,�"s[a¢xyv¦u�n�² � b

�`b�u`syoqb�¾.v¦oq]
R⊥⊥
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R⊥⊥
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nqb�o.sy£�nqv¦�[u�x�«wn�¾.v»o�]³�9xy«¦t�b��"v �Bb�{�b�uHo^£¤{�sya
⊥
²

~ ��xy{po�v©xy«B{qb@xyr1o�v¦s[u
r
npb�o�n.nqv¦�[u�x�«

S
oqs
⊥⊥
oqs�{�b��`{�b:nqb�uHo�oq]`bg£ x[r1o.oq]�x�o.��x�«©t`b:n^sy£�s�o�]`b�{�nqv©�yu�xy«©n

£¤s[{�r�b
S
o�s§�?b
xy��nqb�uHo:²¡¼`s[{Ev©u�npo�x�u�r�by¬¶v¦£�� K

∧ 	 � �/xyu�� r(S) ∈ DS

¬L¾�b/u`b:b:�
r(T ) = ⊥⊥

²V\^]`b
��x�{qoqvwx�«S{�b:x[r1o�v¦s[u

(Sv , T⊥⊥)
r�x�u�u`s�o��?bct`u`v¦oqb:�,®¤t�nqv¦u��

∨
±.¾.v¦oq]­s�o�]`b�{>��x�{qoqvwx�«�{qb@xyr1o�v¦s[u�n�¾.]�b�{�b

Tvwn��`{�b:nqb�uHo:²¶\^]`vwn�v©n.�"v �Bb�{�b�uHo�£¤{�sya
(Sv , T⊥)

¬"¾.]`vwr�]ªr:x�u/�?b�r�s[ac�?s[nqb:�¿¬[£¤s[{^v¦u�npo�xyu�r�b[¬"¾.v»o�]
(T v)
²

~�uHlª{qb@xyr�oqv©syu
v©n�xc��xy{po�v©xy«�{qb@xyr�oqv©syu¿¬`xyu��ªxyuml���x�{qoqvwx�«�{�b:x[r1o�v¦s[u
r
]�xyn.xyuÃxyn�nps"r�vwx�o�b:�/{qb@xyr1o�v¦s[u

[r]
¾.]`vwr�]Rr�]�x�u`�[b:n#x�«©«

⊥⊥
�9xy«¦t�b:ngs�£

r
v©u[o�s

⊥
��x�«©t`b:n:² � b��"b:u`s�o�bc¾.v¦oq]

R⊥⊥(P ) = {r ∈ R⊥⊥ |
[r] ∈ R(P )}
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C ⊆ R⊥⊥(P )
7	E �N
!�#���5
!�[�8�8
E�����57!1N"

�3"Y
 -E�.19�.��
!��7!�?".�.� 7	E
R(P )

� E
R(P ) = {[

∨

r∈K r] | K ⊆ C∧ ./ K}
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∀r1, r2 ∈ C :
r1 ./ r2

r1 6= r2

}

⇒ supp([r1]) ∩ supp([r2]) = ∅ (NI)

��syu"·¸v©u[o�b�{q£¤b�{�b�u�r�b^v¦a¢�`«©v¦b@nOx�npoq{�syu`�g£¤s[{qa s�£Ba¢v¦u`v©a�x�«©v»o}lE£¤sy{�x#�yb�u�b�{�x�oqs[{¶npb�o:¬mx�«wnpsg£ xyr�v¦«©v¦o�x�o�v¦u���oq]`b
a�xyu`v¦��t`«©x�oqv©syu
s�£�oq]`b#�[b�u`b:{�x�oqsy{�n:²

� [ ÂmÇ � Â � W ��12: �9��7B���#"�"KGP
!" 
 ��1N�5Q.�N�]1Z7!1N	��
12���.�bE��.����12�5- �.19�.��
!��7!��".�.� 
 � GN��1 �
GN� �9��7B���#"�"
�3"K>@��
FA���: ��1Z+-7B�8G���7!1Z7!��"��0�OGP��197!12	��
1N�����bE��.���.1N�,- ��1Z���8
!��7!�K".���0+E� �@19��"6�OGP��"��.�07	E 
���7�/Y"]7�EK�OGP�
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\^]`vwn¢{�b:nqt`«»o�nq]�x�«©«.�?b
��{qs��[b:�Vv©u��"t�r�oqv©�yb:«¦l[¬��ml,r�syu�npoq{�t�r1o�v¦s[u,sy£�oq]�b
t�u`v©´Ht`b³u`s[u"·¸v¦uHoqb:{p£¤b:{qb:uHo
�[b�u`b:{�x�oqs[{�npb�o:² � b³np]�x�«©«��"b:u`s�o�b�o�]`b/u`s[u"·¸v¦uHoqb:{p£¤b:{qb:uHo��yb:u`b�{�x�o�sy{�nqb�o�xyn�nps"r�v©x�oqb:�R¾.v¦oq] x§nqb�oEsy£
b@´Ht�x�o�v¦s[u�n

p
sy£gxRnpv©�yu�xy«���{qs"r�b@nqn

P
¾.v¦oq]

G(P, p)
² ;Éu,o�]`b³u`s�o�x�o�v¦s[u¿¬L�`{�s"r�b:n�n

P
vwnEu�b�b:�`b:�,oqs

nq�?b:r�v¦£¤l�o�]`b�nqv¦�[u�x�«�nqb�o�s��yb:{^¾.]`v©r�]
p
np�?b:r�v» �b:n�r�syu�npoq{�x�v©uHo�n:²

