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xzu�ilk�i�~>g
kcY�~yk

C
n�i�~��(^]wcnpoj�jn��|il^>tBu[^ ��� ^|oy �wc^]srnpor��i]£h��w�oKi�ic^]��mBg�kcY[^|k�w�~¢xz^>�8k�orw�n¡^>i�oy C~y�Bg��[np^]� ^ ¦�n�il^$~9§
�[^|\/oj�[^ q²oy 

sr^]�[^��[^�kz¦�oKwc«ji���or��icn�izk�n¡��s�np�±~��[^]sK~ykcnp�r^� ¥^ ^>�jm�~K��«/q¡ojor�¤¬ D qpico�£
Z1 n�i'~���~ywckcn���u[q�~yw'ilu[m�ic^�k'oy ¤oK�[^�w�^ srnpoK�¤£roKw � W oK�[^(�p£

¦�Y[n���Y�n�i�~_¦�^]q¡q��j^ ³��[^]��vCornp��� ~rw'�$il^>�8kcnpor��£[~y���
T

n�i�~�³ªw�ilk�w�^�kcu�wc��\
~y��oK�
Z1 ¬

b)c ·h» � · �edgfih ���
T : Z1 → Z1 j ���lk��[�9���_�(� $��Hm�-%$��n�1�

C o
pZq � n = 2 r �lk����

∀x ∈ Z1, T
mx→ 0

!sk����
m→∞ o

pZq � n > 2 r �lk����t�lk����H�G�HuF�#���)$U���\��v��\�)�(����wR���H�>xsuy��	[�����_�\�
q = Tq ozZ���H� ��{���� r q ∈ Z̊1 $��(	>��������{�����*

x ∈ Z1 \ {0} r T
mx→ q

$�
m→∞ o

D w�~r�[np��o9�r^ w��hn¡^]¦�oy CkcY[^�kcohoKqpi�~y�ª��w�^� ¥^ w�^ ��� ^]i�¦�^�wc^]q¡g5or��n�i�sKn¡�K^ ��n¡� ic^]�8k�npor� �r¬ �h¬�X�Y[^ �¤£�kcY�^���q�~ri�i�oy C�[np^]� ^�½
¦�n�il^6~9§
�[^|\/oj�j^ q�i'¦�^° ¥oj��uªi�oK�±n�i'�[w�^]ic^ �Kk�^]�±n¡��ic^]��kcnpor���j¬Nfhor\/^|sr^ ��^ w�~yq(orm�ic^ w��9~9k�npor��i�~ym(oru[k'\/or�[orkcoK�[np� n�kzg�~y���
��oK��� ~¢�hn�kzg
 ¥orw�kcY�npi���q�~ri�i�oy Cicgjizk�^ \
i�~rwc^6\
~r�[^6np�Til^>�8k�n¡oK��©[¬NX�Y[^]ic^$wc^]\/~rwc«ji'qp^]~K�±kco/ ¥oj� u�i�or���[^]sK~ykcnp�r^| ¥^ ^]�jmª~r��«
qpohor��ilgjilkc^ \
i�np��ic^]��kcnpor�K]�£[¦�Y[^ w�^|kcY[^$\
~ynp��w�^]icu[q¡k�i�~yw�^6ilk�~ykc^>��~y���5�[w�o9�r^ �¤¬

/"0L| }~=T5�� ;������a���>5����a��8H���"�)3�5�=y;��,��=
X�Y[^$\
~ynp��wc^>ilu[q¡k�oy �kcY[n�i���~r�(^ w�izk�wcoK�[srqpg
w�^ qpg±or��oK�[^6kcY[^ oKwc^]\�£hk�Y�~9k�¦�^$wc^>� ~rq¡q²Y[^]wc^K¬�ak�n�i�~�³[�j^]���(ornp�Bk�kcY[^]orw�^ \
oy ²\/oK�[oyk�or�[^r£B��oK��� ~¢�r^�or�(^]w�~ykcorw�i ¬+`'orkcY
\/or�[orkcor��np� n�kzg_~y���
� or���]~>�hn¡k�g_icY�~yqpq�m(^�u����j^ w�ilkcohoj�_¦�n¡kcY�w�^]ic�(^]�8kGk�o�iloK\/^
��~rwlk�np~rqGoKw��j^]w]£�ic^ ^�m(^]q¡o9¦® ¥oKw��j^�³ª�[n�k�n¡oK��i�~y��� ��oyk�~ykcnpor��i]¬Eb°�(^ w�~9kcoKw�i6¦�n¡kcY m(oyk�Y k�Y[^]ic^��[w�or�(^]wlk�n¡^>i$Y�~¢�r^
qp^]~K� kco
�9~rwcnporuªi°w�^]icu[q¡k�i6oK� ^��jn�izk�^ ��� ^
~r���Su[�[n���n¡kzgEor �³[�j^>�S�(ornp�Kk�i ¬ D \/oK�[s�^]~rwcqpgEizk�u��jnp^]i]£s�$w�~Kil�[oKic^ q�� ic«BnpnCY�~ri$�[wco9�hnp�[^]�

�����������R�1�



] ��$��H� �������9���FwRm

np\_�(oKwlk�~y�Bk$wc^>ilu�q�k�i�O¡�K��P¬���^ w�^r£�¦�^
u�ic^
~�\/oKwc^/wc^>��^]�Kk$��wc^>il^ �Bk�~ykcnpor� oy �icu���Y w�^]icu[q�k�i £+�ju�^/kco fj\_n¡k�Y Op�]©+P£+¦�Y[oKic^
 ¥orw�\�u[q�~9k�n¡oK�5n�i�¦�^]q¡q�~K�[~y�jk�^]�±kco
oru[w��[u[w��(oKic^6~r������oK�Kk�^��hk]¬G��~r\/^ qpgr£[¦�^6u�ic^|k�Y[^ oKwc^]\ �j¬ ��or �O¡�>©+P¬
`'^� ¥oKwc^
izk�~9k�n¡�[s�kcY[^
q�~9kckc^]w]£�qp^�k�u�i$np�Kk�wco[�ju���^�iloK\_^/�[ork�~ykcnpor��i�� ¦�Y[np��Y ~rwc^
ilnp\/n¡q�~yw6k�o�k�Y[oKic^/np� Op�]©�P
	�¬��S^��[^ �[oyk�^
x < y

~r���
x 6 y

n¡ ¤kcY[^>il^°np�[^]tBu�~rq¡n¡kcnp^]i�Y[oKqp�
 ¥orw�^>~r��Y±��ohoKw��[n¡��~ykc^�� wc^>il�¤¬C^ �Bkcw�g	�or ¤�r^]��kcoKw�i��¥w�^]ic�¤¬�\
~ykcw�np� ^]i�	
x

~r���
y
¬�X�Y�^ �¤£9¦�^'�j^]�[oyk�^

x � y
n¡ 

x 6 y
~y�ª�

x 6= y
¬a`�orw

x 6 y
£
[x, y] = {z |x 6 z 6 y}

£y~y���
(x, y) = {z |x < z < y}

¬
`�orw�~y�hg±il^ k

A
£
Å

�j^ ��oykc^>i'kcY�^$n¡�Bkc^ w�nporw�or 
A
£[~r���

c`(A)
n�k�i���qpoKicu[wc^K¬C��o¢¦$£[¦�^�� ~y��ilk�~9k�^|k�Y[^6 ¥orqpq¡o9¦�np�[s�£

b)c ·h» � · ���(fih ���
p ∈ R̊

n
+ r $��(	

T : [0, p]→ [0, p]
� ��� �L�_�\�\���y r C1 �_�

(0, p) o� �R�F���+��
DT (0) = lim

x→0
x>0

DT (x)
�HuF�#��� o�� ����-%���

� z��
DT (x) > 0

� �
x > 0 r x < p o

��� �
DT (y) � DT (x)

� �
0 < x < y < p o

�  ���-%��$�� ��
Tp < p o� �R�F���+����lk�$������! "� r $���	 	F��xM�(�

λ = ρ(DT (0)) r �_k\�i���� �����H$����H$I	��_�y��1�
DT (0) o ��k���� r

λ 6 1 =⇒ ∀x ∈ [0, p] r T nx→ 0
!sk\���

n→∞ o
λ > 1 =⇒

��k����1����uI�#��L)$%��� ��v��\�)�����ywR���H�9xsuy� 	��\���_� �
q = Tq o zt���H����{+��� r q ∈ (0, p)$���	9��������{�����*

x ∈ [0, p] \ {0} r T nx→ q
$+

n→∞ o
X�Y�^��]~ric^

T0 6= 0
qp^]~K�[i�kco
^]n�k�Y[^ w°~/u[�[n�tBu[^6³��h^>���(ornp�Kk>£�orw�kco±�jn¡�r^]wcsKn¡��s_oKwcm�n�k�i ¬#��o9¦�^ �K^ w]£jkcY�npi��]~ric^6¦�npq¡q��[ork

~y���(^]~yw�np��oru[w���oK�Kk�^��hk]£�~y���5kcYBuªi�n�k�n�i���oyk��j^�k�~rnpq¡^>�5n¡��kcY�^6kcY[^ oKwc^]\ ~rm(o¢�r^K¬
b°�[^$\
~¢g5wc^]\/~rwc«±�[o¢¦ek�Y�~9k�np��kcY�^�� ~ric^$¦�Y[^ �

T
npi�kz¦�np� ^��jn�¨U^ w�^ �Bkcn�~ym[qp^r£�kcY[^�� or���]~>�hn¡k�g5� or���[n�k�n¡oK�

(C)
~r�j\/n¡k�i�~

icn¡\/�[qp^�ilu[§
� n¡^]�KkC��or�ª�jn�k�n¡oK�¤¬+X�Y�^N\/~r�
Ti : [0, p]→ R+

�j^]�[oyk�^]i¤kcY[^
i
kcY���ohoKw��[n¡��~ykc^C ¥u[�ª�8kcnpor��oy 

T : [0, p]→ [0, p]
¬

$ � »&%N» ��' ��' »)( �(f � �R�I��������lk�$��(������$��_�
i, j, k ∈ {1 · · ·n} r $��(	>������$��l�

0 < x < p r

∂2Ti

∂xk∂xj
(x) 6 0,

$���	9������$��_�
i, j

�_k\���H�G��uF�X��L)$
k

��\��k �lk�$��<�lk����_�(��v��\$����_�L*U�# ��L������� o��k����
T

�$����#lx<��)� ����	��_�������
(C)

���i�lk�� ���H��-+* o
D �8k�u�~yqpqpgr£�n�k±npi�� q¡^>~yw/kcY�~yk�u[���[^ w
kcY�npi±��or�ª�jn�k�npor�3^>~r��Y kc^]wc\ ∂Ti

∂xj

or 
DT

n�i�~ �j^>��w�^]~ricnp�[sS ¥u[���8k�n¡oK� or |^]~K��Y
��ojorw��jn¡�ª~9kc^

xk
¬�ak|npi�\/oKwc^]o¢�r^]w�ilkcw�np��kcqpg��j^]� wc^>~ricn¡�[s
np�E~9k°qp^]~rilk�oK�[^�or Ck�Y[^]ic^���ohoKw��jnp��~ykc^]i]£ª~y���

(C)
kcYhu�i� ¥oKq¡qpo9¦�i ¬

b°m�ic^ w��r^�mBgTk�Y[^/¦'~¢g�k�Y�~9k6k�Y[^/�[oyk�n¡oK�Soy '� or���]~>�hn¡k�g,� ¦$¬ w>¬ k$~���~ywckcn�~yqCorw��j^]w�	�¦�^/�[^]~yq�¦�n�k�Y Y[^ w�^_n�i|¦'^]~y«r^]�[^]�EmBg
kcY�^6  ~r�8k�kcYª~9k�n�k�� or��� ^ w���i'oK�[q¡g±orw��j^ w�^]�±��~rn¡w�i

(x, y)
or ��9~yw�n�~ym[qp^]i]¬

}�^]\/~rwc«y~ym[qpgr£rkcY[^]orw�^ \ ��w�^ qpnp^]iGoK�
vC^ w�wcoK�j½^`�wcoKm(^ �[npu�iCk�Y[^ oKwc^]\�£B¦�Y[np��Y�¦�npqpqªm(^�u�ic^]��~9k'icor\/^��(oKn¡�Bk�np�
kcY�^��[w�ohoy ²oy 
oru�w�\
~ynp�Tw�^]icu[q¡k]¬�ak°uªilu�~rq¡qpg�ic~¢gji�kcY�~yk|~y�hg5\
~ykcw�n���¦�n�k�Y �(oBiln¡kcnp�r^�^]�Kkcw�np^]i°~r�j\/n¡k�i°~��(oKicn�k�n¡�r^K£(icn¡\/�[qp^�^ npsr^]�B�9~rq¡u[^K£
~ri�icoj��n�~9kc^>� k�o ~T�(oKicn�k�n¡�r^
^]n¡sK^ �h�r^]�8k�orw>¬-��^ w�^r£�¦�^
¦�npqpqNor�[qpgS�[^ ^]� k�Y[^
 ¥orqpqpo¢¦�np�[s ��orw�orqpq�~ywcg/.$n� 

A
n�i�~�wc^>~yq

n × n\
~9k�wcn¡�5icu���Y�kcY�~yk
A > 0

£hk�Y[^ �
A

~K�j\/n�k�i�~_�(oBiln¡kcnp�r^6wc^>~yq²^ npsr^ �h�9~rq¡u[^K¬

0 � ����������� �� !$#%��� ,.�/	�����

| 01/ 1�:B3\� ;����a��8�:#2
X�Y[^$sr^]�[^ w�~yq( ¥orw�\ oy +kcY�^6��n¡^>��^ ¦�n�ic^$~9§
�[^6\/oj�j^]qpi�¦�^$� or��icnp�[^ w�Y�^ w�^|\
~¢g�m(^$¦�w�n�kckc^ �T~ri�.

dx

dt
= κ(x)− Γx

�l�3	

X�Y[^$�y~yw�np~rm[qp^]i
(x1 . . . xn)

w�^ �[w�^]ic^ �Kk���or�ª��^ �Bkcw�~9k�n¡oK��i�n¡�T�[wcorkc^ np��i�orw�\/}�� D �[w�oj�juª��^]�5 ¥wcoK\
n

n¡�Bkc^ w�~r��kcnp�[s/sK^ �[^>i ¬
fhnp����^°sK^ �[^�k�w�~y��i���w�n¡�jk�npor��~yq�w�^ sKu[q�~9kcnpor�
n�i�¦�np�j^]q¡g�ilu[���(oKic^]�/kco� ¥orqpq¡o9¦ ~�ilkc^]^ �5ilnpsr\/orn��/q�~¢¦$£Bn�k�Y�~ri�m(^ ^ �5icu[srsK^]ilkc^]�

465a�74
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���������
	�������������������������������� ��!"�#��%$�&'�(�)�*+ �,��-� V

kcYª~9kNn��j^>~yqpnJW]^]�²£B�jn�i���or�Bkcnp�Bu[oKu�iNil¦�n¡k���Y[^]iN\/~¢g�m(^�u�ic^]�/np��ilkc^]~K�_kco�\/oj�j^]q[kcY[^>il^�� or\/�[qp^��/icgjizk�^ \
i�O V+P¬ D � � orw��jn¡��srqpgr£
s+(· , θ) : R→ {0, 1}

�j^ ��oykc^6kcY[^$np��� wc^>~ricn¡�[s/ilkc^ �� ¥u[����kcnpor�¤£�orw���^]~¢�hn�iln��j^| ¥u[���8k�n¡oK�7.
{

s+(x, θ) = 0
n� 

x < θ,

s+(x, θ) = 1
n� 

x > θ,

¦�Y[n���Y±wc^ ��wc^>il^]�Kk�~y��^�¨U^]��k�or ¤~K�8k�n¡�y~9kcnpor��¬ D q�ico�£
s−(x, θ) = 1− s+(x, θ)

£Bn�iNn¡k�i��[^]��w�^]~Kilnp�[s$�r^]w�icnpor�¤£B~y���
wc^]�[w�^]ic^ �Kk�i
np�[Y[npm[n�k�n¡oK�¤¬
X�Y[^]�¤£

κ : Rn
+ → R

n
+

n�i�~|�[n¡^>��^ ¦�n�ic^�� or��ilk�~r�Kk��[w�oj�ju��8k�npor��kc^]wc\�kcY�~ykG�]~y�_m(^�^��j�[w�^]i�il^>��np��k�^ w�\/iCor (ilkc^]�� ¥u[����kcnpor��i
s±(xi, θi)

¬
Γ ∈ R

n×n
+

npi�~��jn�~ysKor��~rq�\
~9k�wcn¡�
¦�Y[oKic^°�jn�~ysKor��~rq�^ �Bkcw�np^]i
Γii = γi

£j~yw�^°�j^ sKw�~K�[~9k�n¡oK�/w�~9k�^]iNor ¤�y~yw�np~rm[q¡^>i
np�5k�Y[^�ilgjilkc^]\�¬
fhnp����^°^>~r��Y��9~yw�n�~ym[qp^

xi
n�i'~���oK����^]�Kkcw�~9k�n¡oK� �¥or ¤\
}�� D oKw�oy ¤��wcorkc^ np�)	�£Bn¡k'w�~r�[sr^>iGn¡�5icor\/^�np�Kkc^]wc�y~yqªor ¤�[or�[½@�[^]sK~9k�np�r^

�9~rq¡u�^]i��j^ �[orkc^>�
[0, ����� i]

¬�� Y[^ �/kcY[n�iG��oK����^]�Kk�w�~ykcnpor��w�^]~r��Y[^>iC~°k�Y[wc^>ilY[oKqp���y~yqpu[^r£KiloK\/^'orkcY[^]w�sr^]�[^�np�_kcY[^��[^ k�¦'orw�«U£
i�~>gEsr^]�[^/�hu[\�m(^ w

j
£+n�i�icu��[�j^]�[q¡gS�[w�oj�ju�� ^]�S¦�n¡kcY ~��[n�¨U^ w�^ �Bk��[w�oj�ju���kcnpor� w�~9k�^ .$k�Y[^
�y~yqpu[^/or 

κj
��Y�~r�[sr^>i ¬ `[oKw

^]~K��Y
i ∈ {1 · · ·n}

kcY[^]wc^6n�i�kcYBuªi�~�³��[n¡kc^�ic^�k�oy +k�Y[wc^>ilY�orq��±�9~rqpu[^]i]£h¦�Y�np��Y�ic^ w��r^6~Ki'�ª~yw�~y\/^�k�^ w�oy Cilkc^]�5 ¥u[�ª�8kcnpor�ªi�.

