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Un algorithme �uide-struture partitionné pour desvalves elastiques mines ave ontatRésumé : On présente une méthode numérique pour simuler les mouvements d'unevalve mine immergée dans un �uide visqueux inompressible. Les maillages du �uide etde la struture sont indépendants : la ontinuité inématique est imposée en utilisant desmultipliateurs de Lagrange. La méthode est don du type �domaines �tifs� (FD). Cetteapprohe autorise de très grands déplaements de struture. On propose un algorithmede ouplage partitionné qui garde les odes �uide et struture indépendants et qui peuttraiter des situations de ontat sans supposer que ela soit initialement prevu dans le odestruture. On présente divers essais numériques. En partiulier, quand le déplaement estmodéré, on montre que les résultats obtenus ave la méthode de domaines �tifs sont en bonaord ave des simulations basées sur une formulation Arbitraire Lagrange Euler (ALE).On présente également des simulations ave ontat de la valve sur une paroi rigide. En�non montre que l'approhe proposée peut failement se oupler ave une formulation ALEquand la paroi est élastique.Mots-lés : domaines �tifs, ALE, valves, ontat(MSC:65M60,74K25,76D05,76Z05)



Partitioned FS algorithm for elasti thin valves with ontat 31 INTRODUCTIONThis work is motivated by the modelling of biologial valves, suh as the aorti valve. Themodels presented here are learly too simple to handle the omplexity of real biologialvalves. Nevertheless it an be viewed as a �rst step towards more realisti simulations.Various approahes have been investigated to model �uid-struture interation problemsinvolving valves. The Arbitrary Lagrangian Eulerian (ALE) formulation onsists in usingmoving meshes whih follow the valve movements. It has been used for example by Jianhaiet al. [14℄ to study the 2D behavior of an arti�ial valve (rigid body), and by Le Talleand Mouro [15℄ to study valves in hydrauli shok absorbers used in ars. In presene ofvery large displaements, ALE algorithms need frequent remeshing, whih may introduedi�usion in the numerial solution. Moreover, by onstrution, ALE is not adapted totopologial hanges whih our for example when the valves lose.Other methods are based on a priori �xed meshes. This is the ase of the immersedboundary method by Peskin (see for example [19℄ among many referenes on the subjet).In this approah, �uid and struture are solved simultaneously: the interation with thestruture is taken into aount using an external fore ating on the �uid. Another possibilityis to onsider independent meshes for the �uid and the struture. The oupling is thenobtained by enforing the kinemati ondition with Lagrange mutlipliers. This is the basiidea of the so-alled Fititious Domain (FD) method whih has been muh investigatedby Glowinski and o-workers (see for example [13, 11, 12℄). In �uid-struture interationproblems, the FD method was originally used for rigid partiles. But it has also been appliedfor �exible strutures, either using Lagrange multiplier loated on the struture surfae (seethe works by Baaijens and o-workers [1, 4, 17℄) or Lagrange multiplier loated on thestruture volume [21℄.If FD has been originally designed for �xed meshes, it appears that it may also beinteresting to use it on moving meshes, mixing ALE and FD formulations (see [3℄). Indeed,if FD is a powerful method for valves, ALE formulation is more aurate and robust as faras the wall is onerned. In blood �ow appliations, it is useful to take into aount bothwall and valve movements: for example, it is shown in [20℄ that the ompliane of the aortiroot ontributes to the lea�et opening and to the ability of the aorti valve to inrease itse�etive ori�e area when neessary.The present work is mainly based on a formulation similar to the Baaijens formulation [1℄.It di�ers nevertheless on various points. From the mehanial viewpoint, we onsider here agenuine thin struture model (Setion 2), whih is required for surfae Lagrange multipliers.Futhermore, we do not neglet the struture inertia. From the numerial viewpoint, wepropose a partitioned algorithm instead of a monolithi formulation (Setion 2.3) and wepropose to handle ontats with an Uzawa algorithm whih is well-adapted to the partioned�uid-struture strategy (Setion 4.3).In Setion 5, we present various numerial simulations. In partiular we propose aquantitative omparison between the ALE and the FD methods for small displaements.We next present simulations involving ontat with a rigid straight wall and a test asemixing ALE and FD.RR n° 0123456789



