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1 Introduction

Preserving volume forms is a necessary requirement in a@ewetl-identified applications, such as
molecular dynamics or meteorology, while preserving finségrals is vastly recognized as funda-
mental in a very large number of physical situations. Aldjothe requirements appear somehow
disconnected, they lead to algebraic conditions which lsnang similarities and this is the very
reason why we address these questions together.

We will show in particular that a method that preserves tHame must also preserve all first
integrals and as a consequence, that no volume-preserving B-sertbeadnexists apart from the
composition of exact flows (see Theorem 6 of Section 4.2)s Tésult generalizes to split vector
fields a known result of Feng Kang and Shang Zai-jui [FS95]t usnotice that a similar result,
using rather different techniques of proof, has been déiindependently by Tse, Iserles and Quis-
pel [TIQO6]. A noticeable difference is in particular tha¢ wbtain conditions on both the modified
vector-field (which has to be divergence-free) and the ntettself (which is volume-preserving):
this then allows for the derivation of algebraic conditiaes$ directly on the coefficients of an addi-
tive Runge-Kutta method (see Section 4.2.1).

1The fact that no Runge-Kutta method can preserve polynomiatiamts of degree less or equal to 3 was first shown
by Calvo, Iserles and Zanna in [CIZ97] and the extension igfrsult to arbitrary degree was considered in [Zan98, 1200
Here, we extend this result to arbitrary B-series for sgitter fields.
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4 Chartier & Murua

It is however interesting to consider specific classes obleras, for which volume-preserving
integrators can be constructed. For instance, it is cleasymplectic methods are volume-preserving
for Hamiltonian systems: in Section 4.3.1, we show that dgotfr conditions are in general neces-
sary for a method to be volume-preserving and indeed suffiéie the special class of Hamiltonian
problems. In a similar spirit, we derive in Section 4.3 siifigdl conditions for partitioned systems
with two functions and three functions. The results obtdifte two functions corroborate already
known ones (see Theorem 3.4. of [HLWO02]) and results for mbaa three functions (and their
straightforward generalization to more functions) appgeare completely new. It is interesting to
notice that the general idea used here to obtain numericddade also has some similarities with
the technique considered by H. Munthe-Kass, A. Iserles, igsfigl and A. Zanna [IMKQZO06] for
polynomial vector fields.

In the sequel, we shall thus consider-dimensional system of differential equations of the form

yx) = fV(y), (1.1)

= 8y + By +...+ tN(y). (1.2)

A NB-seriesNB(a) is a formal expression of the form

NB(a) = idgrn+ z Ak ait)F(t), (1.3)

te s G(t)

where the index se¥ is the set of N-coloured rooted treds|, o andF are real functions defined on
7 and wherea is a function defined otZ as well which characterizes the NB-series itself. These
series have been introduced in [AMSS97] in full details floe purpose of studying symplectic
additive Runge-Kutta methods. Note that this definitiomcmes with the standard definition of
B-series as given in [HLWO02] when only one colour is used fertbrtices. In the sequel, we shall
simply write B(a) for the general case, and refer NB-series as B-series.

As in [CFMO06], S-series arise naturally: in accordance \Bitheries, we consider here S-series
for coloured trees. For instance, fdr= 2, and for a smooth functiog, a S-series is a series of the
form

Sa)lg) = a(eg+ha(+)g, ¥ +ha(e)g,
+h2(¥gyy(f[l]’ FU) L ar( e o)gyy (11, £2) + @gw(fm, )

w(al ot a( Dot a( e i (s a( g 72+

Assuming that a functiom with a S-series expansion is a first integral of individudfedential
equationy = flV/(y), v =1,...,N, i.e. satisfies

.
Yv=1,...,N, VyeR", (DI(y)) £Vl (y) =0, (1.4)

INRIA



Preserving first integrals and volume forms 5

preservind for an integratoB(a) amounts to satisfying the condition

vy e R", (10B(@))(y) =1 ().
and it can be shown [Mur99], that

loB(a) = S(a)[l], (1.5)

wherea, acting on.#, is uniquely defined in terms @& All further results of this paper will be
obtained in this framework.

2 Basictools

In this first section, we describe very briefly the basic aftgeltools that allow for the manipulation
of S-series. Since the definitions used here are ratherasitnil CFM06], we shall focus mainly on
the differences with the one-colour situation.

2.1 The algebra of trees

Definition 1 (Rooted trees, Forests)The set of (rooted) tree§” and forests# are defined recur-
sively by:

1. the forest e is the empty forest
2. ifty,...,t, are ntrees of7, the forest u=1t; .. .t, is the commutative juxtaposition gft.. t,

3. ifuis aforest of#, then t= [u],, wherev € {1,...,N} is a tree of.7 with root of colourv.

The order of a tree is its number of vertices and is denotet|byThe order|u| of a forestu =
t...tn is the sum of theti|'s. If u=t;’...ti» wherety, ...,t, are pairwise distinct and are repeated
respectivelyry, ...,rn times, then the symmetury of u is

o =ril...rp!(o(t)...(o(tn))™.