Θi = {θ1
i , . . . , θ

qi−1
i },

�¯� 	
¦�Y[^]wc^_kcY�^_k�Y[w�^]icY[orq��[i$~yw�^_orw��j^ w�^]� .

0 < θ1
i < · · · < θ

qi−1
i < �����

i
¬�X�Y[^
^��hkcw�^ \/^/�9~yqpu[^>i

0
~r��� �����

i
~yw�^_�[ork

kcY�wc^>ilY[oKqp��i £yicn¡�ª��^�kcY�^ g�m(oru�����kcY[^��y~yqpu[^]i�oy 
xi

£r~r����kcYhu�iC\/~¢g$��oykCm(^���w�oKi�il^>�²¬ ��o¢¦'^ �r^ w>£y~|��or�h�r^ �Bkcnpor��~rqB�[ork�~9k�n¡oK�
¦�npq¡q¤m(^�.

θ0
i = 0

£�~r���
θ

qi

i = maxi
¬

��o9¦$£h~9k'~6kcnp\/^
t
ilu���Y/k�Y�~9k

xi(t) ∈ Θi
£KkcY[^]wc^�npi�icor\/^

j ∈ {1 · · ·n}
icu���Y
k�Y�~9k

κj(x(t+)) 6= κj(x(t−))
¬CakN ¥oKq¡qpo9¦�i

kcYª~9k°^]~K��Y ~y�jnpi�or CkcY�^�izk�~9k�^�ic��~r� ^$¦�npqpq+m(^�u�il^  ¥u[qpq¡g���~ywckcn¡kcnpor��^]��n¡�Bkco±or�(^]� ic^ sr\/^]�Kk�i�m(^�kz¦�^ ^]�TkcY[w�^]icY[orq��[i]¬�fhnp��� ^
kcY�^�^ �hkcw�^ \/^��9~rq¡u[^>iG¦�npqpqª��oyk'mª^|��w�oKi�ic^]�/mBg_kcY[^��ªo¢¦ � ic^ ^°qp~ykc^ w 	8£Kk�Y[^�³�w�izk'~r���
q�~rilk'il^]sr\/^ �Bk�iNnp����qpu��j^°oK�[^�oy ²k�Y[^ npw
^ �ª�j�(ornp�Kk�i .

Di ∈
{

[θ0
i , θ1

i ), (θqi−1
i , θ

qi

i ]
}
∪
{
(θj

i , θ
j+1
i ) | j ∈ {1 · · · qi − 2}

}
∪Θi

� © 	
�N~K��Y��[w�oj�ju���k

D =
∏n

i=1 Di
�j^�³��[^>i�~$w�^]�8k�~y�[sKu[q�~yw�	I��-%$��_�ª£h¦�Y[oBil^��jnp\/^ ��icnpor�
n�iGkcY[^°�Bu[\�m(^]w�oy 

Di
kcY�~yk'~yw�^��[ork

icn¡�[sKq¡^ kcoK��i ¬ � Y[^ �
dim D = n

£ªor�[^�u�icu�~yqpqpg5i�~¢ghi�k�Y�~9k°n�k°n�i�~ �H�^E����J$��^����*K	I��-�$��_��£Uorw)�H�^E����J$��G	I��-%$��_�ª£U~r���5k�Y[oKic^
�joK\/~rn¡�T¦�n�k�YTqpo9¦�^ w��jnp\/^ ��icnpor� ~yw�^�� ~yqpqp^]�4�!"�_�,��k��_�TE 	F��-%$��_��)O ©�P¬ � ^�u�il^$k�Y[^���oyk�~ykcnpor�

D
kco�w�^ �[w�^]ic^ �Bk�kcY[^�il^ k

oy �~yqpq¤�joK\
~ynp��i�oy �kcY[^6 ¥oKwc\ ~rm(o¢�r^K¬�X�Y[^ ��£
Dr

¦�n¡qpq��j^]�[oyk�^|k�Y[^�ic^�k�oy �~yqpq²w�^ sKu[qp~ykcoKwcg��jor\
~rn¡��i]£[~r���
Ds

k�Y[^�ic^�k�oy 
~yqpq¤ic¦�n¡k���Y[n¡��s
�jor\
~rn¡��i]¬
D ��oK�B�r^ ��n¡^]�Kk�¦�~>g
k�o/w�^ �[w�^]ic^ �Bk�w�^ sru�qp~rw��joK\/~rn¡�ªi�\/~r«r^]i�u�ic^6oy C~/�[npi���w�^�k�^|\
~r�¤£[¦�Y[oKic^|w�~y�[sK^|¦�^6¦�w�n¡kc^$~Ki .

A =

n∏

i=1

{0 · · · qi − 1}.
�l] 	

X�Y[^6\
~r��n¡�TtKu�^]izk�npor�5n�i'k�Y[^ �T�j^�³ª�[^]��~ri
d : Dr → A

£�~y����ic^ ����i�^]~K��Y�wc^]sru[q�~yw��[or\
~ynp�±k�o_kcY[^�icu[�(^ w�ic� wcnp�jk�or +n¡k�i
	 q¡o9¦�^ wc½q¡^  µk�
���orw��[^ w3.

d
(∏

i(θ
ai−1
i , θai

i )
)

= (a1 − 1 . . . an − 1)
¬|a��Tk�Y[^� ¥orqpqpo¢¦�np�[sª£ª¦'^�¦�npq¡q�or µkc^]� n��j^]�Kkcn¡ ¥gTw�^ sru�qp~rw

�joK\/~rn¡�ªi�~r���±kcY�^ npw�np\
~ysK^|np�
A
£jk�~rq¡«hnp�[s_ ¥orw�^��[~r\_��q¡^$~rm(orujk�icor\/^ � �joK\
~ynp�

a
�p¬

X�Y[^��jgh��~r\_n�� i_or��w�^ sKu[qp~rw_�jor\
~ynp��i]£G�]~yqpq¡^>� Y[^ w�^4�H�^E����J$�� 	�*��($�-�����_� ~y��m(^��[^�³��[^>� tKu�n�k�^�ilnp\/�[q¡gK£N�[u[^5kcoSkcY[^
icn¡\/�[qp^�^ �h��wc^>icicn¡oK�Toy Gk�Y[^��ªo¢¦�n¡�S^]~r��Y

D ∈ Dr
¬�b°�Sil^ k�i°or 

Ds
or� kcY�^�orkcY[^]w°Yª~y���²£UkcY[^��o9¦ n�i°np�EsK^ �[^ w�~yq+�[ork

u[�[n�tBu[^ qpg_�j^ ³��[^>�²¬CakNn�iG~r�Bgh¦'~¢g��(oKi�ilnpm[qp^�kco��j^�³ª�[^�icorqpujkcnpor��iGn¡��~6w�npsrorw�oru�iC¦'~¢gr£rghnp^ q��jnp�[s$¦�Y�~ykN¦�n¡qpq�m(^�\/^ �Bkcnpor�[^>�
~ri6k�Y[^  �_�yE����X$�� 	�*��($�-�����8£�~9k$k�Y[^��[wcn���^
or ���or�ªiln��j^ w�np�[s�ic^�kc½@�y~yqpu[^]� icorqpujk�n¡oK��i]¬±X�Y[^�qp~yklkc^]w,� i��j^�³���n�k�n¡oK� w�^]ilk�i$or�
`�n¡qpnp�[�(o¢��� i°k�Y[^ oKwcgTor '�jn¡¨(^]wc^]�Kk�np~rqC^>tBu�~9k�n¡oK��i|¦�n�k�Y ~��jnpi���oK�Kk�n¡�hu[oru�i6wcnpsrYBkl½Y�~y���Siln��j^r£�~r���En¡k�i| ¥oKwc\�u[q�~9k�npor�Enp�SkcY[^
��~rwlk�np� u[qp~rw�� ~ric^°or +^]tBu�~9k�n¡oK��i �z�3	'� ~r�±m(^| ¥oru[���5np�4Op�r£U�>�+P@£[~r\/or�[s�orkcY[^]w�i]¬�fhnp��� ^|¦�^6¦�n¡qpq²or�[qpg
^ �ª��oru��Kkc^]w�ilgjilkc^]\/i
 ¥orwC¦�Y[n���Y�kcY[^�`�n¡qpnp�[�(o¢��iloKq¡u[kcnpor��i�q¡^>~r�$k�o6ilnp�[sKq¡^'�9~yqpu[^>�$kcw�~9xz^]��kcorw�np^]i]£¢¦�^�icY�~yqpqhor�[qpg��j^]i���w�npm(^NkcY�^'w�^ sru�qp~rw��jgh��~y\/n�� i
¦�n¡kcYTiloK\/^6�[^�k�~rn¡q@¬

| 0L| � 5��M;���� 3�����29�"� 81�7=
}�^]sru[q�~9k�orw�g��joK\/~rn¡�ªi�~yw�^�oy (��~rwlk�n���u[q�~yw�n¡\/�(orwck�~r����^K¬�X�Y[^ g� ¥oKwc\�k�Y[^�\
~ynp�/��~ywck�or Uilk�~9k�^�ic��~K��^r£K~y����kcY[^��jgh��~y\/n�� i
or� k�Y[^ \�� ~r�Em(^�^ �j�[wc^>icic^]� tBu[n¡kc^/icn¡\/�[qpgK¬ D ��kcu�~rq¡qpgr£²oK�Siluª��Y ~5�jor\
~ynp�

D
£UkcY[^_�[w�oj�ju���kcnpor�Ew�~ykc^

κ
npi6��oK��izk�~y�Bk]£

~y�ª�±kcYBuªi�^]tBu�~ykcnpor� �z�3	'n�i�~9§
�[^K¬Cak�i�iloKq¡ujk�n¡oK�5n�i�^��j�[qpnp� n�k�q¡g±«h�[o9¦��¤£h ¥oKw�^]~K��Y���ohoKw��[n¡��~ykc^
i
.

ϕi(x, t) = xi(t) =
κi

γi
− e−γit

(
xi −

κi

γi

)
,
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~y�ª�5npi��9~rq¡n��± µoKw�~yqpq
t ∈ R+

icu���Y5kcYª~9k
x(t) ∈ D

¬�ak� ¥oKq¡qpo¢¦�i�np\/\_^>�jn�~9kc^]q¡g�k�Y�~9k

φ(D) = (φ1 · · ·φn) =

(
κ1

γ1
· · ·

κn

γn

)
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∂D
kcYhu�i £UkcY[^��y~yqpu[^�oy 

κ
¦�npqpqC��Yª~y�[sr^K£U~y���TkcY�~yk|oy 

φ
~K� ��oKw��[n¡�[sKq¡gK¬

X�Y[^��(ornp�Kk
φ(D)

npi�oy µk�^ �T�]~yqpq¡^>�G���R��$��\�����_�\��oy �k�Y[^��jor\
~ynp�
D

¬�X�Y�^ �¤£[k�Y[^�� or�Bkcnp�Bu[oKu�i ��o9¦ �]~y��m(^$w�^]�ju�� ^]�5kco�~
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~ynp�
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D
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D
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~yq�kco

D
	8£jkcY[^6q�~9kckc^]w�npi��]~yqpq¡^>�±wc^>il�(^]��kcnp�r^ qpg j �X$I� N%!M$��_�horw !sky�_�,�)!M$��_� ¬'b�k�Y[^ w�¦�npic^r£�� o � o ¦�Y[^]� �ªo¢¦�qpn¡��^]i�m(oyk�Y���w�oKi�i

D
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kcY�^$i�~y\/^$�jnpwc^>�8kcnpor��£jor�[^6u�icu�~yqpqpg�wc^  ¥^ w�i�k�o
D

~Ki�~K�L�H$��\���$��H���\�<!M$��_� ¬Ga���kcY[^6kz¦�o_³�w�izk��]~ric^]i]£BkcY[^)`�npq¡np�[�(o9�
k�Y[^ oKwcg
n�i�wc^>tBu[n¡w�^]�¤£ª�[wco9�hnp�[n¡�[s±ic^�kc½@�y~yqpu[^]��k�w�~9xz^]��kcoKwcnp^]i�or�TkcY[^�¦'~rq¡q�i]£�kcY�^�icoy½�� ~rq¡qp^]��icqpnp�jnp�[s±\/oj�j^>i�O¡�>�+P@¬$b°��k�w�~r��il�ª~yw�^ �Kk
¦'~rq¡q�i £²k�w�~9xz^>�8kcoKwcnp^]i6~yw�^/ilnp\/�[q¡gS�j^�³���^]�SmhgE��oK�Kk�n¡�hu[n�kzgK£¤ ¥wcoK\ kcY[^ ��o¢¦®q¡np�[^]i6oK�Sm(orkcY icnp�j^>i ¬ � ^
icY�~yqpq�^ ����oKu[�Kk�^ w
or��q¡g�kcY[n�i�kcY[npw��5«hn¡�ª�5or �¦'~yqpq²np�5k�Y[^$wc^>izk�or +kcY[n�i���~r�(^ w>¬
��orkc^6kcY�~yk�n¡ 

D ∈ Dr
npi�wc^]�[wc^>il^]�Kk�^]�±mhg

a ∈ A
£7� o � o d(D) = a

£[oK�[^$ilYª~yqpq²\/oKilk�oy µk�^ ���[^ �[orkc^6mhg
φ(a)

£[orw
φa £jkcY[^ ¥oj�]~yq²�(ornp�Kk�~ri�icoj��n�~9kc^>�
k�o_kcY�npi��joK\
~ynp�¤¬

b°�ª��^�k�Y[^���o9¦ �LV 	Nn�i'srnp�r^ �±np�5~�m(o>�
Da
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or��kcY[^��(oBiln¡kcnpor��or �kcY�^5 ¥oj� ~rq'�(ornp�Kk .
{x |xi = θai−1

i }
�¥w�^]ic�¤¬

{x |xi = θai

i }
	��]~y��m(^���w�oKi�ic^]� n� |~r��� oK�[q¡g n¡ 

φi < θai−1
i

�¥w�^]ic�¤¬
φi > θai

i

	8¬ D �]��orw��jnp�[s±k�o5k�Y[n�i6orm�ic^ w��9~9k�n¡oK�¤£U¦�^
�j^ �[orkc^
I+
out(a) = {i ∈ {1 · · ·n}|φi > θai

i }
£

~y�ª�
I−out(a) = {i ∈ {1 · · ·n}|φi < θai−1

i }
¬

X�Y[^]�¤£
Iout(a) = I+

out(a) ∪ I−out(a)
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 ¥u[����kcnpor��i

θ±i : A→ Θi
£
θ−i (a) = θai−1
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~r���
θ+

i (a) = θai

i
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a
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kcY[^°kcnp\/^|~yk'¦�Y[n���Y
x(t)

^ ��� oru[�Bkc^ w�iGk�Y[^6��orw�w�^]ic�(or���jnp�[s�YBgh�(^ w��[qp~r�[^r£K ¥oKw
x ∈ Da

£
� ~r��^]~ricnpq¡g�m(^�ilY[o9¦��5kco/m(^ .

τi(x) =
−1

γi
ln

(
min

{
φi − θ−i (a)

φi − xi
,
φi − θ+

i (a)

φi − xi

})
.
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τ(x) = mini∈Iout

τi(x)
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Ta : ∂Da → ∂Da
.

