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B�CED�F�G�HJILK	MONQPSRUTVD�F�GWR XQYEF�ZW[]\_^`YEGWR
ab[VcedUG#T/RfNSg�hJijhJkEkEij\ml

nfopkEk@cp[]T qEG�[]G>g/CEG�[/g/CEGrX@s�tututut�MwvLZWg�G�F&xy[]G�ze{|{p}�M ~u� kyop�pGWR

�!���W�����E�e�|�J� G�[]GW�`\jG���R�c|F�G�F�G#TVCEcSqER���cp[�TVCEG�XQYEF�G�[V\jgWoeiSoekEky[]culS\jF�oeT]\jcpX�cp�yTV\�F�GfqSGWk�GWXyqSG�X`T�opXyq.R�T]G>opqSP"��[VR�T
cp[/qSGW["�LoeF�\jimTVcpX��`opg�cpxE\�G>^|Y�o�T]\jcpX�R���K�c|R�T�ce��TVCEG�qS\_R]g�YyR]R]\jcpX���cSg�YyR�G>R"cpX�g#cpXE��cp[VF�opi�T][V\jopXE�pYEi_oe[LTUPQk�G�F�GWR]CEG>R
xEYST���G�R]CEc���Cyc���T]c�G#lQT]GWXyq T]CE\_R�T]c�T]CEGF�c|R�T��pGWXEG�[/oei�F�GWR]CEGWRW� � G�[VG��Q\jG��*R]cpF�G��y[/RUT�cp[/qSG�[�F�cpXyceT]c|XEG
RVg/CEG�F�GWR opXyq�oei_R�c�CE\j�pC�cp[/qSG�[�c|XEGWR R]k�G>g#\_oeiji�P�qSGWqS\_g�oeT]G>q¡TVc�RUTVGWopqEP!kE[VcpxEijG�F�R
¢�£`¤<¥]¦&§ ��¨��|� �LoeF�\�i�T]c|X��`opg�cpxE\)G>^`Yyo�TV\�c|Xª©SCE\j�pC�cp[/qSG�[�XQYEF�G�[V\jgWoeiªRVg/CEG�F�G>R�©SYEX�RUTV[]Yyg#T]YE[VGWq�F�GWR]CEGWRW�
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��� ����� � � Hfc|YyR�kE[VZWR]G�X`T]c|XyR!^`YEGWij^`YEG>R�F�Z#T]CycQqEGWR!XQYEF�ZW[]\_^`YEGWR�k@G�[VF�G#T]TVoeX`T¡i�� oekEkE[VculS\�F�oeT]\jcpX�q	� Z>^|Y�o�T]\jcpX�R
q
� �JopF�\ji�T]cpX �`opg�cpxE\�RUT/o�T]\jcpXyXyoe\j[]G>R"cpY XEc|Xª���ÊoF�o�dUGWYE[VG�kyoe[]T]\jG¡qSG!i�� Z#lSk�c`R�Z�TV[Vop\mTVG¡qSG¡g�G¡^`Y	�Êc|X k�GWYST��Àop\�[VG
k@cpYE[�qSGWR.F�oe\ji�i_oe�|GWR�XEc|X RUTV[]Y�g¿T]Yy[]Z>R&qSG�TUPQk@G!TV[]\_oeXE�|YEi_oe\j[]G�ÀcpY T]Z�T][/oeCEZ>qS[V\j^`YEG>R��#©�F�op\jR&cpX F�cpX`T][VG¡g�cpF�F�G�X`T
T][/oe\�T]GW[LijGWR"gWopRLi�G>RLkyi�YyRØ�|Z�XEZW[VopYSl)���LX�kE[]Z>R�GWX`T]G.qEGWR"R]g/CyZ�F�opRLF�cpXEcpT]cpXyGWRØqSY6kE[VG�F�\jG�["cp[/qS[VG�F�oe\_R"oeYyRVR�\�qSG>R
RVg/CEZ�F�opR�q
�ycp[/qS[]GØZ�ijG��|Z�R�k@ZWg�\jopi�GWF�GWX`TJopqEopkST]Z>R�opY�g�opR�R�TVoeT]\jcpXEXyop\�[VGp�
�r§ �W� ¥ ��� � �Ø��� ^`YyoeT]\jcpX�q
� �JopF�\ji�T]cpX.�|o|g#cpxy\pqSY�kE[VG�F�\jG�[�cp[/qS[]G|©WRVg/CEZ�F�o|RªXQYEF�Z�[V\j^`YEG>Rªq
� cp[/qS[VGbZ�ijG��|Zp©>F�op\�iji_oe�pG>R
XEc|X�R�T][VYyg¿TVYE[VZWRW�
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B�CE\_R�kyoek@G�[ qSG>R]g�[]\jx�G>R�R�c|F�GLce��T]CEG"R]g/CyG�F�GWR�T]C�o�T oe[VGØg�YE[][VG�X`TVi�P�YyR]GWq!T]c�g#cpF�kEYET]G�oekEky[]culS\jF�oeT]G>q�R�c|i�YSTV\�c|XyR�ce�
�y[/RUT c|[VqSGW[ �JoeF�\jimTVcpX��`opg#c|xE\<GW^`YyoeT]\jcpXyRW©SXyoeF�GWi�P�TVCEG�R�T]GWo|qSP¡vL\�[V\_g/CEi�G�TfkE[VcpxEijG�F

H(x, u,Du) = 0 x ∈ Ω ⊂ R
d

u = ϕ x ∈ ∂Ω

cp[�TVCEG54�oeY�g/C`P�ky[]c|xEi�GWF
∂u

∂t
+H(x, u(x), Du) = 0 x ∈ R

d, t > 0

u(x, 0) = u0(x).
6ÅX�F�oeXQP&kE[Vcpxyi�GWF�R�cp�)kECQPQR]\_g�oeiS\jX`T]GW[]G>RUT>©pcpXyG XEG�G>qER�T]c�g�cpF�kEYSTVG T]CyGJR�c|i�YET]\jcpX�ce�ªR�Y�g/C�opX�GW^`Yyo�TV\�c|Xª� �LXEG ce�

T]CyG"R]\jF�kyi�G>RUT�G#lEoeF�kEijGWR�\_R�T]CEG�g#c|F�kEYSTVoeT]\jcpX�ce��o�qS\_RUT/oeXyg�GJ��YEX�g¿T]\jcpXÊ©EF�cp[VGLR]cpkECE\_R�T]\_g�o�TVGWq¡G#lEoeF�kEijGWR�g#c|XyR]\jR�T�\jX
G���opi�YyoeT]\jXE��TVCEGLop[][V\���opiET]\jF�GJcp�Êo"��[]c|X`T ���ou�pG���[VcpX`T>©87�opF�Gf��[VcpX`TW©`G#T/g �8\jX¡o&XEcpX�CEc|F�cp�pGWXEG�c|YyR8F�GWqE\joy�8NS\�F�\jijop[
kE[VcpxEijG�F oei_R�c�G#lS\_RUTf\jX�g#cpX`TV[]c|i�TVCEG�c|[]P|©QT]CEGW[]F�cSqSPQXyopF�\_g�RW©SG#T/ge�

� GJ� \ji�i)g#c|Xyg#GWX`T][/o�T]GJcpX�TVCEGLXQYEF�GW[]\_g�opi@opkEkE[VculQ\jF�o�TV\�c|X�cp�ªT]CyGWR]GJGW^`YyoeT]\jcpXyR�cpX�g#cpXE��cp[VF�opiETV[]\_oeXE�|YEi_oe[bTUPQk@G
F�GWR]CEGWRW�&B�CE\_R"\_RØo�F�cp[VG.�|G�XEGW[Vopi�R]\�T]YyoeT]\jcpX�T]CyopX�T]CyG�R�TVopXyqEop[Vq�4�oe[]T]GWR]\_oeX�F�GWR]CEG>RL� CyG�[VG&TVCE\jR"ky[]c|xEi�GWF ��o|R
g#c|XyR]\jqSGW[]G>qcp[V\��|\�X�oeiji�P|©yxEYST�R�T]\ji�i�ijGWRVRf�pGWXEG�[/oeiÊT]CyopX�T]CyG�gWopR]G�ce�bXEc|X�g�cpXS��c|[]F�oeiÊF�G>R�CyGWRW�Ø�Jc���GW�pG�[>©y��G.R�9pG�TVg/C
CEc�� T]c�G�l`TVG�Xyq�TVCEG&RVg/CEG�F�GWRf��G�qSG>R]g�[]\jx@G�CEG�[VGØT]c�TVCEG�F�c|R�Tf�pG�XyG�[/oeiªg�o|R�G|�:6ÅXyqEG�GWq�TVCEG&R]\mTVYyo�TV\�c|X���G�g#c|XyR]\jqSGW[
\_RLopX6\jX|TVG�[VF�GWqS\_o�TVG&cpXyGp©<\mTØ\jRØ�|G�XEGW[VopiÊG�XycpYE�|C�T]c�x�G�cpxEij\j�pGWq�T]c¡\jF�oe�|\�XEG�R�c|i�YET]\jcpXyRJT]CyoeTØop[]G.�pG�XyG�[V\jg�GWXEcpYy�pC
oeX�q¡XEcpT T]cQc�R�k@GWg�\m�@g�R�c�T]C�o�T T]CyG�RUTV[]Yyg#T]YE[VG"ce��T]CEG�F�GWR]C�qScQGWR�XEcpT kEijouP�o&TVcQc�[]\j�p\_q¡[VcpijGp�

6ÅX�T]CEG¡�y[/RUT�kyop[�T>©���G!^`YE\_g;9`ijP6[VGWgWoeiji8T]CyG!XEceTV\�c|X ce���Q\jRVg#c`R�\�TUP�R]cpijYST]\jcpX���c|[&�J�6GW^`Yyo�TV\�c|XyRW©�GW\mTVCEG�[���c|[�T]CyG
4�oeY�g/C`P�kE[VcpxEijG�F cp[���cp[�T]CEGØRUTVGWo|qSP�cpXEGf� \�T]C�vJ\j[V\jg/CEijG#T�x�c|YEXyqEop[]P�g#c|XyqS\�T]\jcpXyRW��B�CEG�Xª©Q\jX�TU��c�kyoe[]T]\_g#Yyijop[�g�o|R�G>R
��GØ[VGWgWoeiji@T]CEG�G�lSo|g¿TfR]cpijYST]\jcpXª�8B�CEG"XEG�lQTJR�G>g¿T]\jcpX�\_R qSG��|ceT]G>q�TVc�T]CEG"XQYEF�G�[V\jgWoeiªopkEkE[VculQ\jF�o�TV\�c|X!ce��T]CEG54�opYyg/CQP
kE[VcpxEijG�F�<6ÅX�TVCEGJTVCE\j[Vq!R]GWg#T]\jcpX!��GLqE\jRVg#YyRVR�T]CEG"oekEky[]culS\jF�oeT]\jcpX�ce�ÊT]CEGØvJ\j[]\_g/CEijG#T�kE[VcpxEijG�F��B�CEGJ��c|YE[]T]C¡R]GWg#T]\jcpX
g#c|XyR]\jqSGW[VR�o��pGWXEG�[/oei@��c|[]F.YEijoeT]\jcpX¡��cp[ CE\j�pC�cp[/qSG�[ qS\_RVg#[VG#T]\_RVo�T]\jcpXÊ��B�CyGØxy[]\_qS�pG"x@G#TU��G�GWX=4�op[�TVGWR]\jopX¡F�GWR]CEGWR opXyq
XEc|X g#cpXE��cp[VF�opi�F�GWR]CEG>R�\_R.R�9pG�TVg/CEG>q�\jX TVCEG!�E�ÙTVC�R]GWg#T]\jcpXª��B�CEG�ijo|RUT�R�G>g¿T]\jcpX \jR.qSG��|ceT]G>q�T]c�R�c|F�G¡X`YyF�GW[]\_g�opi
oekykEi�\_g�oeT]\jcpXyRW�

hJR&��G¡Cyou�pG!opi�[VGWo|qSP6RVoe\_q)©�cpYE[�k@cp\jX`T&ce�f�Q\jG�� \jR�^`YE\�T]G!xE\_opR]GWqª�B�CyG�[VG¡oe[VG�xyopR]\_g�oeijijP�TU��c�g#i_opRVR�G>R�ce�foek0>
kE[VculS\�F�o�TV\�c|X�T]G>g/CEXE\_^`YEGWRW�8B�CEGØ�y[VR�T�cpXEGØT][V\jGWR�T]c�qS\j[]G>g¿T]ijP!YyR]GLT]CEG"XEcpT]\jcpX¡cp���Q\_R]g�c|R]\mTUP�R]cpijYST]\jcpXª©ER]G�G"R]GWg¿TV\�c|X z ©
T]Cy\jR�cpYy[�k@cp\jX`T�cp�Ê�Q\�GW���<6ÅX!T]CyG"R]GWg�cpXyq¡g#i_opRVR�cp�ÊF�G#T]CycQqyR�©Sc|XEGJTV[]\jGWR�T]c�G#lSkEijcp\�T�T]CEGØ��cp[VF�oei@i�\jX09�x@G#TU��G�GWX�R]cpF�G
R]PQR�T]GWF�R�ce�8g#cpX�R�GW[]��o�TV\�c|X¡i_ou�fR�oeXyq�T]CyG"�L��GW^`YyoeT]\jcpXyRW�8B�CEG�ij\�X09¡\jR�TVCyo�Tf\���cpXEG�qS\@?@GW[]GWX`T]\_o�T]G>R�T]CEG�G>^`Yyo�TV\�c|X

∂u

∂t
+H(Du) = 0

� \�T]C[]G>R�k@GWg#T�T]c
x
oeX�q

y
©yqSGWXEceTV\�Xy�

pi =
∂u

∂xi

oeXyq
p = Du

©E��G"Cyou�pG

∂pi

∂t
+
∂H

∂x
(p) = 0.