By convention,o(e) = 1. The symmetryo(t) of a treet = [u], is the symmetry olu. The set
of linear combinations of forests i&F can be naturally endowed with an algebra structifeand
the tensor product of# with itself can be defined just as in [CFMO06]. We will furthezrtbte by
Alg(##,R) the space of algebra morphisms frgiff to R and by.#* the space of linear forms on
2. Eventually, the co-product has to take into account theipdiy of trees with different colours:
hence, the operat®* becomes; as defined below:

T

—
..tn = [tl...tn]v

B : F
u=rt;

RR n° 0123456789



6 Chartier & Murua

Example 1

BI_(O o): |:oo:|1:V>and B_(\V): e e e
Defining u(t) as the colour of the root af we then have:

Definition 2 (Co-product) The co-productl is alinear map froms# to 7 @ ¢ defined recur-
sively by:

1. Ale) =e®e,

2.Vte 7, At) =txe+ (id%@BZ YoAoB~(t),

®
3. Vu=ty...th € F, A(u) = A(ty) ... Atn).
Remark 1 The co-product of a tree can also be written as (see [CK98]ristance)

At) =t@e+y u®s, (2.1)
]
where s € 7 is a subtree of t and;uhe forest obtained when removing®m t.

2.2 B-series, S-series and their composition

For a tree € .7 theelementary differential i/ (t) is a mapping fronR" to R", defined recursively
by:

ol
=3y

W (F)-- Ft) ).

where., = [€].
Differential operators associated to a forest and S-sanieexactly the same as for the one-
colour situation, and we refer to [CFMO06] for the formal défoms.

Example 2 For g€ 2, one has

X@ld =9 X(+ud=gf", X(P)g =gy X(J o) =gpy(f7 1,1, 12).
More generally, the relations
X(®)[idgn] = F(t),  X(u)[fM] = F([ulv),

hold true.

INRIA



Preserving first integrals and volume forms 7

Now, considering the action of a mape 2 on a B-seriesB(a), the following formula can be
obtained [Mur99]:

hlul
go B(a) = UEZ? U(U)

a(uXx(uld, (2.2)

with a(e) =1anda(t;...tj) =a(ty)---a(t;). It follows that to every B-serieB(a) can be associated
a S-serieS(a) wherea is an algebra morphism

Lemma 1 (Composition ofS-series) Leta and 3 be ins#* and let Sa) and S3) be the associ-
ated series of differential operators. Then the compasitibthe two series(®&) and §f3) is again
aseries &a ), i.e.

vg e 2, S(a)[SPB)ld]| = (S)S(B) )lg] = Sap)lg] 23)
whereaf = (a ® ) oA.

Proof: The proof of this result is given in Theorem 24 of [Mur05].

Given an algebra map € Alg(.#,R), we denote by = loga the map defining the correspond-
ing vector field (see [Mur05] or [CHVO05] for a formal definiticand explicit formulas). Following
[CMSS94], we will use the property that the value of= expf3 for a forestu € .%\{e} can be
obtained as the solution at= 1 of the differential equation

ar(u) = (arB)(u
{%&g: & )W (2.4)

with a;(e) = 1.

We end up this introductory section with a technical resufichh generalizes Lemma 3 in
[CFMO06] for coloured trees and a lemma giving an alternaéixpression of the co-product for
trees of the forniy o --- oty

Lemma 2 Forany(w,...,aN) € (224N, we have

N
hS S(w)X(ey) = S@),
V=1
wherew' is defined by
w(E = 0,
> (B ®[]0)
Vu=t;-tm € Z, W(u) = Wy (B () i)
m i; () (B (1 Jl;IIJ

RR n° 0123456789



8 Chartier & Murua

Proof: Consider the expression (2.1) for the co-product. Nowplet 2#* be such tha§,) =
hX(ey). Sincef,(u) = 0 unlessu= «,, we have

N N
(3 p) Zaxz@Bv( ) = zwv OB+ 5 5 ca(U)u(s) = @ (B7(1).

For forests ofm > 2 trees, we obtain:

Alty...tm) ztl...tm®9—|—ZUi®Vi7
T

wherev; € .% is a forestv; = s;...5 of subtrees, ..., s of 1 < k < mtrees amongdti,...,tn and
wherev; is the forest obtained when removimgromts ... .tm. As before, sincg, (u) = 0 unlessu=
«y, the only remaining terms are those for whick 1,v; = ut) andu; =ty...tj_1B7 (tj)tjs1.. . tm.
O

Lemma 3 Fort € & and uv,w € .#, define

(Ut)o(vaw) = (uetow),
At) = Alt)—t®e,

then it holds that for arbitrary treesgt... .t € .7, one can write
A(t10-~~0tm) = 5('[1, tm )®e (25)

+ ZAtlo (8(tjs10---otm) ©€) +A(t1) 0+ 0 A(tm),

k

|_|('[ji+1o---otji+1). (2.6)

O=j1<<jky1 =

S(ty,....tm) = g(—l)k”
k=1

Proof: From the definitions of and ofA, we easily get

Aley)=e® ey, Altow)=A(t)oA(W),

The identity (2.5) can then be proven from by inductiomarid

3 Preservation of exact invariants

Given a differential equation of the form (1.1), we suppdsat there exists a functior(y) of y,
which is kept invariant along any exact solution of the ODEesponding to any individual vector
field fIV|, v = 1,...,N. We wish to derive conditions for a B-series integran) to preservd,
i.e.

I =1oB(a)=9Sa)[l].

