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dp`�ZeatxyI�r���rsc^d�N \]Y�js�'M
r�\eN_cedgrs�gZ_ �ªtjlaLc
M
rldp`£x �grlZ^ZvNFZ�js��rloLoLc^j4r4xyILN_Z�MOr�Y��uN�w[dgZ]\^dp`t�laLdgZvItN_wD®~S�jl��N_x at��rlcO«TY:`trsMOdgx>Z�¬GS�«�­ �!·&jlItN_Zedp�4N
ÈEjl`LN}S�j[w[N_�u¬1·'È7S¡­Ejlc40�M��<N_wLw[NFw-hic^j[x N_Z^Z#È<j4`LNn¬	0ihJÈ7­)�Fhi�grlZv\edgx dp\]Y4±ÒªLc^N>NiW5\^ced�o ¬�h&ª�Wt­7jlc�x>jlaLot�pNFw
h&ª�W:±]·'ÈES rl`tw�5Tdpce\eaurs�76Ò`5\eN_ce`urs�[m!jlaL`tw~¬8596]m'­) �5irlced�jlauZ�r4w[��rs`5\^rl�lNFZ�rl`twOw[dgZer4w[��rs`5\^rl�lN_Z�js�EN_r4xyI
rloLoLc^j4r4xyI~x_rs`��<N���jlaL`tw���jlc�N ³LrsMOoL��N�d�` ·!rlM
rlxyILj�rl`tw �Tce\ed�¶ # $,&.&l��(ù��ÈEr���r�\v\^dpN_ced�rs`tw:0�ZeoLdp`tj4Z^r
# �s�4�7$;(1�nHJILdgrs�5rscyr�kvrl`£rl`tw´S�dgZec^r # �l�l��<'(1�nrl`tw>= rs`L� rs`tw²PRrs¥�rlM�aLcyr # �s�l�'<�(ù�nrs`twDrsc^N��Lc^dpN;?tY
ZeaLMOM
rsc^dp¶_N_w�dp`�\eItN�ZvNFf4atN>�1 

HJILN
S�j4�pNFx aL�grsc�«TY5`ursMOd�x_ZO¬°S�«�­�MON \eItj:w�x j4`tZed�Zv\^Z�d�`�ZedpM�aL�gr�\ed�`L��\eILN��<N>Itr��:d�jlc�js��MOd��p��d�jl`tZ
jl��rs\ejlM
Z!atZedp`t�OZejlMON�d�`4\^N>ce±ùrs\ej4M�dgxToujl\eN>`5\^d�rl��Z_ }HJILN-x>rsours�Ld��pdp\ed�N_Z'rl`tw�\eILN�cyrs`L�4NTjl��rsotoL�pdgx>rs\ed�jl`tZ
jl�nZvatxyI¦r¡MON \eItj:w�rsc^N
ceNFx>rs����N_w d�` \eILN�ceNFx N>`5\�ourso<N>c�jl� # @ �LcyrsItrlM����s�4�  (ù �ªLj4c�N ³LrsMOoL��Nl����aL���
�.A�º � º©¿Gº � ZedpM�aL�gr�\ed�jl`uZ�Iur��lN�oLcej��4N_w¦\eItrs\�\^ILN�c^jlaL�4IL`LN_Z^Z�js�R\^ILN�x cyrlxy¥ oL�grs`tN~rl`tw�\eILN~��dpMOdp\eN_w

Ë�Ë Ï�B �Fø�
)÷ 
 ú��DC
E��



< � ¾
��� ����� ��� �;�)º8�

x>c^r4xy¥��4N>��j[x dp\]Y
MOr�YO�<N�N ³[oL�grsd�`LN_w��5Y wLY5`ursMOd�xTd�`tZ]\yrs�Ld���d§\]Y rlcedgZvd�`L��j��lN>c!jl`tNn\eItdpcyw�jl��\eItN�ZeaLce�°rlx>N
Zejlat`tw�Zvo<N>NFw @ �tc^rlItrsM�N \Ors�1  # $,&.&'-�(ù �HJILdgZ�c^N_ZeaL�p\�j4�[\^rldp`LNFw�r�\�\eILN��pj��!N>c�Zex_rs��N�x j4`[¨tc^MOZ�\eILN
j4�tZeN>c^��rs\ed�jl`tZ�jl�'\eILN�oLd�jl`LN_N>c��!jlc^¥¡jl�'«�rs����Y # $,&+/�&�(�rs`tw \^ILN c^N_x>N>`5\�f5atrs`5\^d§\yr�\ed��lN�jl�tZeN>c^��r�\ed�jl`uZ
rl`tw�d�`5\eN_ceoLc^N \yr�\^dpj4`tZ#jl�<ª�d�`LN>�<N>c^��rl`tw�S¡rlw[N_c # $,&.&'&�(5j4`��°rlx>dpNFZ�rs`tw�x j4`tw[dp\ed�jl`tZ�js�uM�dgx c^jl�tc^rl`txyILd�`L�
d�`
h�S�S @ rlZirl`Odp`tZv\^rl�Ld��pdp\]Y�MONFxyItrs`LdgZeM�  6Ò`Ojlcyw[N>c�\^j�N ³:\^N>`tw�\eItNRS�«²rloLoLc^j4r4xyI�rs\i��rlce�4N>ciZ^x>rs��N_Z
�'dp\eItjla[\�wLc^r4Z]\^d�x_rs���pY¯dp`tx>ceNFrlZedp`t� \^ILN¡x>jlMOoLa[\yr�\ed�jl`urs�Rx>j4Zv\_�nq'atwtw¢rs`tw¢m!c^jlaL�4I4\^jl` # $�&'&.-�(nItr��4N
otcej4ouj5ZvNFw�r�·&j5rscyZvN>± 2�cyrsd�`LN_w-S�jl��N_x at��rlc�«TY5`ursMOd�x_ZJ¬1· 2�S�«�­�M�N>\eILj[w�w[N>�4js\^N_w�\^jR\^ILN'Zvd�M�aL�gr�\^dpj4`
rs\�\eILN'MOdgx c^jl`[±ÒZex_rs��Nl %6Ò`�\eItNnZerlM�NJ�Jr�Yl� @ �Lc^rlItrsMzN>\�rs�1  # �l�l�4��(:Itr��lNJx j4aLoL��N_w�\eILNnS�«´M�N>\eILj[w�d�`
\^ILN�x cyrlxy¥�\ed�o�¶_jl`LN��'dp\eI~x jl`:�4N>`5\ed�jl`trl�ux>jl`5\ed�`:aLaLM ¨t`Ldp\eN�N_�pN_M�N_`5\^ZJZvd�M�at��rs\ed�jl`�d�`�\eILN�ceNFZ]\Jjs��\eILN
�taL�p¥~M
r�\^N>c^d�rl�G �HJILN�S¡« MON \^ILj[w¡rl`tw�dp\^ZT��rlcedgrs`5\yZRrsc^N�`Ljl\TY4N \Totc^r4x)\edgx>rl����j4cT�grsc^�lN-otrlc^rlMON \ec^dgx
Zv\eauw[dpNFZRw[atN�\ej \eILN_dpc�Z]\^cej4`L� w[N>o<N>`uw[N>`tx>Y�j4`~\eILN�xyILjldgx N-jl�idp`5\^N>ce±ùrs\ejlMOdgx�oujl\eN_`4\^d�rl��ZTrs`tw~j4`~\eILN
I:aL�4N-x jlMOoLaL\^r�\^dpj4`trs�7x>j4Zv\_ 

·&j4ILN_Zedp�4N�ÈEjl`LN�S�j[w[N_��Z�¬ù·'ÈES¡­�¬�j4c Zvj4M�N>\ed�MON_Z
x>rl�p��N_w²¸ N_M��<N_wLwLN_w oLc^j:x>N_Z^Z�¶>jl`tN�MOj[w[N_��Z_¸ ­
M
r�Y��uN�rs\n\eItN�oLc^N_ZeN>`5\n\ed�MON-\eItN�MOj4Zv\Rouj4oLaL�grscRrloLoLc^j4r4xyILN_Z!\^j Zvd�M�aL�gr�\^N-\eItN�w[Y:`trsMOdgx���cyrlx)\^aLc^N
d�`��tcedp\v\^�pN4�lw[atx \ed��pNJjlc�ILN>\eN>c^jl�4N>`LN_jlatZ#M
r�\eN_cedgrs�gZ�r�\irs`:Y-Zex_rs��NT¬°�lcyrsd�`[±ùZ^x>rl�pNi\ej-Z]\^ceaux)\eatceN�­) �HJItN&dgw[N_r
jl��x j4ILN_Zedp�4N�¶>j4`LN��JrlZR¨tcyZ]\Rd�`5\ec^j[w[atx NFw��:Y�«RaL�5wLrs��N # $,&4�l��(1�<m!rlceN_`:�L��rs\v\ # $,&4�4��(�rs`uw�q'dgx N # $,&4�'-�(
x>jl`tx>N>c^`Ld�`L� dp`Ldp\edgrs����Y¯j4`L�pY�\eILN¡`Ljlc^M
rs�'�<N>Itr��:d�jlc�¬��<N>Iur��5d�jlc�w[aLc^dp`L�¦r `tjlc^MOrl�nZvN_otrscyr�\^dpj4`��!dG  Nl 
MOj[w[N 6'd�`~\eItN�c^aLo[\eatceN�x>��r4ZeZedp¨ux>rs\ed�jl`~MOj:wLN_Zy­'r�\n\^ILN�x>c^r4xy¥ \^dpo�¶_jl`LN4 nHJILN-\yrs`L�4N>`5\edgrs���<N>Iur��5d�jlc
¬°MOj:wLN_Z 6 6�rl`tw 6�6 6v­��!r4Zi¨tcyZv\�\^rl¥lN_` dp`5\^j�rlx_x j4aL`5\&�:Y 6]wLr # $,&+/s�1(u��jlcJw[Y:`trsMOdgxn��cyrlx \eaLc^Nnjl�#N_rlcv\^I�¸ Z
x>ceauZ]\&rl`twO�:Y�h}rl�pMON>c!rs`tw
qnd�x>N # $,&�/  ([��j4c�oLc^jl�4ceNFZeZedp�4N��°rldp��aLc^Nnjs�#rl`
dp`ux ��dp`LNFw
�gr�YlN>c}jl�#x �gr�Y�aL`uw[N>c
�4c^r��:dp\]Yl }HJILN�at`Ldp�gr�\^N>cyrs��x>jl`5\^r4x)\'dp`�ZeatxyI�rs`�rloLoLc^j4rlxyI��!r4ZJdp`5\^cej[w[atx>N_w��:Y�ªtceb_M�j4`tw # $�&'-5�1(i¬�`Lj
d�`5\eN_ceo<N>`LN>\ecyr�\^dpj4`�js�&x>c^r4xy¥���d�otZ�r��©\eN_cR��cyrlx \eaLc^NF­  -PnN>NFw[��N>M
rs` # $�&'-�/1(�Itr4Z�x jl`uZvdgw[N>cyrs�t�pY�N ³:\eN_`tw[NFw
\^ILN'x j4`tx N_o[\�jl�ux j4ILN_Zed��lN�¶_jl`LN!�:Y-dp`5\^cej[w[atx>dp`t�T`LN_�¦MOj[w[N>�gZ�js�<wLN_x j4ILN_Zed�jl`��tr4ZvNFw�j4`�\eItN!rs\ejlMOdgZ]\^d�x
�!jlc^¥[Znjl��q'j4ZeN�N>\�rl�G  # $�&'-�$l� $�&'-  (ù THJILj5ZvN�M�j[w[N_��Z��!N>c^N-\ecyrs`uZ]��j4ceMON_w�dp`5\ej���c^r4x)\^aLceN�MOj:wLN>�gZR�:Y
H��lN_ce�5rlrlc^w # $�&'&l��(urs`uw
PnN>NFw[��N>M
rs` # $,&.&4�1(u�5Y�\eItNndp`5\^cej[w[atx \ed�jl`
jl�7\eILNnd�c^ceN_�lN>cyZedp�Ld���d§\]Y�d�`
\^ILNR��j[x>rs�
�<N>Iur��5d�jlcF�sd1  N4 }r-ZvaLce�°rlx>NnwLrsM
rl�lNl�4rs`twO�!N>c^N'x jlatoL�pNFw
r�\i\^ILNRZ^rsMONJ\ed�MON'\ej�\eILNno<j4Zv\}��cyrlx)\^aLc^NJ��cedgx)±
\^dpj4` # H��lN_ce�5rlrscyw7��$,&.&l��(#rs`tw�\ejO\^ILN>c^M
rs���pY�dp`uw[atx NFw~ceNFZvdgw[atrl�#Zv\ec^N_Z^ZvNFZ # H��lN_ce�5rlrscyw7� $,&.&7$D(ù  6ù\R�JrlZ
\^ILN>`¡ouj5ZeZedp�t�pN-\^j�ZedpM�aL��rs\eN�x>c^r4xy¥�d�`Ldp\edgr�\ed�jl`¡�'d§\^ILjla[\�rs`:Y�r4w�ILj[x�x>cedp\eN_ced�jl`��uoLc^jlotrl�4r�\^dpj4`�¬Gx cyrlxy¥
our�\eION_M�N_ce�4N_Z�`trs\eaLcyrs����Y-��cej4Mz\eItNnN ³:\eN_ce`urs�[��j4rlwLdp`L���'dp\eILj4a[\�rs`:Y�x jl`:�4N>`Ld�N>`5\}rlZ^ZvaLMOo[\^dpj4`Ojl`�\eILN
x>c^r4xy¥¡oL�grs`tNF­�rl`tw ¨t`urs�!ceaLoL\eaLc^N �:Y dp`tx>jlc^ouj4c^rs\ed�`L� ·'ÈES rs\�d�`5\eN>ce�°rlx>N_Z��uN>\]�&N_N>`¦NFrlxyI�N>��N>MON_`4\
jl��r�¨u`Ld§\^N�N>��N>MON_`4\yZ w[dgZex>ceN>\ed�¶_rs\ed�jl` # ·&j5Z]\yrs`L¶_j rl`tw =�rl�§\^jl`��9$,&'&+/:�}PnN_N_w[��N>M
rl`£rl`tw£q'j4Z^rs¥:dgZ>�
$�&'&.&L���Ra rs`tw�PRN>N_wL�pN_MOrl`�� $,&'&'<�(ù !HJItd�ZTM�aL�p\ed��<j:wLY~x>jlILNFZvd��lN���cyrsMON_�&j4ce¥ IurlZRZeILj��'`�dp\^ZTrs�Ld��pdp\]Y
\^j�oLc^N_w[dgx)\�x>jlMOoL��N \eNO��cyrlx \eaLc^NOoLc^j:x>N_Z^Z�js�JN>�grlZv\edgx)±ùoL�grlZv\edgx�M
rs\eN>c^dgrs�gZ�aL`tw[N_c�f5atrlZediZ]\yr�\^d�xO��j4r4w[dp`t�
# PnN_N_w[��N>M
rl`�� $�&'&4�L�tH��lN_ce�5rlrscyw�rs`tw��Ra[\^xyItdp`tZejl`#� $�&'&4��(#jlc�Zvat�LMOd§\e\eN_w�\ej�x>c^r4xy¥ \^dpo dp`tZv\^rl�Ld��pdp\ed�N_Z
# �Ra rs`tw¯PnN_N_w[��N>M
rs`#� $�&'&'<�(ù��jl�n�Lc^d§\e\e��N�M
r�\^N>c^d�rl��Z�aL`twLN>cOdpMOotr4x)\ # ·!rlM
rlxyILj¡rl`tw �Tce\ed�¶l� $,&.&l�t�
È7r���rs\v\^dpN_ced#rl`tw 0�ZeoLd�`Lj4Z^rL�E�s�l��$D(ù�Ljs�iN_��r4Z]\^d�x��5dgZ^x jlot��r4Z]\^d�x�M
r�\^N>c^d�rl��Z # W:d�N>�4M�aL`uw�rs`tw�PRN>NFw[�pN_M
rs`��
$�&'&+/�(ù�>js�tx>jlMOo<j4Zed§\^NiM
r�\eN_cedgrs�gZ # PnN_N_w[��N>M
rl`�rs`tw�qnj4Z^rs¥:d�Z_��$�&'&'&t�_W:d�N>�4M�aL`tw�N \�rl�G ��'$�&'&+/:�	�Ta�N \�rs�1 p�
$�&'&+/�(url`tw
js���4c^r4w[N_wOM
rs\eN>c^dgrs�gZ # =�rl`L��rl`tw PRrl¥�rsM�atc^rt�5�s�4��<u�5È<Itrl`L��rs`uw
h}rsaL��dp`tjt�[�s�l�5�1(ù �S�j5Z]\
jl�E\eILNTceNFZvaL�p\^Z�jl�[\yrsd�`LN_wOd�`
\^ILd�Zi��c^rlMON>�!jlc^¥��!N>c^N'�ld��lN>`
d�`
\]�!j�w[d�M�N_`tZedpj4`tZ�
5d�`
\eILc^N>NTw[dpMON_`tZvd�jl`uZ>�
\^ILN���N_rlZed��Ldp��dp\]Y�jl��atZedp`t��ZeatxyI¡r�M�aL�p\ed��uj[w[Y�x>jlILNFZvd��lN���c^rlM�N_�&j4ce¥�\ej�Zvd�M�at��rs\eN�wLY5`ursMOd�x���cyrlx)\^aLc^N
��c^jlMzd�`Ldp\edgr�\^dpj4`�\^j�ceaLoL\eaLc^N&�JrlZ�NFZ]\yrs�L��d�ZeILNFw��:Y�S�j4`LN>c^d�N # �s�4�l��([rs`uw�h}rs`uw[jl�p¨�N>\irs�1  # �l�l�l��(1 �ªLc^jlM
\^ILN�ouj4dp`5\Jjs�#�:d�N>�´jl��x j4ILN_Zedp�4Nn¶>j4`LN�M�j[w[N_�pd�`L�u�5j4`LNTwLd�Zv\ed�`L�latd�ZeILN_Z&\^ILN�Zejs±Òx>rl�p��N_w dp`5\ec^d�`tZvdgxnMOj[w[N_��Z
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¬ù·'ÈES �'dp\eI�d�`Ld§\^d�rl�7x jlMOoL��dgrs`tx>NF­&rs`tw�N ³:\ec^dp`uZvdgxRMOj[w[N_��Z�¬1·'È7SV�'dp\eILj4a[\'rs`:Y
dp`td§\^d�rl�Ex>jlMOoL��d�rl`tx N�­) 
qnN_x N_`5\}x>jlMOotrlcedgZvj4`tZ��uN>\]�&N_N>`�dp`5\^ced�`tZed�x'rl`tw�N>³:\ec^dp`tZedgx&MOj[w[N_��Z���j4c�w[Y:`trsMOdgxJx cyrlxy¥-�Lcyrs`txyItdp`L��rs`uw
��j4c�wLY5`ursMOd�x�x cyrlxy¥�dp`tZv\^rl�Ld��pdp\]Y�x>rl`��uN���jlaL`uw�c^N_ZeouNFx)\ed��lN_�pY�d�` ªtrl�p¥~N>\�rl�G  # �l�l��$D(�rl`tw�d�` 3�aL�trldpc
rl`tw�2�N_aL�<N>���pN # �s�l�  (ù #ªLc^jlM \^ILNJouj4dp`5\}js�u�5d�N>��js�u`:aLMON_cedgx>rl�4d�MOoL�pN_MON>`5\^rs\ed�jl`tZ_��\]�!jTM
rsd�`�xyItjldgx N_Z
rlceN
o<j4Z^Zedp�L��Nl ¡·'ÈES%x>jlaL�gw �<N dpMOoL��N>MON_`4\^N_w¦r4Z-MOd§³[NFw��uj4aL`twLrlceY�x j4`tw[dp\ed�jl`tZ ¬GS�mn·J­-�<N \]�!N>N_`
�4jl��aLMON \^cedgx�¨t`Ldp\eN N_�pN_M�N_`5\^Z-j4c�rlZ-x j4ILN_Zed��lNON>��N>MON>`5\yZ ¬�d1  N4 �ZeaLce�°rlx N�¨t`td§\^N N>��N>MON>`5\yZ^­  �HJILdgZ-��r4Z]\
x>��r4ZeZ!jl��d�MOoL�pN_MON>`5\^rs\ed�jl`�d�Z'c^N ��N_cec^N_w \ej x>jlILNFZvd��lN>±1�4jl��aLMON \ec^dgx'¨t`Ldp\eN-N_�pN_MON>`5\�¬1· 5Tª 0&­nrs`tw�\eN_`twLZ
\^j��<N��'dgw[N>��Y w[N>�4N>��jlo<N_w # 2�N>aL�<N>����N�rs`uw¦mJr�Y5��jlcF� $,&.&'-�(1 �ªtjlc�\^ILN~· 5�ª 0 Z^xyILN>MONl��\^ILN�c^N>�gr�\^dp�4N
o<j4Zedp\ed�jl`�jl��x>jlILNFZvd��lN�N>��N>MON>`5\yZJ�uN>\]�&N_N>`��ljl��aLMON \^cedgxTN>��N>MON>`5\^ZJZeN>N_MOZ!\^jOItr��lN�r�Zv\ec^jl`t��d�`�?taLN_`tx N
d�`¦\^ILN�x>r4ZvN�js�n¨t`td§\^N�Ze�pd�otZ_ ¦HJILN~S�mn· ZexyItN>MON�wLj5NFZ�`Ljs\OMON>N \�\eItd�ZOw[d*) x aL�p\]Yl ¯W[dp`tx>N��!N~rsc^N
d�`5\eN_ceNFZ]\^N_w
d�` \^ILd�Z!otrlouN_c&�:Y r�M�j[w[N_�pd�`L��rs`tw�r�`:aLMON>c^d�x_rs�<dpMOoL��N>MON_`4\yr�\^dpj4`�js�#wLY5`ursMOd�xR��cyrlx)\^aLc^N
otcej4�L�pN_M
ZTd�` \eILN
MOj4Zv\-�lN_`LN>cyrs��x>r4ZvN4�7�&NOc^N \^rldp`�d�` �'Itrs\���jl���pj��nZT\eItNOS¡m'· ZexyItN>MONl  �nj��!N>�4N>cF�
\^ILN
¸ x jlItN_Zedp�4N ±ù�ljl��aLMON \^cedgx'¨u`Ld§\^N�N>��N>MON_`4\F¸L`trlM�N��<N>d�`L�
�!N>���§±ù¥:`Lj��'`�rl`tw~x ��N_rlc_�[dp\nd�ZnN>MOoL��j�YlN_w�d�`
\^ILdgZ}otrso<N>cF�s�LaL\�Itr��:dp`t�T\^ILN'MON_rl`Ldp`t�-js�<r-ZeaLce�°rlx>N ±ù�ljl��aLMON \^cedgx&M�aL�p\ed��uj[w[Y�rsoLotcej5rlxyI�auZvd�`L�-MOd§³[NFw
�<jlat`twLrsc^Y�x>jl`tw[dp\ed�jl`uZJ�uN>\]�&N_N>`�N_rlxyI��lj4�patM�N>\ec^d�xR¨t`Ldp\eN�N>��N>MON>`5\^Z_ 

H��&j M
rsd�`²��dpMOdp\^rs\ed�jl`tZ�js��\eILN�·'ÈES M�j[w[N_��Z~rlceN¡\eILN_dpc�o<j4Z^Zvd��L��N¡d�`tZv\^rs�tdp��d§\]Y´wLaLN�\ej¯\eILN_dpc
Zejs�©\^N>`Ld�`L�
xyItrlc^r4x)\eN_c # ·&Itrl�uj[xyILN-N>\Rrs�1 p�<�s�l��$l�[S�j4`LN>c^dpN-rl`tw @ x>rsc^YE�t�s�4�7$D(�rl`tw�\eILN_dpcnd�`trl�Ldp��dp\]Y \ej
otceNFw[d�x \�x>c^r4xy¥Tj4ouN_`Ld�`L�Td�`�\^ILN'x>r4ZvN&js�tN_��r4Z]\^d�x ±1o<N>ce��N_x \e��Y�ot��r4Z]\^d�x&M
r�\eN_cedgrs�gZ��'ILN>`�\eILN!c^rs\ed�jR�<N \]�!N>N_`
\^ILN�o<N_rl¥�\^c^r4x)\ed�jl`�Zv\ec^N_Z^ZJjs��\eItNO·'ÈES�rs`uw�\eILN�Y:d�N>�gw�Z]\^ceNFZeZnjs��\eILN��LaL��¥�M
r�\^N>c^d�rl��dgZn��j��&N_cJ\eItrl`
rl�uj4a[\    � # H��lN_ce�5rlrlc^wOrs`uw �na[\yxyILd�`tZvj4`���$,&.&l��(ù �HJItNR¨tcyZv\!rsototrsc^N>`5\���dpMOdp\^rs\ed�jl`�dgZJw[N>N_oL��Y���atcv\^ILN>c
Zv\eauw[dpNFw�d�`�\eILdgZ'rsce\edgx ��Nl }HJILN-ZeN_x j4`tw j4`LN�ItrlZJx>jl`tw[aux)\eNFw \^j�\eILN-w[N_�lN>��jlotM�N_`5\!jl��hi�grlZv\edgx dp\]Y5±ùªtceN_N
W:\ec^dpo ¬�h�ª}WL­�MOj[w[N>�}�:Y¡W:atj�N>\�rl�G  # $,&.&  (1 �6Ò` \eILdgZ�MOj:wLN>�1�#r \^ILd�` N_��r4Z]\^d�x�Z]\^ced�o¡dgZ�d�`tx j4ceo<jlcyr�\^N_w
�<N \]�!N>N_`~\eILN�x cyrlxy¥�rl`tw�\eItN�ZeaLcec^jlat`tw[d�`L�OoL��r4Z]\^d�x�¶>jl`tN�rs`tw�\^ILN�x>c^r4xy¥ oLc^jlotrl�4rs\ed�jl`�d�ZR�lj��lN_ce`tN_w
�:Y�r��pj[x>rl�}x c^d§\^N>c^dpj4`�jl`�\^ILNON>`LN_ce�4Y~ceN_�pNFrlZeN�c^rs\eN4 �«RaLN�\ej�\eItNOZeN>`uZvdp\ed��:d§\]Y~js��\eILdgZ�M�j[w[N_��\ej�\eILN
\^ILdgxy¥5`tN_Z^Z&jl�#\^ILN-h�ª}W�rs`tw�\eILdgZJ��dpMOdp\^r�\^dpj4`~�'ILN>`�\eILN�x>c^r4xy¥
ZvN_otrscyr�\^dpj4`�Z]\^ceNFZeZJdgZ'ZeMOrl�p�1��=�N>d�rs`uw
�Ra[\^xyItdp`tZejl` # $,&.&'&�(iIur��lN
w[N>�4N>��jlo<N_w rs` 0ihJÈu±1h&ª�W�aL`Ldp¨tN_w MOj[w[N>���'ILd�xyI oLc^jl�4ceNFZeZed��lN>��Y�N>�4jl���lNFZ
��c^jlM�j4`LN�MOj[w[N>�&\ej \eItN�jl\eILN_c�w[N_ouN_`tw[d�`L� j4`¦M
r�\^N>c^d�rl�&otrlc^rlMON \eN_c^Z_ ¡HJILdgZ�MOj:wLN>�!d�Z�o<j��&N_cv��aL�
��j4cnr��'d�w[N-cyrs`t�lN�js��N>�grlZv\edgxTot��r4Z]\^d�x�otrlc^rlMON \eN_c^Z!�LaL\nItrlZ!\^ILN�w[dgZer4w[��rs`5\^rl�lNT\ej
d�`tx j4ceo<jlcyr�\^NT�<js\^I
ourscyrsMON \^N>cyZijs��rs` 0ihJÈ�MOj[w[N>�7rl`tw jl��r�h&ª�W MOj:wLN>�1 iª�d�`trl�p��Yl�5\eItNTh�ª}W�MOj:wLN>�Ejlc&\eILN�0ihJÈu±1h&ª�W
at`Ld§¨uN_w�MOj:wLN>��c^N_f5aLd�ceNFZJr�otced�jlc'w[N>¨t`Ldp\ed�jl`~js��\eILN�x>c^r4xy¥
otr�\^I� 

HJILN 5Rd�ce\eatrl� 6Ò`5\^N>c^`trs�Em!jlaL`tw¡¬	596]m'­&MOj[w[N>�1�[w[N>�4N>��jlo<N_w
�:Y 2�rsj�rs`tw 3��pN_dp` # $�&'&'-�(<rl`tw 3���N>d�`
rl`tw 2�rsj # $�&'&'-�(1��x j4`tZed�Zv\^Z#dp`�d�`tx>jlc^ouj4c^rs\ed�`L�J\eILN���c^r4x)\^aLceN���r���w[d�ceNFx)\^�pY�d�`4\^j'\eItN&x j4`tZv\edp\ea[\^dp�4N�MOj[w[N>�
jl�EZv\^rl`twLrlc^w�¨t`Ldp\eN'N_�pN_M�N_`5\^ZiZ^xyILN>MONFZ>  6Ò`ON_rlxyIOx j4`5\ed�`5ataLM ¨t`td§\^NnN>��N>MON>`5\F�lcyrs`tw[j4MO�pY�wLd�Zv\ec^dp�ta[\eNFw
M
rs\eN>c^dgrs�[otrlcv\^d�x>�pNFZirsc^Nnx j4`L`LN_x \eNFw��:YOr�c^rl`tw[j4M Zvour�\edgrs�t`LN \]�!jlc^¥�jl�u\^ILNnoLILN_`LjlMON_`Ljl��jl�4d�x_rs�Lx j4ILN ±
Zed��lNJdp`5\^N>c^`trs�L�<jl`uwLZ> �HJILNnM
r4x c^j4Z^x jlotd�x&�uN_Itr��:dpj4c}js�<\eILdgZ}¥:d�`twOjs�EceN_oLc^N_ZeN>`5\^rs\ed��lN!�ljl��aLMON'N>��N>MON_`4\
��c^jlM \eILN�o<jld�`4\'jl���:d�N>�´jl��rs\ejlMOdgZ]\^d�xR��cyrlx)\^aLc^N�dgZJjl�L\^rsd�`LNFw �:Y N_f5atrs\ed�`L��\eILN-Zv\ecyrsd�`�N_`LN>c^�lYO��at`tx)±
\^dpj4` j4`�\^ILN x j4`4\^dp`:aLatM �pN_�lN>��\^j�\eILNOo<js\eN_`5\edgrs�}N>`tN>c^�lY�Zv\ejlc^N_w¡dp` \eItNOx>jlILNFZvd��lN�d�`4\^N>c^`trs���<jl`twtZ> 
HJItN¡x j4cec^N_Zeouj4`tw[d�`L����c^r4x)\^aLceN��gr�� w[N>o<N>`twtZ jl`£\^ILN���j[x>rs��w[N ��j4ceM
rs\ed�jl`¢rsc^jlaL`uw�\^ILN¡x>c^r4xy¥�\ed�o� 
@ �§\^ILjlat�lI5\eILN 596]m MOj:wLN>�!ItrlZ��uN_N>`¯Zeatx_x N_Z^Zv��aL�p��Y�atZvNFw¢¬°ZeN>N���jlc�d�`tZv\^rl`tx N��5Y HJILdgrs�5rscyr�kvrs` rs`uw
S�d�Zec^r # �s�l�'<�(�­)�5\ej
ZedpM�aL�gr�\eN���cyrlx \eaLc^NTjl��rl`Ld�Zejs\^cej4oLdgxRMON_wLd�rt�[d§\nZeN>N>M
Z!\^j��<N-aL`tZv\^rl�L��N�d�`�\eILN�x_rlZeN
jl��ILN>\eN_cej4�lN>`tN>jlauZ&M
rs\eN>c^dgrs�gZ!rl`tw�ceNFf5aLdpc^N_ZJr��grsc^�lN�x jlMOoLaL\^r�\^dpj4`trs��x>j4Zv\_ 
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HJILN�rldpM jl�R\^ILd�Z
rlcv\^d�x>�pN�dgZ�\ej�Zvd�M�at��rs\eN�\eILN���cyrlx \eaLc^N�wLY5`ursMOd�x_Z�¬©��c^jlM+d�`Ldp\edgr�\ed�jl`¯\ej o<j4Zv\v±
��cyrlx \eaLc^NF­Rjs�Jr��'dgw[NO��rsc^dpN>\]Y�js��M
rs\eN>c^dgrs�gZTcyrs`t�ld�`L� ��c^jlM c^dp�4d�w����Lc^d§\e\e��N�j4c-w[atx)\^dp��NOILjlMOj4�lN>`tN>jlauZ
�<j[w[d�N_ZT\ej�ILN \^N>c^jl�lN_`LN>j4atZnM
rs\eN>c^dgrs�gZn�'dp\eILj4a[\�r�oLc^dpj4cR¥:`Lj��'��N_w[�4N�js�!x cyrlxy¥�otr�\^ItZTrl`tw�d�`tx>�patwLdp`L�
x>jlMOoL��N ³�otILN>`Lj4MON>`tr ZeatxyI r4Z���cedgx)\^dpj4`¯j4c
�&NFrscOjl`¯\eItN�x cyrlxy¥���dpotZ ouj5ZeZedp�t�pY¦�'dp\eI ¨t`td§\^N�Zv��dpouZ> 
qnN>�4rlc^wLdp`L�OrlwL��rl`5\^rs�4N_ZJrs`uw�wLd�Z^rlw[��rl`4\yrs�4N_Z!js����rsc^dpj4atZJMON \eItj:wtZ>�t\eILN�x>jlILNFZvd��lN�¶>j4`LN-rsoLotcej5rlxyILNFZ
rlceN�d�w[NFrs�Jx>rl`tw[dgwLr�\^N_Z�\ej r4xyILd�N>�lNO\^ILdgZ��4j4rl���'dp\eILj4a[\OZeaLo<N>cyx j4M�ota[\eN_c��°rlx>dp��dp\ed�N_Z_  @ `¯rlwtw[d§\^dpj4`trs�
MOjl\ed���rs\ed�jl`���jlcJ\^ILN-xyILjldgx N�js�i·'ÈES�d�Z!\^ILN�x ��N_rlc!MONFxyItrs`Ldgx>rl�7ZvN_`tZvN�jl�#\eItN�\]�&jOM
rsd�`�ourscyrsMON \^N>cyZ
jl��·'ÈES�®�\^ILNRo<N_rl¥�\ecyrlx \ed�jl`
Zv\ec^N_Z^Ziw[c^dp�4N_Z�\^ILNnd�`Ld§\^d�rs\ed�jl`
jl�<��cyrlx \eaLc^Nnrs`uw�\^ILNRx>jlILNFZvd��lN'N_`LN>c^�lY�¬�jlc
NFf5aLdp��rl�pN_`4\^�pY�\eILNnx>cedp\edgx>rl�5N_`LN>c^�lY�ceN_�pNFrlZeN&cyr�\^N&j4cix c^d§\^d�x_rs�LZv\ec^N_Z^Z�d�`5\eN_`tZvdp\]Y��°r4x)\^jlc)­#w[c^d��lN_Z�\^ILNnx cyrlxy¥
otcej4otrs�5r�\ed�jl`�dp`twLN>o<N>`tw[N_`5\e��Y¦js�T\eILN�ZeouNFx dp¨ux���jlc^M js�T\eILN�\^c^r4x)\ed�jl`L±ùZeN>otrlc^rs\ed�jl`�x>aLc^�lN # S�j4`LN>c^d�N
N>\�rl�G ���$,&'&.-L�!È7r���rs\v\^dpN_ced�rs`tw 0�Zvotdp`Lj5Zert�!�l�l�7$;(1  HJILN¡`tN>�VPRjl`DW:MOj:js\^IDªtc^r4x)\eatceN¡«TY:`trsMOdgx>Z
¬GPTW[ª�«�­'rsotoLcej5rlxyI�oLceNFZvN_`5\eN_w�dp`�\^ILd�Znotrso<N>c'dgZJ\eI:atZJ�urlZeN_w�jl`�\eILc^N>N�M
rsd�`���N_r�\^aLc^N_Z_®

