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Normal form and long time analysis of splitting schemes
for the linear Schrodinger equation.

Résumé : We consider the linear Schrédinger equation on a one dimensional torus and
its time-discretization by splitting methods. Assuming a non-resonance condition on the
stepsize and a small size of the potential, we show that the numerical dynamics can be
reduced over exponentially long time to a collection of two dimensional symplectic systems
for asymptotically large modes. For the numerical solution, this implies the long time
conservation of the energies associated with the double eigenvalues of the free Schrédinger
operator. The method is close to standard techniques used in finite dimensional perturbation
theory, but extended here to infinite dimensional operators.

Mots-clés :  Splitting schemes, Schréodinger equation, perturbation theory, long-time
analysis, KAM theory, symplectic integrators



Splitting for the linear Schrodinger equation 3

1 Introduction

In this paper, we consider the time-discretization of the linear Schrédinger equation by
splitting methods and analyze the long time behavior of the corresponding “numerical”
solution. Since no approximation in space is made, the problem is infinite dimensional, and
the classical theory used in the case of ordinary differential equations cannot be applied. In
particular, the long time behavior of the solution cannot be understood by the use of classical
backward error analysis, see [6, 9]: In the finite dimensional case, a stability argument is
invoked by assuming that the numerical solution lies in a compact set of the phase space
over very long time. In infinite dimension, the corresponding assumption would require the
a priori control of the regularity of the numerical solution over long time (see [3, 8] for the
case of the non linear wave equations).

In the case of splitting methods, exponential methods or standard methods for highly
oscillatory equations, it is well known that for some values of the stepsize resonances appear,
making the a priori assumption of uniform conservation of regularity irrelevant. In this work,
we consider one of the simplest possible situations: The case of a splitting method applied to
the linear periodic Schrédinger equation with an analytic potential in one space dimension.
Moreover, we will consider the splitting scheme as a multiplicative symplectic perturbation
of the free linear Schréodinger propagator, and show the quasi persistence of the conservation
properties over exponentially long time with respect to the size of the potential.

Before going on, let us mention that another possible way to analyze these problems could
be using modulated Fourier expansions: See [4] where the techniques used to analyze the
exact solutions of non linear wave equations are clearly aimed at being applied to numerical

analysis.
Let us consider the linear Schrodinger equation in one space dimension
0 o2
x

where ¢(x,t) is complex function depending on the space variable € T := R/27Z and the
time ¢ > 0. The potential V() is a real function and the function ¢° is the initial value at
t = 0. In the following, we write A = 9., the Laplace operator in x so that the equation
(1.1) reads

i0rp(t) = Ho(t), ¢(0)=¢", with H=-A+V. (1.2)

For a given time step h > 0, we consider the approximation scheme
o(h) ~ exp(ihA) exp(—ihV)p(0) (1.3)

where by definition, exp(ihA)yp is the solution ¥ (t) at the time ¢ = h of the equation

i0p)(t) = —A(t), with $(0) = ¢, (1.4)
and similarly exp(—ihV)¢p is the solution ¢ (t) at the time ¢t = h of the equation
i0(1) = V), with $(0) = p. (15)

RR n° 0123456789



4 Dugardin & Faou

If the potential is smooth enough, it can be shown that the approximation (1.3) is a first
order approximation of the solution of (1.1), see [10] and [2]| (where the non linear case
is studied). Note moreover that the propagator associated with (1.3) is L2-unitary and
so the scheme conserves the L? norm as the exact propagator associated with (1.1) does.
Splitting schemes are widely used to approximate the solution of (1.1) as they are simple
to compute using fast Fourier transform: The free Schrodinger part (1.4) can be computed
easily in terms of Fourier coefficients, while the solution of (1.5) is treated as an ordinary
differential equation on the corresponding grid. Note also that the Lie splitting scheme (1.3)
is conjugated to the Strang splitting so that the long time behavior of these two schemes
are equivalent (see Remark 2.5 below).

In the finite dimensional case, the behavior of splitting methods for hamiltonian systems
is now well understood, see for instance [6]. In particular, the use of the Baker-Campbell-
Hausdorff formula shows that for a sufficiently small stepsize depending on the highest
eigenvalue of the problem, there exists a modified hamiltonian for the propagator (1.3). The
numerical flow can thus be interpreted as the exact solution of a hamiltonian system, at
least for exponentially long time with respect to the stepsize. This result holds true for
the linear and the non linear case. When moreover the system is integrable, the techniques
of classical perturbation theory apply, and it can be shown that the modified hamiltonian
associated with a symplectic numerical method remains integrable, and that invariant tori
persist over exponentially long time, see [6], Chapter X, and the classical references therein.

It is worth noticing that in infinite dimension, the persistence of invariant tori for hamil-
tonian PDEs is a very difficult problem even for the exact solutions, and a lot of progress
have been made very recently. For the case of the non-linear Schréodinger equation, we refer
to [1] and [5] for results in this direction.

In our case, though the initial equation is linear, the splitting propagator can be viewed as
a non-linear function of the infinite dimensional operators —A and V', and we use techniques
similar to the one used in classical perturbation theory to put the propagator (1.3) under a
normal form that will give information on the long time behavior of its solution.

The idea is to consider for a fixed time step h the family of propagators

L(A) = exp(ihA) exp(—ihAV), X ER, (1.6)

and to assume that V is analytic. For A = 0, we see that L(0) is the free linear Schrédinger
propagator. The corresponding solution can be written explicitly in terms of Fourier co-
efficients. The dynamics is periodic in time and there is no mixing between the different
Fourier modes. The regularity of the initial value is preserved.

In the case of the splitting scheme (1.6) for A\ # 0, we show that after a linear change
of variable realized by a unitary operator satisfying exponential decay conditions on its
coefficients, the propagator L(\) can be put under a normal form and written as an almost X-
shaped unitary operator, up to exponentially small terms with respect to A. The coeflicients
of such an operator vanish, except possibly on the diagonal and the co-diagonal and for
asymptotically large modes with respect to A. This implies the existence of two-dimensional
invariant spaces in the new variables, made of functions with zero Fourier coefficients except

INRIA



Splitting for the linear Schrodinger equation 5

possibly at the indices k and —Fk for a given k € N. This result is valid for modes kK < A\7¢
where o > 0 and for exponentially long time with respect to A.
To show this result, we use the following non-resonance condition on the stepsize (see

[6, 11]): there exist v > 0 and v > 1 such that
_ Jihk
VkelZ, k#0, ‘T > k7. (1.7)

It can be shown that for a given hg > 0 close to 0, the set of stepsizes h € (0, h) that do
not satisfy (1.7) has a Lebesgue measure O(hj™") for some r > 1 (see [6, 11]). The precise
results are given in the next section.

Using this almost X-shaped representation, we can analyze the long time behavior of the
numerical solution and show that the dynamics can be reduced to two dimensional linear
symplectic systems mixing the two modes k£ and —k for £ < A™7. This implies in particular
the quasi-conservation of the regularity of the initial solution for these asymptotically large
modes.

2 Statement of the results

In this section, we give a precise formulation of the result and its consequences for the long
time behavior of the solution. We then give a sketch of proof and the major ingredients
used in the recipe. We conclude this section by showing with numerical experiments the
necessity of the non-resonance condition.

2.1 The results

For a function ¢ € L?(T), the associated Fourier coefficients, for n € Z, are given by the

formula
1

1[)n = %/Te_mmd)(x)dx.

In all this paper, we identify a function ¥(z) and its Fourier coefficients on T, this means
that we will write for all n € Z, ¥, for 1, and identify the collection (¥n)nez with the
function 1 itself. We denote by ||| = (3,7 [¢n|?)!/? the L? norm on T. We also identify
operators acting on L?(T) with operators acting on [?(Z). Such an operator S can thus be
characterized by its complex coefficients (Si;)(ijjezz- If ¥ = (Yn)nez € CZ, the product
¢ = Sv is defined by the sequence ¢ = (,,)nez of CZ with components ¢,, := > kez Snkk,
provided the summation makes sense. For example, the bounded operator defined as the
multiplication by V acting on L?(T) is identified with the bounded operator (also denoted
V') whose coefficients are given for all (i, j) € Z2 by Vi; = Vi_j.