\^]`b#£¤s[«¦«©s�¾.v©u`�cxy{qb#u`s[u"·¸v¦uHoqb:{p£¤b:{qb:uHo��[b�u`b:{�x�oqsy{.nqb�o�n�£¤sy{^oq]�b��`{qv©a¢v»o�v¦�[b:n:²
G(P, X := Y default Z) =

= {(Xv, Y v, Zw) | v ∈ DX , w ∈ DX ∪ {⊥⊥}} ∪

{(Xv, Y ⊥⊥, Zv) | v ∈ DX} ∪

{(W v) | v ∈ DX , W ∈ V(P ) \ {X, Y, Z}}

G(P, X := Y when Z) =

= {(Xv, Y v, Z1) | v ∈ DX} ∪

{(X⊥⊥, Y v, Zw) | v ∈ DX ∪ {⊥⊥}, w ∈ {⊥⊥, 0}} ∪

{(W v) | v ∈ DX , W ∈ V(P ) \ {X, Y, Z}}

G(P, X := f(Y1, . . . , Yn)) =

= {(Xf(v1,...,vn), Y1
v1 , . . . , Yn

vn) | ∀i : vi ∈ DYi
} ∪

= {(X⊥⊥, Y1
⊥⊥, . . . , Yn

⊥⊥)} ∪

{(W v) | v ∈ DX , W ∈ V(P ) \ {X, Yi | 1 ≤ i ≤ n}}

`ba�bc`ed
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� b�x�«wnps¢�[v¦�[b>]`b:{qb#�[b�u`b:{�x�oqsy{�n�npb�o�n.sy£�s�o�]`b�{@¬"u`s[u"·T��{qv©a¢v»o�v¦�[bgb@´Ht�x�o�v¦s[u�n.W

G(P, X := Y) = {(Xv, Y v) | v ∈ DX ∪ {⊥⊥}} ∪

{(W v) | v ∈ DX , W 6∈ {X, Y }}

G(P, X∧=Y) = {(Xv, Y w) | v, w ∈ DX} ∪ {(X
⊥⊥, Y ⊥⊥)} ∪

{(W v) | v ∈ DX , W 6∈ {X, Y }}

G(P, X∧#Y) = {(Xv, Y ⊥⊥), (X⊥⊥, Y v) | v ∈ DX} ∪

{(W v) | v ∈ DX , W 6∈ {X, Y }}

G(P, X∧<Y) = {(Xv, Y w) | v ∈ DX ∪ {⊥⊥}, w ∈ DY } ∪

{(W v) | v ∈ DX , W 6∈ {X, Y }}
� [ ÂmÇ � Â � A � +JÂ � 
2T4U�
 �J�c���

P
^��0
5�9��7B���#"�"Y
!1Z+

p

�19+

q
^��)"��.�4")7	E)��Q��N
��4�57�1P"Y7�E

P

 �ZGP�.1��

� 
 2bE
p
�3"Y
 "��
1N-�� �0��Q.�N
!���57!1'���OGP�.1

G(P, p)
+E� �@19��+�
�^87� H�5--�
 H�Y�OGP�Y197!12	��
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� 
�� ��7B���8+������ � ���J���+- �-� �.19�.��
���7����Z�.�5" 	 ��7�/;�Z������"
G(P, p | q)

� �OGP� ��12�5Q��N� 1Z7!12	��
1N�����bE��.���.1N�
-E�.19�.��
���7��?"��.� 7�E

p | q
�
1

P



zL{�s"r�b@�"t`{�b/�³® fÃb:{q�[b@¯gb�u�b�{�x�oqs[{�j"b�o�n�±.r�sya¢�`t"o�b:n>v¦u
G(P, p | q)

x�«©«�oq]`b¢a¢v¦u�v¦a�x�«�{�b:x[r1oqv©syu�n�s�£
p | q
² ;¸o>b�¨m��«¦s[{qb@n.b��[b�{�l/a¢v¦u�v¦a�x�«�r�s[a��`v©u�x�o�v¦s[uÃs�£Lr�s[a¢��x�o�v¦�`«©bEx�oqs[a¢n�v¦u

p
x�u��

q
t`uHoqv©«�b�v¦oq]`b:{>x

r�sya¢a¢syu¢{�b:xyr�oqv©syucv©n¶£¤syt`u��¿¬[s[{Lu`s�r�s[uHoqv©uHt�x�oqv©syucvwnL�?s[n�npv©�`«©by²�\^]`b�npb@x�{�r�]E��{qs"r�b:b:�`nL�Hlcr�s[u�n}o�{qt�r1op·
v©u`�co}¾�scr�sya¢��x�o�v¦��«¦b#��xy{po�v©xy«�{qb@xyr1o�v¦s[u�n:¬Hs[u`bgs�£

p
¬`x�u�s�oq]�b�{^s�£

q
²L\^]�b#nqt`�`�?sy{qo�s�£�oq]`bgo}¾�s¢��x�{qoqvwx�«

{�b:x[r1o�v¦s[u�n�v©n^b:u`«©xy{q�[b:��¬"v©uÃx�«¦oqb:{qu�x�oqbg{qb@xyr�oqv©syu�n:¬msyu`«©l/v¦£�v¦o�vwn^u`b:r�b:n�nqxy{ql[²
� � Ç¿Ç � Ç � � [ ÂmÇ � Â � A � ¼`sy{
x¹nqv¦u`�[«¦bRn}o�x�o�b�a¢b�uHo

p
¬
G(P, p)

vwnªr�«¦b@x�{�«¦l oq]`b­u`syu`·Tv©uHoqb�{q£¤b�{�b�uHo
�[b�u`b:{�x�oqs[{�nqb�o@² � b�u`b:b:�ªoqs¢�`{�s��yb>oq]�b�v¦u��`t�r1o�v¦s[u³npoqb:�¿²
¼�v©{�npo:¬�¾�b
�`{�s��yb�o�]�x�o