Tax = ϕ (x, τ(x))
= φ + α(x)(x− φ).
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��oK��icnpilk�i'n¡��n�k�^ w�~9kc^>i�or +~�sKq¡oKm�~yq(\
~y�

T
or��~_�jor\
~ynp�

DomT

¬ D i�~rq¡w�^]~K�jg_\/^]�KkcnpoK�[^]�²£
DomT

\�u�izk�m(^6� or�Bk�~ynp�[^>�
np�Tk�Y[^_ic^�k|oy 

n − 1
�[or\
~ynp��i�oy 

Ds
¬6fhnp��� ^

T
Y�~ri�k�o±m(^�n¡kc^ w�~9k�^]�ToK�TkcY[n�i|�joK\
~ynp�¤£U~yqpq��(ornp�Kk�i°¦�Y[n���Y w�^]~K��YEiloK\/^

n− 2
�jn¡\/^ �ªilnpor��~rq�� orw�qp^]i�i�	N�jor\
~rn¡�±~y µkc^ w�~y�[��q¡ghnp�[s

T
~$³��[n¡kc^|�Bu[\�m(^]w'oy ²k�n¡\/^>i £h\�u�ilk'm(^°^��[��qpu��j^>�/ ¥w�or\

Dom T

¬
`�u[wlk�Y[^ w�\/orw�^r£B¦�Y[^ w�^]~ri

T
npi'wc^]~K�jnpq¡g
�j^�³���^]�±or��kcw�~y��ic��~yw�^ �BkN¦�~yqpqpi]£Bm[q�~r��«
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DomT

^]�Kkcnpw�^ qpg ��or�ªiln�izk�i�oy �kcw�~y��ic��~yw�^ �Bk�¦'~rq¡q�i]¬ D \/orw�^
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~ysK^]i6or 'kcY[^>il^
2n−2 w�^ srnpor� \
~>gSn¡�Bkc^ w�ic^]�8k�il^]�r^ w�~yq�wc^]srnpor��i$~r\_oK�[s�kcY�^

2n−2 ��~ywckcn¡kcnpor�[np�[s�kcY[^��[^ �Bk�¦'~rq¡q@¬
��^]����^K£hoK�[^°\
~>g
wc^ ³��[^�k�Y[^|��~ywckcn¡k�n¡oK��or ¤kcY[^|q�~9kckc^]w]£j~y�ª��n�k�^ w�~9k�n¡�[s�kcY�npi'��wcoj� ^]i�i £Bormjk�~ynp�5~���~ywckcn¡kcnpoK��or +~�¦'~yqpq(np�Kk�o
w�^ srnpor�ªiCicu���Y_k�Y�~9k�~yqpq[�ª~ywckcn�~yq��j^ w�np�9~9k�n¡�r^>iCoy Un¡kc^]w�~ykc^>i £roy (k�Y[^� ¥orw�\ ∂T

k
i

∂xj

£r ¥orw
k ∈ {1 · · · `}

~yw�^�or (³[�j^]�
ilnpsr�¤£B~y����k�Y[^
ic^]��oK��� orw��j^ w|�j^]wcnp�9~ykcnp�r^]i°~Ki°¦�^ qpq@¬�X�Y[n�i°��wcoj� ^]i�i�¦�oru[q�� qp^]~K�Tkco�� or��icn��j^ w6~±Y[npsrYE�hu[\�m(^ w6oy �wc^]srnpor��i�np�EsK^ �[^]w�~rq¯£
^]~K��Y or �¦�Y[n���Y \
~¢g ic~ykcn�iz ¥gEkcY�^�YBgh�(oyk�Y[^]ic^]i�oy 6�r¬�X�Y[n�i�il^]^ \
i6  ~rw$ ¥w�or\�kcw�np�hnp~rqGn¡� k�Y[^�\/oKilk�sK^ �[^]w�~rqG� ~Kil^K£+m[ujk
¦�oKu[qp����^ wck�~rn¡�[qpg�m(^6 ¥wcu[n¡kl ¥u�q¤np�TiloK\_^6\/orw�^|�ª~ywckcn���u[q�~yw��]~ric^]i]¬
��^]����^K£�q¡^ k�u�i�q¡ohoK«
 ¥orw�icu���YTic�(^]� np~rq¤�]~ric^]i�or �^>tBu�~9k�n¡oK��i��z�3	�¬<`�orw�k�¦�o�icu�� � ^]i�ilnp�r^6m(o¢�h^>i

ai−1 ~y���
ai £�or�[^$Y�~ri]£�~Ki

ic^ ^ �5 ¥w�or\ � � 	 .
φai

j − Tjx = φai

j − φai−1

j + (φai−1

j − xj)αj(x),
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~y�ª�5n¡ CkcY[^$ ¥oj� ~rq¤�(ornp�Kk�i�~yw�^�� ~rq¡npsr��^]����£[n¡��kcY[^�ic^ ��ic^6kcY�~yk
φai

j = φai−1

j

£[kcY[^�ilnpsK��oy �k�Y[^�tKuª~y�Kk�n�kzg
φj − xj

wc^]\
~ynp��i
u[����Y�~y��sr^]� ~9 µk�^ w|~y�[��q¡ghnp�[s

T
¬ D ��kcu�~rq¡qpg�oK�[^�~ri�ic^ ^]� ~rq¡w�^]~K�jg±kcY�~yk

αs(x) ∈ (0, 1)
£U~r��� ~y�[�[qpghnp�[s

T
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kcY�^� ¥oj� ~rq��(ornp�Kk�\�u�izk'mª^�w�^ �[q�~r� ^]�_mhg�kcY�~yk�oy Uk�Y[^� ¥orqpq¡o9¦�np�[s$m(o¢�²¬CX�Y[npiNsK^ or\/^ kcw�np��� or���jn¡kcnpor��icY[oKu[qp�_k�YBu�i'~>�roKnp�/u�i
kco/wc^ ³��[^°kcY�^6��~ywckcn¡kcnpor��i'or +icu��]��^]i�icn¡�r^°¦�~yqpqpi]£j~ri'\/^ �Bkcnpor�[^>�±np�±k�Y[^$~ym(o9�r^|�jn�ic� u�i�ilnpor�¤£jicnp����^|n¡k�np\_�(oBil^>i�kcY�~yk'k�Y[^]ic^
w�^ srnpor�ªi'�[o/�[oyk�o¢�r^]wcq�~y�± ¥wcoK\�oK�[^6¦'~rq¡qUk�o_k�Y[^6 ¥orqpq¡o9¦�np�[s�¬
akG\/~¢g�m(^�ilk�~ykc^]��\/orw�^� ¥oKwc\
~yqpqpgr¬�}�^]�]~yqpqBk�Y�~9k

ai wc^  ¥^ w�i+kco|k�Y[^
i
kcY
��w�oKi�il^>��m(o>�²£r~r����k�Y�~9k

si
npi�n�k�iCu[�[n�tBu[^�^>ic�]~y�[np�[s

�jnpwc^>�8k�n¡oK�¤¬ D i�icu[\/^$~/ilkcw�or�[s_�r^]w�icnpor�5oy +k�Y[^$�[wc^]�hn¡oKu�i�~yqpnpsr�[\/^ �Bk�or + ¥oj� ~yq¤�ªoKnp�Kk�i�.

∀i ∈ {1 · · · `}, ∀j ∈ {1 · · ·n} \ {si+1}, φai

j = φai+1

j .
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X�Y[n�i�~rq¡npsr��\_^]�Kk�~Kicicu[\/�jk�n¡oK�5¦�npq¡q�~rq¡qpo9¦�u�i'k�o/u�ic^|k�Y[^ oKwc^]\ �6n¡��kcY�^6w�^ sKn¡oK�5¦�Y[^ w�^|kcY[^$qpor�[sr½¯k�^ w�\��jgh��~r\/np�]i'k�~y«r^
�[q�~r� ^r¬ `[u�wlk�Y[^ w�\/orw�^r£rn¡kN¦�npqpq�m(^°ilY[o9¦��/kcY�~ykGk�Y[^�sr^ oK\_^ kcw�n��'��wcoK�(^ wck�g!�l�]© 	G� ~y��~yq�ico$m(^�ormjk�~ynp�[^]�
~KiG~�� or��ic^]tBu[^ �ª��^
oy C ¥u[wckcY�^ w°~Kicicu[\/�jk�n¡oK��i�oK��k�Y[^�np�Kkc^]w�~K�8kcnpoK�Tizk�wcuª�8kcu[w�^�oy CkcY�^�icgjizk�^ \ .�n¡ Ck�Y[^�qp~yklk�^ w°��oK��iln�ilk�i�n¡�E~
icnp�[srqp^$��^ sK~ykcnp�r^
 ¥^ ^>�jm�~r��«5qpohoK�¤£�n�k� ¥orqpqpo¢¦�i�k�Y�~9k�kcY�^ wc^�^ �jnpilk�i�~
�(^ w�n¡oj�[np�$ic^]tBu[^]����^�oy �m(o>�j^>i�i�~9kcn�il ¥gBnp�[s �l�]© 	8£(~Ki�¦'^�¦�n¡qpq+ic^ ^�np��kcY[^
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a��5k�Y[n�i�il^>�8kcnpor��£j¦�^6 ¥oj��u�i�or��icghilk�^ \
i�oy +k�Y[^6 ¥orw�\ .





dx1

dt
= κ0

1 + κ1
1 s−(xn, θ1

n)− γ1x1

dxi

dt
= κ0

i + κ1
i s+(xi−1, θ

1
i−1)− γixi, i = 2 . . . n.
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a��/ilu���Y_icgjizk�^ \
i]£9^>~r��Y��y~yw�np~rm[qp^
xi

~r��kcnp�9~9k�^]i+kcY[^���wcoj�juª�8kcnpor��oy ªkcY[^��[^ �hkC�y~yw�np~rm[qp^r£
xi+1

£r^��[��^]�jk
xn

¦�Y[n���Y_np�[Y[npm[n¡k�i
x1

¬ ��^ ��� ^r£(k�Y[^ npw|n¡�Bkc^ w�~r��kcnpor�Eilkcw�u��8k�u[wc^�n�i�kcY�~yk|oy �~��[^ sB~9k�n¡�r^� ¥^ ^>�jm�~r��«�qpohor�¤¬[Y�� kco�~
kcw�~y��icq�~9k�n¡oK�¤£�kcY�^ gT~rwc^�oy 
kcY�^° ¥oKwc\ �j^]~rq�k�¦�n�k�Y�mBg5fh�[oKu�icicnUnp�4Op��]�P¬�a��±k�Y[^$� ~ric^

n = 3
or�[^°³��ª�[i'kcY[^6¦�^]q¡q¡½«B��o¢¦��Z�H�,�(�H��  �_�X$��,���[O ]�P¬�}�^]\
~yw�«

�[o9¦ kcY�~yk�~y�hg
��wcoj�[u��8k�n¡oK��k�^ w�\
κi

n�i�n¡���[^ �(^ ���[^ �Kk�oK�±kcY�^6�9~rwcn�~ym[qp^
xi

£[~r����k�YBu�i�~yqpqU¦�~yqpqpi�\�u�izk�m(^|kcw�~y��ic��~yw�^ �Bk]¬
� n¡kcY[oKujk'n¡�Bkcw�oj�ju�� n¡��s�u[�[�[^>��^>ici�~yw�g� ¥orw�\/~rq¡n�ic\�£Kqp^�k'u�iNoK�[qpg/ic~¢g�k�Y�~9k'¦�^°� ~rqpq��_� �^���H$I���L����� E��H$��\kh£

IG
n�i�~y��orw�n¡^]�Kk�^]�²£

q�~ym(^ qp^]� sKw�~r�[Y¤£+¦�Y[oBil^��r^ wckcn���^]i�wc^]�[wc^>il^]�Kk��9~yw�np~rm[qp^]i6or �kcY[^5ilgjilkc^]\�£�~y��� ^]�[sr^]i�w�^ �[w�^]ic^ �Kk�n¡�Bkc^ w�~r��kcnpor��i�m(^�kz¦�^ ^]�
kcY�^ \�¬�`�orw6^��[~y\/�[qp^r£

xi −→
− xj

n¡ '~r�Enp����w�^]~Kil^�oy 
xi

\
~¢gTq¡^>~r� kco�~��j^]� wc^>~ric^�or 
κj

~9k6qp^]~rilk$~9k$icor\/^��(oKn¡�Bk
xnp� ilk�~9k�^�il�ª~r��^K¬±X�Y[^]�¤£�~��[^]sK~ykcnp�r^/qpohor� n�i�~T��gj� q¡^
np�

IG
¦�n¡kcY ~y� oj�[� �hu[\�m(^ w�oy ��[^]sK~9k�n¡�K^/^]�jsK^]i]¬�ak�npi�^]~Kilnpq¡g

icY[o¢¦��±k�Y�~9k�~r�Bg±ilgjilkc^ \�¦�Y[oBil^|np�Kkc^]w�~K�8k�n¡oK�±sKw�~r�[Y5��oK��icnpilk�i'np��~/ilnp�[srqp^|�[^ sB~9k�n¡�r^|qpohor� �¥np�B�roKq¡�hnp�[s/~yqpqU�y~yw�np~rm[q¡^>i�	Gn�i
^]tBu[np�9~rq¡^]�Kk�k�o �z�
] 	�£[u[��kco
~/icgh\/\_^ kcw�g�np��ilk�~ykc^$ic��~r� ^r¬
X�Y[^'��~rwlk�n���u[q�~yw+ ¥orw�\ oy ��z�
] 	+n¡\/�[qpn¡^>i+k�Y�~9kCkcY[^]wc^'n�i�or�[qpg$or�[^�kcY�wc^>ilY[oKqp�

θ1
i

np��^>~r��Y��jnpwc^>�8kcnpoK�
i
£r~y�ª�

θ0
i

£
θ2

i

w�^ ��wc^>il^ �Bk
kcY�^$mªoKu[���[i�oy +k�Y[^$w�~r�[sr^|or 

xi
£[n¡�T~r�]��orw��[~r����^°¦�n¡kcY �@� 	8¬

a��5k�Y[^6 ¥orqpqpo¢¦�np�[s/¦�^$~rq¡¦'~¢gji�~ri�icu[\/^°k�Y�~9k

∀i ∈ {1 · · ·n} κ0
i + κ1

i > γi θ1
i

~y���
κ0

i < γi θ1
i
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X�Y[n�i�n¡\/�[qpn¡^>i�kcY�~yk�Y[npsrY[^]w��9~rq¡u[^>i�oy � ¥oj�]~yq¤�(oKn¡�Bk�i�~yw�^$~rm(o¢�r^6kcY[w�^]icY[oKqp�[i]£�~r����qpo¢¦'^ w��9~yqpu[^>i�~yw�^6m(^ qpo9¦�k�Y[w�^]icY[orq��[i]¬
b�kcY�^ w�¦�npic^r£[~yqpqUk�w�~9xz^]��kcoKwcnp^]i'¦�oKu[q�����or�h�r^ w�sr^°kco
~_u��[nptBu[^6³[�j^>�5�(ornp�Kk>£�il^]^�O¡�
]�P�q¡^]\/\/~��r¬

`'^  ¥orw�^�^]�Kkc^]wcnp�[s np�Kk�o \/oKwc^T�j^�k�~ynpq@£'q¡^ k�u�i
or�(^ w�~9k�^�~S ¥^]¦ icnp\_��q¡n¡ ¥ghn¡�[s oK�(^ w�~9kcnpor�ªi ¬ `+npw�izk>£�¦'^T��Y[oKic^�kco il^ k
wj = xj − θ1

j

¬GX�Y[^]�¤£
ẇj = κ0

j + κ1
jh

±(wj−1, 0)− γjθ
1
j − γjwj ,

~y�ª� kcYhu�i$~yqpqCkcY[w�^]icY[orq��E�9~yqpu[^>i|~rwc^GW ^ w�o�¬ D � � orw��jnp�[srqpgr£¤~yqpq�wc^ sKu[q�~yw6�jor\
~rn¡��i6~rwc^_�[o9¦�n��j^]�Kkcn¡³�^>�S¦�n¡kcY �¥m(oKu[���j^>�
w�^]�8k�~y�[sKu[q�~yw/w�^ sKn¡oK��i/oy �	_kcY[^

2n orwckcY�~r�Kk�i/or 
R

n ¬ X�Y[^]g3~yw�^�\
~y�[�(^>� ~Ki
^��j�[q�~ynp�[^]�3np� ic^]��kcnpor� �j¬p�y£�or�Kk�o kcY[^
�jn�ic� wc^ kc^�ic^�k

A = {0, 1}n
¬�X�Y[^���oKwcw�^]ic�(or���jnp�[s
�jn�ic� wc^ kc^�\
~y�[��n¡�[s

d : Dr → A
ic^ ���[i��[^ sB~9k�n¡�r^���ohoKw��jnp��~ykc^]i�kco

0
£

~y�ª�5�(oKicn�k�n¡�r^6oK�[^]i'k�o
1
¬

X�Y[^$m(oru[����i�or +kcY[^$¦�Y[oKq¡^$�[or\
~ynp��~rwc^6�[o¢¦ �j^]�[oyk�^]�

θ−i = θ0
i − θ1

i = −θ1
i

~y���
θ+

i = θ2
i − θ1

i .
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b°m�ic^ w��r^°kcY�~yk��y~yw�np~rm[qp^]i'\/~¢g��[o9¦em(^6��^ sK~ykcnp�r^r£[~y�����jo/wc^]�[w�^]ic^ �Kk���oK����^]�Kkcw�~9k�n¡oK��i'or��q¡g±u[�5k�o
~�k�w�~r��ilq�~9k�n¡oK�¤¬
X�Y[^E�[^ ¦ �jgh��~r\/np�]~yq°ilgjilkc^]\ m(^]Y�~>�r^>i
n��j^]�Kkcn�� ~rq¡qpg kco �l��] 	8£�or��� ^TkcY[w�^]icY[orq��[i�Y�~¢�r^Tm(^]^ � ic^�k±kco W ^ w�o�£�~r���3kcY[^
 ¥orqpqpo¢¦�np�[s/wc^]��~y\/np�[sKi'Y�~¢�r^6m(^ ^]���joK�[^ .