For two operators A and B, the product AB is the operator whose coefficients are given
formally by the equation

V(i,j) € Z*, (AB)ij =Y AyBy;. (2.1)
kez

RR n° 0123456789



6 Dugardin & Faou

For a given operator S = (S;;)i jez, we denote by S* its adjoint with coefficients
N 2 * <
V(l,])GZ R SijZSji

where the bar denotes the complex conjugation. We say that S is symmetric if it satisfies
the relation S = S*.
For an operator S and p € RT, we define the analytic operator norm

Isil, = sup (eplk—€||5k£|) (2.2)

and we set A, the space of S with finite norm ||S||p < 0o. The space S, denotes the space
of symmetric operators of A,.
We define moreover the set of X-shaped operators X, made of the elements of X € A,

for which we have
X #0 = |k| = |€|

We define the analytic norm for functions
Il = sup (1| )
kEZ
for a given positive number p, and set
Uy = {2 | o, < o0}

the corresponding function space’.

Hypothesis 2.1 We assume that there exists a function V and py > 0 such that V is
analytic on a complex domain containing the closure Q of T +i(—pv, pv) and such that for
all x € T, V(z) = V(x) € R. Therefore, if My denotes the maximum of the function |V|
on Q, we have for all n € N, HV”HW < My by Cauchy estimates. In other words, for all

neN, V*eS,, with norm bounded by My;.
For a given K > 0 we define the set of indices
In ={(k,0)eZ | |k|<K or [{|<K}. (2.3)
We then set X pK the set of operators that are almost X -shaped in the sense where
Xio #0 = (|l =1l or (k,0) ¢ I)

The aim of this paper is to prove the following conjugation result for the propagator:

IThe notation || - || , is not ambiguous: If an operator W is induced by a function, i.e. if W;; = 'J)i_]- for

(i,5) € Z2 and for a function ¢ with Fourier coefficients ¢, n € Z, then we have ||W|| )= [[9]] o

INRIA



Splitting for the linear Schrodinger equation 7

Theorem 2.2 Assume that V satisfies Hypothesis 2.1 and let L()\) be defined by (1.6).
Assume v > 0 and v > 1 are given. There exist positive constants Ay, o and ¢ depending
only on 'V, v and v, such that for all stepsize h € (0,1) satisfying (1.7), there exist families
of operators Q(X) and X(N\) analytic in X for |A| < Ao such that for X € (0, \o),

Q) €Ay ya and S(A) € XN with K=\ (2.4)

P

where 0 =1/(32(v + 1)) > 0,

Q) ~ Tl <X/ and [S() - <AV, (25)
and
QN)'Q(\) =1d, and Z(N)*'E(N\) =1d, (2.6)
and such that the following relation holds:
QINLANQA)™ =X(A) + R(A). (2.7)
Moreover, the remainder term R(X) satisfies, for A € (0, o),
IR, /5 < exp(=cA™?). (2.8)

Roughly speaking, the preceding result shows that after a unitary change of variables
close to the identity in some analytic operator norm, the dynamics can be reduced, up
to exponentially small terms, to the action of 3(\) which decouples into 2 x 2 symplectic
systems for each modes +k. This is valid for asymptotically large modes |k| < A77. More
precisely, if ¢ is a function and if ¢ = X(\)p, we have for |k] < A7,

()= (0w () 29

where the 2 x 2 matrix in this equation is close to the diagonal matrix with entries e‘ihkz,

and is unitary. This implies that we have for all k such that k] <A77,
[nl® + [o-il® = lonl* + o] (2.10)

Combining the conservation law (2.10) of () with the exponential estimate (2.8) will allow
us to derive long time bounds for the iterates of L(\).
In the following, for a function ¢, we use the notation

oI5 = lwol* and Yk e Z\{0}, oIk = loxl® + |o-sl? (2.11)

to denote the energies at the frequency |k|.
Moreover, for s > 0 we introduce the norm?

lell, o =sup ((1+k)°|¢lk) . (2.12)
’ k>0

2Note that ||| o o < 0o implies that ¢ is in the Sobolev space H5~1/2=¢ for all ¢ > 0. If for instance
el < oo for some s > 1/2 then ¢ € L2

RR n° 0123456789



8 Dugardin & Faou

Using the preceding remark and the estimates on the remainder term, we can show the
following corollary, which yields long time results for the approximated solution:

Corollary 2.3 We use the notations of the previous Theorem. For n € N, we set " =
L),

(i) There exists a constant C > 0 depending only on V, v and v such that for all h € (0,1)
satisfying (1.7), all X € (0, o), n < exp(cA™7/2), and ¢° € L*(T),

VEEN, k<A™ [k — ¢k | <OV - (2.13)

(i) Assume that s > 1/2 is given, and let s’ be such that s — s’ > 1/2. Then there exists a
constant cs depending only on V, vy, v and s, such that for all h € (0,1) satisfying (1.7), all
A€ (0,M), n < exp(cA™9/2), and ¢° such that ||c,00HS_DO < +o00, we have

sup  ((L+R) (1o = 6%l | ) < e 210, - (2.14)
0<k<A—@ ;

(iii) For all p € (0, py/5), there exist positive constants po and C (depending only on V,
v, v and p) such that for all h € (0,1) satisfying (1.7), all X € (0, A0), n < exp(cA™7/2),
e (0,/10) and QDO € Up;

sup (e* |16k — [¢le | ) < N6 (2.15)
0<k<A—©

Remark 2.4 We could also diagonalize the 2 X 2 matrix in (2.9). As the eigenvalues are
close to eith, we could obtain this way a quasiperiodic behavior of the numerical solution in
suitable coordinates, with frequencies of the form k2 +O(A'/?). However, as "+ is a double
eigenvalue of the limit matrix, this would not imply the continuity of the transformation in

terms of the small parameter A. [ ]

Remark 2.5 The same results hold true for the family of Strang splitting propagators
exp(ihA/2) exp(—ihAV) exp(ihA/2)

which is conjugated to the Lie splitting scheme (1.6) by the operator exp(:hA/2) that defines
an isometry between all A, spaces. [ ]

Remark 2.6 The choice of py /4 and py /5 in Theorem 2.2 is made for convenience in the
proof, and could be replaced by any number of the type py —§ with 0 < § < py. This would
only change the values of the constants in the statements. [ |

INRIA



Splitting for the linear Schrodinger equation 9

2.2 Sketch of proof

The proof of Theorem 2.2 is divided into several steps. We describe here the main arguments:
(i) Operator formal series. We first seek the operators Q(A) and X(\) as formal series
of the form

Q) =>_X"Q, and T(\)=> AT,

n>0 n>0

where for all n € N, the coefficients of the operators @,, and X,, satisfy exponential decay
conditions of the form (2.2) and where the equation

QINLNRQM)" = X)) (2.16)

is satisfied in the sense of formal series. Note that as V' is a bounded operator, the formal
series L()) is in fact a power series in .

In order to ensure the fact that Q()\) and X()) are unitary operator, we introduce the
“logarithm" formal series

S =Q"(i0AQ) and X = X*(i0yY)

and we will impose to the coefficients of the formal series S(\) and X (A) to be symmetric.
Writing down the equation for the coefficients, we see that for all n > 0, S,, and X, have to
satisfy an equation of the form

S, —ehAS,e A L X, =G, (2.17)

where G, is symmetric and depends on V, S, and X, for p=0,...,n — 1. The studying of
the homological equation (2.17) is thus the cornerstone for the recursive construction of the
operators. The goal of the first part of Section 3 is to make explicit the recursive relations
(2.17).
(ii) Solution of the homological equation. In the second part of Section 3, we consider
the equation

S —ehASeA 1 X =G

where G is a given symmetric operator. In terms of coefficients, as the Laplace operator is
a diagonal operator with entries —k?2, k € Z, this equation can be written

(1- 6ih(k27z2))5ke + Xie = Gre

for (k,¢) € Z2. We see that in the case where k? = (2, this imposes the value of X,. This is
the reason for the introduction of X-shaped operators. Moreover, a problem of small divisors
may appear when h(k? — ¢2) is close to a multiple of 2. The use of the condition (1.7)
allows in principle to determine a solution

1

Ske = 1 _ gih(k>—£2)

Gre

RR n° 0123456789



10 Dugardin & Faou

for k% # (2. However, (1.7) and the previous equality do not imply that S is in a space of
exponentially decaying matrices A, for a suitable p if G is. This is due to possible unbounded
coefficients k + £ in the term |k? — ¢2|. This is the reason for the introduction of the set
of indices I in (2.3) and the corresponding Ix-solution of the homological equation (see
Definition 3.1 below). This explains the final form of the propagator X(\).