G(P, p | q)
n�x�o�v©np �b@n�o�]`b³u`syu"·¸v©u[o�b�{q£¤b�{�b�u�r�b/�`{�sy�?b�{qo}l ®

NI
±1² ~>nqnqt`a¢b

g1, g2 ∈ G(P, p | q)
nqt�r�]ªoq]�x�o

g1 ./ g2
²L\^]`b:u W

g1, g2 ∈ {
∨

r∈K

r | K ⊆ G(P, p)∧ ./ K}

°Sb�o
g′1 ∈ G(P, p)

��x�{qo�sy£¿oq]�bg�"b@r�s[ac�?s[nqv¦oqv©syu�sy£
g1
¬"xyn�nqv¦�[u`v¦u���x�nqv¦�[u�x�«

v ∈ supp(g1)∩ supp(g2)
²

\^]�b�u¿¬mo�]`b�{�b>b�¨"v©npo�n
g′2 ∈ G(P, p)

¬`��xy{po^s�£�oq]`b��"b@r�s[ac�?s[nqv¦oqv©syu/sy£
g2
¬`xyn�npv©�yu`v©u`�

v
²Ojmv©u�r�b

g1 ./ g2
¬

¾�b¢]�x9�yb
g′1 ./ g′2

²�¼`{�sya(o�]`b�r�s[u�n}o�{qt�r1oqv©syuS¬�¾�b¢]�x9�[b
v ∈ supp([g′

1]) ∩ supp([g′
2]) 6= ∅

²�\^]`b:u¿¬
�ml
x��`�`«©lmv¦u��¢oq]`b�v©u��"t�r1oqv©syuÃ]mlm�?s�oq]�b:nqv©n�®

NI
syu
G(P, p)

±�¬
g′1 = g′2

² � bEr�x�u�r�syu�r�«¦t��"b#oq]�x�o>x�uml
�[b�u`b:{�x�oqs[{gsy£

g1
sy{

g2
o�syt�r�]`v©u`�³o�]`b�v©u[o�b�{�npb@r1o�v¦s[u­sy£

g1
xyu��

g2
vwn�r�s[a¢�`«¦b�oqb:«¦l­v¦u�r�«¦t��"b:�¡v©u¡oq]`b

v©uHoqb:{�nqb:r�oqv©syu¿²�\^]`b�{�b�£¤s[{qb[¬
g1 ∧ g2

¬
g1 \ g2

¬mxyu��
g2 \ g1

x�{�b���x�{qoqvwx�«�{qb@xyr�oqv©syu�n¶v©u
p
²Ljmv¦a¢v©«©xy{q«©ly¬[oq]�b�l

xy{qbg��xy{po�v©xy«?{�b:x[r1o�v¦s[u�nOv©u
q
¬"acb@x�u`v©u`�coq]�x�o^oq]`b:l/x�{�bg��x�{qoqvwx�«B{�b:xyr�oqv©syu�n�v©u

p | q
² ;¸£�acs[{qb>oq]�x�u
syu`b

sy£�o�]`b�a v©n�u`syu"·¸b�a¢�"o}l[¬"¾�b�]�x9�yb#x�r�syuHo�{�x[�"v©r�oqv©syuª¾.v»o�]³oq]`b�r�syu�npoq{�t�r1o�v¦s[uª��{qs"r�b@nqn:¬"¾.]`vwr�]³{qb@npt`«¦o�n
v©u acv©u`v©a�x�«�{�b:x[r1oqv©syu�n�² � ]`b�u syu`«©l¹s[u`bÃnpb�o¢vwn¢u`s[u"·Tb:a¢�"o}ly¬�¾�b³{�b�oq{�v©b��ybªoq]�b
u�syu"·¸v¦uHo�b�{q£¤b�{�b�u�r�b
��{qs[��b:{po}l[²

;¸o�{�b�a�x�v©u�n>oqs
�`{�s��yb�o�]�x�o
G(P, p | q)

v©n�xª�yb:u`b�{�x�o�sy{>nqb�o@²E~�uHlÃ{�b:x[r1o�v¦s[u§s�£
p | q

v©n�r�s��yb:{qb@�
® �ml�oq]`b�a�x�¨mv©a�x�«¿r�sya¢a¢syu
{qb@xyr1o�v¦s[u�n�v¦u�r�«©t��"b:�
v©u
oq]`b�{�b:x[r1oqv©syu
v¦o�nqb�«¦£�±1²

�

bcbed!fNg#h#iBj



� I � 7���7������ 7!���.�c
!1Z+ +E�)�9�
/ 7�19�

� � Ç � Â È ��� Â X�+JÂ � 
 Â �
Â U Â ���"� Ç � ZSÂ �@�
� U � �S�[�

G(P, p)
¬
G(P, q)