4 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. Bourgat2 MODELLING2.1 Fluid equationsLet Ω be a 2D domain. For the moment, Ω is assumed to be �xed (in Setion 5.4, wewill show numerial simulations with a time dependent Ω). We onsider the �ow of anhomogeneous, visous and inompressible �uid in Ω around an elasti valve loated on a 1Dmanifold Σ(t). The �uid domain is de�ned as ΩF (t) = Ω \ Σ(t). The governing equationsare the standard inompressible Navier-Stokes equations:






ρ

(

∂u

∂t
+ u · ∇u

)

− η∆u + ∇p = 0 for x ∈ ΩF (t),divu = 0 for x ∈ ΩF (t).
(1)where u is the �uid veloity, p the pressure, ρ the �uid density and η the dynami visosity.The Cauhy stress tensor is denoted by

σ = −p I + 2η D(u),where I is the identity tensor and D(u) is the strain rate (∇u + ∇uT )/2. We de�ne n asthe outward normal on ∂ΩF (t). For example we may impose the total stress at the inlet Γin
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Figure 1: Sketh of the geometry.and the outlet Γout:
{

σ · n(·, t) = −pin(·, t)n on Γin × (0, T ),
σ · n = 0 on Γout × (0, T ),where pin is a given funtion. An alternative hoie to represent the injetion of �uid wouldbe to impose a veloity pro�le over Γin or a �ux (see e.g. [9℄ or [6℄). No-slip boundaryonditions are imposed on the wall Γ0 and symmetry boundary onditions on the entralaxis Γc (see Fig. 1). The system is ompleted with suitable initial onditions.The valve Σ(t) is assumed to de�ne a natural partition of ΩF (t) into two subdomains

Ω−(t) and Ω+(t) (see Fig. 1). On Σ(t), we de�ne n+ (resp. n−) as the outgoing normal on
∂Ω+ (resp. ∂Ω−), and:

fΣ = −(σ+ · n+ + σ− · n−), (2)INRIA



Partitioned FS algorithm for elasti thin valves with ontat 5where σ+(x) (resp. σ−(x)), for x ∈ Σ(t), is the limit of σ(x − εn+) as ε goes to 0+ (resp.
0−).2.2 Struture equationsThe struture is assumed to be monodimensional and inextensible. Its deformation energyis de�ned by

W (x) =
1

2

∫ L

0

EI

∣

∣

∣

∣

∂2x

∂s2

∣

∣

∣

∣

2

ds, (3)where E denotes the Young Modulus, I the inertia, x(s) is the position vetor of a pointon the struture's axis. The quantity EI represents the �exural sti�ness. The solution issearhed in
K =

{

x ∈ (C1(0, L))2;
∂x

∂s
∈ (L2(0, L))2;

∣

∣

∣

∣

∂x

∂s

∣

∣

∣

∣

2

= 1;

x(0) = 0 and ∂x

∂s
(0) = 0

}

(4)whih is the set of the allowed struture on�gurations that satisfy the boundary onditionsas well as the inextensibility onstraint.Thus, the on�gurations of the immersed struture are governed by the following prob-lem:






Find x(s, t) ∈ K suh that for all t
∫ L

0

m
∂2x

∂t2
· ξds +

∫ L

0

EI
∂2x

∂s2
·
∂2ξ

∂s2
ds =

∫ L

0

f · ξds, ∀ξ ∈ K,
(5)where m denotes the linear mass of the struture and f the external fores. In the sequel, fwill typially be the hydrodynami fore fΣ. Nevertheless, in Setion 4.3, f will also takeinto aount ontat fores fc.2.3 Fluid-struture ouplingIn the on�guration at hand, the struture being immersed and having one dimension lessthan the �uid, the �uid-struture interfae oinides with the struture domain Σ(t). The�uid-struture oupling is enfored throught the following relations:

∂x

∂t
(s, t) = u(x(s, t), t), (6)

f(s, t) = fΣ(x(s, t), t), (7)
fΣ being de�ned in (2).It will be onvenient to denote the struture veloity in x = x(s, t) ∈ Σ(t) by

uΣ(x, t)
def
=

∂x

∂t
(s, t).