$l 'r�ZeaLcv�°r4x N>±1�4jl��aLMON \ec^dgx�M�aL�p\ed��uj[w[Y�rsotoLcej5rlxyI�atZedp`L�¡M�dp³[N_w��<jlat`twLrsc^Y x>jl`twLd§\^dpj4`tZ��<N \]�!N>N_`
N_r4xyI �4jl��aLMON \^cedgx�¨t`Ldp\eN�N_�pN_MON>`5\^Z rl`twuµ�jlc
c^dp�4d�w �<j:wLdpNFZ�¬°ª�d��laLc^N $F­ �JZejlMON>\ed�M�NFZ
�'c^jl`L�4�pY
x>rl�p��N_w ¬��'ItN>`~`Lj
x j4`[��atZedpj4`�dgZJouj5ZeZed��L�pN�­Jx j4ILN_Zedp�4N ±ù�lj4�paLMON>\ec^d�xn¨t`Ldp\eN-N>��N>MON_`4\'MON \^ILj[w 


�[ !\eILNOw[N_�lN>��jlotM�N_`5\Tjs��r��lN_`LN>c^d�x-��jlc^M�aL�gr�\^dpj4`�js�}\^ILN�x>jlILNFZvd��lN�¶>jl`tN�MOj[w[N>�gZTwLN_w[dgx>rs\eN_w�\ej�r
�'d�wLN���rsc^dpN>\]YRjl�LMOrs\eN_cedgrs�gZ�rs`uw�oLI:Y:Zedgx>rs�4oLILN_`LjlMON>`urL��rs`tw-d�`tx>jlc^ouj4c^rs\ed�`L�JaL`Ld���rs\eN>cyrs�5x j4`4\yrlx \
rs`tw�·&j4aL�pj4M���¸ ZJw[c^Y ��c^d�x \ed�jl` 
LZeatxyI~r���jlc^M�aL�gr�\^dpj4`�dgZ'ceN>��N>c^ceNFw d�`�\eILdgZ'otrlouN_cJ\ej�¸ 0i`LItrl`tx NFw
·&jlILNFZvd��lN�ÈEjl`LN S�j[w[N_��Z_¸&¬80!·'ÈES¡­�rs`tZ�d�Z�r4ZeZej[x dgr�\^N_w��'d§\^I�`:aLMON>c^d�x_rs�}\^N_xyIL`Ldgf5aLN_Z�rsc^d�Zedp`t�
��cej4M \^ILN�MOrs\eILN_M
r�\edgx>rl��oLc^jl�4c^rlM�MOd�`L��x>jlMOM�at`Ld§\]Y 


  'r~Zvo<N_x>d§¨ux�`Lj4`�ZeMOj:js\eI�w[Y:`trsMOdgx>rl����cyrsMON_�&j4ce¥~�tr4ZvNFw¡j4`¡MON_r4ZvaLc^NOw[d§¹EN>c^N>`5\^d�rl��d�`tx>�patZed�jl`tZ
rs`tw~rl`~r4ZeZej[x dgr�\^N_w º©»R¼<½§º°¾ º©¿ \^dpMON À5d�`4\^N>�4c^rs\ed�jl`�Z^xyILN_M�N�rl�p��j��'d�`L��\^ILN-`:aLMON>c^d�x_rs�E\^ceNFr�\eMON_`4\
js��`Ljl` ZvMOj:js\^I�N>�4N>`5\^ZOZeatxyI¯r4Z�dpMOotr4x)\^ZOw[atN�\^j at`Ldp�gr�\^N>cyrs�'x j4`tZv\ecyrsd�`4\yZ�
�\eILdgZ
Z^xyILN>MON�d�Z
ceN>��N>c^ceNFw�r4Z�¸ PRjl`�W:MOj:js\eI¡·&j4`4\yrlx \'«TY:`trsMOdgx>Z_¸�¬°P�Wt·!«�­  

@ Z��!NR�'d����EZeILj��-�l\eILNFZvNT\]�&j���r4Z]\&��N_r�\^aLc^N_Z!x jl`uZvdgw[N>cyrs�t�pY�dpMOoLc^j��lN'\^ILN�x �grlZ^Zvdgx>rl�E· 5Tª 0 ZexyILN_MONRd�`
\^ILN�x j4`5\eN ³:\njl��\^ILN�w[Y:`trlM�dgx���cyrlx)\^aLc^Nl  @ Znrs`~N>³[rlMOoL�pN-jl��\^ILdgZnd�M�otcej��4N>MON>`5\_�[j4`LN�x>rl`�x jl`uZvdgw[N>c
\^ILN�dpMOo<jlce\^rl`tx N�js��\eILN-at`Ldp�gr�\^N>cyrs��x>jl`5\^r4x)\Jdp`�\eItN�x>jlILNFZvd��lN�¶>j4`LN�MOj:wLN>�gZ>�L�'Itd�xyI�N>`tZeaLc^NR\^ILN-`Lj4`
o<N>`tN \ecyrs�tdp��d§\]Y¡js��\^ILNO�lj4�paLMON>\ec^d�x�¨t`Ldp\eN
N_�pN_M�N_`5\^Z��'ILN_`¡\^ILN Z]\^ceNFZeZ��Jr��lNFZR��N_r4w�\^j~x>jlMOoLc^N_Z^Zvd�jl`#�
rl`tw£\^ILN�wLd ) x at�§\]Y£\^j�`:aLMON>c^d�x_rs���pY d�`4\^N>�4c^rs\eN¡ZeatxyI²at`Ldp�gr�\^N>cyrs��x jl`uZ]\^c^rldp`5\^Z��'d§\^ILd�`Dr�wLY5`ursMOd�x
��cyrsMON_�&j4ce¥O�'ILN_`�`tjl`tZeMOj5jl\eI�N>�4N>`5\^Z'rlceN�N ³[o<N_x)\^N_w7 

� �#� ����� Â W:NFx)\^dpj4`���dgZ&w[NFw[dgx>r�\^N_w�\^j�\eItNRoLc^N_ZeN>`5\^rs\ed�jl`Ojs�7\^ILNnN_`LItrs`ux N_w�x jlItN_Zedp�4N'¶>jl`tNRx j4`tx N_o[\_ 
@ �4N>`LN_cedgx���jlc^M�at��rs\ed�jl`�d�Z'otceNFZvN_`4\^N_w~rs`uw�\^ILN���dp`t¥��'dp\eI�js\^ILN>cR�&N_�p�p±1¥:`Lj��Dx jlItN_Zedp�4N�¶_jl`LN-MOj[w[N_��Z
dgZ-M
rlwLNl �ª�d�`trs����Yl��\^ILN otrlcv\^d�x>aL�grsc-d�`4\^N>c^N_Zv\-��jlc-\^ILdgZ-MOj:wLN>�idgZ�w[NFZex>ced��<N_w7 �W[N_x)\^dpj4`  d�Z�w[N>�4js\eNFw
\^j�Zvj4MON�otc^r4x)\edgx>rl�irlZeouNFx)\yZ�js�JatZvd�`L��x>jlILNFZvd��lNOMOj[w[N>�1 �HJILN f5aLNFZ]\^dpj4`�jl�&\^ILN
aL`Ldgf5aLN>`tN_Z^Z-js�!\eILN
Zejl��a[\^dpj4`��7\eItN
N_f5aLd���rl�pN_`tx N
rl`tw�\^ILN Zv\^rs�tdp��d§\]Y¡js�&N>³:\ec^dp`tZedgx�rl`tw dp`5\ec^d�`tZvdgx�MOj:wLN>�gZ�d�Z�\yrlxy¥:��N_w7 OH#j
x>jlMOoL��N \^N¡\^ILd�Z~ZeN_x \ed�jl`��R\eILN oLc^jlMOd�`LN>`5\~cej4�pN js��\^ILN�wLY5`ursMOd�x_Z~rlZ�r�c^N>�gr�³Lr�\^dpj4`´d�`L�lc^N_w[d�N>`5\�d�Z
N_�lj4¥lN_w�  6Ò`�W[N_x)\^dpj4` <u�4\^ILN�`Ljl`tZeMOj:js\eI�w[Y:`trsMOdgx>rs�u��cyrsMON>�!jlc^¥�dgZ!ZvN>\v\e��N_w�dp`�\eN_ceM
Z!js�#w[dp¹EN>c^N>`5\edgrs�
MONFrlZeaLceN���j4ceM�aL�gr�\ed�jl`# JW:j4MON�x j4M�MON_`4\yZRrl`tw~N ³[oL�grs`trs\ed�jl`tZRrsc^N-�ld��lN>`�\^j-k]atZv\edp��Y�\^ILdgZTrloLoLc^j4rlxyI# 
HJItN�`:aLMON_cedgx>rl�&\^dpMON>±1d�`5\eN>�4c^rs\ed�jl`�rl`tw�\eILN~c^N_Zejl��a[\ed�jl`¦jl�R\^ILN~jl`LN>±ùZv\eN_o¯w[dgZex>ceN>\ed�¶>NFw�oLc^jl�t�pN_M+d�Z
otceNFZvN_`4\^N_w�dp`�W:NFx)\^dpj4`~�L }W[N_x)\^dpj4`���x>jl`tx>�pauw[N_Z!\^ILN-otrso<N>cF 
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dp`twLN>o<N>`tw[N_`5\n�uj[w[Y
¬°�ljl��aLMON \^cedgx��uN_Itr��:dpj4cy­

x>jlILNFZvd��lN�¶>j4`LN
¬GZvaLce�°rlx>N
�uN_Itr��:dpj4cy­

ª�d��laLc^N $l®�HJILN�ZeaLce�°rlx N>±1�4jl��aLMON \^cedgx�M�aL�p\ed��uj[w[Y rsotoLcej5rlxyI�®�N_rlxyI MON_ZeI�dgZ�x j4`tZvdgw[N_ceNFw�r4Z�rs`�d�`[±
wLN>o<N>`tw[N_`5\��uj[w[Y£x j4`L`LNFx)\eNFw¯\ej¦NFrlxyI£js\^ILN>c auZvd�`L�¦x j4ILN_Zed��lN~¶>j4`LN�MOj:wLN>�Tr4Z
MOd§³[NFw£�uj4aL`twLrlceY
x>jl`twLd§\^dpj4`tZ> 
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6Ò`²\eILdgZ~ZvNFx)\^dpj4`��n\^ILN M
rldp`´`tjs\^rs\ed�jl`Dd�Z�dp`5\^cej[w[atx>N_w7  HJItN r�\e\eN_`4\^dpj4`²dgZ���j:x>atZeN_w¢j4`´\eItN `Lj4cv±
M
rl�©µ�\^rs`t�lN>`5\'w[N_x>jlMOo<j4Zed§\^dpj4`�jl�#\eItN-��rlcedgrs�t�pNFZ'rlx c^j4Z^Z�\eILN-d�`5\eN>ce�°rlx>N��uN>\]�&N_N>`�\]�&jO�<j:wLdpNFZ> 

ªtjlc
i =

$l�t�[�[��N \
Ωi ⊂ Rd ¬

d = 2, 3
­&�<N>d�`L��\]�&jO�<j:wLdpNFZJ�'d§\^I~Zea�) x d�N>`5\^�pY�ZvMOj:js\^I��<jlaL`uwLrsc^Y

∂Ωi rs`tw¢ZeaL�[k]NFx)\eNFw£\ej¯�uj[w[Y¯��jlcyx NFZ
ρibi

rs`uw£N ³:\eN_ce`trl�n��j4c^x>N_Z
T i �n�'ILN_ceN

rhoi dgZ�\eILN MOr4ZeZ
wLN>`tZed§\]Y4 'HJILN��<jlaL`twtrsc^Y

∂Ωi dgZRx j4MOouj5ZvNFw~js��\eILc^N>N�wLd�Zv\ed�`tx)\�otrsce\^Z_®i\^ILN�o<js\^N>`5\edgrs��x jl`5\yrlx)\n¶_jl`LN
Γi

c

�<N \]�!N>N_`
Ωi rs`tw \eItN jla[\^N>cF��\^ILN ¶>j4`LN

∂Ωi
U

�'ItN>c^N w[d�ZeoL�grlx>N>MON>`5\^Z-rlceN
otceNFZex>ced��uNFw7�#rl`tw�\eILN
¶_jl`LN

∂Ωi
F

�'ILN_ceN~��j4c^x>N_Z�rsc^N�oLceNFZex>ced��<N_w7�J�'dp\eI
∂Ωi = Γi

c ∪ ∂Ωi
U ∪ ∂Ωi

F

  QR`tw[N>c�\eItN¡ZvM
rl�p�
wLd�ZeoL�grlx N_MON>`5\^Z�rlZ^ZvatM�oL\ed�jl`��<\eItN�o<js\^N>`5\edgrs��x j4`4\yrlx \T¶>j4`LN��<N \]�!N>N_`�\^ILN�\]�!j �<j[w[dpNFZ�rs`tw¡d§\yZRaL`td§\
j4a[\eN_c��4N_x \ejlcOx>rl`��<N�c^N_Zeo<N_x)\^dp�4N>��Y�w[N ¨t`tN_w rlZ

Γc = Γ1
c = Γ2

c

��rl`tw
n(x) = n1(x) = −n2(x)¬

ni(x)
�uN_dp`L� \eItN�aL`td§\
jlaL\eN>c��lNFx)\^jlc�jl�

Ωi ­)  =�N�w[N_`Ljs\^N��:Y
u = {u1, u2} \eILN~w[dgZvot��r4x N>MON_`4\

¨uN>�gw�d�`
Ω1 ∪ Ω2 �urs`tw��:Y

[u] = u2 − u1 \^ILN�w[dgZvoL�grlx>N>MON>`5\}k]aLMOo�rlx>cej5ZeZ&\^ILN��<jlaL`twtrsc^Y
Γc

 �HJILN
d�`5\eN_ce`trl����j4c^x>N_Z�rlZ^Zvj[x>d�rs\eN_w�\ej \eILNFZvN���rsc^d�rl�L�pNFZ�rlceN�\eILN�Zv\ec^N_Z^Z�¨uN>�gw

σ = {σ1, σ2} d�`
Ω1 ∪ Ω2rl`tw�\eItN�x j4`5\^rlx \n��jlcyx N

R
j4`

Γc
¬°ª�d��laLc^N��4­)  6Ò`��'Itrs\R��j4�p��j��nZ>�t\eILN�Zvat�tZex>ced�o[\yZ

N
rl`tw

T
w[N>`tjs\eN

c^N_Zeo<N_x)\^dp�4N>��Y~`Ljlc^M
rs�}rs`tw¡\^rl`L�lN_`5\edgrs��x jlMOo<jl`LN_`5\^Z�js�&\eILN�\ejl\^rl����j4c^x>N�¬
R = RNn + RT

­ ��js�&\eILN
x>jlILNFZvd��lNT��jlcyx N
¬

Rcoh = Rcoh
N n+ Rcoh

T

­Jrl`tw�js��\eILN�w[dgZeoL��r4x N_M�N_`5\�k]atM�o¦¬
[u] = uNn+ uT

­) 
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ª�d��laLc^NT�L®}W[¥lN \yxyI
js��x>jlILNFZvd��lNR¶>jl`tNnMOj:wLN>�7rs`tw `Ljs\yr�\ed�jl`uZ>®�\]�&j��uj[w[d�N_Z&dp`�dp`5\^N>cyrlx)\^dpj4`�¬���N �©\)­)�Lrs`uw
wLN \^rldp�gZ�r4x c^j4Z^Z�\eILNRdp`5\eN_cv�°r4x Nnd�`tx>�patwLdp`L��\eILNn`tjlc^MOrl�©µ�\^rl`L�lN_`4\iw[NFx j4M�o<j4Zedp\ed�jl`
js�E\^ILNRw[dgZvot��r4x N>MON_`4\
k]atM�o�¬°ced��lI5\y­  

��
 � ��� � ��� ���	� � ��

��� ���������
HJItN�\]�!j�M
rsd�`¡x j4ILN_Zed��lN-�°rldp��aLc^N�MOj[w[N>�gZRauZvNFw�d�`�\eILN���d§\^N>cyr�\eatceN�rsc^N-\eILN�o<js\eN_`5\edgrs�p±1�tr4ZvNFw~��r��zjl�
H��lN_ce�5rlrlc^w # $,&'&4��(}rs`tw �Ra�rs`tw�PnN_N_w[��N>M
rl` # $,&'&'<�(}rs`tw�\eILNO��dp`tN_rsc��gr�� js�'·!rsM
rlxyILj�rs`tw��Tce\ed�¶
# $,&.&l��(urs`tw~�Tcv\^dp¶Trs`tw
h}rl`tw[jl�p¨ # $,&.&'&�(1 �«RaLc^d�`L��\^ILNR��j4aLc!otrlZv\!w[NFx>r4w[Nl�5M
rs`:YOjs\eItN>c!M�j[w[N_��Z&�!N>c^N
rl��Zej�wLN>�lN_�pj4ouNFw 
E\ej~x dp\eNOr���N>� jl�i\eILN_M~�#«Rat�4wLrl�pN # $�&l�l��(1�7mJrsc^N>`:�L�gr�\e\ # $,&l�5�1(ù�Eh�rl�pMON_c�rl`tw¡q'dgx N
# $,&+/  (1��PnN_N_w[��N>M
rl` # $,&.-�/1(1��q'dgx Nnrl`tw�= rs`t� # $,&.-'&�(1��PnN_N_w[��N>M
rl` # $,&.&l��(1��H��lN>c^�4r4rscyw�rs`uw �Ra[\^xyILd�`[±
Zejl` # $,&.&4�1(ù�sS�dgxyILN>�tN \&rl�G  # $,&.&4��(1�sS�dgxyILN_�urs`uwOW[atf5aLN \ # $,&.&�<'(1� @ �p��d§³ON \�rl�G  # $�&'&4��(1�:·&Itrs�<j[xyILN'N \�rl�G 
# $,&.&�/1(1�72�N>at�uN_�p��N�rs`tw�mJr�Y:�pj4c # $,&.&'-�(1�[qnrljlatZJN>\Rrs�1  # $�&'&'&�(1�+5irlcedgrlZJrs`uw�S¡rlZ^Zvd�I # �s�4�4��(1���4dp`�N \Rrl�G 
# �s�4�4��(1�.0�Zvotdp`Lj5Zer�rs`tw~ÈEr���r�\e\ed�N>c^d # �s�4�  (ù�4rl`tw �#dEN \'rs�1  # �s�4�l��(1 �HJILN_ZeNTMOj[w[N_��Z!r�\e\eN>MOo[\J\^j�x>jl`:�lN>±
`tdpN_`4\^�pY�wLN_Z^x c^dp�<N�\^ILN!N>�lj4�paL\ed�jl`�jl�L\eILN'x>jlILNFZvd��lN���jlcyx N

Rcoh \^jl�4N \eItN>c��'d§\^I�\^ILN!wLd�ZeoL�grlx N_MON>`5\uk]atM�o
[u]

r4x>x>jlcyw[dp`t�
\ej�\eILN�\]Y:ouN�js�&MOrs\eN_cedgrs�}x j4`tZed�w[N_ceNFw~�:Y~\eILN_dpc-rsaL\eILj4c^Z_®n�Lc^d§\e\e��N�j4c�wLatx)\^dp��NOILjlMOjs±
�4N>`LN_jlatZ�M
r�\^N>c^d�rl��Z_��ILN>\eN_cej4�lN>`tN>jlauZTM
rs\eN>c^dgrs�gZ>�7��at`tx)\^dpj4`trs���pY �lcyrlw[NFw¡M
rs\eN>c^dgrs�gZ>��oursce\edgx ��N ±ùMOrs\ec^d§³
d�`5\eN_cv�°r4x N_Z_��r4w[ILNFZvd��lN�k]j4dp`5\^Z_�}x j4`tx c^N \^Nl��x>��r�Y4��N>\^xl ~ªtjlc�rs` N ³:\eN_`tZedp�4N
ceN_�5d�N>� j4` \^ILN�MOj[w[N_��Z�ZeN>N
S�jl`LN_ced�N # �s�l�4��(ù�[·&Iurs`tw[cyr-N>\Jrl�G  # �l�l�5�1(ù�4rs`uw
h�N>cyrs��N_Z # �s�4�4��(1 �HJILN_ZeNRMOj[w[N_��Z&Itr��lNR��rlced�jlauZ � �7�y¼7� �
��rlced�jlatZ�MON_xyIurs`Ldgx>rl�'otrscyrsMON \^N>cyZ�
J\^ILN>Y rsc^N~�trlZeN_w¯jl`£��rsc^dpj4atZ���jlc^M�at��rs\ed�jl`tZ~¬°r�Zed�M�ot�pN��gr��-�!r
o<js\^N>`5\edgrs�p±ù�trlZeN_w�MOj[w[N>�1�5r�\^ILN>c^MOj[w[Y:`trsMOdgx>Zv±1�tr4ZvNFw�M�j[w[N_�g­	
l\^ILN>Y
rlceNnZejlMON \^dpMONFZiw[N_wLd�x_r�\eNFwOjl`L��Y
\^j \^ILN�`tjlc^MOrl�#�<N>Itr��:d�jlcTjs�i\^ILN�x>jlILNFZvd��lN�¶>jl`tNl�7Zvj4MON \ed�MON_ZRjl`L��Y~\ej�d§\yZn\yrs`L�4N>`5\edgrs���uN_Itr��:dpj4c_�<jlc
ZejlMON>\ed�M�NFZ��ujl\eI� �W[jlMON \^dpMON_Z_�7\^ILNON ¹EN_x)\yZ�js��\^ILN�aL`Ld���rs\eN>cyrs��j4cTc^N>�4aL��rlced�¶>NFw�x j4`5\^rlx \_�E\^ILN�N>¹<NFx)\
jl��·&jlaL��jlM���¸ Z}��c^d�x \ed�jl` �<N ��j4ceN4�5w[atced�`L�t�5jlc!r��©\^N>cJw[N_x>jlILNFZvd�jl` rlceNnd�`tx>�patwLN_w d�`
\^ILNRMOj[w[N>�7rl�§\^ILjlaL�4I
MOj5Z]\'js��\eItN-M�j[w[N_�7`LN>�4�pNFx)\'\^ILN>M~ 

6Ò`¡\eILdgZ�otrso<N>cF�E�&N�x �grsd�M ¨uc^Zv\e��Yl�<\eIur�\ ��½©½ jl�}\eILNFZvN�MOj[w[N>�gZTx_rs`��<N��'cedp\v\^N>`¡d�` r�aL`Ldgf5aLN���j4cv±
M�aL�gr�\ed�jl`# }W[N_x j4`tw[��Yl�5\eIur�\!\eILN_Y x>rs`��uN�x j4aLoL��N_w��'d§\^I�r�`Ljl`�ceN_�laL�grsc^dp¶_N_w
at`Ldp�gr�\^N>cyrs�Ex j4`4\yrlx \!rs`uw
·&j4aL��jlM��#¸ Z���cedgx)\^dpj4` MOj[w[N>�1�:dp`tx>�pauw[dp`t��r�oLc^jl�lc^N_Z^Zedp�4NJ\ecyrs`tZed§\^dpj4`
��c^jlM r�o<N>ce��N_x \Jx>jlILNFZvd��lNT¶>jl`tNn\ej
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r�oLatceN���c^d�x \ed�jl`trl�ix jl`5\yrlx)\�¶>j4`LNl 
HJILdgZ�\]Y:o<N�jl�&��j4ceM�aL�gr�\ed�jl` d�Z-x_rs���pNFw�¸ N>`tItrs`tx>N_w�x j4ILN_Zedp�4N�¶_jl`LN
MOj[w[N_�G¸#¬80!·'ÈES¡­  

HJILdgZ���jlc^M�at��rs\ed�jl`��&�trlZeN_w�jl`¯\eILN~�!jlc^¥:Z�js��qnrsj4atZ�N \ rs�1  # $,&'&.&�('rs`tw qnrljlatZOrs`uw¯S�j4`LN>c^d�N
# �s�4�7$;(�j4`¡\^ILN Zejs�©\�x j4aLoL��dp`L�~�<N \]�!N>N_` r4w[ILNFZvd�jl`�rs`tw ��c^d�x \ed�jl`trl��x>jl`5\^r4x)\F�#dgZ��ld��lN>`��:Y�N_f5atrs\ed�jl`tZ
¬ $F­Ò±y¬8<5­���jlcJ\^ILN�x>r4ZvN�js� º � ¿��)º �7� º°¾ MOj[w[N>�gZ_ 

−
(
RN + R

coh
N

)
∈ ∂IR+(uN )

¬ $F­
(
RT + R

coh
T

)
∈ ∂

(
µκ(β)|RN + R

coh
N | ‖ u̇T ‖

) ¬G�l­

R
coh = K(β) · [u] rl`tw

g
(
β̇, β, uN , uT

)
= 0

¬  ­

�'ItN>c^N
IX

d�Z!\^ILN-d�`tw[dgx>r�\^jlcJ��aL`ux)\ed�jl`~jl�#\eItN�ZvN>\
X

�
µ

dgZ!\eILN�·&j4aL��jlM��#¸ Z!��c^d�x \ed�jl`~x j:ND) x>dpN_`4\F�
β

d�Z
r���rsc^dgrs�L��N�jl�!ZeaLce�°rlx N
wLrlM
rs�lN4�

κ(β)
rs`tw

g
rlceN��ld��lN_`���aL`tx \ed�jl`tZ_��rl`tw

K(β)
dgZ-r~ZvNFx j4`tw:±ùjlcyw[N>c

\^N>`tZejlc��4dp�:d�`L�R\^ILN'oLc^jl�4ceNFZeZedp�4N�Zejs�©\eN_`Ld�`L��js�t\^ILNnZeaLcv�°r4x N!�uN_Itr��:dpj4c}w[aLc^dp`L��\^ILN'w[N_x>jlILNFZvd��lN!oLc^j:x>N_Z^Z>®

K(β) = β

(
CNn⊗ n+ CT

uT ⊗ uT

‖uT ‖2

)
,

¬	<5­

\^ILNOf4aurs`5\edp\ed�N_Z
CN

rl`tw
CT

�uN_dp`t��c^N_ZeouNFx)\^dp�4N>��Y�\^ILN�dp`Ldp\edgrs��`Lj4ceM
rl��rl`tw~\^rl`L�lN_`5\edgrs�!¸ Zv\edp¹<`tN_Z^ZvNFZ>¸
¬°jlcO\^ILN¡Zejs±Òx>rs����N_w´¸ d�`Ld§\^d�rl�RZe�pj4ouN4¸ ­�jl�T\^ILN¡x j4ILN_Zed��lN�¶>jl`tNl ²HJILN�ZeaLce�°rlx>N~wtrsM
rs�4N�ourscyrsMON \^N>c

β
�

d�`Ldp\edgrs���pY~d�`5\ec^j:wLatx NFw~�5Y~ªLc^b>MOj4`tw # $,&'-+/:�%$�&'-.-�(ù�trs`tw�\^ILN���aL`tx)\^dpj4`
κ(β)

rl�p��j��zr Zejs�©\R\^c^rl`tZed§\^dpj4`
��c^jlM \^ILNOw[N_x>jlILNFZvd�jl`��gr�� w[NFZex>ced��<N_w��:Y¦¬  ­n\ej�\eILN
x j4`5\^rlx \v±1��cedgx)\^dpj4`��gr��z�ld��lN>`¡�5Y¦¬ $F­�rs`uw�¬G�4­)®
β = 1

�'ILN>`�\^ILN�x j4ILN_Zedp�4N�¶>jl`tN�dgZ'aL`uwLrsM
rs�4N_w7�
0 < β < 1

�'ItN>`�\eILN�x>jlILNFZvd��lN�¶_jl`LN�dgZ'otrsce\edgrs����Y
wtrsM
rs�4N_w7�srl`tw

β = 0
�'ILN>`�\^ILNnx j4ILN_Zedp�4N&¶_jl`LN'dgZ���aL���pYOwLrlMOrl�lNFw7 �QTZvatrl�p��Yl�ldp`Ojlcyw[N_c�\ej-r��lj4d�w�rs`:Y

��c^dgx)\ed�jl`��uN>��jlc^Nn\^ILNT�<N>�4dp`t`Ldp`t��jl��\eILN�w[NFx jlItN_Zedp�4NRoLc^j[x N_Z^Z_�l\^ILNR��at`tx)\^dpj4`
κ(β)

ItrlZ&\^j��<N�NFf5atrs�u\ej
¶_N>c^j��'ItN>`

β
dgZ-Zv\ed��p�iNFf5atrs��\ej

1

�rs`uw7��d�` j4c^w[N_c�\ej~�uN
d�` r�otaLceN���c^d�x \ed�jl`trl�ix j4`4\yrlx \�Zv\^rs\eN
r��©\^N>c

x>jlMOoL��N \^N�w[NFx j4ILN_Zedpj4`��5\eILN���aL`ux)\ed�jl`
κ(β)

ItrlZ&\^j��<N�N_f5atrs�<\^j
1
�'ILN>`

β
��rl`LdgZvILNFZ> }HJILNT��aL`tx \ed�jl`

g
dgZJjs�©\^N>`~w[N_Z^x c^dp�tdp`L�Or�Zvjl�©\eN>`tdp`L�O�<N>Itr��:d�jlc!jlc'r�oLaLc^N��tcedp\v\^�pN�jl`tNl�Lrs`uw ��N_rlwtZ�\^j
r�w[NFx c^N_r4ZvN�js�

β��c^jlM r�d�`Ldp\edgrs����rl�paLN���Y:dp`L�
�<N \]�!N>N_`
1
rl`tw

0
\^j�¶_N>c^jt 

6Ò`
\^ILN�x>rlZeNnjl� ���4¿��)º �7� º°¾ MOj[w[N_��Z_�l\^ILNTx>jlaLot�pNTjs��N_f5atrs\ed�jl`tZ�dp` ¬  ­�Itr4Z}\ej��uN�Zv��d��lI5\e��YOM�j[w[dp¨tNFw
d�`�jlcyw[N>c�\ej��ld��lN!r�wLdpc^N_x \�w[NFZex>ced�o[\^dpj4`�js�

Rcoh �'d§\^ILjlaL\�d�`:�lj4�p�:d�`L�TrT�pd�`LNFrsc���aL`tx)\^dpj4`�jl�
uN

\eILc^jlaL�4I
\^ILN�¸ Zv\edp¹<`tN_Z^Z>¸E\^N>`tZejlc

K(β)
 �HJILN�MOj4Zv\�Zed�M�ot�pNOxyILjldgx N�dgZR\^j�o<j4Zv\eat��rs\eN�\eItrs\T\^ILN
x jlItN_Zedp�4N���jlcyx N

wLj5NFZ�`Ljs\-w[N>o<N>`uw¡N>³:ot�pdgx dp\e��Y�jl`¡\eILN
w[dgZvot��r4x N>MON_`4\&k]aLMOo
[u]

�ta[\-jl`L��Y�jl`
β
 �ªLj4c�dp`tZv\^rl`tx N4�E\eILN

��j4�p��j��'d�`L����j4ceM x>rs`~�<N�xyILj4ZeN>`

R
coh = β R

coh
max

rl`tw
g̃
(
β̇, β, uN , uT

)
= 0

¬1�l­

�'ItN>c^N
Rcoh

max

dgZi\^ILN�MOrs³[dpM�aLM rlw[ILNFZvd��lNn��jlcyx Nl  6Ò`�r�MOjlc^NR�lN_`LN>cyrs�<ZvN>\v\^dp`L�u� ���4¿��)º �7� º°¾ MOj[w[N_��Z!x>rl`
�<N-�'c^d§\e\eN>`~rlZ!��at`tx)\^dpj4`�jl�

β
ZeatxyI~rlZ

R
coh = Υ (β)

rl`tw
g̃
(
β̇, β, uN , uT

)
= 0

¬G�4­

Ë�Ë Ï�B �Fø�
)÷ 
 ú��DC
E��



$F� � ¾
��� ����� ��� �;�)º8�

�'ItN>c^N
Υ

d�Z�r��4dp�4N>` ��aL`tx \ed�jl` rlZ^Zvj[x dgr�\^N_w��'dp\eI�\^ILN�ZeItrlouN jl�'\eILN~x j4ILN_Zedp�4NO��jlcyx N4  @ `¯N ³[oL��d�x>d§\
wLN>o<N>`tw[N_`tx N�jl`

[u]
�!jlaL�gw�dp`:�4jl���lN
rs` N_f5aLd���rs��N>`5\-\^rl`L�lN_`5\�Z]\^d§¹E`LN_Z^Z��'Itd�xyI�x j4`5\ecyrlw[dgx)\yZ�\eILN�r4Z]±

ZeaLMOo[\^dpj4`´js��\^ILN�N ³:\ec^dp`uZvdgx�MOj[w[N>�gZ>  PRN>�lN_cv\^ILN>��N_Z^Z_�nrs`´d�MOoL�pdgx dp\�w[N>o<N>`twLN>`tx>N j4`
[u]

d�Z��ld��lN_`
\^ILc^jlaL�4ILjla[\!\eItN���aL`tx)\^dpj4`

g̃
 

S�j4ceN��lN>`tN>cyrs���pY4��\eItN�x j4ILN_Zed��lN
¶>j4`LN MOj[w[N>�&��jlc�\eILN�`Ljlc^M
rs��oursce\�x>rl`��uN N>³[oLceNFZeZeN_w��:Y�\eILN
��j4�p��j��'d�`L��d�`tx>�patZed�jl`

RN ∈ ∂uN
Ψ(uN , β),

¬�/s­
�'ItN>c^N

Ψ(uN , β)
dgZJ\^ILN���ceN_N�N>`LN_ce�4Y
js��\eILN-d�`5\eN>ce�°rlx>N��'ILd�xyI~x>rl`��<N�xyILj5ZvN_`�jl��\^ILN���jlc^M�®