WL{�b:xyr�oqv©syu³npb�o
S��S�������y�

G(P, p | q)
W¶{�b:xyr�oqv©syu³npb�o

Gp ← ∅
�
G′p ← ∅

�
� Ç �ª��, ,

g ∈ G(P, p)
È Ç

T �
[g] = ⊥

� [ Â U
G′p ← G

′
p ∪ {g}Â ,7� Â

Gp ← Gp ∪ {g}
Gq ← ∅

�
G′q ← ∅

�
� Ç �ª��, ,

g ∈ G(P, q)
È Ç

T �
[g] = ⊥

� [ Â U
G′q ← G

′
q ∪ {g}Â ,7� Â

Gq ← Gq ∪ {g}� Ç �ª��, ,
g ∈ Gp

È Ç
Æ [�T , Â

∃g′ ∈ G′q
¾.v¦oq]

g ./ g′
¬
g′ 6≤ g

¬�x�u��
supp(g) ∩ supp(g′) 6= ⊥

È Ç
g ← g ∨ g′

� Ç �ª��, ,
g ∈ Gq

È Ç
Æ [�T , Â

∃g′ ∈ G′p
¾.v»o�]

g ./ g′
¬
g′ 6≤ g

¬`x�u��
supp(g) ∩ supp(g′) 6= ⊥

È Ç
g ← g ∨ g′

G(P, p | q)← G′q ∪ G
′
p� Ç �ª��, ,

g ∈ Gp

È Ç
fÃb�{��yb9¯gb�u`b:{�x�oqsy{�n@®

g
¬
⊥
¬
Gp

¬
Gq

¬
G(P, p | q)

±

� � Ç � Â È ��� Â W +JÂ � 
 Â �
Â U Â ���"� Ç ���
� U � �S�[�

r1
¬
r2
��x�{qoqvwx�«�{�b:xyr�oqv©syu�n:¬

G1
¬
G2
��xy{po�v©xy«�{qb@xyr1o�v¦s[uªnqb�o�n

�ªÂ � Â � Â U�� Â[Å ���`�:� Â ÈO�
G
W¶��x�{qoqvwx�«�{�b:x[r1o�v¦s[uªnqb�o

T �
[r2] \ [r1] 6= ⊥

�.[ Â U
� Ç �/��,*,

g ∈ G1
È Ç

T �
g ./ r1

x�u��
g ./ r2

x�u��
[g] ∧ ([r2] \ [r1]) 6= ⊥

�.[ Â U
T �

[r1 ∨ g] = [r2]
� [ Â U

G← G ∪ {r1 ∨ r2 ∨ g}Â , � Â�fÃb�{��yb9¯gb�u`b:{�x�oqsy{�n@®
r2
¬
r1 ∨ g

¬
G2
¬
G1
¬
G
±

Â , � Â�fÃb�{��yb9¯gb�u`b:{�x�oqs[{�n@®
r1
¬
r2
¬
G1
¬
G2
¬
G
±

`ba�bc`ed
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� V W V A � Â � � Â U�È Ç � [�� Ç U Ä �\[ Â ���
~<�`{�smr�b:n�n¶vwnO¾�b:xyµH«©l�b:u��"s"r�]`{�syu`s[t�nLx[nOnqsHs[u�xynO¾�bg�"s�u`syo�u`b:b:�¢o�]`b�£¤s[{�r�b:��x���npb:u�r�b�v©u"£¤s[{qa�x�o�v¦s[u
o�s��"v©npoqv©u`�[t`v©nq]³��b�o}¾�b:b�u
b�«©b�a¢b�uHo�n.s�£

G(P, p)
²

� [ ÂmÇ � Â � � � � Â � � Â U�È Ç � [�� Ç U Ä
� �c���
P
^��)
 �Z��7F����"�"?
!1Z+M� �.�

p
^8�,�
GN�R".��� 7	EL�
�4"?��Q.�N
!���57!1N" 


�ZGN��1��
P

�3" ��� v �4E�7��0
!�
�
p, q ∈ G(P, p)

�
p 6= q

�

supp(p) ∩ supp(q) 6= ∅
[p], [q] 6= ⊥

}

⇒ ∃S : DS 3 p(S) 6= q(S) ∈ DS (WE − atoms)

2�1]�OG��3"Y��
H".� � �
GN�0
���7�/ ".�.� 7�E
P

�3" �

Atoms(P ) = {[g] | g ∈ G(P, p), [g] 6= ⊥}

� � Ç¿Ç �³� � Â �:�\[O� ;¸£
P
v©n � ��¬�oq]`b:u v»o�nªx�oqsya�n��`b�oqb:{qa¢v©u`b�o�]`b��[b�u`b:{�x�oqsy{�n:²<�Ox[r�] x�oqs[a&vwn/x

{�b:x[r1o�v¦s[u¿¬Lx�u��,oq]�b�{�b�£¤sy{�b/�[b�u`b:{�x�oqb@��²¹~�«wnpsRv¦£gx�u x�o�sya�vwnc�`b:r�s[a¢��sHnpb@�¹v©u[o�s­a¢s[{qbªoq]�xyu,s[u`b­�
�[b�u`b:{�x�oqs[{�n:¬-;L]�x9�yb>xEr�s[u[o�{�x[�"vwr1oqv©syu/¾.v»o�]�oq]�bga¢v©u`v©a¢xy«¦v¦o}l�s�£�x�oqs[a�n�²�\^]`b�{�b�£¤s[{qb[¬H£¤sy{�b:xyr�]ªx�oqs[a ;
r:x�u��`t�v¦«w�¢oq]�b>r�s[{q{�b:nq�?syu��"v©u`���[b�u`b:{�x�oqsy{>®¤¾.]`vwr�]/xyn�nqv¦�[u�n¶s�o�]`b�{�npv©�yu�x�«wn�oqs

⊥⊥
±1²¶\^]`b@npb��yb�u�b�{�x�oqs[{�n

]�x9�yb>oq]`b�u`b:b:�"b@�
�`{qs[��b:{po�v¦b@n�²
;¸£
G(P, p)

]�xyng�`{�sy�?b�{qo}l
(WE − atoms)

¬�oq]�b�u
R(P )

v©n#�[b�u`b:{�x�oqb@���ml
{[g] | g ∈ G(P, p)}

¬
xyu��/oq]`b��`{�sy�?b�{qoqv©b:n^sy£��[b�u`b:{�x�oqsy{�n�v¦a¢�`«©l/¾�b:xyµ�b�u��`smr�]�{qs[uHl[²