RR n° 0123456789



6 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. Bourgat3 DISCRETIZATION3.1 Fluid problem3.1.1 Time disretization of the augmented formulationProblem (1) is disretized in time by a semi-impliit Euler sheme:






ρ
un+1 − un

δt
+ ρun · ∇un+1 + ∇pn+1 − div (2ηD(un+1)) = 0,divun+1 = 0.

(8)For the time being, the struture position and veloity are assumed to be known at time
tn+1: its on�guration is denoted by Σn+1, and its veloity by un+1

Σn+1 . To give a variationalformulation of (8), we introdue the following funtional spaes:
X = {v ∈ (H1(Ω))2, v = 0 on Γ0, v · n = 0 on Γc},

V = {v ∈ X, TrΣn+1(v) = 0, divv = 0},

V (uΣn+1) = {v ∈ X, TrΣn+1(v) = uΣn+1 , divv = 0},where TrΣn+1 : (H1(Ω))2 −→ (H1/2(Σn+1))2 denotes the trae operator on Σn+1.A �rst variational formulation of the �uid problem is: �nd un+1 ∈ V (un+1
Σn+1) suh that,for all v ∈ V ,

∫

Ω

ρ
un+1 − un

δt
· v +

∫

Ω

ρ un · ∇un+1 · v +

∫

Ω

2η D(un+1) : D(v) = −

∫

Γin

pin n · v. (9)From the disretization viewpoint, it is muh more onvenient to work with spae X . Thus,following [11℄, we introdue the Lagrange multiplier spaes
M = L2(Ω),

Ln+1 = (H−1/2(Σn+1))2,orresponding to the two onstraints whih de�ne the spae V (un+1
Σn+1). We then onsiderthe following variational formulation: �nd (un+1, pn+1, λn+1) ∈ X × M × Ln+1 suh that,for all (v, q, µ) ∈ X × M × Ln+1,

∫

Ω

ρ
un+1 − un

δt
· v +

∫

Ω

ρ un · ∇un+1 · v +

∫

Ω

2η D(un+1) : D(v)

−

∫

Ω

pn+1divv + 〈λn+1, T rΣn+1(v)〉 = −

∫

Γin

pin n · v, (10)
∫

Ω

q divu = 0, (11)
〈µ, T rΣn+1(un+1)〉 = 〈µ, un+1

Σn+1〉, (12)INRIA



Partitioned FS algorithm for elasti thin valves with ontat 7where 〈·, ·〉 denotes the duality pairing on (H−1/2(Σn+1))2 × (H1/2(Σn+1))2.The domain Ω is subdivided in a left-hand side and a right-hand side, respetively Ω−and Ω+ as indiated on Figure 1. Applying Green's formula in Ω− and Ω+ and, using thefat that (un+1, pn+1) solves problem (8) almost everywhere in Ω− and Ω+, we obtain themeaning of λn+1:
λn+1 = fn+1

Σ , (13)where fΣ is de�ned in (2). In other words, the Lagrange multiplier λn+1 orresponding tothe onstraint un+1 = un+1
Σn+1 represents the jump of the hydrodynami stress through thevalve.3.1.2 Spae disretizationThe spaes X and M are approximated by the �nite element spaes Xh and Mh. The sim-ulations presented in this paper have been performed with P1/P1 stabilized �nite elements.We denote by NF the number of degrees of freedom for eah omponent of the veloity in

Xh.The 1D struture is de�ned by NΣ disretization points (xn+1
i )i=1,...,NΣ

on Σn+1. TheLagrange multipliers spae Ln+1 an be approximated by di�erent ways. For this work, wehoose:
Ln+1

h = {µh measure on Σn+1, µh =

NΣ
∑

i=1

µiδ(x
n+1
i ), µi ∈ R

2}, (14)where δ(xn+1
i ) denotes the Dira measure at point xn+1

i . We have, for µh ∈ Lh and vh ∈ Xh,
< µh, T rΣn+1(vh) >=

NΣ
∑

i=1

µivh(xi). (15)Note that this approah is meaningful after disretization as soon as Xh ⊂ (C0(Ω))2. Thisis the ase with the �nite element used in this work, thus (15) is well-de�ned.Remark 1 Notie that we use a ontinuous pressure �nite element. A pressure jump beingexpeted through the valve, the use of a disontinuous pressure spae may be preferable, asmentioned in [1℄. Nevertheless, the valve mesh being independent from the �uid mesh, thepressure jump an a priori our within an element and this disontinuity annot be athed,even with a disontinuous pressure �nite element (whose disontinuity ours only at the�uid element boundary). An enrihment of the pressure funtions depending on the valveposition would be probably more aurate. We do not investigate this issue here. With asu�iently �ne grid, the results we obtained omputing the stress jump in a variationalway, as explained in Setion 4.2, were satisfatory. But we believe that there is room forimprovement in the pressure disretization.
RR n° 0123456789