B�CE\_R�\_R8TVCEGJk@cp\jX`T�cp�ª�`\jG�� cp�)T]CEGLkyoek@G�[/R�T]C�o�T�G�lQT]G�X�q��yXE\�T]GL�pcpijYEF�Gfc|[�vL\jRVg#c|X|TV\�XQYEc|YyR�A"opi�GW[�9Q\jX�F�G#T]CycQqyR�©QR�GWG
B ~ C)��cp[fopXG#lEoeF�kEijGp�

D E �����Ê�����GF��#�GH ��� ����� , 0 � 3�
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� G"g�cpXyR]\_qSG�[�T]CyG54�oeYyg/CQP�kE[VcpxEijG�FML���Xyq
u ∈ C0(Ω)

©ET]CEG�R]kyopg�GØcp��g�cpX`T]\jXQYEcpYyR���YEX�g¿T]\jcpX�cpX�T]CyG�cpk@G�XR�YEx�R�G�T
Ω ⊂ R

d ©yR]Yyg/C¡TVCyo�T
H(x, u,Du) = 0 x ∈ Ω ⊂ R

d

u = g x ∈ ∂Ω

U~ �

\jX�TVCEG��Q\jRVg#c`R�\�TUP!R]G�XyR]Gp�<6ÅX  ~ �¿©
(x, s, p) ∈ Ω × R × R

d 7→ H(x, s, p)
\_R YEXE\���cp[VF�i�P¡g�cpX`T]\jXQYEcpY�R��

NON É�PEÕ>Ð�Q¿Î/Ï#Ö+R-S;T+U
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���G#��c|[]G.�pcp\jXE�¡��YE[�TVCEG�[>©)ijG#T�YyRØxE[V\�G 7yP�[]GW�Q\�GW� T]CEG�XEcpT]\jcpX6cp���Q\jRVg#c`R�\�TUP�R�c|i�YET]\jcpX���c|[  ~ �#��Ec|[�oeXQP���YEXyg¿TV\�c|X
z
©@��G.g�cpXyR]\_qSG�[LT]CEG�YEkEk@G�[�R]G�F�\��Qg#c|X`T]\jX`YycpYyR �Yª� R�� g �LoeX�q�ijc���GW[LR]G�F�\��Sg#c|X|TV\�XQYEc|YyR Ài¯� RW� g��fGWX`�|G�ijcpk@GWRJce�

z
� \mTVC

[VGWR]k�G>g¿T�T]c!opi�i<TVCEG���oe[V\jopxEi�G>R���B�CEGWP�oe[VG"qSG#�yXyGWq�xQP

z∗(x) = lim sup
x→y

z(y)
oeX�q

z∗(x) = lim inf
x→y

z(y).

�Ec|i�ijc�� \jXE� B z CÍ©E��G"\�X`T][VcSqSYyg�GLTVCEG"��YEXyg#T]\jcpX
G

G(x, s, p) =

{
H(x, s, p) x ∈ Ω
s− g(x) x ∈ ∂Ω.

B�CEG�g�cpF�kEYST/o�T]\jcpX�ce�
G∗

oeX�q
G∗ \jR�G>opR]P¡oeXyq���G�Cyou�pG�L





G∗(x, s, p) = G∗(x, s, p) = H(x, s, p)
\��
x ∈ Ω

G∗(x, s, p) = min(H(x, s, p), s− g(x))
\m�
x ∈ ∂Ω

G∗(x, s, p) = max(H(x, s, p), s− g(x))
\m�
x ∈ ∂Ω

¯z��

h i�cSg�opi�ijPx�c|YEXyqSG>q�Yª� RW� g&��YEXyg#T]\jcpX
u
qSG��yXEG>q6c|X

Ω
\_RØo��Q\jRVg#c`R�\�TUPR�YEx0>ÍR]cpijYST]\jcpX6ce�  ~ �J\m��oeXyq�c|XEijP�\m�U©<��c|[

oeXQP
φ ∈ C1(Ω)

©E\m�
x0 ∈ Ω

\jRJo.ijcSg�opi)F�oelS\�F.YEF�ce�
u− φ

©ST]CEGWX

G∗(x0, u(x0), Dφ(x0)) ≤ 0.
 1 �

NQ\jF�\�i_oe[Vi�P|©
u
©`o"ijcSg�opi�ijP.x@cpYyXyqSGWqª©|iA� RW� ge����YEXyg¿TV\�c|X¡qSG��yXEGWq�c|X

Ω
\jR�o"�`\_RVg#c|R]\�TUP.R]YEk�GW[�>ÅR]cpijYST]\jcpX�ce�  ~ �8\��ªoeXyq�c|XEi�P

\��U©S��cp[fopX`P
φ ∈ C1(Ω)

©E\��
x0 ∈ Ω

\_R o�i�cSg�opi)F�\�XE\jF&YyF*ce�
u− φ

©ST]CEGWX

G∗(x0, u(x0), Dφ(x0)) ≥ 0.
 � �

h �Q\jRVg#c`R�\�TUP�R�c|i�YSTV\�c|X6\_R"R�\jF&YEi�TVopXEG�c|YyR]i�P�o�R�YEx���opXyq�o�R]YEk�GW[�>ÅR]cpijYST]\jcpX�cp�  ~ ��� B�CE\jR"gWoeX6x@G��pGWXEG�[/oeij\��WGWqTVc
ceTVCEG�[�TUPQk@GWR�cp��x@cpYEX�qEoe[VP¡g#c|XyqS\�T]\jcpXyR R]Yyg/CopR HJG�YEF�oeXyXª©EG#T/ge�

6ÅX�T]CEG�gWopR]GØcp�ÊTVCEG54�oeYyg/CQP!ky[]c|xEi�GWF©

∂u

∂t
+H(x, u(x), Du) = 0 x ∈ R

d, t > 0

u(x, 0) = u0(x)

����

� CEGW[]G
u0
x�GWi�c|XE�|R�TVc�T]CyG�R�G�Tfce�8x�c|YEXyqSG>qoeXyq�YEXE\���cp[VF�i�P�g#c|X|TV\�XQYEc|YyR���YEX�g¿T]\jcpX�R�©

BUC(R2)
� �LXEG�g�opX�opqEopkST

GWo|R�\jijP�T]CEG�op[]�|YEF�G�X`TVR�[/oe\_R�G>q���c|[�T]CEG�R�T]G>opqSP!ky[]c|xEi�GWF�b�fG�[VGp©
G
\_R R�\jF�kEi�P

G(x, s, p) = pt +H(x, s, px), x ∈ R
d, s ∈ R

d, p = (pt, px) ∈ R × R
d

R]c�T]CyoeT
G∗ = G∗ = G

��NQYyxyR�c|i�YET]\jcpXyR �[VGWR]kª��R]YEk@G�[/R�c|i�YET]\jcpXyR ��oe[VG!GWi�GWF�GWX`TVR.ce�
BUC(Rd × [0, T ])

� CyG�[VG
T > 0

©ER]c�T]CyoeTf\�XyGW^`Yyoeij\�TUP  1 � �[VGWR]kª�  � � ��CEc|ijqyR��
hfiji)TVCE\jR gWoeXx@G�G#lQT]GWXyqSGWq¡T]c�TVCEG54�oeY�g/C`P��SvJ\j[]\_g/CEijG#T�kE[VcpxEijG�F

∂u

∂t
+H(x, u(x), Du) = 0 x ∈ Ω ⊂ R

d, t > 0

u(x, 0) = u0(x) x ∈ Ω
u(x, t) = g(x, t) x ∈ ∂Ω, t > 0

À} �

IfX�qSG�[&R�TVopXyqEop[Vq�opRVR�YEF�kSTV\�c|XyR�c|X6TVCEG!cpk@G�X R]YExyR]G#T
Ω
©
g
oeXyq

H
oeXyq

u0
©�cpXEG�gWoeX kE[Vc��pG�G#lS\jR�T]GWXyg#G!opXyq

YEXE\_^`YEG�XyGWRVRfce��TVCEG&�Q\_R]g�c|R]\mTUP¡R]cpijYSTV\�c|XyRfcp�  ~ �#©  � � opXyq  } �#©@R�GWG B z CÍ� 6ÅX6kyoe[]T]\_g#YEi_oe[>©STVCE\jRL\_R T][VYEG�\���T]CEG��JopF�\ji@>
T]c|XE\_oeX

H
\_R g#c|XQ�pG#l!\jX

p ∈ R
d oeXyq�\�� ∂Ω

ij\�k�R]g/CE\�T���g�cpX`T]\jXQYEcpY�R��
6ÅX T]Cy\jR.kyoek@G�[>©8��G¡opRVR�YyF�G!T]CyoeT  ~ ��Cyo|R&o�YyXE\j^`YEGWXEGWRVR.kE[]\jXyg�\�kEijGp©�TVCyo�T�\jR�oeXQP R�YEx��QR]cpijYST]\jcpX

u
oeXyq opXQP

R]YEk�GW[��SR�c|i�YET]\jcpX
v
ce�  ~ ��RVo�TV\jR���P

∀x ∈ Ω, u(x) ≤ v(x)
Í� �

oeX�q
∀x ∈ R

d, t > 0, u(x, t) ≤ v(x, t)
����

\jX�TVCEG�g�o|R�GØce��T]CyG54�oeYyg/CQP�kE[VcpxEijG�F�
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¡���#����(

B���c�G�lSopF�kEi�G>R�oe[VG!g#c|XyR�\_qSGW[]G>q)� � \�T]CEGW[���G�i�cQc896��cp[�TVCEG!R�T]GWo|qSP6ky[]c|xEi�GWF  ~ �Ø� \�T]C o�g#c|XQ�pG#l��JoeF�\jimTVcpXE\_oeXÊ©
cp[Ø��G.ijcQc89��cp[ØTVCEG 4�oeYyg/CQPkE[VcpxEijG�F  � �L� \mTVC�GW\mTVCEG�[�o�g#cpXQ�|G#l �c|[Øg�cpXygWou�pG.�LoeF�\jimTVcpXE\_oeX �Jcp[�o�g#c|X`�|G#l �c|[
g#c|Xyg�ou�|G���\�Xy\mTV\jopiÊg#c|XyqS\�T]\jcpXª�

B�CEG"F�oe\jX�T]cQcpi)\_R�T]CEG �ÊG��|G�XyqS[VGØT][/oeXyR���cp[VF� 6Í�
f
\jR o�g#c|XQ�pG#l���YyXyg¿TV\�c|XR]Yyg/C�T]C�o�T

lim
||x||→+∞

f(x)

||x|| = +∞ �� �

��G"qEG#�yXEG"TVCEG �ªGW�pGWXyqS[VGJTV[VopXyRU��c|[]F*ce�
f
xQP

f?(p) = sup
y∈Rd

(
p · y − f(y)

)
.

6Í��T]CEG�R]YEkE[VG�F.YEF�\_R []G>opg/CEG>q¡oeT
y? ©E��GØC�ou�pGLT]CEG�[VG�i_o�TV\�c|X

f?(p) + f(y?) = p · y?.

B�CE\_RJR]CEc��fR TVCyo�T
f?(p)

gWoeX�x@G&R�GWG�X6o|R�T]CyG.oex�R]g�\jRVR]o�cp��T]CEG&TVoeXy�pG�X`TJcp��T]CEG.�p[/oekECce�
f
o�T
y∗
�JB�Cy\jRJ�p[/oekECE\_g

\jX|TVG�[VkE[VG#TVoeT]\jcpXCEGWi�kyRfT]c¡R]G�G�T]CyoeTW©y\��
f
\jRJ[]GW�pYEi_oe[ GWXEcpYy�pCª©yT]CEG��|[VopkECce�

f
\jRfT]CEG�GWXQ�pG�ijcpk@G�ce�8\�TVRfTVoeXy�pG�X`T>©�R]c

T]C�o�T
(f?)? = f.

�J�8g#cpYy[VR]GJTVCE\_R []GWijoeT]\jcpX�\jR �|G�XEGW[Vopi�\ �WopxEijGfT]c!o�g�cpXQ�pG�l
f
� CEGWX�\�TJRVo�T]\_R��yGWR� � �¿�

hfiji)TVCE\jR��|G�XEGW[Vopi�\ ��G>R�T]c!o�g#c|Xyg�ou�|Gf��YEXyg#T]\jcpXyR ÀR]\�Xyg�G −f \_R g#cpXQ�|G#l �¿©

f?(p) = −(−f)?(p) = inf
y∈Rd

(
− y · p− f(y)

)
.