�d�]`b@r�µmv¦u`�¡o�]`bÃ¾�b:x�µ,b�u��"s"r�]`{�syumlVsy£#x¡�[b�u`b:{�x�oqsy{�nqb�o�vwn¢oq]�b�{�b�£¤sy{�b³b:x[npl[²<fÃsy{�b�s��[b�{@¬L¾.]`b:u
x­npl"npoqb:a vwnEu`s�o¢¾�b@x�µm«©l­b:u��"s"r�]`{�syu`s[t�n�¬�v©uHoqt`v¦oqv©�yb
�"v©xy�yu`sHn}o�v©r/a¢b:n�nqxy�yb:n�x�{�b/{�b:xy�`v¦«©lRx9��xyv¦«wx��`«©by²
;¸£

a, b ∈ G(P, p)
¬
a 6= b

¬L¾.v¦oq]
supp(a) ∩ supp(b) 6= ∅

x�u��
supp([a]) ∩ supp([b]) = ∅

¬�o�]`b�u
[a]
xyu��

[b]
x�{�b�{�b:x[r1o�v¦s[u�n�sy£

P
o�]�x�o�x�{�b�u`syogv©u��"b:��b:u��"b:u[o@¬¿�`t"o�r:x�u`u`syo>�?b��"v©npoqv©u`�[t`v©nq]`b@��v©u­x�u

x[nplmu�r�]�{qs[u`syt�n�b�um�mv¦{�syu�acb:uHo:²,\^]`b
t�nqb�{¢a�t�n}o�r�]�xyu`�yb/oq]`bÃnqv¦�[u�x�«©«¦v©u`�R�`{�s�oqs"r�sy«�oqs¡a�x�µyb/oq]`b:a
r�syuHoq{�xy�`v©r�oqsy{�ly¬m£¤s[{�v©u�npo�x�u�r�b��ml
x[�`�"v¦oqv©syuÃsy£¶nqt`�`��«¦b:acb:uHo�x�{�lªr�sya¢a�t�u`v©r:x�o�v¦s[u
«©v©u`b:n�sy{�a¢b@nqn�x��[b:n:²
~�t"oqs[a�x�oqvwrgnplmuHoq]`b@npvwn�s�£¿¾�b:x�µ¢b:u��"s"r�]`{�syumlEvwn���sHnqnqv¦��«¦b[¬H��t"o^�`syv©u`�Ev¦o^¾�b:«¦«?v©n^xE�"v»À�r�t`«»o^�`{�sy�`«©b�a³²

� V W V � ��� ��� ��, Â �
\^]�bg�[b�u`b:{�x�oqs[{^nqb�o.sy£�o�]`b��`{�smr�b:n�n�v¦uÃ¼�v¦��²�X�v©nFW

{(I1>, O1>, C⊥⊥, SY NC⊥⊥), (I2>, O2>, C⊥⊥, SY NC⊥⊥),

(I1>, O1>, I2>, O2>, C>, SY NC>)}

~>n�b�¨"�?b:r�oqb:�¿¬:o�]`b¶�`{�s"r�b:n�n�vwn�u`syo¿¾�b@x�µm«¦l�b�u��"s"r�]`{�syu�syt�nB�?b:r:x�t�nqb
[(I1>, O1>, I2>, O2>, SY NC>)]xyu��

[(I1>, O1>, SY NC⊥⊥)]
xy{qb#u`b:v»o�]`b�{�r�syu�=�vwr1o�v¦u���¬`u`s[{^s�£¶�"v©n |}syv©uHo�npt��`��s[{po@²

\^]`b��[b�u`b:{�x�oqs[{�nqb�o�sy£Soq]�b#oq{�x�u�np£¤sy{�a¢b:�ª�`{qs"r�b:n�n�v©uÃ¼�v¦��²���vwnFW

{(I1>, O1>, C⊥⊥, SY NC10), (I2>, O2>, C⊥⊥, SY NC20),

(I1>, O1>, I2>, O2>, C>, SY NC11, SY NC21)}

\^]�bg��{qs"r�b@nqn^vwn^¾�b:x�µm«©l�b�u��"s"r�]`{qs[u`syt�n�²

bcbed!fNg#h#iBj
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e>u�r�b#¾�b��"b�oqb:{qa¢v©u`b:�ªoq]�x�o�xc�`{�smr�b:n�n�v©n^¾�b:xyµH«©l�b:u��"s"r�]`{�syu`s[t�n�¾�b�r�xyuª�[b�u`b:{�x�oqb>£¤sy{.v¦o.oq]`b�nq]`b:«¦«
® b�¨"b:r�t"oqv©�yb9±^�"b:n�r�{�v©��b@�ªv©u§jmb@r1oqv©syu��`² � b�np]�x�«©«��`{qb@npb:uHo�]`b�{�b�x�npv©a¢�`«©b#oqb:r�]�u`v©´Ht`b�£¤sy{��[b�u`b:{�x�oqv©u`�
o�]`b�nq]`b�«©«¿�"v©{qb@r1oq«©l�£¤{�sya oq]`b�x�oqsya npb�o:²
\�sc£¤t`{po�]`b�{>npv©a¢�`«¦v¦£¤lªr�s"�"b#�yb�u�b�{�x�oqv©syuS¬H¾�b�x�«wnps�x[nqnqt`a¢b#]`b�{�bgoq]�x�o.oq]`b#¾�b:x�µm«©l�b�u��"s"r�]`{qs[u`syt�n