κ0
i ← κ0

i − γiθ
1
i ,

~y���
φi ← φi − θ1

i .

X�Y[^]�¤£B ¥oKw'^]~K��Y
i ∈ {1 · · ·n}

£Bk�Y[^° ¥oj�]~yqU�ªoKnp�Kk���ohoKw��[n¡��~ykc^
φi

\
~>g
or�[qpg/k�~r«r^�k�¦'o��y~yqpu[^]i]¬�� ^6~ym�m[wc^]�Bn�~ykc^�k�Y[^ \ ~Ki
 ¥orqpqpo¢¦�i�.

φ−
i =

κ0
i

γi

~y�ª�
φ+

i =
κ0

i + κ1
i

γi
.
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b°�[^$icY�~yqpq¤~rqpico_�[orkc^
κ±

i = γi φ±
i

¬
}�^]\/~rwc«�k�Y�~9k

φ−
i

npiN�[^ sB~9k�n¡�r^�~y���
φ+

i

�(oBiln¡kcnp�r^�� ~y�ª�
icn¡\/npqp~rwcqpg� ¥orw
κ±

i
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m(^ qpor��sKi�k�o
~/�joK\
~ynp�

a ∈ A
£jk�Y[^�ilnpsr��oy 

φi
n�i

2ai − 1 ∈ {±1}
£j ¥orw�^>~r��Y

i ∈ {1 · · ·n}
¬
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dx1

dt
= κ−

1 + (κ+
1 − κ−

1 ) s−(xn, 0)− γ1x1

dxi

dt
= κ−

i + (κ+
i − κ−

i ) s+(xi−1, 0)− γixi, i = 2 . . . n.
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(a, b)
^ �hn�ilk$n¡ �~y��� or�[qpgEn� 'k�Y[^ w�^/^ �jnpilk�i�iloK\/^
��or�Bkcnp�Bu[oKu�i

kcw�~9xz^]��kcorw�g�� wcoBicicnp�[s±icu�� � ^]i�ilnp�r^ qpg5k�Y[^/��oKwcw�^]ic�(or���jnp�[s�w�^ sKu[q�~yw|�jor\
~ynp��i°np�Silk�~ykc^/il��~K��^r£
Da

~y���
Db

¬�X�Y�npi|srw�~y�[Y
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TG

n�i+^]�Kk�n¡w�^ qpg$�[^�kc^]wc\/np�[^]��mBg6k�Y[^'�(oKicn�k�n¡oK�
oy + ¥o[� ~yq²�(oKn¡�Bk�i]¬�´ orw�^|�[w�^]� npic^ qpgr£

(a, b) ∈ E
n¡ �~y���5oK�[qpg�n� 

b = a = φ(a)
£[oKw

b ∈ {a + ei | i
ilu���Y5k�Y�~9k

ai = 0
~y���

φi(a) > 0} ∪ {a− ei | i
ilu���Y5k�Y�~9k

ai = 1
~y���

φi(a) < 0}.

b°m�ic^ w��r^°kcY�~yk
a

~r���
b
\
~>g5�jn�¨U^ w�~yk�or��^$��ohoKw��jnp��~ykc^6~9k�\/oBizk>£[icn¡��� ^

TG
w�^ ��wc^]ic^ �Bk�i'kcY[^$w�^ sKu[qp~rw��jgh��~r\/np�]i�or�[qpgr¬

`�wcoK\ �z��S 	�~y�ª� �z�RV 	8£�or�[^$�]~y���j^]�[u���^6kcY[^$��wc^>il^ �ª��^6oy +kcY�^6 ¥orqpq¡o9¦�n¡��s/��gj� q¡^6or �q¡^]�[syk�Y
2n

n¡�
TG
.

C =

1 · · · 11 −→ 01 · · · 1 −→ · · · −→ 0 · · · 011 −→ 0 · · · 01x
y

1 · · · 10 ←− · · · ←− 110 · · · 0 ←− 10 · · · 0 ←− 00 · · · 0

ak'� ~r�/m(^°icY[o¢¦��/k�Y�~9kNkcY[^]wc^�npiN�[o$³[�j^]��izk�~9k�^�n¡�
TG

£h~y���_k�Y�~9k
C

n�i�k�Y[^�or�[qpg_� gj��qp^�¦�n�k�Y[orujk�^>ic�]~y�[np�[s$^>�jsr^K¬�X�Y�^ �¤£
¦�^��j^ �[orkc^

a1 a2 a3 . . . an an+1 . . . a2n−1 a2n

1 · · · 11 01 · · · 1 001 · · · 1 . . . 0 · · · 01 0 · · · 0 . . . 1 · · · 100 1 · · · 10

�l�]� 	

`�u[wlk�Y[^ w�\/orw�^r£ªqp^�k|u�i°¦�w�n�k�^
φi = φ(ai)

£(kcY[^� ¥oj�]~yq+�(ornp�Kk|or N�jor\
~ynp�
ai £U~r��� W i k�Y[^�¦'~rq¡q�mª^ k�¦'^ ^ �Em(o¢�j^]i

ai ~y���
ai+1 £g� o � o n�k��r^]wcn¡³�^>i

c`
(
W i
)

= c`(Dai) ∩ c`(Dai+1)
¬

a��±kcY[^° ¥oKq¡qpo9¦�n¡��s�£Kk�Y[^6icu[�(^ w�ic� wcnp�jk'n¡�
ai \�uªizk�m(^|u[�ª�j^ w�izk�ohoj�
�(^]wcnpoj�jn�� ~rq¡qpgK£Bico�kcY�~yk' ¥orw'np��ilk�~r����^

a2n+1 ¦�npqpqU\/^]~y�
a1 ¬�ak6~y���(^]~yw�i�kcY�~yk°^>~r��YT��~rn¡w°oy Nicu�� ��^>icicnp�r^�izk�~9kc^>i

ai, ai+1 np�TkcY�npi|��gj��qp^��jn¡¨(^]w°oK�[q¡gT~9k°or��^�� ohorw��jnp��~9k�^r£�¦�Y�np��Y
¦�^��j^]�[oyk�^

si
¬Ga C\/orw�^ o9�r^ w�¦�^��j^]�[oyk�^

s±i
¦�Y[^ w�^

±
n�i�kcY[^�ilnpsr��or 

ai+1
si
− ai

si

£[¦�Y�np��Y�npi�~rqpico�k�Y[^�icnpsr��or 
φi

si

£�or�[^
orm[k�~ynp��i

i 1 · · · n n + 1 · · · 2n

s±i 1− · · · n− 1+ · · · n+

�l�
Q 	

��^]����^
si

npi�kcY[^5or�[qpgS^>ic�]~y�[np�[s �[n¡w�^]��kcnpor� oy �mªo¢�
ai £G~�  ~r�8k�k�Y�~9k_�]~y� ~rqpicoTm(^±¦�w�n�kckc^ ��~ri

Iout(a
i) = {si}

¬ D i
ic^ ^ � np� ic^]�8k�n¡oK� �[¬ �j£�k�Y[n�i
np\/�[qpn¡^>i/k�Y�~9k5~yqpq�kcw�~9xz^]�8k�orw�n¡^>i_np� ~ �joK\/~rnp�

ai q¡^>~>�r^Tn�k±np�3³��[n¡kc^Tk�n¡\/^r£��Bn�~ kcY[^ ¦'~yqpq

465a�74
8
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100

001

110

111

101

010

011

000

W 6

W 1

W 4

W 5

W 3

W 2

���������
	��������	���������������� ���!�"���$#��%��&'�(&�	)	+*-,"��.�/10 �2�$#3�54��)�6	�78��&9���:	;&<����7>=6�@?�ACBD�����E���F�
	)	�G)����� �F,�0H	��$I����:	
.J4�.
0H	

C
�K�L�
	�#��
	��
	��:�6	)*MBD�����3#�0H�N�K�E0K�O�:	��
P-���:*M����	QB9��0K0O�

W i �:��G�	R,S	)	��T��.��:	�7%�@��� .)�N0O0 4U*�	�#�� .��6	)*3�N�QBD	�0K05I

W i ⊂ {x |xsi
= 0}

£U~r����^]�Kk�^ w|�joK\
~ynp�
ai+1 ¬�ak° µoKqpq¡o9¦�i�k�Y�~9k|�[o�kcw�~9xz^]�8k�orw�g�� ~r�T^>ic� ~r�(^$kcY�^�� gh� q¡^K£a� o � o C

n�i°~y�
np�B�9~rwcn�~y�Bk�w�^ srnpor��¬CX�Y[n�i�� gh� q¡^6n�i�wc^]�[wc^>il^]�Kk�^]�±oK�5³�sru[w�^_�6 ¥orw

n = 3
¬

D w�~y�[n��±np��ic�(^]�8k�n¡oK��icY[o¢¦�i'kcYª~9k�kcY[^$¦�~yqpqpi�� ~r��m(^$�j^>ic� wcnpm(^]�5np��~/tBu[n¡kc^$^��j�[qpn���n¡k�\
~r�[�[^ w3.

W i =





∏

j<si

[θ−j , 0)× {0} ×
∏

j>si

(0, θ+
j ]

 µoKw
i ∈ {1 · · ·n},

∏

j<si

(0, θ+
j ]× {0} ×

∏

j>si

[θ−j , 0)
 ¥oKw

i ∈ {n + 1 · · · 2n}.

�@�y� 	

`�w�or\�kcY�^$w�^ \
~rwc«�u[���[^ w�^>tBu�~9k�n¡oK� �z�>� 	�n¡k�n�i���oyk��jn¡§���u[q¡k�k�o��j^]�[u���^$kcY�~yk�^>~r��Y���~rnpw�or + ¥o[� ~yq¤�(ornp�Kk�i
φi £ φi+1�jn¡¨(^]w|oK�[qpgT~9k6� ohorw��jnp��~9k�^

si+1
¬ D �8k�u�~yqpqpgr£UkcY[^]gT�r^ w�n� ¥g

φi ∈ Dai+1

£¤~y��� oK�[^�Y�~ri|ic^ ^ � k�Y�~9k
ai+1 ~y���

ai+2 or�[qpg
�jn¡¨(^]w�~yk�� ohorw��jnp��~9k�^

si+1
¬#��^ ��� ^r£[k�Y[^���gj��qp^

C
i�~9kcn�il³�^]i�kcY[^�~rq¡npsr�[\/^]�Kk���oK���jn¡kcnpor� �l�]© 	�ic^ ^]��n¡�T�[w�^ �hn¡oKu�i�ic^]�8k�npor�¤¬

� ^�� ~y��ilk�~ykc^6n¡k�¦�n�k�Y�oru[w���u[w�w�^ �Kk���oyk�~ykcnpor��i�.

∀i ∈ {1 · · · 2n}, ∀j ∈ {1 · · ·n} \ {si+1}, φi
j = φi+1

j .
�¯�[�3	

}�^]\/~rwc«±~rqpico�kcYª~9k�mBg5��oK��ilkcw�u��8k�n¡oK�5or�[^6Yª~ri' ¥orw�k�Y[^$w�^ \
~ynp�[np�[s/� ohorw��jnp��~9k�^ .

∀i ∈ {1 · · · 2n}, φi
si+1

= −φi+1
si+1

.
�¯�K� 	

fjn¡��� ^�oKu[w�~rn¡\ npi�kco±ilkcu��jg�qpnp\_n¡k|��gj� q¡^>i�~rwcn�ilnp�[s/ ¥wcoK\ �z�
] 	�£ª¦�n¡kcYTkcY[^�Y[^ qp�Tor �k�Y[^ oKwc^]\2�r£ªn�k|ic^ ^ \
i���~ykcu[w�~yq¤kco
��oK��icnp�j^]w'k�Y[^6 ¥orqpq¡o9¦�np�[s_\
~y� .

T
a1

T
a2n

T
a2n−1

· · ·Ta2

: W 1 −→W 1

D q¡kcY�oru[sKY ^]~K��Y
Ta npi��j^�³ª�[^]� or� k�Y[^�¦�Y[orqp^
m(oru[�ª�[~yw�g or 

Da
£�ic^ ^ �^S 	8£�or�[^�� or��icn��j^ w�i6Y[^ w�^/kcY�^
w�^]ilkcw�n��8kcnpor�ªi|kco

¦'~rq¡q�i
W i−1 or��q¡gK£j¦�Y[n���Y�¦�^$¦�wcn¡kc^6^ �j�[q¡n���n¡k�q¡g/.

Tai

: W i−1 −→ W i

x 7−→
(

φi
j + (xj − φi

j)αj(x)
)

j=1...n
,

�@�y© 	

¦�Y[^]wc^K£[~ri�np� �LQ 	8£

αj(x) = αj(xsi
) =

(
φi

si

φi
si
− xsi

) γj
γsi

.

}�^]\/~rwc«TY�^ w�^�kcY�~yk6kcY[^
^��j�[w�^]icicnpor�Eoy 
αj

�j^ �(^ �ª�[i6or�Ek�Y[^/�hu[\�m(^ w
i
oy �kcY[^/w�^ sKn¡oK�Eu[���j^]w$� or��icn��j^ w�~9k�n¡oK�¤¬���o¢¦�½

^ �r^]w]£[kcY�npi�wc^]srnpor��¦�npq¡q�~yqp¦'~¢gji�m(^���qp^]~rw� ¥wcoK\ kcY[^���or�Bkc^ �Bk>£ª~r����¦'^6k�YBu�i�qp^]~¢�r^6kcY[n�i��j^]�(^ ���[^ ����^�Y[n��[�j^ �¤£U~>�roKnp�[n¡�[s
�[ork�~9k�n¡oK��i�ilu���Y�~Ki

αi
j(x)

¬

�����������R�1�



�>� ��$��H� �������9���FwRm

�90L| � 5�=F��3\8H�(��8,:#2 :B� �9:M���"8 2�=
� f#dgf � $ � »��>· �r��' »)( � ( ¼ ·�� � · ( ��' »)( � » � c · �(0 » ����� ·T»���º �+0 0 �
X+o ³�k_kcY[^�YBgh�(oyk�Y[^]ic^]i�or �k�Y[^ oKwc^]\.�r£Gor�[^5\�u�ilk
��oK��iln��j^]w_~S��qpoKic^]� �[or\
~ynp� or �kcY[^5 ¥orw�\

[0, p], p ∈ R
n
+

£N¦�n�k�Y
�[oK�[^ \/�jkzg±n¡�Bkc^]wcnporw>£j~r����icn¡��� ^|k�Y[^$¦'~yqpq�i�~rwc^

n− 1
�jnp\/^ ��icn¡oK��~yq@£hkcY�^ npw�np�Kk�^ w�n¡oKw�n�i�^]\/�jk�gK¬

X�Y[^]wc^  µoKwc^K£²or�[^_\
~¢g�³�w�ilk6�[w�o9xz^>�8k
W 1 k�o

R
n−1 £+~y���S�[wcoK�Eoru[k|k�Y[^_³�w�izk���ohoKw��jnp��~ykc^r£²¦�Y[np��Y npi W ^]wcoª¬�fjn¡\/npqp~rwcqpgr£

kcY�^ w�^6npi��[o/qpoKi�i�n¡�Tilu��[�[wc^>icicnp�[s�kcY�^
si
k�YT��ohorw��jnp��~9k�^|oy ��(ornp�Kk�i�np�

W i £�ilnp����^$n�k�^>tKuª~yq�i�W]^ w�o_mBg5� or��ilkcw�u��8k�n¡oK�¤¬
fh^>��or���¤£h^]~K��Y

Tai Yª~ri�~y�±^ �hkc^ �ªilnpor��k�o�kcY[^$��qpoKicu[wc^
c`
(
W i−1

) £[�j^�³��[^>�±mBg±��oK�Kk�n¡�hu[n�kzg�oy �kcY[^6^��j�[w�^]i�ilnpor� �@�y© 	8¬GX�o
��oK\/�(oKic^�kcY[^>il^/^��hkc^]��icn¡oK��i £²oK�[^_Y�~Ki°kco���Y[^]��«TkcY�~yk$^]~r��YSoy NkcY�^ \ \
~r��i

c`
(
W i−1

) k�o
c`
(
W i
) ¬/fhnp����^_kcY�^/¦'~yqpqpi

kcY�^ \
il^]q¡�r^>i�~yw�^|� orw�wc^>�8k�q¡g
\/~r�[�(^]�¤£[~y����~yw�^|�[w�oj�ju���k�i'or +oK�[^6icnp�[srqp^�k�or�
{0}

~y�ª�±or �ic^ sr\/^]�Kk�i�oy +kcY[^6 ¥orw�\
(0, θ+

j ]orw
[θ−j , 0)