Thanks to the non-resonance condition (1.7), we are now able to state a result for the

Ix-solution of the recursive homological equations, see Proposition 3.2. In particular, we
obtain the estimates (3.18) which are familiar in backward error analysis and in classical
perturbation theory.
(iii) Estimates and optimization of the constants. Sections 4 and 5 are the most
technical and show the precise estimates of the Theorem. Using I x-solutions of the recursive
homological equations, we can prove analytic estimates for the coefficients 5,, and X,,: see
Proposition 4.1. We obtain that for large n, these coefficients behave like

(K(xnﬁ)n

up to some constants, and for suitable positive coefficients o« and . Though the series
diverge, we can define for a fixed index NN, the corresponding truncated series and opera-
tors QVI(\) and ZIVI()) that satisfy the equation (2.16) up to a remainder term RN ())
depending on N. We then use these estimates to give a bound for the remainder term, see
Proposition 5.3. Roughly speaking, the remainder term is bounded in a suitable .A, space
by

(AK*NAN
for A € (0, \p) and up to some constant. We then take K and N proportional to a negative
power of A to obtain an exponential estimate of the form (2.8).
(iv) Proof of Corollary 2.3. Section 6 is devoted to the proof of this corollary. The idea
is to use the almost X-shaped form of 3(\) and the estimate (2.8) of the remainder term
R()). We divide the phase space into the spaces {¢|¢r = 0, |k| < K} and {¢]|pr =
0, |k| > K}. If mx denotes the L?-orthogonal projection onto the latter space, the almost
X-shaped structure of ¥(A) implies that [Z()), 7x] = 0 so that these spaces are invariant
by X(A). The ingredients to show the results are the following two key estimates: If for all
n € N, we set ™ = Q(\)p"™ we prove that for n < exp(cA~7/2) we have

VO<k <K, |[[9" = [0°] < Cexp(=cA™7/2)[|¢"

for a constant C' depending only on V and the parameters appearing in the non-resonant
condition. This shows the extremely good conservation of the energies at a given mode
k < K = A7 in the “new" variables, and yields easily the estimates of the corollary for
™. In order to get back to the original variables, we have to control the modes with indices
greater than K by showing that for n < exp(cA~7/2),

Imxcd™ || = I y®|l| < Cexp(=eA™7/2) ¢

where C' does not depend on A. The results are obtained by combining these two estimates,
and by using the fact that for a smooth function, the term ||7x°|| is small for big K = A\77.

INRIA
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2.3 Numerical experiments

We consider the case where the potential function and the initial value are given by

3 2
Vi) = —— d @)= —FF—.
() 5 — 4 cos(z) and () 2 — cos(z)
We use two different stepsizes:
27

The first stepsize satisfies the non-resonance condition® (1.7) while the second is obviously
resonant. We use fast Fourier transformations to compute the solution of (1.3). In Figure
1, we take N = 27 + 1 = 129 Fourier modes. We make 106 iterations, and we set A = 0.1.
We plot the first 5 energies ™|, k = 0,...,4 in logarithmic scale. We see that if the
non-resonance condition is not satisfied, the conservation properties are lost.

In Figure 2, we use N = 29 + 1 = 513 Fourier modes and plot all the energies for 10°
iterations with A = 0.01. We see the growth of high order modes (recall that the L? energy
is conserved).

log of energies
N
log of energies

B b i s
0 2 4 6 8 10 )
Iterations x 10° Iterations x10°

Figure 1: Energies of the 5 first modes in logarithmic scale, A = 0.1. Non-resonant stepsize
(left) and resonant stepsize (right)

3 Formal series and homological equation

3.1 Operator formal series

We now start the proof of Theorem 2.2. In this Section, we consider all the operators as
formal series operators in A\. We show rigorous estimates in the next section. Let A(\) =

3We thank Z. Shang who showed us this fact.
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12 Dugardin & Faou

log of energies
log of energies

Al

LRI
2 4 6 8 10
Iterations 4 Iterations 4

-10
0

Figure 2: Energies in logarithmic scale, A = 0.01. Non-resonant stepsize (left) and resonant
stepsize (right)

Yonso A" Ap and B(A) = > ., A" B, be two formal series with operator coefficients A,, and
B,,. The product A(A\)B(\) = C()) is the formal series C(\) = 3_, -, A"Cp, with coefficients

Cn = ZAanfkv n >0,
k=0

where the product between Ay and B,,_y is the operator product defined in (2.1). Similarly,
we can define the action of the derivative in A on formal series by

AN =D A (n+ 1) Anga

n>0

for a formal series A(A) =3, 5, A" A,.

Recall that L()) is given by (1.6). As a formal series in A\, we write

L) =Y %eihA(—ihV)”.
n>0
We thus have the relation
iOAL(\) = " hVe MAL(N) and L(0) = A,
We now seek formal series Q(A) = >, 5o A"@n and X(A) = > o A"E, satisfying
QINLNQM)" =X\ (3.1)

such that
QAN)*QN) =Id and X(N)*E(N) =1d (3.2)

INRIA



Splitting for the linear Schrodinger equation 13

and where 3()\) is an X-shaped operator.
Taking the derivative i0y of the equation (3.1) we get

((0\Q)LQ" — QL(i\Q)* + hQe" 2 Ve A LQ" = io)%:

whence

Q*(i0rQ)L — L(i0x\Q)*Q + he" Ve AL = Q* (i0\%)Q. (3.3)
We introduce the operators
S=Q%(i0A\Q) and X =X*(i0\X).

The formal series @ and ¥ can be reconstructed from the series S and X using the initial
conditions Q(0) = Id and ¥(0) = 4.

Note that if the formal series S and X are symmetric, ) and X are unitary (i.e. satisfy
(3.2)). Moreover, if X an X-shaped operator, ¥ will also be X-shaped.

Assuming S is symmetric, the equation (3.3) can be written (we use ¥ = QLQ*)

SL— LS+ he"Ve ™AL = Q*SXQ = LQ*XQ

whence, as V and eV

commute, and as L*L = Id,
S—L*SL=hV —Q*XQ. (3.4)
Our formal series problem will hence be the following: Find formal series S(\) =
Yonso A" Sp and X (A) = > oo A" X, such that for all n > 0, S} = S,, X;; = X,, and
X, is a X-shaped operator, satisfying the equation
S(A) = L*(A)S(ALA) = AV = Q" (N X(N)Q(N) (3.5)
where the operator () satisfies
Q) =QN)S(A), and Q(0)=1Id. (3.6)

The operator ¥ will then be reconstructed using the formula

i0AX(\) = 2N X()), and X(0) = 4, (3.7)

3.2 Coeflicients

We now write the previous formal series equations in terms of the coefficients of the operator
formal series. The equation (3.6) can be written: For all n > 0,

i(n+1)Qni1 =Y QrSn—k. (3.8)
k=0

RR n° 0123456789



14 Dugardin & Faou

The equation (3.7) yields similar relations for 3,, and X,,. Note that we impose Q¢ = I and
Eo = eihA.
Let us write the coefficients of the equation (3.5): For all n € N,

] p X . 3 r
Si— 30 Meﬂmsqezmw:gghv_ S QX,Qn  (39)

p! 7!
p+g+r=n p+g+r=n

Assuming that Sy and X} are determined for k = 0,--- ,n — 1 and that they are sym-
metric, the equation (3.9) can be written

S, —e hAG oA L X, = 60hY

_|_
{p+q+r=n|qg#n}

((ihp‘!/)pe_ihASqeihA% _ Q;XqQT) . (3.10)

Since the summation set is symmetric in r and p, the right-hand side of this equation is
symmetric.
We thus see that for all n, we have to solve a homological equation

S, —e hAG A L X, =G, (3.11)

where G,, is symmetric, and where we seek S,, and X, symmetric with X,, a X-shaped
operator.
Let us first consider the equation (3.10) for n = 0. We have

So — 6_“LAS()€MA + Xo = hV. (312)

The operator A is diagonal with entries —k2, k € Z. Hence for (k,f) € Z2, the previous
equation can be written

(So)re(1 — 6ih(k27z2)) = hVie — (Xo)we

so that we can choose for k? # (2, under the condition that h(k? — ¢?) is not a multiple of
27,

1
(So)kf = 1 _ eih(k2—£2) hVie and (XO)kZ =0 (313)

so that X, is X-shaped. For k% = ¢2 the previous equation degenerates, but we can take
(So)ke =0 and  (Xo)ke = hVie.