Ψ(uN , β) = ψ(β, uN ) + IR+(uN ) + I[0,1](β).
¬ -4­

·&j4MOotrsc^dp`t��\ej�\^ILN�N_f5atr�\^dpj4`�¬ $�­)�5\eILNTN_f5atrs\ed�jl`tZ�¬�/l­irs`uw�¬8-5­}Y:dpN_��w
\ej�\^ILNn��j4�p��j��'d�`L�-��jlc^M ��jlc&\eILN
x>jlILNFZvd��lNT��jlcyx N4�

R
coh
N = ∂uN

ψ(β, uN ).
¬8&4­

6ù�!\eItN
��aL`tx \ed�jl`
ψ

dgZ�Zva7)
x>dpN_`5\e��Y¡c^N>�lat��rlc_��rl`5Y�xyILjldgx NOjl�
ψ

ZeatxyI�\eItrs\ ∂2ψ(β, uN )

∂2uN

= 0
�&j4aL��w

��N_r4w�\^j�rs`�N ³:\ec^dp`uZvdgx�M�j[w[N_�G �·&j4`tx N_ce`tdp`L��\eItN
N>�lj4�paL\ed�jl`�js�
β

�'dp\eI
[u]

��\^ILN
ZvNFx jl`uw¡�gr�� d�`¢¬  ­
x_rs`~rs�gZvj��<N-N ³[oLc^N_Z^ZvNFw�d�`�r�Ze��dp�4I4\nw[dp¹EN>c^N>`5\'�!r�Y �:Y�x>jl`tZedgw[N>c^dp`t��r��gr��²js��\eItN���jlc^M�®

β̇ = ∂χΛ(χ),
¬ $F�4­

�'ItN>c^N
χ

dgZJ\eItN�\eILN_ceMOj[w[Y:`trsMOdgx>rl�u��j4c^x>N-rlZ^Zvj[x dgr�\^N_w \ejO\eItN�wLrsM
rs�4NT��rlcedgrs�L��N��:Y

χ = ∂βΨ(uN , β).
¬ $'$F­

W[atxyI�rnMOj[w[N_�4oLc^jlo<j4ZeN_w�dp`-\^ILN!oLdpj4`LN>N_ced�`L�n�!jlc^¥�js�tªLc^b>MOj4`tw # $,&'-+/:�.$,&'-.-�(lIurlZ��uN_N>`�Zv\eauw[dpNFw���c^jlM
r~M
rs\eILN_MOrs\edgx>rl�iouj4dp`5\�jl�!�:d�N>� �:Y¡h�jld�`5\ # $�&'-.-�(ù��rs`uw h�j4dp`5\�rl`tw�W[rlx_x j # $,&'&.-�(ù �HJILNO��aL`ux)\ed�jl`
Λ
�!�'ILd�xyI´x_rs` �uN¡aL`tw[N_c^Zv\ej:j[w£rlZ
r otZeN>atwLjs±ùoujl\eN>`5\^d�rl�'js�-w[d�Z^Zedpotrs\ed�jl`��JM
r�Y¦�<N¡xyILj5ZvN_` r4ZO\eILN

d�`tw[dgx>rs\ec^d§³���aL`tx)\^dpj4`~js��r
ZeN \
C
  6Ò`�\eItd�Znx_rlZeNl�[�!N�jl�[\yrsd�`�r��Lc^d§\e\e��N-�uN_Itr��:dpj4c!��jlcJ\eItN-dp`5\eN_cv�°r4x N4 

S�j5Z]\~js��dp`5\ec^d�`tZvdgx¡x>jlILNFZvd��lN ¶>j4`LN MOj[w[N_��jl��\eItN ��d§\^N>cyr�\^aLceN�rsc^N w[N>¨t`LNFw´�:Y£\eILN x j4aLoL��N jl�
NFf5atr�\^dpj4`tZ-¬  ­Jrs`tw ¬	<:­)�trl`tw�dp`��'Itrs\J��jl���pj��nZ_�:��jlcRr��4dp�4N>`�·'ÈES�w[N ¨t`tN_w��:Y \eItN_ZeN-ceN_��rs\ed�jl`tZ_�:\eILN
��j4ceM�aL�gr�\ed�jl`�¬ $�­ù±)¬	<5­!dgZ!\eItN>`�x>rl�p��N_w�\eILN�0J·'ÈES���jlc^M�aL�gr�\^dpj4`�jl�#\eItN-dp`Ldp\edgrs��·'ÈES ¬  ­Ò±y¬8<5­) 

��
�� � � 
 ��� � � ����� � � � � ��� � 
���� �	�

6Ò`O\^ILdgZ�ZeN_x)\^dpj4`��4\eILN 0J·'ÈES ��jlc^M�at��rs\ed�jl`�¬ $�­ù±)¬	<5­}d�Z&w[N \yrsd��pNFw���jlc}\]�!j�otrlcv\^d�x>aL��rlcix>r4ZvNFZ}js�7d�`4\^ced�`tZed�x
MOj[w[N_��Z_ }HJILNR¨uc^Zv\&MOj[w[N>�EdgZ&\eILN 0!·'ÈES ��jlc^M�aL�gr�\^dpj4` js�7\^ILN���r��¢oLc^jlo<j4ZeN_wO�:Y H��lN_ce�5rlrscyw # $�&'&4��(ù�
�'Itd�xyI�d�Z�j4`LNJjs�u\eILN'MOj4Zv\}�'d�ZeN_ZeoLc^N_r4w�x j4ILN_Zed��lN�¶_jl`LNJMOj[w[N>�tdp`�\eILN'��dp\eN>cyr�\^aLc^Nl �HJItNJZeN_x>jl`tw�MOj[w[N>�
dgZnrO`LN_� M�j[w[N_�#oLc^jlo<j4ZeN_w��:Y�h�N_c^rl�pNFZJN \Trl�G  # �s�4�4��(1�[�'ILdgxyI��'d��p���uN�auZvNFw��gr�\^N>cnd�`~\eItN�ceN_M
rsd�`Ldp`t�
oursce\Jjl�#\^ILd�Znotrso<N>cF 
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 ��	 Â ���<�L�[��Ç������������
HJItN�Zv\^rs`uwLrscyw�H��lN>c^�4r4rscyw7¸ Z'x jlItN_Zedp�4N���r�� x>jl`tZedgZ]\yZRd�`¡d�`5\ec^j:wLatx d�`L�
\^ILN�d�c^ceN_�lN>cyZedp�Ld���d§\]Y�js�}\^ILN�d�`[±
\^N>ce�°rlx>d�rl���<N>Itr��:d�jlc�dp` \eItN��gr�� js�!PnN>NFw[��N>M
rs` # $�&'-�/1(1 �6Ò`¡\]�&j~w[d�MON>`tZedpj4`tZ_�u\^ILdgZ�M�j[w[N_��d�Z��tr4ZvNFw
j4`�r�`Lj4`[±Òw[dpMON_`tZvd�jl`urs�7otrlc^rlM�N>\eN_c!c^N>�gr�\^N_w�\ej�\eItN�w[d�ZeoL�grlx>N>MON>`5\�k]aLMOo

[u]
®

λ =

√(
uN

δN

)2

+

(
uT

δT

)2

,
¬ $F�l­

rl`tw�jl`~rO`Ljlc^M
rs��dp¶_N_w otdpNFx N>�'dgZeN�f5atr4w[cyr�\edgxT��aL`tx \ed�jl`�®

F (λ) =
27

4
R

coh����� (1 − λ)
2 ��j4c

0 6 λ 6 1, F (λ) = 0
js\^ILN>c^�'dgZvN

,
¬ $  ­

�'ItN>c^N
δN

rs`tw
δT

rsc^N�x>cedp\edgx>rl�l��rs��aLN_Z�r�\#�'Itd�xyI-\^ILN�d�`5\eN_cv�°r4x N}dgZ#�Lc^jl¥4N>`���rs`uw
Rcoh����� d�Z�\eILN&M
r�³[dpM�aLM

`tjlc^MOrl�#\^c^r4x)\^dpj4`¡c^N_rlxyItN_w��<N ��j4ceN�\eILNOj4`tZvN>\�jl�i\eItNOwLN_x j4ILN_Zed�jl`�¬�\eILNOo<N_rs¥�Zv\ec^N_Z^Zy­) �HJILN�`Lj4ceM
rs�
\^c^r4x)\^dpj4`

Rcoh
N

rl`tw�\eILN�\yrs`L�4N>`5\edgrs�<\^c^r4x)\ed�jl`
Rcoh

T

rlceN��ld��lN_`��:YE®

R
coh
N =

uN

δN
F
(
λ̃
) rs`uw

R
coh
T = i

uT

δT
F
(
λ̃
)
,

¬ $;<5­

�'ItN>c^N
i
dgZ�rRotrscyrsMON>\eN>c�x j4aLoL��dp`t�R`Lj4ceM
rs�:rs`uw�ZeILN_rlc�\ecyrlx \ed�jl`tZ�rs`uw

λ̃
w[NFZex>ced��uNFZ�\^ILN!dpc^ceN_�lN_c^Zedp�tdp��d§\]Y

jl�i\eItd�Z-x>jlILNFZvd��lN�¶>j4`LN�MOj[w[N_�G �«RN_`Ljs\^dp`L�~�:Y
λ
����� \eILNOM
r�³[d�M�aLM ��rs��aLNON>�4N>c�ceNFrlxyILNFw��:Y

λ̃
���&N

Iur��lNl®

λ̃ = max {λ, λ ����� } . ¬ $F�l­
ªtcej4Mz\eILN'o<jld�`5\}js�u�:d�N>�¯js�t\^ILN 0!·'ÈES"��jlc^M�at��rs\ed�jl`���\^ILdgZ��&N_�p�p±1¥:`Lj��'`�MOj:wLN>�Lx>rl`��<NJceN>��jlc^M�a[±

�gr�\^N_w�rl`tw�x ��j4ZeN>��Y�x>jlaLoL��N_w~�'dp\eI¡aL`Ld���rs\eN>cyrs��x jl`5\yrlx)\Rrl`tw¡·&jlat�pj4M���¸ ZJ��c^d�x \ed�jl`�atZedp`t�
��jlc^M�aL�gr�\^dpj4`
¬ $F­Ò±y¬8<5­)�[�'dp\eI#®

CN =
27

4

R
coh�����
δN

rl`tw
CT = i

27

4

R
coh�����
δT

¬ $_�4­

g
(
β̇, β, uN , uT

)
= β − min

{
(1 − λ)2, β

�� ! }
,

¬ $1/s­
�'ItN>c^N

β
�� ! \eILN-MOd�`Ld�M�aLM ��rl�patN-ceNFrlxyILNFw �:Y

β
 

6Ò`�\^ILdgZ�x>jlMOotrlx \���jlc^M�at��rs\ed�jl`���\eILN�f5atrs`5\edp\]Y
β

ItrlZ�\eILN�MON_rs`tdp`L�¡js�nr�wLrlMOrl�lNFw£¸ Zv\edp¹<`tN_Z^Z>¸
j��4N>cJrs`�dp`Ldp\edgrs�}¸ Zv\edp¹<`LNFZeZ_¸7¬

β
w[NFx c^N_rlZeN_Zi��cej4M $T\ejO���'dp\eI ‖[u]‖ ­ �:rl`tw�\eILN�Z]\yrs`twtrscyw�H��lN>c^�4r4rscyw7¸ Z

�gr���dgZ�\eI:atZiN ³:\eN_`tw[N_w�\ej���c^dgx)\ed�jl`urs�Lx j4`5\^rlx \_ �HJILd�ZiN ³:\eN_`tZvd�jl`Ox>rl`��<Nnx j4MOoL�pN>\eNFw��:Y�d�`tx>jlc^ouj4c^rs\ed�`L�
r~otcej4�lc^N_Z^Zvd��lN�\ecyrs`tZedp\ed�jl` ��cej4M x>jlILNFZvd�jl` \ej~��c^d�x \ed�jl`��4dp�:d�`L��r~otrsce\edgx at��rlc���jlc^M \ej�\eILNO��aL`ux)\ed�jl`
κ(β)

�trlZ_®

κ(β) = (1 − β)s �'d§\^I
s = 1, 2

j4c
3,

��jlc'N>³LrsMOoL��N
.

¬ $�-4­
HJILN�ceNFZvaL�p\ed�`L� 0!·'ÈES�dgZ'oL��js\e\eNFw~dp`�ª�d��laLc^N  �trl`tw�d§\�ZvILj4aL�gw��<N�`Ljl\edgx NFw�\^Itr�\R\eILN�x>jlILNFZvd�jl`[±

��c^dgx)\ed�jl` oLc^jl�4ceNFZeZed��lN�\^c^rl`tZed§\^dpj4` d�`tx j4ceo<jlcyr�\^N_Z�d�` \^ILN�w[NFx j4ILN_Zedpj4` otcej[x NFZeZ-rl` N_`LN>c^�lY w[d�Z^Zedpotrs\eNFw
�:Y
��c^dgx)\ed�jl`#�L�'ILdgxyI�Zv\^r�Y[Z!�lN_ceY�ZeM
rs���7aL`5\ed��7\eItN��°rsd��paLc^N�d�Zn`Ljs\nx j4MOoL�pN>\eN_�pY c^N_r4xyILN_w� 
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‖R
T

+
R

c
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h

T
‖/

R
c
o
h

�
��

‖uT ‖/δT
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 Ú>ï�Ð]Ó

µκ(β)
|RN + Rcoh

N
|

Rcoh�����

��� Ð]Ù�� ð)ðyÙGïFÑ���ðyÖ1Ð]ï

 ü��lö

ª�d��laLc^N  ® 0i`LItrl`tx NFw��lN>cyZedpj4`�jl�u\^ILNRZv\^rs`uwLrscyw�H��lN_ce�5rlrlc^w7¸ Z�x jlItN_Zedp�4N!�gr�� dp`5\ec^j[w[atx>dp`L��r�Zejs�©\&x>jla[±
ot�pd�`L���'d§\^I�aL`Ld��gr�\eN_c^rl�<x>jl`5\^r4x)\'rs`tw~·&jlaL��jlM���¸ Zi��c^d�x \ed�jl`¡¬���jlc^M�aL�gr�\^dpj4` ¬ $F­ù±)¬	<:­v­  �PRjlc^M
rs��dp¶_N_wO\yrs`[±
�4N>`5\edgrs�L\ecyrlx)\^dpj4` ‖RT +Rcoh

T ‖/Rcoh����� �lN_c^ZeatZ}`Lj4ceM
rl�pd�¶>NFw�\yrs`L�4N>`5\edgrs�twLd�ZeoL�grlx N_MON>`5\�k]aLMOo ‖uT ‖/δT��j4c
i = 1

d�`~\eItN�x>r4ZvN�jl��at`Ldp�gr�\^N>cyrs�#x>jl`5\^r4x)\�¬
uN = 0

rs`tw
(RN + Rcoh

N ) > 0
x j4`tZ]\yrs`5\_�<f5atrs`5\edp\]Y

µκ(β)
w[N>¨t`LNFw��:Y�¬ $,-4­&�'dp\eI

s = 3
­)�[rl`tw���rlced�jlatZ!N_`LN>c^�ld�N_Z!r�\nr��ld��lN>`�w[N_x>jlILNFZvd�jl`�Z]\yr�\^Nl®�N>`LN_ce�4Y

wLd�Z^Zvd�otrs\eN_w�wLaLced�`L�
\^ILN�wLN_x j4ILN_Zed��lN-oLc^j[x N_Z^Z�¬°�pd��lI5\T�4c^r�Y�rsc^N_r4­ �tN_��r4Z]\^d�x�Zv\ej4ceNFw~N>`LN_ce�4Y ¬GwLrsc^¥��4c^r�Y
rlceNFr4­ �5N_`LN>c^�lY�w[d�Z^Zedpotrs\eNFw��:Y
��c^d�x \ed�jl`�¬��t��r4xy¥�rsc^N_r5­) 

������� � � � Â5Å��pÂ � ��� ��� Â Ç¢� Æ � Â � ��	 Â��4Æ � Â � Æ Ç Â � �
6Ò`£j4c^w[N_cO\ej�aL`uw[N>c^�pd�`LN�\^ILN�c^N>��N>��rs`tx>N�js��\eILN:0!·'ÈES ��jlc^M�aL�gr�\^dpj4`z¬ $F­Ò±y¬8<5­ �Jr�ZeN_x>jl`tw¯d�`4\^ced�`tZed�x
MOj[w[N_�&dgZ�ItN>c^N�w[N \yrsd��pNFw7  HJILd�Z�MOj[w[N>�1�}oLc^N>�:dpj4atZe�pY oLcej4ouj5ZvNFw �:Y�h�N_c^rl�pNFZ�N \Ors�1  # �s�4�4��(1��w[N>c^d��lN_Z
��c^jlM r�ZeaLce�°rlx>N�wtrsM
rs�4NT�gr��²d�`Ldp\edgrs���pY�oLcej4ouj5ZvNFw �:Y�S�dgxyILN_�#rs`tw~W:atf5aLN>\ # $�&'&'<�(�rlZ_®

g
(
β̇, β, uN , uT

)
= β − min

{
β0

(
D[0,δc[ (‖[u]‖) +D[δc,3δc[ (‖[u]‖)

3δc − ‖[u]‖
δc + ‖[u]‖

)
, β

�� !
}
,

¬ $,&5­

�'ItN>c^N
D[a,b[(x)

dgZ'\^ILN�w[j:jlcn��aL`tx)\^dpj4`�N_f5atrl�7\ej
1
dp�
x ∈ [a, b[

rs`tw�NFf4aurs�7\^j
0
jl\eILN_ce�'dgZeNl�

δc
d�Znr

x>cedp\edgx>rl��w[dgZvoL�grlx>N>MON>`5\�k]aLMOo�rs`tw
β0

d�Z'rl`�d�`Ldp\edgrs����rs��aLN�js��\eItN�ZvaLce�°rlx>N-wLrsM
rs�4NTourscyrsMON \^N>c
β
 

@ `4\^d�x>dpour�\ed�`L��jl`¯W[N_x)\^dpj4`   *$4�}d§\
ZvItjlaL�gw¦�<N�rl�pc^N_r4w[Y�M�N_`5\ed�jl`LNFw�\eIur�\�\eILN�M
rsd�`¦��N_rs\eaLc^N�jl�
\^ILdgZ 0!·'ÈES��L��cej4M \eItN-ouj4dp`5\njs���:dpN_�Djl��\^ILN�x j4ILN_Zed��lN�otrsce\'js��\eILN-�gr��-�LdgZJ\ejOItr��4N�d§\yZ'M
r�³[dpM�aLM
`tN>�4rs\ed��lN�Zv��jlo<N�¬°M
r�³[dpM�aLM Ze�pj4ouN�dp`�\eILN�Zejs�©\^N>`Ld�`L��otrsce\y­nk]atZv\Ors\�\^ILN~N>`tw�js�n\^ILN�w[N_x>jlILNFZvd�jl`��
d1  Nl 
r�\�\eItN x c^d§\^d�x_rs�iw[dgZvot��r4x N>MON_`4\-�'ILN_ceN�\^ILNO�°rsd��patceNOj[x>x>aLc^Z_  @ Z��!N��'d����i��rs\v\^N>c-aL`twLN>c^�pd�`LNl�#\eILN
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‖uT ‖/(3δc)
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µκ(β)
|RN + R

coh

N |

R
coh�����

����������� �������! #"
�����$���%	'&(���
	��)������	

ª�d��laLc^N <t®£HJILN 0i`LItrl`tx NFw ·&j4ILN_Zedp�4N�ÈEjl`LN S�j[w[N>�-auZvNFw´d�`D\^ILdgZ~otrso<N>c�¬©��j4ceM�aL�gr�\ed�jl` ¬ $�­ù±)¬	<5­
rl`tw¦NFf5atr�\^dpj4`²¬ $�&4­v­  ¦Pnj4ceM
rs��d�¶>N_w�\^rs`t�lN>`5\^d�rl��\^c^r4x)\ed�jl` ‖RT + R

coh
T ‖/Rcoh����� �lN>cyZeatZ�`tjlc^MOrl�pd�¶>NFw

\yrs`L�4N>`5\edgrs�nwLd�ZeoL�grlx N_MON>`5\�k]aLMOo ‖uT ‖/(3δc)
d�` \eILN�x_rlZeN�jl��at`Ldp�gr�\^N>cyrs�nx>jl`5\^r4x)\�¬

uN = 0
rs`tw

(RN +Rcoh
N ) > 0

�4f5atrs`5\^d§\]Y
µκ(β)

w[N ¨u`LN_wO�:Y�¬ $,-5­��'d§\^I
s = 3

­)�4rl`twO��rsc^dpj4atZ�N>`tN>c^�ld�N_Z}r�\�r��4dp�4N>`
wLN_x j4ILN_Zed�jl`�Zv\^r�\^Nl®JN>`tN>c^�lY~w[d�Z^Zedpotrs\eNFw�w[aLc^dp`t� \eItN�w[NFx jlItN_Zedp�4N�oLc^j:x>N_Z^Z�¬°�pd��lI5\T�4c^r�Y�rsc^N_r5­)�tN_��r4Z]\^d�x
Zv\ej4ceNFw N_`LN>c^�lY¡¬GwLrsc^¥ �4c^r�Y
rsc^N_r5­)�[N_`LN>c^�lY w[dgZ^Zvd�otr�\^N_w��:Y ��c^d�x \ed�jl` ¬��L�grlxy¥�rlceNFr4­  

d�`tZv\^rl�Ldp��dp\ed�N_Z
c^N>�gr�\^N_w \ej \^ILN¡Zejs�©\^N>`Ld�`L���<N>Itr��:d�jlc jl�T\^ILN¡x j4ILN_Zed��lN��gr��nZ rsc^N�x jlc^c^N>�gr�\eNFw¦\^j�\eItd�Z
M
rs³:d�M�atM+`LN>�5r�\ed��lN~Ze�pj4ouN4®�dp�Td�`tZv\^rs�tdp��d§\^dpNFZ
rsc^N�ZeatZeouNFx)\eNFw7�&\eILN�ZeMOrl�p��N>c�\^ILN�x jlItN_Zedp�4N ��jlcyx N~r�\
\^ILNOM
r�³[dpM�aLM `LN_�4r�\^dp�4N�Ze�pj4ouN4�7\eItN��<N \e\eN>c�\^ILNON>`LN_ce�4Y~�trs�grs`tx>Nl �ªtcej4M \eILdgZ�o<jld�`4\-jl���:dpN_�-�7\eILN
x>jlILNFZvd��lN��gr��²d�`tx j4ceo<jlcyr�\^N_w
d�`�\eILdgZ 0!·'ÈES �<N>��jl`L�5Z&\ejO\eItN
¸ MOj4Zv\nZ]\yrs�L��N-x j4ILN_Zedp�4NT¶_jl`LN�MOj[w[N>�gZ_¸p 
HJItd�Z�rsoLo<N>����rs\ed�jl`£dgZ ILN_ceN�N_`[��jlcyx NFw �5Y�\eILN¡�°rlx \ \eItrs\ \eItN�oLc^jlo<j4ZeN_w£x j4ILN_Zedp�4N���r�� Itr4Z�r `Lj4`
`tN>�4rs\ed��lNOZv��jlo<N
r�\�\eItN
ouNFrs¥¡Zv\ec^N_Z^Z>®�\^ILN
ZvatZeo<N_x)\^N_w�d�`tZ]\yrs�Ld���d§\^dpNFZ-x>rs`�`LN_�lN>c-j[x_x aLc-r�\-\^ILNOjl`tZeN \
jl�nw[N_x>jlILNFZvd�jl`� �HJItN�js\^ILN>c�MOrldp`¦��N_r�\^aLc^N js�'\^ILd�Z�0!·'ÈES%dgZ�\eItrs\�rs`:Y�N>`LN_ce�4Y dgZ�w[dgZ^Zvd�otr�\^N_w �:Y
��c^dgx)\ed�jl`��<N ��jlc^N�\eILN-j4`tZeN \njs��w[N_x>jlILNFZvd�jl`# �HJItd�Z'Zed§\^atr�\^dpj4`~d�ZJd��p��atZv\ecyr�\^N_w�dp`�ª�dp�4aLc^N <u 

HJILNTN ¹EN_x \^Z!js�7\^ILNTZv\ec^d�x \&aL`tdp�gr�\^N>cyrs�ux>jl`5\^r4x)\&rl`tw
jl�7\eILN�oLc^jl�lc^N_Z^Zedp�4N&\^c^rl`tZed§\^dpj4`O��cej4M wLN_x j4ILN ±
Zed�jl`~\ej���cedgx)\^dpj4`�d�`tx j4ceo<jlcyr�\^N_w~d�`�\eILN�0!·'ÈES�±G��j4ceM�aL��rs\ed�jl`¦¬ $F­ù±)¬	<:­nrlceN�at`tw[N>c^��dp`LNFw�d�` ª�dp�4aLc^N �[ 
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N
+

R
c
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h

N
)/

R
c
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h
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��

uN/δN

h}r�\^I�®
� ±��:±�� �#j4rlwLdp`L�
��± � ±�� QR`L�pj5rlw[d�`L�
�4± � ±��Bq'N_�pj5rlw[d�`L�
��±�� q'N_�pj5rlw[d�`L�
�l± � QR`L�pj5rlw[d�`L�
� ±��	� q'N_�pj5rlw[d�`L�

0

0

1

1

−1

−11/3

−
(R

T
+

R
c
o
h

T
)/

R
c
o
h

�
��

uT /δT

ª�d��laLc^N��[®JHJILN�0i`LItrl`tx NFw¡·&jlILNFZvd��lN�È<j4`LN�S�j[w[N_�#atZeN_w~d�`�\^ILd�ZTotrlouN_c�¬©��j4ceM�aL��rs\ed�jl`¦¬ $F­ù±)¬	<:­'rs`uw
NFf5atr�\^dpj4`O¬ $,&5­v­) ���N>�©\_®#`tjlc^MOrl�pd�¶>NFw�`Ljlc^M
rs��\^c^r4x)\ed�jl`

(RN +Rcoh
N )/Rcoh����� �4N>cyZvauZ7`Ljlc^M
rs��dp¶_N_w�`Lj4ceM
rs�

wLd�ZeoL�grlx N_MON>`5\�k]aLMOo
uN/δT

w[aLc^dp`t��rO\^c^r4x)\ed�jl`L±ùx>jlMOoLc^N_Z^Zvd�jl`~��j4rlwLdp`L��otr�\^I�¬
uT = 0

rl`tw
(RT +

Rcoh
T ) = 0

­)  q'd��lI5\F®�`tjlc^MOrl�pd�¶>NFw¯\^rs`t�lN>`5\^d�rl�'\ecyrlx \ed�jl`
(RT + Rcoh

T )/Rcoh����� �lN_c^ZeatZ
`tjlc^MOrl�pd�¶>NFw
\yrs`L�4N>`5\edgrs��w[d�ZeoL�grlx>N>MON>`5\}k]aLMOo

uT/δT
w[aLc^d�`L� x Y[x ��dgx-�pj5rlw[d�`L�
�'dp\eI�aL`tdp�gr�\^N>cyrs�#x>jl`5\^r4x)\�¬

uN = 0rl`tw
(RN + Rcoh

N ) > 0
�Lf5atrl`5\edp\]Y

µκ(β)
w[N ¨u`LN_w��:Y¡¬ $�-4­!�'dp\eI

s = 3
­) 
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@ Z ZeILj��'`£dp`£\^ILN~\]�&j�N>³LrsMOoL��N_Z rl�uj��4Nl�i\^ILN 0!·'È7SX��jlc^M�aL�gr�\^dpj4`¯Itr4Z
M
rs`:Y¯r4w[��rs`5\^rl�lNFZ>  6ù\
dgZ-r��lN>c^Y�x j4MOotrlx \���j4ceM�aL�gr�\ed�jl` js�Jrs`:Y�x j4ILN_Zedp�4N�x>�pj5ZvN_�pY�x>jlaLot�pNFw¡�'dp\eI aL`Ld��gr�\eN_c^rl�}x jl`5\yrlx)\-rs`uw
·&j4aL��jlM��#¸ ZJ��c^dgx)\ed�jl`��gr��zrs`tw~�'dp\eI r Zvjl�©\R\^c^rl`tZvdp\ed�jl`~��c^jlM \eItN�x j4ILN_Zedp�4N��<N>Itr��:d�jlcF  6ù\�ZvILj4aL�gw��uN
at`tw[N>c^��dp`LNFw�\eItrs\ndp`�rl�tZvN_`tx N�jl��x>jlILNFZvd��lN���jlcyx N
¬°dG  Nl 

Rcoh
N = Rcoh

T = 0
dp`~NFf4aur�\ed�jl`uZ-¬ $F­nrs`tw ¬G�4­v­

\^ILN�Zv\^rs`uwLrscyw�W:d��l`tjlc^dp`Ldp±v·&jlaL��jlM���c^N>�gr�\ed�jl`uZvILd�otZJrsc^N�jl�[\yrsd�`LN_w�®

RN > 0, uN > 0, RNuN = 0,
¬G�l�4­

‖RT‖ 6 µ|RN |,
{

‖RT‖ < µ|RN | ⇒ u̇T = 0,
‖RT‖ = µ|RN | ⇒ ∃λ > 0, u̇T = −λRT .

¬1��$F­

6Ò`�\eILNFZvN
W:d��l`Lj4ced�`Ldp±]·&j4aL�pj4M��~c^N>�gr�\ed�jl`uZvILd�otZ_�t\^ILNOf4aurs`5\edp\]Y
κ(β)

w[j�`Ljs\-rsotouNFrscTwLaLN�\^j \^ILN��°r4x)\
\^Itr�\O\^ILN�x jl`uw[d§\^dpj4`

Rcoh
N = Rcoh

T = 0
dpMOo<j4ZeN

β = 0
�!rs`tw

κ(β = 0) = 1
r4Z�M�N_`5\ed�jl`LNFw�d�`

ZeN_x \ed�jl`��[ Õ�[ 

HJILdgZ�x j4aLoL��dp`L���<N \]�!N>N>`�r�x>jlILNFZvd��lN���r��-�EaL`tdp�gr�\^N>cyrs�}x j4`4\yrlx \�rs`uw�·&jlat�pj4M���¸ Zn��c^dgx)\ed�jl`��gr��zd�Z
jl���lc^N_rs\Td�`5\eN>c^N_Zv\Td�` w[Y:`trsMOdgx>ZR��c^r4x)\eatceN4 ��T`¡jl`tN�Itrl`tw7�E\^ILN���c^dgx)\ed�jl` oL�gr�Y:Z�r�w[N \^N>c^M�d�`trl`4\�c^jl��N
d�`�\eILN���cyrlx \eaLc^NTjl��ItN \eN_cej4�lN_`LN>j4atZ�M
rs\eN>c^dgrs�gZ>®�\eILN-MOdgZvM
rs\^xyI��uN>\]�&N_N>`�\eILN-h�jldgZ^Zvj4`�x j:N;)
x>dpN_`5\Jjl�
NFrlxyI oLItrlZeN��pNFrlwLZ�\^j~r�MOd§³[NFw¡MOj[w[N���c^r4x)\^aLceNOr�\�\^ILN
dp`5\^N>ce�°rlx N��<N \]�!N>N>` \eItNOx>jl`tZv\edp\eatN>`5\^Z_�#rs`uw
\^ILNOceNFZvat�§\^dp`L����c^d�x \ed�jl` r�\�\eItN
dp`5\eN_cv�°r4x N�\^rl¥lN_Z�rl` d�MOouj4cv\yrs`5\-oL��r4x NOd�`¡\^ILN
j��lN_c^rl�p��\ej4aL�lIL`tN_Z^ZTjl�
\^ILN'x j4M�o<j4Zedp\eNl�4w[aLc^dp`L��\^ILN!��c^r4x)\eatceNJoLc^j[x N_Z^Z�rs`tw�r��©\^N>c�\eItNnx jlMOoL��N \^N'w[N_x>jlILNFZvd�jl`�js�t\^ILN'd�`4\^N>ce�°rlx>N
¬°Nl  �t ���¨t�<N>c}oLaL���p±1j4a[\�d�`�¨t�Lc^jlatZ�x j4M�o<j4Zedp\eN_Zy­) �HJILNJcej4�pN&js�u\eILdgZ���cedgx)\^dpj4`�dgZ�dp`tx>ceNFrlZeN_w���j4c}w[Y:`trsMOdgx>rs�
��j4r4w[d�`L�4Z_�7��jlc-�'Itd�xyI�dp`5\^N>cyZvj4`Ld�xOx>c^r4xy¥��lc^j��J\eI rl�pj4`L��\eILN
d�`5\eN_cv�°r4x N
x>rl` j[x>x>aLc # PnN>NFw[��N>M
rs`�rs`uw
qnj4Z^rs¥:d�Z_� $,&.&'&t� �Ra¦N>\�rs�1 p���s�4�  (ù ~�T` \^ILN jl\eILN_c�Itrl`tw7��\eILN�aL`Ld���rs\eN>cyrs�&x jl`5\yrlx)\�ot��r�Y[Z�r�wLN \eN_cv±
MOd�`trs`5\�c^jl��N d�`�\eItN ��cyrlx)\^aLc^N js�'ILN>\eN>c^jl�4N>`LN_jlatZ�MOrs\eN_cedgrs�gZ�rlZ��&N_�p�!rlZ�ILjlMOjl�4N>`LN_jlatZ�MOrs\eN_cedgrs�gZ> 
ªtjlc'ILN>\eN_cej4�lN>`tN>jlauZ&M
rs\eN>c^dgrs�gZ>�:\^ILN-aL`Ld���rs\eN_c^rl��x jl`5\yrlx)\nrl�p��j��nZJjl`LN�\^j x jl`:�4N>`Ld�N>`5\e��Y NFZ]\^dpM
r�\^N�\eILN
`tjlc^MOrl��x j4`5\^rlx \-��jlcyx N

RN
���'ILdgxyI¦w[N>\eN>c^MOdp`tN_Z�\^ILN�x>jl`tw[dp\ed�jl`uZ-js�nZv\edgxy¥5d�`L��j4c-��cedgx)\^dpj4`trs�&Zv��d�wLdp`L�

d�`�\eILN�·&j4aL��jlM��#¸ ZJ�gr�� ¬1��$F­  iªLj4c'ILjlMOjl�4N>`LN_jlatZ!M
r�\^N>c^d�rl��ZJd�`�\eILN�x>jl`5\eN>³:\njs����c^r4x)\eatceN�w[Y:`trsMOdgx>Z
\^ceNFr�\^N_w��:Y�·'È7S"N_M��<N_wLw[NFw�dp`Or�x jl`5\^dp`:aLaLM Zvd�M�aL�gr�\^dpj4`��sd�`tx j4ceo<jlcyr�\^dp`t�RaL`Ld��gr�\eN_c^rl�[x jl`uw[d§\^dpj4`tZ�d�`
\^ILNT·'ÈES�Z�dgZ}f5aLdp\eN'atZeN ��aL�1®�x jlMOoLc^N_Z^Zedp�4N��Jr��lN_Z�x_rs`�dp`twLatx N'd�`5\eN>c^o<N>`LN>\ecyr�\ed�jl`�js�E�lj4�paLMON>\ec^d�x�¨t`Ldp\eN
N_�pN_MON>`5\^Z_ R·&jl`:�lN_`LdpN_`5\'Zed�M�aL�gr�\^dpj4`tZ'js����cyrlx \eaLc^N�w[Y:`trsMOdgx>ZRatZvd�`L� x>jlILNFZvd��lN-¶_jl`LN�MOj[w[N_��Z'Iur��lN�\ej
\yrs¥4N�d�`5\ej
rlx_x j4aL`5\Jat`Ldp�gr�\^N>cyrs�7x j4`5\^rlx \nx jl`uw[d§\^dpj4`tZ'rs`uw���c^dgx)\ed�jl`# iHJILd�ZJdgZJ\^ILN-M
rsd�`�xyItrlc^r4x)\^N>c^d�Zv\edgx
jl�#\^ILN-oLc^jlo<j4ZeN_w 0!·'ÈES���jlc^M�aL�gr�\^dpj4`� 