��{qs"r�b@nqn
P
�"b@nqr�{qv©�`v©u`��s[t`{�nq]`b�«©«Bv©n ;qº[e<�`b�oqb:{qa¢v©u`vwn}o�v©ry² �Ã¼`s[{qa�xy«¦«©ly¬H¾�b#nq]�x�«©«?x[nqnqt`a¢b�o�]�x�o�£¤sy{^x�uml

o}¾�s��"v �?b:{qb:u[o
a, b ∈ Atoms(P )

¾�b�]�x9�[b-W

a 6./ b⇒ a/I(P ) 6./ b/I(P )

¾.]�b�{�b
r/I(P )

vwn^oq]`b�{�b:npoq{�vwr1oqv©syuªs�£
r
syu
o�]`b�v¦u��`t"o�nqv¦�[u�x�«wn�²

\^]`b�b�¨"b:r�t`oqv©�yb�¾�bg�[b�u`b:{�x�oqbg£¤sy{
P
o�x�µyb@n.xy�"��xyu[o�x��[b>sy£�x�oqsya v¦u��"b��?b�u��`b�u�r�b��`{qs[��b:{po�v¦b@n�²�¼`sy{

b@xyr�]³x�o�sya
a
¬"v©u��"b��?b�u��"b�uHoq«©ly¬�¾�b#�yb:u`b�{�x�o�bgxE£¤t`u�r1oqv©syu
o�]�x�o�r�lmr�«¦vwr�xy«¦«©lZW

�y².~�¾�xyv»o�n^oq]�b#xy{q{�v©�9xy«Bs�£¶xEu�b�¾Ê�9xy«¦t�b
a(S)

£¤sy{.b:x[r�]
nqv©�yu�xy«
S ∈ supp(a/I(P ))

²
�"² � ]`b�u�xy«¦«Su`b�b@�"b:�³v©u`�`t"ogx�{�{qv©�yb@��¬moq{�v¦�[�yb:{�xE{�b:x[r1o�v¦s[u
sy£�o�]`b��?b:xy{q«T¬`¾.v¦oq]

a/I(P )
x[n.v©u`�`t"o@¬

x�u��ªo�]`b�u³syt`oq�`t"o.o�]`b���x�«©t`b:n^sy£
a/O(P )

²
\^]�b�xyr1o�t�x�«¶b�¨"b:r�t`oqv©�yb�vwn#£¤sy{�a¢b:�Rs�£.x�«©«¶oq]�b¢£¤t`u�r1o�v¦s[u�n�x[nqnqs"r�vwx�oqb@�§¾.v¦oq]¡o�]`b�x�o�sya�n:¬S{�t`u`u`v©u`�Ãv©u
��x�{�x�«©«¦b:«7²D;Éu,�`{�xyr�oqvwr�by¬¶��x�{�x�«©«¦b:«¦vwnpa r�xyu,�?b
nqv©a�t`«wx�o�b:�Vt�nqv©u`�­x­npv©a¢�`«¦b
b��[b�uHop·É�"{�v¦�[b�u¹xy�`�`{�s[xyr�]S¬
¾.]�b�{�b/b:x[r�]¹v©u�r�s[acv©u`�­b��yb:uHo

Sv, v ∈ DS

o�{qv©�y�[b�{�n�r�s[a¢�`t"o�x�oqv©syu�nEv©u¹oq]�b�£¤t`u�r�oqv©syu�n¢x[nqnqs"r�vwx�oqb@�
¾.v¦oq]
o�]`b�x�o�sya�n

a
]�x9�mv¦u��

a(S) = v
²

\^]`bExyr1o�v¦s[u�n^s�£Lnpoqb:�Ã�¢xy��s��[b�x�{�b�r�sya¢�`«©b�¨�¬�xyu��
a�t�npo��?b�b�¨"b@r�t"o�b:�³x�o�sya¢v©r:x�«©«¦l[²@;ÉuÃx¢�`t`{�b�«©l
x[nplmu�r�]�{qs[u`syt�nOnp]`b:«¦«T¬mu`s�o}¾�s�x�oqsya�n�a�t�npo^��bgb�¨"b:r�t"oqv©u`�cn}o�b��ª��x�o�oq]`b#nqxya¢b.oqv©a¢bc® v»o.vwn�x�a�t"o�t�x�«
b�¨`r�«©t�npv©syu
{�b��yv©syu?±1²�\^]`b�sy�?b�{�x�o�v¦s[u�n���b:{p£¤s[{qa¢b:�
�"t`{�v©u`��n}o�b����cx�{�b>o�]`b#£¤sy«©«©s�¾.v¦u`�2W
�y²^�LuHoqb:{.oq]`b�aEt"oqt�x�«¿b�¨"r�«¦t�npv©syuª{qb:�yv©syu¿²
�"².¼`b:b:�ªoq]`b���x�o�xcv©u

a/I(P )
oqsco�]`b���b@x�{�«7²

$`².\S{�v©�y�yb:{#oq]`bªr�sya¢�`t`o�x�o�v¦s[u¡s�£�oq]`b��?b:xy{q«¶�mlRb�u�xy�`«©v¦u`�
o�]`b/r�«©s"r�µ ® v¦uV]�xy{��`¾�xy{qb9±�s[{�r�xy«¦«©v¦u��
oq]`b�{�b:x[r1o�v¦s[u/£¤t`u�r1oqv©syuV® v¦uÃnqs�£ o}¾^x�{�b@±1²

X�² � ]`b�u�oq]`bE{qb@xyr1o�v¦s[u³v©ngr�s[ac��«¦b�oqb:� W ;Éu�]�x�{��"¾�xy{qb[¬`�"vwnqxy�`«¦b�oq]`bcr�«©smr�µB² ;Éu�nqs�£ o}¾^x�{�by¬�t`�?��x�oqb
oq]`b��?b:xy{q«¿npo�x�oqb[²