����� �
	����������������
������	��! "�$#
� G�opRVR�YEF�GØT]C�o�T T]CyG��JoeF�\jimTVcpXE\_oeX�\_R��p\j�pG�X�xQP

H(x, u, p) = sup
v∈V

{−b(x, v) . p+ λu− f(x, v)}

� CEGW[]GLT]CEG�R]kyo|g#GØce��g�cpX`T][Vcpi_R
V
\_R g#c|F�k�opg¿T>©EoeXyq¡��G"Cyou�|GLR�TVopXyqEoe[/q¡o|R]R]YEF�kSTV\�c|XyR�cpX

b
©
f
oeXyq

λ > 0
©ER]G�G B z CÍ�

�Ec|[�TVCEGLvL\j[]\_g/CEijG#T�g�cpXyqE\mTV\�c|Xª©`T]CEGØR�c|i�YSTV\�c|X!ce�  ~ ��\jR��p\j�pGWX�xQP.TVCEG"qSPQXyoeF�\_g�oei�kE[Vcp�p[/oeF�F�\jXE��kE[V\�Xyg�\�kyi�G|©|��c|[�opXQP
T > 0

©

u(x) = inf
v(.)

[∫ min(T,τ)

0

f(yx(t), v(t))e−λtdt

+ 1{T<τ}u(yx(T ))e−λT + 1{T≥τ}ϕ(yx(τ))e−λτ

]
U~W{ �

B�CEG"TV[VoedUGWg¿TVcp[VP
yx(.)

RVo�TV\jR��yGWR
yx(0) = x ∈ Ω

opXyq

d

dt
yx(t) = b(yx(t), v(t))

��c|[
t > 0.

B�CEGWP¡oe[VG�qSG#�yXyGWq�\m�
f
\_R [VG��|YEijop[�GWXEcpYy�pCª©ERVouP��ª\jkyRVg/CE\�T���g#c|X|TV\�XQYEc|YyRW��B�CyG�G#lS\mT�TV\�F�G

τ
\jR

τ = inf{t ≥ 0, yx(t) 6∈ Ω}.
vLG#TVop\�i_R g�opX�x@G"��cpYyXyq�\�X B 1 © z C
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������ �
	��������� ����� � ��� � 	��� ��$#
B�CEG�opXyoeijP`T]\_g�oei<G�lQky[]G>R]R]\�c|X!��c|[�T]CEG�R]cpijYST]\jcpX�ce�  � �¿©y� CEG�X

H
cpXEijP¡qSGWk�GWXyqER c|X

p ∈ R
d ©E\jR��|\��|G�X�\�X B � CÍ©

~|� � CEG�X
H
\jR�YEXy\m��c|[]F�ijP �ª\jkyRVg/CE\�T���g#c|X|TV\�XQYEc|YyR�oeXyq

u0
g#cpXQ�|G#l)©

u(x, t) = sup
p∈Rd

[
x · p− u?

0(p) − tH(p)

]
,

U~p~ �

� CEG�X
u0
\_R g#c|Xyg�ou�|Gp©

u(x, t) = inf
p∈Rd

[
− x · p+ u?

0(p) − tH(p)

]
.

U~>z��

zE� � CEG�X
u0
\_R�YEXE\���cp[VF�i�P�g#c|X|TV\�XQYEc|YyRW©`��G"Cyou�pGØ��c|[fo�g�cpXQ�pG�l¡�JopF�\ji�T]cpXy\jopX

u(x, t) = inf
p∈Rd

[
u0(y) + tH?

(
y − x

t

)]
,

U~ 1 �

oeXyq¡��cp[fo�g#c|Xyg�ou�|GØ�LoeF�\jimTVcpXE\_oeX

u(x, t) = sup
p∈Rd

[
u0(y) + tH?

(
x− y

t

)]
.

U~ � �

B�CEG���cp[VF&Yyijo  ~|~ �"oeX�q  ~>z �Ø[VG-7yG>g¿T"T]CyG!�fYEPQ�pGWXyR � R"kE[V\jXyg#\jkEijGp©ª� CE\jijG� ~ 1 �"oeXyq  ~ � �"oe[VG�g#cpX�R�G>^|YyG�Xyg�G.cp��T]CyG
qSPQXyopF�\_g�opi)kE[Vcp�p[/oeF�\jXE�&ky[]\jXyg#\jkEijG  ~W{ �¿�

HfcpT]GØT]C�o�Tf\��
u0
\jR ij\jXEGWop[ \�X

x
©
u0(x) = A+ p · x ©E��G"Cyou�pG

u(x, t) = u0(x) − tH(p).

B�CEG>R�G�[VGWR]YEimT/R�oe[VG�c|XEijP��uopi�\_q.��cp[bR]k�G>g#\_oeiS\jXE\�T]\_oeiEg#c|XyqS\�T]\jcpXyR�c|[�kyoe[]T]\_g#YEi_oe[8�LoeF�\�i�T]c|XE\_oeXª� � G C�ou�pG�T]CEG F�cp[VG
�pGWXEG�[/oei<[VGWR]YEi�TVR
��£ � � �
	  ��oe[/qS\@> �ØR]CEG�[ B � C ���� �

u0 = uconv
0 + uconc

0 � /0� ��� uconv
0 � ���-$#� � uconc

0 � 
 $��;�����"��� � ���-$#� � �;�"������ � ���� /0� �&� /0� $ �	� � ��
����
u

� �  � � $ "�#
 $�� �+$
∀(x, t) ∈ R

d × [0, T ], ψ2(x, t) ≤ u(x, t) ≤ ψ1(x, t)

� 
�� /
ψ1(x, t) = inf

q∈Rd
sup
p∈Rd

(
x · p−

(
uconv

0

)?
(p) −

(
uconc

0

)?
(q) − tH(p− q)

)

"���
ψ2(x, t) = sup

p∈Rd

inf
q∈Rd

(
− x · q −

(
uconv

0

)?
(p) −

(
uconc

0

)?
(q) − tH(q − p)

)

� ��� � � � B�CEG�kE[VcQce��YyR�G>R�T]CEG"�Ào|g¿T�T]C�o�T
uconc

0 (x) = supp∈Rd

(
x · p−

(
uconc

0

)?
(p)

) R�c�T]C�o�T���cp[fopX`P
p
©

uconc
0 (x) ≥ vp,0(x) := x · p−

(
uconc

0

)?
(p).

B�CEGWX6��G�R]cpij�pG&T]CEG 4�oeYyg/CQPkE[VcpxEijG�F ��c|[
v0 + u0

� Cy\jg/C�\jR"g#c|XQ�pG#l)©<YyR]G&TVCEG�g#cpF�kyop[]\_R]cpX�kE[V\jXyg#\jkEijG  � �#©ªopXyq
TVo89pGØT]CyG�F�oelS\�F.YEF��B�Cy\jR �|\��|GWR�T]CyG"�y[VR�Tf\jXEGW^`Yyopi�\�TUPp�8B�CEG�R]GWg�cpXyq¡cpXEG�\_R�cpxST/oe\jXEGWq�\jXo�R]\�F�\jijop[ ��ouP|�
��£ � � ���  B } C ���� �

H = Hconv +Hconc � /!�-��� Hconv � ���+$#� � Hconc

 $ �;�"���"��� � ���+$#� � �;�"������ � � � �K
 �-�"�+� �"!�;�"�K��
��K�!�"� $ � ��/!� $ � � � ��
����.� ����/!� (*"���;/#! ������� �@� �  � � $ "�#
 $$���-$

Φ2(x, t) ≤ u(x, t) ≤ Φ1(x, t)
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�"�.���-$�/0�-$ �� 
�� /
Φ1(x, t) = inf

q∈Rd
sup
y∈Rd

[
u0(y) + tH?

conv(q) + tH?
conc

(
y − x

t
+ q

)]

Φ2(x, t) = sup
p∈Rd

inf
y∈Rd

[
u0(y) + tH?

conc(q) + tH?
conv

(
x− y

t
+ q

)]

B�CEG"kE[VcQce��\_RfR]\�F�\jijop[ oeXyq�\_R��p\j�pG�X�\jX B } CÍ�

� � �¿��()� ����+���� ���������f���W���"���#���1��%�������� �&
���� J ������2�#�f�

6ÅX¡c|[VqEG�[�T]c�R�\jF�kEij\m��P�TVCEGØT]G#lQT>©S��G"opRVR�YyF�GJ��[]c|F�XEc�� c|X
d = 2

©QxEYSTfoeiji@T]CEG"[VGWR]YEi�TVR�g�oeX�x�G"G>opR]\�ijP��pG�XyG�[/oeij\��WGWq
T]c�ceTVCEG�[ qS\jF�G�XyR]\jcpXyRW©Q\�X�kyoe[]T]\_g#YEi_oe[

d = 3
� � G�g�cpXyR]\jqEG�[�o�TV[]\_oeXE�|YEi_o�T]\jcpX¡ce�

R
2 ©QT]CEG"�|G�[]T]\_g#GWR�oe[VG {Mi}i=1,ns

©
T]CyG.TV[]\_oeXy�pijGWR"oe[VG {Tj}j=1,nt

� � G�qSGWXEceTVG.xQP
T
o¡�|G�XEGW[]\_g�TV[]\_oeXy�pijGp�&B�CEG��|G�[]T]\_g#GWRLce�

Tk
oe[VG

Mi1

©
Mi2

opXyq
Mi3

©���cp[�R�\jF�kEi�\_g#\�TUP���G�cp�ÙT]G�X qEG�XEcpT]G�TVCEG�F xQP
i1
©
i2
©
i3
cp[&x`P

1
©
2
©
3
� CEG�X T]CEGW[]G�\_R�XEc�oeF&xy\��|YE\mTUP|��B�CyG

�ÀoeF�\ji�P�ce��T][V\jopXE�pYEi_o�TV\�c|XyR���G�g�cpXyR]\jqEG�[ \_R R�Cyopk�G�[VG��|YEi_oe[>�
Ifk�T]c¡c|YE[ 9`Xyc�� i�G>qS�pG|©ET]CyG&�y[/R�TLkyopk�GW[JTVc�qS\_R]g�YyRVRf\jX�qSG�TVoe\ji�T]CEG�oekEky[]culS\jF�oeT]\jcpXce�  � �J\_R B � CÍ�ØhLRJ\jX�TVCE\jR

[VG#��G�[VG�X�g#Gp©	 � ��\_RfoekEky[]culS\jF�oeT]G>q!xQP

un+1
i = un

i − ∆tHi, i = 1, · · ·ns, n ∈ N
∗

u0
i = u0(Mi)

U~ ���

� CEGW[]G
∆t > 0

\jR8T]CEG TV\�F�GfR�T]GWk!oeXyq
un

i

\_RbopX�opkEkE[VculS\�F�o�TV\�c|X&cp�
u(Mi, n∆t)

©`oeXyq.T]CyGfXQYEF�G�[V\jgWoeiE�JopF�\�i�T]c|XE\jopX
Hi

qEG�k@G�XyqER&cpX
un

i

©�TVCEG!��oeijYEG>R�ce�
un

j

� CEG�[VG
j ∈ Vi

 Vi
\jR�T]CEG�R�G�T&ce� XEGW\��|C`x@cp[/R�cp�

Mi
\jXyg#ijYyqS\jXE�

Mi
x`P

g#c|XQ�pG�X`TV\�c|X �¿©SoeX�q�\���XEGWg�GWRVR]op[]P�c|X
Mi
©

Hi := H(Mi, u
n
i , {un

i }j∈Vi).
U~W} �

6ÅX�T]CE\_R�[VG#��GW[]GWXyg#G�\_R�\jX|TV[]cSqSY�g#GWq�TVCEG�XEceTV\�c|X ce� g#cpX�R�\_RUTVG�Xyg�Pp�¡B�CyG!XQYEF�G�[V\jgWoeib�JopF�\�i�T]c|XE\jopX Hi
\jR&g#cpX�R�\_RUT/oeX`T

� CEGWXª©E\��
vi = A+ p · ~OMi

©QT]CEGWX�� Cyo�T GW�pG�[
Mj

oeX�q
s ∈ R

©

H(Mj , s, {vi}j∈Vi) = H(M, s, p).
�~u� �

h ijGWRVR�[]G>RUTV[]\_g¿TV\��|GØqSG��yXE\�T]\jcpXª©y� CE\jg/C\_R�CEG�ijkS��YEiÊ��cp[�TVCEG�kE[Vc`cp�U©S\jR��|\��|G�X�\�X B � CÍ©
��£����
	 � 	¯§�� 	 �� � $  !�� /0"�:��/!���%��5

� � �"�K
�"� H 
 $ � ���� � ! �;���0$+
 $+�,� �!� 
 �<�-�"��	�
�

x ∈ Ω
"���

φ ∈ C∞
b (Ω) � � /0�$ �-�G� �

C∞
�;��� � �8� � �;� � � ��
����0$ ���

lim sup
h→0,y→x,ξ→0

H(y, φ(y) + ξ, φ+ ξ) ≤ G∗(x, φ(x), Dφ(x))
�~ ���

"���
lim inf

ρ→0,y→x,ξ→0
H(y, φ(y) + ξ, φ+ ξ) ≥ G∗(x, φ(x), Dφ(x)).