@ `Ljs\^ILN>c!��N_rs\eaLc^NRjl��\eItN�¬ $F­ù±)¬	<:­ 0!·'È7S ��jlc^M�at��rs\ed�jl` dgZi\^Itr�\!\eItN�x>c^r4xy¥�d�`Ldp\edgr�\ed�jl`�rs`tw oLcej4otr�±
�5r�\^dpj4`�rsc^N�jla[\yx j4M�NFZJjs��\eILN�ZedpM�aL�gr�\ed�jl`~rs`uw�rlceN�`Ljl\njl�[\yrsd�`LN_w�atZedp`L�
rl`5Y �'��� � ¾ x c^d§\^N>c^d�rt �HJItd�Z
oursce\edgx aL�grsc^d§\]Y�x>jlMON_Z��<js\^I ��c^jlM \eILN�·'ÈES d�`tx j4ceo<jlcyr�\^N_w�d�` \eILN 0!·'È7S ��j4ceM�aL�gr�\ed�jl`�rs`tw¡��c^jlM
\^ILN�· 5Tª 0¢Z^xyILN>MONl 

@ Zi�°rlc!r4Z}\eItNRd�`4\^N>c^N_Zv\�js�7\^ILN90J·'ÈES ��jlc^M�at��rs\ed�jl`�¬ $�­ù±)¬	<:­}dgZ&x>jl`tx>N>c^`LN_w7�4�&Nn¨t`trs����Y�at`tw[N>c^��dp`LN
\^Itr�\�\eItd�Z���j4ceM�aL��rs\ed�jl` d�Z�jlo<N>` N>`Lj4aL�lI¡\ej��uN
x>jlMOoL��N \eNFw��'dp\eI���rsc^dpj4atZ�ZvaLce�°rlx>N�MON_xyIurs`LdgZvM
Z�rlZ
wLdp�gr�\^N>`tx>Yl�:�&NFrsc!jlc�¸ at`tw[cyrsd�`LN_w x>c^r4xy¥[Z>¸� �HJItd�Z!�grlZv\&o<jld�`4\'rs����j��nZ�j4`LNn\^j�ZedpM�aL�gr�\eNT\eItNToLc^N_ZeN>`ux NRjl�
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r�oLceNFZeZeaLc^dp¶_N_w��4r4Z}js��?tatd�w rs\�oLc^N_Z^ZvatceN
p
d�`tZed�wLN'\eILNT�lc^j��'dp`t��x>c^r4xy¥[Z>  6Ò`
\eILN90!·'ÈES ��j4ceM�aL��rs\ed�jl`��

r `Ljlc^M
rs�#otceNFZeZeaLc^N�x>rl`��uN�\^rl¥lN>`�d�`5\ej�rlx>x>jlaL`5\Rj4`�\eItN���dpotZTjs��r�x c^N_rs\eN_w�x>c^r4xy¥E�td1  N4 Rjl`t�pY~�'ILN_`
\^ILN�x j4ILN_Zed��lN�¶>jl`tN�dgZJ�Lc^jl¥4N>` ¬

β = 0
­)�L�:Y�ZeaL�tZv\edp\ea[\^dp`t�O\eILN�f5atrl`4\^d§\]Y4�

R
coh + pnD[0,0] (β)

¬G�4�l­
\^j

R
coh d�`�NFf5atr�\^dpj4`�¬  ­) 

� � �����i���>�&� �£���#� ��� � ��
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HJItd�Z&ZvNFx)\ed�jl`
dgZ�wLN>�ljl\eNFw�\^j-\eItNTrs`urs��Y:ZedgZ�js�7\eItNnM
rsd�`
�Ld�r4Zijl�<\^ILNRx>jlILNFZvd��lN'¶_jl`LNnMOj[w[N_��Zi\eItrs\&x>rl`
rs¹<NFx)\�\eILNO�4�pj4�trs��c^N_Zeouj4`tZvN�js�&r�Zv\ec^atx)\^aLceN4 �HJILN�\]�!j�M
rsd�`���NFr�\^aLceNFZ�js�!r�x j4ILN_Zed��lN�¶_jl`LN�MOj[w[N>�
\^Itr�\Rx_rs`�dp`uw[atx N�r�`Lj4`�wLN_Zedpcyrs�L��N�N ¹EN_x \ndp`�\eItN-`5atM�N_cedgx>rl�7Zvd�M�aL�gr�\^dpj4`tZ'rsc^Nl®
� \eILN Zvjl�©\eN>`tdp`L���<N>Iur��5d�jlcO�'ILdgxyI£�pNFrlwLZ
\ej \eItN�dp���p±1o<j4ZeN_w[`tN_Z^ZOjs��\eILN�cyr�\^N��uj4aL`twLrlceY¦��rl�paLN

oLc^jl�L��N>M~�
� \eILN dp`5\^N>c^`trs�n��N>`t�s\eI£\^Itr�\�ItrlZO\^j¦�<N�\^rldp��jlc^N_w£rlx_x j4c^w[d�`L��\ej \^ILN¡�!jlc^¥¦jl�-ZeN>ourscyr�\ed�jl` jlc

��c^r4x)\^aLceN�N>`LN_ce�4Yl��\eILN�MOrs³[dpM
rs�&Z]\^ceNFZeZ�ceNFrlxyILNFw�rs\�\eItN�x j4ILN_Zed��lN
¶>j4`LNl��\^ILN �LaL��¥ M
r�\eN_cedgrs�
oLc^jlo<N>ce\ed�N_Z'rs`uw \^ILN�Zvour�\edgrs��wLd�Z^x c^N \^dp¶Fr�\ed�jl`# 

6Ò`�\eILNOZvNFf5aLN>�1�<\eILN�¨tcyZ]\�ouj4dp`5\�d�Z�w[N \yrsd��pNFw��'dp\eI�\^ILN�ILN>��o¡jl��r M
r�\^ILN>M
r�\^d�x_rs��ceNFZvat�§\�js�&S�j4`LN>c^d�N
rl`tw @ x_rsc^Y # �s�4�7$D(�rs`tw�d§\yZTotI5Y[Zed�x_rs��M�NFrs`Ld�`L��oLceN_�:dpj4atZv��Y�oLcej4ouj5ZvNFw��:Y¡·&Itrs�<j[xyILN�N>\�rl�G  # �l�l��$D(ù 
HJItN�ZeN_x>jl`tw�o<jld�`5\�dgZ�N ³:\eN_`tZedp�4N>��Y wLN>�trs\eN_w¦dp`¯\eILN���d§\^N>cyr�\eatceN��'ILN>c^N�`:aLMON>c^jlauZ�c^N_ZeaL�p\^Z�x>rs`¯�uN
��j4aL`tw7  @ \n\^ILN-N>`tw~jl��\eILdgZnZeN_x)\^dpj4`��urO`tN>�BceNFZvaL�p\R�4dp�:d�`L�
rO�pj��!N>c'�<jlaL`uw���jlc'\^ILN�d�`Ld§\^d�rl��Ze�pj4ouN-jl�
\^ILN-d�`4\^ced�`tZed�x�x>jlILNFZvd��lN�¶>j4`LN�M�j[w[N_��Znd�ZJoLc^j��:d�wLN_w7 
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HJItN�Zejs�©\^N>`Ld�`L���uN_Itr��:dpj4c&jl�#\eItN�x>jlILNFZvd��lN�¶>j4`LNRMOj[w[N>�7c^dgZvNFZi\^jOrl`�d��p�p±ùouj5ZvNFw cyr�\eN��<jlaL`twtrsc^Y���rl�paLN
otcej4�L�pN_M~  @ w[dgZ^x jl`5\^dp`:aLdp\]Y¦d�`¯\^ILN�c^N_Zeouj4`tZvN~x>rl`¯�<N�jl�uZvN_ce�4N_w�wLaLced�`L��f5atrlZedp±ùZv\^rs\edgx�`:aLMON>c^dgx>rs�
Zed�M�aL�gr�\^dpj4`tZ>  6Ò`
jlcyw[N_c}\ej��4dp�4Nnr�x j4`:�lN>`tdpN_`4\iM
rs\eILN_MOrs\edgx>rl�[��c^rlMON>�!jlc^¥�\ej�\eILNRx>jlMOoLc^N>ILN_`tZedpj4`�jl�
\^ILN_ZeN��>Zvj4�paL\ed�jl`�k]aLMOotZ ���E�&N�oLcej4ouj5ZvN�dp`�\^ILdgZTZeN_x \ed�jl`�r x>jl`tw[dp\ed�jl`¡js�}N ³[dgZ]\^N>`tx>N�rs`uw~aL`Ldgf4atN>`LNFZeZ
\^j�\eILN-f5atrlZedp±ùZv\^rs\edgxTZeN>otrlc^rs\ed�jl` otcej4�L�pN_M js��\]�&j�N>�grlZv\edgx��uj[w[d�N_Z

Ω1 N \
Ω2 ¬GZvN_N�ª�d��laLc^N-�l­&�uj4`tw[NFw

�:Y
r�c^rs\eN ±ùd�`tZvN_`tZed§\^dp�4NRx j4ILN_Zedp�4NR¶_jl`LN�MOj:wLN>�E�'d§\^ILjlaL\&��c^d�x \ed�jl`� }HJILdgZ!ceNFZvat�§\J�!r4Zi¨uc^Zv\!j4�[\^rldp`tN_w
�:Y
S�jl`LN_ced�N # �s�4�l��(7rl`tw~S�jl`tN>c^dpN�rs`tw @ x_rsc^Y # �l�l�7$;(1 

�#N \�atZ�ceNFx>rs����\eItN�Z]\yrs`twtrscyw¡`Ljl\^rs\ed�jl`�js�'x �grlZ^Zvdgx>rl�iZvotr4x NFZ�js�'�lNFx)\ej4cv±ù��rs��aLN_w���aL`tx \ed�jl`tZ_ �HJILN
Zeotr4x N_Z

Lp(Ω), 1 < p < +∞ rsc^N�w[N ¨t`tN_w �:Y�\eILN Zvotr4x NFZ�jl� �#N>�<N_Ze�laLN>±1MONFrlZeaLc^rl�L��N���aL`ux)\ed�jl`uZ
ZeatxyI�\eIur�\ ‖f‖Lp(Ω) = (

∫
ω |f |p dx)1/p < +∞ rs`tw

L∞ dgZ�\^ILN�Zeotrlx>N
js� ��N>�<N_Ze�latN ±ùM�NFrlZeaLcyrs�L��N
��at`tx)\^dpj4`tZ
ZvauxyI¯\^Itr�\

ess sup |f | < +∞  ¢HJILN�W:j4�uj4�pN_�<¸ Z
Zeotrlx>N_Z�js��jlcyw[N>c
m

rlceN�w[N_`Ljs\^N_w¯�5Y
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Wm,p(Ω) = {v ∈ Lp(Ω)|Dαv ∈ Lp(Ω), ∀|α| 6 m} rl`tw�rsc^N�rlZ^Zej:x>d�rs\eNFw�\^j
\eItN���jl����j��'dp`L��`Ljlc^M
‖v‖W m,p(Ω) = (

∑
|α|6m ‖Dαv‖p

Lp(Ω))
1/p  }ª�dp`urs���pY4�l\^ILNTZv\^rl`twLrscywO`Ljl\^r�\^dpj4`

Hm = Wm,2 d�Z!rs�gZej
auZvNFw7 

=¢dp\eILj4a[\'rs`:Y���j4Z^Z}jl���lN>`tN>cyrs��d§\]Y4�l��rs`LdgZeILdp`t��oLc^N_Z^x c^dp�<N_w
w[dgZeoL��r4x N_M�N_`5\^Z�rlceNTx jl`uZvdgw[N>c^N_w�j4`
\eILN
�<jlat`twLrsc^d�N_ZTjs�

Ω1 N \
Ω2  �HJILN���jl���pj��'d�`L��ZeN \yZTrlceN�dp`5\^cej[w[atx>N_w�d�`�\^ILc^N>NOw[dpMON_`tZvd�jl`uZ>�<\eIur�\�d�ZR��jlc

Ωi ⊂ IR3 ®

V i =
{
vi ∈

[
H1(Ωi)

]3
; vi = 0

rL  Nl }j4`
∂Ωi

U

}
(i = 1, 2),

¬G�  ­

K =
{
v = (v1, v2) ∈ V ; vN > 0

rt  N4 �jl`
Γc

} ¬1��<5­

V = V 1 × V 2,
rs`uw

H = L∞(Γc).
¬1�l�l­

HJItN��<j[w[Y ��j4c^x>N_Z'rl`tw \^ILN�ZeaLcv�°r4x N���jlcyx NFZJrsc^N�r4ZeZeaLMON_w�\ejOItr��4N-r�Zea�) x d�N>`5\'c^N>�lat��rlcedp\]YE®

ρb =
(
ρ1b1, ρ2b2

)
∈W 1,2(0, T ; [L2(Ω1)]3 × [L2(Ω2)]3)

¬1�s�4­

T =
(
T 1, T 2

)
∈ W 1,2(0, T ; [L2(∂Ω1

F )]3 × [L2(∂Ω2
F )]3).

¬1�./s­
HJItNT��at`tx)\^dpj4`

φ
dgZ'w[N ¨t`tN_w��:Y¡¬	0id�`tZv\eN_dp`�¸ ZRx>jl`:�lN_`5\ed�jl`u­ ®

(φ, v) =

∫

Ωi

ρibi ·vidx+

∫

∂Ωi
F

T i ·vids, ∀v ∈ V.
¬G�'-4­

HJItN�rlZ^ZvaLMOo[\^dpj4`tZ�¬G�l�4­Jrs`uw ¬1�./s­!N_`tZeaLceN�\^Itr�\
φ ∈ W 1,2(0, T ;V )

 iª�d�`trl�p��Yl�L�!N-w[N>`tjs\eN-�:Y
γiu =

γ|Γc
ui \^ILN�\ecyrlx>NTjl�

ui jl`
Γc

¬©��jlc
i = 1, 2

­) 
@ ZeZeaLMOdp`t� rOc^rs\eN ±ùd�`tw[N>o<N>`uw[N>`5\nd�`4\^ced�`tZed�x-x>jlILNFZvd��lN�¶_jl`LN�MOj[w[N>�1�L\^ILN-�pN>�©\RN_f5atrs\ed�jl`~js�'¬  ­Jx>rl`

�<N-c^N>�'c^d§\e\eN>`~rlZ

β = g?([u]),
¬G�'&4­

�'ItN>c^N
g? ∈ H

�Lrs`uw�\^ILN�x j4ILN_Zed��lNT��jlcyx N
Rcoh x_rs`��uN�w[NFZex>ced��<N_w�rlZ'r���aL`tx \ed�jl`

ξ
jl�

[u]
®

ξ([u]) = R
coh([u]) = K ◦ g?([u]) · [u], ¬  �4­

�'dp\eI
ξ : [L2(Γc)]

3 → [L2(Γc)]
3  

=¢dp\eILj4a[\�rl`:Y ��c^d�x \ed�jl`��<rs`tw~�'dp\eI�d�`Ldp\edgrs��x>jl`twLd§\^dpj4`tZ
u0 ∈ K rs`tw

β0 ∈ H ∩ [0, 1]
�t\eILN�f4aurlZed§±

Zv\^rs\edgx���cedgx)\^dpj4`trs��x jl`5\yrlx)\notcej4�L�pN_M jl�i·&j[x>a�N \Trl�G  # $,&.&l��(#x>rs`��<N�N>³5\^N>`twLN_w�\ejO\^ILN�x>jlILNFZvd��lN�x_rlZeN
Y:d�N>�gw[d�`L��\eILN���j4�p��j��'dp`t����rsc^dgr�\ed�jl`urs�EoLc^jl�L��N>M~®

a(u, v − u) +

∫

Γc

ξ([u])·([v] − [u]) ds− (φ, v − u) > 0, ∀v ∈ K, ¬  $F­

�'ItN>c^N

a(u, v) =

∫

Ωi

ε(ui) : Ai : ε(ui)dx.
¬  �l­

HJILNT��jl����j��'dp`L��\eILN_jlc^N>M js��N ³[dgZ]\^N>`tx>NTrl`tw
aL`Ldgf5aLN>`tN_Z^Z�jl�#r�Zejl��a[\ed�jl`O\^j�\eItNToLc^jl�t�pN_M ¬  $�­}x>rl`
�<N-�ld��lN_`�®
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��� Â:Æ � Â � ��� �7� �y¼l¼<½§º°¾ �s¿Gº ���
s̃ : k → ξ([u(k)]) �

���D� �
u(k) ∈ K º � ¿	�7� �;� ½ �[¿1º ��� � 
��

a(u, v − u) − (φ, v − u) +

∫

Γc

k · ([v] − [u])ds > 0 ∀v ∈ K, ¬  ' ­

�.��»�º©¿ � � � � º��;����� �+�
��¼ � º � ¿
k̄

º 

λ2c1/m < 1 	

� ��� ��º � ¼<½*�4¾ �>» � � ¿
u(k̄)

º � ¿	�+� � ¿	�7� �;� ½ �[¿1º ��� � 

¿	�7�'¼ � � A>½*� »�

�����

	
��� � Æ�Æ�

�#N \

u(k1)
�<NJ\eILNnZejl��a[\^dpj4`�jl��¬  ' ­���j4c

k = k1
�5rs`tw

u(k2)
�<NJ\eILNnZejl��a[\ed�jl`�js�}¬  . ­#��jlc

k = k2
 }ªLjlc

r �ld��lN>`
k
�u\^ILN�N>³[d�Zv\eN_`tx N�rs`tw~\^ILN�at`Ld�f5aLN_`LN_Z^ZTjs��r Zejl��a[\ed�jl`�\^j \^ILN�oLc^jl�t�pN_M ¬  ' ­nd�Z�r x>��r4ZeZed�x_rs�

c^N_ZeaL�p\�d�`���rlcedgr�\^dpj4`trs��dp`LNFf5atrs��d§\^dpNFZ # 3�dp¥:atxyILd!rs`tw���wLN>`�� $,&'-.-�(ù �m!Y�ZvaL�uZ]\^d§\^a[\ed�`L�
v = u(k2)

d�`
¬  ' ­i��j4c

k = k1
�trl`tw

v = u(k1)
��j4c

k = k2
�Lj4`LN�jl�[\yrsd�`tZ'r��©\^N>cnZeaLMOM
r�\ed�jl`#®

a(u(k1) − u(k2), u(k1) − u(k2)) 6

∫

Γc

(k2 − k1) · ([u(k1)] − [u(k2)])ds.

HJItN�x j:N>cyx d��:d§\]Y�js�
a

¬°x>jl`tZv\^rl`4\
m

��3Rj4ce`#¸ Z'd�`LNFf4aurs��d§\]Y~rs`tw�ouj5Zvdp\ed��lN�MONFrlZeaLceN-jl�}\eILN�otrsce\Rjl�}\eILN
�<jlat`twLrsc^Y��'ILN>c^N�w[dgZvot��r4x N>MON_`4\yZTrlceN-otceNFZex>ced��uNFwt­)�7rl`tw�\eILN
W[xyI:�Jrsc^¶l¸ Z'dp`tN_f5atrs��dp\]Y���j4cn\eItN�Z^x>rl��rlc
otcej[w[atx \'jl`

[L2(Γc)]
3 �L��N_r4w \^jt®

m‖u(k1) − u(k2)‖2
H1(Ω) 6 ‖k2 − k1‖L2(Γc)‖[u(k1)] − [u(k2)]‖L2(Γc).

¬  <5­
m!Y
\^ILN�w[N>¨t`Ldp\ed�jl`~js��\eILN�w[dgZeoL��r4x N_M�N_`5\}k]aLMOo��[\eItN�¨tc^Zv\J\ec^d�rl`L�lat��rlc!d�`LNFf4aurs��d§\]Y �4dp�4N_Z_®

‖[u(k1)] − [u(k2)]‖L2(Γc) 6 ‖γ2u(k1) − γ2u(k2)‖L2(Γc) + ‖γ1u(k1) − γ1u(k2)‖L2(Γc).
¬  �l­

HJItN�x j4`4\^dp`:aLdp\]Y�jl��\^ILN�d�`�k]NFx)\ed�jl`~��c^jlM
[H1/2(∂Ωi)]3

\^j
[L2(Γc)]

3 rl`tw~js��\eItN-\ecyrlx>N�rsoLoL��dgx>r�\^dpj4`
��c^jlM

[H1(Ω)]3
j4`

[H1/2(∂Ωi)]3
N>`tZeaLc^N_Z!\^Itr�\'\^ILN>c^N-N ³[dgZ]\J\]�!j�o<j4Zedp\ed��lN-x j4`tZ]\yrs`5\^Z

λi ¬
i = 1, 2

­
ZeatxyI�\eItrs\_®

‖γiu(k1) − γiu(k2)‖L2(Γc) 6 λi‖u(k1) − u(k2)‖H1(Ω),
��j4c

i = 1, 2.
¬  �4­

6Ò`5\^cej[w[atx>dp`t�
λ = λ1 + λ2 > 0

�Lrs`uw�x>jlM��Ldp`tdp`L�Od�`LN_f5atrl�pdp\ed�N_Z-¬  �4­&rl`tw ¬  �4­)�[j4`LN�jl�[\yrsd�`tZ_®

m‖u(k1) − u(k2)‖2
H1(Ω) 6 λ‖k2 − k1‖L2(Γc)‖[u(k1)] − [u(k2)]‖H1(Ω).

¬  /s­
S�jlc^N>j��lN_c_�:rlZ^ZeaLMOdp`L��\eIur�\

ξ
d�Z �#dpotZ^xyILdp\e¶�x>jl`5\ed�`:aLjlatZ�¬Gx jl`uZ]\yrs`5\

c1
­ �L�&N-j4�[\^rldp`#®

‖s̃(k1) − s̃(k2)‖L2(Γc) 6 c1‖[u(k1)] − [u(k2)]‖L2(Γc),

6 λc1‖u(k1) − u(k2)‖H1(Ω).

ª�d�`trs����Yl�:\eItN-N_f5atr�\^dpj4`�¬  <:­��4dp�4N_Z_®

‖s̃(k1) − s̃(k2)‖L2(Γc) 6
λ2c1
m

‖k2 − k1‖L2(Γc).
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D u

U

O

−T

u0 δu a

−E/L

u b
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������

�������
�������
�������

�������
�������
�������

EL

A

B C −T

−Ta

ª�d��laLc^N��L®}Qn`Ldgr�³[dgrs�EN ³LrlM�ot�pNT��jlc!\eItN�j[x_x aLc^ceN_`tx NTjs��¸ Zejl��a[\ed�jl`�k]aLMOo�¸Lw[aLc^d�`L��r�cyr�\eN>±1d�`tw[N_ouN_`tw[N_`4\
wLN_x j4ILN_Zed�jl`� 

HJItd�Z��grlZv\-dp`LNFf5atrs��d§\]Y¡oLcej��4N_ZT\eIur�\-\eItN rsoLoL��dgx>r�\^dpj4`
s̃

dgZ-r�Zv\ec^d�x \-x>jl`5\ecyrlx \ed�jl`¡��cej4M
[L2(Γc)]

3 \ej
[L2(Γc)]

3 �Ldp��\^ILN�x j4`tw[dp\ed�jl`

λ2c1/m < 1
¬  -4­

dgZJN>`uZvaLc^N_w� iHJILN-rsoLoL��dgx>r�\^dpj4`
s̃
\eI:atZ'rlwLM�dp\^ZRr�at`Ld�f5aLN�¨t³:NFw�o<jld�`5\_�L�'Itd�xyI�N>`twtZJ\eILN-otcej:js�] 

❏

HJILdgZiat`Ld�f5aLN_`LN_Z^Z}x j4`tw[dp\ed�jl`
x>rl`O�uNnd����patZv\ecyr�\^N_w�jl`
r-ZedpMOoL��N'aL`Ldgr�³[dgrs�LN>³LrsMOoL��N'�'ILd�xyI
x>jl`tZed�Zv\^Z
jl�Erl`�N_��r4Z]\^d�xJ�urscn¬���N>`t�s\eI

L
���ijlaL`L�-MOj[w[aL��atZ

E
­��<jl`uw[N_w�\ej�rT¨L³[NFw�rl`tw�ced��ldgw�ZvaL�uZ]\^c^rs\eN'�:Y�r�\]�!j

wLdpMON>`uZvd�jl`trl�#x j4ILN_Zed��lN�¶>j4`LNl �HJItN�Zvour�\edgrs��wLd�Z^x c^N \^dp¶Fr�\ed�jl`~rs`uw�\eILN�x>jlc^ceNFZvo<jl`twLdp`L�O��j[x>rs�7�<N>Iur��5d�jlc
rlceN-ot�pjl\v\eNFw~dp`�ª�d��laLc^N��t JHJItd�ZRN ³LrsMOoL��N-�!r4ZJ¨tcyZ]\ToLcej4ouj5ZvNFw�dp`�ZeILN_rlcn�:Y # S�j4`LN>c^dpN-N>\Trs�1 �� $,&.&'-�(
rl`tw�dp`�\ecyrlx \ed�jl`��:Y # ·&Iurs�<j:xyItN�N>\Rrs�1 p�t�l�l��$D(ù 

«TN>`Ljl\ed�`L���:Y
U

\eILN'�4�pj4�trs�twLd�ZeoL�grlx N_MON>`5\ioLc^N_Z^x c^dp�<N_w�jl`
BC

�4�:Y
T

\^ILNRr4ZeZej[x dgr�\eNFw�Zv\ec^N_Z^Z_�lrs`tw
�:Y

u
\eILN�w[dgZeoL��r4x N_M�N_`5\�k]atM�o�r4x c^j4Z^Z�\^ILN�x j4ILN_Zed��lN�¶>jl`tNl�[jl`tN�IurlZ_®

U = u − L

E
T.

¬  &4­

6Ò`�\^ILN�oLceNFZvN_`5\'x_rlZeNl�:\^ILN�x j4ILN_Zedp�4NT�gr��²dgZ'�4dp�4N>`��:Y�¬  �5­)®

T = −ξ(u).
¬	<5�4­

6Ò`~\^ILN���j[x>rl��x j:j4c^w[d�`trs\eN_Z
(T, u)

�u��jlcTr
�ld��lN_`�x jl`5\^cej4�#w[dgZvoL�grlx>N>MON>`5\
U
�t\^ILN���j[x>rs��N_f5aLd��pd��Lc^dpatM dgZ

j4�[\^rldp`tN_w�rlZ!\eItN-dp`5\eN_c^ZeN_x \ed�jl`��uN>\]�&N_N>`�\eILN�Zv\ecyrsd��lI5\J�pd�`LN

−T =
E

L
(U − u)

¬	< $F­

wLN ¨t`Ld�`L��\^ILN'N>�grlZv\edgxJ�uN_Itr��:dpj4c�js�<\eILN'�trlc_�5rs`tw�\eItNRZvjl�©\eN_`Ldp`t��x>aLc^�lN
T = −ξ(u)

¬
T = 0

��j4c
u> δ

­) 
6Ò`�\eItN�x_rlZeNTjl��r�oLc^jl�lc^N_Z^Zedp�4Nn�lc^j��'dp`t��js�

U
��cej4M ¶>N>c^jt�5\]�!j�Zedp\eatrs\ed�jl`tZ'x_rs`�j[x_x aLc'r��©\^N>cJ\^ILN�ouNFrs¥
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Zv\ec^N_Z^Z_® ¬�d©­�d§�T\eILN~cyr�\^dpj
k = E/L

¬Grs�tZejl��a[\eN���rs��aLN~js�n\^ILN~`LN>�5r�\^dp�4N�Ze�pj4ouN�js�n\^ILN�Z]\^c^rldp�4I5\���dp`LN�­
dgZ���rlce�4N�N_`LjlaL�4I��Ed§\�rl�p�Jr�Y[ZnN ³[dgZ]\yZ�r���j[x>rs��N_f5aLd���dp�Lc^d�aLM rs`tw�\eILNON_�ljl��a[\^dpj4`�js�i\^ILN
w[N_x>jlILNFZvd�jl`¡d�Z
Zv\^rl�L��Nl�7¬�d�dg­!dp�#\^ILN�c^rs\ed�j

k = E/L
dgZ!\ej:j�ZeM
rs���G�Lr�Zejl��a[\ed�jl`�k]aLMOotZ!��cej4M

ua

\ej
ub > ua

¬°ª�d��laLc^N��5­) 
HJItN'N>�grlZv\edgx!Zv\ecyrsd�`ON>`LN_ce�4Y�Zv\ejlc^N_w�d�`�\^ILNnZv\ec^atx)\^aLceN'dgZ}�grsc^�lN_c�\^Itrs`�\^ILN'jl`LNJ\^Itr�\�x_rs`O�<Nnx jl`uZvaLMONFw
rs\J\eILN�x>jlILNFZvd��lN�¶>j4`LNl�trl`tw�\eILN�x>jlILNFZvd��lN�¶>j4`LN�d�ZnZeatwLwLN>`L��Y �Lc^jl¥4N>`� 

HJILN
o<j4Z^Zedp�Ld���d§\]Y�\^j�jl�[\yrsd�`¡\]�!j~jlc�\^ceN_N�o<jld�`5\^Z-jl�&��j[x>rs�}NFf5aLdp��d��Lced�aLM�d�Z�c^N>�gr�\^N_w¡\ej~\eItN
c^rs\ed�j
�<N \]�!N>N_`�\eILN�Ze�pj4ouN
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sup
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|∂ξ/∂u|

|E/L| < 1.
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m

�
rl`tw

sup |ξ′(u)| \^j
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u > ua
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Z}js��x cyrlxy¥-otcej4otrs�5r�\ed�jl`�dp�<\^ILN>Y�Itr��lNJ\^ILNnZ^rsMONJ��c^r4x)\^aLceNJ\^jlaL�4IL`LNFZeZ_�lrs`uw
\eILN_Y�rlceN�N_f5aLd���rs��N>`5\J\ej�\eItN�2�ced*)O\eI�¸ Z'MOj[w[N>�1�#¬�o<jld�`5\ $F­
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x j4ILN_Zedp�4NO¶>jl`tN�MOj[w[N_��Z_��rl`tw�dp`5\^ced�`tZed�xOx j4MOotrsc^N_w jl`LN�\^j�N_rlxyI�js\^ILN>cF��rlceNO`Ljl\�N_f5aLd���rs��N>`5\_�
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G = lim
Γ→0

{
I(Γ)

l̇

}
,

�'d§\^I
I(Γ) =

∫

Γ

[σ ·n·u̇+ (w + c)l̇·n1]ds,
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�'ItN>c^N
Γ

d�Z�rl`¡jlo<N>`�x j4`4\^jlaLc��'ILdgxyI¡\^c^rl`tZe��rs\eN_ZT�'dp\eI�\^ILN
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Gl̇ = I(Γ) = I(Γ ���	� ) =

∫ 0

−d

σ ·n·[u̇]dx =

∫ 0

−d

R
coh ·[u̇]dx

=

∫ 0

−d

R
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∫ ∆

0

R
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∆
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∫ ∆
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�[d1  N4 }d§��\eILN-��N>`t�s\eI�\^ILN�x j4ILN_Zedp�4NT¶_jl`LN�dgZ'`LN_�l��dp�4dp�L��N�dp`���c^jl`5\'js��\eILN�\^js\^rl��x cyrlxy¥
��N>`L�l\eI�®

2γ =
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l̇/c2

)2
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4
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)2

−
[
2 −
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)2
]2
/

√
1 −
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)2
)H2
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1 + O
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d

l

))
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rl`tw�d�`5\ec^dp`uZvdgx�x>jlILNFZvd��lN�¶>jl`tN�MOj[w[N>�gZ�`5atM�N_cedgx>rl�p��Y~jl�tZeN>c^�lNFw~�:Y�ªtrs��¥�N \-rs�1  # �l�l��$D(�f5atrl�pdp\^rs\ed��lN_�pY
x>jlc^cej4�uj4c^rs\eNFZ}\eItN-ceNFZvaL�p\'js��\eILN�HJItN>jlc^N>M $l 
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x>jlMOotrlc^rs\ed��lN�rl`trs��Y[ZvdgZ�js� 3�aL�trsd�c-rs`tw 2�N>at�uN_�p��N # �l�l�  (}dp`uw[d�x_r�\^N_Z�\eIur�\
¸ \^ILN
d�M�ot�pN_M�N_`5\^r�\^dpj4` jl�
d�`5\ec^dp`uZvdgx!M�j[w[N_��Z�dgZ}`:aLMON>c^dgx>rs����Y-�pNFZeZ}Zv\^rl�L�pN!\^Itrs`�\eIur�\ijs�u\eILN'N>³:\ec^dp`tZedgx&MOj[w[N_��Z_¸p �HJILdgZix j4`tx ��atZedpj4`
x_rs`��<N�N>³[oL��rldp`tN_w�rRoLced�jlc^dl�'dp\eI�\eILN!ILN>��o�jl�[\eILNJZvd�MOoL��N�aL`Ldgr�³[dgrs�4N ³LrsMOoL��N�d�`�ª�d��laLc^N��L  6Ò`-\eItN!x_rlZeN
jl��rl`~N ³:\ec^dp`uZvdgx�MOj:wLN>�#rl`tw�rs`~d�`4\^ced�`tZed�x�MOj[w[N_��Itr��:dp`t��\^ILN�Z^rsMON���cyrlx)\^aLc^NT\^jlaL�4IL`LNFZeZ_�[\eItN�ZerlMON
M
rs³:d�M�atM `Ljlc^M
rs��\ecyrlx \ed�jl`¡rl`tw�\^ILN
ZerlMON�x>cedp\edgx>rl��x>c^r4xy¥�j4ouN_`Ld�`L��w[d�ZeoL�grlx>N>MON>`5\_�E\^ILN
rs�tZejl��a[\^N
��rl�paLN'jl�u\^ILNRZe�pj4ouN'jl�u\^ILNRx>jlILNFZvd��lNJ�lcyrsotI�d�`
d§\yZ}�!N_rs¥4N>`Ld�`L��otrlcv\idgZ}�grsc^�lN>c���j4c}\eILNRdp`5\ec^d�`tZvdgxJMOj[w[N>�
\^Itrs`���jlc&\eILN�N>³5\^ced�`tZed�xRjl`LN4 }HJILNTd�`5\ec^dp`uZvdgxRMOj[w[N_��ZJrsc^Nn\^I:atZ!M�j4ceN�ZvN_`tZed§\^dp�4NR\^j�d�`tZv\^rs�tdp��d§\^dpNFZ&\eItrl`
\^ILN
N ³:\^ced�`tZed�xOMOj[w[N>�gZ_ �HJILdgZ�Zed§\^atr�\^dpj4`�dgZ�d����patZv\ecyr�\^N_w�d�` ª�d��laLc^N /���jlc�r~�pd�`LN_rlc-N ³:\ec^d�`tZvdgxOMOj[w[N>�
rl`tw�r��td§±ù�pd�`LNFrsc'd�`4\^ced�`tZed�x�MOj[w[N>�1 