INRIA
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In terms ofS-series, this reads

Sa—id)i]=0,

whereid € #* is such thaid(u) = 1 for u= e andid(u) = 0 for u # e. In other words,a —id
should be an element of the annihilating left ide@ll] of I: | being an invariant for eachl¥!, we
have:

Vv e {1---,N}, (@)TfV =0, (3.1)

that is to say, the Lie-derivative dfalong any vector fieldfV is null. In terms of elementary
differential operators, this is nothing else but sayind tha

X(+y)[1] =0. (3.2)
Since for any series of differential operat&su ), S(wy),..., S(wy) acting respectively oX(« 1)[l],
X(e2)[l], ..., X(en)[l] we have

Vis(wv)[hx(-v)[l]] =S(w)[I] =0,
the inclusion{d € /#*;3w € #*, d = w'} C 7|l] follows.
We now look for conditions o such thatd = «’. Writing this equality for trees gives
Vte .7, o(t)=a(t)=w,n(B (1))
which is equivalent to
vve{l... ,N},Vue.Z, w(u)=23B}(u)). (3.3)

Given an arbitrany € s, define thew, € 2* by (3.3), thend = «' if and only if for all forests
with at least two trees,

S =wl) = iiwu(ti)(B(ti)!;Iltj)7

é(S(BZm(B (t) |'|tj)). (3.4)

J#

by (3.3)

Using more conventional notations, the necessary and isufficondition for the existence @b €
2#* such tha® = «’ obtained above can be rewritten as

Oty tm) = le5(tj o (tl...tj_ltj+1...tm)), (3.5)

wheret;j o (t1...tj_1tj11...tm) denotes the tree obtained by grafting the roots of.,tj_1, tj, ...,tm
to the root oft;.
We have thus proven the following statement.

RR n° 0123456789



10 Chartier & Murua

Lemma 4 Consider N vector fields ¥, v = 1,...,N, all having the same first integral I. Let
0 € s~ be such thad(e) = 0. If condition (3.5) holds for all m> 2 and all t,...,t, € 7, then

S(9)[l] =
Next lemma is a consequence of standard arguments used/otheindependence of elemen-
tary differentials, see for instance [But87, HNW93].

Lemma 5 Given a forest u=t; ...ty € .% of order n, there exist polynomial map¥&'f: R" — R",
v=1,...,N of degree less than-am+1and r: R" — R of degree m such that, for anyev.#,

X(v)[r](0) £ Qiff v=u. (3.6)
Theorem 1 Leta € Alg(#,R). Then $a)[l] = | for all (N+1)-uplets(f[t £ .. N ) of N
vector fields P/, v =1,...,N, with first integral |, if and only ifx satisfies the condition
m
aty)---a(ty) = Z (tjo |‘|t, (3.7)

= i#]
foralm>2andallt,...,tne 7.

Proof: The proof follows step by step the proof of the correspondesult forN = 1. The only
difference is that, in order to prove the necessity of thald@ns, we need to consider the following
differential system

N
y = ZfM(w (3.8)
7 = _z (Tr(y)T £V (y), (3.9)

where thef[VI's andr are chosen so as to satisfy condition (3.6) of Lemma 5 abovea fjiven
ue #. ltis clear that

1(y;2) =r(y) +2
is an invariant of (3.8-3.9) and of each individual system
y = ),
z = —(Or(y))" ().
O

Remark 2 If B =loga denotes the coefficients of the modified vector associatédthe o )-
series integrator, then an equivalent condition(8o7)is:

0= mB(t-o t) (3.10)

INRIA
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It can be straightforwardly checked that the invariliytz) = g(y) + z constructed in the proof of
Theorem 1 is a polynomial of degree This implies that conditions (3.7) fan trees are also
necessary and sufficient for a B-series integrator to pvegaslynomial first integrals up to degree
m.

Theorem 2 A B-series integrator that preserves all cubic polynomiadariants does in fact pre-
serve polynomial invariants of any degree.

Proof: This is a particular case of a more general result stated imaRe24 of [Mur05]. Assume
that condition (3.7) holds true for afh < n with n> 3 and considep+q = n+1 treesty, ..., tp,
u,...,Uqin 7 with g > p > 2. Denoting respectively b§, andS, the sum of the firsp terms and
of the lastq terms of the right-hand side of (3.7), we can use equatiof) @thm=g+1<nand
obtain

S IZa((ti<3|'|j¢ﬂj)Ol'lkuk),

_ % a(uko (t; o|_|j¢itj)|_||7gkU|) + z atio I‘I#it,-)l'lka(uk),
1, T

_ Z a ((uko |_||7gkU|) oftio ﬂjﬁ'[j)) + (I‘Iia(ti)> (I‘Ika(uk)).
A similar relation holds foS;. Hence S, + & — Z(Hia(ti)) (I‘I ka(uk)) can be written as

—Z (a((ukol‘h#km)o (tioMj4t))) +a((tioMjtj) o (uco |_||;£kU|))>.

Now, using equation (3.7) witm= 2, we have

a (o Myzr) o (tioMjzity)) +a((tioMjt)) o (Uko Myaui))
= o (U o Mz a(tioMjt)),

so that, upon using (3.7) again with= p andm = g, we obtain

Z (G(Uko Mz at Onj;éitj)) = (ﬂia(ti)) (ﬂka(uk))- (3.11)
I
As a consequence, relation (3.7) holds truerfee n+ 1 and the stated result follows by induction.
O

At this stage, the question arises of whether there exidtadstthat satisfy conditions (3.7) for
preservation of arbitrary first integrals. By assumptidre €xact flow of each individual equation
y=flV (y),v=1,...,N, preserves the first integrial We then notice that numerical methods formed
by composition of such flows also presentesBy repeated application of the Baker-Campbell-
Hausdorff formula, one can see that methods of this type eafofmally interpreted as the exact
flow of a vector field lying in the Lie-algebra generated by, ..., fNl. Conversely, any method
that can be formally interpreted in that way presenvellext theorem states that they are the only
ones.

RR n° 0123456789



12 Chartier & Murua

Theorem 3 A B-series integrator that preserves all cubic polynomialariants can be formally
interpreted as the exact flow of a vector field lying in the &ligebra generated by%, ..., NI,

Proof: By Theorem 2, a B-serieB(a) that preserves all cubic polynomials must necessarilgfyati
condition (3.7), and then the required result follows froemnfark 21 in [Mur05].0

4 Volume preserving integrators

In this section, we derive algebraic conditions for a B-egiintegrator to be volume-preserving.
Since it is much easier to work with the divergence operaterpbegin with deriving the conditions
for a modified vector field to be divergence free.