�~ ���

� $ �;/0� � � ��/!"� $ "�#
 $$���-$  ~u� � � H 
 $�$+�����"� � �"! �;���0$+
 $+�,��!� � � $+������� � �"!��;���0$+
 $+�,� �!� $ ��/!�-� � 
 $ � �;��	�"! �;�"�0$+
 $+� �-�K� �
B�CEG�R�T][VYyg¿TVYE[]G�cp��TVCEG!R�c|i�YET]\jcpX�ce�  � �Ø��opRØ��[VR�T�YyR�G>q�\�X B � © ~ CÍ� 6ÅX kyoe[]T]\_g#YEi_oe[>©)TVCEG�P�Y�R�G>q6TVCEG�[VGWR]YEimT/R"ce�

�ªGWF�F�o ~ T]c�qSG��yXEG o AØcQqEYEXEc����`ij\@9|G�RVg/CEG�F�G|� 6ÅX B } CA©p\mTb\_R�R�CEc�� X.T]C�o�TW©p\�X��pGWXEG�[/oeiA©u��cp[8XEc|X.R�T][VYyg¿TVYE[VGWq.F�G>R�CyGWRW©
T]CyG��|G�XEGW[Vopi�\ �WoeT]\jcpX�cp��T]CyG�AØcSqSYEXyc�� �Qi�\ 9pG�R]g/CyG�F�G.cp� B � CbijGWopqyRJTVc�o�XEc|X�g#c|XyR]\jR�TVopX|T��JopF�\�i�T]c|XE\jopXª�&�Jc���GW�pG�[>©
�ªGWF�F�o z kE[Vc��Q\jqSG>R o�R�c|i�YSTV\�c|Xª�

hJRVR]YEF�GfT]C�o�T {un
j }j=1,··· ,ns

\_R:9QXEc�� X¡opXyq!qSGWXEceTVGJxQP
un

h

TVCEGJky\�G>g#G�� \_R]GJij\�XEG>oe[�\�X`T]GW[]k@cpi_o�TV\�c|X!ce�)TVCE\_R�qEoeTVoy�
�Ec|[�oeXQP�F�G>R�C�k@cp\jX`T

Mi
©|��Gfg�cpXyR]\_qSG�[�R]G#T {Ωi}i=1,··· ,ωi

cp�<opXE�pYEi_oe[bR]GWg#T]c|[VR8oeT
Mi
©`R�GWG��y�pYy[]G ~ � � o|g/C�oeXE�|YEijop[

R]GWg¿TVcp[
Ωi

g�cp[V[]G>R�k@cpXyqyR T]c�cpXEG.ce�bTVCEG�TV[]\_oeXy�pijGWRJT]CyoeTØR]Cyoe[VG
Mi

oeXyq6��G�qSG�XyceT]G.xQP
Ui
TVCEG��p[/opqS\jG�X`TJcp�

un
h

\jX
T]C�o�T T][V\_oeXE�|i�G|��B�CyGL��YyXyg¿TV\�c|XyR

Φ1
oeX�q

Φ2
GW�uopi�Y�o�T]G>q�oeT

x = Mi
oe[VG

Φ1(Mi,∆t) = un
i − ∆t min

q∈R2
max

1≤k≤ωi

sup
z∈Ωk

(
Ui · z −H∗

1 (z − q) −H∗
2 (q)

)

Φ2(Mi,∆t) = un
i − ∆tmax

q∈R2
min

1≤k≤ωi

inf
z∈Ωk

(
Ui · z −H∗

1 (z − q) −H∗
2 (q)

)
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Ωi

Ωi+1

~ni+1/2

Mi

θi

Duh|Ωi+1/2
= Ui+1/2

��\��|YE[VG�~�L 6ÅijijYyRUTV[VoeT]\jcpXce��T]CyG�oeXE�|YEijop[ R�G>g¿T]c|[VR
Ωi
©
θi
oeX�q¡TVCEG��pG>g¿TVcp[/R

~ni+1/2
T]CyoeTJoe[VG"XEG�G>qSGWq�\jX�X`YyF�GW[]\_g�opi

�JopF�\�i�T]c|XE\jopXyR qSG��yXE\�T]\jcpXyRW�

B�CEG*9|G�PL[]GWF�op[�9J\jR<TVCyo�T�oeXQPJcp�|TVCEG8T]GW[]F�RÊF&YEi�T]\jkEij\�G>q"x`P
∆t
©uRVouP

min
q∈R2

max
1≤k≤ωk

sup
z∈Ωk

(
Ui·z−H∗

1 (z−q)−H∗
2 (q)

) ©
[VGWqSYyg�GWR�TVc

H(p
� CyG�X

Ui ≡ p ∀i ���fGWXyg#G|©�opX`P�ce��T]CyGWR]G"T]G�[VF�RfqSG��yXEGWRLo�g#c|XyR�\_R�TVoeX`T XQYEF�G�[V\jgWoeiÊ�LoeF�\jimTVcpXE\_oeXª©��cp[ G�lEoeF�kEijGp©
Hi := max

q∈R2
min

1≤k≤ωi

inf
z∈Ωk

(
Ui · z −H∗

1 (z − q) −H∗
2 (q)

)
,

¯ze{ �

T]CyG�qSGWk�GWXyqSGWXyg#P�\jX
un

j

©
j ∈ Vi

oekEk@GWop[VRL\jX�T]CyG.�|[Vo|qS\�GWX`TVR
Ui
��B�CE\_RL��cp[VF&YEi_o!gWoeX6G>opR]\�ijPx�G�G#lQTVG�XyqSG>q�TVc!T]CyG

F�cp[VG"�pG�XyG�[/oei)g�o|R�G
H = H(x, u,Du)

oeX�q�R]\jF�kyi�\��yGWR�� CyG�X
H
\_Rfg�cpXQ�pG�l<©`��c|[ G#lEoeF�kEijG

Hi = max
1≤k≤ωi

max
z∈Ωi

(
Ui · z −H∗(z)

)
.

¯zS~ �

h R�G>g#c|Xyq¡[VG�F�op[�9�\_R�T]C�o�TW©yx`P�g#cpX�RUTV[]Yyg#T]\jcpXª© Hi
qEG#�yXEG>q�x`P  zp{ ��cp[� zS~ ��\_R�F�cpXEcpT]c|XEGp©QTVCyo�Tf\_R

��£����
	 � 	¯§�� � ÀK�c|XEceTVcpXEGL�JoeF�\jimTVcpXE\_oeX�R�� � � � $  ! ��/!"� H 
 $ � �"�����,����� 
 � ��� /!"� � �"�-� Mi ∈ Σ � uj ≤ vj � "����-�"� "��!
s ∈ R �

H(Mi, s, {uj}j∈Vi) ≥ H(Mi, s, {vj}j∈Vi).

B�CEG��JoeF�\jimTVcpXE\_oeX  ze{ �f\_RJF�c|XEceTVcpXEG�xQP�g#c|XyR�T][VYyg¿TV\�c|X�\m�
∆t/hmax||Du|T ||∞≤L ||DpH(p)||∞ ≤ 1/2

L�T]CE\_RØ\jR
o�g#c|XyR�G>^`YEG�Xyg�G"ce�  � ��opXyq�T]CEG�\jXEG>^|Y�oeij\mTV\�G>R

hfXyceT]CyG�[ 9pG�P�[VG�F�op[�9�\jR�TVCyo�T�T]CyGL��oeijYEGØce� Hi
qSG��yXEG>q¡xQP  ze{ ��cp[� zE~ ��qScQGWR�XEceT qSGWk�GWXyq¡c|X!TVCEGØR�T][VYyg#T]YE[VG

ce�)TVCEGfF�GWR]Cª©QxEYST�cpX�TVCEGJ\jX`T]G�[Vk@cpi_oeX`T
un � 6ÅX�cpT]CEGW[���cp[/qERW©p\��ªcpXEGJR]kEij\mT/R�opX!oeXE�|YEi_oe[�R]GWg#T]cp[ Ωk

\�X!TU��c�© � 
�� /0�"� ��;/0"� ��
�� � ��/!� � 	� �!� � �
Uk
©eTVCEGfXQYEF�G�[V\jgWoeiE�LoeF�\�i�T]c|XE\_oeX�\jRbXEceTbF�cSqS\��yGWq)� � GfR]ouP�T]CyoeTbT]CEGfRVg/CEGWF�G \_R 
��K���+
��!$;
 �

oeX�q¡��G�Cyou�pGLT]CyG"��cpiji�c�� \jXE��G�[V[]c|[�G>RUTV\�F�oeT]Gp©
��� £Q§ � £ � 	  B } C ����� �-�

H : R
2 → R

2
��� �;�"�K��
��K�!�"� $ "� �

u0 ∈ BUC(R2)
"��� � 
 �K$ ��/ 
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� � 
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��"� � /0� ��� h 
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�� � �@�+$�� � �;� �!� �-�
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� � /0���#�+
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α � L � T > 0
"��� H $+���;/�� /0"���-�"�5���!

Mi
�� �

n � 
�� / 0 ≤ n∆t ≤ T �
∣∣∣∣u

n
i − u(Mi, n∆t)

∣∣∣∣ ≤ c
√
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�"�.���-$�/0�-$ �B�CEG kE[VcQce�@\jRbopX�opqEopkSTVoeT]\jcpX�ce�@T]CEG F�oe\jX�[]G>R�YyimTbcp� B � C�� \�T]C�R]cpF�G�T]G>g/CEXE\_g�opi�\�T]\jGWR À\�X�kyop[�TV\jg�YEi_oe[���cp[�R]CEc�� \jXE�
T]C�o�T T]CyG"T]\jF�G�R�T]GWkcpXEijP¡qSGWk�GWXyq�cpX

u0
��R�k@GWg�\m��gØTVc�YEXyR�T][VYyg¿TVYE[]G>q¡F�G>R�CEG>R�� � G�[VG#��G�[�TVc B } CA�

B�CEG�kE[/opg#T]\_g�opi�GW��oeijYyo�TV\�c|X�cp��TVCEG �ªGW�pGWXyqS[VG.TV[VopXyR���cp[VF \jR"XyceT&oeij��ouPQR"opX�G>opR]P�TVo|R�9<©�R�cceTVCEG�[&X`YyF�GW[]\_g�opi
�JopF�\�i�T]c|XE\jopXyR�G#lS\_RUT/R��8B�CEG"R�\jF�kEijGWR�T�c|XEGJ\_R�T]CyG ��o�l �E[V\jGWqS[V\jg/C�R�c|XEGp©Q� CE\_g/C¡\_R�\�X�R�kE\j[VGWq!xQP�TVCEG ��o�l �y[]\jGWqS[V\_g/CyR
RVg/CEG�F�GØ��cp[fg�cpXyR]G�[V��o�T]\jcpX�ijou�fRW�<6ÍTfCyopR R]G��|G�[/oei<�pGW[VR]\jcpXyRW��B�CyGL��[VR�TfcpXEG"\_R

HLF
i (Duh|Ω1

, · · · , Duh|Ωki
) = H(Ū) − ε

h

∮

Ch

[uh(M) − uh(Mi)]dl,
Azpzeo �

� CEGW[]G
Ch

�[VGWR]kª�
Dh

��\_Rfo�g#\j[/g#ijG ¯qS\_R�9 ��ce��g#GWX|TVG�[
Mi

opXyq�[Vo|qS\�Y�R
h
©

Û =

∫
Dh

Duh dxdy

πh2
,

oeX�q
ε
\_R8i_oe[V�pGW[ÊTVCyoeX�oeXQP �Ê\�kyRVg/CE\�T�� g#c|XyR�TVoeX`T8ce�

H
qE\��Q\_qSGWq�xQP

2π
��B�CE\_R8qSG#�yXyGWRboLF�cpXEcpT]cpXyG�RVg/CEGWF�G�kE[Vc��Q\jqEGWq

T]C�o�T
∆t/h ≤ ε

2π

�
h qE\ ?<G�[VG�X`TL�|G�[/R�\jcpXcp�8T]CEG �Êo�l �E[V\jGWqS[V\jg/C�RJ�JopF�\�i�T]c|XE\jopXª©@T]CyoeTL\_RfF�cpXyceT]c|XEG&YyXyqSG�[JT]CEG�RVoeF�G&g#c|XyR�T][/oe\jX|T>©

\_R�T]CEG"��c|i�ijc�� \�Xy� L

HLF
h (Duh|Ω1

, · · · , Duh|Ωki
) =

∫

Dh

H(Duh)

πh2
− ε

h

∮

Ch

[uh(M) − uh(Mi)]dl.
Azpz�x �

B�CE\_R �pGW[VR]\jcpX¡gWoeXx�G�[VG�� [V\�T�T]GWX�o|R

HLF
h (Duh|Ω1

, · · · , Duh|Ωki
) =

∑

0≤l≤ki

θi
l

2π
H(Duh|Ωi

l
) + ε

∑

0≤l≤ki

tan θi
l

~ni
l−1/2 + ~ni

l+1/2

2
·Duh|Ωi

l
.