É�Ê�Ë�É©Ì



������� » ��� ¿	��

���4¾ ¿���������� � �s»�º°¾ � � � º ��� ��¾ � ��� � º������ ��� ���^¼l¼�� � �l¾
� �  

|ξ′| > |E/L| → aL`uZ]\yrs�L��N

|ξ′| < |E/L| → Zv\^rl�L�pN

−T

u

ª�d��laLc^N /:®�·&j4MOotrsc^d�Zejl`Tjs�LrJ��dp`LNFrsc�N>³:\ec^dp`tZedgx�M�j[w[N_�u¬GZ]\^c^rldp�4I4\7��dp`tNF­7rl`tw-rJ�Ldp±1��dp`tN_rsc#dp`5\ec^d�`tZvdgx�MOj[w[N>�
¬GwLrlZeILNFw ��dp`LN�­iIur��5d�`L��\eILN�ZerlMONR��cyrlx \eaLc^Nn\^jlaL�4IL`LN_Z^Z_�l\^ILN-ZerlM�NTM
r�³[dpM�aLM `Lj4ceM
rs�u\ecyrlx \ed�jl`��:rs`uw
\^ILN&Z^rsMON�x>cedp\edgx>rl�4x>c^r4xy¥Rjlo<N>`tdp`L�Tw[d�ZeoL�grlx>N>MON>`5\_®#dp`5\ec^d�`tZvdgx}MOj[w[N>�gZ�d�Z#�pNFZeZ�Z]\yrs�L��Ni\^Itrs`�\^ILN&N>³:\ec^dp`tZedgx
MOj[w[N_��Z-¬Gf4aurs`5\edp\ed�N_Z |E/L| rl`tw |ξ′| x j4cec^N_Zeo<jl`tw \ejON_f5atrs\ed�jl` ¬	<5�4­v­  
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ªtcej4M \^ILN `:aLMON>c^d�x_rs�io<jld�`5\�js�J�:dpN_�-�#\^ILN�rs��jlc^N>MON>`5\ed�jl`tN_w Zvj4�paL\ed�jl`�k]aLMOotZ�M
r�Y �pNFrlw�\ej��4�pj4�trs�
wLd�Z^x j4`4\^dp`:aLdp\ed�N_Z�rs`tw¦j��lN>cyrs���}`:aLMON>c^d�x_rs�&dp`tZv\^rl�Ld��pdp\ed�N_Z_ :5irlced�jlatZ�M�N>\eILj[wLZ�rs����j�� auZ�\^j�j��lN_c^x>jlMON
\^ILN_ZeN�Zejl��a[\^dpj4`
k]aLMOotZ # ·&Iurs�<j:xyItN�N \�rs�1 p�7�s�4�7$;(1®JMON_ZeI�c^N ¨t`LN_MON>`5\_�7ZeouNFx dgrs��x jl`5\^cej4�#oLc^j[x N_wLaLceNFZ>�
��j[x>rl�nx jl`5\^cej4�'js��\eILN¡Zejl��a[\^dpj4`��&`tjl`£�pj[x_rs�'��j4ceM�aL��rs\ed�jl` js��\eILN x jlItN_Zedp�4N�¶_jl`LN~MOj[w[N>�gZ_�!�:dgZex>jlatZ
c^N>�4aL�grsc^dp¶Fr�\ed�jl`#��rl`tw¦w[Y:`trlM�dgx c^N>�gr�³Lrs\ed�jl`� ¡HJItN�MON_ZeI¦c^N ¨t`tN>MON>`5\�dgZ�js�©\eN_`�`Ljl\�r4x>x N_o[\^rl�L��N
��jlc
x>jlMOoLa[\yr�\^dpj4`trs�JND) x>dpN_`tx Y4��d�`¯otrlcv\^d�x>aL�grsc���jlcO�Lc^d§\e\e��N~MOrs\eN_cedgrs�gZ>���'ILN>c^N�\^ILN�ZeMOrl�p�J��rs��aLN~js�T\eILN
x>cedp\edgx>rl�#w[dgZvot��r4x N>MON_`4\�k]aLMOo��pNFrlwLZn\ej N>³:\ec^N>MON>��Y�ZeM
rs���#MON_ZeI�Zedp¶_N_Z_ 'W[ouNFx dgrs��x>jl`5\ec^jl�#oLcej[x>N_w[aLc^N_Z
Iur��lN�\ej��uN�rlwLrlo[\eNFw�\ej�N_rlxyI~otrlcv\^d�x>aL�grscTx>jl`tZedgw[N>c^N_w~x>r4ZvNFZ> ��#j[x>rs��x j4`4\^cej4��Znjs�}\eItN�Zejl��a[\ed�jl`��4dp�4N
ZejlMONJ¨ux \edp\ed�jlatZ&N_f5aLd���dp�Lc^d�aLM Zv\^rs\eNFZn¬��<N \]�!N>N_`

ua

rs`uw
ub

j4`Oª�d��laLc^NR�5­}rs`tw�\^ILNnN_`LN>c^�lY�x jl`uZvaLMONFw
�:YO\^ILN-x jlItN_Zedp�4NR¶>j4`LN�d�Z!`Lj��pj4`L�lN_c!r�M
r�\^N>c^d�rl�uotrlc^rlMON \eN_c_  5}jl��aLMOdgxT�:dgZex>jlatZ&c^N>�lat��rlced�¶_rs\ed�jl`tZ&rsc^N
`tjs\TotI5Y[Zed�x_rs���pY�r4x>x N_o[\^rl�L��N���jlc�N>�4N>c^Y�x>��r4ZeZeN_ZRjs��M
rs\eN>c^dgrs�gZ>�<jlc�Zvj4MON \ed�MON_ZR\eILN��:d�Z^x j4atZn�<N>Iur��5d�jlc
dgZi`tjs\!x>�pNFrsc^�pY�d�wLN>`5\edp¨tN_w �5Y�N ³[o<N>c^dpMON_`4\yZ> �HJILNTdp`5\ec^j[w[atx \ed�jl`
js��r�ZeaLce�°rlx>Nn�:d�Z^x j4atZ}c^N>�lat��rlced�¶_rs\ed�jl`
dgZ�r�w[N>��d�x_r�\^NnoLc^jl�L��N>M~®J¬�d©­iZejlMONnN ¹Ejlce\^Z�Itr��lNJ\^j��<NRM
rlw[NRdp` j4c^wLN>ci��dpMOdp\�\^ILNRcyr�\^Nnw[N>o<N>`twLN>`tx>Y�jl�
\^ILN�M
rs³:d�M�atM \^c^r4x)\^dpj4`�¬°ZeN>N
·&Itrs�<j[xyILN�N>\�rs�1  # �l�l�7$;(#��j4c�r�x jlMOoL��N \^N�rl`trs��Y[ZvdgZ^­ ��¬°dpd©­Tw[N>o<N>`twLdp`L�
j4`�\eILNnZv\edp¹<`tN_Z^Zijs�<\eItNnZ]\^ceatx \eaLc^Nl�l\eILNRN>`LN_ce�4Y�x j4`tZvatM�NFw��:Y��5dgZ^x j4Zedp\]Y�r�\}\^ILNRx j4ILN_Zed��lNJ¶>j4`LN'ItrlZ}r
MOd�`Ld�M�aLM �'Itd�xyI�d�Z�d�`tw[N_ouN_`tw[N_`4\ijl�t\^ILNJ�pj[x>rl�[w[d�ZeoL�grlx>N>MON>`5\}c^rs\eN�¬°ª�d��laLc^N -5­)�lrl`tw�¬�d�dpd©­�\eILNJN_`LN>c^�lY
x>jl`tZeaLMON_w��:Y
\eILN-w[NFx j4ILN_Zedp�4NRoLc^j[x NFZeZJx>rl`�`tjs\J�uN-¥:`Lj��'`�r�oLc^d�jlc^dG }HJILN�Zvj4�paL\ed�jl`�js��r�`Lj4`���j[x>rs�
��j4ceM�aL�gr�\ed�jl`�js��\^ILN�x>jlILNFZvd��lNT¶>j4`LNTMOj[w[N_��Z_�5¨tc^Zv\JoLcej4ouj5ZvNFw
�:Y
ªLc^b>MOjl`tw # $�&'-5�1(uauZvd�`L�Or�¨tcyZv\!�4c^rs±
wLdpN_`4\ ∇β \eILN_jlc^Yl�[d�`5\ec^j:wLatx NFZ'r�`tN>�²d�`5\eN_ce`trl�7�pN_`L�s\^I��L�'ILdgxyI�ItrlZJ`Lj
x>�pNFrscJoLI:Y[Zvdgx>rl�7M�NFrs`Ld�`L����jlc
ItjlMOjl�4N>`LN_jlatZ}M
rs\eN>c^dgrs�gZ>  @ ���ujl�7\eILNFZvNTMON \eItj:wtZ&rlceNnjl��dp`5\^N>c^N_Zv\�dp`�ZvN_�lN_c^rl�Lotrsce\edgx at��rlc�Zvdp\eaur�\ed�jl`uZ>�
�ta[\ndp`�MOj5Z]\nZed§\^atr�\^dpj4`tZ>�L\eILN�w[Y:`trlMOd�x�c^N>�gr�³Lr�\^dpj4`�dgZJ\eItN-jl`L��Y�x>jl`:�lN_`LdpN_`5\'rl`tw�`tr�\^aLc^rl��Zvj4�paL\ed�jl` 

¨uc^Zv\e��Yl�:�<N_x>rlatZeNl�:\eItN�M
r4ZeZ!dgZ'rs���!r�Y[Z&oLceNFZvN_`5\Jrl`tw�ZeN_x>jl`tw[��Yl�[�<N_x_rsatZeN�rs`:YO��c^r4x)\^aLceN�oLc^j[x N_Z^Z!d�Z!�:Y
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dp\^ZeN>�p�}r�wLY5`ursMOd�x_rs�7oLc^j[x NFZeZ_�:N>�lN_`�at`tw[N>cTf4aurlZed§±ÒZ]\yr�\^d�xT�pj5rlw[d�`L�u 
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ª�d��laLc^N -t® 5Td�Z^x j4atZ�c^N>�4aL�grsc^dp¶Fr�\ed�jl`�jl�Tx j4ILN_Zed��lN�¶_jl`LN�MOj:wLN>�gZ>  �#N �©\F®�S�d�`Ld�M�aLM jl�n\eItN�N_`LN>c^�lY
x>jl`tZeaLMON_w �5Y
�:dgZex>j4Zed§\]Y~¬��4c^r�YOrsc^N_r5­}d�`�j4c^w[N_ci\^j�N_`tZvatceNR\eILN�Z]\yrs�Ld���d§\]Y
jl�7\eILN-w[NFx jlItN_Zedp�4NnoLc^j:x>N_Z^Z> 
qndp�4I4\F®:0i�4jl��a[\ed�jl`¢jl�T\^ILN¡N_`LN>c^�lY¯x jl`uZvaLMONFw£�5Y �:d�Z^x j5Zvdp\]Y�w[atced�`L�¦r¦w[NFx j4ILN_Zedp�4N~oLcej[x>N_Z^Z rlZ r
��at`tx)\^dpj4`�jl�#\^ILN-�pj[x_rs�7�lN_�pj[x>d§\]Y4 
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HJItNR��j:x_rs�Ld�`5\eN_ceoLc^N \yr�\^dpj4`�jl�

\^ILdgZ�w[Y:`trlM�dgx'c^N>�gr�³Lr�\^dpj4`�dgZ}�4dp�4N>`Odp`�ª�d��latceN &t  6Ò`O\^ILNRw[Y:`trlM�dgx'�4N>cyZvd�jl`�js�E\eItNnaL`Ldgr�³[dgrs�LN>³[rlMOoL�pN
\^ceNFr�\^N_w�jl`~ZvNFx)\ed�jl`    $l  rL�:\^ILN-N_f5atrs\ed�jl` ¬	< $F­&�uNFx j4M�NFZ>®

−T =
E

L
(U − u) − M

S
ü,

¬	<�/s­

�'ItN>c^N
M

d�Z&\eItN�w[dgZ^x c^N \eNTM
rlZ^Z�rlZ^Zej:x>d�rs\eNFwO\ej�\eILN�aL`Ldgr�³[dgrs�EZ]\^ceatx \eaLc^NR�<N \]�!N>N_`
\eItN�x>jlILNFZvd��lNn¶_jl`LN
rl`tw�\eILN�ZeoLc^dp`t�t�trl`tw

S
dgZJ\^ILN�ZeN_x)\^dpj4`~js��\eILN-�trlc_  6ù���!N�xyILj:j4ZeN�rs`~dpMOoL��dgx dp\n\ed�MON�w[dgZex>ceN>\ed�¶_r�\^dpj4`

Z^xyILN_M�N���j4cJ\eILN�¨tcyZv\'rl`tw�\eILN-ZeN_x>jl`tw�w[N>c^d���rs\ed��lN�js�
u

�'dp\eI~ceNFZvo<N_x \!\^jO\ed�MON ¬	<+/l­&ceNFrlwLZ'r4Z�®

−T = −
(

E

L
− M

Sh2

)
uk+1 +

(
E

L
U +

M

Sh2 (2uk − uk−1)

)
,

¬8<.-4­

�'ItN>c^N
h

w[N>`tjs\eNFZ�\^ILN�\ed�M�N~Zv\eN>o#�}\eILN~ZeaL�tZ^x c^dpo[\
k

c^N ��N_c^Z�\ej \eILN~rsoLotcej�³[d�MOrs\ed�jl`�jl�
u

rs\�\^dpMON
tk = kh

  6Ò` \^ILdgZ-w[Y:`trsMOdgx
x>rlZeNl��\eILN
M
r�³[d�M�aLM�Zv��jlo<NOjs�!\eILN x>jlILNFZvd��lN��lcyrsoLI�d�`�dp\^Z-Zejs�©\^N>`Ld�`L�
oursce\

sup |ξ′| Itr4ZR\^j��<NOx jlMOotrlceNFw~\ej�\eItNOf5atrl`5\edp\]Y |M/(Sh2) + E/L| �7d�`tZv\eN_r4w�jl� |E/L| d�`¡\^ILN
Zv\^rs\edgx�x>rlZeNl  6ù\ndgZ'c^N_rlwLdp��YO\ej ZeN>N�\eIur�\n�'ILN_`�\^ILN�\ed�MON�Z]\^N>o~��rs`LdgZeILN_Z_�:\eILN�\^N>c^M |M/(Sh2) + E/L|�<N_x>jlMON_Z���rlce�4N>c}\^Itrs`

sup |ξ′| rs`uwO\eILN�w[N_x>jlILNFZvd�jl`OdgZ&rl�p�Jr�Y[Z}Z]\yrs�L��Nl  6Ò`
\^Itr�\JZvN_`tZeNl�s\^ILNTwLY5`ursMOd�x
��j4ceM�aL�gr�\ed�jl`¡d�Z�r�c^N>�gr�³Lrs\ed�jl`�js�}\^ILNOdp���p±1o<j4ZeN_w[`tN_Z^Znjs��\eILNOf5atrlZed§±ÒZv\^r�\^d�x��uj4aL`twLrlceY~��rs��aLN�oLc^jl�L��N>M
Zv\eauw[dpNFw�dp`�ZeN_x)\^dpj4`   *$4  rt 

@ `¡d�`4\^N>c^N_Zv\ed�`L��j4ouN_`¡dgZeZeaLN�d�ZR\ej�oLc^j��lN�rl`�N_f5aLd���rs��N>`5\Tc^N_ZeaL�p\T\^j�HJILN_jlc^N>M $���j4c�r \ed�M�NOrs`uw
Zeotr4x N-x j4`4\^dp`:aLj4atZ!oLc^jl�L��N>M~ 
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u0

−T

− sup |ξ′| −
∣∣∣∣

M

Sh2 +
E

L

∣∣∣∣

ª�d��laLc^N�&L® �#j:x_rs�7d�`5\eN>c^oLc^N \yr�\ed�jl`�js��\eILN�wLY5`ursMOd�x�c^N>�gr�³Lr�\^dpj4` ¬Gf4aurs`5\edp\ed�N_Z
E/L

rs`uw
ξ′

x j4cec^N_Zeouj4`tw
\^j N_f5atrs\ed�jl`�¬	<:�l­ �urs`uw

M
d�ZRM
rlZ^ZnrlZ^Zvj[x>d�rs\eN_w�\^jO\eILN�aL`Ldgr�³[d�rl�#Zv\ec^atx)\^aLceN�wLN>oLdgx)\^N_w�d�`�ª�dp�4aLceN��5­)®

�'ItN>`�\^ILN&\ed�M�N'Zv\eN_o
h
\eN>`uwLZ�\ej�¶>N>c^jt�F\^ILN'f4aurs`5\edp\]Y |M/(Sh2)+E/L| �<N_x j4MON_Z���rlce�4N>c�\^Itrs`

sup |ξ′|rl`tw�\eILN�w[NFx j4ILN_Zedpj4`�Zv\^r�Y[ZJrs���Jr�Y:ZJZv\^rl�L�pN4 
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HJItNTx j4ILN_Zed��lNn¶_jl`LNTM�j[w[N_��Z&oLc^j��:d�w[N�r-c^N>�gr�\ed�jl`��uN>\]�&N_N>`�r�Z]\^ceNFZeZ&rs`tw�r�w[dgZvot��r4x N>MON_`4\�¬°ZeN>NTN_f5atr�±
\^dpj4`z¬  ­e­)�Jjlc
NFf5aLdp��rl�pN_`4\^�pY��uN>\]�&N_N>`¢r���c^r4x)\^aLceN~N_`LN>c^�lY�rl`tw£r x c^d§\^d�x_rs�nZv\ec^N_Z^Z> ´HJILNFZvN�MOj[w[N_��Z
x>jl`5\^rldp` \eI:atZ!dp`5\^ced�`tZed�x_rs���pY
rs`�dp`5\^N>c^`trs�<�pN_`L�s\^I��[�'ILdgxyI�oL�gr�Y[Z&rl`�d�MOouj4cv\yrs`5\!c^jl��NRd�` \^ILN�rs`tZe�&N_c&jl�
\^ILN���jl����j��'dp`L��\]�!jOf5aLNFZ]\^dpj4`tZ_®

� ILj�� ¨t`tN~ZeILj4aL��w��uN�\^ILN~M�NFZvI¯js�T\eILN�x j4ILN_Zed��lN�µ��lj4�paLMON>\ec^d�xO¨u`Ld§\^N~N>��N>MON>`5\
rsoLoLc^j4r4xyI¦d�`
jlcyw[N>cJ\^j
rlx>x>aLcyr�\eN_�pY
c^N_Zejl���lNT\eItN�x jlItN_Zedp�4NT��N>`L�l\eIu|

� dp` \^ILN�x_rlZeN
js�Jdp`5\^ced�`tZed�x x>jlILNFZvd��lNOMOj[w[N>�gZ_��wLj5NFZ�\eItN dp`td§\^d�rl�&Ze�pj4ouN j4c-\eItN�Z]\^d§¹E`LNFZeZ�js�J\eILN
x j4ILN_Zedp�4N�M�j[w[N_��r�¹EN_x \'\eILN-j��4N>cyrs���uN_��r4Z]\^d�x�oLc^jlo<N>ce\ed�N_ZJjl�#\eItN�Z]\^ceatx \eaLc^NF|

@ Z��&N��'dp���-ZvItj�� �uN_�pj��-�R\eILN�rs`uZv�!N>cyZ
\^j�\^ILN_ZeN�f5aLNFZ]\^dpj4`tZ�ceNFf5aLdpc^N�\^j wLN ¨t`LN rs`DaLoLo<N>c�rs`uw
r ��j��&N_c��<jlaL`uw¦��j4cOr�`Lj4`¯w[d�MON>`tZed�jl`trl�!cyr�\^dpj£¬�d�`:�lj4�p�:d�`L�¡MON_ZeI£Zvd�¶>N4��d�`Ld§\^d�rl�'Zv��jlo<N�rs`tw �ijlaL`L�
MOj[w[aL��atZ!js�#\eILN��LaL��¥ M
r�\^N>c^d�rl�g­  �HJILN��<jlaL`uwLZJrsc^NRjs�©\^N>`�`Ljs\'x j4M�our�\ed��L��N�¬Grs`5\^rl�lj4`Ld�Zv\�d�`LN_f5atrl�pdp\]Y
x>jl`twLd§\^dpj4`u­
��N_r4w[dp`t��\ej�r�`Ljl`£��NFrlZedp�t�pN�ZvN>\���jlc�\eILN c^rs\ed�jt  HJItN_ZeN_Z �<jlat`twLZ�rsc^N�atZeatrs���pY �ld��lN_`
auZvd�`L� rs`�N_MOoLdpc^dgx>rs�'rl`twuµ�j4c�`:aLMON_cedgx>rl�!�Jr�Yl  =�N~�ld��lN�ILN>c^N~rs`�N>³Lrlx)\O��j��&N_c��<jlaL`uw��tr4ZvNFw¦j4`
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MOdgx c^jlMON_xyIurs`Ldgx>rl�lrsc^�laLMON_`4\yZ�rs`uw-�&N&ZvILj�� ILj���\^ILN�aLotouN_c��<jlaL`uw�x>rl`��uN&ceN_��rs³[N_w7 #ªtaLce\eILN_ceMOjlc^Nl�
rl`Ljs\^ILN>cJ��at`twLrsMON_`4\yrs�#f5aLNFZ]\^dpj4`�c^N>�gr�\^N_w�\ejO\^ILN-oLc^N_ZeN>`5\njl`LN�dgZJ\ec^N_rs\eNFw�d�`¡W:N_x \ed�jl`     ®iw[j:NFZJ\eILN
x>jlILNFZvd��lN�µ��4jl��aLMON \ec^dgx�¨t`Ldp\eN!N>��N>MON>`5\�M�N>\eILj[w�Zvour�\edgrs����Y�x>jl`:�lN_ce�4Ni�'ILN_`�\eItN!Zedp¶_N&jl�L\eItN&�4jl��aLMON \ec^dgx
N_�pN_MON>`5\^ZJ��rs`td�ZeILN_Zn|

6Ò` �°rlx \_�!��rsc^dpj4atZO�pN_`L�s\^I Z^x>rl�pNFZ
rsc^d�ZeN��'ILN>`£atZedp`t� \^ILN�x j4ILN_Zed��lN�µ��lj4�paLMON>\ec^d�x ¨t`Ldp\eN�N>��N>MON_`4\
MON>\eILj[w��'dp\eI¦d�`5\ec^dp`uZvdgx x j4ILN_Zed��lN
¶>j4`LN MOj[w[N>�gZ_ �HJILN
¨tcyZ]\�js�J\eItN_ZeN d�Z�\eItN�M
rlx>cej5Zex>jloLdgx��pN_`L�s\^I
Lstruc

ceN_��rs\eN_w�\ej�\eItNJZv\ec^atx \eaLc^Nl �«RN_ouN_`tw[d�`L��jl`�\eILNnx>jl`tZedgw[N>c^N_w-otcej4�L�pN_M~��\eILdgZ���N>`L�l\eI
x>rl`�M
r�\yxyI
\^ILN&Zed�¶>N�jl�[\eILNJZv\ec^atx)\^aLceN4�F\eILN!x cyrlxy¥��pN_`L�s\^I���jlc�\eILN!Zvd�¶>N&js�[\eItN&c^N>M
rsd�`Ld�`L�n`Lj4`�x cyrlxy¥4N_w�¶>j4`LNijl�L\eILN
Zv\ec^atx \eaLc^Nl  @ `Ljl\eILN_cnoLI:Y[Zvdgx>rl���pN_`L�s\^I�Zex_rs��N-js��\eILN�oLcej4�L��N>M"dgZJ\^ILN�x j4ILN_Zed��lN��pN_`L�s\^I

Lczm
�u�'ILdgxyI

x_rs`~�<N�N_Zv\ed�M
r�\eNFw�dp`  «z�:Y \eItN�Zef5atrlceN�c^j:js\'js��\eItN�rsc^N_r�j��lN_c'�'ILd�xyI�\^ILN�x j4ILN_Zed��lN-x j4`tZ]\^d§\^a[\ed��lN
c^N>�gr�\^dpj4`�oL�gr�Y[Z�r�c^jl��Nl �H#�!jTjl\eILN_c�`Ljl`�oLI:Y:Zedgx>rs�:��N>`L�l\eIOZex_rs��N_Z�x>rl`�rl��ZejT�<NJdp`:�4jl¥lNFw7®E\eItN'M�NFZvI�Zvd�¶>N
Lmesh

rs`tw~\^ILN��pN_`L�s\^I
Lint

j��lN_cR�'ILdgxyI�\^ILN�x>jlILNFZvd��lN�x>jl`tZv\edp\eaL\ed��lN�c^N>�gr�\^dpj4`tZRrlceN�Zvj4�p�4N_w7 TªLc^jlM
\^ILNn�4jl��aLMON \ec^dgx!¨t`Ldp\eNRN_�pN_MON>`5\�o<jld�`4\&js�7�:dpN_�-�4dp\�dgZ�x ��N_rlce��Y�`tN_x NFZeZ^rsc^Y-\^j�Itr��lN

Lstruc � Lmesh
d�`

j4c^wLN>c�\ej�jl�[\yrsd�`�rl`�r4x>x>aLc^rs\eN&N_Zv\ed�MOrs\eNJjs�u\eILNnZv\ec^N_Z^Z�¨tN>�gw�rsc^jlaL`tw�\eILNnx>c^r4xy¥�\ed�o� �ªtjlc�\^ILN'x jlItN_Zedp�4N
ZeaLce�°rlx>Nl�E\eItNOZ^rsMON
rsc^�latM�N_`5\�d�MOouj5ZvNFZ

Lczm � Lint
d�`�jlcyw[N>c�\ej~Itr��4N�rl` r4x>x atc^rs\eN�ceNFZvj4�pa[\^dpj4`

jl�#\^ILN�x j4ILN_Zedp�4N�¶>jl`tN���N>`t�s\eI# iHJILN�`5atM�N_cedgx>rl��Zvd�M�at��rs\ed�jl`tZJjl�}È<Itrl`L�
rs`tw�h}rsaL��d�`Lj # �l�l�4��(7jl`�\eILN
wLY5`ursMOd�x��°rsd���aLceN�js�!ILjlMOjl�4N>`LN_jlatZTrs`tw���aL`tx \ed�jl`trl�p��Y��lcyrlw[NFw�M
r�\^N>c^d�rl��Z�ZvItj�� \eItrs\�\^ILNOx jlItN_Zedp�4N
¶_jl`LN���N>`L�l\eI�d�ZRrlx>x>aLcyr�\eN_�pY
c^N_Zejl���lNFw
��j4c

Lmesh 6
1

r
Lczm

�'dp\eI
r
rs�<jla[\R��j4c  

,
¬8<.&4­

dp�Tj4`LN~d�wLN>`5\edp¨tN_Z
Lint

\ej
Lmesh

 ¢HJILdgZOc^N_ZeaL�§\ x>jld�`tx dgw[N_Z��'dp\eI \eItj4ZeN�jl��2�N>at�uN_�p��N�rs`tw mJr�Y:�pj4c
# $,&.&'-�(7��jlcRd�`5\ec^dp`uZvdgx�x j4ILN_Zed��lN-MOj[w[N>�gZRrl`tw~js�!·!rlMOr4xyILj
rs`tw¡�Tce\ed�¶ # $,&.&l��(#��jlcRN>³:\ec^dp`tZedgx-x jlItN_Zedp�4N
MOj[w[N_��Z_ ¦ªLj4cOrl`¦ILj4M�j4�lN_`LN>j4atZ�M
rs\eN>c^dgrs��¬ �ijlat`L� MOj[w[aL��atZ

Em
rl`tw¦h�jldgZ^Zvj4`�x j:ND) x>dpN_`4\

νm
­)�

\^ILN�Zv\^r�\^d�x�rl`trs��Y[ZvdgZ!js�}q'd�x>N # $�&l�.-�(E�ld��lN_Z!\^ILN���jl����j��'dp`L��N_Zv\ed�M
r�\^N���jlcJ\eItN�xyItrscyrlx \eN>c^dgZ]\^d�xTx jlItN_Zedp�4N
��N>`t�s\eI~Z^x>rs��N

Lczm
®

Lczm =
π

8

Em

1 − ν2
m

GIc

(Rcoh���
� )2

,
¬1�s�4­

�'ItN>c^N
GIc

dgZ'\eItN�MOj[w[N 6'x c^d§\^d�x_rs��N_`LN>c^�lY�ceN_�pNFrlZeN-c^rs\eN4�urs`uw
Rcoh���

�
w[N_`Ljs\^N_Zn\eILN�r��4N>cyrs�4NT��rs��aLN�jl�

Rcoh  -QRZed�`L��¬8<5�4­J��jlc�MOj[w[N�6Tx cyrlxy¥�jlo<N>`Ld�`L�t�
Rcoh���

�
x_rs`¡�<N��pd�`L¥lNFw~\ej�\eItN�x>jlILNFZvd��lN�ouNFrs¥�Z]\^ceNFZeZ

Rcoh����� �:YE®

R
coh���

� =
1

∆

∫ ∆

0

R
coh
N duN = ζRcoh����� , ζ 6 1,

¬G�7$F­

�'ItN>c^N
ζ

w[N_ouN_`twLZ�j4` \eILN�x jlItN_Zedp�4N
¶>jl`tN
M�j[w[N_�G®���jlc�r�mJrsc^N>`:�L�gr�\v\-\]Y:o<N�x j4ILN_Zed��lNO¶>j4`LN MOj[w[N>�
¬Gx j4`tZ]\yrs`5\�\^c^r4x)\^dpj4`[±ùZeN>ourscyr�\ed�jl`£c^N>�gr�\^dpj4`u­

ζ = 1

���j4c�\^ILN�M�j[w[N_��oLcej4ouj5ZvNFw¢d�` W:NFx)\^dpj4`B�[     ���

ζ = (9 − 4ln4)/6 ' 0.57

:��jlcJ\eItN�x jlItN_Zedp�4NTMOj[w[N>�7jl��H��lN_ce�5rlrlc^w # $,&.&l��(1�

ζ = 27/48 ' 0.56

[rs`tw

��j4c-\eItN N ³:\ec^d�`tZvdgx
x j4ILN_Zed��lNOMOj:wLN>�ijl�R·!rlM
rlxyILj�rs`uw��Tce\ed�¶ # $,&'&4��(ù�
ζ = 1/2

 ~·&jlM��tdp`Ld�`L�¦¬8<.&4­ �
¬1�s�5­&rl`tw�¬G��$�­)�Lj4`LN�jl�[\yrsd�`tZ_®

Lmesh 6
1

rζ2

π

8

Em

1 − ν2
m

GIc

(Rcoh����� )2
�'d§\^I

r ' ��±  rs`uw
ζ 6 1.