4.1 Divergence-free B-series

ConsiderN divergence free vector fields"!, v =1,...,N. A B-seriesB() with coefficientsf
satisfying3(e) =0

te% ah(tt)B(t)F (t)
is divergence-free if and only if (using the linearity of tti@ergence operator)
hit!
tEZ?@ﬁ(t)div(F(t)) =0. 4.2)

The first problem we are thus confronted with is computingdivergence of each elementary dif-
ferential vector field appearing in (4.1).

4.1.1 Aromatic trees

In order to conveniently represent @i(t)) fort € .7, we introduce the following@romatictrees,
which are certain connected oriented graphs with one cyBlefore defining them, we observe
that coloured rooted trees can be interpreted as connedeades graphs with coloured vertices as
follows. Givent € .7, letV be the set of vertices of then, the seE C V x V of arcs of the oriented
graph identified wittt is the set of pairgi, j) € V x V such that the vertekis a child of the vertex

j (i.e. j is the parent of). Thus, the root of is the only vertex €V such that there is nbe V
with (r,i) € E. Furthermore, for each vertéxc V\{r}, there exist a unique sequence of vertices
j1.-- jm €V (m> 1) such that(i, 1), (j1.j2), - -, (im-1, Jm). (jm.T) € E. Typically, a coloured
rooted tree is graphically represented with the root at thitoh of the graph, and the children of
each vertex positioned above it. When depicted as colourerdted graphs, there is no need to draw
the children of a vertex in any particular position with respto the their parent. Below, a coloured

INRIA



Preserving first integrals and volume forms 13

rooted tree is depicted in both the usual way and as a colauredted graph.

1.

Similarly, a forest; - - -ty of coloured rooted trees can be identified with a colouredrteid graph
whose connected components are identified with the rootedtir, . . . , tm.

Definition 3 An aromatictree o is a coloured oriented graph with exactly one cyclehsthat if
all the arcs in the cycle are removed, then the resulting wad oriented graph is identified with a
forest t - - -t of coloured rooted treesq(t...,tn € 7). If the arcs of o that form the cycle go from
the root of t to the root of ;1 (i =1,...,m— 1) and from the root of{ to the root of { then we
write 0= (t1---tm). Note that o= (t1---tm) = (ti---tmt1---ti_1) foralli € {2,...,m}. The order|0|

of an aromatic tree &= (t; ...ty) is the number of its vertices, that|ig = |t1|+ - - - + |tm|. The set of
aromatic trees is denoted.7” and the set of n-th order aromatic treeg7 ..

Example 3 For the aromatic tree

we have that &= (titotaty) = (totatots), where

t1:o—>0<—o:(v), tzzo»o:i.

Definition 4 For any aromatic tree e= (t;...tm) € &7, C(0) is the unordered list of trees obtained
from o by breaking any edge of the cycle. If we denotefolj...,m, $ =tjoti;10...0tnhotyo...0
ti_1, where the grafting operation is meant to operate from righteft, then:

C(0) = {s1,---,Sm}- (4.2)
Now, letr, be the circular permutation of1,...,m} and letd be
6 :#{| €0 m=1} 1 (ty ayee ity m) = (tl,...,tm)},

so that, for each i, there ar@ copies of sin the list o). Then the symmetry coefficient of o is
defined azr(0) = 6[]; o(t;).

Example 4 Consider again the aromatic tree o and the coloured rootedsi,t, in Example 3. In
that case8 = 2, and thus the symmetry coefficientigo) = 20(t1)20(t2)? = 2. As for the list of

RR n° 0123456789
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coloured rooted trees in Definition 4,(6) = {s1,,S3, 4} Where

S = ‘ = y = tpotyotjoty,
s = } = y = thotjotyoty,
® - Zz iz - @\§>>i = tiolzotioty,
S = i = y = tpotjotyot;.

Fort =[t1,...,t]y € .7, we shall use the notations of [AMSS97]
al+lf[v]
F(t) = W(F(tl),...,F(h)),
so that
drRt) F*(1) F*(t1) F*(t2)  F*(tm)
a(t) O(t) ottt O(t1) O(t2) o(tm)

(4.3)

Definition 5 (Elementary divergence) The divergencediv(o) associated with an aromatic tree-e

(t1...tm) is defined by:
div(0) = Tr(F*(tl) . F*(tm)).
It can be easily seen from the definition of @y for o € 7.7 that one has

div((tl...tm)) - div((tn#n(l) ...t,,f.n(m))), | €N.

This is the very reason for considering aromatic trees agsyc

(4.4)

(4.5)

INRIA



Preserving first integrals and volume forms 15

Remark 3 An alternative way of definindjv(o) for an aromatic tree o is as follows. Givereoz .7,
with m=|o|, represented as a coloured oriented graph with the set a@sV= {i4,...,in} as the
set of vertices, coloured according to a mapV — {1,...,N}, and the set of arcs E V x V. Let

for each ic V denote g= fj[:)],iw

to the componentsy,...,yll of ye R", then, it is not difficult to see that

n
div(o)= > Gy Gin:
I1

=1

4.1.2 Divergence-free conditions and first consequences

We are now in position to write in a convenient way the divegeof the modified vector field,
given as a B-serieB(j3). We first observe that, as dif/) =0 forallv =1,...,N, thenTr(F*(t)) =
O for allt € 7. We thus have, by taking (4.3) into account,

i _ LA _ i (9FD)
div(B(B)) = te;ﬁ(t)a(t)dlv(F(t))_tEJB(t)h Tr(a(t))
_ it F (tt) F*(t2)  F*(tm)
= oS s () ot et
_ 1 div((ts. . tm)
2 PO S 2 o) ol
div(o)