B�CEGf�|GWg#T]cp[
~nl+1/2

\_R8TVCEGfYEXy\mT��|GWg#T]cp[8cp�<T]CEGfG>qS�pG�TVCyo�T�R�GWkyoe[/o�TVGWR�T]CyGJoeXE�|YEi_oe[bR]GWg¿TVcp[/R
Ωl
oeXyq

Ωl+1
©|T]CEGJopXE�pijG

θi
l

\_R�TVCEG�oeXE�|i�GLce��T]CEG"oeXE�|YEi_oe[�R�G>g¿T]c|[�oeT
Mi
©ER]G�G���\j�pYy[]G ~ �bB�CEGØkyoe[/oeF�G�T]G�[

ε
\_R�TVCEG"R]opF�G"opR�\jX!TVCEG"kE[]GW�Q\�c|YyR

�pGW[VR]\jcpXª�
h T]CE\j[/q��|G�[/R�\jcpX�\jR

HLF (Duh|Ω1
, · · · , Duh|Ωki

) =

∑

T3Mi

|T |H(Duh|T ) + α
∑

Mj∈T

(ui − uj)

∑

T3Mi

|T |
Azpzeg��

oeX�q
α ≥ hT maxp ||DpH || � CEG�[VG hT

\_R�T]CyG�ijop[]�|GWR�T�G>qS�pG"ce�
T
�

B�CEG F�oe\jX!qS\@?@GW[]GWXyg#GJx�G�TU��GWG�X�T]CyGWR]GJqS\@?@GW[]GWX|T���cp[VF&YEi_opR�\_R8TVCyo�T  zpzpo �8oeX�q� zpzex �bop[]G�\jX|TV[]\jXyR]\jgf\�X�TVCEGJR]G�XyR]G
�p\j�pGWX�\jX B } CÊ� CE\ji�G  zpzpg ��\_R XEceT>���JG�Xyg�Gp©S��c|i�ijc�� \�Xy�.TVCEG�RVoeF�G�[]G���G�[VG�Xyg�Gp©	 zpzeo ��oeXyq  z|z�x ��op[]G�g�cpXQ�pGW[]�|G�X`T�opXyq
T]CyGØGW[][Vcp[�GWR�T]\jF�o�TVGØ\_R O(h1/2)

� �Ec|[� zpzpg �#©ER�Yyg/CoeX�G�[V[Vcp[�GWR�T]\jF�oeT]GØ\jR�XyceTfou��oe\jijopxEi�G ÀoeT i�G>opR�T�� CyG�X���cpiji�c�� \jXE�
T]CyG"T]GWg/CyXE\j^`YEG"cp� B } CÍ©SxEYSTf\�Tf\jRJg#cpXQ�|G�[V�pG�X`T L�T]CE\_R \_R o�R�\jF�kEi�G�opkEkEij\jgWo�T]\jcpX�ce� B � CA�

B�CEG"opqS��opX|T/oe�|GJce�� z|zeg ��c��|G�[bTVCEG"ceTVCEG�[�TU��c.�|G�[/R�\jcpXyR�\jR�\�TVR�R]\�F�kEij\_g#\�TUP!\�Xg#cSqS\jXE��g#c|F�k�oe[VGWq�TVc  zpzeo ��opXyq
 z|z�x ���

� � ����� �¿���#�����#���-������2����f�

B�CEG�oekEkE[VculS\�F�oeT]\jcpX�ce��T]CyG�vL\�[V\jg/Cyi�G�T¡kE[VcpxEijG�F \jR�XEcpT�opR�R�\jF�kEi�G�opR¡\mT�i�cQc89SRW� hfX \jiji�YyR�T][/o�TV\�c|X \jR¡T]c ��Xyq
u : [0, 1] → R

R]Yyg/C¡TVCyo�T

|u′| − 1 = 0
\jX
x ∈ [0, 1], u(0) = 1

opXyq
u(1) = 2

� CE\_g/CCyopR Xyc!g#i_opRVR�\_g�opiªR�c|i�YSTV\�c|Xª©ExEYETJ� CE\_g/C��Q\_R]g�c|R]\mTUP�R�c|i�YSTV\�c|Xª©yqSG��yXEG>q�c|XEijP¡\jX
[0, 1[

\_R
u(x) = x

� � G�Cyou�|G
lim

x→1−
u(x) = 1 6= 2

� 6ÅX�ceTVCEG�[bgWopR]GWRW©pRVouP
u(0) = u(1) = 0

©p��G Cyou�|G
u(x) = |x−1/2| � CE\_g/C�F�oeTVg/CEG>R8RUTV[]c|XE�pijP

T]CyG�x�c|YEXyqEop[]P¡g�cpXyqE\mTV\�c|XyR��
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�6ÅX�cp[/qSG�[�TVc�qEG#�yXEG�o�RVg/CEGWF�G|©S��G�R�TVop[�T ��[VcpF  ~W{ ��©yopXyq�g�cpXyR]\_qSG�[fo.T][V\_oeXE�|YEijoeT]\jcpX�ce�
Ω
� ��\j[VR�Tf��G�o|R]R]YEF�G

T]C�o�T
Mi ∈ ∂Ω

� 6ÅX  ~>{ �¿©<TVCEG�R�G�TØcp��g#c|X|TV[]c|ijRLg�opX6x@G�R]kEij\mT]T]GWq�\jX|TVc!TU��c¡kyop[�T/R LfT]CEG�R�G�T
V1
��cp[Ø� CE\_g/C

T < τ
©

oeX�q
V2
��cp[ � Cy\jg/C

T ≥ τ
���fGWXyg#G|©

u(x) = min( inf
v∈V1

[· · · ] , inf
v∈V2

[· · · ]).

�ªG�T
~n
x@GT]CEG�\jX`T]G�[V\jcp[�XEcp[VF�oei�T]c

Ω
o�T

x ∈ Ω
� NS\�Xyg�G

T
\_R!oe[VxE\�T][/oe[VPp©b\�T¡g�opX�x@G�g/CEc`R�GWX�opR�R]F�oeijifopR

k@c|RVR�\jxEijGp��6ÅX�T]CEG�ij\�F�\�T
T → 0

©<TVCEG�R�G�T
V1
��cpYEi_q�x@G�T]CEG�R]G#T"ce��g#cpX`TV[]c|ijRJ��cp["� CE\_g/C

b(x, v) . ~n > 0
©)\A� Gp��TVCEG

g#c|X`T][Vcpi`��cp[8� CE\_g/C.T]CEG�TV[VoedUGWg¿TVcp[VP��pcQGWR�\jX`T]c
Ω
��B�CyGfqSPQXyoeF�\_g�oeiQkE[Vcp�|[VopF�\�XE�LkE[V\�Xyg�\�kyi�G

infv∈V1
[· · · ]−u(x) = 0g#c|[][VGWR]k@cpXyqER�TVc.TVCEG��JopF�\�i�T]c|XE\jopX

Hb(x, t, p) = sup
v∈V1

{b(x, v) . p+ λt− f(x, v)}.

� G�oei_R�c�Cyou�pGØTVCEG�[]GWijoeT]\jcpX
Hb ≤ H

�
B�CEG��

inf
� cpX

V2
g�opXx�G�opkEkE[VculQ\jF�o�TVGWq)©S\��

T
\_RfR]F�oeiji¯©ExQP

ϕ(yx(τ))
�fNQ\jXyg�G

T ≤ τ
©@oeXyq�\�����G�g�opX�g/CEcQc|R]G

g#c|X`T][Vcpi_R���c|[ � CE\_g/C
T ' τ

©���G"�pG�T
ϕ(yx(τ)) ' ϕ(x)

x@GWg�opYyR]G
ϕ
\jRJg#cpX`TV\�XQYEc|YyR�� � G�R�GWGLTVCyo�T  ~W{ ��gWoeXx@G�oekEkE[VculS\�F�oeT]GWqª©QoeTfo.x@cpYyXyqEoe[VP!k@cp\jX`TW©ExQP

0 = max(Hb
i , u(x) − ϕ(x))

� CEGW[]G Hb \_R o�g#c|XyR]\jR�TVopX|T oekykE[]culS\jF�o�T]\jcpX�ce� Hb
�

� CEGWX
Mi 6∈ ∂Ω

©|T/o�9Q\jXE�
T
R�F�oeiji<G�XEc|YE�pCÊ©`��G"g�oeX�R�GWGJ��c|[]F�opi�ijP�T]CyoeT�TVCEG"x�c|YEXyqEop[]P�kEi_ouPSR�Xyc.[VcpijGØR]c�TVCyo�T

��G"gWoeX�TVo89pG�oeXQP¡g�cpXyR]\jR�TVopX`T �LoeF�\jimTVcpXE\_oeXª©Q��c|[ G#lEoeF�kEijGØT]CEc`R�G�qSG��yXEG>q�\jX�T]CEG�ky[]GW�`\jcpY�R�R]GWg#T]\jcpXª�
B�CEG�RVg/CEG�F�G"\jR T]CEGWX

S(Mi, ui, {uj}j∈Vi) = 0 ∀i Az 1 �
� \�T]C

S(x, s, {uj}j∈Vi) =





H(x, s, {uj}j∈Vi)
\��
x 6∈ ∂Ω

max(Hb(x, s, {uj}j∈Vi), s− ϕ(x))
GWijR]Gp�

¯z � �

B�CEG�RVg/CEG�F�G  z 1 � �  z � ��g�opx�x@G�G#lQTVG�XyqSG>q�T]c ceTVCEG�[�TUPQk@GWR�cp�Øx@cpYEX�qEoe[VP g#c|XyqS\�T]\jcpXyRW� B�CEGW[]G\_R!oeX�\�F�kEij\_g#\�T
qSGWk�GWXyqSG�X�g#P cp� S � \mTVC [VGWR]k@GWg¿T�T]c

h
� � G G#lQT]GWXyq TVCEG qSG#��XE\mTV\�c|X ce� S T]c oeXQP

y ∈ Ω
xQP R]ouPQ\jXE� TVCyo�T

S(x, s, {uj}j∈Vj ) = S(Mi, s, {uj}j∈Vj )
\m�
x
x�GWi�c|XE�|R�TVc�T]CEG�qSY�oeiÊg�cpX`T][Vcpi<�pc|i�YyF�G�o|R]R]cSg#\_o�T]G>q�TVc

Mi
�

� GØC�ou�pGØT]CEG"��c|i�ijc�� \jXE�.[VGWR]YEi�T
��� £Q§ � £ � �  B � C ��� � $;$+� � � � /0"�

� �
Hb ≤ H �

� � H � Hb
"���%���������,����� "� � ��/!� $ �	� � ��
����0$%� �  z 1 � ����%� �!
 �-�"�+� �"! �;��� � �8� � �

� � �-�"�% �
�
φ ∈ C∞

b (Ω) � � � /! �"�
� �"�%���!

x ∈ Ω, lim
h→0,y→x,ξ→0

H(y, ϕ(y) + ξ, ϕ+ ξ) = H(x, ϕ(x), Dϕ(x))
Az �eo �

� ���%"� !%� 
��� ��� 
�� / �;�"��/!�	� ��� �
∂Ω, lim

h→0,y→x,ξ→0
Hb(y, ϕ(y)+ξ, ϕ+ξ) = Hb(x, ϕ(x), Dϕ(x))

¯z���x �

� � � /!�5�;� �!"�#
��"� � � � /0 $5 � �!
�� �!�-�'�+$;$����+
����-
 � �@� �
� /0� �&� /0���-"� 

�"!

uh
��� �:��� � � ! � ��� � �;�����"�-��� �-$��@� �;	�
�"! � �!
 �-���+� � ! �,� ��/!� $ � � � ��
����.� � � � � 
��

Ω
�

� ��� � � � B�CEG 9|G�P¡op[]�|YEF�G�X`T�cp��TVCEG"kE[Vc`cp��\_Rfo�g#c|X`�|G�[V�pGWXyg#GL[]G>R�YEi�T xQP ��oe[Vi�G>R�oeXyqNQcpYy�|oeXy\jqS\_R B � CA�

Ì�� N ÌÙ¸



���������	��
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�"�.���-$�/0�-$ ~p~IfXE��cp[]T]YEXyoeT]GWi�P|©|TVCE\_R�[VGWR]YEi�TVR�\_R�XyceT�G�XEc|YE�pC�TVc.�|Yyoe[/oeX`TUP�o ���pcQcSq � g#c|XQ�pG�[V�pGWXyg#G|��B�o�9|GfT]CyGØG�lEoeF�kEijGLo�T�T]CyG
x@G��p\jXEXE\jXE��ce��T]CyG�R�G>g¿T]\jcpXÊ©Eo.[VG��|YEi_oe[�F�GWR]C 

1/∆x = N + 1
�#©ST]CEG%AØcSqSYyXEc��¡RVg/CEG�F�GØT]CyoeTf[]G>qSYyg�GWR�CEGW[]GØT]c