¬G�4�l­
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�Rj��&N_�lN>cF�i\^ILN_ZeN�Zvour�\edgrs�'c^N_Zejl��a[\^dpj4` x>jl`tZed�wLN>cyr�\ed�jl`uZ�Iur��lN�\ej��<N�x jlMOoL��N \^N_w �:Y¦MON_xyItrl`Ldgx>rs�
x>jl`tZedgw[N>cyr�\^dpj4`tZ�j4`¦\eItN�j��4N>cyrs���!x>jlMOoL��d�rl`tx N�rlwLwLN_w¯�5Y�d�`5\ec^dp`uZvdgx�x>jlILNFZvd��lN�MOj:wLN>�gZ> �HJItN�d�`Ldp\edgrs�
Ze��jlo<N¡js��dp`5\ec^d�`tZvdgx�x jlItN_Zedp�4N¡MOj[w[N>�gZ~rlZ��&N_�p�-rlZ�\eItN o<N>`trl�§\]Y¢ourscyrsMON \^N>c ¬©��jlc�\eItN ��cyrlx \eaLc^N¡jl�
ItjlMOjl�4N>`LN_jlatZ�M
r�\^N>c^d�rl��Z_����jlc}N>³LrsMOoL��NF­�x>rl`O�uNnat`tw[N>cyZv\ej:j[w�r4Zir�M�NFxyItrs`td�x_rs�[otrlc^rlM�N>\eN_ciw[N ¨t`tdp`L�
\^ILN�Zv\edp¹<`tN_Z^Z-js�nrs` d�`5\eN>ce�°rlx>N�¬�j4c-dp`5\eN_ceotItrlZeN
�uN>\]�&N_N>`�\]�!j�oLItrlZeN_Z_����j4c�N ³LrlM�ot�pN�­)  6Ò` \^ILN�x_rlZeN
jl��ItjlMOjl�4N>`LN_jlatZJj4cJ��aL`tx)\^dpj4`trs����Y��4c^r4w[N_w�M
r�\eN_cedgrs�gZ_�:\eILdgZnd�`Ldp\edgrs��Ze��jlo<Nl�tw[N_`Ljs\^N_w~ILN_ceN

CN
�tM�atZ]\

Z^r�\^d�Zv��Y \^ILN���jl����j��'dp`L� x>jl`twLd§\^dpj4`�®}\eItN��!r��4N�Zeo<N>N_w~d�`�\eILN�MOrs\eN_cedgrs��M�atZv\n`Ljs\n�<N�r�¹EN_x \eNFw~�5Y�\eILN
x>jlILNFZvd��lNR¶>jl`tNnMOj:wLN>�EjlcF�lNFf4atdp��rs��N>`5\^�pY4�:ZeatxyI
\^Itr�\&\eILN�j��lN_c^rl�p�uZ]\^d§¹E`LN_Z^Z&js�7\eItNRM
r�\^N>c^d�rl�uM�atZ]\!`Ljs\
�<N�rs¹<NFx)\eNFw��5Y¡\eILN�Z]\^d§¹E`LN_Z^Z-jl�!\^ILN x j4ILN_Zed��lN
¶>j4`LNOMOj:wLN>�1 �HJILN
`:aLMON_cedgx>rl��Z]\^atw[Y js� 0�ZeoLdp`tj4Z^r
rl`tw�ÈEr���r�\v\^dpN_ced # �s�4�  (EZeILj��nZ!\eIur�\'\eItN_ZeN�x>jl`twLd§\^dpj4`tZ'rsc^N-Zers\edgZ]¨tNFw��'ItN>`

CN > r̃
Em

Lmesh

�'dp\eI
r̃ ' $_�

.
¬G�  ­

H�j�¨L³�dgw[N_r4Z�j4` \eILN�x jlMOotrs\ed��Ld��pdp\]Y �<N \]�!N>N_`�\eItN�x j4`tw[dp\ed�jl`tZ�¬G�4�l­-rl`tw¢¬G�  ­)����N \�atZ�x>jl`tZedgw[N>c�r
o<N>ce��N_x \RN>�grlZv\edgx-�Lc^dp\v\e��N�x>jlILNFZvd��lN-¶_jl`LN�M�j[w[N_�G�u��jlcT�'ILdgxyI

ζ = 1/2
rs`tw

(Rcoh����� )2 = 2CNGIc
 nHJILN

x>jl`twLd§\^dpj4`tZ-¬G�4�l­!rs`tw�¬G�  ­&\^ILN>`~c^N>�'c^d§\^Nl®

r̃ 6
CNLmesh

Em
6

1

r

π

4

1

1 − ν2
m

.
¬1��<5­

6ù\!d�Z&c^N_rlwLdp��Y�ZeN>N_`O\eItrs\�\^ILN_ZeNR��j��&N_c�rs`uw
aLoLo<N>c!N>MOoLd�cedgx>rl�t�<jlaL`uwLZ�j4`
CNLmesh/Em

w[j�`Ljl\&��N_r4w
\^j
r���NFrlZedp�L��N-xyILjldgx NT��jlc

CN
®�\eILN-��j��!N>c!�uj4aL`tw�d�Z'rl�uj4a[\

10
rs`tw�\eILN�aLotouN_c'�uj4aL`tw�d�Z'rl�uj4a[\

0.3
 

6Ò`�js\^ILN>c��!jlcywLZ_�Fdp\}d�Z�`tjs\�ouj5ZeZedp�t�pN&\ej-rlx_x aLcyr�\^N>��Y�ceNFZvj4�p�4Ni\eItNJx>jlILNFZvd��lN&¶>j4`LN&�'dp\eItjla[\ir�¹EN_x \ed�`L��\eILN
j��4N>cyrs���uZv\edp¹<`tN_Z^Z&jl��\eItN�Zejl��dgw7  @ `trl�pY:¶>d�`L��rs`Ljl\eILN_c&\]Y:o<NTjl�#cyr�\ed�j�wLN_w[dgx>rs\eN_w�\ej�N ³:\^ced�`tZed�xTx jlItN_Zedp�4N
MOj[w[N_��Z_��ªtrl�p¥�N \
rs�1  # �s�4�7$;(!j4�[\^rldp`�\eILN�Z^rsMON�x>jl`tx>�pauZvd�jl`¦�:Y¦x>jl`tZed�wLN>c^dp`L�¡\eILN�x>jlILNFZvd��lN���r�� jl�
·!rlM
rlxyILjOrs`tw��Tce\ed�¶ # $,&.&l��(1 

H��&j
x>jlMOMON>`5\^ZJM
r�Y �<N-M
rlw[N�jl`�\^ILd�Znotrscyrlw[j�³7®
r4­�ª�dpcyZ]\^�pY4�:\eILN-rl�uj��4NTx j4`tZed�w[N_c^rs\ed�jl`tZi��jlc!\eItN�atoLouN_cJ�uj4aL`tw�jl`

CNLmesh/Em
ILjl�gw dp�

Lint
d�Z

d�wLN>`5\edp¨tN_w \ej
Lmesh

 }HJILNR��N>`t�s\eI
Lint

d�ZJrl�pMOj4Zv\�`LN_�lN_c!x>jl`tZed�wLN>c^N_wO�:Y
rsa[\^ILjlcyZ�w[N_�lN_�pj4oLdp`t�
x j4ILN_Zedp�4N�¶>jl`tN�MOj[w[N_�pd�`L�t  6Ò`~oLcyrlx \edgx N4�[d§�}jl`tN�auZvNFZJ�pd�`LN_rlc'�lj4�paLMON>\ec^d�xT¨t`Ldp\eN-N_�pN_MON>`5\^Z_�trs`uw
d§�-\^ILN�`Lj[w[NFZ�w[NFw[dgx>r�\^N_w \^j�\eILN¡dp`5\eN_�lcyr�\^dpj4`¯jl��\^ILN ZeaLce�°rlx>N�x jl`uZ]\^d§\^a[\ed��lN�c^N>�gr�\^dpj4`tZ
Itr��4N
\eILN�ZerlM�NOo<j4Zed§\^dpj4`�\ej~\eItj4ZeN
js�!\eILN
�4jl��aLMON \ec^dgx�¨u`Ld§\^N N>��N>MON_`4\yZ>��jl`LN
IurlZ

Lint = Lmesh
�

rs`tw \^ILN
\]�!j~f5atrl`5\edp\ed�N_Z�x_rs` �uN
dgw[N_`4\^d§¨uN_w jl`tN�\^j�N_r4xyI�jl\eILN_c_  @ x jl`5\^c^rlced�jt�7dp�'jl`LNOatZeN_Z
ILd��lILN_cTj4c^w[N_cn�lj4�patM�N>\ec^d�x-¨t`Ldp\eN�N>��N>MON>`5\^Z_�<jlcRdp��j4`LN�atZeN_ZTMOjlc^N�`Lj[w[N_ZR��jlcR\eILN�dp`5\^N>�lcyr�\^dpj4`
js�!\eILN
ZeaLce�°rlx NOx j4`tZv\edp\ea[\^dp�4N�c^N>�gr�\^dpj4`tZT\eItrl`���jlc�\eILN
�taL�p¥ x jl`uZ]\^d§\^a[\ed��lNOc^N>�gr�\ed�jl`uZ>��j4`LNOItrlZ
Lint = (1/p)Lmesh

�s�'dp\eI
p > 1

  6Ò`�\eILdgZ��grlZv\}x_rlZeNl��\^ILNJced��lI5\�M�N_M��<N>c�js��¬G��<5­�d�Z�M�aL�§\^dpot�pd�N_w
�:Y

p > 1
 OHJILdgZ�ceN_M
rsc^¥<��r4ZeZej[x dgr�\^N_w�\^j�\eILN��°rlx \�\eItrs\-\eILNON_Zv\ed�M
r�\^N~¬1�s�5­RdgZ�jl�L\^rsd�`LNFw��:Y

r
Z]\yr�\^d�x�rs`urs��Y:ZedgZ>�:d�`tw[dgx>r�\^N_ZJ\^Itr�\'\^ILN-aLoLo<N>c'�<jlat`tw�jl`
CNLmesh/Em

x_rs`��uN-c^N>�gr�³[N_w ��jlc
w[Y:`trsMOdgx-x cyrlxy¥[Z&�5Y�dp`ux jlc^o<jlcyr�\ed�`L��`5atM�N_cej4atZ'x j4ILN_Zed��lN�`Lj[w[N_Z'rl�pj4`L��\eILN-MON_ZeI[±Òx N_�p�7NFw[�lNFZ> 

�u­~W:N_x>jl`twL�pY4�L\eItN���rs��aLN
r̃ ' 10

jl��\^ILN���j��&N_cn�<jlaL`tw~�JrlZnjl�[\yrsd�`LN_w~`:aLMON>c^dgx>rs����Y��:Y 0&ZvoLd�`Lj5Zer
rs`twOÈEr���r�\e\ed�N>c^d # �s�l�  (5jl`�rR�ld��lN_`�Zvdp\eaur�\ed�jl`��'d§\^I�rRotrsce\edgx aL�grsc�\]Y:ouN!js�L`:aLMON_cedgx>rl�l\^ceNFr�\eMON_`4\
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rs`tw�¨t`Ldp\eN�N_�pN_M�N_`5\^Z_ �HJItd�Z!��rs��aLN�ItrlZ&\^j��<N-x jl`L¨tceMONFw d�`�\^ILNT�4N>`LN_c^rl�<x_rlZeNl }HJILdgZJoLc^jl�L��N>M
d�ZRZ]\^atw[d�N_w�dp`�\^ILN-`LN ³:\'otrlc^rl�lcyrsoLI� 

��� ��� � ���s� ��� Â � � Æ � 
ùÆ � � ��� 	 �G� �°��� Â � � Æ � Â � �
	 Â �lÆ � Â �
HJItN�x>jlILNFZvd��lN�µ��4jl��aLMON \ec^dgx'¨t`Ldp\eN-N_�pN_MON>`5\'M�N>\eILj[w�\eN_`twLZJ\^j
rlwLw~ZejlMON�x>jlMOoL��d�rl`tx N�d�`�\eILN�Zv\ec^atx)±
\^aLc^Nl�:N>�4N>`�d�`�\eILN�N>�grlZv\edgxRc^N>�4dpMON�js��\^ILN-x j4ILN_Zedp�4NR¶_jl`LN�¬�d1  N4 [�uN>��jlc^NR\^ILN��uN_�ld�`L`Ld�`L��jl��\eItN�ZeaLce�°rlx>N
wtrsM
rs�4NF­) ��Tatrl`4\^d§��Y:d�`L��rl`tw
��dpMOdp\ed�`L��\eILdgZJZvoLatced�jlatZ!x j4MOoL�pdgrs`ux NndgZJrs` d�MOouj4cv\yrs`5\���NFr�\eatceNT��jlc&\eILN
otc^r4x)\edgx>rl�EatZvN-jl�#\^ILN�x j4ILN_Zedp�4N�µ��ljl��aLMON \^cedgx'¨u`Ld§\^N-N>��N>MON>`5\RrloLoLc^j4rlxyI# 

6Ò`�j4c^w[N_cJ\ej�rl`tZe�&N_cJ\ejO\eItd�ZTf4atN_Zv\ed�jl`��L�!N-d�`5�4N_Zv\ed��4rs\eN�rOoLaLc^N>��Y�N_��r4Z]\^d�x�MOj[w[N_���'d§\^ILjlaL\TwLrsM�±
rl�lN4®��!N�w[N \^N>c^MOdp`LN4���'d§\^I \eILN�ILN>��o�js�'MOd�x>cej4MON_xyItrl`Ld�x_rs��rlce�4aLMON>`5\^Z_��\^ILN�N>¹<NFx)\�jl�'\eILdgZ�r4wLw[NFw
x>jlMOoL��d�rl`tx N�jl`¯\eItN�j��lN>cyrs���!N>�grlZv\edgx�MOj[w[aL��dG ¢HJILN�x_rlZeN�jl��r MON_ZeI �'dp\eI ILj4M�j4�lN_`LN>j4atZ�N_��r4Z]\^d�x
otcej4ouN_cv\^dpNFZ�dgZ�x j4`tZed�w[N_ceNFw7 ¡HJILN�Z]\^atw[d�N_w�MOdgx c^j4Zv\ec^atx)\^aLc^N x jl`uZvdgZ]\yZ�d�`¦o<N>`L`:Y�ZvIurso<N_w�N_��r4Z]\^d�x
d�`[±
x>�pauZvd�jl`tZ�cyrs`twLjlMO�pY�w[dgZv\ec^dp�LaL\eN_w�d�`�Zeotr4x NOrs`tw¡dp`�jlc^dpN_`5\^r�\^dpj4`¡N_M��<N_wLw[NFw¡d�`5\ej~rs`�ILjlMOj4�lN>`tN>jlauZ
N_��r4Z]\^d�x�M
r�\^cedp³7 �HJILN���j4aLce\eI[±ùjlcyw[N>c�Z]\^d§¹E`LNFZeZ�\^N>`tZejlc�js�i\^ILNOM
r�\ec^dp³E�7c^N_Zeo<N_x)\^dp�4N>��Y�\eILN�dp`ux ��atZvd�jl`uZ>�
dgZ'w[N_`Ljs\^N_w��5Y

Cm
�[c^N_ZeouNFx)\ed��lN_�pY
�:Y

Ci
 iW:d�`tx N�\^ILN-x jl`uZvdgw[N>c^N_w�M
r�\ec^dp³ d�ZJILN_ceN�rOx �grlZ^Zvdgx>rl�uN_��r4Z]\^d�x

MONFw[dpatM��
Cm

d�ZJ�'c^dp\v\eN_`�rlZ_®

Cm = 3kmJ + 2µmK,
¬1�l�l­

�'ItN>c^N
km

rs`tw
µm

rlceN-c^N_Zeo<N_x)\^dp�4N>��Y
\eItN��LaL��¥�MOj[w[aL��atZTrs`tw�\^ILN�ZeILN_rlc'M�j[w[at�patZRjs��\eILN�MOrs\ec^d§³7 
HJItN�\^N>`tZejlcyZ

J
rl`tw

K
wLN ¨t`LN!\^ILN'Z]\yrs`twLrlc^w��trlZeN&jl�t\^ILN!��jlaLce\eI[±ùjlcyw[N_c�dgZvjl\ec^jloLdgx}\^N>`tZejlcF®

J =
1

3
i⊗i �

K = I − J
�7�'d§\^I

i
\^ILNOd�wLN>`5\edp\]Y�js��\eILN
ZeN_x j4`tw:±ùjlcyw[N>cR\eN_`tZvj4c^Z�rs`uw

Ikl
ij =

1

2
(δikδjl + δilδjk)

\eILN
dgw[N_`4\^d§\]Y�js��\eILN���j4aLcv\^I[±ùjlcyw[N>c!\eN_`tZejlcyZ> 

HJILN'N_��r4Z]\^d�x&\^N>`tZejlc�js�<\eItN!d�`tx>�patZed�jl`tZ
Ci

dgZ�ILN_ceN'w[N>¨t`LN_w�\^Itrs`L¥[Z�\^j�r�ZeM
rs���[�pN_`L�s\^I�otrlc^rlMON \eN_c_�
e
 �HJILd�Z�ourscyrsMON \^N>c�Zv\^rl`twLZ���jlc�\^ILN!\eILdgxy¥:`LN_Z^Z#jl�<rl`�N_f5aLd���rs��N>`5\}w[jlM
rsd�`�c^N>oLc^N_ZeN>`5\^N_w-�:Y�r�x jlItN_Zedp�4N

¶_jl`LN-MOj[w[N_�!¬°�'d§\^ILjla[\R\eILdgxy¥:`LN_Z^Z^­ �<rl`tw~ZvItjlaL�gw�\eILN_`���rs`LdgZeI�  = N�x �grsd�M \eIur�\
Ci

d�ZR�ld��lN_`��:Y�\eILN
��j4�p��j��'d�`L��c^N>�gr�\^dpj4`�®

Ci = eC̃,
�'d§\^I

C̃ = CNEl + CT Kl,
¬1�s�4­

�'ItN>c^N-\eILN�\eN>`uZvj4c^Z
El

rs`tw
Kl

rsc^N�c^N_ZeouNFx)\^dp�4N>��Y \eItN�aL`Ldgr�³[dgrs�#Zv\ecyrsd�`�rs��jl`t�O\eILN�`Ljlc^M
rs�
n

\ej�\eILN
d�`5\eN_cv�°r4x N-rs`tw�\eItN-�pj4`L�ldp\eatwLdp`trl��ZvItN_rscnZv\ecyrsd�`�®

El = n⊗ n⊗ n⊗ n
¬G��/s­

Kl = 2 (js ⊗ js + jt ⊗ jt)
�'ILN>c^N

jα = n⊗s α.
¬1��-4­

HJItN��lNFx)\ej4c^Z
s
rs`uw

t
w[N>¨t`LN�rl`�jlce\eILj4`Ljlc^M
rs�E�tr4ZvdgZ'js��\^ILN�oL�grs`tN�\^rs`t�lN>`5\n\^j
\eItN�x j4ILN_Zedp�4N�¶>jl`tNl�

rl`tw
n⊗s α = (n⊗α+ α⊗ n)/2

 }HJILN�ceN_��rs\ed�jl` ¬1�s�5­�x_rs`��<N�oLc^j��lN_wOauZvd�`L��\eILN�N_f5atrs\ed�jl`tZ�¬ $F��$�­
rl`tw£¬	<:­�js�!\eILN 0J·'ÈES	dp`�\^ILN N>�grlZv\edgx
x>r4ZvN4��d1  N4  ��j4c

β = 1
  6Ò` \^ILdgZ�otrlcv\^d�x>aL��rlc-x>rlZeNl�#\eILN�Z]\^ceNFZeZ
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\^N>`tZejlc'r4x c^j4Z^Z!rOx>jlILNFZvd��lN�¶>j4`LN�js��`Ljlc^M
rs�
n

c^N_r4wLZ_®

σ = R
coh ⊗s n

=

((
CNn⊗ n+ CT

uT ⊗ uT

‖uT‖2

)
· [u]

)
⊗s n

= (CNuNn+ CTuT ) ⊗s n

= CNuNn⊗s n+ CTuT ⊗s n

= CNuNEl : (n⊗s n) + CT Kl : (uT ⊗s n)

= (CNEl + CT Kl) : (uNn⊗s n+ uT ⊗s n)

= (CNEl + CT Kl) : ([u] ⊗s n).
¬1��&4­

@ Z-aL`twLN>c^�pd�`LN_w��:Y S�d�xyILN_�&rl`tw�W:atf5aLN \ # $,&.&�<'(1�7\^ILN�Zv\ecyrsd�`�rlx c^j4Z^Z�r�ZvM
rl�p�i�gr�YlN_c�js�J\eILdgxy¥:`LN_Z^Z
ex_rs`��uN�rloLoLc^j4r4xyILN_w��5YE®

ε(u) ' [u] ⊗s n

e
.

¬G�l�4­

·&j4M��Ld�`Ld�`L�ON_f5atrs\ed�jl`tZ�¬°�4�4­Jrl`tw ¬1��&5­�Y:d�N>�gwLZJ\^ILN�oLcej4ouN_cv\]Y ¬G�s�5­) 
HJILN
j��4N>cyrs����N_��r4Z]\^d�x�\^N>`tZejlc

C � ���
js��\^ILN
MOd�x>cej5Z]\^ceaux)\eatceNOZ]\^atw[d�N_w�d�` \^ILdgZ-otrscyrs�4c^rloLI¡x_rs` �uN

Zed�¶>N_w��'dp\eI�\eILN-ItN>��o�jl� �TrlZeILd�`�rl`tw�W[I4\^ced�¥:M
rs` # $�&l�  (p±ù��dp¥4NRN_Zv\ed�M
r�\^N_Z_®

C � ���
(
C

0
)

=
[
f
[
C

∗
(
C

0
)

+ Ci

]−1
+ (1 − f)

[
C

∗
(
C

0
)

+ Cm

]−1
]−1

− C
∗
(
C

0
) ¬G�7$F­

�'ItN>c^N-\eILN�ceNFrs����rl�patN
f ∈ [0, 1]

dgZ'\^ILN��4jl��aLMOd�x���cyrlx \ed�jl`�jl�idp`tx>�pauZvd�jl`tZTrs`tw�\eILN�\eN>`uZvj4c'��aL`tx \ed�jl`
C∗
(
C0
) dgZJ�5YE®

C
∗
(
C

0
)

= C
0 :
[
S
(
C

0
)
− I
]
.

¬G�4�l­

HJItN�\^N>`tZejlc
S
(
C0
) d�ZO\^ILN 0�ZeILN>���:Y¦\^N>`tZejlcOc^N>�gr�\eNFw¦\^j¦rs` dp`ux ��atZvd�jl`£N_M��<N_wLw[NFw dp`¢rs` d�`[¨t`Ldp\eN

MONFw[dpatM jl�nN>�grlZv\edgxO\eN_`tZejlc
C0  ¡HJILN��ljl��aLMOdgxO��c^r4x)\^dpj4`

f
M
r�Y��uN�w[N ¨u`LN_w��:Y \eILN�oLc^j:wLatx)\

eZ¬°�'ILN>c^N
Z

dgZnrOw[N>`tZedp\]Y�otrlc^rlM�N>\eN_cy­  �ªtjlcJ\^ILN-oLc^N_ZeN>`5\nx>rlZeN�js��ouN_`L`:Y�ZeItrso<N_w�d�`tx ��atZedpj4`tZ_�
e
\eN_`twLZ

\^jO¶>N>c^j
rs`tw�\eItN�0�ZvItN>���5Y�\eN_`tZvj4cJItrlZ!\^ILN���jl���pj��'d�`L�
ZedpMOoL��N���jlc^M # S�aLcyrL�4$,&.-4��(1®

S
(
C

0
)

= El + Kl.
¬G�  ­

5irlced�jlauZJ�uj4aL`twLZnrl`tw�N_Zv\ed�M
r�\eNFZJ��jlc
C � ���

x>rl`��<N�w[N_ced��lNFw ��c^jlM ¬°��$F­Jrlx_x j4c^w[d�`L��\ejO\^ILN�xyILj4d�x>N�jl�
\^ILN�c^N ��N_ceN_`tx N}MONFw[dpatM

C0   =¢ILN_`
e
��rs`LdgZvItN_Z_�5¬°dG  Nl 

Ci = eC̃ → 0
��rs`tw

f = eZ → 0
­ �F\eILN �RrlZeILd�`

rl`tw¡W:I5\^cedgxy¥:MOrl`�aLoLo<N>c��<jlaL`uw�¬
C0 = Cm

­)�E\^ILN�S�jlc^d�rl`tw�H�rs`trl¥�r�N_Zv\ed�M
r�\eN�¬
C0 = Cm

­)��rs`uw
\^ILNOZvN_�§�&x>jl`tZedgZ]\^N>`5\TNFZ]\^dpM
r�\^N�¬

C0 = C � ���
­Trsc^N�NFf4aurs��rs`tw¡�ld��lN�\^ILN�\ec^dp�:dgrs��ceNFZvaL�p\_®

C � ��� = Cm
 

�Rj��&N_�lN_c_�4\eILN �TrlZeILd�`~rl`tw~W:I5\ec^d�xy¥:M
rs`��pj��!N>cJ�<jlaL`uw���N_r4wLZ!\eju®

C
��� −

= C � ��� (Ci) =
(
ZS : C̃

−1 + C
−1
m

)−1

.
¬G��<5­
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QTZvd�`L��¬°�  ­!rs`uw�¬1�s�5­)�[jl`tNT¨u`twLZ

S : C̃
−1 =

1

CN
El +

1

CT
Kl.

¬G�4�l­

W[dp`tx>N
�&NOItr��4NOdp`5\eN_ceNFZ]\-d�` dp`tx>�pauZvd�jl`tZ�cyrs`uw[jlMO��Y¡w[dgZ]\^ced��La[\^N_w�dp`�Zeotrlx>N
rs`tw�d�`�j4ced�N>`5\yr�\ed�jl`#�7\eILN
j��4N>cyrs���iN>�grlZv\edgx�\eN>`uZvj4c

C � ���
Itr4Z�\^j �<N�dgZejs\ec^jlotd�xl��rl`tw���c^jlM \^ILd�Z�o<jld�`5\�jl�R�:dpN_�-��\eILN�f5atrs`5\^d§\]Y

S : C̃−1 ItrlZ�\ej��<N~r��4N>cyrs�4N_w j��lN_c�rl�p�Jo<j4Z^Zvd��L��N�j4ced�N>`5\yr�\ed�jl`uZ> �HJItd�Z�otrlcv\^d�x>aL��rlc�r��4N>cyrs�4N ceNFrlwLZ
# 2�r�\e\nN \Rrl�G ��t�s�4�4�1(ù®

〈
S : C̃

−1
〉

	
= PJK

(
S : C̃

−1
) ¬G�l�4­

�'ItN>c^N
PJK(A)

w[N>`tjs\eNFZT\eILN�oLc^jsk]N_x \ed�jl`�jl�&rs`:Y~��j4aLcv\^I¡j4c^w[N_cn\^N>`tZejlc
A

jl`�\^ILN��trlZeN {J,K} rl`tw
〈A〉	

dgZn\^I r��lN_c^rl�lN�j��lN_cTrl�p��\eILN�ouj5ZeZed��L�pN�jlc^dpN_`5\^r�\^dpj4`tZnjl��rs`:Y�\eN_`tZvj4c
A
 �HJILdgZT��r4Z]\�f4aurs`5\edp\]Y~d�Z

NFf5atrs�E\^j
〈

S : C̃
−1
〉

	
=

1

3CN
J +

2

5

(
1

3CN
+

1

CT

)
K.

¬G��/s­

=�c^d§\^dp`L�
C

��� − dp`�\^ILN���jlc^M

C
��� −

= 3k
��� −

J + 2µ
��� −

K
¬G�'-4­

�'ItN>c^N
k
��� − rs`tw

µ
� � − rlceN'c^N_ZeouNFx)\^dp�4N>��Y-\eILNRj��lN>cyrs���[�LaL��¥�rl`tw
ZeILN_rlc}M�j[w[at�pd1�5rl`tw�atZedp`L��N_f5atr�\^dpj4`

¬G��<:­)�[jl`tN�j4�[\^rldp`uZ'r��©\eN_cnZvj4MON�rl�p�4N>�LcyrL®

k
� � −

km
=

x

1 − x

�'dp\eI
x =

CN

kmZ
,

¬G�'&4­

µ
� � −

µm
=

y

1 − y

�'d§\^I
y =

15CNCT

4µm(CT + 3CN )Z
.

¬ /��4­

·&j4M��Ld�`Ld�`L�
k
��� − rs`tw

µ
��� − �ld��lNFZ�\^ILN���jl����j��'dp`L�O��j��&N_cJ�uj4aL`tw���jlcJ\^ILN-j��lN_c^rl�p� �ijlaL`t��MOj[w[aL��atZ_®

E
��� −

Em
=

ξ

1 + ξ
,
�'ILN>c^N

ξ =
5

1 +
4

3

CN

CT

CN

EmZ
,

¬ /+$F­

�'ItN>c^N
Em

�uN_dp`t��\^ILN �ijlat`L�
MOj:wLaL�pauZJjs��\eILN-M
r�\^cedp³7 
@ \T\eILdgZTZv\^rl�lN4�t\^ILN�x>jlMOotrsc^dgZvj4`�jl�i��rlced�jlauZRx>r4ZvNFZ'js��x>jlILNFZvd��lN-¶_jl`LN�M�j[w[N_��ZTdgZRrs`¡dp`5\eN_ceNFZ]\^dp`t�

dgZ^ZvaLN4 �ª�d�c^Zv\e��Yl�4��jlcT¸ `tj�ZeILN_rlc_¸5·'È7S ¬�d1  N4 �·'ÈES d�`5�4jl���:dp`L�-`tj-\^rl`L�lN_`4\^d�rl�tc^N_r4x)\ed�jl`<­)�s\^ILNTx>jl`twLd§\^dpj4`

CT = 0
�ld��lN_Z

ξ = 0,
¬�/l�l­

rl`tw~\^ILN�d�`Ldp\edgrs��`Lj4ceM
rs��N>�grlZv\edgx dp\]Y~js�i\^ILN�x>jlILNFZvd��lN�¶>jl`tN�Itr��4N-\ej��uN�d�`[¨t`Ldp\eN�dp` jlcyw[N>cR\ej�jl�[\yrsd�`
r�`Lj4`~��rl`LdgZvILd�`L�Oj��lN_c^rl�p�<N>�grlZv\edgx dp\]Y
��j4c'\eILN�Zv\ec^atx \eaLc^Nl iW:NFx jl`uw7�[��jlc-¸ `Lj
Ze�pdgw[d�`L�t¸<·'È7S ¬°dG  Nl !·'È7S
d�`:�lj4�p�:d�`L��`tj�\yrs`L�4N>`5\edgrs��Ze��d�w[d�`L�:­)�:\eItN�x jl`uw[d§\^dpj4`

CT → ∞ �ld��lNFZ
ξ =

5CN

EmZ
.

¬ /  ­
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HJItdpcyw7�:��jlcJ\^ILN���c^N_f5aLN>`5\Rx_rlZeNTjl��NFf4aurs�7`Lj4ceM
rs�7rl`tw�\^rs`t�lN>`5\^d�rl�<N_��r4Z]\^d�x>d§\]Y4�:\eILN�x>jl`twLd§\^dpj4`

CN = CT
�ld��lNFZ

ξ =
15

7

CN

EmZ
.

¬ /1<5­

6Ò`¢�'Itrs\
��jl���pj��nZ_�&\eILN�c^N>�gr�\^dpj4`
CN = CT

dgZ r4ZeZeaLMON_w7 BHJILN�f5aLN_Zv\ed�jl`£jl��NFZ]\^dpM
rs\ed�`L� \eILN
wLN>`tZed§\]Y�otrlc^rlM�N>\eN_c

Z
w[N_ouN_`twLZTjl`~\eItN-\]Y:ouN�js�}MON_ZeI��'ILd�xyI�dgZnauZvNFw7  6Ò`�jlcyw[N>cn\ej d��p��atZv\ecyr�\^N-\eILN

r4x>x>aLc^r4x Y�js��\^ILN��pj��!N>c&�uj4aL`tw�¬�/�$F­&rs`tw \eILN�ceN_��rs\ed�jl`¡¬ /1<:­)�[�!NTx j4`tZed�w[N_c�\^ILN��s« x>r4ZvNTjs��r�Z^f4aursc^N
MONFZvILNFw~�'d§\^I�c^N>�lat��rlcnZef5atrlceNFZnw[d��5dgw[NFw~dp`~��j4aLcRNFf4aurs�#dgZej4Z^x N>��N_Z'\ec^d�rl`L�l��N_Z_  =�N�wLN>`Ljl\eN��:Y

Lmesh\^ILN���N>`t�s\eI�js�J\eILN��grsc^�lN>c�Zedgw[N�jl�nN_rlxyI \^cedgrs`t�l��N_Z_���:Y
p

\eItN�`:aLM��<N>c�js�'MON_ZeILNFZ��:Y Zvdgw[N�jl�'\eILN
Z^f5atrsc^Nl�t�5Y

l
\eItN-\ejl\^rs���pN_`L�s\^I�js�ix j4ILN_Zed��lN-¶>j4`LN ¬©\^js\yrs�#��N>`t�s\eI�jl�}�uj4aL`twLrlced�N_Z'�<N \]�!N>N_`�MON_ZeILN_Zy­)�

rl`tw��5Y
N

\^ILNJ`5atM��<N>c}js�<MON_ZeILN_Z_ �ªtjlc}`Lj4`���rl`Ld�ZeILd�`L�T\eILdgxy¥:`LN_Z^Z
e
js�Ex j4ILN_Zedp�4N&¶_jl`LN4��\eItN'�ljl��aLMOdgx

��cyrlx \ed�jl`
f

c^N_r4wLZ>®

f =
le

le+ (L2
mesh/4)N

,
¬ /s�l­

rl`tw��'ILN>`
e→ 0

�:\eILN-c^N>�gr�\^dpj4`
f = Ze

�ld��lNFZ�\^ILN-��dpMOdp\Rx>rlZeNl®

Z =
4l

L2
meshN

.
¬ /��4­

HJItNT\^js\yrs����N>`L�l\eI�js�}x j4ILN_Zedp�4NT¶_jl`LN
l
dgZ'ceN_��rs\eNFw \^j�ourscyrsMON \^N>cyZ

Lmesh
rl`tw

p
®

l = 2
√

2Lmeshp
2 + 2p(p− 1)Lmesh.

¬ /'/s­
ªtjlc'�grsc^�lN�MON_ZeILN_Z-¬°dG  Nl }�'ILN_`

p→ ∞ ­ �Ljl`LN�¨t`uwLZ>®

Z =
2(1 +

√
2)

Lmesh
.

¬ /�-4­

h�a[\v\^dp`L�O\^ILdgZ'��r4Z]\'NFf4aur�\ed�jl`�d�` ¬ /+$�­)�:\eItN���jl���pj��'d�`L�O�pj��!N>cJ�<jlaL`uw�Itjl�gwLZ!��jlcJ\^ILd�Z'\]Y5o<N-js��MON_ZeILN_Z_®

E
� � −

Em
=

ξ

1 + ξ
,
�'ILN_ceN

ξ =
5/(1 +

√
2)

2

(
1 +

4

3

CN

CT

) CNLmesh

Em
.

¬ /�&4­

HJILN�rlx>x>aLcyrlx Y js�J\eItd�Z��pj��!N>c��<jlat`tw d�Z�dp����atZ]\^c^rs\eNFw jl`¦ª�dp�4aLc^N $_�~�'ILN_ceN
\^ILN j��4N>cyrs��� �ijlaL`L�
MOj[w[aL��atZ}jl�<rl`�N_��r4Z]\^d�xJZv\ec^atx)\^aLceNJd�`tx ��atw[d�`L�-N_��r4Z]\^d�xJx j4ILN_Zed��lN!¶>jl`tN!MOj[w[N_��Zirs\}N_rlxyI�¨t`Ldp\eN'N_�pN_MON>`5\^Z
�<jlat`twLrsc^Y�dgZiot�pjl\v\eNFw���jlc&��rlced�jlauZ�otrscyrsMON \^N>cyZ

ξ
 }HJILNncyrs`L�4NJjs�7otrscyrsMON>\eN>c

ξ
dgZ�rl�uj4a[\

[0, 40]
�'dp\eI

CN/CT ∈ [1/3, 10/3]
rl`tw

CNLmesh/Em ∈ [7 × 10−3, 51]
 

ªtjlcJ\eItN-otrsce\edgx aL�grsc'x_rlZeN
CN = CT

�:\^ILN���jl����j��'dp`L�
x>cedp\eN_ced�jl`�x>rs`��<N-�'cedp\v\^N>`�®

CNLmesh

Em
> 21 =⇒ E

��� −

Em
> 0.9.