B Zlhnoe;?n (tecz(o)ﬁ(t)) U(O) .

n=

Theorem 4 A modified field given by the B-serie§® is divergence-free up to order p if the fol-
lowing condition is satisfied:

B(t) = O for all aromatic trees c= <77 with |o| < p. (4.6)
teC(o)

Theorem 5 Conditions(4.6) are necessary conditions for a vector-field to be divergeree

Proof: We will prove that, givero € 7.7 with |o| = n, there exist divergence free vector fields
fV:R" - R", v=1,...,N andyp € R" such that diyo)(yo) = 1 and for arbitraryo € 7.7\ {0},
div(6) (yo) = 0.

Giveno € &/ 7, we consideyg = (0,...,0)T e R", and flV : R" - R", v =1,...,N, con-
structed as follows. Leb be represented as a coloured oriented graph with the setrifegse
V ={1,...,n}, coloured accordingto amdpV — {1,...,N}, and the set of ards CV x V. Then,
for eachv = 1,...,N and each = 1,...,n, theith component Vi(y) of fV/(y) (y= (y%,...,y")T)
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16 Chartier & Murua

is defined as

| I 100

0 otherwise.

Each such vector fieldV! is divergence free, as the main diagonal of its Jacobianixriatidenti-

cally null). The required result then follows, by taking Ren3 into account, from the observation
that, giveni, j,....Ji €V = {L,...,n}, f' . (yo) £ 0 if and only if {j1,.... i} (jv,..., i1 being
distinct) coincides with the sdtj e V : (j,i) € E}. D

Lemma 6 The conditions foR-cycles and3-cycles are equivalent to the conditions for the preser-
vation of all cubic polynomial invariants.

Proof: For two-cycles and three-cycles, condition (4.6) can béterias
V(t1,t2) € T2, b(tyoty) +b(taot) =0, (4.7)
and
Y (ty,t2,t3) € 73, b(tyotpots) +b(tpotgoty) + b(tgoty otpy) =0 (4.8)

respectively. Condition (4.7) is the symplecticity comatit As for condition (4.8), taking into
account condition (4.7) and the induced relations

b(tyotrotz) = —b((txotz)ots),
b(tzotgotl) = —b((tg Ot]_)otz)7
b(tzotjoty) = —b((tjoty)ots),

it can be rewritten as
V(t,ta,t3) € 73, b(tyotats) + b(tz otats) + b(tzotyts) =0,

which, together with (4.7), is the condition obtained in [@86] with N = 1 for modified fields to
have solutions which preserve cubic invariamis.

4.2 \Volume-preserving B-series

The aim of this section is to rewrite the necessary and seffiaionditions (4.6) obtained for the
modified field in terms of the coefficients of the B-series & thethod itself.

A B-series that can be formally interpreted as the exact flbe wector field lying in the Lie-
algebra generated bi! ..., fN is trivially volume-preserving (as the Lie bracket of digence-
free vector fields is also divergence-free). We can alregale she following result on the non-
existence of non trivial B-series methods preserving theme:

INRIA



Preserving first integrals and volume forms 17

Theorem 6 A volume-preserving B-series integrator can be formaltgripreted as the exact flow
of a vector field lying in the Lie-algebra generated BY f. ., N,

Proof: This is a direct consequence of Lemma 6 and Theorem 3.

Definition 6 Consider an aromatic tree & (t;...tyn). If we removel < k < m edges of the cycle
0, we obtain a forest u with k trees. We denote pfoTthelist of all possible forests obtained by
removing any k edges from o.

Observe tha€; (o) is denoted byC(0) in Subsection 4.2.
Theorem 7 Consider a B-series integrator with coefficients B(a) preserves the volume up to
order p if and only if the following conditions hold for dll< n < p:
m
Vo= (t1...tm) € #Tn, Y (-1 5 a(u=0. (4.9)
k=1 ueCy(o)

Proof: Assume thaf§ € s#* is such thaf3(e) = 0 and that, for arbitrary,...,tm € 7,

M

B(tﬂ‘<1) O~"Otn|(m)) = 0.

According to Lemma 3, we have for; = €'? as defined in (2.4)

Gr(tio--otm) = (ar®B)Altro---oty) (4.10)

m-1
- Zl ar(tio---otj) ar((tjr1o---otm)) + (ar @ B)(A(tz) o -+ 0 Altm)),
i=

where we have used the assumption @) = 0. Thus

. m
ar(tygyo-otym) = z<

M3

SinceA(t,(q)) o+ oAty () is a linear combination of terms of the form

m
u®Zzn.<1)o.--ozn.(m>, (4.11)
I=1

whereu € .% andz,...,zy € 7, the second term of previous sum vanishes and we get

m-1

dr(tn‘(l) o~~-otn|(m)) = z dT(tn‘(l) o~~-otn|(j>) aT(a(tn‘(jJrl) o-~-otn|(m))),
I=1j=1

M3
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18 Chartier & Murua

or equivalently,

=~

m
Z DS ety 0 otu () [T 9 (i ry 0 Otuig,0) = O,

0=j1<<Jks1 i=

||M3

which after integration leads to the stated result.