8 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. Bourgat3.2 Struture problem3.2.1 Time disretization and solution strategyThe struture is disretized in time with the seond order Houbolt sheme [16℄. The solution
xn is found solving the following problem:























Find xn ∈ K suh that
∫ L

0

m
2xn − 5xn−1 + 4xn−2 − xn−3

δt2
· ξds +

∫ L

0

EI
∂2xn

∂s2
·
∂2ξ

∂s2
ds =

∫ L

0

fn · ξds

(16)for all ξ ∈ K. The �rst two steps are initialized with a Crank-Niolson sheme.The numerial solution of (16) is equivalent to �nding the loal minimum, on K, of thefollowing funtional
J(x) =

1

δt2

∫ L

0

m |x|2 ds +
1

2

∫ L

0

EI

∣

∣

∣

∣

∂2x

∂s2

∣

∣

∣

∣

2

ds −

∫ L

0

fn · xds

−
1

δt2

∫ L

0

m(−5xn−1 + 4xn−2 − xn−3) · xds.

(17)To aount for the inextensibility onstraint |∂sx| = 1, an augmented Lagrangian methodis used. Following [2℄, we introdue the additional variable
q =

∂x

∂s
, q ∈ (L2(0, L))2, |q|2 = 1.We are then brought to the resolution of an equivalent problem, the searh of a saddle-point

{xn,qn, λn} of the augmented Lagrangian
L (x,q, λ) = J(x) +

∫ L

0

λ

(

∂x

∂s
− q

)

ds +
r

2

∫ L

0

∣

∣

∣

∣

∂x

∂s
− q

∣

∣

∣

∣

2

ds. (18)The resolution is done with an Uzawa algorithm:Let λn
1 = λn−1 and xn

0 = xn−1, ompute














qn
p whih minimizes L (xn

p−1,q, λn
p ), with |q| = 1,

xn
p whih minimizes L (x,qn

p , λn
p ),

λn
p+1 = λn

p + r

(

∂xn
p

∂s
− qn

p

)

,

(19)where r is a �xed parameter. This algorithm onverges when p → ∞ to the saddle-point
(xn,qn, λn), whih means that (xn,qn) minimizes L (x,q, λn) and λn maximizes L (xn,qn, λ).In order to �nd the solution for problem (19)1, we solve

∂L

∂q
(xn

p−1,q, λn
p ) = 0, INRIA



Partitioned FS algorithm for elasti thin valves with ontat 9notiing that, J(x) being independent of q, this solution is obtained by minimizing at eahpoint s,
−(r

∂xn
p−1

∂s
+ λn

p ) · qover the irle |q| = 1. This gives
qn =

r
∂xn

p−1

∂s + λn
p

|r
∂xn

p−1

∂s + λn
p |

.On the other hand, problem (19)2 solution is obtained solving
∫ L

0

EI
∂2xn

p

∂s2
·
∂2ξ

∂s2
ds + r

∫ L

0

∂xn
p

∂s
·
∂ξ

∂s
ds +

2

δt2

∫ L

0

m xn
p · ξ ds =

∫ L

0

fn · ξ ds +
1

δt2

∫ L

0

m(5xn−1 − 4xn−2 + xn−3) · ξds +

∫ L

0

(rqn
p − λn

p ) ·
∂ξ

∂s
ds ∀ξ ∈ K.Remark 2 The penalization parameter r plays a fundamental role in the onvergene of thealgorithm. If r is smaller than a ertain value rc, (19) does not onverge. If r is too large,(19) has a slow onvergene, an lead to loal solutions of the minimization problem and angive rise to non-physial rigidity. We refer to [2℄ for further disussions on this issue.3.2.2 Spae disretizationThe disretization of (19)2 is done using a third order Hermite �nite element method inorder to obtain an internal approximation of H2(0, L). We mesh the segment [0, L] with