The previous equations define symmetric operators Sy and X, and X is X-shaped. By
induction, the formal series problem of the previous subsection is then solved. However, we
cannot obtain estimates in A,-spaces for the operators, even if i satisfies the estimate (1.7).
The reason for this is that using (1.7), the equation (3.13) yields the following estimate, for
k#L,

|(So)kel < 77 HE? — 217 |Vie|
and the fact that V' € A,, does not implies that Sy € A, for a suitable p. This is due to
possible unbounded coefficients & + /.
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Splitting for the linear Schrodinger equation 15

3.3 Solution of the homological equation

It is worth noticing that the above equation (3.11) is underdetermined. The previous com-
putations motivate the introduction of the following solutions of the homological equation:

Definition 3.1 Let G be a symmetric operator and K > 0 be a real number. Assume that
h € (0,1) satisfies (1.7). Let us consider the equation:

S —ethAgehd L X = @, (3.14)

We define as Ix-solution of the homological equation (3.14) the symmetric operators S and
X defined for (k,1) € Z* by

S ;G
if (k,0) € I and |k| # |/, w 1 — eih(k2—2) 7RO (3.15)
Xke = 07
See = 0,
otherwise, if (k,?) ¢ Ik or |k| = |¢|, (3.16)
Xie = Gre,
where I is defined in (2.3). [ ]

With this definition, the following theorem yields the cornerstone of the solution process:

Proposition 3.2 Let G € S, for a given p > 0. Assume that h satisfies (1.7) with the
constants v and v. Let S and X be the Ik -solutions of the homological equation

S — e thAGehA L X = @ (3.17)
for a given K > 1. Then for all § such that 0 < < p, we have S € Sy—5, X € S, N XPK,

and the following estimates hold:

KY [40\%
5(%) nel, e 1x1, <, (3.15)

Proof. The fact that HXHP < ||G||p is clear from (3.16).
Using (3.15) and (1.7), we have for (k,¢) € Ix and |k| # |{|,

181, _, <

1
|Ske| < %W — "Gl

But for (k,¢) € Ik, we easily see that |k + ¢| < 2K + |k — ¢|. Hence we have
|k% — %2 |k — 22K + |k — ¢))?

20k — (2(4K% + |k — ¢)?)

SK2|k — 0> + 2|k — ¢|*

16Kk — ¢|*

IAIA NN
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16 Dugardin & Faou

and therefore |k? — 2|V < 22V K"|k — ¢|*. This implies that for all (k,¢) € I with |k| # |¢],
K" 2v 2v —plk—2]
Sul < -2k — G e,

Hence, for all (k,¢) € 72,
Kl/

Sy plelP=ONk=t « 2
|Skele <7h

22VHG||p |]€ o €|2u676\k7€\.
The fact that for all (k, /) € Z2,
2 2v
k—¢ 2v,—0lk—L] ~ [ 22
k=™ S
allows to conclude. [ ]
In the next section, we will consider the recursive solutions of the collection of equations

(3.10) by induction on n using the Ix-solutions of the homological equation and the previous
Proposition.

4 Estimates for the coefficients

We now give estimates for the coefficients of the formal series S(X), X (A) and Q(A) given by
the recursive Ix-solutions of (3.10) for a fixed K > 1. Recall that V is assumed to satisfy
Hypothesis 2.1.

Let us first consider the operators Sy and Xy given by the Ix-solution of (3.12). Using
Proposition 3.2, we have for all 0 < § < py

KY s4vN\2v
IS0l < MVT(E) and | Xo| < hMy. (4.1)
In particular, there exists a constant C' depending only on V', v and v such that
||SOHPV/3 < KYC and ||X0||pv/3 < hC. (4.2)

Moreover, since Qg = Id, we have that ||QOHW/3 =

The goal of this section is to prove the following result:

Proposition 4.1 There exist constants Cy > 1 and Ky > 1 depending only on V, v and
v such that for all K > Ky, and all h € (0,1) satisfying (1.7), if we denote by (Ss)r>0,
(Qr)s>0 and (X ) s>0 the operators obtained by the iterative Ik -solutions of (3.10), we have
forall J > 1,

o J
1551, 5 +lQul,, 5 < (CoK*J?)"  and (4.3)

- J
X5, 5 < h(CoK®J%)", (4.4)

where « = 2v and § = 4v + 3.
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Before giving the proof of this proposition, we first give the following lemma that provides
a bound for the product of two operators with exponential decay of coefficients away from

the diagonal:

Lemma 4.2 Let p >0 and 6 > 0. Let A€ A, and B € Ayy5. Then the products AB and

BA are in the space A, and we have the estimates

|ABI, < Cs Al IBI ., and [BA|, <Cs Al IBI,,.

where Cs = (14+e7%)(1—e®)7t > 1.
Proof. By definition, we have for (k,¢,m) € Z3
el < A e and Byl < |1B] el
This implies that for all (k,m) € Z2,
|(AB)km|€p\k—ml < ”A”p ||B||p+a eplk—m| Ze—p\k—é\e—(p+6)\€—m|_
LEL
The last sum can also be written after the change of index £ — ¢ + m,
Z g Plk—t=ml o—plt] ,—5l¢| < Z e—plk—ml +plt] ,—ple] ,—dl¢|
LeZ LET
where we used |k —m| — |[¢| < |k —m — {] for all (k,m,¢) € Z3. We thus have
—]¢|
1ABI < Al 1B] ;> e
LeZ
and we easily compute that
3ol = Ige™
1—e9
LeZ

which yields the first inequality in (4.5). The second is proved similarly.

Proof of Proposition 4.1. Let J > 1 be a fixed integer. We set 6 = py(2J + 1)~

for j € {0,...,J+ 1}, pj = pv —jé = (2J + 1 — j)0.
In the following, for all operator A and for j € {0,...,J + 1}, we set

14l 5, = 141, -

Note that if 0 < j < k < J + 1, then ||A||(k) < ||A||(j). Moreover, HAH(O) = ||A||pv

1AL Gy = HAL,, sy 2 1AL, 5
The relation (4.1) and the fact that Qg = Id yields with the previous notations:

K" r4v
[1:S0 < Mv—(—
v \ed

2v
H(l) > ) ) ||X0H(O) < hMy and ||QOH(O) =1.

We now seek recursive bounds for the norms [|.5}| (+1)° [1X511 ) and || Q| &) forj=0,...