4.2.1 Conditions for additive Runge-Kutta methods
In this section, we consider additive Runge-Kutta methaddescribed in [AMSS97]. Denoting the

coefficients by(alm b ) (aI 0 | ) we can define recursively
®(ey) = (1,...,1)7 RS, (4.12)
m
O(ftr...tmly) = rlA[“(ti)]CD(ti). (4.13)
i=

We then havex ([t;...tmJy) = (bV)Td(t;). Now, consider two treef andt, in .7. From the
definition of ®, we easily get

P(troty) = D(ty) - AHBR (1)

where- denotes the componentwise product of vectors. More gdneiia any mtreesty, ...ty of
7, itcomes

D(tyoty. .. oty) = Ot AH@Ip(t,) ... AR (t,),

where the products (matrix-vector product or componerwetor product) operate from right to
left. DenotingX; = diag(®(t;)), we can thus write

a(tyoty...oty) = e' BHMIx AlR®RIX, ... Al(tm)]X o

and the coefficients (u) for u € C¢((t1...tm)) all have the form

k
1S B0 g g oA e,

i=
wherel € {1,....m}and 1= j1 < j2<...< jy=m+1.

Definition 7 An aromaticmulti-indexp = (i} iVl [Vm}) is an oriented cycle where the vertices of
the cycle are theolouredindices gvl], [2 I i}]’"‘]. We denote by

cl(p):{(iilvﬂ,. by il Hlvﬂ),...}

INRIA



Preserving first integrals and volume forms 19

the set of ordered multi-indices obtained by removing ameef the cycle. If two edges of the cycle
are removed, then we get pairs of ordered coloured multicesl and we denote by

cz(p):{((ﬂ2 2 iy (il ifee Hlvﬂ)),...}

the set of such pairs; more generally, we denote @ k= 1,...,m the set of k-uplets of ordered
coloured multi-indices obtained by removing any k edgeketycle.

[V1]

Definition 8 Given an arbitrary ordered coloured multi-index = |[V'] we define

P CEC R

andifu = (m,...,ak) is a k-uplets of ordered multi-indices, then

= J|£|1l.U(wj)-

Then, the volume preserving condition for tinecyclep = (it ... i) reads

3

(-)<1 S @(u)=0, foreach(iy?, - in") € {1,....5™ (4.14)

k=1 veC(p)

It can be straigthforwardly obtained from the conditions thee m-cycleso = (t;...tm) by letting
t1,...,tm be arbitrary trees of colours respectively,. .., vy, As a matter of fact, each matrkg =
diag(®(t))) then spans the whole set of diagonal matrices and the ctXige = &, leads to (4.14).

Example 5 < For the coloured multi-indep = (il j[*2]), we obtain the conditions
bi"al? +blZlal b =0, wve=12 ij=1...5 (4.15)
i.e. the symplect|C|ty conditions for additive Runge-Kuttethods [AMSS97].
« For the cyclep = (il1/jlv2klvs)), we get,
b[Vl a” [Vs] + b[Vz aly ak\l/l] b[VS]akl a” bi[Vll bEvZ] [va] b[Vz] bk ak| Vs] b[Vl al}/z]
ol — 0, vy vpvs=1,...,3, Qjk=1,....5
* Assume that we have one colour only. Takirgji= k in previous conditions gives
bi(3aZ —3biai +b%) =0, i=1....5 (4.16)

which has no other real solution than b= b, = ... = bs = 0. This condition is by itself
sufficient to prove that there exists no volume-preservingge-Kutta methods and as con-
sequence, that no Runge-Kutta method can preserve polghimwariants of degree greater
than or equal ta (see [C1Z97, Zan98] and Theorem IV 3.3. of [HLWO02]).
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20 Chartier & Murua

4.3 Systems with additional structure

We have so far obtained negative result about the existeneg#ume-preservingN-colour B-series
integrators, apart from the trivial case of compositionxda flows of divergence-free vector fields
(more precisely, apart from methods that can be formallgrpreted as the exact flow of a vec-
tor field in the Lie algebra generated by the original vecteld8 in the splitting). In the present
subsection, we consider three particular cases where tiervields fV! (v = 1,...,N) in have
additional structure, such that volume-preserving Besemiethods exists apart from the trivial case
of composition of volume-preserving flows.

The first case we consider, is when eafth is actually a Hamiltonian vector field (hence
divergence-free), so that, obviously, any symplectic Besemethod applied to such decomposi-
tion of the original vector field is divergence-free (consgion of the symplectic form implies con-
servation of the volume form). We show algebraically thathiat case, our volume-preservation
conditions reduce to the symplecticity conditions in [AME$&

The second case we consider is a class of divergence-frasrsy/split in two parts with a par-
ticular structure already considered in the literature ($#.W02]). In such case, some symplectic
methods (one-stage symplectic additive RK methods, anestage symplectic RK methods) turn
out to be volume-preserving.

New volume-preserving methods for divergence-free systpfit in three parts with a particular
structure (generalization of the previous case) are censitlas a third case. Similar results can also
be obtained for further generalizations of divergence-8tystems split iftN > 4 parts, but we do
not find it is worth doing it here.

4.3.1 Hamiltonian systems

For f = 3N ; K~1OHI, whereK is assumed to be an invertible skew-symmetric matrix, wehav
the following fundamental relation

Vte .7, (KF*(t))T =KF*(t). (4.17)
Now, let us consider the transposition operataiefined ones.7 as follows
Vo= (tg...tx) € #7,1(0) = (ttk_1...12). (4.18)
Due to relation (4.17), we have
Vo= (t1...ty) € #7, div(o) = (—1)kdiv((0)). (4.19)
This can be easily seen by considering the following idgntit
div(o) = Tr(F*(tl) ...F*(tk)> - Tr(F*(tk)T ...F*(tl)T>

- (—1)"Tr(K|=*(tk)K*l...KF*(tl)Kfl).
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Theorem 8 Suppose f is a sum of Hamiltonian parts (in possibly non-na@b form, i.e. K is just
assumed to be an invertible skew-symmetric matri)=f K-10HV). If the Hamiltonian conditions
on the modified vector-field(B)

V(u,v) € 72, b(uov)+b(vou) =0, (4.20)
or equivalently the symplecticity conditions on the B-asgrntegrator Ba)
Y(uv) € 72, a(uov)+a(vou)=a(u)a(v), (4.21)
are satisfied, then the flofy, is divergence-free and the integrator volume-preserving.