NΣ − 1 elements [si, si+1], suh that s1 = 0 and sNΣ
= L. We denote by hi the length of theinterval [si, si+1] and we introdue the basis funtions spae

Zh = {vh ∈ C1([0, L]) : vh|[si,si+1] ∈ P3 , 1 ≤ i ≤ NΣ − 1},and the set of allowed displaements
Kh = {xh ∈ (Zh)2 :

∂xh

∂s
= qh , |qh|

2 = 1 , xh(0) = 0,
∂xh

∂s
(0) = 0}.4 Fluid-struture oupling4.1 General strategyA purpose of this work was to design a �exible strategy whih (1) keeps distint solvers for�uid and struture; (2) allows to mix several struture models; (3) allows to mix ALE andFD formulations; (4) manages ontat, independently of the struture solvers. The globalorganization is skethed on Figure 2: a ��uid-struture master� manages the FSI ouplingRR n° 0123456789



10 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. Bourgat
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Figure 2: Global sheme of the partitioned strategy. The notation u stands for displae-ments and veloities, fΣ for the hydrodynami fores, fc for the ontat fores.algorithm, while a �struture master� manages the strutures and the ontat. Whatever theoupling algorithm (loosely oupled, strongly oupled, et.), whatever the �uid formulation(ALE, FD, or both), whatever the number and the kind of strutures, in presene of ontator not, the only modi�ation to perform in existing solvers are as limited as possible: for the�uid, it only onsists in sending a load and reeiving displaements/veloities whereas, forthe struture it only onsists in sending displaement/veloities and reeiving a load.4.2 Hydrodynami fore omputationFor the numerial stability, it is important to arefully ompute the load exerted by the �uidon the struture. As proposed in [5℄, this omputation an be performed in a way ensuringa global energy onservation at the disrete level.As previously mentioned the struture disretization is based on third order Hermitepolynomials. We denote by un+1
Σn+1,h the disrete struture veloity, and by UΣ ∈ (R2NΣ)2 thevetor of the omponents of un+1
Σn+1,h with respet to the basis (φS

1 , . . . , φS
NΣ

, φS
NΣ+1, . . . , φ

S
2NΣ

).We adopt the following onvention: the �rst NΣ degrees of freedom orrespond to the nodalvalues of the funtion, whereas the last NΣ degrees of freedom orrespond to the values of itsderivative.
INRIA



Partitioned FS algorithm for elasti thin valves with ontat 11If the stress fn+1
Σ = (f

n+1,(k)
Σ )k=1,2 de�ned in (2) was exatly known, the load transmittedto the disrete struture problem would have the form F = (F

(1)
1 , . . . , F

(1)
2NΣ

, F
(2)
1 , . . . , F

(2)
2NΣ

) ∈

(RNΣ)2, with
F

(k)
i =

∫

Σn+1

φS
i f

n+1,(k)
Σ , k = 1, 2, and i = 1, . . . , 2NΣ, (20)But fn+1

Σ is only known through a disrete form resulting from the disretization of the �uidproblem. When an approximation of fn+1
Σ is diretly omputed from the disrete solution

(uh, ph), a spurious power may appear on the �uid struture interfae. In some situations,we have notied that this may deteriorate the stability of the oupling. To avoid this phe-nomenon, the omputation of F must be done in a way onsistent with the disretizationof the kinemati onstraint (12) resulting from the hoie of the Lagrange multiplier spae(14). Let us make preise this statement.For k = 1, 2, we denote by u
(k)
h and λ

(k)
h the kth omponents of the �uid veloity uh and ofthe Lagrange multiplier λh, respetively. We denote by U (k) ∈ R

NF the vetor of omponentsof u
(k)
h on the veloity �nite element basis. Owing to the de�nition of the Lagrange multiplierspae, and in view of (15), the algebrai ounterpart of relation (12) reads

KU (k) = IU
(k)
Σ , k = 1, 2. (21)where K ∈ R

NΣ×NF is the interpolation matrix of the struture nodes (xi)i=1..NΣ
on the�uid mesh, and I ∈ R

NΣ×2NΣ is the matrix whose entries are Iij = δij if j ≤ NΣ and 0otherwise (δij being the Kröneker symbol).We denote by Λ(k) ∈ R
NΣ the vetor of the omponents of the Lagrange multiplier λ