RR n° 0123456789
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18 Dugardin & Faou

The relation (3.8) and Lemma 4.2 ensure that, for n =0,...,J — 1, we have

(n+ DIQurall ) < ;} 1QuSn—kll ey < C5 DNl 1y ISn—kll 1y -

k=0
Hence we get the following estimate for all n =0,...,J — 1:
C(s n
1Q@ns1ll iry < 727 kZ_O Qg 1Sl gy (4.8)
Let us denote, for n € N*,
1 (V)P _inaq ina (ZEhV)"
b= Y e e CHTY

{p+q+r=nlg#n}

and G = — Z QpXqQr
{p+g+r=n|g#n}

the two members of the right-hand side of the equation (3.10). Lemma 4.2 implies that we
have, forn=1,...,J,

1 . —1 ih .
|\G117,|\(n) < Z WH(WV)”@ hA G, ehA (—ihV)

! H (n)
{p+q+r=nlg#n}

1 ; —i i ;
< Gy VP, llem RS (—iny)

{p+q+r=nlg#n}

+ih A

Since the coeflicients of the diagonal operators e are of modulus one, Lemma 4.2 yields

1
1 2 . . r
1Ghlly < G5 3 VYl Sl IRV T,

{p+q+r=nlg#n}

1 - - T
< R I gy | VY
{p+q+r=n|g#n}

Using the hypothesis on V', we obtain foralln=1,...,J,

(th)erT
p+g+r=nlg#n
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Splitting for the linear Schrodinger equation 19

Similarly, for n =1,...,J, we have

2 *
G, < DD [[#35, et i

{p+g+r=n|q#n}

1Y @l 1Kl Q-
{p+q+r=n|p,q,r#n}

IA

Since Cs > 1, we can write
2 2
1< Y @l Xl I, - (4.10)
{p+g+r=n|g#n}
Now using Proposition (3.2) for the Ix-solution of (3.10) we have forn =1,...,J,

K" sdu\2v o )
ISy < T3 () (1680, +1G30 ) (4.11)
and  |IXall, < G+ G2, - (4.12)

These estimates, together with (4.8), (4.9) and (4.10) give recursive relations between the
coefficients ([, Jo<j<s, (1QslJo<j<s and ([ X ;)o<j<-

Let us define the numbers (s;);>0, (d;)j>0 and (x;);>0 as follows:

4dv

2v
) , qo=1 and x9g=hMy,
ed

So = Mv—(
v

and for all n € N*, with k = {Y(—; (i—g

hMV p+r
S, = an Z (%sq + qurXq) )
{p+q+r=nlg#n} o

C n—1
5
dn = —E dESn—k—1,
n
k=0

2v
)

hMV p+r
Xp = C(? Z (%sq +qpqrxq) .
{p+g+r=n|g#n} o

By induction, using the equations (4.8), (4.9), (4.10) and (4.11) we have that for j =0, ..., J,

15504y <550 1Q1, <a; amd [ X, < xg.
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20 Dugardin & Faou

We then define the corresponding power series

s(t) = ant”,

n>0

n>0
and  x(t) = ant”.

n>0

By definition of the coefficients of these series, we have the following formal identities:
(1- KC2(2hMvt _ 1)) s(t) —so rC3x(t)(q(t)* — 1),
q'(t) Css(t)a(t),
x(t) = r7ls(t),
where g’ denotes the derivative of q with respect to t. We then derive that q(¢) is solution
of the following ordinary differential equation
q/(t) _ SOCSq(t)
1 — C2(k(e2hMvt — 1) + (q(t)? — 1))
The study of this equation will give us bounds on the coefficients q;. It is clear with the
previous relations that for sufficiently small ¢, the function s(t), q(t) and x(t) are analytic in

t. Moreover, the following Lemma, whose proof is given in Appendix, gives a bound for the
radius of convergence of the corresponding power series:

and q(0) = 1. (4.13)

Lemma 4.3 Let us define
P%/(llil)V e\ 1 3
K{ = max (1, — (@) ) and 17 = 20hMykCy.
For all K > Ky and h € (0,1) satisfying (1.7), the functions x, q and s are analytic in
(—r,7), and satisfy for all t € (—r,r) the estimates:
5V5 V5 5v5

0<s(t) < T5nhMV, 0.8<a(t) < and 0<x(t) < T5hMV.

End of proof of Proposition 4.1: Let us consider the functions s(z), q(z) and x(z) for
complex numbers z. As the coefficients of the corresponding power series are non-negative,
we have for example for all sufficiently small z, |s(z)| < s(|z|) and similar inequalities for
q(z) and x(z). The previous Lemma combined with Cauchy estimates then shows that for
j =J, we have

V5

s; < 5Tnth(20hMV/~;C§)J = 5v5

= T20L’c§c’(/~;th)J+1.
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By (4.7) and the definition of §, we have Cs < 2¢”v§~!. The previous inequality then yields

(recall that k = 5—; (%)21/)5

. o\ JH1
sy < 5\/5 K_ 4_1/ MJ+120J23J€3J/)V5—3J
- 4 v \ ed v
and we easily see that there exists a positive constant C' depending on V', v and v such that
sy < CJK”(J+1)(S_2”(J+1)_3J.
As 671 = (2J + 1)/pv we can modify C to obtain
sy < CJKV(J+1)(2J + 1)(2y+3)J+2u.

Now, since we have HS‘]Hpv/S < ”S‘]H(JH) < sz, we obtain the result with « = 2v and

0 = 4v + 3 after modification of the constant C' to become Cj.

The proof of the other estimates for ”X‘]Hf’v/B and ||QJHW can be obtained similarly from

Lemma 4.3. This finishes the proof of Proposition 4.1 [ ]

Remark 4.4 The coefficients o and § given in Proposition 4.1 are clearly not optimal. For
simplicity, we did not try to optimize them, as well as the constants Cy and Kj. [ |

5 Error estimates

5.1 Construction of the operators

Assume that K > 1 and N > 1 are given. Let us define the following polynomials in A € R

Sy = > a8, and XNy = Y X, (5.1)
0<n<N 0<n<N
where the coefficients S, and X,, are defined by the recursive Ix-solutions of (3.8)-(3.10).
Proposition 4.1 shows that SIVI(\) and XM ()) are operators in the space S, /3 for all
A € R. Lemma 4.2 then shows that the multiplication by SIV(\) or XIVI(\) defines a
continuous linear mapping from A, /4 to itself.
Let us denote by QV()\) and SV ()) the maximal solutions in A, /4 of the following
Cauchy problems

{ i QWI(N) = QN SMI(N), . { i SVI(A) = SV X INI(N),

QIN(0) = 1d, sIN(0) = e, 02

Since A — SINVI(A) (resp. A — XIWVI(X)) is continuous from R to A, /3, QV(X) and
SIVI(A) are defined for all A € R and belong to the space Apy /4
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By construction, the spaces Xf are invariant by multiplication. Combining this and
Lemma 4.2 we see that the multiplication by XV ]()\) defines a continuous linear operator

from lef/ /4 to itself.
ihA :
As e e X%/‘l and as X/fx{//‘l is closed for || - Hpv/4, we have

vieR, sNM)exk .

Since X™I()\) and SIN!()) are polynomial functions of A, 3[V(\) and QIV(\) are con-
vergent power series in A on a neighborhood of 0.
Moreover, as for all A the operator SV(\) is symmetric, the function

A 200 = QN QNI
is solution of the following Cauchy problem in suitable A spaces:

iAZ(N) = [Z(N), STV,
{ Z(0) = 1d.

This implies that for all A € R, Z(\) = Id and hence that QIV()\) is a unitary operator for
all \. A similar argument using the symmetry of X[VI(\) shows that LIV ()) is a unitary
operator.

Let us denote, for A sufficiently small,

—+oo —+oo
QMM => "IN and SNIA) = mlMn
n=0 n=0

where for all n € N, ng] and EL{V] are in A, /4 (the series are absolutely convergent in this
space for A sufficiently small).
For all A € R, we can define the following operator in a convenient A space

RN = @M L)QM (A — sV (N). (5.3)

Using Lemma 4.2, RIVI(\) € A, /5 and in this space, RINI()) is the sum of the following
absolutely convergent power series in a neighborhood of 0:

+oo ;
R[N](A)=ZA"[ > (QLN]e"“ﬂV%QLN])*)—E;N]]. (5.4)
n=0 p+q+r=n ¢

Since Qo = Q([)N} = Id, the relation (3.8) and the fact that Q!N is defined by (5.2) ensure
that
Vne{l,...,N}, Qn=QW.
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Moreover, the operators (S, )neny and (X, )nen satisfy (3.10) for all n € N by definition.
Hence we have in a suitable A space,

SINI — xSV = pv — (QIN1)* XINIQINT - o(AN+1),
We deduce that
SN — £ SINIL, = pv — (QIN1)* (V) * (i, IV QIV] 4+ O(AN+Y)

by definition (5.2) of £V, and the fact that this operator is unitary. Then, since (X[V)* =
(QMIL*(QN)* — (RINT)*, we have

LS — SINIT, = hLv — Q™) * (i, 5N Q)
+ LQWH* RV (10, SN QINT - o (AN +1).
Since SV = (QIV)*(19,Q)) = (SIV])*, we derive that
L(i0AQ™M)* QM — QM) (10, QM) L = hLV — (@) * (i0x 5V QY]
+ LQWH* RN (19, N QN - 0(AN+1).
After left-multiplying this relation by Q¥ and right-multiplying by (QV1)*, we get
QUIL(I0AQ™)" — (10, L(Q™M)”
— QNI A=AV (QIN) g INT — oINT 1 (QIN))* RIN) (79, £INT) o (AN +1),
This relation expresses that
W RN = —QNIL(QW* RV (19, 5IM) 4 o (AN+1).
Noticing that RIV(0) = e”*® — ¢"A = 0, we derive by induction that
YVO<n<N+1,  9FR™M(0) =0.