Hi = H(ui−1, ui, ui+1) = max

( |ui+1 − ui|
∆x

,
|ui−1 − ui|

∆x

)
− 1

oeX�q Hb = −∞ �bB�CE\jR opF�cpYEX`TVR�TVc!R�G�T�TV\�XE�
u0 = 0

©
uN = 2

�bB�CEG�c|[]GWF z oekEkyi�\jGWR�xEYETfX`YyF�GW[]\_g�opi)G#lSk@G�[V\�F�G�X`T/R
\jXyqS\_g�o�TVGØT]CyoeT�TVCEG��p[/opqE\�GWX|T�ce��T]CEG�R]cpijYST]\jcpX�\_R�XEceT x@cpYEXyqEGWq�R�c�T]C�o�T�T]CEGW[]G"\_R�XEc�CEcpk@GØT]c�Cyou�|GØo�g#c|X`�|G�[V�pGWXyg#G
ij\@9|G

∆xα � \mTVC α > 0
[VGWopR]cpX�oexEijGp�

6ÅX B � CA©|T]Cy\jR�kE[VcpxEijG�F \jR�RUTVYyqS\jGWq!opXyq�\mT�\jR�R�CEc�� X�TVCyo�T�\m�
H
\_R�g�cpXQ�pG�l<©p\m�)TVCEG AØcSqSYEXEc���RVg/CEG�F�Gfg#c|XyR�T][VYyg¿TVGWq

cpX TVCEG!x@cpYEX�qEoe[VP��LoeF�\jimTVcpXE\_oeX
Hb

\_R&g�cpXyR�T][VYyg#T]GWqª©�opXyq \m�Jo6g#cQG�[/g#\j�Q\mTUP�opRVR�YEF�kSTV\�c|X CEcpi_qER���c|[
H
©
Hb

opXyq
T]CyG�o|R]R]cSg#\_o�TVGWq�XQYEF�G�[V\_g�oei��JopF�\�i�T]c|XE\jopXª©)TVCEG�X�cpXEG�g�opX�g�cpX`T][Vcpi

Du
©ªoeXyq6\mT�\_RØR]CEc�� X�\�X B ~>{ C�T]CyoeT"T]CEG�G�[V[Vcp[

x@G�Cyou�|GWR�i�\ 9pG
h−1/2 ��NQ\jF�\�i_oe[ GW[][Vcp[�GWR�T]\jF�o�TVGWR ���cp[ 4�oe[]T]G>R�\_oeX�F�GWR]CEGWR ����GW[]GØcpxETVoe\jXEG>q¡\jX B ~|~ CA�

� , �����1����+����-������� ��(��#���

Ifk¡T]c.XEc���©SoeijiyTVCEGLG�lEoeF�kEijGWR���GLCyou�pGf�|\��|G�X¡op[]GLcpXEijP��y[/RUT�cp[/qSG�[�opg�g�YE[/o�T]GØR]g/CyG�F�GWRW��B�CyG�[VGLoe[VGLR]G��|G�[/oeiE��ouPSR
g#c|XyR�T][VYyg¿TV\�XE��CE\j�pC�cp[/qSGW[�RVg/CEGWF�G>R��

�LXEG�k�c`R]R]\�xyi�G g#c|XyRUTV[]Y�g¿T]\jcpX \jR�o�g#cpX�R�G>^|YyG�Xyg�G6ce�.T]CEG���cpijijc�� \�XE� �Àopg#TW�*B�CEG �
Du

� qSG�k@G�X�qSG�Xyg�P \jX T]CyG
�JopF�\�i�T]c|XE\jopX¡g#c|F�GWR���cp[VF T]CEGLT]GW[]F � {uj, j ∈ Vi}

� \jX  ~W} ���8K�cp[VGJky[]G>g#\_R�GWi�P|©|\jX�opi�i@T]CyG 9QXEc�� X!G�lEoeF�kEijGWRW©pTVCE\jR
qSGWk�GWXyqSG�X�g#P!cSg�g�YE[/RbTVCE[]c|YE�pC�qS\ ?<G�[VG�X�g#GWRW©

uj − ui
��cp[

j ∈ Vj
�8B�CEG>R�GLT]GW[]F�R�g�opX¡x@G"[]GW� []\�T�TVG�X¡\jX!TVG�[VF�R�cp�ªT]CyG

�p[/opqE\�GWX|T/RJcp�
u
\�X�T]CEG.T][V\_oeXE�|i�G>RLR]YE[V[]c|YEXyqS\jXE�

Mi
�T]CE\_R"[]GWF�oe[�9�C�opRØoeij[]G>opqSPx@G�G�X�YyR]GWq�\jX  zpzpo �¿©  zpzex �LopXyq

 z|zeg � �¿� �LXEG�g�opX�G�lQkyi�c|\mT TVCE\jRJ[]GWF�oe[�9@©So|R \�X B ~ Cª��c|[ G#lEoeF�kEijGp©yx`P�F�cQqE\m��PQ\jXE��T]CEG�GW��oeijYyo�TV\�c|X�cp��TVCEG��p[/opqE\�GWX|T/R
\jX�TVCEGT][V\_oeXE�|i�G>R�� 6ÅXyR�T]G>opq�ce�"i�\jXEGWop[�\�X`TVG�[Vk�c|ijopX|T>©�c|XEG�g�opX�YyR]GCE\j�pCEGW[!qSG��|[]GWG�k@cpijPQXEcpF�\_oei_R.T]CyopX09SR�T]c�T]CyG
� H ��� � � H � F�G#TVCEcSqScpijcp�|Pp© B } © ~uz © ~ 1 CA�

h ceTVCEG�[ R]cpijYST]\jcpX�\jR�TVCEG�vJ\_RVg#cpX`TV\�XQYEc|YyR�A"oeijG�[�9Q\�X�RUTV[VoeT]G��|P B ~ � © ~ � © ~W} CÍ� � G�qSc�XEcpTfqSG#T/oe\ji<T]CE\_R�T]G>g/CEXE\_^`YEG
CEGW[]G|�

h i_opR�TfF�G#T]CycQq\_RJo�xyi�GWXyqS\jXE�¡R�T][/o�T]GW�pP|© B ~�� CÍ��B�CEG&\jqSG>o�\_R�T]c!xyi�GWXyq�o�i�c�� cp[/qSGW[W©EF�c|XEceTVcpXEG��LoeF�\�i�T]c|XE\_oeX
 HM ��� \�T]Co&CE\j�pC�cp[/qSG�[��JopF�\ji�T]cpXy\jopX g�cpXyR]\_RUTVG�X`T��LoeF�\�i�T]c|XE\_oeX  HH �¿� ��P�CE\j�pC¡c|[VqEG�[���GØF�G>oeX¡T]CyoeT�\�� u \_Ro�R�F�cQceTVC�R]cpijYSTV\�c|X�cp�  ~ �¿©ET]CEGWX

HH(Mi, ui, {uj}j∈Vi) = O(hk)
¯ze} �

��cp[
k > 1

�8B�CEG�RVg/CEG�F�G"� []\�T]G>R

H(Mi, ui, {uj}j∈Vi) = `iHM (Mi, ui, {uj}j∈Vi) + (1 − `i)HH(Mi, ui, {uj}j∈Vi) + ε(h)
Az|� �

� CEGW[]G
ε(h) = Chk ��cp[fR]cpF�G"k�c`R�\�T]\j�pG�g�cpXyR�TVopX|T C oeXyq

`i
\_R g/CEc|R]G�XR�Y�g/C¡TVCyo�T>©E\m�

ri :=
HH

i

HM
i

©y��G"Cyou�|G

`i + (1 − `i)ri ≥ ε′(h).
Az	� �

� CEGW[]G
ε′(h)−1ε(h) = o(1)

� � G�C�ou�pGLT]CEG�R]\�F�kEijG�ijG�F�F�o.� Cy\jg/CkE[VcQce�Ê\_R \jF�F�G>qS\joeT]G|©
��£ � � ��� �  � HM

�� � HH
"����$+�#���"� �	� ! �;���0$+
 $+�,� �!� � H �8���*�'� � � !  z`� � 
 $ � �;��	�"! �;���0$+
 $+�,� �!� �

B�CEG�dUYyR�T]\���g�oeT]\jcpXce�  z	� ��g�cpF�GWR���[VcpF�TVCEG�R]\�F�kEijG�[]GWijoeT]\jcpX

H(Mi, ui, {uj}j∈Vi) =

(
`i + (1 − `i)ri

)
HM (Mi, ui{uj}j∈Vi) + ε(h)

Az ���

��[VcpF�� CE\_g/Cª©QYyR]\�XE��cpX�g#GØF�c|[]GJT]CEGØTVGWg/CEXE\_^`YEGØce�ªTVCEG�g#cpXQ�|G�[V�pG�X�g#Gf[VGWR]YEi�T�ce� B � CA©Sc|XEGØgWoeX�R�CEc�� ��c|[�T]CEG"R]g/CyG�F�G
 z 1 � >  z � ��� CEGW[]G H \jRf�p\j�pG�X�xQP  z|� ��TVCEG"��cpiji�c�� \jXE��[]G>R�YyimT
��� £Q§ � £ ��� �
	 ��� � � ���;�"�!$+
 �8� ����/!� $ �;/0� ���  z 1 � � /0� ��� � 
��  z � � H 
 $��8���*�'� � � !  z`� � � � �% $;$+� � ��� /0��

� � HM � HH
�� � Hb

"��� $+�#���"� �	�"! �;���0$+
 $+�,� �!�
� � HM

�� � Hb
������ �"�'�"� �"�'� �5"� 

� �,���!
���0$ �
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~>z ��� ��������	�
�� �
Hb ≤ H �

� � � /!� � �@� � ��
�� ���0���"� � �,� �
`
��� �@��� ��$��,�

[0, 1]
�� � $-���
 $$� �+$

r =
HH(x, uh(x), uh)

HM (x, uh(x), uh)
, `(x) + (1 − `(x))r ≥ ε′(h)

� /0� ����� /0� �!"������ �,� �;$
ε(h)

"���
ε′(h)

$ "�#
 $�� �+$
ε′(h)−1ε(h) = o(1) �

� � � /!�-���5����
 $;��$� � �K
��-�!� $-�	� � �#
��"�
uh

���  z 1 � ��/!"��$ "�#
 $�� �+$
L∞

�;��� � � � /0���
 $ � �K
 �-�"�+� 
��
h �

� � � /!�5�;� �!"�#
��"� � � � /0 $5 � �!
�� �!�-�'�+$;$����+
����-
 � �@� �
� /0� �&� /0���-"� 

�"!

uh
��� �:��� � � ! � /0��$ �;/0� � � �;�"� � � ��� �+$�� � �; �
� ! � �!
 �-���+� �"! �,��� /0��$ � � � �#
��"��� � � � � 
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Ω
�

� lEoeF�kEijGWR�cp�ÊTVCEG�xEijG�XyqS\jXE��kyop[VopF�G#T]GW[ oe[VGp©S�p\j�pGWX�g�cpXyR�TVopX|T/R
α− ≥ 1

©
α+ > 0

oeXyq
β > 0

©
`∗

` =





min(1, α−|r|)
\m�
r ≤ 0

0
\��

0 ≤ r ≤ β
min(1, α+(r − β))

G�i_R]Gp�
 1 { �

B�CE\_RfTVCEG�cpXEG.��G�C�ou�pG&g/CEc`R�GWX�\jX�kE[/opg¿TV\jgWoei�oekEkEij\_g�o�TV\�c|XyRf� \�T]C
β = 0

opXyq
α+ = 1

� 6ÅF�kEijG�F�GWX|T/o�TV\�c|X6qSG#T/oe\jijR
g�opX�x@G"��cpYyXyq�\�X B ~u� CÍ�

� � �#����(�2����KH � � � � ���Ê��� (��#���1����+1���&�$������%���������� ��� (���� (

6ÍT \jR�XyceTfqS\���g�YEi�T�TVc�g#cpX�RUTV[]Yyg#T�XQYEF�GW[]\_g�opi<�LoeF�\jimTVcpXE\_oeXyR�TVCyo�T ��cp[�9�cpX��pG�XyG�[/oei@XEcpXg#c|XS��cp[VF�oei@F�G>R�CyGWRW�bB�CEG
cpXyi�P 9|G�P k@cp\jX|T�\_R.T]c g#c|XyRUTV[]Y�g¿T �������"� �"�'� �JopF�\�i�T]c|XE\jopXyRW� B�CEGg#cpXQ�|G�[V�pG�X�g#G![VGWR]YEi�TVR�ce� B � C opXyq�B�CEG�c|[]GWF
z gWoeX G>opR]\�ijP x�G�opqEopkST]G>q L!o�g#ijc|R]G¡\jXyR]k�G>g¿TV\�c|X ce� TVCEG¡kE[VcQce�JR]CEc��fR�TVCyo�T.T]CEGR�T][VYyg¿TVYE[]G¡ce� T]CyG�F�GWR]C kEi_ouPSR
��� []c|i�G|� � CyoeT&F�o�T]T]G�[/R�\_R�TVc6qSG#��XEGp©���cp[�oeXQP6F�GWR]C k�c|\�X`T