£Nn�k
icuj§���^]i�kco ��Y[^>��« kcY�~yk_kcY[^��(oKn¡�Bk�i_oy 
c`
(
W i−1

) Yª~>�hnp�[sS~yk_qp^]~rilk_or��^���ohorw��jnp��~9k�^�^>tBu�~yq�k�o
0

~yw�^
\
~y�[�(^>�±k�o

c`
(
W i
) ¬

fhoª£+qp^�k
x ∈ c`

(
W i−1

) ilu���Y kcYª~9k
xj = 0

¬ fhnp����^
c`
(
W i−1

)
⊂ {x |xsi−1

= 0}
n�k�npi�w�^ qp^ �y~y�Bk$kcoE��oK��iln��j^]w�or�[qpg

j 6= si−1
¬|X�Y[^ �¤£

Tai

x ∈ c`
(
W i
) n� z£²~r���Tor��q¡g�n¡ z£U^]~K��YE��ojorw��jn¡�ª~9kc^

Tai

k x
m(^]q¡oK�[sKi�kco�k�Y[^��[wcoyxz^>�8kcnpor� np�E�jnpwc^>�8k�n¡oK�

k
oy 

c`
(
W i
) £¤¦�Y[n���Y npi6^]n�k�Y[^ w

[0, θ+
k ]

orw
[θ−k , 0]

¬ %¤^�k�u�i$� ~rq¡qCkcY[n�i$ic^ sK\/^ �Kk
Ik

kcoTicn¡\/�[qpn� ¥g k�Y[^/^��j�(oBiln¡kcnpor��¬_X�Y[^
^��j�[qpn���n¡k_ ¥orw�\�u[qp~EsKn¡�r^]��n¡� �@�y© 	_ilY[o9¦�i�kcY�~yk_kcY[^T��ohoKw��jnp��~ykc^±\
~y�

Tai

j

�j^]�(^ ���[i_oK�[qpg oK���9~rwcn�~ym[qp^]i
xj

~y���
xsi

¬
��^]����^K£(n¡ 

j 6= si
£(or�[^�or�[qpg�Y�~ri�k�o±��Y[^>��«�¦�Y[^ kcY[^]w

Tai

j x ∈ Ij
£(¦�Y[npqp^�n� 

j = si
~rq¡q�� ohorw��jnp��~9k�^]i�\�u�ilk°m(^���Y[^>��«r^>�²¬

X�Y[^>il^|kz¦�o
�]~ric^]i�srnp�r^
� a 

j 6= si
£
Tai

j x = (1− αj(x))φi
j

¬�`[w�or\ kcY[^�np�[^]tBu�~rq¡n¡kcnp^]i�m(^�kz¦�^ ^]�
xj

£
φi

j

~y�ª�
θj = 0

£ªn�k�n�i�^>~ricn¡qpg5��Y[^]��«r^]�
kcYª~9k

αj(x) ∈ (0, 1]
¬N´Torw�^ o9�r^ w]£B ¥orw

j 6∈ {si} = Iout(a
i)
£
φi

j

npi�n¡�
Ij \ {0}

¬GX�Y[^]�¤£
Tai

j x ∈ Ij
 ¥oKq¡qpo¢¦�i�^>~ricn¡qpgr¬

� a 
j = si

£¢w�^ \
~yw�«�³�w�ilk¤kcY�~yk
x ∈ c`

(
W i−1

)
∩c`
(
W i
) ¬+X�Y�^ �

Tai

si
x = 0 ∈ Ij

¬�´Torw�^ o9�r^ w>£� ¥oKw+~y�hg
k ∈ {1 · · ·n}

£
αsk

(x) = 1
£�ilo_kcY�~yk

Tai

k x = xk
£jkcY�~yk�npi�kco�ic~¢g

x
npi�~�³[�j^]���ªoKnp�Kk]¬

ak� ¥orqpq¡o9¦�i�k�Y�~9k°np� ~y�hg�� ~Kil^K£
Tai

x ∈ c`
(
W i
) £U~ri�~>¦'~rn¡kc^]�²£(~y����¦�^���or�ªiln��j^ w���o¢¦ kcY�~yk�k�Y[^�\/~r��i

Tai ~rwc^��j^ ³��[^]�
or�5k�Y[^���qpoKicu[w�^|oy �¦'~rq¡q�i]¬
`�n¡�ª~yqpq¡gK£��[wcoK�(oKicn�k�n¡oK� ��np\/�[q¡np^]i�kcY�~yk�kcY[^±n¡\
~rsr^

Tai (
c`
(
W i−1

)) npi�~rq¡¦�~>gji$� or�Bk�~ynp�[^>� n¡� k�Y[^±icu[m�ic^�k�or 
c`
(
W i
)

¦�Y[oBil^6�(ornp�Kk�i�i�~9k�npil ¥g
sign (φi

si−1
− xsi−1

) = sign (φi
si−1

).
�¯��] 	

X�Y[n�iCw�^]ilkcw�np��kcnpor��npi�n¡qpq¡uªizk�w�~ykc^]��or��³�sru�wc^��h¬�fhnp����^�oru[w�n¡�Bkc^]wc^>izk�n�iCnp��kcY[^�n¡kc^]w�~ykc^]iCoy ªkcY[oBil^�\
~y��i]£y¦�^�ilY[oKu[q���w�^]ilkcw�np��k
kcY�^ \ kco
icu���Y�icu[m�il^ k�i]¬
a��Tilu�\_\
~rwcgK£Bk�Y[w�^ ^$icn¡\/�[qpn¡³ª� ~ykcnpor��i��]~y��m(^$�[or�[^ .
� X�Y[^

si
kcYT��ojorw��jn¡��~ykc^|oy 

x ∈W i �]~y��m(^�ilu[�[��wc^>icic^]�±¦�n¡k�Y[orujk�qpoKi�i'or �n¡�[ ¥orw�\/~ykcnpor�
� X�Y[^6kcw�~y��icn¡kcnpor�5\
~r��i�� ~r��m(^$�j^ ³��[^]��oK�5kcY[^���qpoBilu[w�^|oy �¦�~yqpqpi]¬
� b°�[qpg
k�Y[^$�(ornp�Kk�i��r^]wcn¡ ¥ghn¡�[s �¯��] 	��]~y��m(^6w�^]~K��Y�^]�±mBg

Tai ¬
X�Y[^G�[ork�~ykcnpor�

W̃ i ¦�n¡qpqrm(^Gu�ic^]�|kco��j^]�[oyk�^Ck�Y[^N�[or\
~ynp��i²oKmjk�~rn¡�[^>�6~9 µk�^ w¤kcY[^>il^�k�Y[w�^ ^Nilnp\/�[q¡n¡³ª�]~9kcnpor�ªi ¬+´Torw�^�^��j�[qpnp� n�k�q¡g
W̃ i npi+oKmjk�~rn¡��^]�6 ¥w�or\ �@�y� 	¤mBg�ilu��[�[w�^]icicnp�[s�k�Y[^

{0}
k�^ w�\�£¢uªilnp�[s|��qpoKic^]�$np�Kkc^]wc�y~yq�i £9~y����w�^ �[q�~r� n¡�[s�\/orw�^ o9�r^ w

[θ−si−1
, 0]mBg

[φ−
si−1

, 0]
£[orw

[0, θ+
si−1

]
mhg

[0, φ+
si−1

]
¬B`[orw�^ �j~r\/�[q¡^ .

W 1 = {0} ×
n∏

i=2

(0, θ+
i ],

ico_kcY�~yk
W̃ 1 =

n−1∏

i=2

[0, θ+
i ]× [0, φ+

n ].

��~r��Y
W̃ i n�i�~_w�^]�8k�~y�[sKu[qp~rw'w�^ sKn¡oK�5np�

R
n−1 ¦�n¡kcY���or�[^]\_�jkzg5n¡�Bkc^ w�nporw>£[izk�n¡qpq��]~yqpq¡^>�5¦'~yqpq¤n¡��k�Y[^�ic^]tBu[^ q@£�~y���5kcY[^

�[w�^]� ^]�jnp�[s/�[npi���u�i�icn¡oK��icY[o¢¦�i'kcYª~9k�^]~K��Y�\
~y�
Tai n¡�ª�ju���^>i�~_¦'^ qpq¤�[^�³��[^>�5\
~r�

T̃
ai

: W̃ i−1 → W̃ i.

}�^]\/~rwc«6k�Y�~9kG~yq¡kcY�oru[sKY��(ornp�Kk�i�np�
W̃ i−1 �jo|�[orkCY�~¢�r^�~

si−1
kcY/��ohoKw��[n¡��~ykc^K£

T̃ai

si−1

npi��j^�³���^]��u�icn¡�[s|^ �j�[wc^>icicnpor�-�@�y© 	8£
¦�n¡kcY

xsi−1
= 0

¬ %�^�k�u�i�¦�wcn¡kc^6n¡k�^��j�[qpn���n¡kcqpg� ¥orw�q�~9kc^]w��[u[w��(oKic^ .

T̃
ai

si−1
x =

(
1− αsi−1

(x)
)
φi

si−1

�@�IV 	
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	! SL���:	�����73	�BD�N0O0K�L���;�K�#"F�����
	��NP������K�����K73	;�K�!#:�����
	 �6#-��.$	�I%$ �@���6	+*10K�K��	 � �
	J#:�
	��
	 ��� ���F�
	����:�N0<*2�$I
���:	 *F�N����	)* 0K�K��	 �M�N� � BD�N0O0

W i �
	�#��
	��
	��:�10K�K��	 �UBD�:	��
	
xj = φi

j

I ���:	 ��0K���"�F73	��:�!.)���:*@����� ��� =& S�
A
�K� &6��0'"F0K0<	+* ��� ���:	 0<	 & �6P(�N��* ���@� ��� ����	 ���K���:�Q�:�N��* ���H*�	�I ����	 ���K���:�)(��:���:* ���<*F	*"S�����
	 �K�E������� �N��0 4
#��
	��
	��:�6	)* ���!� .)�@���:�6	��
	,+��N71#:0H	%� � =& S�
ANI ���:	M,�0��2	1�
	 �"� ��� ��� 	+��.�� �$�". � B9��0K0 �
	�#:�
	 �
	��:���%����	1�K7%�N�@	

T
ai `

W i−1
´ I ����	64 �N�
	 ���:��BD� ���R#���0 4���	)*2�����!&��N�3	+�N�
	T��&��F,��
	��)G)�@��� ���:P ,S�F�1���:	64 �:��G�	 �K� �S	��:	�����0��

#��<	
.$	NBD�K�
	 ��7%�2�@��� ,S�@���:*F���542P-�N��*%�:�2� � #��<	
.$	NBD�K�
	 0K�K��	+�N�����:	 =6����0H	����(�N0O0D*F	+.)� 4 ���@�6	 �����
	Q	.-��2�N0KANI �'��	
�����"*�	+* �
	 �"� ���F�(���
	��:�2� �
	+��. ���F,�0<	+P'�N�(�N�E�K0K0����)�����@��� �N� ��& 	.-�I�=& 0/NANI

��o9¦$£[¦�^$�j^ ³��[^�~_\
~y�
T = T̃

a1

T̃
a2n

T̃
a2n−1

· · · T̃a2

: W̃ 1 −→ W̃ 1 �@�y� 	
b°u[w�~ynp\ ¦�n¡qpq¤m(^|k�o
��Y[^]��«
k�Y[^$YBgh�(orkcY[^>il^>i'or +kcY[^]orw�^ \ �6 ¥orw�kcY�npi�\
~y�

T
¬

� f#dgf#d $ �j�¢��' ��' » ( » ��º ��0 0¯�
%¤^ k'u�i��[o9¦ ��oK��icnp�j^]w�Y[o¢¦

W̃ i \
~¢g/m(^°��~ywckcn¡kcnpor��^]��~r�]��oKw��jnp�[s$kco�k�Y[^|icn¡sK����~9kckc^]wc�±oy 
φi− x

¬"`�orqpqpo¢¦�np�[s!�¯��] 	�£BkcY[^
��ojorw��jn¡�ª~9kc^

si−1
or Ck�Y[n�i°icnpsr�Tn�i�³[�j^>�TmBgT��or��ilk�wcu���kcnpor�¤¬ D i� ¥orw�kcY�^�� ohorw��jnp��~9k�^

si
£(n¡k°Y�~Ki�m(^]^ �Eicu[�[�[w�^]i�ic^]�� ¥wcoK\

W̃ i mBg ��oK��izk�w�u��8kcnpoK�¤¬$b°� kcY�^�orkcY[^ w|Y�~r���²£U�[w�or�(oBiln¡k�n¡oK� ©�np\/�[qpn¡^>i�kcYª~9k|kcY[n�i|icnpsr� n�i°�[ork6��oK��izk�~y�Bk� ¥oKw|~r�Bg�oyk�Y[^ w
��ojorw��jn¡�ª~9kc^

j
¬GX�Y[^ �¤£��j^]�[oyk�n¡��s

Ji = {1 · · ·n} \ {si−1, si},
n¡kC ¥oKq¡qpo¢¦�i�kcY�~ykCk�Y[^�~rm(o¢�r^'\/^ �Bkcnpor�[^>��wc^]srnpor��i�\
~>g�m(^��[^]i���w�n¡m(^>��u�icn¡�[s$icn¡sK���r^]��kcorw�i�np��kcY[^�³��[n¡kc^�il^ k

Σi = {±1}Ji
¬

1�^>�8kcoKw�i�np�
Σi

¦�n¡qpq[kcY[^]�
Y�~>�r^�k�Y[^ npwN� ohorw��jnp��~9k�^]iCn¡���[^��j^]�/mBg
Ji

£K¦�Y[n���Y/¦�npq¡q���wco9�r^�\/orw�^�� or�B�K^ �[np^ �KkGkcY�~r�/np���j^ �hnp�[s
kcY�^ \ mBg

{1 · · ·n− 2}
¬B`[orw�~r�Bg±icnpsr����~9kckc^]wc�

σ ∈ Σi
£[qp^�k�u�i��j^�³��[^�~/� orw�wc^>il�(or���[n¡�[s�� W]or�[^1�

Z
i(σ) = {x ∈ W̃ i | ∀j ∈ Ji , sign (φi

j − xj) = σj}.

��o9¦$£h ¥wcoK\ k�Y[^|kcw�~y�ªilq�~9k�n¡oK��or �~yqpq(k�Y[w�^]icY[orq��[i�kco�W ^ w�o�£BkcY�^6orw�n¡sKn¡�±or 
R

n−1 m(^ qpor��sKi�kco_^]�r^ w�g
¦'~yqpq
W̃ i ¬G´ToKwc^]o¢�r^]w]£

�[o± ¥oj� ~yq��(ornp�Kk|Y�~¢�r^�~±��ojorw��jn¡�ª~9kc^�^>tKuª~yq�k�o W]^ w�o�¬���^ ��� ^r£Uor�E^]~r��Y ¦'~yqpq
W̃ i £(kcY[^]wc^�npi|~�u[��nptBu[^�W oK�[^�� or�Kk�~ynp�[np�[s

kcY�^$orw�n¡sKn¡�5or��n¡k�i�m(oKu[���[~rwcgK£j~y�ª�±kcY[^�� orw�wc^>il�(or���[n¡�[s/ilnpsr���r^]��kcorw�np�
Σi

n�i

σi =
(
sign (φi

j)
)
j∈Ji

�@�FS 	

� ^N¦�npq¡qBic^ ^N�[o9¦ kcY�~yk�kcY�^]ic^G�ª~ywckcn���u[q�~yw�W oK�[^]i]£>Y�~¢�Bnp�[s�k�Y[^Norw�npsrnp�6or�$kcY[^]n¡w+m(oKu[���[~rwcgK£>n¡�$  ~r��k�~9kckcw�~r��k+~yqpqyk�w�~9xz^>�8kcoKwcnp^]i
oy �kcY�^�icghilkc^]\�£�~y���5kcY�^ ��w�^ \
~rn¡��np�B�y~yw�np~r�Kk]¬ D i�k�Y[^ g5¦�npq¡q�m(^6kcY[^�or�[qpg W oK�[^]i�¦�^���oK��iln��j^ w�^]�r^ �Bkcu�~rq¡qpgr£[¦'^�ilnp\/�[q¡g
�j^]�[oyk�^ .

Z
i = Z

i(σi).

�����������R�1�



��] ��$��H� �������9���FwRm

}�^]\/~rwc«
k�Y�~9k�kcY�^$�[^�³��[n¡kcnpor��or +kcY[^>il^iW oK�[^]i�~y����^]tBu�~9k�n¡oK� �@�y� 	'~rqpq¡o9¦  ¥orw�~_\/orw�^6^��j�[qpnp� n�k� ¥orw�\�u[q�~9k�n¡oK�7.

Z
i =





∏

j<si

[φ−
j , 0]×

∏

j>si

[0, φ+
j ]

 ¥oKw
i ∈ {1 · · ·n},

∏

j<si

[0, φ+
j ]×

∏

j>si

[φ−
j , 0]

 ¥oKw
i ∈ {n + 1 · · · 2n}.

�@�y� 	

� f#dgf � �_�]� �9�[�y�3'�� · � ( ¼ ' ( �j�j� '¯� ( �
� ·�� ' » ( �
$ � »&%N» ��' ��' »)( � f ��k��iwR���(�

Z1 �#�$����L�H$I�����_{+�<�����i�lk��G	�*���$�-G����)�_�(	��\��� 	 j *
T
�

T

(
W̃ 1
)
⊂ Z

1.