Therefore, the relation (5.4) simplifies to

+oo 1\q
VEESY A"l > (QLN]eM%mQLN])*)—EL%“ (5.5)

n>N+1 ptgt+r=n

with absolute convergence in A, /5.
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5.2 Estimate for the remainder term

We give now an estimate for the term RINI()). We first give estimates for the coefficients
of the formal series [V and QIVI:

Lemma 5.1 Using the previous notations, there exists a constant C7 > 1 depending only
on'V, v and v such that for all N > 1, alln € N*, all K > Ky, and all h € (0,1) satisfying
(1.7),

1=

IN

o /i h(CLK*NP)"  and (5.6)

QR 4 < (CiKNP)" (5.7)
where a = 2v and B = 4v + 3 are given in Proposition 4.1.

ojt = 1. Moreover, since E[lN] = EEN] Xo and

Proof. Since LV = ¢4 we have |V
we have with (4.2) that ||E[1N]Hpv/4 < hMy. Hence (5.6) holds for n = 1 with a constant

(4 depending only on V' (notice that K > Ky > 1).
Assume now that (5.6) holds with some constant Cy and for all £ < n € N*. By definition
of £V and the use Lemma 4.2 we have

min(n,N)

(V] Coy /12 3 (V]
||En+1Hpv/4 S n‘—/|—1 ||En—k||pv/4HXk||pv/3'
k=0

Using the induction hypothesis and the estimate (4.4) we thus have

min(n,N
C (n,N)

N 0 12 o n—k o .
19000, 0 < 2255 D BCUK NP h(COK k).
k=0

If we assume that C; > Cy we thus have
min(n,N)

hC k7
[N) apByn Mev/12 L
20,0 < MNP IR S ()

1 min(n,N)

< h(ClK(’Nﬁ)”(thv/m)n—H Z 1
k=0

< h(C,KNP)n+!

provided that C; > C,,, /12 and since K > 1. This shows (5.6).
The proof of (5.7) is similar using the estimate (4.3) instead of (4.4). |

The previous Lemma yields the following estimates:
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Proposition 5.2 Using the previous notations, for all K > Ko, all N > 1, all h € (0,1)
satisfying (1.7) and all X € R such that |\ < (201 K*N?)~1, we have

IRM) —1d||, ,, < 2C1 KNI (5.8)

and
=T — e, 4 < 2hCLK NP, (5.9)

Proof. We have
QM) —1d=> QLY

n>1
This implies, using (5.7)
QM) ~1d],, < S (NG KN
n>1

and the result follows straightforwardly. The second inequality is proved similarly. [ ]

We now give an estimate for the remainder term itself. We use the following notation:
For a function f defined in a neighborhood of 0 in R and such that for all n € N, the
derivative f(™(0) is defined, we set

V]

Tn(f)(z Za: f(p) (5.10)

where |-| denotes the nearest integer towards minus infinity.

Proposition 5.3 Using the notations of Proposition 4.1, there exists a constant Cy > 0
depending only on V, v and v such that for all h € (0,1) satisfying (1.7), all N > 1, all
K > Ko and all A € R such that |\| < (201 K*N®)~! we have

RN 5 < (CoAIKP NS EF) N, (5.11)
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Proof. Using Lemma 4.2, the formula (5.5) yields for A € R sufficiently small,

[N]
B, /5
“+00 .
n N (_’Lh)q N\ *
< > W [cl > (10, 51 V@) |,,V/4)]
n>N+1 p+g+r=n
S (V]
n N
+ > At /s
n>N+1
SEN N] h? [N]y+
< X W |OsCae S (10, s o IVEL, s I@YIL, )
n>N+1 ptg+r=n
S [N]
n N
+ > IS [
n>N+1
Using Lemma 5.1 we thus get
[N]
B, 5
+o0 . o h4 q oA Br
< 3 Al S ((ClK NP MO N ))
n2N+1 p+g+r=n
“+o0
+h Y (ACIE*NO),
n>N+1

For z € R such that |z| < (C1 K*N#)~1, we set
f(z) =1 —CK*NPg)~! and g(x) = ehMve,
The previous inequality can then be written
IRNI,, 5 < Cop Coy Tn(F2g)(IN) + hTn (f)(1A])
where Ty is defined in (5.10). Now for all p € N and all # € R such that |z| < (C; K*N”)~1,

we have
d?f (z) = p!(ClKaNﬁ)p
der 7 (1 — CLK*NBg)p+1

and
P ) @ DCEN
dap - (1= C KaNBg)p+2’
and for the function g:
dPg

da? (z) = (hMy )PeMve,
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By definition of T, and as f and g are smooth, we have for || < (2C, K*NB)~1,

AN 4+ (%)
Tn(f29) (I < - sup — (¢
v 8)(A) (V] + D! <o gansy-1 | deVI+ )
|/\|LNJ+1 dLNJ+1f
and T, A < sup — (1
N(f)(| |) (LNJ“F]-)' < (201 Ko NB)-1 dzlNV]+1 ()

As for [t| < (201 K*NPA)~! we have

avl+ty (IN] + 1) (CL KNP NI+
— a B\ | N]|+1
o @)= < 2(|N]|+1)!(2C; K*NP) NI+

®) (1 - C1KeNFAt)INJ+2 =

we derive that (notice that |\ <1/2 <1)
Te((N) < 2020 KN+

(4C, K NPYNFL NN

(16CZ K2 NN AV,

IN N |

Similarly, for [t| < (201 K*N®)~! we have
dLNJ+1(f‘29) [N]+1 (LNJ +1)' dka dLNJ+17kg
0= kzﬂ AT A=
and hence

dWNIFL(r2g) 0
daNI+1

[N]+1
(IN] +1)! (k+ 1) (CLK>NP)k s
- kzo KI(LN] +1 = k)! ( (1 — C1 K*NPt)k+2 ) (hMy )N 1=k ehdvi,

As [t| < (2C; K*N”)~! and as we can always assume that hMy < My < Cy with C; > 1,
the right-hand side of the previous equation is bounded by
[N |+1
geMvteNIT N )
k=0

k+1 k
(20, K“N”
(LNJ—&-l—k;)!( ! )
and hence by

[N]+1 .

AWe( )TN+ DIINT+1) Y (261K°NP)T,

k=0

using the fact that |hMyt| < 1/2. The last factor is equal to
(2C, KNPYINI+2 _ 1
201K0‘N’8 —1
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Since C; K*“N? > 1, this ratio is bounded by
(20, K@ NP)INI+2,
This yields

M (r2g)

e B = 4v/e(C) NN ] + 1IN + 1)(2C, K*NP) NI+

and hence for |\| < (2C1 K“NP)~1,

Tn(f29)(1A) < 4Ve\WIFT (202K ([N ] +1)7+)
< AN (8eCTK“(2N)PHH)N+2
< |)\|N(23(,3+4)630?K3aN3(ﬁ+1))N.