�"²�jmb�u��
oq]`b��`x�o�xcv©u
a/O(P )

²O\^]`vwn.a�x9l��`«©s"r�µ�oq]`bEr�sya¢�`t`o�x�o�v¦s[uªt�u[o�v¦«�syt"o��`t"o�r�sya¢a�t`u�v©r:x�·
oqv©syu³«©v¦u`b@n.x�{�bg£¤{qb:by²

�`²�jmv©�yu�xy«yo�]`bL£ x[r1oSo�]�x�o�oq]�b��`x�o�x�v©u
a/I(P )

]�x[nS�?b�b:u�{qb@xy��²��.b�a¢s��[b¶oq]`b@npb�a¢b:n�nqxy�yb:n�£¤{qs[a o�]`b
x9¾�xyv»o^«©v©npo�s�£�s�oq]�b�{.x�o�sya�n�²¶��b�¾ npv©�yu�xy«©n^r:x�u³x�{�{qv©�yb>syuªoq]`b#v©u`�`t"o��?sy{qo�n^sy£

supp(a/I(P ))
²

\m²^�¶¨"v»o�oq]`b�aEt"oqt�xy«�b�¨`r�«©t�nqv¦s[uª{�b��[v¦s[u¿²
� `
d���� d	���10B�D8�� � 0B9 � �3� d �	
 ���	��
#d	
��	��������(1��,.� �'0�d546� `	� �Jd	
#d�
 �	� (
���
,.) d	)���(1)���8	0B����
��*) d�� % 
�� ) d	��(�0�d��'� (
�	�7�
-�����) 
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¼�v©�yt�{qb��PW¶~>nqnqv©npoqb@�
v¦a¢�`«©b�a¢b�uHo�x�oqv©syu6=�s�¾

\^]�b��`{�b��mv¦s[t�nLs[��b:{�x�oqv©syu�nOr�x�u��?b�b@xynqv¦«©l��?b�v©a¢�`«©b�a¢b�uHoqb@��v©u�b�v¦oq]`b:{�nqs�£ o}¾^x�{�b.sy{�]�x�{��"¾^x�{�b#® t�nqv¦u`�
aEt"oqb�¨"b:n:¬Hnqb�a�x���]`sy{�b:n:¬[b�o�ry² ±�²�;Éuª��syoq]
r�xynqb:n:¬Ha�t"o�t�x�«?b�¨`r�«©t�nqv¦s[u�a�t�n}o���bgb�u�nqt`{�b:�¢o�sEx9�[syvw�¢{�x[r�b:n
�?b�o}¾�b�b:u�oq]�b���x�{�v¦s[t�n¶£¤t�u�r1o�v¦s[u�n�²<;Éu�]�x�{��"¾�xy{qb[¬[nqt�r�]�{�xyr�b@nLa�x9lc«¦b@xy�¢o�s�a¢b�o�xynpo�x���v¦«©v»o}l[¬[s[{�nqv¦a¢�`«©l
o�s¢b�{�{qs[u`b�s[t�n�£¤t`u�r1o�v¦s[u`v©u`��² ;Éu³npsy£ o}¾�xy{qb[¬Hoq]`b:lªr�xyuª«©b:x[��o�s��"b:x[�"«©smr�µ"n:²
� v¦oq] oq]`bV�"b� �u`v¦oqv©syu s�£�o�]`b¡b�¨"b:r�t"oqv©�yb@n�¬>¾�b­]�x9�ybRr�sya¢�`«©b�o�b:� oq]`bV�"b� �u`v¦oqv©syu<sy£�oq]�b¡nq]`b:«¦«

nqlmuHoq]`b@npvwn =�s�¾�¬"¾.]`vwr�]ª]�xyn�oq]�b�n}o�{qt�r�oqt`{�b#�`{�b:nqb�uHoqb@�/v©uÃ¼�v©��²`��²
f�xyuml�v¦a¢�`«©b�a¢b:u[o�x�o�v¦s[u�n#s�£�oq]`b��`{�b��mv©syt�nq«©l[·É�"b� �u`b:�§b�¨"b:r�t"oqv©�yb@n#x�{�bc�?s[n�nqv¦�`«©by¬Sv¦uR��syoq]¡]�xy{��m·

¾^x�{�b�x�u��³nqs�£ o}¾^x�{�by²�f�x�uml�s[�"oqv©a¢v¦¥@x�oqv©syu�n�x�u��³b�¨moqb�u�npv©syu�n�x�{�bg�?s[n�nqv¦�`«©by¬�oqsms�¬�¾.]`v©r�]Ã¾.v©«©«S�?b�oq]`b
nqt`�"|}b@r1o.s�£�£¤t"o�t`{qb�¾�sy{�µB² � b�a¢b�uHoqv©syu³]`b:{qb#s[u`«¦l�oq]`{�b�bEW

	 ��v©b�{�x�{�r�]`v©¥�bgoq]`b�¾^x�v¦oqv©u`�¢�`{�s"r�b:n�n:¬"b�¨"�`«©syv¦oqv©u`�¢b�¨`r�«©t�nqv¦�[b�u`b@nqn��?b�o}¾�b�b�uÃx�oqsya�n^t�nqv©u`��npt�r�r�b@n}·
npv©�yb¢o�b:npo�n�s��yb�{#o�]`b/v©u`�`t`o���x�«©t`b:n:²Ã\^]`v©n�r�sy{�{�b:nq��s[u��`ngoqs­r�syu�n}o�{qt�r�oqv©u`��x�'�~�¯*npoq{�t�r1o�t`{�b
]�x9�mv¦u��¢x¢nqv¦a¢v©«©xy{^£¤t`u�r�oqv©syu
oqscoq]�b ��� 7B��A���������s�£¶jmv©�yu�xy« (¦�.*T²