���H�
�1� o `�wcoK\ �z�]� 	�~y��� �l�
Q 	'n¡k� ¥orqpq¡o9¦�i�kcY�~yk
sign (φ1) = (−1, 1 · · · 1) ∈ {±1}n

¬�X�Y[^]�¤£
s1 = 1

~y���
s0 ' s2n = nnp\_��q¡np^]i

J1 = {2 · · ·n− 1}
¬GX�Y�^ �¤£

σ1 = (1 · · · 1) ∈ {±1}J1
£�~y���

Z
1 = {x ∈ W̃ 1 | ∀j ∈ J1 , xj < φ1

j}

=

n∏

j=2

[0, φ+
j ],

icnp����^
φ1

j = φ+
j

 ¥orw
j ∈ J1

¬

%¤^ k
x1 ∈ W̃ 1 ¬�a���kcY[^6 ¥oKq¡qpo¢¦�np�[s/¦�^$�j^]�[oyk�^

xi = T̃ai

xi−1  ¥oKw
i > 2

£[ico_kcY�~yk
Tx1 = x2n+1 ¬�{�qp^]~rwcqpgK£

xi ∈ W̃ i  ¥orw
~yqpq

i
¬

��o9¦$£K ¥oKw�^]~K��Y
i ∈ {1 · · · 2n}

£Bk�Y[^|~yqpn¡sK�[\/^ �Bk'��oK���jn¡kcnpor� �¯�[��	�~y���/k�Y[^°^ �h��wc^>icicn¡oK� �@�y© 	Goy 
Tai np\/�[qpg_kcY�^� ¥orqpq¡o9¦�np�[s

��oK��ic^ w��9~9k�n¡or�5oy Cicn¡sK��i .

∀i ∈ {1 · · · 2n}, ∀j 6= si+1, sign (φi
j − xi

j) = sign (φi+1
j − xi+1

j ).

a��T��~rwlk�np� u[q�~yw� ¥orw�k�Y[^
n

q�~rilk°�jor\
~ynp��i�oy Ck�Y[^�� gj��qp^
C
£(wc^]\/~rwc«hnp�[s_ ¥w�or\ k�~ym[qp^-�l�
Q 	'k�Y�~9k

sn+i = i
£�k�Y[^�~ym(o9�r^$Y�~ri

kcY�^6 ¥orqpq¡o9¦�n¡��s/��oK��ic^]tBu[^ �ª��^ .

∀i ∈ {1 · · ·n}, ∀j < i + 1, sign (φn+i
j − xn+i

j ) = sign (φn+i+1
j − xn+i+1

j ).

X�Y[n�i�^>tBu�~yqpn�kzg5� ~y��m(^$�[wcoK��~ysB~9kc^>�²£hn¡��kcY�^$ic^ �ªil^|k�Y�~9k

sign (φn+1
1 − xn+1

1 ) = sign (φn+2
1 − xn+2

1 ) = . . . = sign (φ2n
1 − x2n

1 ) = sign (φ1
1 − x2n+1

1 ),

sign (φn+2
2 − xn+2

2 ) = sign (φn+3
2 − xn+3

2 ) = . . . = sign (φ2n
2 − x2n

2 ) = sign (φ1
2 − x2n+1

2 ),¬¬¬
sign (φ2n−1

n−1 − x2n−1
n−1 ) = sign (φ2n

n−1 − x2n
n−1) = sign (φ1

n−1 − x2n+1
n−1 )

sign (φ2n
n − x2n

n ) = sign (φ1
n − x2n+1

n )

��o9¦$£�ilnp����^
xn+i ∈ W̃n+i £�~r����ilnp��� ^��¯��] 	'n�i�i�~9k�npil³�^>�±oK�

W̃n+i mhg5�j^�³���n�k�n¡oK�¤£[or��^6ormjk�~ynp��i

sign (φn+i+1
i − xn+i+1

i ) = sign (φn+i+1
i ), i ∈ {1 · · ·n}.

�¯��Q 	
{�or\�m�n¡�[np�[s_k�Y[n�i�¦�n�k�Y5k�Y[^$�[w�^ �hn¡oKu�i'qpn�izk�oy �^>tBu�~yqpn�k�np^]i�srnp�r^]i

sign (φ1
i − x2n+1

i ) = sign (φ1
i ), i ∈ {1 · · ·n},

¦�Y[n���Y�^��[~K�8kcqpg�\/^]~r��i
x2n+1 = Tx1 ∈ Z1 £�~ri�^��j�(^]��kc^>�²¬

b°��^�\
~>g_�[o9¦ ��or�ªiln��j^ wGkcY�^�wc^>izk�wcn��8k�n¡oK�/oy 
T

kco
Z1 ¬ D �8k�u�~yqpqpgr£KkcY[^°�[wc^]�BnpoKu�i��[w�or�(oBiln¡kcnpor�/np\/�[q¡np^]iGk�Y�~9k'��Y[oBilnp�[s

~y�hg�n¡�[n¡kcn�~yqC��or�ª�jn�k�n¡oK�
x1 ∈ W̃ 1 £ªkcY�^�kcw�~9xz^]��kcorw�g

{Tmx |m ∈ N}
npi°��oK�Kk�~ynp�[^]��np�

Z1 £(^ �j� ^ �jk°\
~¢ghmª^� ¥orw
x1 ¬°fjo�£

kcY�^ w�^6npi��[o/qpoKi�i�oy �sr^]�[^ w�~yqpn¡k�g
np�T��Y�oKicn¡�[s/n¡�[n¡k�np~rq¤� or���[n�k�n¡oK��i�n¡��kcY�npi�np�B�y~yw�np~r�Kk�icu[m�ic^�k�or�[qpgK¬
� ^_�]~y�S~yq�ilo±�r^]wcn¡ ¥g�k�Y�~9k>£UoK�E^]~r��Y ¦�~yqpqC~yqpq+kcw�~9xz^]��kcorw�np^]i�oy �icghilkc^]\ �l�+S 	�~rwc^�^]�r^ �Bkcu�~rq¡qpgT��oK�Kk�~ynp�[^]� np� kcY�^�w�^ sKn¡oK�
Zi ¬GX�Y[npi�  ~r��k�n�i�~/��or�ªil^>tKu�^ ����^6oy ��[w�or�(oBiln¡kcnpor� ]
~y���5kcY[^6 ¥oKq¡qpo¢¦�np�[s).
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���������
	��2Q����	����N73	1B9��0K0K�Q�����K� "S�����
	  SI�����B;P ���:	(�K��G)�N��� ���:�;�
	 ��� ��� S

i
Z

i �:�N�1,F	+	��M���:��*�	)*3�K�U*F����/
���
	)	��'I ����	��
	+�"*F	��C7%� 4 .���	
. /T��� ���:	 "F�����
	 ���:�@�L�������+	+.�� �N���<	 � �������"�K�:�2���K�F�T��� ����4 B9��0K0 	NG�	��:� �2�N0K0 4M&<��0K0
�K�:� �%���F�K�L�
	 �"� �N��I

$ � »&%N» ��' ��' »)(�� f ������$��l�
i ∈ {1 · · · 2n} r T̃ai (

Zi−1
)
⊂ Zi o

���H�
�1� o %¤^ k x ∈ Zi £[¦�Y[n���Y�mBg5�j^ ³��[n¡kcnpor��npi�^]tBu[np�9~rq¡^]�Kk�kco

∀j ∈ {1 · · ·n} \ {si−1}, sign (φi
j − xj) = sign (φi

j).
� ©K� 	

`�n¡w�ilk]£�orm�ic^ w��r^�kcY�~yk$np� �jn¡\/^]��ilnpor�
n = 2

£
Ji = ∅

mBgS�j^ ³��[n¡kcnpor� ~y���Ek�YBu�i
Zi(σ

i) = W̃ i ¬�X�Y[^ w�^_n�i6��oykcY�n¡�[s�kco
�[w�o¢�r^6n¡��kcY[n�i�� ~Kil^K£[~y���5oK�[^|kcYhu�i�~ri�icu[\/^]i

n > 3
n¡��kcY�^$wc^>izk�oy �kcY[^$�[w�ohoy z¬

`�wcoK\�kcY[^�~rq¡npsr�[\/^]�Kk�� or���jn¡kcnpoK� �@�j�3	'or�[^6sK^�k�i]£

∀j 6= si, φi
j − T̃

ai

j x = (φi−1
j − xj)αj(x).

fhnp����^
αj(x) > 0

£juªilnp�[s �¯©r� 	'q¡^>~r�[i'k�o

∀j ∈ {1 · · ·n} \ {si−1, si}, sign (φi
j − T̃

ai

j x) = sign (φi−1
j ) = sign (φi

j).

`�wcoK\ �¯��] 	'n¡k�npi�n¡\/\/^]�[np~ykc^6kcY�~yk

sign (φi
si−1
− T̃

ai

si−1
x) = sign (φi−1

si−1
) = sign (φi

si−1
),

¦�Y[n���Y�kc^]wc\/np��~9k�^]i'k�Y[^$�[w�ohoy z¬
X�Y�npi��[w�or�(oKicn¡kcnpor��~yqpq¡o9¦�i'u�i�kco���oK��iln��j^ w�or�[qpg�kcY[^$w�^]ilkcw�np��kcnpor��i�.

T̃
ai

: Z
i−1 → Z

i

np�5k�Y[^6 ¥orqpq¡o9¦�np�[s�¬"`�n¡sKu[w�^6©/icY[o9¦�i�k�Y[^��jor\
~rn¡��i
Zi oK��~

3
�[n¡\/^ �ªilnpor��~rq²^��[~y\/�[qp^r¬

�90�� � �"8 2�3�5�=y;��,�
X�Y[^$\
~ynp��w�^]icu[q¡k�oy �kcY[n�i���~r�ª^]w�¦�npq¡q¤^>icic^ �Bkcn�~yqpq¡g±� or��icn�izk�np�T~y�[�[qpghnp�[s_kcY[^]orw�^ \ �6kco/ ¥^ ^]�[m�~r��«±q¡ohoK��icgjizk�^ \
i�or +kcY[^
 ¥orw�\ �l��] 	8£²oKw°^>tBu[n¡�y~yqp^ �Kk�q¡g,�z��S 	8¬ D \/or�[s±k�Y[^_YBgh�(oyk�Y[^]ic^]i�k�o5m(^/��Y[^>��«r^>�²£(k�Y[^/��oK��� ~¢�hn�kzgT��or�ª�jn�k�n¡oK�

(C)
¦�npqpqCm(^

�r^ w�n¡³�^]�5¦�n�k�Y�kcY[^�~rnp�5or +kcY[^6 ¥oKq¡qpo¢¦�np�[s/q¡^]\/\/~�¬
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�N· � � � �(f h ���
p, q, r ∈ R̊

n
+ o h ���G$�����

T : [0, p] → [0, q]
$���	

M : [0, q] → [0, r] j �t��!"�����@	�� �>���H��� �L��$ j �J�
-%$��I���_�TE�i�$����#_� *��_�yE �����(	��_�L�����

(M)
���i�lk�� ���H��-+* o � �R�I��������lk�$�� $��\* �1� �lk��)���� ���(	 ���H	I����	I�����_{+$��L�_{�����1�

T
$��(	

M
$��1���������X���+��_���_{+� r $��(	U�_k\$�� $��<�J� $+������(�G���i�lk���- �#i�(�^EF$��L�_{�� r ����� j ���_k -%$��F�(�_�TE� o��k���� r �lk����_��� ��->���+��_�,�

MT : [0, p]→ [0, r]
�$����#lx<��

(M)
$���	

(C) o
���H�
�1� o X�Y[^$wc^>ilu�q�k�n�i�ormjk�~ynp�[^]�± ¥w�or\�k�Y[^���Y�~ynp��wcu�q¡^K¬)%¤^ k

x ∈ [0, p]
¬GX�Y�^ �

Tx ∈ [0, q]
~r���

D (MT ) (x) = DM (Tx)DT (x).

`�wcoK\ kcY�npi'^ �j�[wc^>icicnpor��n�k�n�i���qp^]~yw�kcYª~9k'kcY�^6��or\/�(oBiln¡kc^
MT

i�~9kcn�il³�^]i
(M)

n¡ +m(oyk�Y
T

~r���
M

�joª¬���o9¦$£hsrnp�r^ �±srnp�r^ �
~y�hg

x < y
np�

[0, p]
£U��or�ª�jn�k�n¡oK�

(M)
oK�

M
n¡\/�[qpn¡^>i

Tx < Ty
£ªmBg�\/or�[orkcoK�[np� n�kzg5oy �^]~K��Y ��ohoKw��jnp��~ykc^| ¥u����8k�n¡oK�

Ti
£

Mi
¬

X�Y[^]��kcY[^��[or�[�(oBiln¡kcnp�hn�kzg±oy �il^>��or�ª�5orw��j^ w��j^ w�np�9~9k�n¡�r^>i'sKn¡�r^>i
DM(Ty) � DM(Tx)

¬NX�Y[^]��u�ilnp�[s
m(oykcYT� or���jn¡kcnpoK��i
(M)

~y�ª�
(C)

or�
T
£�~y����� or���[n�k�n¡oK�

(M)
or�

M
£hk�Y[^���Y�~ynp��wcu�q¡^6^ �j�[wc^>icicn¡oK�±qp^]~K�[i'kco

D (MT ) (y) = DM (Ty)DT (y) � DM (Ty)DT (x) � DM (Tx)DT (x) = D (MT ) (x).

� ^�~yw�^|�[o9¦en¡��srojoj���(oBiln¡kcnpor�5kco�izk�~9k�^6oru[w�\
~ynp��w�^]icu[q¡k]¬
b)c ·h» � · �edgf � �������	I���)�lk���-�$ �

T : Z1 → Z1 	I�LxB����	U�_�Z�lk����(�H��{
�����y �� ��������� o

pZq � n = 2 r �lk����
∀x ∈ Z1, T

mx→ 0
!sk����

m→∞ o

pZq � n > 2 r �lk���� �_k\���H�t��uF�# �LK$@���\��v��\�K�(���ywR���H��xsuy� 	U�����_� �
q = Tq o zZ���H����{+��� r q ∈ Z̊1 $��(	������ ��{�����*

x ∈ Z1 \ {0} r T
mx→ q

$+
m→∞ o

���H�
�1� o X�Y[^��[wcojoy ���oK��icnpilk�i$n¡� ��Y�^]��«Bnp�[s�kcY[^�Yhgh�(oykcY�^]il^>i$oy 'kcY�^ orw�^ \ �r£�¦�Y[n���Y kcY[^]� ghnp^ q��[i$�[w�^]� npic^ qpg kcY[^±~rm(o¢�r^
�[w�or�(oBiln¡kcnpor�¤¬
`�n¡w�ilk]£ªk�Y[^�u[�[�(^ w6��orw��[^]w�or 

Z1 n�i�kcY�^��(oKn¡�Bk
(φ+

2 . . . φ+
n )

£U¦�Y[np��Y m(^]q¡oK�[sKi�kco
R̊

n−1
+

¬|fh^>��or�ª�²£(n¡k°n�i°� q¡^>~yw� ¥w�or\ kcY[^
^��j�[w�^]i�icn¡oK� �@�y© 	�k�Y�~9k'^>~r��Y

T̃ai npi
C1 ¬ ��^]����^K£

T
n�i

C1 or�[^�k�Y[^°¦�Y[orqp^�w�^]�8k�~y�[sKq¡^
Z1

¬CakN ¥oKq¡qpo9¦�iGnp�±��~ywckcn���u[q�~ywNkcY�~yk
DT(0)

n�i�¦'^ qpq¤�[^�³��[^>�²¬
fhnp����^6k�Y[^$�[wcojoy +n�i�~_qpn�kckcqp^$qp^ �[srkcYBgK£[n�k�¦�npq¡q¤m(^�izk�w�u��8kcu�wc^>�±np��kcY[w�^ ^6�ª~ywck�i]¬

$ � · 0 ' �,' ( �j� ¸ � c � ( �ª·E» � �[�j� ' �j�	0 · �Ff
`'^� ¥oKwc^/��Y[^>��«hnp�[s5kcY�^/YBgh�(oyk�Y[^]ic^]i|or NkcY[^]orw�^ \ �y£�n�k$¦�npqpq��[wco9�r^_� or�h�r^ �[np^ �Bk|k�o�~y���[q¡gE~5qpoj� ~rq+k�w�~r��il ¥orw�\/~ykcnpor�

ρi :
Zi → Pi ~9k�^]~r��Y�¦'~yqpq¯£�iluª��Y5k�Y�~9k

Pi ⊂ R
n−1
+

¬GX�Y[n�i�¦�n¡qpq�~yqpq¡o9¦�u�i�kco��j^]~rq²¦�n�k�Y��[or�j½�[^]sK~9k�n¡�r^|�y~yw�np~rm[q¡^>i�oK�[qpgr¬
D � ��oKw��[n¡�[s k�o �¯�TS 	�£

σi
j

�j^]�[oyk�^]i�kcY�^�icnpsr� or 
φi

j

£� ¥orw
j ∈ Ji

¬ `�wcoK\ � ©K� 	�£
φi

j

~r���
xi

j

Y�~>�r^±kcY�^�i�~y\/^�ilnpsr��£C ¥orw
xi ∈ Zi ¬ � ^�~yq�ilo
�[oyk�^

σi
j

kcY[^�icnpsr��oy 
φi

j

¦�Y[^]�
j ∈ {si−1, si}

¬'X�Y[^]�¤£ªicnp\_��q¡g��[^�³��[^$k�Y[^
j
kcY � ohorw��jnp��~9k�^|or �kcY�npi

kcw�~y�ªiz ¥oKwc\
~9k�n¡oK�5~ri
ρi

j(x) = σi
j xj .