[V |+2

Collecting the previous estimates, we get (5.11) for a suitable constant Cs. |

We are now able to prove Theorem 2.2:
Proof of Theorem 2.2. Let h € (0,1) be a stepsize satisfying (1.7) and consider positive
numbers oy and ox such that

ack + (B+ 1oy < 1/4. (5.12)

For example, oy = ox = 1/(8 max(«, 5 + 1)) = 1/(32(v + 1)) > 0 is a possible choice of
parameters. We make this specific choice to prove Theorem 2.2. For these parameters, we
set for all A € (0,1),

K=\ and N =1/(2C)/Px"~ (5.13)
and we define
Q) =™, =) =sM() and R()) = RMN().

Since oy = ok > 0 and C; only depends on V', v and v, there exists Ag € (0,1) depending
only on V, v and v such that for all A € (0,\g), we have K = A7?¥ > Ky and N =
1/(2C1)YP =7~ > 1. For such a ), we have

(2C1 K NP)~1 = \aox+hon > )

since aok + foy < 1 with (5.12) and A\ < 1.
Therefore, Proposition 5.2 ensures that

HQO‘) _Id||pv/4 < \l—(aok+Bon) < 2\1/2

and |
IS — €AY, < hAT(eortBon) < a1/,

Moreover, Proposition 5.3 ensures that

||R(/\) < (0201—3(,3+1)/ﬁ)\l—(3aoK+3(@+1),7N)N.

||PV/5
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As the exponent of A in the right hand side of this inequality satisfies
1-— (3&0[{ +3(,6+ 1)0’]\7 > 1/4 >0
by (5.12), after a possible decrease of \g (depending only on V, v and v again?), we can

assume that

VA e (07 )\0)
Therefore, we get eventually that for all A € (0, Ag),

IR,

0201_3(54‘1)/5)\17(3ao’K+3(,6’+1)o'N <e L

1
< eiN = e(ch)l/ﬁA
v/5 =

and this finishes the proof of the Theorem.

6 Proof of the corollary

e

—0o

Before starting the proof of Corollay 2.3, we give the following two lemmas:

Lemma 6.1 Let i > 0. Assume that R € A,,. Let ¢ € L*(T) and let v = Ryp. Then for
all k € Z, we have

where || - || is the L? norm for functions and where || - ”u

el <19l <119l < CullRl, lloll

is the norm (2.2) for operators.

Recall that the value of the constant C,, is given in Lemma 4.2.

Proof. By definition, we have for all k € Z,

Uk = Riepr.

LET

Hence, we have with the Cauchy-Schwarz inequality

S| S IRl

keZ (el

L L 2
IRIZ D[S e b1t i e 101

[t

<

A

IN

Using (4.7), we see that

kEZ

LET

IRIZD. | (D e terl) (3 et ?)

]|

kEZ

IN

IN

4We recall that Co only depends on V, 4 and v by Proposition 5.3

RR n° 0123456789

PEZL
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2 _ _
IRIZ G 3 ef? S et

LeZ
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and this yields the result using the fact that for all k € Z,

[l < ¥l < 191 -
| |

Lemma 6.2 Let p > 0 and s > 0 be real numbers. There exists a positive constant C
depending only on p and s such that for all A € A, and all ¢ such that [|¢l| < oo, we

have
lgl, .. < Clalliell, .

Proof. By definition of || - || (see (2.12)), we have

5,00

VEeN, ol <[l (1 +E)"

We deduce that for all k € Z
[(Ap)k| < ZHAHpefp'k*Z'IWI

LeZ
< 1AL llell, . S eI+ ey,
LEL
so that
e (TR
1+ |k])*|(A < |4 pl=t [ ——
(L+[E))*[(Ap)e]l < |l ||,,||é0||37o<,;:e ]
€z
e (1 E—L+0\°
< A plk—e| [ Z T 1V 7 21 T 1%
< | ||p||w||57w€§:6 T 1]
€z
< Al llell, o S e (4 [k - gy
LEZ
and it is clear that the last sum is finite and independent on k. [ ]

We now begin the proof of the Corollary 2.3. We first show (i), then (iii) and finally (ii).

Proof of (i). It is clear that we have for all n > 1,
lle™l = lle°ll -
With the notations of Theorem 2.2, let 9™ = Q(A\)¢™. As Q()) is unitary (see (2.6)) we
hence also have
™ =10l =11l
Moreover, by (2.7), we have for all n > 0,
P = (3(N) + RO)w"

Now the fact that 3()\) is an almost X-shaped unitary operator implies that for 0 < k <
K = \"7, we have
)" [k = 9" k-
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We thus have for all 0 < k < K,

™ e = [0 k] = | 10"k = SN k]
[ = 2P
|RA)Y" k-

Recall that [R(\)yY"|2 = [(R(A)Y™)k|* + [(R(\)Y™)—k|?. Using lemma 6.1 with u = py /5,
we thus have

IAIA

[ s — " |k

IA

V3Cpy IR, o 1671
V2GC,, /5 exp(—eA™7)|[¢°]] -
Hence for n < exp(cA™7/2) we have by triangle inequality,
[0 1 = [9°]k| < V2C,, 5 exp(=eA™7/2) 1¢°)] - (6.1)

For all 0 < k < A77, this inequality shows the extremely good conservation of the oscillatory

energy 171
Now using the estimate (2.5) and Lemma 6.1, we get for all (n, k) € N2,

IN

" —¢" [ = |(Id = Q(N)¢" &
< A2
< A2

Therefore, for all n and k,

1™l = 168l = [l = 160l | < [0 = 1e%le) = (167 1k = 19°1) |
< e ="k 1% — 90
< 220

We thus deduce that for all n < exp(¢A™?/2) and all K < A7,
o™k = 1%1e] < 10" [x = [0°16] + 231210
< 220 + V26, /s exp(—eA~7 /2) ¢
so that (2.13) is proved. |

Proof of (iii). Recall that A is chosen in (0, \g) and that K = A\~? with the notations of
Theorem 2.2. For a function ¢, we set

(rxe)@) = Y one™. (6.2)

|k|>K
The structure of ¥()) implies that [rx,>(X)] = 0. Hence, we have
[T X(Nell = llrrel -
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Moreover, Theorem 2.2 ensures that [[R(A)|| . < exp(—cA™7), so using lemma 6.1 we have

pv/
[mx RN el < IRN)pll < Cpy ys exp(—=eA™ )¢l -

Therefore, for all n € N, we have

M™M= llmcy™ | = ey = e B |
< lrr (@ =209
< llmg B9
< Cpyysexp(—cA™7) 4"
< Gy sexp(—=eX™7)[¢°l .-

Hence, we have by triangle inequality for n < exp(cA™7/2),
mre™|| = 7kl | < Cpy 5 exp(=eA™7/2)[|¢°)] - (6.3)

Let p € (0, pv/5) and assume that ¢° € U,. Notice that we have
2 2
121" = > 1R P < 16°1 Co. (6.4)
keZ
Since 9% = Q(\)¢°, Lemma 4.2 ensures that

101, < Cov ss—pll QI 5 11,

Moreover, since ||Q()\)||pv/5 < (1+ )\(1)/2) by Theorem 2.2, we derive that there exists a

constant C' > 0 depending only on V', 7, v, and p such that
Wk eZ,  |Rl < Cllelll et

Therefore,
02 20,072 —2p
Il < LY Y e
|k|>K
o0
< Ol e 2y e,

k=0
Hence, after a possible increase of C, we get

Imac®|| < Clle°ll, exp(—pA~7).

Then, using (6.3) and (6.4), we get, after another possible increase of C, for all n <
exp(cA™7/2),
Imcy™ || < Cexp(=A™)[I€°ll, (6.5)

where ¢’ = min(c/2, p) > 0 only depends on V, v, v, and p.
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Moreover, the inequality (6.1) shows that for 0 < k < A77 and all n < exp(cA\™7/2), we
have for all y > 0,
M | [ 1 — [8lk] < V20, /5 exp(uE — A /2)]|¢°|
so that if we set pg = ¢’/2 > 0, we have for u € (0, uo),
sup (e [ [l — [0lk] ) < € exp(=¢ A7 /2) "] (6.6)
0<k<A—7

with ¢/ = \/§va/5, since p—¢/2 < —pog = —c'/2.