¬8-4�4­

HJItd�Z
x>cedp\eN_ced�jl`¯�uN_dp`L��c^N>�gr�\^N_w¦\ej�\eILN���j��!N>cO�uj4aL`tw js�T\eILN~j��4N>cyrs���JZv\edp¹E`LN_Z^ZOjs�T\eILN�Zejl��d�w���dp\ d�Z
`tjs\eN_�&j4cv\^I:Y�\eItrs\_�5dp`OoLcyrlx \edgx Nl�s\eILNn`:aLMON_cedgx>rl�§±ù�trlZeN_w�x c^d§\^N>c^dpj4`�jl� 0&ZvoLd�`Lj5Zer-rl`tw ÈEr���r�\v\^dpN_ced # �s�4�  (
ZeILj4aL��w��<N-ceN_�pN_��rl`5\!��j4cnrs`:Y
\]Y:o<N�jl��Zedp\eatrs\ed�jl`tZ_�[N>�4N>`�\eILj5ZvN��lN_ceY �°rscJ��c^jlM �'Itrs\J\eILN_Y�Zv\eatw[d�N_w� 
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@@I N_f< '¬�/�&5­

ª�d��laLc^N $F�L®��T�lN_c^rl�p� �ijlaL`L� MOj:wLaL�pauZ�jl�Rrs`¦N_��r4Z]\^d�x�Z]\^ceaux)\eatceN d�`tx>�patwLdp`L��N>�grlZv\edgx�x>jlILNFZvd��lN
¶_jl`LN
MOj[w[N_��Z�r�\�N_r4xyI�¨t`Ldp\eN�N>��N>MON>`5\yZR�<jlaL`uwLrsc^Y���jlc���rlced�jlauZnotrlc^rlM�N>\eN_c^Z

ξ
¬°ZeN>N�N_f5atr�\^dpj4`�¬�/�&4­e­)®n`:a[±

MON_cedgx>rl�7ceNFZvaL�p\^Z-¬°ouj4dp`5\yZ^­Jrl`tw���j��!N>cJ�uj4aL`tw ¬�/�&4­  
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HJItN�f5aLNFZ]\^dpj4` js��\^ILN�Zvotrs\edgrs�7x j4`:�lN>c^�lN_`tx N'jl��\eItN�x>jlILNFZvd��lN�µ��lj4�patM�N>\ec^d�x!¨u`Ld§\^N�N>��N>MON>`5\JM�N>\eILj[w�d�Z
jl�©\eN_`�w[N>�ur�\eNFwOdp` \eILNT�pdp\eN_c^rs\eaLc^N�¬°ZeN>N4�l��j4c�N>³[rlMOoL�pN4�l\^ILNRc^N_x>N>`5\�c^N>�:d�N>� js�#w[N�m&j4c^Zv\iN \Jrs�1  # �s�4�l��(�­) 
HJItN �&j4ce¥ js�RHJd kvZeZeN>`uZ�N \Ors�1  # �s�4�l��(&ItrlZ�ZvILj��'`���j4c�\eItN ¨tcyZ]\�\ed�M�N�\eItrs\�\^ILd�Z�rsotoLcej5rlxyI ZvaL¹<N_c^Z
��c^jlM r�x N_cv\yrsd�` MON_ZeI��LdgrlZ_��rl`tw \eItrs\�\eILN
d�`Ldp\edgrs�&M�NFZvI�w[NFZvd��l`�x_rs`�w[cyrlZv\edgx>rs����Y¡r�¹EN_x \-\eILN
¨u`trs�
x>c^r4xy¥ our�\eI# ¦ªLc^jlM�\eItd�Z�o<jld�`4\Ojs�T�5d�N>�-�i\eILN~Zvjl±ùx_rs���pNFw¦x j4ILN_Zed��lN�ZeN>�4M�N_`5\^Z�M�N>\eILj[w¯�!r4Z�wLN>�lN_�§±
j4ouNFw��5Y�N ³[oL��jldp\ed�`L�O\eItN�otrsce\edp\ed�jl`L±1jl�©±1aL`td§\]Y otcej4ouN_cv\]Y d�`~jlcyw[N>cJ\^j r��lj4d�w�\eILdgZnotcej4�L�pN_M"q'N_M�MON_c^Z
N>\Trs�1  # �s�4�  (ù �m!a[\F�L��c^jlM \^ILN�o<jld�`5\Rjs�}�:dpN_�Djl��\eILN�Zeotrs\edgrs�#x>jl`:�lN_ce�4N>`tx>NR\^ILN�x j4`tx ��atZedpj4`�dgZRf5aLdp\eN
wLd§¹EN>c^N>`5\_ Oª�dpcyZv\_�7\^ILNO�&j4ce¥�jl�&h}rso<jlaL��dgr�N>\�rs�1  # �s�4�l��(�oLc^j��lNFZn\^ILN Zeotr�\^d�rl��x>jl`:�lN_ce�4N>`tx>N�jl�!x cyrlxy¥
`:atx>�pNFr�\^dpj4` �'d§\^ILd�` \eItN�x>jlILNFZvd��lN�µ��4jl��aLMON \ec^dgx!¨t`Ldp\eN�N>��N>MON>`5\!��c^rlM�N_�&j4ce¥�atZedp`t��N ³:\^ced�`tZed�xTx jlItN_Zedp�4N
MOj[w[N_��ZTrs`tw�r Zejs±Òx>rl�p��N_w�oLd�`:�'ILN>N_�§±ù�trlZeN_w�MON_ZeI�Itr��:d�`L�O\eItN�d�ZejlourscyrsMON \^cedgx�oLcej4ouN_cv\]Y�¬©\^ILd�ZToLc^jlo[±
N_cv\]Y�Z]\yr�\eNFZ!\eItrs\Rdp\nd�Z'o<j4Z^Zedp�L��N�\ejO��j4aL`tw~rO�Lc^jl¥lN_`���dp`tN-�trlZeN_w�jl`�MON_ZeI[±Òx N>����NFw[�lNFZ!\eItrs\'\eN>`uwLZJ\ej
rl`:Y��ld��lN_`Ox>aLc^�lNJjl`�\eItNRx j4M�ota[\^rs\ed�jl`trl�Lw[jlM
rsd�`O�'ILN>`�\^ILNn�lc^dgw�Zedp¶_NJ\eN_`twLZ}\^j-¶>N_cej:­) }W:N_x>jl`tw7�l\eILN
Zv\eauw[Y oLc^jlo<j4ZeN_w
ItN>c^NTd��p��atZv\ecyr�\^N_Z!\eItNT�°r4x)\!\eItrs\J\eILN�x>jlILNFZvd��lN�µ��lj4�patM�N>\ec^d�x!¨u`Ld§\^N-N>��N>MON>`5\JMON \eItj:w
auZvd�`L�¡d�`5\ec^dp`uZvdgx
MOj[w[N>�gZ�x_rs`¦��N_r4w \ej MON_ZeI¦dp`uw[N>o<N>`twLN>`5\�j��4N>cyrs���}��cyrlx)\^aLc^N oLc^jlo<N>ce\ed�N_Z�Zvd�`tx N�\eILN
¨u`Ld§\^NRN_�pN_M�N_`5\&w[dgZex>ceN>\ed�¶_r�\^dpj4`ON>c^cej4c}d�Z&rlx>x>N>o[\yrs�L��NRrl`tw�\eILNRdp`Ldp\edgrs�Ex j4ILN_Zed��lNnZv\edp¹<`LNFZeZ�d�Z&x>rl�pd��Lcyr�\eNFw
auZvd�`L��\eILN-otcej4ouj5ZvNFw�x c^dp\eN>c^d�jl` ¬8-l�5­) 

6Ò`
\^ILdgZ�d��p��atZv\ecyr�\^dpj4`��s\^ILNRc^N>oLc^N_ZeN>`5\yr�\ed��lN'�4jl��aLMONnN>��N>MON_`4\Jx j4`tZvdgw[N_ceNFw�dgZ�r�Zef5atrlceN'�'dp\eI��pN_`L�s\^I
L = 10µm

aL`tw[N_c-oL��rl`LNOZ]\^c^rldp` I5Y:o<js\^ILN_Zed�Z
¬GZvNFx)\^dpj4`
S = 10−5m2 ­) OHJILN�M
r�\eN_cedgrs��dgZ-rlZ^ZvatM�NFw

\^j��<N�PRN>jl± �Rj5j4¥lNFrs`~�Lc^d§\e\e��Nl® �ij4aL`L��MOj[w[aL��atZ
Em = 135GPa

�<h�jldgZeZejl`�x>j5N;) x d�N>`5\
νm = 0.32

�
x>cedp\edgx>rl�:N>`LN_ce�4Y-ceN_�pNFrlZeN&cyr�\^N

GIc = 0.5J/m2 �lrs`tw�w[N_`tZvdp\]Y�NFf4aurs�:\ej
7800kg/m3  �HJILN'atZeN_w�x j4ILN ±

Zed��lN���r��Dd�Z!\^ILN�jl`LN��ld��lN_`�j4`�ZeN_x \ed�jl`��[     ���'dp\eI
CN = CT

�Lr��pj��²��cedgx)\^dpj4`�x>j5N;) x d�N>`5\
µ = 0.05

�
rl`tw
`Lj�Zvjl�©\!x>jlaLoL��d�`L���<N \]�!N>N_`�x j4ILN_Zedpj4` rs`tw
��cedgx)\^dpj4`

κ = 1
  5}N>��j:x>d§\]YO�<jlaL`uwLrsc^Y�x>jl`twLd§\^dpj4`tZ&rlceN

d�MOouj5ZvNFw rl�pj4`L�~�lN_cv\^d�x_rs���°rlx>N_Z
¬
V = 2m/s

­)��rs`tw�rs` d�`Ld§\^d�rl�ix cyrlxy¥�dgZ-d�`tZvN_cv\^N_w�r�\�\eItN x N>`5\^N>c-js�
\^ILN�Zv\ec^atx)\^aLceN-rl`tw�o<N>c^o<N>`tw[dgx at��rlcJ\ejO\eItN-�pj5rlw[d�`L�Ow[dpc^N_x \ed�jl`� 

HJILN�M�NFZvI�x>jl`:�lN_ce�4N>`tx>NTdgZRZv\eatwLdpNFw�\eILc^jlaL�4I�\^ILN�M
rlx>cej5Zex>jloLdgxT��c^r4x)\^aLceN�N_`LN>c^�lY E �ux j4MOouj5ZvNFw
�:Y�\eItN�w[dgZ^Zvd�otr�\^N_w
N_`LN>c^�ld�N_Z&w[aLc^dp`t��\eItNR��cyrlx \eaLc^NnoLc^j[x N_Z^Z_�5r4Z&r���aL`tx)\^dpj4`�jl�7\eILN�MON_ZeI�Zvd�¶>N

Lmesh
 

HJItN&¨u`Ld§\^NJN>��N>MON>`5\iw[dgZex>ceN>\ed�¶_r�\^dpj4`�dgZ��trlZeN_w�jl`��pd�`LN_rlc}w[d�ZeoL�grlx>N>MON>`5\�\ec^d�rl`L�laL�grsc�N>��N>MON_`4\yZ�\eItrs\irsc^N
rlcecyrs`t�lN_w�d�` r �>x c^j4Z^ZvNFw:±G\^cedgrs`t�l��N �Tf4aurlw[c^dp�gr�\^N>cyrs��our�\v\^N>c^`¡rs`uw���jlaLc�MON_ZeI¡Zvd�¶>NFZRx>jl`tZed�wLN>c^N_w�rsc^N ®
0.2µm

¬ $F�l�l�4�¡MONFZvILNFZ^­ �
0.25µm

¬G��<4�4��M�NFZvItN_Zy­)�
0.33µm

¬  �4�l��MON_ZeILN_Zy­
rl`tw
0.5µm

¬ $F�l�4�
MONFZvILNFZ^­  �HJItN�d�`Ldp\edgrs�ix>jlILNFZvd��lN�Z]\^d§¹E`LN_Z^Z

CN
dgZ-rlwLrlo[\eNFw���jlc-NFrlxyI M�NFZvI�d�` j4c^w[N_c�\ej��lN>c^dp��Y�\eILN

x>cedp\eN_ced�jl`�¬8-4�4­)®
CNLmesh/Em > 21

 

HJILN�ª�d��latceN $'$ ZeILj��nZ�\^ILN
ceato[\eaLc^NO��N_rs\eaLc^N_Z�js�!\eILN MONFZvI�Zedp¶_N_Z�x>jl`tZed�wLN>c^N_w7  @ �§\^ILjlaL�4I \eILN
x>c^r4xy¥[Z}otr�\^ItZJrsc^Nn`Ljl\edgx N_rl�L��YOwLd§¹EN>c^N>`5\_�5\^ILNTM
r4x c^j4Z^x jlotd�x!��cyrlx \eaLc^NRN_`LN>c^�lY E dgZ&x>jl`tZv\^rl`4\&��jlc!N_r4xyI
MONFZvI�Zvd�¶>N�¬°ZeN>N�H�rl�L�pN�$F­  }HJILd�Z!c^N_ZeaL�p\!w[N_M�j4`tZv\ecyr�\eNFZi\^ILN�M�NFZvI�Zvd�¶>N�d�`tw[N>o<N>`uw[N>`tx>NTjl��\eItNTj��4N>cyrs���
��cyrlx \eaLc^N�oLcej4ouN_cv\^dpNFZJjs��\eILN�\]�!j���jl���pj��'d�`L�
x j4`tw[dp\ed�jl`tZ'rlceN�Zers\edgZ]¨uN_w7®
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r4­ \eILN
MONFZvI Zvd�¶>NOdgZ�N>`Lj4aL�lI ZeMOrl�p�iZeatxyI \eItrs\�\eILNO¨t`td§\^N
N>��N>MON>`5\�w[dgZex>ceN>\ed�¶_r�\^dpj4`¡N_cec^jlc�dgZ-rlx)±
x N_o[\^rl�L�pN�rl`tw7�

�u­�\eILN-d�`Ldp\edgrs�#x>jlILNFZvd��lN�Zv\edp¹<`LNFZeZnd�ZJ�!N>���#x>rl�pd��Lcyr�\^N_w auZvd�`L��\eILN�x>cedp\eN_ced�jl` ¬8-4�4­  

¬°r4­ $F�l�l��MON_ZeILN_Z ¬��u­  �l�4��MON_ZeILNFZ

¬°xF­J��<5�l��M�NFZvItN_Z ¬°wt­ $F�l�l�4��MONFZvILNFZ

ª�d��laLc^N $'$4®�q'aLo[\^aLceNO��NFr�\^aLceNFZ���jlc-��rsc^d�jlatZ�MON_ZeILNFZ-atZedp`L��rl` r4wLrsoL\eN_w d�`Ld§\^d�rl��x j4ILN_Zed��lN
Z]\^d§¹E`LNFZeZ
�'dp\eI~c^N_ZeouNFx)\J\ejO\^ILN�x c^dp\eN>c^d�jl` ¬ -l�5­)®

CNLmesh/Em > 21
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Lmesh/L 5.0× 10−2 3.3× 10−2 2.5 × 10−2 2.0 × 10−2

E/(GIcS) 21.62 21.80 22.20 22.20

H�rs�t�pN $l® PRjlc^M
rs��dp¶_N_w MOr4x c^j4Z^x j4oLd�x���cyrlx)\^aLc^N N_`LN>c^�lYzd�` ��aL`tx \ed�jl` js��\eItN¢`Ljl` w[d�MON>`tZedpj4`trs�
MONFZvI Zvd�¶>NB��j4c´rs` rlwLrlo[\eNFw"d�`Ldp\edgrs��x j4ILN_Zed��lN Z]\^d§¹E`LN_Z^Z¢atZed�`L� \^ILNzjl�L\^rsd�`LNFw x>cedp\eN_ced�jl` ¬8-l�5­)®
CNLmesh/Em > 21
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HJItd�Z�ZvNFx)\^dpj4`¦rsd�MOZ�r�\�dp`5\^cej[w[atx>dp`t�¡r�otrlcv\^d�x>aL�grsc-��j4ceM�aL��rs\ed�jl`�jl�'\eILN~«RY:`trlMOd�x_Z>��\eItN�Zej�À[x>rs����N_w
������� » ��� ¿	����� � �s»�º°¾ �)  H��&j¯¥:dp`twtZ�jl��`Ljl`tZeMOj:js\eIt`LN_Z^Z�rlceN¡x>jl`tZedgw[N>c^N_w7®�\^ILN¡N_�lN>`5\^atrs��`Ljl`[À
wLd§¹EN>c^N>`[\^d�rl�Ld��pdp\]Y�jl�}\eILN�w[Y:`trsMOdgx>ZR�'d§\^I�ceNFZvo<N_x \R\^j
\ed�MONl�EMOjlc^N�oLc^N_x dgZeN>��Y�js�}\^ILN�Zv\^rs\eN���rlcedgrs�L��N_Z
rl`tw�\eILN'M�aL�p\ed§À5��rs��aLN_w��4rs`uw�\^ILN>`
`tjl`tZeMOj5jl\eI��4w[N_Z^x c^dpoL\ed�jl`Ojs�<\eILNTx jl`uZ]\^d§\^a[\ed��lN'�gr��nZ>  @ Z}�!N'Itr��4N
rl�pc^N_r4w[Y-ZvN_N>`�dp`�\eItN&��j4ceM�aL�gr�\ed�jl`�js�u\eILN 0!·'ÈES ¬ $�­1À7¬  ­ �lPnj4`tZeM�j:jl\eI @ `trl�pY[Zed�Z_�4·&jl`:�lN>³ @ `trl�pY[Zed�Z
rl`tw¦W:N>\v±ù��rl�patN_w @ `urs��Y:ZedgZ # �nd�cedgrsce\v±ÒQnc^ceaL\]Y rs`uw ��N>M
rlcebFxyItrs�1� $,&.&  (ioL��r�Y rs`�d�MOouj4cv\yrs`5\�c^jl��N d�`
j4aLc�ZeN \e\ed�`L�t �HJILN \eN>c^M��]`Lj4`tZeM�j:jl\eI �
ceN>��N>cyZ�¨tcyZ]\^�pY \ej rs���i\eItN M
r�\eItN>M
r�\^d�x_rs�&rl`tw MON_xyItrl`Ldgx>rs�
�urlxy¥:�lc^jlaL`uw�rs���pj��'d�`L��atZ�\^j-w[N_rl�L�'d§\^I
Zvj4M�NJN>³5\^N>`twLN_w�¥:dp`twtZ}js�<��r��nZ_ �ªtjlc�\^ILN'`Ljl`uZvMOj:js\^IL`LN_Z^Z�d�`
\^dpMON4�4\^ILN�j:x_x aLc^c^N>`tx>N'js�#�4N>��j:x>d§\]YTk]aLMOotZ!dgZ&r��&N_�p�<¥:`Lj��'`O��N_rs\eaLc^NRjl�7\eILN�ZvNFx j4`tw
jlcyw[N_c�w[Y:`trsMOdgx>Z
�'dp\eI£aL`tdp�gr�\^N>cyrs�Rx>jl`tZv\ecyrsd�`5\^Z�jl` \eItN�ouj5Zvdp\ed�jl`£N_�lN>` �'dp\eI´x j4`5\ed�`5ataLM MON_wLd�rt ²HJILdgZO�°rlx \��pNFrlwLZ
auZ�\^j¡\yrs¥4N�ZejlMON�oLc^N_x_rsa[\^dpj4`tZ��'ILN>`�\eILN~w[Y:`trsMOdgx>Z�dgZ���j4ceM�aL�gr�\eNFw7  0�ZeouNFx dgrs���pY4�}\eILN�`Ljl\ed�jl`�jl�
ZeN_x>jl`twOj4c^wLN>c�w[N_ced���r�\^dp�4Nnjs�7\^ILNRo<j4Zed§\^dpj4` Itr4Zi`Lj�atZvaurs�uZeN>`uZvNn�'ItN>`
\^ILNTw[Y:`trlMOd�x_Z�dgZi`Lj4`tZeM�j:jl\eI� 
S�N_rlZeaLc^N�HJItN>jlc^Y j4`�\^ILN-ceNFrs�E��dp`LN-�'d�����ILN>��o~atZ!\ej r4w[N_f5atrs\eN_�pYO��j4ceM�aL��rs\eN�jlatc'oLcej4�L��N>M~ 
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6Ò` \eItd�Z�ZeN_x)\^dpj4`��7\^ILN
ZvMOj:js\^I¡N_f5atrs\ed�jl`tZ�jl��MOjs\ed�jl` js�Jr�x>jl���pNFx)\ed�jl` js�

N
x j4`5\ed�`5ataLM MON_w[dgr�rsc^N

d�`5\ec^j[w[atx NFw~dp`�r f5aLdp\eN�auZvatrl��ZeN \e\ed�`L�t �HJILN�x>jl`5\ed�`:aLaLM MON_w[d�aLM dgZRdgw[N>`5\^d§¨tNFw�r�\T\ed�MON
t ∈ [0, T ]�:Y dp\^Zn�ljl��aLMON�dp`

IRd  iHJILN-d�`5\eN_�lN>c
d = 1, 2, 3

w[N_`Ljs\^N_Z!\eItN�Zvotr4x N�w[d�M�N_`tZedpj4`��Ljs��dp`5\^N>c^dpj4c

Ωi(t) ⊂ IRd, i ∈ {1, . . . , N}
rl`tw��uj4aL`twLrlceY

∂Ωi(t)
  6ù�

Ωi dgZ�r�w[N>��jlc^M
rs�L��N x j4`4\^dp`:aLatMVMON_w[d�aLM~��\eILN
NFf5atr�\^dpj4`tZ-js�JMOjs\^dpj4`
rlceN-d�`5\ec^j[w[atx NFw�\eILc^jlat�lI�\eILN�oLc^dp`tx>dpot�pN�jl�}�5d�ce\eatrl�#o<j��&N_c^Z'd�`�rO¨t`td§\^N�Zv\ecyrsd�` ��rs�4c^rl`L�ldgrs`~ZvN>\v\^dp`L�
o<N>c^MOd§\e\ed�`L�¡r�Zeotr4x N ±Òw[dgZex>ceN>\ed�¶_rs\ed�jl`¡�urlZeN_w jl`�r�x>jl`:�lN_`5\ed�jl`trl��¨u`Ld§\^N�N_�pN_M�N_`5\�MON \eItj:w�  6ù�

Ωi d�Z
r4ZeZeaLMON_w�\ej��<N¡r c^dp�4d�w¯�<j:wLYl�!\eILN¡N_f5atr�\^dpj4`£js��M�jl\ed�jl`£�'d��p�n�<N¡w[NFZex>ced��<N_w¯�5Y r�¨t`Ldp\eN¡ZeN \ jl�
x>j:jlcyw[dp`ur�\eNFZ>  6Ò`��ujl\eI�x_rlZeN_Z_��o<j4Z^Zedp�L��Y r��©\eN_c�r Zvotr4x N>±ùw[dgZ^x c^N \ed�¶_rs\ed�jl`��#\eILN�N_f5atrs\ed�jl`tZ�js�nMOjs\^dpj4`
�'d������uN���j4ceM�aL�gr�\eNFw�rl`tw�\ec^N_r�\^N_w�dp`�rOZedp`L�4�pN�¨t`td§\^N ±Òw[dpMON_`tZvd�jl`urs�E��cyrsMON>�!jlc^¥E 

@ MOrs\eN_cedgrs��oursce\edgx ��N�d�ZTw[N_Z^x c^d��uNFw~�5Y�dp\^Zno<j4Zedp\ed�jl`��
X

dp`¡r ceN>��N>c^N>`tx>N���c^rlM�N�r�\
t = 0

rl`tw~�:Y
dp\^Z'x>aLc^ceN_`4\Jo<j4Zed§\^dpj4`

x = ϕ(X, t)
rs\&\^dpMON

t
 iªLj4c'r ��rs�4c^rl`L�ldgrs` w[NFZex>ced�o[\^dpj4`��[�&N�rs�gZej�r4ZeZeaLMONT�!N

¥:`Lj��zrs\T��N_rlZv\R��j4ceM
rl�p��Y�\eILN���aL`tx)\^dpj4`
X = ψ(x, t)

 -HJILNOw[d�ZeoL�grlx>N>MON>`5\RdgZ�w[N ¨t`tN_w��:Y
u(x, t) =

x−X = x−ψ(x, t)
rs`tw�\eILNJ�4N>��j:x>d§\]Y-rl`tw-\^ILN!r4x>x>N>��N>cyr�\ed�jl`�rsc^N&w[N_`Ljs\^N_w��:Y

u̇
rs`tw

ü
 �S�j4Zv\�jl�t\^ILN

��rs�4c^rl`L�ldgrs`���rsc^d�rl�L�pNFZnN>³:otceNFZeZeN_w~d�`�\^N>c^MOZRjs�
X

rlceN�w[N>`Ljl\eNFw��:Y�x_rsoLdp\^rl��ZT��N \v\^N>cyZ>�<��j4cRd�`tZ]\yrs`tx>Nl�

Ë�Ë Ï�B �Fø�
)÷ 
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E��



 � � ¾
��� ����� ��� �;�)º8�

U(X, t)
��jlc#\eILN!w[d�ZeoL�grlx>N>MON>`5\_��rl`tw�w[N_`Ljs\^N_w-�:Y��pj��!N>c�x>rlZeN}��j4c�\eItN&rlZ^Zej:x>d�rs\eNFw�0iaL��N>c^d�rl`-��rlcedgrs�t�pNFZ>�

d�`O\eItd�Z&x>rlZeN
u(x, t)

 }HJILdgZ�x j4`:�lN>`5\^dpj4`�x_rs`
�<NRZvatM�M
rlced�¶>NFw��:Y
u(x, t) = u(ϕ(X, t), t) = U(X, t)

 

� � ����� � � � Â�Æ�
 	 ��������� � � Æ:Å�Â ��� ���¯� Æ �E� ��� ����� � Â � ��� � �°�4� � W5\^rlcv\^dp`t����c^jlM \eILN�N_f5atrs\ed�jl` jl�
MOjl\ed�jl`�dp` 0iaL��N>c^dgrs`~x j:jlcyw[d�`tr�\^N_Z_�

div σ(x, t) + ρ(x, t)b(x, t) = ρ(x, t)ü(x, t), ∀x ∈ Ωi(t),
¬8-�$F­

�'ItN>c^N
σ(x, t)

dgZ7\^ILNn·!rsatxyI:YTZv\ec^N_Z^Z7\^N>`tZejlc�rs`tw
b(x, t)

dgZ�\^ILN&w[N_`tZed§\]Y�js�L�<j[w[Y���jlcyx N_Z_�_\eILN&oLced�`tx>dpoL��N
jl���:d�cv\^atrs�7o<j��&N_cnZ]\yr�\^N_Z!\eIur�\

∫

Ωi(t)

(ü(x, t) − b(x, t))v̂(x, t) dm(x, t) =

∫

Ωi(t)

div σ(x, t)v̂(x, t) dω(x, t),
¬ -4�4­

��j4c�rs���n�:d�cv\^atrs�n�4N>��j[x dp\ed�N_Z w[N_`Ljs\^N_w �:Y
v̂(x, t)

  HJILN�MON_r4ZvatceN
dω(x, t)

w[N_`Ljs\^N_ZO\^ILN ��N_�uNFZv�4aLN
MONFrlZeaLceN�d�`

IRd r�\
x

rs`tw�\eItN�MON_rlZeaLc^N
dm(x, t) = ρ(x, t) dω(x, t)

dgZJ\eItN�M
rlZ^Z'MON_rlZeaLc^Nl  =¢d§\^I
\^ILN-ILN_�po~js��\eILN�2�c^N>N_`���j4ceM�aL�grlZ_�:\eILN-oLc^d�`tx d�oL��N�jl���:d�cv\^atrs�7o<j��!N>cJd�ZJauZvatrl�p��Y c^N ��j4ceM�aL��rs\eNFw�r4Z

∫

Ωi(t)

(ü(x, t) − b(x, t))v̂(x, t) dm(x, t) = −
∫

Ωi(t)

σ(x, t) :∇v̂(x, t) dω(x, t)

+

∫

∂Ωi
F

(t)

t(x, t)v̂(x, t) ds(x, t) +

∫

Γi
c(t)

r(x, t)v̂(x, t) ds(x, t)

¬ -  ­

�'ItN>c^N
A :B = AijB

ij dgZn\^ILN
w[jlaL�t�pNOx j4`4\^c^r4x)\^N_w�\eN_`tZejlc�oLcej[w[aux)\_��rl`tw
t(x, t) = σ(x, t).n(x, t)dgZ�\eItN rsoLoL��d�N_w¡��jlcyx N_Z�j4`¡\^ILN
�<jlaL`twtrsc^Y�js�Jjla[\]�Jrscyw�`Lj4ceM
rl�

n
rs`tw

r(x, t)
\^ILN
ceNFrlx \ed�jl`���j4c^x>N_Z

wLaLN
\ej~\^ILN�x>jlILNFZvd��lN
d�`5\eN>ce�°rlx>Nl �HJILN MON_r4ZvaLc^N
ds(x, t)

dgZ-\^ILN �#N>�<N_Ze�laLN
MON_r4ZvatceN rs\
x ∈ ∂Ωi  HJItN�ZeY:M�MON>\ec^Y�js�i\^ILN�·!rsatxyI:Y�Z]\^ceNFZeZR\eN_`tZejlc�dp` rs�tZeN>`ux N�js�&w[N_`tZed§\]Y�jl��MOjlMON>`5\eatM rs���pj��nZTjl`LN

\^jOdp`5\ec^j[w[atx>NT\^ILN�ZeY5MOMON \^cedgx�w[N ��j4ceM
rs\ed�jl`�c^rs\eN�\eN_`tZvj4c_�

D(x, t) =
1

2
(∇T v(x, t) + ∇v(x, t)) ¬8-�<:­

��N_r4w[d�`L��\ej�\eILN�Zv\^rl`twLrlc^w�N ³[oLc^N_Z^Zvd�jl`�js��\eILN-�:d�cv\^atrs�7o<j��&N_cJjs��\eILN-d�`5\eN>c^`trl�E��jlcyx N_Z!jl��x>jlILNFZvd�jl`

P̂int = −
∫

Ωi(t)

σ(x, t) :∇v̂(x, t) dω(x, t) = −
∫

Ωi(t)

σ(x, t) : D̂(x, t) dω(x, t)
¬8-5�l­

6Ò`
j4c^w[N_c}\ej���jlc^M�aL�gr�\^NJ\eILNnotced�`tx d�oL��Nnjs�7�:d�cv\^atrs�Lo<j��!N>cid�` r�\ejl\^rs� �#rl�lcyrs`L�4d�rl`���cyrsMON>�!jlc^¥E��\eILN
ZeN_x>jl`tw�hid�jl�gr�À�3�dpcyxyILILjl¹�\^N>`tZejlcF�

S(X, t) = F−1 det(F )σTF−T

dgZTdp`5\ec^j[w[atx>N_w7�7�'ILN_ceN
F =

∂x

∂X
=
∂ϕ(X, t)

∂X

dgZn\^ILNOw[N ��j4ceM
r�\^dpj4`��lcyrlwLdpN_`4\F �HJItN��:d�cv\^atrs��ouj��!N>c
jl�#\^ILN-dp`5\^N>c^`trs�E��j4c^x>N_ZJdgZ!\eILN_`�c^N>�'c^dp\v\eN_`��LrlZ

P̂int = −
∫

Ωi(t)

σ(x, t) :∇v̂(x, t) dω(x, t) = −
∫

Ωi(0)

S(X, t) : L̂(X, t) dΩ(X, 0)
¬8-l�5­
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�'ItN>c^N
L = Ḟ

 �ª�dp`trl�p��Yl��\eILN~oLc^d�`tx d�oL��N�jl�T�:dpce\eaurs�Jouj��!N>c�d�` r¡\ejl\^rs�!¨t`td§\^N~Zv\ecyrsd�` ��rs�4c^rl`L�ldgrs`
��cyrsMON_�&j4ce¥Od�`�\^N>c^M
ZJjs��\eILN�x>jl`:�lNFx)\eNFw ��rs�lcyrs`t�ldgrs` ��rsc^dgrs�L��N

X
�[d�Z

∫

Ωi(0)

(Ü(X, t) −B(X, t))V̂ (X, t) dM(X, 0) = −
∫

Ωi(0)

S(X, t) : L̂(X, t) dΩ(X, 0)

+

∫

∂Ωi(0)

T (X, t)V̂ (X, t) dS(X, t) +

∫

Γi
c(0)

R(X, t)V̂ (X, t) dS(X, t)

¬ -�/s­

�'ItN>c^NT\^ILN�rloLoL��dpNFw���j4c^x>N_ZJ�gr��nZJjl`�\eILN��uj4aL`twLrlceY�Z^r�\^d�Zv¨tNFZ
T (X, t) = S(X, t).F T (X, t).N(X, t)rl`tw

R(X, t) = S(X, t).F T (X, t).N(X, t)
 >6ù\ d�ZO`Ljl\eN_�&j4cv\^I5Y \^Itr�\
\^ILN�d�`4\^N>cyrlx \ed�jl`tZ��<N \]�!N>N>`

�<j[w[d�N_Z�\eIur�\-rsc^N�\yrs¥lN_`¡d�`5\ej�rlx_x jlat`4\�dp` \eItd�Z�MOj[w[N>�irlceN�jl`t�pY��4dp�4N>`¡�:Y~\^ILN���jlcyx N_ZT\^ILcej4aL�lI¡\eILN
x>jlILNFZvd��lN�d�`4\^N>ce�°rlx>N��'dp\eI~aL`tdp�gr�\^N>cyrs��x j4`5\^rlx \Jrl`tw���cedgx)\^dpj4`� 

ªtjlcJ\eItN�x jl`uZ]\^d§\^a[\ed��lN-M
r�\^N>c^d�rl�7��r��nZ_�Lr���rlce�4NTours`LN_��js��M�j[w[N_��ZRx>rs`��<N�\^rs¥4N>`�dp`5\^j rlx>x>jlaL`5\'d�`
\^ILdgZ!��c^rlM�N_�&j4ce¥ rl`tw�dp`�\eItN-`5atM�N_cedgx>rl�7rsoLoL��dgx>r�\^dpj4`tZ_ �HJItNT��j4ceM�aL�gr�\ed�jl`�js��\eILN�x>jl`tZv\edp\eaL\ed��lN���r��nZ
dgZ��trlZeN_w�j4` \eILN~Zv\^rs`uwLrscyw�\eILN_ceMOj[w[Y:`trlM�dgx>Z�js�nd�c^ceN_�lN>cyZedp�L��N
oLc^j[x N_Z^ZeN_Z # 2�N>c^M
rsd�`�N \
rs�1 p� $,&.-  (
j4c��trlZeN_w jl` r���rlcedgr�\^dpj4`trs����j4ceM�aL��rs\ed�jl`�js�!dp`tx>ceN_MON>`5\^rl�iZ]\^ceNFZeZv±ùZv\ecyrsd�`�c^N>�gr�\^dpj4`�w[N_ced��:dp`t����c^jlMVr
ouZvN_atw[j-N>�grlZv\edgxJo<js\eN_`5\edgrs� # �Tcv\^dp¶nrl`tw
W5\^rldp`tdpN_c_�7$�&'&.&�(ù %=¢ILN>`O\^ILNn�<N>Itr��:d�jlc}dgZ}`Ljl\�N ³[oL��d�x>d§\^�pY�MON>`[±
\^dpj4`LN_w~d�`�\^ILN-��aLce\eILN_cR`:aLMON>c^dgx>rs��N ³[o<N>c^dpMON>`5\yZ>�t\eILN��taL�p¥~c^N_Zeouj4`tZeN-js��\eILN�M
r�\eN_cedgrs�#d�ZTZvaLotouj5ZvNFw
\^jO�uN-��dp`tN_rsc'N_��r4Z]\^d�xl�:\eItrs\nd�Z

S(X, t) = K(X,T ) :E(X, t),
¬8-'-5­

�'ItN>c^N
E

dgZ!\eILN�2�c^N>N_`[± �#rs�4c^rl`L�lNTZ]\^c^rldp`�\eN_`tZvj4c_�

E(X, t) =
1

2
(F T (X, t)F (X, t) − I(X, t)),

¬8-'&5­

\^ILNi\^N>`tZejlc
I
d�Z�\eItN�dgw[N>`5\edp\]Y�\eN_`tZejlc�rl`tw

K(X,T )
d�Z#\eItN���j4aLcv\^I�jlcyw[N_c�\eN_`tZejlc�js�LN>�grlZv\edgxiotcej4ouN_cv\^dpNFZ> 