� ©��3	
a���oyk�Y[^ w�¦�orw��[i]£

ρi n�i�xzu�izk�~�\�u�q�k�n¡�[qpn�� ~9k�npor��mBg5~_�jn�~ysKor��~rq(\
~9k�wcn¡�²£h¦�Y[oBil^
j
kcY�^ �Kk�wcg�n�i

σi
j ∈ {±1}

¬GX�Y[n�i�np\_��q¡np^]i
kcYª~9k

ρi npiNnp�B�r^]wlk�n¡m[qp^r£h~r���/^>tKuª~yq�iGn�k�iNnp�B�r^]w�ic^r¬ ��^ �ª��^�¦�^°~rqpico��[^ �[oyk�^
ρi kcY�npi�n¡�h�r^ w�il^ .

ρi : Pi → Zi ¬Nb°�[^�\
~¢g/~yq�ilo
 ¥orw�\�u[q�~9k�^

Pi ^��j�[qpnp� n�k�q¡g/.
P

i =
∏

j 6=si

[
0, |φi

j |
]
.

� ©B� 	

ak�n�i�k�^ \/�jk�n¡�[s��[o9¦ekco��[^�³��[^�\
~y��i
M(i) £�mBg±k�Y[^���or�ª�jn�k�n¡oK��kcY�~yk�k�Y[^$ ¥orqpqpo¢¦�np�[s
�[np~rsrw�~y\ ��oK\_\�u[kc^]i]£[ ¥orw�~r�Bg

i ∈ {1 · · · 2n}
.

Zi−1 T
ai

−−→ Ziy ρi−1
y ρi

Pi−1 M
(i)

−−−→ Pi

�¯©r© 	

465a�74
8
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� n¡kcY kcY�^/��wc^]�Bnporuªi|wc^]\/~rwc«ToK�
ρi kcY�npi$\
~>gS~yq�ilo�m(^
¦�wcn¡klk�^ � ~Ki

M(i) = ρi Tai

ρi−1 ¬±{�oK\/�(oKicn¡�[s5k�Y[^
�[np~rsrw�~y\
i
~ym(o9�r^° ¥oKw�ilu��]��^]i�icn¡�r^

i
£�~y����icnp����^

ρ1 = ρ2n = id
£[or�[^6sK^�k�i

P1 = Z1 £�~y�ª�

T = M
(1)

M
(2n)

M
(2n−1) · · ·M(2) �¯©�] 	

`�orw�~y�hg
x1 ∈ P1 = [0, p]

¦�^$¦�wcn¡kc^
xi = M̃(i)xi−1, i > 2

¬B`[w�or\���wcoK�(oKicn�k�n¡oK�KVj£[or��^6sr^�k�i
xi ∈ Zi ¬

�N~K��Y
M(i) � ~r��m(^6^ �h��wc^>icic^]�5��ojorw��jn¡�ª~9kc^ ½@¦�n�il^ .

M
(i)
j x = σi

jφ
i
j + σi

j

(
σi−1

j xj − φi
j

)
(

φi
si

φi
si
− σi−1

si xsi

) γj
γsi

j 6= si.

`�wcoK\�kcY[^]n¡w_�j^�³���n�k�n¡oK�¤£�kcY[^
σi

j

i�� q¡^>~yw�q¡g ic~ykcn�iz ¥gSkcY[^5~yqpnpsr�[\/^ �Bk���oK���jn¡kcnpor� �¯�[��	 .
σi

j = σi−1
j

 ¥oKw
j 6= si

¬Tak_~yq�ilo
��oK\/^]i' ¥wcoK\ �@�r� 	�kcY�~yk�.

σi
si

= −σi−1
si

¬ ��^ ����^K£[or�[^$~rqpico_Y�~Ki .

M
(i)
j x = |φi

j |+
(
xj − |φ

i
j |
)
αj

(
σi−1

si
xsi

)
j 6= si,

� ©TV 	
¦�Y[^]wc^

αj

(
σi−1

si
xsi

)
=

(
φi

si

φi
si
− σi−1

si xsi

) γj
γsi

=

(
|φi

si
|

|φi
si
|+ xsi

) γj
γsi

/�» (+» � » ( ' � ' � ¸ � ( ¼ � » ( �r� �7'¥� ¸ f
b°�[^$� or\/�[ujk�^]i���o¢¦�.

∂M
(i)
j

∂xk
(x) =





αj

(
σi−1

si
xsi

) n� 
j = k

γj

γsi

|φi
j | − xj

|φi
si
|+ xsi

αj

(
σi−1

si
xsi

) n� 
k = si

0
oykcY�^ w�¦�npic^

.

�¯©r� 	

~y�ª�

∂2M
(i)
j

∂xm∂xk
(x) =





−
γj

γsi

αj

(
σi−1

si
xsi

)

|φi
si
|+ xsi

n� 
j = k, m = siorw
k = si, m = j

−
γj

γsi

(
1 +

γj

γsi

)
|φi

j | − xj

(|φi
si
|+ xsi

)2
αj

(
σi−1

si
xsi

) n¡ 
m = k = si

0
oyk�Y[^ w�¦�n�il^

.

�¯©TS 	

b°�[^6ic^ ^>i�kcY�~yk
M(i) n�i��r^ w�g�ilnp\/n¡q�~yw'k�o

Tai £[ico�kcY�~yk�^]tBu�~ykcnpor��i�~ym(o9�r^|~rwc^6izk�wcoK�[srqpg/w�^ \/np�[npi���^]�Kk�oy  �l�]� 	'~y��� �l�r�3	8¬
%¤^ k�u�i'^]�9~rq¡u�~ykc^�k�Y[^6icnpsr�±or ¤k�Y[^]ic^6tBu�~y�Bkcn¡kcnp^]i]¬"`[w�or\

x ∈ Pi−1 ~y��� � ©B� 	�n�k� ¥orqpqpo¢¦�i�kcY�~yk
|φi

j | − xj > 0
¬�ak�n�i���qp^]~rw

~yq�ico/kcY�~yk
|φi

si
| + xsi

> 0
¬�ak� ¥oKq¡qpo9¦�i�k�Y�~9k>£ª ¥orw°~rq¡q+\/~r��i

M(i) £�k�Y[^��[oK��W ^ w�o/k�^ w�\/i�oy Ck�Y[^�xl~r� orm[n�~y� ~yw�^$�(oBiln¡kcnp�r^r£
¦�Y[npq¡^6k�Y[^$�[or��W]^ w�o/�j^ w�n¡�y~9k�n¡�r^>i'oy �orw��j^]w

2
~yw�^|�[^]sK~9k�n¡�r^K£[~9k�~r�Bg��(oKn¡�Bk

x ∈ Pi−1 ¬D ���[q¡np^]�5k�o �¯©�] 	8£jk�Y[^���Y�~rn¡��wcu[qp^6srnp�r^]i

DT(x1) = DM
(1)(x2n)DM

(2n)(x2n−1) · · ·DM
(2)(x1).

� ©K� 	
´ToKwc^]o¢�r^]w]£Bn¡k�ic^ ^ \
i' ¥wcoK\ � ©r� 	Nk�Y�~9k�kcY[^'xl~K��oKm[np~r��i'n¡�5k�Y[^6��wcoj�[u��8k�~ym(o9�r^|~rwc^°kcY�^$icu[\�or �~_�[np~rsror�ª~yq(\
~9k�w�n��5~y���
~_\
~9k�wcn¡�±¦�Y[oBil^$��oKq¡u[\/���hu[\�m(^ w

si
� or�Kk�~ynp��i'kcY[^$oK�[qpg��[oK��W ^ w�o_^ qp^ \/^ �Bk�i]¬

fhoK\_^��]~yw�^�\�u�ilkCm(^'k�~r«r^ ��kcY[oKu[srY¤£r�ju[^'k�o°kcY[^���~rwlk�np� u[qp~rw�n¡���[^��jn¡��s|oy ª\
~9kcw�n���^]i]¬ D �8k�u�~yqpqpgr£9 ¥w�or\ � ©r� 	�kcY[^��jn�~ysKor��~rq
^ �Bkcw�n¡^>i�oy 

DM(i) ~rwc^$~9k�³ªw�ilk�icn¡sKYKk
DM

(i)
jj = αj

(
σi−1

si
xi−1

si

) ¬ ��o¢¦'^ �r^ w>£hkcY[^$w�o¢¦eicu[m�i���w�n¡�[k�i�or 
DM(i) m(^]q¡oK�[s_kco

{1 · · ·n} \ {si}
£(¦�Y[npq¡^�kcY�^���oKq¡u[\/��i°~yw�^$np���j^ �h^>��mhg

{1 · · ·n} \ {si−1}
¬�X�Y[npi�np\/�[q¡np^]i�kcY�~yk���^ n¡kcY[^]w

DM
(i)
si,si

�[oKw
DM

(i)
si−1,si−1

~yw�^��j^�³ª�[^]�²¬|X�Y[^�^ �[~r�8k|icY�~y�(^�oy G�[oK��W ^ w�o�^ �Kk�w�n¡^>i�np�
DM(i) �j^ �(^]���[i°or�TkcY�^�oKw��j^]w�n¡�E¦�Y[np��Y

si−1~y�ª�
si

~yw�^6iloKwlk�^]�²¬Ca���oru[w�� ~Kil^r£hk�~ym[qp^��l�
Q 	'icY[o9¦�i�k�Y�~9k�^ n¡k�Y[^ w
si = si−1 + 1

£[orw
si = 1

~r���
si−1 = n

£hk�Y[^$qp~yklk�^ w
oj�]��u[w�wcnp�[s� ¥oKw

i ∈ {1, n + 1}
¬

�����������R�1�
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%¤^ k�u�i$w�^ �[w�^]ic^ �Bk|k�Y[^�icu[m�i���w�n¡�[k�i6or '�[oK��W ^]wco�^ �Kk�wcnp^]i$np� mªorkcY � ~Kil^>i ¬U`�n¡w�ilk]£+n� 
i 6∈ {1, n + 1}

£+mªorkcY
DM(i) ~y���

DM(n+i) Y�~¢�r^|kcY[^6 ¥oKq¡qpo9¦�n¡�[s
ilYª~y�(^ .

si−1

↓

2

6

6

6

6

6

6

6

6

6

6

6

4

(1, 1) (1, si)

� � �
�
�
�

(si−1 − 1, si−1 − 1) (si−1 − 1, si)
(si−1, si)
(si + 1, si) (si + 1, si + 1)

�
�
�

� � �

(n, si) (n, n)

3

7

7

7

7

7

7

7

7

7

7

7

5

�¯©IQ 	

��o9¦$£[n� 
i ∈ {1, n + 1}

¦�Y[np��Y�n¡\/�[qpnp^]i�kcY�~yk�wco9¦
1
~y����� orqpu[\/�

n
~yw�^|w�^ \/o9�r^]� .

DM
(i) ≡




(2, 1) (2, 2)
�
�
�

� � �

�
�
� (n − 1, n − 1)

(n, 1) 0 · · · 0




��]K� 	

fhnp����^
si−1

w�~r�[sr^]iGo¢�K^ w
{1 · · ·n− 1}

¦�Y�^ �
i
oKw

n+ i
�y~yw�n¡^>iGn¡�

{2 · · ·n}
£Bn¡k�n�iN�[ork�Y�~yw��_k�o��j^]�juª��^� ¥w�or\ �¯©IQ 	�kcY�~yk

m(oyk�Y��[w�oj�ju���k�i�.

Π2 = DM
(2n)(x2n−1) · · ·DM

(n+2)(xn+1)
~y�ª�

Π1 = M
(n)(xn−1) · · ·DM

(2)(x1)

Y�~¢�r^6�[o�W ^]wco/^ �Kk�wcnp^]i]£[~r����~yw�^°k�YBu�i��(oBiln¡kcnp�r^r¬GX�Y[^ �¤£j ¥w�or\ �l]B� 	'or��^$�j^]�ju�� ^]i�kcY�~yk

DT(x1) = DM
(1)(x2n)Π2 DM

(n+1)(xn)Π1

n�i��(oBiln¡kcnp�r^$~ri�¦�^]q¡q@¬ ��^ �ª��^$¦�^6Y�~¢�r^'xzu�ilk�icY[o¢¦��
(M)

.

∀x1 ∈ P
1, DT(x1) > 0.

D i� ¥orw���oK��� ~¢�hn�kzgK£hn¡k� ¥orqpq¡o9¦�i' ¥wcoK\�k�Y[^$�[^ sB~9k�n¡�r^|kc^ w�\
i�np� �¯©TS 	�~y���5qp^ \/\
~��|k�Y�~9k

D
(
M

(i+1)
M

(i)
)

(xi−1) � D
(
M

(i+1)
M

(i)
)

(yi−1).

X�Y[^]��~/icn¡\/�[qp^6np���juª�8kcnpor�TicY[o9¦�i�k�Y�~9k
DT

£�~ri�^��j�[w�^]i�ic^]�±np� �¯©r� 	8£�i�~9k�npil³�^]i���oK���jn¡kcnpor�
(C)

.

∀x1, y1 ∈ P
1, 0 < x1 < y1, DT(y1) � DT(x1).

�_· c � �7' » �+�±�j�/� c · � %�%N· �±� » � (+· �5� ( ¼ � c · » � ' � ' ( f
`'^� ¥oKwc^$ilkcu��jghnp�[s/kcY[^�orw�n¡sKn¡��£hqp^�k�u�i�icY[o¢¦�k�Y�~9k

Tp < p
£�~Ki�w�^]tBu[npwc^>�±mhg�kcY�^ orw�^ \��r¬ ��^ w�^r£

p = (φ+
2 . . . φ+

n )
n�i�kcY[^

u[�[�(^]w�� orw��[^ w$or 
Z1 £<� o � o Z1 = [0, p]

¬���o9¦$£+qp^�k�u�i���or��icn��j^ w$kcY[^�q�~rilk�\
~y��i���or\/�(oBilnp�[s
T

£�~Ki6np� kcY[^��[w�ohor 'oy 
�[w�or�(oBiln¡kcnpor� ]�¬��°~y\/^ qpgK£jor��^$�j^]�juª��^]i� ¥wcoK\ �@�IV 	�kcY�~yk�.

∀x ∈ W̃n+i−1, T̃
an+i

i−1 x = (1− αi−1(x)) φn+i
i−1 ,

D i�u�icu�~yq@£[or�[^6n��j^ �Bkcn¡³�^]i
a2n+1 ~y�ª�

a1 ¬GX�Y[^]�5 ¥orw
i ∈ {2 · · ·n + 1}

£
αi−1(x) ∈ (0, 1]

srnp�r^]i�.

T̃
an+i

i−1 x = (1− αi−1(x)) φ+
i−1 < φ+

i−1.

��o9¦$£N ¥wcoK\ ^]tBu�~ykcnpor� �¯�IQ 	_n¡� k�Y[^T�[wcojoy �or °�[w�or�(oBiln¡kcnpor� ]�£'or�[^�«B��o¢¦�i�k�Y�~9k
sign (φn+i

si−1
− xsi−1

)
n�i
��oK��il^]wc�r^>�

kcY�wcoKu[srY5kcY[^$q�~rilk�izk�^ ��i�oy +k�Y[^���gj��qp^r£�ilo_kcYª~9k

∀i ∈ {2 · · ·n}, ∀x ∈ W̃n+i−1,
(
T̃

a1

T̃
a2n

· · · T̃an+2
)

i
x < φ+

i

fhnp����^$np����~rwlk�n���u[q�~yw
T̃

an+1

T̃
an

· · · T̃a2

p ∈ W̃n+1,
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Q

φ2

φ1 φ4

φ3

Z3

Z4

θ+

2

θ−2

θ+

1

a3
a4

Z1

θ−1 Z2

a1a2

���������
	��������	���������	�������� 	�!#"$�%"&	�	
'�(����*),+-!�! �/.0�1�2�3!#45+ 6/��.$!,7��8�*�9�:(�+;	<�
=��>�*�?	*@,���2�-���#+A+ 6CB����?	D4E!������2�-!#45�
�8�
	%�2��!#�
	F	�G���+-�#�A4?	�'H�A4I�2�?	F��	*G��<B

J-KFL2M:N9N-M�OQP�KSR?T�K
Tp < p U

V MIK
W#X
YZJ-[?T�KSW\KSR�W3]�XSMEM�L<^$J-KHX
W#Y3T�J9[?P_K
M/`�R�W�`�abOFR�W8K
R�W#XcK
R�W3PS]�W�`8KSX�T�NdX
T5eEJ9f?PgM�L
DT(0)

J;Pch:X
W�T�K
W#X_KSRiT�[
1

M:X
[�M:K Ukj J9X
P>K�^�X
W#Y3T�X
alKSR?T�K

T(0) = 0
J-YZ]�N9J-W�P�KSR?T�K�W�T:`
R

DM(i) R?T5PDK
Mlm�W_W�n�T:N-f?T�KSW�eoT�K
0
J9[pW8qE]�X
W�P
PSJ-M5[br&s5t:u U V R�W�[

L2X
M:YvK
R�W\W8qE]�X
W�P
P>J9M:[bM�L
αj

J-[wr&s5x:u8^�L2M:X
i ∈ {2 · · ·n}

K
R�WZeEJ9T:h:M5[?T�NyKSW�XSY3P_M:L�W�T:`�R
DM(i)(0)

W�zCf?T:N
1
^$W8q�`8W�]EKcT�K

(i− 1, i− 1) UD{ W�XSW5^�J|KFJ9P�h:J9n:W#[pm�}ZKSR?WcP>W�`8M5[?eoN-J9[�WgJ9[~r&s5x:u8^��<fiP<KQT:P�K
R�WgX
W�P>K�M�L�`8M5N-f�YZ[
i− 1 U V R�WgN;T�K>K
W#X�J9P�h5J-n:W�[

mC}��

∀i ∈ {2 · · ·n} DM
(i)
j, i−1(0) =

γj |φ
i
j |

γi |φi
i|

=

∣∣∣∣∣
κi

j

κi
i

∣∣∣∣∣ ,

OFJ-KSR�KSR�WH[?M�K
T�KSJ9M:[
κi

j = κj(a
i) U� L$K
R�Wg`#T:PSW

n = 2
^CY3T�KSX
J9`#W�P

DM(i)(0)
T:XSWQJ9[3L&T:`8K�P
`#T�N;T�X�PkM�L$K
R�WQL2M5XSY�T:m�M�n:W U�j XSM5Y�W�zCf?T�K
J9M:[?P%r>�#�CuDT:[?ebr<����uDM:[�W

M:m�K
T�J9[?P
κ1

2 = κ4
2 = κ+

2 , κ4
1 = κ3

1 = κ+
1 , κ3

2 = κ2
2 = κ−

2 ,
T�[?e

κ1
1 = κ2

1 = κ−
1 .� W�Wg�?h5f�XSWc�\L2M:X�K
R�W�P>K
T�K
WHPS]?T:`#WgM:L�K*O�MoeEJ9Y\W�[?P>J9M5[?T�N�L2W#W�eEm?T5`
apN-MEM:]?P U V R?W#[0^yr�s:t5u�h5J-n:W�P

DT(0) =

∣∣∣∣
κ1

2

κ1
1

κ4
1

κ4
2

κ3
2

κ3
1

κ2
1

κ2
2

∣∣∣∣ = 1.