Recall that for all n € N, ¢ = Q(\)*¢". Using the decomposition
we thus have
" = Q)" (Id — T )Y" + QN) T "
and therefore
" =" =(QN)" —Id)(Id — 7k )P" + (QN)" — Id) k™. (6.7)
Using Lemma 6.1 and estimate (2.5), we get for 0 < k <A77,
| 1" [k = 19" [« | ™ —P" [k
Q)" —Id)(Id — )" [k + [(QN)" — Id) T )" [
[(QN)* = 1) (Id — 7 )Y [k + Cppy pa N2 ||| -

On one hand, we have with (6.5) that for all u € (0, po), all n < exp(cA™7/2) and all
k<O,

IA N IA

Iy || e < Cexp(='A77/2) 1] (6.8)

since pp — ¢ < —c'/2.
On the other hand, with Lemma 4.2 and Theorem 2.2, we have

QM) —1d)(Id — 7 )" (|, < Cpy ya—p A0 — 7 )" |,
and the inequalities (6.6) and (6.4) ensure that for all n < exp(cA™7/2),
J0d =m0, < VEIOL, + C exp(—< A7)0
0
< Cle’ll,

after a possible increase of C' (still depending only on V', v, v and p).
As a conclusion, after another possible increase of C, we get for all n < exp(cA™7/2), all
k<A77 and all p € (0, po),

L™l = 10" & [e " < A2 (6.9)
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Eventually, we get for all n < exp(cA™7/2), all k < A~7 and all p € (0, uo)
euk

0"k = 1#°]x |

< o™k — 10"k | + e 1™ e — 1901k | + €| 101k — |k |
/2y, .0

< OXNleCl

after a last increase of C, using (6.9), (6.6) and the fact that
9° =1, < 19° = &1l < Cpypapllll,
by Lemma 4.2. This proves (2.15) and hence (iii). |

Proof of (ii).  With the notations of Theorem 2.2 and Corollary 2.3, we assume that
h € (0,1) satisfying (1.7), A € (0, A¢) and s > 1/2 are given real numbers. Theorem 2.2 and
Lemma 6.2 ensure that there exists a positive constant cs depending only on V', v, v and s
such that

VkeN, [l <clle®ll, . (1R

Note that, since s > 1/2, we have

11 = (1) < (Sa+m2) 16l . < +oc

kEN peN

IN

and similarly

lmx®l” = S w2

k>K
2 — 48
< ) Ak
E>K
2 Foo
< G, [ Ay
50 JKk-1
Kf(Zsfl)
< 2 02
P
)\0(23—1)
< 21002
< Gl 55T

which reads
I ®l < esll®ll, AT

after a possible increase of the constant cs.
Another possible increase of the constant ¢y allows us to write, using (6.3), that for n <
exp(cA™7/2),

A

Il < Cp s exp(—eA™ /2)10 + st
cexp(~eX™ /201, +eallell, AT,

IN
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and finally
™|l < e A7CTV2 0 (6.10)

Note that c¢s only depends on V, v, v and s.
Moreover, by (6.1),we have, for A € (0, Ag), n < exp(cA™7/2) and 0 <k < K =\,
(L4 R)*|[0" e = [W°k| < Cexp(=eA™7/2)(1+A77)°[|¢°]l
where C' depends only on V. After a possible increase of ¢s, we can assume that for all
A€ (0,A0) and all n < exp(cA™7/2),

sup (14 K) [0l = [0°1a]) < e exp(-eA~/4) ¢ (6.11)
0<k<A—©@

This implies that for all n < exp(cA™7/2) and all k such that 0 < k <A77, we have after a
possible increase of ¢,
A+ R e < el (6.12)

On one hand, we have with (6.10) and after another increase of the constant ¢, for all
n <exp(cA™%) and all k < A7,

™| (14 k)" < eV 0
and, since A\g < 1, for such k£ and n, we get
I | L+ B < el - (6.13)
On the other hand, with Theorem 2.2 and Lemma 6.2, we get for all n € N,
QM) —1a)(Id — )"l , o < CAV2|(Id — 7w,

where C' depends only on V and s’. With the inequality (6.12), this yields, after a possible
increase of the constant cg, to

QMW —1)(Ad — m )|, o < esA2 %N, - (6.14)
Hence, since for all £ < A7 and all n < exp(cA\™7/2),
e™e — [0k | < l@™ — 9"k
< [(QM)T —Id)(Id — 7k )" [ + (Q(N)* — Td)mr ™[,

we derive, with (6.13) and (6.14), Lemma 6.1 and Theorem 2.2, that for such n and &,
(L8 e le = [0 |
< A0 H Oy slQ)T 14|

< e AP lmryn

ogs ] (14 k)

after a possible increase of the constant cs.
In addition to this last inequality and (6.11), the fact that for all £k € N,

A+ R 160 — 00| < X210,
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which is a consequence of Theorem 2.2 and Lemma 6.2, ensures by triangle inequality, that
for all n < exp(cA™7/2) and k < A\ 77,
1+ k)" | le" |k — 1k |
< (R0 e = [0k | + A+ E)* | [0 [k = [9°0% | + (1 + )" 1901k — 1°[k |
< e AP0

after a possible increase of the constant cg, still depending only on V, v, v and s. This
proves (2.14) and hence (ii). |

7 Appendix

Proof of Lemma 4.3. We consider the differential equation
{ q'(t) f(t,a(t)
q(0) = 1
S(]C(SY
1—CZ(k(e2PMvi—1)+ (Y2 - 1))

with

f(t,Y) =

(recall that sy = Myxkh). This equation has a unique analytical solution: there exists a
number R > 0 such that for ¢ € (—R, R), q(t) expands in power series of ¢ (see for instance
[7]). We can assume that R is maximal in this sense. Let

9 1 1\Y?
- (14— d D=(14+—) —1.
hMy n( +4/€C§) an ( +4C§>

For 0 < ¢t < T we have ng(thM"t -1 < % and if 1 <Y <1+ D, then C}(Y2—-1) < i.
Therefore,

T

{ Ost<T 0 < f(Y) < 250C5(D +1). (7.1)

0<Y_-1<D
This implies that q is an increasing function of ¢ as long as t € (0,7) and q(¢t) < D + 1.

Notice that, for ¢ > 0, we have 0 < q(t) < 1.
Moreover, the fact that K > Ky > 1 (see Lemma 4.3) implies that % < 4 and hence we have

2 1 (1 + L ) > 1
— 1N .
h My, 4/€C§ - 4hMV,‘<LC§

Ifforallt € (0,R), 1 < q(t) < 1+ D, we must have in view of (7.1), T' < R. To the contrary,
there exists t}, in (0, R) such that q(t},) = 1 + D. We can therefore choose ¢}, € (0, R) in
such a way that for all ¢ € (0,¢3,)), 1 <q(t) <1+ D.

T = (7.2)
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Assume that t;, < T, then

th
() = 90) =D < [ fluy(w)du < 20Co(D + 1t
0
using (7.1) Hence we have
ty > = D
D= 7 25,C5(D +1)
(I+gz): -1
(1+ ﬁ)% 2kh My Cy

1 1

1663 (14 54 ) *hMv Cs

vV

1 1
4AhMy kC2 5C5
Hence, we have
1
QOhM\/HCg '

To the contrary, if ¢§, > T then we have using (7.2)
1

R>T>——.

- 4thl£C§

As C5 ' < 1, this implies that (7.3) holds in any case. This determines the value of 7 < R in
the Lemma. Now as t — q(t) is an increasing positive function, so is t — q’(t) = f(¢,q(t)).
With the previous notations, in any case, we have with (7.1) that for all t € (—r,7)

R>thH >

q(t) < s+ o /BehMy .

We have already seen that for all ¢t € (0,7), 1 <q(t) < D+1< \/75 And it follows from the
estimation on q’ that

0
q(-r)=1 —/ q'(s)ds > 1— ’I“\/glﬁhM\/Ca >0.8.

This proves the estimates on q(¢). The estimates for x(¢) and s(¢) are then obtained straight-
forwardly. ]
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