(k)
hon the basis (δ(xn+1

i ))i=1..NΣ
. The power exhanged at the interfae �as seen by the �uid�is

< λh, T rΣn+1(uh) >=
2
∑

k=1

(Λ(k), KU (k))NΣ
, (22)where (·, ·)NΣ

denotes the eulidean salar produt in R
NΣ.On the other hand, the power exhanged at the interfae �as seen by the struture� is

∫

Σn+1

un+1
Σn+1,h · fn+1

Σ dl =
2
∑

k=1

(F (k), U
(k)
Σ )2NΣ

. (23)where (·, ·)2NΣ
denotes the eulidean salar produt in R

2NΣ.From (22) and (23), we dedue that the energy exhange between the �uid and the stru-ture is well-balaned at the disrete level as soon as
(F (k), U

(k)
Σ )2NΣ

= (Λ(k), KU (k))NΣ
, k = 1, 2. (24)Sine (24) must be valid for all uΣ, relations (21) and (24) give the relation

F = IT Λ. (25)RR n° 0123456789



12 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. BourgatOwing to the de�nition of the matrix I, we see in partiular that the degrees of freedomon the derivative part of the Hermite basis are zero. This results from the fat that thekinemati onstraint (12) disretized with the Lagrange multiplier spae (14) �does not see�the derivative degree of freedom of the struture veloity.4.3 Contat fore omputationWe assume that the ontats are fritionless and our between the valve and a rigid straightwall. The situation is therefore rather aademial and simple, the onstraints being onvex.The algorithm we onsider is based on a duality argument whih is well-established. The onlypurpose of this setion is to show how ontats an be easily handled with the proposed �uid-struture algorithm, even when the struture solvers are not designed to manage ontats.Multi-body ontats, whih are more involved (non onvex onstraints) but important for theappliations, will be investigated in a forthoming work. The algorithm presented here anbe seen as a �rst step towards this goal.We diretly onsider the problem in its disrete form. At eah time step, we want tominimize a struture energy X = (x1, . . . , xNΣ
) → J(X) under the onstraint X ∈ U , with

U =
{

X = (x1, . . . , xNΣ
) ∈ (R2)NΣ , ϕ(xi) ≤ 0, i = 1, . . . , NΣ

}where ϕ is a onvex funtion and xi denotes the position of the ith struture node. In thisstudy, we only onsider funtions of the form:
ϕ(x) = x · nw − d0,where nw denotes the normal to the rigid straight wall and d0 is a given onstant oe�ient.The energy J is typially of the form (17). In partiular, it inludes the zero order termsresulting from the disretization of the aeleration and the work of the given hydrodynamifore fΣ.Various methods to solve this problem � like penalization or relaxation with projetion� may yield substantial hanges of the struture solver. Sine we would like to keep as lowas possible the modi�ations in existing solvers, we adopt a dual approah whih onsists inmaximizing the dual energy

G(µ) = inf
X∈(R

2
)NΣ

(

J(X) +

NΣ
∑

i=1

µiϕ(xi)

)

,for µ = (µ1, . . . , µNΣ
) ∈ R

NΣ , X = (x1, . . . , xNΣ
) ∈ R

2NΣ , under the onstraints
µi ≥ 0, i = 1, . . . , NΣ.From the mehanial viewpoint, the Lagrange multipliers µi represent the ontat fores. Ina gradient method with projetion, these onstraints are very easy to implement, whereas theoriginal one, namely X ∈ U , may be ompliated. This is the standard motivation of theINRIA



Partitioned FS algorithm for elasti thin valves with ontat 13dual approah. In our spei� framework, this method has another advantage: the struturesolver exhanges the same kind of information with the master as for the oupling with the�uid (it reeives loads, it sends displaements). The ontat treatment an therefore be easilyinluded as an inner-loop in the global algorithm. We an sum up the ontat algorithm asfollows:(i) Given an hydrodynami fore fΣ(ii) Solve the struture problem with the hydrodynami fore and the ontat fore:
(J ′(Xµk), ξ) = −

NΣ
∑

i=1

µk
i ξ · nw(iii) Update the Lagrange multiplier:

µk+1
i = (µk

i + α(∇G(µk))i)+, i = 1, . . . , NΣ,where α denotes a positive given parameter, (x)+ = max(x, 0) and
(∇G(µ))i = ϕ(xµk,i).For example, assume that we start from a state without ontat (µ0

i = 0 for i = 1, . . . , NΣ).If no ontat ours, then ϕ(xµ0,i) < 0 thus µ0
i + αϕ(xµ0,i) < 0 and step (ii) gives µ1

i = 0.If a ontat ours, then for some i, we have ϕ(xµ0,i) > 0 and step (ii) gives a positiveontat fore.4.4 Global algorithmWe sum up on Figure 3 the general algorithm. To speed up the onvergene of the �xed pointiterations, we used an Aitken aeleration tehnique. We refer to [18℄ for the details. In ourexperiene, this method is e�ient enough when the struture is an immersed valve. But assoon as the elastiity of the wall is also taken into aount (as in Setion 5.4) more e�ientmethods have to be designed.5 NUMERICAL RESULTS5.1 Comparison with ALE formulationsIn order to asertain the auray of the presented Fititious Domain method applied tovalves immersed in a Navier-Stokes �uid, we propose a omparison with a simulation basedon an Arbitrary Lagrangian Eulerian formulation (ALE). The model hosen for the valve isthe inextensible 1D struture desribed above, lamped on a rigid wall (see Fig. 1). While theRR n° 0123456789
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Figure 3: General algorithm.
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Partitioned FS algorithm for elasti thin valves with ontat 15�ow auses the immersed struture to bend and to have di�erent on�gurations throughoutthe yle, the �ow is also greatly a�eted by the movement of the valve. A pressure di�ereneis applied between the inlet (Γin) and the outlet (Γout). The pressure pout is zero. Thepressure pin is a ontinuous funtion of time t, periodi with a period 0.8, and de�ned by:
pin(t) =







A if 0.0125 ≤ t ≤ 0.3875,
−A if 0.4125 ≤ t ≤ 0.7875,a�ne if t ∈ [0, 0.0125] or [0.3875, 0.4125] or [0.7875, 0.8].

(26)

Figure 4: Comparison between the iso-values of the veloity. The behavior of both methods,FD (up) and ALE (down) is almost idential.We onsider a sti� valve (Fig. 4). The displaements are moderate enough to avoidremeshing when the ALE method is used. The data onsidered are: ρ = 1.0 g cm−3, η =
0.1 poise, EI = 0.7×10−2 g cm3 s−2 (�exural sti�ness), m = 2.5 g and the pressure funtion(26) with amplitude A = 40 g cm−1 s−2 is imposed at the inlet. The length of the valve is
L = 0.45 cm, the tube is 6 cm long and 1 cm high. FD and ALE methods are ompared usingthe same meshes at the initial time step. The ALE referene omputation was performedRR n° 0123456789
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FD 27Figure 5: Comparison of the movement of the apex for ALE and FD methods with di�erentspae steps. The bottom graphi shows a zoom where the di�erene between 9 spae stepsand the remainder beomes more visible.with 45 spae disretization steps on the valve (hs = L/45 = 0.01 cm). The time step is

5 × 10−3 s.We ompare the displaement of the valve's apex and the load on the struture obtainedby both methods. For the displaement, the results an be seen on Figure 5 and on Table 1.INRIA



Partitioned FS algorithm for elasti thin valves with ontat 17
hs Method error

L/9 ALE 0.00441FD 0.00502
L/18 ALE 0.00345FD 0.00454
L/27 ALE 0.00216FD 0.00333Table 1: The relative error of the displaement is evaluated on the L∞(0, T ; L∞(Σ)) norm.The referene solution is obtained using the ALE with hs = L

45 . The relative errors are thenshown for di�erent spae steps hs.For the loads, using the L∞ norm, we found a 6% error between the FD simulation with
hs = L/27 and the referene ALE simulation. A qualitative omparison of the veloitypro�les is also presented on Figure 4.5.2 Sensitivity to disretization stepsFor the �titious domain method, we observed a signi�ant relative error on the displaementof the valve with 9 or 18 spae disretization steps. For the the remaining spae steps (27,
36, 45 and 54) the di�erenes, even if present, were minor.
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Figure 6: Relative error in time of the position of the valve apex. The error is omputedwith respet to a referene solution obtained with the ALE formulation with 45 spae stepson the struture. From the left-hand side to the right-hand side, we onsider 9, 18 and 27spae steps. The ontinuous line represents ALE and the dashed represents FD.5.3 A simulation with ontatWe now propose two test ases with large displaements as well as ontat on an arti�ialwall. The ontat problem without frition is solved with the dual approah method desribedRR n° 0123456789