� f�]?]iMCP>W,[�M�O�K
R?T�K
n > 3 UQ� W8L2M5XSW�h:M5J-[?hZL2f�X>K
R�W#X�^iN9W8K_fiPQX
W#Y3T:XSaoK
R�W�L2M5N-N9M�OFJ9[�h3L&T:`8K���J-L�T3Y3T�K
XSJ-q

A
J;P%PSf?`�R/K
R?T�K

A − Id > 0
^iK
R�W#[bK
R�W\P>]�W�`8KSX�T�N�X
T5eEJ9f?P

ρ(A) > 1 U V R�J;P%J;P_TpeEJ9XSW�` Kc`8M:[?PSW�zCf�W�[?`8W,M�LD��W�XSX
M:[�� j XSM5miW�[�J9f?P�K
R�W#M5XSW�Y U� ` KSfiT�N9N-}5^
ρ(A)

J;PQKSR?W,Y3T�qEJ9Y3T�NyW�J-h5W#[�n�T�N9f�W�M�L
A
^�M:XQK
R�WlYZT�qEJ-Y3T�N�XSMEM�K%M�LDJ|K�P_`�R?T�X�T:`8KSW�XSJ;P<K
J9`c]�M5N-}�[�M5YZJ9T:N�^iOFR�J;`
R

O�W,eEW#[?M�KSW
πA(X) U%� [�W�`#N-W�T�X
N-}pR?T5P

πA−Id(X) = πA(X − 1)
^�P>MZK
R?T�KQK
R�W�X
M�M�K�P�M�L

πA−Id
T:XSWHW8q�T:`8KSN9}oK
R�M5PSWHM�L

πA
YZJ-[�f?PFM:[?W U � ]�]�N9}CJ9[�h3��W�XSX
M:[E� j XSM:m�W�[�J9f?P�K
R�W#M5XSW�Y�KSMZKSR�WH]�MCP>J-KSJ9n:WcYZT�KSX
J-q

A− Id
J-YZ]�N9J-W�P

ρ(A) > 1 U
{ W�[?`8W3KSM/K
W#XSYZJ9[?T�K
WZKSR�Wo]�X
M�M�L<^yJ-KlP>fE�o`#W�PcKSMbPSR�M�O�KSR?T�K

DT(0) − Id > 0
^�M:X�W�zCf�J9n�T�N9W#[CKSN9}bKSR?T�KHK
R�Woe�J9T:h:M:[iT�N

KSW�XSY3P�M:L
DT(0)

T:XSWgP>KSX
J;` KSN9}oh:X
W�T�K
W#X�KSR?T:[
1
^�P>J9[?`#WgO�WgRiT�n:WcPSR�M�OF[

(M)
T:N-X
W�T5eE} U�� Wcf?P>W3r&s5t:u8^�L2X
M:Y�OFR�J9`�R�J|KFJ;P

]�M5P
PSJ-m�N9WgKSM3e�W#XSJ9n:WgKSR?Wch5W#[�W�X
T:N�KSW�XSY�M�L
DT UV R�W_P>f�miPS`#XSJ9]EK
PDJ9[br�s:�5uDT�[?e�r&�5�:uDT:XSWFKSR�MCP>WFKSM,m�WQf?PSW�e3J-[oW�zCf?T�K
J-M5[�r�s:x5u U V M�`#M:YZ]�fEK
W,r�s:t5udM5[ZKSR�W%M:KSR�W�XDRiT�[?e$^CJ|K

J;P�YZM:X
WQX
W#N9W#n�T�[CKDKSMlf?PSWQKSR�WgT5` K
f?T�NiX
M�O�T:[?eo`8M5N-f?Y\[p[Cf�Y,m�W�X
P�^�T:P�X
W#]�X
W�PSW#[CKSW�e3J-[�r&s5�:uDM�n:W#X�KSR�W_[�M5[� #W�XSM,`8M5N9f�Y\[y^
OFR�J;`
R�J;P�[Cf?Y,m�W#X
W�e

si−1 UD{ W�[?`8WcJ-[IKSR?WgW#qE]�XSW�PSPSJ9M:[?P�m�W#N9M�OH^
DM

(i)
jk

XSW#L2W#X�P�K
MlKSR�WcW�[5KSX
}
j, k

M�L�YZT�KSX
J|q
DM(i)(0)

^
OFR�J;`
R/J;P�[�M:KF[�W�`8W�PSP
T�X
J-N9} ∂M

(i)
j

∂xk
(0) U � PSJ9Y\]?N-WHJ-[ieEf?` K
J-M5[�P>R�M�OQP�KSR?T�K

(
DT(x1)

)
ij

=
n−1∑

k1,...k2n−1=1

DM
(1)
ik1

DM
(2n)
k1k2
· · ·DM

(2)
k2n−1j

� [b]?T�XSKSJ;`8f�N;T�X�^�KSR�WleEJ;T�h5M:[?T:N$KSW�XSY3P%`�T�[�m�Wl`8M:[�n:W#[�J9W#[CKSN9}�e�W#[�M:KSW�e�f?PSJ-[�hoKSR�W�L2M:N9N9M�OFJ9[�hpT�m�m?XSW#n�J;T�K
J-M5[ U�¡ W8�?[?W�KSR�W
J9[5KSW�h:W�X�n5W�` K
M:X

k = (k1 . . . k2n−1) ∈ {1 · · ·n− 1}2n−1 ^?T�[ie�eEW#[�M:KSW

pi
k

= DM
(1)
ik1

DM
(2n)
k1k2
· · ·DM

(2)
k2n−1i.
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�y� ��$��H� �������9���FwRm

��orkc^6kcY�~yk�k�Y[^$sr^]�[^ w�~yq( ¥oKwc\ oy +k�^ w�\/i�n¡���[w�oj�ju���k�i�~ym(o9�r^|n�i'k�Y[^6 ¥orqpqpo¢¦�np�[s&.

DM
(j)
k2n+1−jk2n+2−j

j ∈ {3 · · · 2n}.

X�Y[^]�¤£ (
DT(x1)

)
ii

^]tBu�~yq�i'kcY[^�icu[\ or ��[wco[�ju��8k�i
pi
k

¦�Y[^ �
k

�y~yw�n¡^>i'n¡��kcY[^$¦�Y�orqp^$il^�k
{1 · · ·n− 1}2n−1 ¬

��o9¦$£�ilnp����^T^]~r��Y3\
~9k�wcn¡�
DM(i)(0)

n�i
� or\/�(oKic^]��or [W ^]wcoBi/~y���3�ªoBiln¡k�n¡�r^�k�^ w�\/i]£�n¡k
 ¥orqpqpo¢¦�i_k�Y�~9k�^]~K��Y3�[oK��W ^]wco
�[w�oj�ju���k

pi
k

n�i'�(oBiln¡kcnp�r^r¬ ��^ ��� ^r£jn¡ � ¥oKw�~yqpq
i
k�Y[^ w�^|npi�or�[^

k
iluª��Y±k�Y�~9k

pi
k

= 1
£[~r���5~9k�qp^]~Kizk�oK�[^|oykcY�^ w��[or��W]^ w�o

pi
k

£
kcY�^$�[wcohor +¦�npq¡q¤m(^6³��[n�ilY[^>�²¬

X+oSY[^ qp��n¡�Bkcu[n¡kcnpoK��qp^�k_uªi_�j^�k�~ynpq�kcY[^�ilYª~y�(^±or 
DM(i)(0)

~y���
DM(n+i)(0)

 ¥orw
n > i > 1

£�kcY�~r�[«ji�k�o �¯©IQ 	
~y�ª� �l]B� 	 .

i − 1
↓

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1 |κi
1/κi

i|

� � �
�
�
�

1 |κi
i−2/κi

i|

|κi
i−1/κi

i|

|κi
i+1/κi

i| 1

�
�
�

� � �

|κi
n/κi

i| 1

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

��]��3	

`�orw
i ∈ {1, n + 1}

.

DM
(i) ≡




|κi
2/κi

1| 1
�
�
�

� � �

�
�
� 1

|κi
n/κi

1| 0 · · · 0




��]B� 	

��o9¦$£[¦�^$� qp~rn¡\�kcY�~yk
pi
k

= 1
£j ¥orw

1 < i 6 n− 1
£�~y���

k = (1 · · · 1, i · · · i, 1 · · · 1, i · · · i)
��]K© 	

¦�Y[^]wc^
kj = i

 ¥orw
n + 1− i 6 j 6 n

£[~y�ª�
2n + 1− i 6 j 6 2n− 1

£[~y���
kj = 1

orkcY[^]wc¦�n�ic^r¬ D �8k�u�~yqpqpgr£jor��^°Yª~ri'or�
kcY�^$or�[^6Y�~r��� .

DM
(1)
i,k1

= DM
(1)
i,1 =

∣∣∣∣
κ1

i+1

κ1
1

∣∣∣∣
~y���

DM
(n+1)
kn,kn+1

= DM
(n+1)
i,1 =

∣∣∣∣∣
κn+1

i+1

κn+1
1

∣∣∣∣∣
~y�ª�5or�5kcY�^$oykcY�^ w�Y�~y�ª�

DM
(n+i+1)
kn−i,kn+1−i

= DM
(n+i+1)
1,i =

∣∣∣∣∣
κn+i+1

1

κn+i+1
i+1

∣∣∣∣∣
~y�ª�

DM
(i+1)
k2n−i,k2n+1−i

= DM
(i+1)
1,i =

∣∣∣∣∣
κi+1

1

κi+1
i+1

∣∣∣∣∣ .

´ToKwc^]o¢�r^]w]£r ¥oKw�~y�Bg
j ∈ {2n + 1− i · · · 2n− 1} ∪ {n + 1− i · · ·n}

£jn�k�~y�[�(^>~yw�iGk�Y�~9k
DM

(j)
i,i = 1

£[icnp����^
i 6= sj − 1

£
~y�ª��ilnp\/n¡q�~yw�qpgr£r ¥oKw

j ∈ {1 · · ·n− i}∪ {n+1 · · · 2n− i}
or��^�Y�~ri

DM
(j)
1,1 = 1

¬ D i'~���oK��il^>tBu[^ ��� ^r£r ¥oKw
k

~riNnp� ��]K© 	8£

pi
k

= DM
(1)
i,1 DM

(n+i+1)
1,i DM

(n+1)
i,1 DM

(i+1)
1,i

=

∣∣∣∣∣
κ1

i+1

κ1
1

κn+i+1
1

κn+i+1
i+1

κn+1
i+1

κn+1
1

κi+1
1

κi+1
i+1

∣∣∣∣∣
��]I] 	

��o9¦ ¦�^�w�^� ¥^]w�kco�kcY�^�k�~rm[qp^-�l�]� 	�oy Niluª� ��^>icicnp�r^$m(o¢�j^]i]£ª~r����w�^]�]~yqpq¤kcY�~yk
φi m(^ qpor��sKi�kco�kcY�^��jor\
~rn¡�

ai+1 ¬�X�Y[^]� n�k
n�i�w�~9k�Y[^ w�izk�w�~rn¡sKYKkl ¥oKwc¦�~yw��
kco���Y[^>��«�kcYª~9k

sign (φn+i) = −sign (φi)
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	�������������������������������� ��!"�#��%$�&'�(�)�*+ �,��-� �j�

 ¥orw$~r�Bg
i ∈ {1 · · ·n}

¬�ak6 ¥orqpqpo¢¦�i|n¡\/\/^]�[np~ykc^ qpgTkcY�~yk
sign (κn+i) = −sign (κi)

~ri|¦�^ qpq@¬�`[w�or\ k�Y[npi$~r��� kcY[^_  ~r��k
kcYª~9k�~y�hg��[w�oj�ju���kcnpor�5kc^ w�\

κi
j

n�i' ¥u�q¡qpg5�[^�kc^]wc\/np�[^]��mBg±n¡k�i�icn¡sK�¤£jn¡k� µoKqpq¡o9¦�i'kcY�~yk

κi+1
1 κn+i+1

1

κ1
1 κn+1

1

= 1
~r��� κ1

i+1 κn+1
i+1

κi+1
i+1 κn+i+1

i+1

= 1,

¦�Y[^]����^
pi
k

= 1
¬

}�^]� ~rq¡q²kcY�~yk�k�Y[^$�[w�^ �hnporu�i'Y�orq��[i�or��q¡g� ¥orw
i > 1

¬G��o9¦$£jqp^�k
k = (1 · · · 1)

¬GX�Y[^ �¤£

DM
(1)
1,k1

= DM
(1)
1,1 =

∣∣∣∣
κ1

2

κ1
1

∣∣∣∣
~r���

DM
(n+1)
kn,kn+1

= DM
(n+1)
1,1 =

∣∣∣∣
κn+1

2

κn+1
1

∣∣∣∣
¦�Y[npq¡^

DM
(n+2)
kn−1,kn

= DM
(n+2)
1,1 =

∣∣∣∣
κn+2

1

κn+2
2

∣∣∣∣
~r���

DM
(2)
k2n−1,1 = DM

(2)
1,1 =

∣∣∣∣
κ2

1

κ2
2

∣∣∣∣ .

´ToKwc^]o¢�r^]w� ¥orw�~r�Bg�orkcY[^]w
j
£
DM

(j)
1,1 = 1

£�~y���±k�YBu�i

p1
k

=

∣∣∣∣
κ1

2

κ1
1

κn+2
1

κn+2
2

κn+1
2

κn+1
1

κ2
1

κ2
2

∣∣∣∣
= 1,

 ¥orw�k�Y[^�ic~r\/^|w�^]~KiloK�5~Ki'np� �l]F] 	
.

X�YBuªi £>¦�^GY�~¢�r^C ¥oru[���¤£] ¥orw�^]~r��Y
i ∈ {1 · · ·n−1}

£¢~
k
iluª��Y6kcY�~yk

pi
k

= 1
¬���o9¦$£  ¥oKw�~y�hg

i > 1
£>qp^�k

k = (1 · · · 1, i · · · i)
£

¦�Y[^]wc^
kj = i

 ¥orw
2n + 1− i 6 j 6 2n− 1

¬�X�Y�npi�q¡^>~r�[i'k�o

pi
k

= DM
(1)
i,1 DM

(2n)
1,1 · · ·DM

(i+1)
1,i DM

(i)
i,i · · ·DM

(2)
1,i ,

~y�ª�5 ¥w�or\ �l]ª��	�~y��� �l]h� 	�oK�[^���Y[^]��«ji�w�^]~K�jnpq¡g�k�Y�~9k�kcY[^�~ym(o9�r^6n�i��(oKicn�k�n¡�r^ .GkcY[^�^ �Kk�wcg
(1, 1)

n�i�~r��kcu�~rq¡qpg±�[^]�r^ w>W ^ w�o
np�Sk�Y[^/³�w�izk$kc^ w�\
i £¤k�Y[^

i
k�Y ��oKq¡u[\/� or 

DM(i+1) npi$�[oK��W ^ w�o�£�~r���Ek�Y[^��jn�~ysroK��~yq�k�^ w�\/i$oy �k�Y[^
q�~rilk6kc^]wc\
i6np� kcY[^
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