Mi
©8oi�cSgWoei�\jX`T]GW[]k@cpi_o�TV\�c|Xª©

π
T]C�o�T&c|k�GW[VoeT]GWR�cpX

Ui := {uj}j∈Vj

c|X`T]c�TVCEG�R�k�opg#G�ce�LkE\�G>g#GW� \jR]G�ij\jXEGWop[&��YEX�g¿T]\jcpX�R�©�oeXyq�R�Yyg/C T]CyoeT�\m�
uj ≤ vj

©
j ∈ Vj

©8T]CEGWX
π(Ui) ≤ π(Vi)

�
4�cpX�R�\_qSG�[ ��\j�pYE[VG z � B�CEG�XEGW\��|CQx�c|[VR�ce�

Mi
oe[VG {Pi}i=1,··· ,8

©���[VcpF � CE\jg/C���G�g�cpXyR�T][VYyg#T�oØijcQgWoei`T][V\_oeXE�|YEijoeT]\jcpX
ÀqEceT�TVGWq6i�\jXEGWR ��TVCyo�TØ\jRLYyR]GWqTVc�qSG��yXEG�o�kE\jGWg#G �`� \_R�G&i�\jXEGWop[J\jX`T]G�[Vk@cpi_oeX`TW� 6ÍTØqScQGWRLXEcpTLXEGWGWqTVc!x�G�g#c|X`T]\jX`YycpYyRW�
B�CEGWX���G�gWoeXYyR]G�cpYE[f�LoeF�\jimTVcpXE\_oeXyR T]c¡qSG��yXEG&RVg/CEGWF�G>R�T]CyoeTLoe[VG�g#ijGWop[]ijP¡g�cpXyR]\jR�TVopX`TW©EF�cpXyceT]c|XEGp��B�CEG�TV[]\_g;9QP
kyop[�T�\_R"T]CEG!g/Cycp\_g#G�ce��T]CEG!XyG�\j�pCQx�c|[VRW� ��\��|YE[]G z R]CEc��fR�oeX�G#lQT][VG�F�G�g�o|R�G|�!h kE[VcpxyopxEi�P�x@G#T]T]GW[&g/CEcp\_g#G���cpYEi_q
Cyou�|GLx@G�GWX�TVc!g/CEcQc|R]GLc|XEijP {P2, P3, P4, P5, P7}

x@GWg�opYyR]GLTVCEG�opR]k@GWg¿Tf[/o�TV\�c�ce��T]CyG"T][V\jopXE�pijGWR�\_R�ijop[]�|G�[>�
HfcpT]GØT]C�o�T T]CyG��JoeF�\jimTVcpXE\_oeX�R�ce� B ~ CÍ©STVCyoeX09SR�TVc.TVCE\_RfR�G�Tfce��[]GWF�op[�9SRW©Soe[VGØk�oe[]T]\_g#YEi_oe[ g�o|R�G>R�ce��cpYE[���c|[]F.YEijoy�

� 	 
�������#����� ��� (Ê
��/��(

6ÅX�pGWXEG�[/oeiA©S\mTL\jRfqE\
�!g#YyimTfTVc!g#c|F�kyYST]G�opXyoeijP`T]\_g�oeijijP�T]CEG�R]cpijYSTV\�c|X�cp��o.�y[/R�Tfcp[/qSG�[f�LoeF�\�i�T]c|X �Q�`opg�cpxE\<G>^|Y�o�T]\jcpXÊ©
oeX�q�T]CEG&R]\�T]YyoeT]\jcpX\jRJG��|G�X���cp[/R�G"� CEGWXT]CEG&�LoeF�\jimTVcpXE\_oeX�\_R XEcpTLg#c|X`�|G#l ÀXEcp[Øg#c|Xyg�ou�|G���x�G>g�opYyR�G"TVCEG.opXyoeijcp�|P
� \�T]C!CQPQk�GW[]x@cpij\_gfR�PSR�T]GWF�R�x@GWg#c|F�GWRbijcQc|R]G�[b\jX!�|G�XEGW[Vopi¯���fGWXyg#G|©|\�T�x@GWg�cpF�GWR�F�c|[]GLqS\
�!g�YEimT�T]cfdUYyqS�pGJT]CEGØ^`Yyoeij\mTUP
ce��XQYEF�G�[V\jgWoei�[]G>R�YEi�TVRW�&B�cc��pG�[/g#c|F�G�T]CE\_R�qS\��!g#YEi�TUP�\�X o�R�k@GWg�\jopibg�opR]Gp©<��G�g#cpX�R�\_qSG�[

H(p) = (||p|| − 1)3
opXyq

T]CyG�kE[]c|xEijG�F
H(Du) = 0

cpX
Ω,

u = 0
c|X

Γ1,
u = 10

cpX
Γ2

 1 ~ �

� CEGW[]G
Ω
\_RJqSGWkE\jg#T]G>q\�X�y�|YE[VG 1 �fNQ\�X�g#G

t 7→ t3
\_R F�cpXEcpT]cpXyG�\�Xyg�[]G>opR]\�Xy�y©

u
\_RJR]cpijYSTV\�c|X�cp�  1 ~ ��\m�bopXyqcpXEijP¡\��

\�Tf\jR o�R]cpijYST]\jcpX�ce�
||Dv|| − 1 = 0

c|X
Ω,

v = 0
c|X

Γ1,
v = 10

cpX
Γ2.

 1 z��

B�CEG�R]cpijYST]\jcpX�ce�  1 ~ ��oeXyq  1 z ��\_R�T]CEG�qE\jR�TVopXyg#G"TVc
Γ1
�

Ì�� N ÌÙ¸
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M

P1

P2

P3

P4

P5

P6

P7

P8

��\j�pYy[]G�z L 4�opR]G"ce��o�XEc|X�g#cpXE��cp[VF�opi<F�G>R�CÊ�
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��\��|YE[VG 1 L.4�cpF�kEYETVo�TV\�c|XyoeiEqEcpF�oe\jX���cp[bkE[Vcpxyi�GWF  1 ~ �
Γ1
\_R�T]CEGJ\�XEXyG�[�g�\�[/g#ijG�ce�)g#G�X`TVG�[

(0, 0)
opXyq�[Vo|qS\jYyR

r = 1
©

Γ2
\_R�T]CyG�cpYSTVG�[fg#\j[/g#ijG ¯g#GWX|TVG�[

(0, 0.5)
©S[Vo|qS\jYyR

r = 3
�¿�

6ÅX c|[VqEG�[.T]c qS\jRVg#[VG#TV\��WG  1 ~ �#©b��G�� [V\mTVG
H = H1 + H2

� \mTVC
H1(p) = max(|p|| − 1, 0

)3 opXyq
H2(p) =

min(||p|| − 1, 0
)3 ��B�CEG>R�G.��YEXyg#T]\jcpXyR"oe[VG&[VGWR]k@GWg¿TV\��|G�ijP�g#cpXQ�|G#l�oeXyq�g#cpX�g�ou�pG|�LB�CEG�XQYEF�G�[V\jgWoei��JopF�\ji�T]cpXy\jopX6\_R

T]CyG �Êoel �y[]\jGWqE[]\_g/C	� R�oeX�q�T]CEGLx�c|YEXyqEop[]P��JopF�\�i�T]c|XE\jopX!\_R�AØcSqSYEXEc�� � R���B�CEGLX`YyF�GW[]\_g�opi�R]cpijYST]\jcpX¡\jR�qS\jR]kEi_ouPpG>q�cpX
��\��|YE[VG � > Ào��#�JB�CEG&R]cpijYSTV\�c|X�ce�  1 z � � \�T]C�T]CEG�AØcQqEYEXEc���JoeF�\jimTVcpXE\_oeX�\_RLkE[]c��Q\_qSGWq�c|X ��\j�pYy[]G � > Àx �¿�Lh g#ijc|R]G
g#c|F�kyoe[V\jR]cpX�R�Cyc�� T]CyoeT T]CEGWP�op[]G Àopi�F�c`RUT ��\_qSGWX|TV\jgWoeiA�
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¯o�� Àx �

��\��|YE[VG � L�¯o���L�NQcpijYST]\jcpX cp��ky[]c|xEi�GWF  1 ~ �#©�F�\jX��
0
©�F�o�l��

1.48
��Àx � L�NQcpijYST]\jcpX cp��kE[Vcpxyi�GWF  1 z �¿©�F�\jX��

0
©

F�o�l��
1.504

hfX ceT]CyG�[�opkEkEij\jgWo�TV\�c|X ce��TVCEG6x@cpYEX�qEoe[VP�g�cpXyqE\mTV\�c|XyR!\_R¡�|\��|G�X xQP�T]CEG oekykE[]culS\jF�o�T]\jcpX cp�ØTVCEG���cpiji�c�� \jXE�
kE[VcpxEijG�F©Sc|X¡TVCEG�R]opF�GØ�|G�c|F�G�T][VPp©

H(Du) = 0
cpX

Ω,
u(x, y) = 0 (x, y) ∈ Γ1,
u(x, y) = 3 cos(2πx) (x, y) ∈ Γ2.

 181 �

NQ\jXyg#G
H
\_R"XEcpX g#c|XQ�pG#l)©)\�T�\jR�qE\
�!g#YyimT�TVc=9`Xyc��  �'�+
��"�+
 � Cyo�T���cpYyijq�x�G�TVCEG���oeijYEG�ce��T]CEG!R]cpijYST]\jcpX�cpX�T]CyG

x@cpYEXyqyoe[VPp��B�CEG¡g�cpF�kEYSTVGWq R]cpijYST]\jcpX \_R��|\��|G�X cpX ��\j�pYE[VG � > Ào �¿��6ÍT�gWoeX x@G¡R�GWG�X TVCyo�T�TVCEG�R]cpijYSTV\�c|X R]oeT]\_RU�yG>R
R�T][VcpXE�|i�P"TVCEGfx@cpYEXyqyoe[VP&g#c|XyqS\�T]\jcpX�cpX

Γ2
opXyq�cpXEijP���GWo�9QijP�cpX

Γ1
Àg#c|X`T][/oe[V\�ijP"T]c"TVCEG kE[VG��Q\�c|YyR�G#lEopF�kyi�G �¿��HfceTVG

CEc���G��|G�[�T]CyoeTbT]CyG�P&C�ou�pG�x�GWG�X�XQYEF�G�[V\_g�oeijijP � �;��	�"! \�F�k@c|R]GWq�cpX Γ1
oeXyq

Γ2
�8B�CEGfR�c|i�YET]\jcpX�\jR�oei_R�c"\jX��|G�[VP��pcQcSq

oe�|[]GWG�F�G�X`T�� \mTVC�T]CEG�c|XEG"cpxST/oe\jXEGWq���[VcpF�TVCEG�qS\_R]g�[]G�T]\ �Wo�TV\�c|X¡cp�

||Dv|| − 1 = 0
cpX

Ω,
v(x, y) = 0 (x, y) ∈ Γ1,
v(x, y) = 3 cos(2πx) (x, y) ∈ Γ2.

 1 � �

� CE\jg/C�\_RfqS\_R�kEi_ouPpG>q!c|X ��\j�pYE[VG � > �x �#�
� G¡oei_R�c�R]CEc�� CEc�� T]CyG!CE\j�pC c|[VqSGW[�G#lQTVG�XyR]\�c|X ce�JR]GWg¿TV\�c|X } ��cp[�9QR"� CyG�X TVCEG AØcSqSYEXEc�� R]cpij�pG�[&� \mTVC

P 2\jX|TVG�[Vk�c|ijoeT]\jcpX���cp[¡T]CEG6CE\��|C cp[/qSG�[�R]g/CEGWF�Gp� B�CEG �Wc`c|F \_R¡qS\_R]kEijouP|GWq�cpX ��\j�pYE[VG } � 4�ijGWop[]ijPp© o �|G�[VP i_oe[V�pG
c��pGW[VR]CEcQceTØG#lS\_RUT/R"� CEG�[VG

u
\jR"XyceT

C1 ©ÊT]CEGW[]G�TVCEG!R]cpijYST]\jcpX�ce��T]CEG�xyi�GWXyqSGWq RVg/CEG�F�G�\_R"F�c|XEceTVcpXEG�opXyq6\_R��|G�[VP
R]\�F�\jijop[&TVc�T]CyG¡�y[/R�T�c|[VqSGW[&c|XEGp�.6ÅX TVCEG�R]F�cQceT]C kyoe[]T.cp�fT]CEGR]cpijYST]\jcpXª©�TVCEGR�G>g#cpX�q cp[/qSG�[�oeXyq T]CEG�xEijG�XyqSG>q
RVg/CEG�F�G"oe[VGL�|G�[VP�R]\jF�\ji_oe[�ÙTVCEG"[]G>R�YEi�TVR�xQP�T]CyGØxyi�GWXyqSGWq�RVg/CEG�F�GØ\jR R]i�\j�pC`TVi�P�F�cp[VGLqE\jRVR�\jkyoeT]\j�pGLT]CyopX¡TVCEc|R]GLcp�ªT]CyG
R]GWg#c|Xyq�cp[/qSG�[�YEXEij\jF�\�T]G>q�R]g/CyG�F�G��#�

B�CEG�i_opR�T ��\��|YE[VG�R�CEc�� T]CyoeTJcpYy[f\�F�kEijG�F�GWX|T/o�TV\�c|X�ce��T]CEG&x�c|YEXyqEop[]P�g#cpX�qS\mTV\�c|XyR \_R G-?<GWg#T]\j�pG|��6Í�b��G�\�F�k@c|R]G
R�T][VcpXE�|i�P TVCEG�x@cpYEX�qEoe[VP�g�cpXyqS\�T]\jcpX�R�©�opR�\jX ��\��|YE[VG � � ¯o���B�CE\_R�Cyo|R�T]c x@G6g�cpF�kyoe[VGWq�� \�T]C ��\j�pYE[VG � � B�CEG
��\��|YE[VG � R�CEc�� T]C�o�TfTVCEG�[VG�\jRLo�RUTV[]c|XE��x@cpYEXyqyoe[VP!ijouP|G�[ c|X�kyoe[]TVR cp��TVCEG�c|YST]GW[fx�c|YEXyqEop[]P �� CEGW[]G"TVCEG�\_R�c|i�\jXEG>R
oe�|�pijcpF�G�[/o�TVG��#�JB�CE\_RL\_RLXEceTØT][VYEG���c|[JTVCEG ��\j�pYy[]G � � ¯o��#� 6ÅX6�Àopg¿T>©<cpX�R]cpF�G.kyoe[]TVRJce�bTVCEG.c|YST]GW[Lx@cpYyXyqEoe[VPp©�T]CyG
g#c|F�kyo�TV\�xE\jij\mTUPg#c|XyqS\�T]\jcpX�ce� B 1 C�\jRfT][VYEGp©<R]c�T]CyoeTLc|XEG&g�opX�\�F�k@c|R]G�T]CyG&x@cpYEXyqyoe[VP�g�cpXyqS\�T]\jcpX�RJR�T][VcpXE�|i�P|©�oeX�qcpX
ceTVCEG�[�k�oe[]TVRLT]CE\_R"\_R"XEceT"T][VYEG�oeX�q6��G�Cyou�pG.T]c�oekykEi�P�T]CEGWF ��GWo�9QijPp��B�CE\jR"k�oe[]T]\�T]\jcpX�ce��TVCEG�x�c|YEXyqEop[]P6\jR"XEcpT
9QXEc�� Xo.ky[]\jcp[V\<L8cpYE[ \jF�kEi�GWF�G�X`TVoeT]\jcpX�TVo89pGØT]CE\_R�\jX|TVc!opgWg#cpYyX|T oeYET]cpF�oeT]\_g�oeijijPp�

� � �&�����#
�(Ê�#����(

� G.Cyou�|G.qSG>R]g�[]\jx@G.R]G��pGW[VopiªTVGWg/CEXE\_^`YEG.��cp[LT]CEG�R�c|i�YET]\jcpX6cp�b�y[/RUTØcp[/qSG�["�JopF�\�i�T]c|X6�|o|g#c|xE\�G>^`Yyo�TV\�c|XyR�� � G.C�ou�pG
T][V\jGWq�TVcLG�lSkEijop\�X�T]CEG�CE\_qEqSGWX.qSG�TVoe\ji_R�opXyq�TVCEG�cp[V\��|\�XyR�ce�yT]CEG�R]g/CyG�F�GWRW��NQGW�pGW[VopieT]CyG�cp[VG#TV\jgWoei`[]G>R�YyimT/R�op[]G�kE[Vc��`\_qSG>q)©
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¯o�� Àx �

��\��|YE[VG �0L ¯o�� L8NQcpijYST]\jcpX�ce�<kE[VcpxEijG�F  181 �¿©pF�\jX�� −3
©eF�oel � −1.53

� �x � L�NQc|i�YET]\jcpX�ce�<kE[]c|xEijG�F  1 � �¿©`F�\�X�� −3
©

F�o�l�� −1, 47

O1.desc

u,  min = -3,  max = -1.993

O2.desc

u,  min = -3,  max = 23.25

O2blend.desc

u,  min = -3,  max = -1.996

��\��|YE[VG!}0L 4�c|F�k�oe[V\jR]cpX ce��T]CyG�R]cpijYST]\jcpX ce� kE[Vcpxyi�GWF  1 � ��� \�T]C R]G��|G�[/oeibRVg/CEG�F�G>R�� 6ÅX xEijYEG8L.T]CEG!�y[VR�T&c|[VqSGW[
RVg/CEG�F�G 

min = −3,max = −1.993
�¿©`\�X�|[]GWG�X&L8R]GWg�cpXyq�cp[/qSG�[�YEXEij\jF�\�T]G>qR]g/CEGWF�G 

min = −3,max = 23.25
�#©

\jX�[VGWq LbR]GWg#c|Xyq�cp[/qSG�[�xEijG�XyqEGWqR]g/CyG�F�G 
min = −3,max = −1.996

�¿�
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sol.desc sol.desc

Ào � �x �

��\��|YE[VG"� L Ào ��LbNQc|i�YET]\jcpX!cp�ÊkE[VcpxEijG�F  1 � ��� CEG�X�TVCEGØx�c|YEXyqEop[]P�g#c|XyqS\�T]\jcpXyR�oe[VGf\jF�k�c`R�G>q¡R�T][VcpXE�|i�P|© Àx ��L�F�GWR]C

T]CyG�kE[Vc`cp�ÀR�oe[VG�p\j�pG�X \jX T]CEG�[VG#��GW[]GWXyg#G>R�� �LXyg#G�F�cp[VGp©�T]CyG�[VG�oe[VG�F�opXQP ceTVCEG�[!F�G�T]CEcSqER!��cp[¡R]cpij�Q\�XE��TVCEGWR]G
kE[VcpxEijG�F�RW©ªR�c|F�G�op[]G��pGW[]P��|G�XEGW[Vopi¯©ªR]cpF�G�oe[VG�R]k@GWg#\_oeijijP�T]YEXyGWq6��cp[�o�R�k@GWg�\m��g�G�lEoeF�kEijG�R]Yyg/C opR"g#c|F�kyYST]\jXE��o
qS\_RUT/oeXyg�GØ��YEXyg¿TV\�c|X� CE\jg/C\_R�cpXEG"cp��TVCEG 9pGWP!\�Xy�p[VGWqS\jG�X`T ce��T]CEG�ijG��|G�iªR]G#TfF�G#TVCEcSq)�

� � %������ ����� (

B ~-C&N<� �ØR�CEGW[foeXyq 4L� � �@NQCQYª���J\��|C �`c|[VqSGW[�GWRVR�GWX|TV\jopi�ijP!XEc|XEc|RVg#\jijijoeT]cp[VP!RVg/CEG�F�GWR���c|[f�JopF�\ji�T]cpX��Q�`opg#c|xE\)GW^`Yyo�>
TV\�c|XyR����  ��� � ��� � � �-� � � �' � � ©Ê~ � �y~p�

B z C%A�� ��op[]ijGWRW��� �	� � �#
��"�0$������ 
 $ �;� $+
��	� ���+$
�;� �!"�#
��"�!$ ���G�%"� 

� � �"�����  �;� � 
 �)K�o�TVCEZ�F�oeT]\_^|YyGWR8G�T�hfkEkEij\_g�o�TV\�c|XyRW�
NQky[]\jXE�pGW[�8G�[Vijop�y©)~ ��� � �

B 1 C�a�� > ��� �Ê\�c|XyRW��� � ��� ��	� 
 � � �=$ � � � �#
��"�!$�� � �5"� 

� �,����� �  �;���-
��;�-�!���
����0$ � n GWR]GWop[Vg/C6HJceTVGWRØ\�X�K�o�TVCEG�F�oeT]\_g�RW©
}��E����c|R�T]cpX > �ªc|XyqSc|X >�K�GWi�x@cpYy[]XEG�L8ab\�T]F�oeX�h qS��oeX�g#GWq�abYyxEi�\_R]CE\�Xy��ab[]c|�p[/oeF�<©)~ ���|zS�

B � C�K ����op[VqE\yoeXyq ��� 4L� � �uopXyRW�
�LX!�JcpkS� � R8��c|[]F.YEi_oJ��c|[�R]cpijYST]\jcpXyR�cp�<�y[VR�Tbcp[/qSGW[b�JoeF�\jimTVcpX �S�|o|g#c|xE\SGW^`YyoeT]\jcpXyRW�
� �"� � 
����;"� � �' � � � /0�;����!��&�-� /0� � $ � �8� � � © � �~p~ �+Lj~ 1 � 1 �<~ 1 �y~p©S~ � � � �

B � C�K � ��oe[/qS\8oeX�q�N<���ØR]CEG�[>��B�CEG�XEc|Xyg#c|X`�|G#lF&YEi�T]\@>ÅqS\�F�GWXyR�\jcpX�oei8n \jG�F�oeXEX�kE[VcpxEijG�F-��c|["�LoeF�\jimTVcpX >Å�|o|g#c|xE\
G>^|Y�o�T]\jcpX�R����# ��� � � � ���/ � � ��	� � ©�z|z ¯z��+L 1 ��� � 1 �S~|©E~ ���E~p�

B }"C�n���hfxy�p[/oeiji¯� HfYEF�GW[]\_g�opiØvL\jRVg#[VG#TV\��>o�TV\�c|X ce���\j[VR�T��L[/qSG�[�JopF�\�i�T]c|X �Q�`opg�cpxE\ � ^|Y�o�T]\jcpX�R�c|X B�[]\_oeXE�|YEi_oe[
K�G>R�CyGWRW� (*���5� � � � ��� ����� � � �&���/ � ©�� �O6��%Lj~ 1�1 � �<~ 1 � 1 ©`vJG>g#GWF&x@G�[�~ ���p}y�

B � C�K � A�� 4�[/oeXyqyoeijifoeXyq�a�� ��� �ª\jcpX�R�� B���c oekykE[]culS\jF�o�T]\jcpX�R.cp�"R]cpijYSTV\�c|XyR�ce���JopF�\ji�T]cpX��Q�`opg#c|xE\�GW^`YyoeT]\jcpXyRW�
�&"� / � ( ����� � © � 1 ©)~ ��� � �

B �"C%A�� ��oe[VijGWR"oeXyq�a�� � ��NQcpYy�|oeXy\jqS\_RW� 4�c|X`�|G�[V�pGWXyg#G�cp��opkEkE[VculQ\jF�o�TV\�c|X�RVg/CEG�F�GWRL��c|["��YEi�ijP�XEc|XEij\�XEG>oe[�R]GWg#c|Xyq
c|[VqSGW[�GW^`Yyo�TV\�c|XyRW� � $�!"���'�,����
 � � ��	�"! $+
 $ © � ©)~ ���E~|�

B �"C�n��<hfxy�p[/oeiji¯�JHJYEF�G�[V\jgWoei�qS\jRVg#[VG#TV\��>o�TV\�c|X�ce�bx@cpYEXyqyoe[VPg�cpXyqE\mTV\�c|XyR ��c|[f�y[/RUTØcp[/qSG�[Ø�JopF�\ji�T]cpX��|o|g#cpxy\ÊGW^`Yyo�>
TV\�c|XyR����  ��� � ��� � � �-� � � �' � � © � ~�¯}��-L z|z 181 �Sz|ze}E~|©pze{|{ � �

B ~W{"C�n���hJxE�p[/oeiji`opXyq�.��a�GW[][V\jG�[>� � [V[]c|[�G>RUTV\�F�oeT]GWRÊ��cp[8�LoeF�\�i�T]c|X �Q�`opg�cpxE\|GW^`YyoeT]\jcpXyR�� \mTVC&x@cpYEX�qEoe[VP�g#cpX�qS\mTV\�c|XyRW�

����'��� �0���"�#
��"� ©@ze{|{p}y�

B ~p~-C����yvLGWg;9|G�ijXE\_g;9�oeX�q&4L� K � � iji�\jceT>�fIfXE\_^`YEG�XyGWRVRfoeXyqGW[][Vcp[fopXyoeijPSR�\_R���c|[L�JopF�\�i�T]c|X �Q�`opg�cpxE\)G>^|Y�o�T]\jcpX�R � \mTVC
qS\_RVg#cpX`TV\�XQYE\�T]\jGWRW�  �!� � � �- �;�+$%�� � �;��� � �8���! ©�}!L 1 z � � 1 � �E©|zp{p{ � �

Ì�� N ÌÙ¸



���������	��
������
���������������� �!"�#
��"�!$%�"�&�'�"�)(*��+�,�-$+
�"�.���-$�/0�-$ ~u�B ~>z C������L\jY�opXyq 4L� � �<NQCQYª���fGW[]F�\�T]G � � H � R]g/CEGWF�GWR���c|[f�JoeF�\jimTVcpX >Å�`opg#c|xE\)GW^`YyoeT]\jcpXyRW� � � (*�"� ��� � � � /#! $ � ©
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