	 \�xyµyb¶v©uHoqs�xyr:r�s[t`uHo�nqsya¢bLnpo�x�oqb¶v©u"£¤sy{�a�x�oqv©syu#v©ugoq]`bLb�¨"b:r�t`oqv©�yb:nO® nqsya¢bLnpv©a¢�`«©b¶s��yb�{q·Éx���npoq{�xyr�oqv©syu
s�£�oq]`b��?b:xy{q«¿npo�x�oqb�nq��xyr�b@±1²

	 fÃt"o�t�x�«Hb�¨`r�«©t�nqv¦s[u�r�x�u��?bL{�b�«wx�¨"b:�gv©u�v©ac��«¦b:acb:uHo�x�o�v¦s[u�n¿¾.]�b�{�b�oq]`b�~�¼¶j"f vwnSxyr�oqt�xy«¦«©lgv¦a¢�`«©b�·
a¢b�uHoqb@�­t�npv©u`�Ãnplmu�r�]�{qs[u`syt�n�oqb@r�]`u`s[«¦s[�yly¬�«©v©µybcv¦u¡�yb:u`b�{�x�«©v©¥�b:�§«©x�oqb:u�r�lH·¸v¦u�nqb�u�npv¦oqv©�ybcnpl"npoqb�a�n
(¦�!\F*¸²�e>u`b���sHnqnqv©�`v¦«©v¦o}l�v©n�o�s�x�«©«¦s�¾ npt�r:r�b@nqnqv¦�[bgx�oqs[a¢n�o�s���b���v¦�?b�«©v¦u�b:�
v¦uÃr�b�{qo�x�v©u³r�xynqb:n:²

, - ��� �­���S
���
�����
����S�
$.�

d�s[u�nqv©�"b:{�oq]`b�¯#~�°�j
npl"npoqb�a £¤sy{�acb@�/t�npv©u`�coq]`b#b�¨mb@r�t"o�v¦�[b:n.�"b� �u`b@�/v©u/o�]`b��`{�b��mv©syt�n^nqb:r1o�v¦s[u¿²¶\Ss
b:u�nqt`{qb�v»o�ngr�sy{�{qb@r1o�u`b:n�n.¾�² {:² o:²>oq]`b¢nq��b@r�v¦ �r�x�oqv©syu¿¬?¾�bcn}o�v¦«©«�u`b�b@�³oqsªb�u�nqt`{�bEnqsya¢b��[«¦s[��x�«�nplmu�r�]�{qsy·
u�v¦¥@x�oqv©syu
�`{�sy�?b�{qoqv©b:n:¬"�`{�b:nqb�uHoqb@��v©uªo�]`vwn�npb@r1o�v¦s[u¿²

bcbed!fNg#h#iBj
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;ÉuVs[t`{�x����`{qsHxyr�]¿¬¿oq]`b/r:x�t�n�x�«©v¦o}l§s�£.r�s[a¢�`t"o�x�oqv©syu�n�v©nE�"b�o�b�{�acv©u`b@�­�ml§oq]`b��?b:xy{q«O{qb@xyr1o�v¦s[u�n:¬�x�u��
�ml
oq]�bcxy�`v¦«©v¦o}lªsy£Loq]`bcnp]�b�«©«©n�oqs³r�s[u[o�{qs[«¿o�]`b��?b:xy{q«wn�²R;Éu§x/{qb@xyr1o�v¦s[uÃs�£Lo�]`b��?b:xy{q«T¬�x�«©«�v©u`�`t`ogaEt�n}o
r�sya¢b��?b�£¤s[{qb�o�]`b¢r�sya¢�`t`o�x�o�v¦s[u³o�xyµyb:n��`«wxyr�bª® r�«©s"r�µªb:u�x���«¦b�º��"vwnqxy�`«©b�r�l"r�«©b�v©u�]�xy{��"¾^x�{�by¬�{qb@xyr1o�v¦s[u
£¤t�u�r1o�v¦s[u,r�xy«¦«�v¦u npsy£ o}¾�xy{qb9±1¬¶x�u��¹��b�£¤sy{�b/x�uml¡syt"o��`t"o¢r�x�u,��bª�`{qs"�"t�r�b:�¿²­\^]`b/ �u`b:npoE{�b:x[r1o�v¦s[u�n�¬
¾.]�v©r�]
�yv©�ybgoq]�b�r�x�t�nqxy«B�`b��?b�u��"b:u�r�v©b:n:¬�xy{qbgoq]�b�x�oqs[a�n�²

I�l�r�s[u�npb@´Ht`b�u�r�by¬9nps[a¢bO{�b:xyr�oqv©syu�n¿s�£"oq]�b�nqlmu�r�]`{�syu`s[t�nBa¢sm�`b�«Ha¢x9l#�?bOt`u`£¤b:xynqv©�`«¦b�v¦u�oq]`b^¯#~�°�j
v©a¢�`«©b�a¢b�uHo�x�oqv©syu¿²³d�syu�nqv©�`b�{@¬�£¤sy{�v©u�npo�x�u�r�by¬Soq]`b
¯#~�°�jRnql"n}o�b�a�nqlmuHoq]`b@npv©¥�b@��£¤{�sya oq]`b¢£¤s[«¦«©s�¾.v¦u��
nq�?b:r�v¦ �r:x�oqv©syu[W
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