Proof: Conditions for 2-cycles are satisfied by assumption. Nowsitter ak-cycleo = (t;...t),
k € N*, then dit(0)) = (—1)kdiv(0). The two conditions corresponding toand 7(0) can be
merged into one;

Y bw+(=1* ¥ buw=o0. (4.22)
ueC(o) ueC(r(0))

Now, consider a trea € C(0), for instancal =ty otpo...otx. The treev=tyotyx_j0...0ot; belongs
to C(1(0)) and we havd(u) = (—1)% b(v) sinceu andv belong to the same class foée treesand
that the distance between their rootk& if 1. Hence,

b(u) + (~1)*b(v) = (1+ (-1)* Hb(u) =0 (4.23)
and condition (4.22) is satisfiedl

4.3.2 Two-cycles systems

In this section, we consider the special situation of systefrthe form

p = f(a)
: , 4.24
{ a = 9(p) (4.24)
wheref andg are smooth functions. In the framework of split systems, arewrite them as
(B)=rt@-+ . @.25)

with
f[ll(q):( f(OQ) ) andf[z](p): ( g(op) )

Note that partitioned Runge-Kutta methods for systemsefdhm (4.24) can be interpreted as addi-
tive methods for (4.25). Now, consider B-series with twaoewms, with black vertices (corresponding
to f[2l) and white vertices (corresponding t&)): due to the special form of (4.25), not all trees of
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7 need to be considered: tif= [ti,...,tm] ., thenF(t) vanishes as soon as one of g has a
black root. The same obviously holds for trees with a whitet go that only trees with vertices of
alternatecolours need to be considered. As for elementary divergeassociated with aromatic
trees, a lot also vanish: if = [vq,...,vy], andv=[ug,...,uy], have respectively a black and a
white root,F*(u) andF*(v) have the following forms:

. ol 0 n(p.a)
dn+1f[2] O O
F (v ———— (F(u),...,F(um)) = ,
V)= Gp g (U0 Fum) ( u(p,a) O )
with n = %(F(vl),...,F(vm)) andu = %(F(ul)7...,F(um)). Aromatic cycles com-

posed of an odd number of trees are consequently irrelevant.

Lemma 7 Let o be an aromatic tree of the form=o(t; - - -ty 1) with | € N. Then the corresponding
elementary divergenadiv(0) is zero.

Proof: Sinceo is composed of an odd number of trees, there exist two cotigedreesy andty. ;
in o (or possiblyty 1 andt;), with roots of the same colour, say for instance black. Thenhave

E* (4 )F (tt) = ( 8 nk(g,cv ) ( 8 nk+1(()p7q> >: ( 8 8)7

and dio) =0.0

Theorem 9 A one-stage additive Runge-Kutta method formegadf blY)) = (6;,1) and(AZ,bl2) =
(62,1) is volume-preserving for systems of the f@gh®4)if and only if6, = 1— 84, i.e. if and only
if the method is symplectic.

Proof: Consider an aromatic multi-indgx = (i[ll] . ..i[22|]) composed of Rindices with colours in

black/white order and lev = (an,..., k) € Ck(p). Since all quantities are scalar, the indices

i[11]7...,i[22|] take one and only value 1. Hence,kif and k, denote the number of cuts before a

respectively black and white root, we have
K I—ky ol —k
Y) =[] (@) =06 "6, ",
,Il i) =6, "6

and such a value afi(v) can be obtained in

(k) () 629

different ways fromp with k = kj + k2 cuts. Hence, the condition for volume preservation becomes

2
[ I I—ky Al —k
g ()(L)ee
kZl( ) kg +kZZ: k, kl k2 ! 2

0<ky.kp <I
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(61— 1)(0—1) = 6,6, < 6, = 1— 6. (4.27)
|

Theorem 10 Two-stage symplectic Runge-Kutta methods are volumeimiag for separable sys-
tems of the fornf4.24)

Proof: Consider a 2-stage Runge-Kutta method with coefficientimate R2*2 andb € R2. One
of the following two situations occur: eith@r(+) =eand®( /)= Ae:= care linearly independent
or for all trees € .7, ®(t) is co-linear tce. As matter of fact, i andc are not linearly independent,
being in a space of dimension 2 implies tlsat Ae for A € R, and an easy induction then shows
that®(t) = A (t)e, whereA (t) € R for eacht € 7.7 . The discussion in Subsection 4.2.1 shows that
(4.9) holds for a give > 2 and for allo= (t; - - - tyy) € 7.7, if it holds in the particular case where
t1,...,tm € {O,J}.