18 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. Bourgatin Setion 4.3. In the �rst experiment (Fig. 7) the 1.13 cm valve is embedded at 60 degrees.When it loses, it ompletely impedes the �uid �ow. The valve sti�ness is EI = 1.0 g cm3 s−2and the pressure (26) has an amplitude A = 200 g cm−1 s−2.In the seond example (Fig. 8) the valve is less sti�. It has very large displaementsand is allowed to touh the top arti�ial wall. The length of the tube is 6 cm, its height is
1 cm. The valve length is 1.1 cm, its �exural sti�ness is EI = 2.5 × 10−2 g cm3 s−2 and thepressure (26) has an amplitude A = 140 g cm−1 s−2.5.4 Mix ALE and FDIn this last test we show that the proposed FD method for the valve an be onvenientlymixed with an ALE formulation to handle elasti walls (Fig. 9). The domain is now timedependent Ω(t); the �uid is therefore solved in the ALE formulation (see [10℄ for example).One side of Ω(t) is oupied by an elasti wall whose behavior is governed by a generalizedstring equation:

ρwh
∂2d

∂t2
− kGh

∂2d

∂z2
+

Eh

1 − ν2

d

R2
0

− γ
∂3d

∂z2∂t
= fΣ, (27)where d denotes the vertial displaement of the wall, h is the wall thikness, k is the so-alled Timoshenko shear orretion fator, G = E/(2 +2ν) the shear modulus, E the Youngmodulus, ν the Poisson ratio, ρw the wall density and γ a visoelasti parameter. Thefollowing parameters are used: E = 0.75 · 106 dynes/cm2, ν = 0.5, ρS = 1.1 g/cm3, h =

0.1 cm, R0 = 0.5 cm, k = 1. The valve is modelled as in the previous test ases. Its length is
0.49cm and its �exural sti�ness is EI = 0.5 g cm3 s−2. The inlet pressure pin is de�ned by
pin(t) = 2000 if 0 ≤ t < 0.01, pin(t) = −2000 if 0.06 ≤ t < 0.08, and pin(t) = 0 otherwise.The ompliane of the wall is responsible for the propagation of a pressure wave whihinterats with the valve as shown on Figure 9. Now the �Struture Master� (see Fig. 2)manages two struture � the valve and the wall � but the oupling algorithm is exatlythe same as before (Fig. 3). This demonstrates the �exibility of the proposed approah.As mentioned in Setion 4.4, the presene of the ompliant wall inreases signi�antly thenumber of �xed point iterations. More e�ient oupling algorithms should be used in thatase. This will be done in a future work, based on the ideas proposed in [7, 8℄.6 CONCLUSIONSIn this paper we have presented a Fititious Domain approah and a partitioned strategy tosolve the oupling between an immersed thin struture and an inompressible �uid. Numeri-al tests have demonstrated a good agreement with ALE simulations in the ase of moderatedisplaements and a good robustness in the ase of very large displaements. Furthermore,the present approah also proved well-suited to be used simultaneously with an ALE formu-lation in presene of elasti walls. Simple ontat onstraints an be onveniently introdued
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Partitioned FS algorithm for elasti thin valves with ontat 21

Figure 7: Snapshots of the ontat problem when it impedes the �uid �ow. The six �rst�gures show, at six di�erent times, the pressure around the valve. The last piture showsthe veloity and the streamlines at time 3.38 s when the valve is starting to lose. The olorsre�et the di�erene of the pressures between the left and the right-hand side of the valve.
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22 N.Diniz dos Santos & J.-F. Gerbeau & J.-F. Bourgat

Figure 8: Snapshots of the ontat problem with a very ompliant valve. The arrowsrepresent the veloity and the size is proportional to its intensity. The domain shown hereof 2 cm × 1 cm is a sample of a 6 cm × 1 cm tube. INRIA
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Figure 9: Interation of a pressure wave with a valve. The simulation is obtained by mixingALE (for the elasti wall) and FD (for the valve).
RR n° 0123456789
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