Let us write now the conditions for the modified vector fieldwméoefficients3 = log(a) to be
volume-preserving for the special situation of a cyale (t;...tom) with an even number of trees
chosen in the set., / }:

2m
=
We first recall that, owing to the symplecticity conditionse has

Bt @ °tr@o--- Otn‘(Zm)) =—PB(ty (2m) °t 2m-1)©--- oty (1)).
One can easily check that the condition (4.28) is automigtisatisfied provided that, ..., tom €

{-, f ).
Following the proof of Theorem 7 in the particular case where . ,ton € {«, / }, one observes
thatA(t,yq)) o+~ 0 Aty ) is a linear combination of terms of the form (4.11), Wth. .., zom €

{+,/} (thisis due to the fact thdi(+) = e® « andA(/) =e® [ + « @ »). We thus have that,
as (4.28) holds whenever, ....tom € { », / }, then the volume preserving condition (4.9) holds for
0= (t1,...,tom) if t1,...,tom € { », / }, which concludes the proof]
4.3.3 Three-cycles systems
In this section, we consider the special situation of systefthe form

p = Z(9

q = 9(r) , (4.29)

f H(p)

whereF, G andH are smooth functions. In the framework of split systems, amrewrite them as

p
(q)zﬂWm+MaHﬂ%m

f
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with

() 0 0
() = ( 0 ),f[z](r)_ ( G(r) ) and ¥ (p) = ( 0 )
0 0 H(p)

and consider 3-series, with black vertices (correspontiing?), white vertices (corresponding to
2y and box vertices (corresponding t6). However, not all trees of7.7 need to be considered:
if t=1t1,...,tm] ., thenF(t) vanishes as soon as one of tie has a black or a box root. The
same obviously holds for trees with a white or a box root sbahéy trees with vertices adlternate
colours in the order black/white/box need to be considefsdor elementary divergences associated
with aromatic trees, a lot also vanish:uf= [vi,...,Vim] o, V= [W1,...,Wn| o @ndw = [ug,...,U]o
have respectively a black, a white and a box r&6(u), F*(v) andF*(w) have the following forms:

ML (0 n(p,q,r) 0)
Ffu) = ———=5(FM),....F(vm))=| O 0 0],

0(p7q7r)m+l O 0 0
om1l2 ( ) 0 0
F*(V) = 37A A il F(Wl)7'~-aF(Wn) = 0 u(paqar)
d(p7q7r)n+l O

0
F*(w) O (F (W) F ) 0 o).
w = —(F(wy),...,F(wp)) =

OO OO0OOo

with n = %(F(vl),...,F( m)) andu = H(F(Wl),...,F(Wn))andE:M(F(ul),...

a(p.g,r)rtt a(par)rtt
Aromatic cycles composed of a number of trees which is not kipleiof 3 are consequently irrel-

evant.

Lemma 8 Let o be an aromatic tree of the form=o(t; . . .tm). If there exists an indexiifl,...,m}
for which the three consecutive tregsit 1,ti 2 (Or tm_1,tm,t1 ifi = m— 1 or ty,t1,t2 if i = m) have
roots that are not in the order black/white/box, then theresponding elementary divergendig(o)
is zero. In particular, if m= 3l +1 or m= 3l + 2, thendiv(0) is zero.

Proof: Consider three consecutive trees of the aromatic dresay for instancéy, t, andts, and
assume that they have roots which are not in the order bl&iteflsox. For instance, let us suppose
thatt; has a black root. I, also has a black root, then we have

0 n(pagr) O 0 n2(pqr) O 000
F*(t)F*(tz)=| O 0 0 0 0 ol=(0o0o0
0 0 0 0 0 0 0 00

If t2 has a box root, then we have similarly
0 ni(p,qr) O 0 00 0 0O
F*(t)F*(tz)=| O 0 0 0 0 0|=(00 0],
0 0 0 &(p,g,r) 0 O 0 0O
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If t, has a white root, then it follows that

0 ni(par) O 0 0 0 0 0 (m)(p.qr)
Fr(ty)F* ()= O 0 0 0 0 we(pgr) |=( 0O 0 ,
0 0 0 0 0 0 0 0 0

so that ifts has not a box root, thef* (t1)F*(t2) F*(t3) = 0 once again. In all cases whetet, andts
have not their roots with colours in the order black/white¢bwe thus get dito) = 0. In particular,
if m=3l+1orm=3l + 2, then there is necessarily such a sequence of three consecees and
div(o)=0.0

Theorem 11 A one-stage additive Runge-Kutta method forme@dt, bl = (61, 1), (A2, bZ) =
(6,,1), and (AL bl¥) = (85,1) is volume-preserving for systems of the fg@29)if and only if

(61—1)(62—1)(65— 1) = 616,65. (4.30)
Proof. Consider an aromatic multi-indgx = (i[ll] : ..i[fl]) composed of Bindices with colours in

black/white/box order and lat = (@, ..., k) € Ck(p). Since all quantities are scalar, the indices

i[ll],...,i[;l] take one and only value 1. Hencekif, k» andks denote the number of cuts before a

respectively black, white and box root, we have
K I—ky ol —ko ol —k
W) =[] w(@) = 6,6, *2e,™,
=1

and such a value af(v) can be obtained in

() (e ) (&) s

different ways fromp with k = k; + ko + ks cuts. Hence, the condition for volume preservation

becomes
3z| (*1)k z < | > < | > < | > 6|*k10|7k26|7k3 — O
k=1 K+ kg =k, ke ka ks SR ’

0<ky.kp.kg <1
i.e., if (4.30) holdsO
Example 6 The method corresponding {61, 6,,63) = (0,1/2,1) (i.e. Explicit Euler / Midpoint /
Implicit Euler) can be written for systems of the fof#n29)as
pL = po+h(

g1 = Co+h¥(r)
ro-+hs#(po)

Q1+QO)
2

ry
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and is thus explicit, and it is equivalent to the compositibrexact flows for !, i@ and 3. As
additional example, considéib;, 6, 63) = (1/3,4/3,1/3), so that the corresponding additive RK
method reads

P = po+§<?(Q) pp = po+hZ(Q)
Q = W+39R m = q+h¥(R
R = ro+3#(P) pr = pot+h#(P)

and is not explicit.
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