HJILN�¨t`td§\^N�N_�pN_MON>`5\nw[d�Z^x c^N \^dp¶Fr�\^dpj4` d�ZJx>jl`:�lN_`4\^dpj4`trs�Ers`uw dgZJ�trlZeN_w�jl` \^ILdgZJoLced�`tx>dpoL��N�js���:d�cv\^atrs�
o<j��!N>c�dp`�\eItd�Z�\^js\^rl� �#rs�4c^rl`L�ldgrs`~��cyrsMON_�&j4ce¥E �·&ILj:j5Zvd�`L�~Zvj4M�N�dgZvj4otrscyrsMON \^cedgx�N_�pN_MON>`5\-�pNFrlwLZT\ej
\^ILN���jl����j��'dp`L�OrsotoLcej�³[d�M
r�\ed�jl`

U(X, t) =
∑

h

Nh(X, t)Uh(t), u̇(X, t) =
∑

h

Nh(X, t)U̇h(t), Ü(X, t) =
∑

h

Nh(X, t)Üh(t),

¬ &l�4­
�'ItN>c^N

Nh rsc^N�\eILN&ZvItrlouN���at`tx)\^dpj4`tZ#rl`tw
Uh

\^ILN�¨t`Ldp\eN&ZvN>\#js�[w[dgZvoL�grlx>N>MON>`5\#rs\#`Lj[w[N_Z_ �W:at�tZ]\^d§\^a[\ed�`L�
\^ILdgZ-rsoLoLc^j�³[dpM
rs\ed�jl`�d�`5\ej�\eILN
oLc^d�`tx d�oL��N�jl�&�:dpce\eaurs�}o<j��&N_c�rl`tw Zed�M�ot�pdp��Y:dp`L�~�'dp\eI�ceNFZvo<N_x \�\ej�\eILN
�:d�cv\^atrs�E¨uN>�gw�Y:d�N>�gwLZ'rOZvourlx N>±ùwLd�Z^x c^N \^dp¶_N_w NFf5atr�\^dpj4`�jl��MOjs\^dpj4`�jl�#\^ILN���jlc^M

M(Uh)Üh + F (t, Uh, U̇h) = R,
¬8&�$F­

�'ItN>c^N
M(Uh)

dgZ'\^ILN�x j4`tZed�Zv\eN_`4\Tjlcn��aLMOouNFw�M
rlZ^Z'M
r�\^cedp³7�L\eItN��lNFx)\ej4c
F (t, Uh, U̇h)

x>jl���pNFx)\^Zn\eILN
d�`5\eN_ce`trl�7rs`tw�N ³:\^N>c^`trs�7w[dgZex>ceN>\ed�¶>NFw ��j4c^x>N_Z'rs`uw

R
rlceNT\eItN�w[d�Z^x c^N \^dp¶_N_w���jlcyx NFZ'w[aLN�\ej�\eItN�x jlItN_Zedp�4N

¶_jl`LN�MOj[w[N>�1 
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� � ����� � � � Â~Æ�
 	 �°�F� ��� � � Æ:Å�Â ��� ��� � ��� �°Ç�� Æ Ç Ã � Â � ��� � �°�4� � 6Ò`�ced��ldgw
�<j:wLY MON_xyItrl`Ld�x_Z>�:dp\'d�Z
r4ZeZeaLMON_w \eItrs\'\eILN-o<j��!N>cJjs��\eILN�x>jlILNFZvd�jl`�dp`5\eN_ce`urs�E��jlcyx NFZ!��rl`LdgZvILNFZ!��jlcnr�c^dp�4d�w�MOjs\ed�jl`��ld��lN_`��:Y
\^ILN���jl����j��'dp`L�OZeN \njs���:dpce\eatrl�7�lN_�pj[x dp\]Y
¨tN_��w��

V = {v̂(x, t) = v̂O(t) + ω̂(t) × (x − xO), ∀x ∈ Ωi(t)}, ¬8&5�l­
�'ItN>c^N

O
d�Z�r��lN_jlMON \^cedgx>rl�iouj4dp`5\�¨t³:NFw �'d§\^I¦c^N_ZeouNFx)\�\^j�\eILN��uj[w[Y4�

xO
dgZ-\^ILN�o<j4Zed§\^dpj4`�js�J\eItd�Z

o<jld�`5\
vO(t)

dgZ&dp\^ZJ�4N>��j[x dp\]Yl�[rs`tw
ω(t)

\^ILN-rs`L�4aL��rlc&�4N>��j[x dp\]Y�jl�#\^ILN��uj[w[Y�rs\
O
 iHJItd�Z'r4ZeZeaLMOo[\ed�jl`

Y:d�N>�gwLZ
∫

Ωi(t)

(ü(x, t) − b(x, t))v̂(x, t) dm(x, t) =

∫

∂Ωi(t)

t(x, t)v̂(x, t) ds(x, t), ∀v̂(x, t) ∈ V ¬8&  ­

HJItN�NFf5atr�\^dpj4`�jl��MOjs\^dpj4`�x_rs`��uN�wLN>c^dp�4N_w�xyILj:j4Zedp`L�Or�otrsce\edgx at��rlc!�:d�cv\^atrs�7�4N>��j[x dp\]Y�rlZ_®




d

dt

∫

Ωi(t)

u̇(x, t) dm(x, t) =

∫

Ωi(t)

b(x, t) dm(x, t) +

∫

∂Ωi(t)

t(x, t) ds(x, t),

d

dt

∫

Ωi(t)

(x− xO) × u̇(x, t) dm(x, t) =

∫

Ωi(t)

(x − xO) × g(x, t) dm(x, t)

+

∫

∂Ωi(t)

(x− xO) × t(x, t) ds(x, t).

¬ &�<5­

5irlced�jlatZ�w[NFZex>ced�o[\ed�jl`uZ�jl�n\eILN�N_f5atrs\ed�jl`tZ�js�TM�jl\ed�jl`¦jl�Tr�c^d��ldgw¦�<j:wLY¦x>rs`��uN~w[N_wLatx NFw���c^jlM
\^ILN
oLc^dp`ux d�oL�pN�js�J�5d�ce\eatrl�iouj��!N>c�xyItj5j5Zvd�`L��otrsce\edgx at��rlc-¥5d�`LN_MOrs\edgx>Z_  =¢dp\eILj4a[\��4jld�`L�~dp`5\ej~��atcv\^ILN>c
wLN \^rldp�gZ_�7\eILN
PRN>�J\ej4`[± 0iaL��N>c���jlc^M�at��rs\ed�jl` x_rs`��uN
xyILj5ZvN_`�\^j��'c^dp\eN�\eILNO¥:d�`LN>M
r�\^d�x_Z��'d§\^I c^N_Zeo<N_x)\
\^j�\eILN�x>N>`5\eN_c'js��MOr4ZeZ

Gi
jl��\^ILN-�<j:wLY

Ωi d�` 0iat�pN_cedgrs`�x j:j4c^w[d�`trs\eN_Z_®
{
u̇(x, t) = vGi

(t) + ωi(t) × (x− xGi
),

ü(x, t) = v̇Gi
(t) + ω̇i(t) × (x− xGi

) + ωi(t) × (ωi(t) × (x− xGi
)).

¬ &4�l­

W[aL�tZv\edp\ea[\^dp`L�´¬ &4�4­�dp`5\ej \^ILN�N_f5atrs\ed�jl`tZOjl��MOjl\ed�jl` ¬8&�<:­�Y:dpN_��wLZ�\^ILN��!N>���§±ù¥:`Lj��'`¯PRN>�J\^jl`[± 0iaL��N>c
NFf5atr�\^dpj4`tZ>�

[
M 0
0 I

]
d

dt

[
vGi

(t)
ωi(t)

]
+

[
0

ωi(t) × Iωi(t)

]
=

[
fext(t)
mext(t)

]
,

¬ &l�4­

�'ItN>c^N

M =

∫

Ωi(t)

dm(x, t) =

∫

Ωi(0)

dM(X, 0),

I =

∫

Ωi(t)

(x− xGi
)T (x− xGi

) dm(x, t),=

∫

Ωi(0)

(X −XGi
)T (X −XGi

) dM(X, 0),

fext(t) =

∫

Ωi(t)

b(x, t) dm(x, t) +

∫

∂Ωi(t)

t(x, t) ds(x, t),

mext(t) =

∫

Ωi(t)

(x− xGi
) × b(x, t) dm(x, t) +

∫

∂Ωi(t)

(x− xGi
) × t(x, t) ds(x, t).

¬ &�/l­
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�  &

QTZvatrl�p��Yl�<r
ZvNFx j4`tw�jlcyw[N>cJ��j4ceM js��\eILN�wLY5`ursMOd�x_Z'dgZnjl�L\^rsd�`LNFw��'dp\eI~\^ILN�ILN_�po�jl��\^ILN-��j4�p��j��'dp`t�
ourscyrsMON \^ced�¶_rs\ed�jl` jl��\^ILN-�lNFx)\ej4c

ωi
�

ωi(t) = Di(Ψ, t)Ψ̇i(t),
¬8&.-4­

�'ItN>c^N
D(Ψ, t)

dgZ�ZeaLoLo<j4ZeN_w \^j¡�<N�r w[d§¹EN>j4MOjlc^oLILdgZvM~  ªtjlc�r¡x j4�p��N_x \ed�jl`�jl�
N

ced��ldgw �<j:wLdpNFZ>�ir
auZvatrl�7�!r�Y
dgZJ\^j�d�`5\ec^j[w[atx N-rOZeN \Rr��lN_`LN>cyrs��dp¶_N_w�x j:jlcyw[d�`tr�\^N_Z

z
ZvauxyI�\^Itr�\

z =
[
[xGi

, Ψi ]i∈{1...N}

]T ¬ &'&4­
r4ZeZeaLMOd�`L�O\eItrs\R\^ILN�o<j4Zed§\^dpj4`tZRrl`tw�\eILN�jlc^dpN_`5\^r�\^dpj4`tZ'jl��\^ILN��<j[w[d�N_ZRrlceN-at`Ld�f5aLN_�pY�w[N>\eN_ceMOd�`LN_w~�:Y
z
  =¢d§\^I¡\^ILd�Z���rsc^dgrs�L��Nl�Er��©\^N>c-Zvj4MON�rs���lN_�Lcyrsdgx�MOrl`Ld�oLaL�gr�\ed�jl`uZ>�<\eItN�NFf4aur�\ed�jl`uZRjl��MOjs\ed�jl` x>rs` �uN

�'c^dp\v\eN_`�rlZ_®
M(z)z̈ + F (t, z, ż) = r

¬ $F�l�5­
6ù\'dgZJ`Ljs\^N>�!jlce\eI:Y�\eItrs\'\eILdgZ!��jlc^M�at��rs\ed�jl`�rl�p��j��nZ!atZ!\ejOrlwtw�ZejlMON�dp`5\^N>c^`trs�<��jlcyx NFZ!�uN>\]�&N_N>`��uj[w[d�N_Z
N>³[oLceNFZeZeN_w�dp`�\^N>c^MOZJjl��\^ILN-�lN_`LN>cyrs��d�¶>N_w�x j:jlcyw[d�`tr�\^N_Z

z
 

·&��N_rlce��Yl��\eILN�N_f5atr�\^dpj4`tZ-jl�JMOjl\ed�jl`�x>rl` rl��Zej��<N jl�[\yrsd�`LN_w�Zv\ecyrsd��lI5\e��jlc^�!rlc^w[��Y�\eItrl`L¥[Z-\^j�\eILN
��rs�4c^rl`L�ldgrs`
��j4ceM
rl�pdgZvM o<j4Zv\eat��rs\ed�`L�O\eILN-N>³[d�Zv\eN_`tx N�js��\eILN ��rs�4c^rl`L�ldgrs` jl��\^ILN�ZeY:Zv\eN_M~�

L(z, ż) = T (z, ż) − V (z),
x>jlMOo<j4ZeN_w�js�#\^ILN-¥:dp`tN \edgx�N>`tN>c^�lYl�

T (z, ż) =
1

2
żTM(z)ż

rl`tw�\eILN-o<js\^N>`5\edgrs��N_`LN>c^�lY
jl�#\^ILN�ZvY[Zv\eN_M��
V (z)

 }HJILN ��rs�lcyrs`t�lNl¸ Z&N_f5atr�\^dpj4`tZ'x>rl`��<N-�'c^d§\e\eN>`~rlZ

d

dt

(
∂L(z, ż)

∂żi

)
− ∂L(z, ż)

∂zi
= Qi(z, t), i ∈ {1 . . . n}, ¬ $_��$F­

�'ItN>c^N�\^ILNO�lN_x \ej4c
Q(z, t),∈ IRn w[N>`tjs\eNFZT\eILN
ZeN \-js�!�lN>`tN>cyrs��dp¶_N_w~��j4c^x>N_Z_  =¢d§\^I�Zvj4M�NOZv\^rs`uwLrscyw

rl�p�4N>�LcyrsdgxnM
rl`LdpotaL��rs\ed�jl`tZ_�:\eItN �#rs�4c^rl`L�lNTN_f5atrs\ed�jl`tZ-¬ $_�7$�­!x>rs`��<N-oLa[\nd�`~r�MOjlc^N�atZeatrs�E��j4ceM~®

M(z)
dż

dt
+N(z, ż) = Q(z, t) −∇zV (z)

¬ $F�4�l­

�'ItN>c^NR\^ILN-�lNFx)\ej4c
N(z, ż) =


1

2

∑

k,l

∂Mik

∂zl
+
∂Mil

∂zk
− ∂Mkl

∂zi
, i = 1 . . . n




T

x>jl���pNFx)\yZ!\eILN�`Lj4`L�pd�`[±

NFrscJd�`LN>ce\edgrs�E\^N>c^MOZndG  Nl ��:\eILN-�4Y:cej5Zex>jloLdgxTr4x>x>N>��N>cyr�\ed�jl`uZ> 
6ù�J�&N rl�p��j�� j4`LNO\ej~d�`4\^cej[w[aux N
`Lj4` ��dp`tN_rsc-d�`5\eN_c^r4x)\ed�jl`uZT�<N \]�!N>N_` �uj[w[d�N_Z-jl�&\^ILN ZeY:Zv\eN_MVrs`uw

N>³:\eN>c^`trl�LrsoLoL��d�N_w���jlcyx NFZ}�'ILdgxyIOwLj-`Ljs\�w[N_ced��lNFw���cej4M r�oujl\eN_`4\^d�rl�G�4�&N'�'d����tatZeNJ\eILNn��jl���pj��'d�`L��MOjlc^N
�4N>`LN_c^rl�<��jlc^M ��jlcJ\^ILN-N_f5atrs\ed�jl`�js��M�jl\ed�jl`�®

M(z)z̈ + F (t, z, ż) = 0
¬ $F�  ­

�'ItN>c^N
F : IRn × IRn × IR → IRn x j4�p��N_x \^Z&\eItN�d�`5\eN_ce`trl�E`Ljl`��pd�`LNFrscJdp`5\^N>cyrlx)\^dpj4`tZ&�uN>\]�&N_N>`��uj[w[d�N_Z

�'Itd�xyI~rsc^N�`Ljs\'`LNFx N_Z^Z^rsc^dp��Y w[N>c^d��lN_w���c^jlM"r�o<js\eN_`5\edgrs�#rl`tw \^ILN-N ³:\^N>c^`trs��rloLoL��dpNFw���j4r4wLZ> 
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 � � Â Â � ���[� � Æ ��� Æ�
 � Æ � � Æ � � 6Ò`�\eItNnZvNFf4atN>�1�s\eItN'N_f5atr�\^dpj4`tZ�js�EMOjs\^dpj4`�jl�EZeotr4x N ±
wLd�Z^x c^N \^dp¶_N_w�x jl`5\^dp`:aLaLM M�NFw[dgr�rl`tw�ced��ldgw��<j[w[dpNFZ}�'d��p�[�<NJ\ec^N_rs\eN_w�d�`�\^ILNnZerlMONJZeN \e\ed�`L�t  6Ò`�jlcyw[N>c�\ej
ZeaLMOM
rsc^dp¶_NR\^ILN-N_f5atrs\ed�jl`tZ-¬ &7$�­)��¬ $F�l�5­�rl`tw ¬ $_�  ­ �5�!N�dp`5\^cej[w[atx>N�\eILN�¨t`td§\^N-js����rlcedgrs�L��N_Z

q
�'ILdgxyI

x_rs`�c^N>oLc^N_ZeN>`5\�\^ILN�wLd�Z^x c^N \^dp¶_N_w�w[dgZvot��r4x N>MON_`4\
Uh

jlc�rl`:Y �4N>`LN_c^rl�pd�¶>NFw�x>j:jlcyw[dp`ur�\eNFZ�jl�!\^ILN�ced��ldgw
MOjl\ed�jl`

z
  �nN_`tx N4�[\eItN-N_f5atr�\^dpj4`tZJjs��MOjs\ed�jl`��'d��p���<N-�'c^d§\e\eN>`�r4Z

M(q)q̈ + F (t, q, q̇) = r
¬ $F��<:­

�'ItN>c^N
q
x j4�p��N_x \^Z!\eItN-��rlcedgrs�t�pNFZ

Uh
rs`uw

z
 

� 
 � � � � � � � ��� � � � � � 
 � � � ��� � �
6Ò`£j4c^w[N_c�\ej ceN_��rs\eN�\eItN��l��jl�trl�!j4c
�lN_`LN>cyrs��dp¶_N_w���rlcedgrs�t�pNFZ

q, q̇
rl`tw

r
\ej�\^ILN��pj[x_rs�'��rsc^d�rl�L��N_ZOr�\

d�`5\eN_cv�°r4x N
[u], U̇

rs`uw
R
�:ZvN_�lN_c^rl�[�l��jl�trl�[\ej-��j[x>rs�uM
rsoLoLd�`L�5Zirsc^N'dp`5\^cej[w[atx>N_w7  =�NTrlZ^ZeaLMONJ¨tc^Zv\i\^Itr�\

\^ILN ��j[x>rs� 0!·'ÈES	dgZ-�'cedp\v\^N>`�j4` r�¨u`Ld§\^N `:aLM��<N>c
ν

js�J�lN_jlMON \^cedgx>rl�}ouj4dp`5\^Z���rl�uN_�pNFw��5Y
α
 ~HJILN

r4ZeZeaLMOo[\^dpj4`�d�MOoL��dpNFZn\^Itr�\Tr�Zvotr4x N�wLd�Z^x c^N \^dp¶Fr�\ed�jl`~jl��\^ILN�x>jlILNFZvd��lN-¶_jl`LN�IurlZn�<N>N_`�ouN_cv��j4ceMONFw7  6ù�
\^ILN��uj[w[d�N_Z�d�`�x j4`4\yrlx \�rsc^N���j[x>rl�p��Y�x jl`:�4N ³7��\eILN~x j4M�MOj4`¦ouj4dp`5\
r�\Odp`5\^N>ce�°rlx N�x>rl`¦�uN�aL`Ldgf5aLN>��Y
wLN \eN_ceMOd�`LN_w
rl`tw�\eItNRZvourlx N>±ùwLd�Z^x c^N \^dp¶Fr�\ed�jl`�dgZ�Zv\ecyrsd��lI5\v��j4ce�Jrscyw7 46Ò` jl\eILN_c�x>r4ZvN4�4ZejlMONnxyILjldgx NFZ}Itr��4N
\^j��uN�M
r4w[N�\ej���j:x_r�\^N~\eILN�o<jld�`5\^Z
j4`�\^ILN�dp`5\^N>ce�°rlx N4  0i�4N>`£dp` \^ILN�x>r4ZvN~js��c^dp�4d�w¯�uj[w[d�N_Z_�!\eILN
otcej[x NFw[aLc^NTdgZ'`Ljl\J\ec^dp�:dgrs��rs`uw�x_rs`�dp`7?taLN>`ux N�\eItN�f4aurs��d§\]Y jl��`:aLMON>c^dgx>rs�7c^N_ZeaL�p\^Z_ 

=�N�w[N_`Ljs\^N �:Y
[u] ∈ IRν×d rs`uw

[u̇] ∈ IRν×d \^ILN �lNFx)\^jlcyZ�x j4�p��N_x \ed�`L��c^N_ZeouNFx)\ed��lN_�pY¡\eILN�w[dgZ]±
ot��r4x N>MON_`4\nrl`tw \^ILN-�lN_�pj[x>d§\]Y�rs\'N_rlxyI�d�`4\^N>ce�°rlx>N�o<jld�`5\_�

[u] =
[

[uα
N , u

α
T ]α∈{1...ν}

]T
, [u̇] =

[
[ u̇α

N , u̇
α
T ]α∈{1...ν}

]
,

¬ $F�4�4­

rl`tw��5Y
R ∈ IRν×d \^ILN-�lNFx)\ej4c^ZJx>jl���pNFx)\ed�`L��\eItN-ceNFrlx)\^dpj4`

Rα r�\'NFrlxyI�dp`5\eN_cv�°r4x N�o<jld�`4\F�

R =
[

[ Rα
N , Rα

T ]α∈{1...ν}

]T
.

¬ $F�l�5­
HJItN���j[x>rl�E\ej
�l��jl�urs�EM
rsoLoLd�`L�5Z'x>rs`��<N-�'cedp\v\^N>`�rlZ!��j4�p��j��nZ

[u] = G(q),
¬ $_�+/s­

[u̇] = H(q)q̇, [u̇]
α

= Hα(q)q̇,
¬ $F�'-4­

r = HT (q)R =
∑

α

Hα,T (q)Rα,
¬ $F�'&5­

�'ItN>c^N
H

rsotouNFrscyZ�r4ZT\eILN �5rlx>jl�Ldgrs` js��\^ILN
M
rsoLotdp`L�
G
��d1  N4 p�

H = ∇T
q G(q)

  6ù\-dgZ-`Ljl\eN>�!jlce\eI:Y
\^Itr�\'\^ILN�ceN_��rs\ed�jl`tZJd�`�\eN_ceM
ZJjs���lN_�pj[x dp\ed�N_Z-¬ $_�.-4­!rs`tw�c^N_rlx \ed�jl`tZ�¬ $_�'&5­!rsoLo<N_rlc^Z&\ej
�<N-��dp`LNFrsc!��jlcnr
¨t³:NFw

q
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� � ���������
� Æ � �
	L�[� � Æ ��� =¢dp\eI�\eILN�oLc^N_ZeN>`tx>NRjl�#\eItNTaL`tdp�gr�\^N>cyrs�7x j4`tZ]\^c^rldp`5\yZ&rl`tw�w[c^Y���cedgx)\^dpj4`�j4c&�'dp\eI~rs`:Y
`tjl`tZeMOj5jl\eI�d�`5\eN_cv�°r4x N��gr��-��\eItN&N_�ljl��a[\^dpj4`�js�L\^ILN'ZvY[Zv\eN_MOZ�dgZ�auZvatrl�p��Y�`Lj��pj4`L�lN_c�ZeM�j:jl\eI # m!cej4�l��d�rs\eju�
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$�&'&.&�(ù  6Ò`uw[N>NFw7�}Zvj4M�N�`Ljl`tZeMOj:js\eIt`LN_Z^ZvNFZ�ZeatxyI¦rlZnk]aLMOotZ�Iur��lNO\ej �uN�N ³[ouNFx)\^N_w�d�`�\eItN��lN_�pj[x>d§\]Y
rl`tw \eILN�rlx>x>N>��N>cyr�\^dpj4`�  H#j~\yrs¥4N�d�`5\ej�r4x>x j4aL`5\-\eILdgZ-otrlcv\^d�x>aL�grsc���N_rs\eaLc^N
js�!\eItN�«RY:`trlMOd�x_Z>��Zvj4MON
x_rsc^NnItr4Z}\ej��uNR\^rl¥lN>`�ceN_�4rscyw[d�`L��\eILNT\ed�MONTw[N_ced���r�\^dp�4Nnjs��¥:d�`LN>M
r�\^d�x_Z���rlcedgrs�L��N_Z�rs`twO\^ILN�w[N ¨t`td§\^dpj4`
jl����j4c^x>N_Z_  =�N��'d��p�#ZeN>N-d�`~\eItN�ZvNFf5aLN>�7\^Itr�\�rOced��lj4cej4atZ!MOrs\eILN_M
r�\edgx>rl�7��cyrsMON>�!jlc^¥
d�ZRoLc^j��5dgw[NFw��:Y
S�N_rlZeaLc^N�HJItN>jlc^Yl 

HJILN�MOrs\eN_cedgrs��jl��\eILdgZRZeN_x \ed�jl`�dgZ'dp`uZvoLd�c^N_w~�:Y \^ILN�oLd�jl`tN>N>c^d�`L�O�&j4ce¥�js� �lNFrs` �5rlx>f5aLNFZ'S�jlc^N_rla
# S�j4ceNFrsa��.$,&'-.-L��$�&'&.&�(lj4`�Pnj4`tZvMOj:js\^I�S�NFxyItrs`Ldgx>Z���jlc�¨t`Ldp\eN>±ùw[d�MON>`tZed�jl`trl�5ZeY[Z]\^N>M
Z��'dp\eI�aL`Ld���rs\eN>cyrs�
x>jl`tZv\ecyrsd�`5\^Z�rs`tw�·&jlat�pj4M���¸ Z���cedgx)\^dpj4`�  @ otrsce\edgrs��oLc^N_ZeN>`5\^rs\ed�jl` js��\^ILNO��jl����j��'dp`L����jlc^M�at��rs\ed�jl`¡jl�
\^ILN 0!·'È7S dp` r-`tjl`tZeMOj5jl\eI
w[Y:`trlM�dgx>Z}��c^rlM�N_�&j4ce¥�x>rs`O�<N'��jlat`twOdp` # S�j4`LN>c^d�Nnrs`tw @ x>rlceYE�4�l�l��$D(ù 

��� ÂOÂ � ���L� � Æ ��� Æ�
 � Æ � � Æ � ����� Â � ��� Æ�
�� Â �L� �#� Â�� ��� Â � Â �E� �°� ��� � ���[� � Æ ��� HJILN!�lN_�pj[x>d§\]Y
v = q̇

M
r�Y�N>`tx>jlaL`5\eN_c'k]aLMOotZ�rs`tw M�atZv\��uN�x j4`tZvdgw[N_ceNFw�r4Z�r~��aL`ux)\ed�jl`�js�'�uj4aL`tw[NFw ��rsc^d�rs\ed�jl`tZ
¬Gm�  5�  ­�dp`¦\ed�M�N4  =¢d§\^ILdp`�\eILdgZOrlZ^ZvatM�oL\ed�jl`���\^ILN�NFf4aur�\ed�jl`�js�nMOjs\^dpj4`¦d�Z�c^N>�'c^d§\e\eN_`�dp`�\eN>c^M
Z�jl�
qndp�4I4\nx>jl`5\ed�`:aLjlatZ'm�  5� �¬Gq- Õ·T  m�  5�  ­J��aL`tx)\^dpj4`��tw[N_`Ljs\^N_w~rlZ

v+ = q̇+ �  HJILNT�lN_`LN>cyrs��dp¶_N_w�x j:jlcyw[d�`tr�\^N_Z_�4r4ZeZeaLMON_w�\^j��uNTrs�tZejl��a[\eN_�pYOx j4`5\ed�`5atjlatZ_�4rlceNnw[NFw[atx>N_wO��c^jlM \eILN
�4N>��j[x dp\]Y
�5Y�\eILN�Zv\^rl`twLrlc^w�dp`5\eN_�lcyr�\^dpj4`�js�}r���aL`tx \ed�jl`~js���uj4aL`tw[NFw���rlcedgr�\^dpj4`tZ_®

q(t) = q(t0) +

∫ t

t0

v+(t) dt
¬ $.$_�4­

�'ItN>c^N
dt

dgZ�\eILN ��N_�uNFZv�4aLN¡MON_r4ZvatceN4  6ù��\^ILN �4N>��j[x dp\]Y¯dgZ�r¦��aL`tx \ed�jl`²jl���<jlaL`twLN_w¢��rsc^dgr�\ed�jl`uZ>�
\^ILN rlx_x N_�pN_c^rs\ed�jl`�d�Z-`tj���jl`t�lN>c�wLN ¨t`LNFw N>�4N>c^Y5�'ItN>c^N�r4Z�\eILN�wLN>c^dp��r�\^dp�4NOdp`�\eItN�x �grlZ^Zvdgx>rl�}ZvN_`tZvN
jl�
\^ILNO�lN_�pj[x dp\]Yl �HJItN�`tjs\ed�jl` js�&wLd§¹EN>c^N>`5\edgrs��MON_r4ZvatceN4�7jlc�r�ZeouNFx dgrs�iW5\^dpN_�§\Gk]N_Z-MON_r4ZvatceN�oLcej��:dgw[N_ZTatZ
�'dp\eI \^ILN c^dp�4I5\�ZvaL�uZ]\^d§\^a[\eN�\ej~\eItd�Z�`Ljs\^dpj4`�rlZ�r�wLN>c^dp��r�\^dp�4NOjs�J\eILN��lN>��j[x dp\]Y¡d�` \eILN�ZvN_`tZeN
js�J\eILN
wLd�Zv\ec^dp�ta[\ed�jl`tZ_  @ w[dp¹<N_ceN_`4\^d�rl��MON_r4ZvaLc^N

dv
dgZJ\eItN>`�rlZ^Zvj[x>d�rs\eN_w��'d§\^I�\eILN�m�  5� L�4N>��j:x>d§\]Y4�

v
rlZ

dv(]a, b]) =

∫

]a,b]

dv = v+(b) − v+(a)
¬ $.$'$F­

6Ò` \^ILN�ZerlMON��Jr�Yl�&\eItN��lN>`tN>cyrs��dp¶_N_w���j4c^x>Nl�
r

wLaLN~\ej \^ILN�aL`Ld���rs\eN_c^rl�nx jl`uZ]\^c^rldp`5\^Z�dgZ rs�gZej \^j��uN
x>jl`tZedgw[N>c^N_w�rlZ'r�ceNFrs�p±1MONFrlZeaLceN4�5wLN>`Ljl\eN_w

dp
 

HJILN-NFf5atr�\^dpj4`�jl��MOjs\^dpj4` ¬ $_�'<5­�d�ZJ��j4ceM�aL�gr�\eNFw�d�`�\eN_ceM
ZJjs��r�M�NFrlZeaLc^N�wLd§¹EN>c^N>`5\edgrs�7NFf5atr�\^dpj4`�®
{
M(q)dv + Fint(t, q, v

+)dt = Fext(t)dt+ dp

v+ = q̇+
¬ $.$F�4­

6ù�&\eILNOMOjs\^dpj4` dgZ�ZvMOj:js\^I �'dp\eI�c^N_ZeouNFx)\�\ej�\ed�MONl�#�!N�ceN>\ec^dpN_�lN�\^Itr�\ dv
dt

= v̇ = q̈
rl`tw

dp = rdt
 

�R\^ILN>c^�'dgZvN4�5ZejlMON}k]aLMOotZJrlceNnN>³[ouNFx)\eNFw rs`uwO\eILN_ceN>��jlc^NRr�\^jlMOdgxnMON_r4ZvaLc^N_Z��'dp���<�uNT��jlaL`uw
dp`
dv

rs`tw
dp
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��� Æ ��� ��� Æ � Æ �l� ����� � � ��� �<� 
ùÆ � � Â �L� ��� Â � HJILN �l��jl�urs�T\ej �pj[x>rl��MOrloLoLd�`L�£rsc^N �'c^d§\e\eN_`
Zv\ecyrsd��lI5\e��jlc^�!rlc^w[��Y�dp`�\eN_ceM
ZJjl��MON_r4ZvatceNFZ!rl`tw�ced��lI5\'�pd�MOd§\yZ'js�}m�  5� [��aL`tx \ed�jl`�rlZ_�

{
[u̇]+(t) = H(q)v+(t) [u̇]α,+(t) = Hα(q)v+(t)
dp = HT (q)dP =

∑
αH

α,T (q)dPα

¬ $.$  ­

��Æ � � � Æ#Æ � �²� Æ � Â � �
	 Â �lÆ � Â � Æ Ç Â �n�t��� Â �t����� Â � ������� ��� � Æ � = NOj4M�dp\�dp` \eILdgZ�ZvNFx)\^dpj4`
\^ILN-d�`tw[N ³

α
��jlcJ\^ILN�Zerl¥lN�js��ceNFrlwLrl�Ld��pdp\]Yl  ��N>\natZ'x j4`tZed�w[N_cJ¨tcyZ]\J\eItN-aL`Ld���rs\eN>cyrs��x>jl`5\^r4x)\J��r��-�

−RN ∈ ∂IIR+(uN ).
¬ $.$;<:­

HJItd�ZJd�`tx ��atZedpj4`�¬ $'$,<5­�d�Z �]c^N>oL�grlx>N_w ���5Y \eILN���j4�p��j��'dp`t��d�`tx ��atZedpj4`

−dPN ∈ NT
IR+ (uN )(u̇

+
N (t))

¬ $.$F�l­
�'ItN>c^N

NC
w[N>¨t`LNFZ \^ILN¡`Lj4ceM
rl�Tx j4`LN�\^j¯r¦x>�pj5ZvNFw¢x jl`:�4N ³ ZeN \

C
�Rrs`uw

TC
\eILN¡\^rs`t�lN>`5\�x>jl`LN

# �nd�c^d�rlcv\e±ùQRcec^a[\]YRrl`tw ��N_MOrlcebFxyItrs�1��$�&'&  (1 �HJItd�Z���jlc^M�aL�gr�\^dpj4`-d�Z#jl`LNijl�:\eILNi¥4N>Y[Zv\ejl`tNijs�:\eItNiMON \eItj:w
c^N ��N_cec^N_w~r4ZJ\eILN � � ���
����� � �

�
�
�Ò¼<º ��� ¼�� � ¾ � �
���'ILdgxyI�d�ZTrOMOrs\eILN_M
r�\edgx>rl��ZeN \e\ed�`L� �'ILdgxyI�x j4M��Ld�`LN_Z

r w[Y:`trsMOdgx>Z�w[N_Z^x c^d��uNFw¦d�`�\eN_ceM
Z�js�nMON_r4ZvatceN�rlZ�dp`B¬ $'$��l­-\ejl�4N \^ILN>c��'d§\^I¯r w[N_Z^x c^dpoL\ed�jl`¦jl�n\eILN
at`Ldp�gr�\^N>cyrs��x jl`uZ]\^c^rldp`5\Rd�`tx ��atw[d�`L��rs`�d�MOotrlx \T�gr�� ¬ $'$��l­  THJILN�dp`tx>�pauZvd�jl`�¬ $'$��l­J�'d��p���<N�x_rs���pNFw~\eILN
d�`tx>�patZed�jl`�d�`¡\^N>c^M
ZRjl���lN_�pj[x dp\]Yl -H��&j���N_rs\eaLc^N_Z�js��\eILdgZ�dp`tx>�pauZvd�jl` Itr��lN-\^j��<N�M�N_`5\ed�jl`LNFw7®Tr5­ ¿	�7�
º � ¾ ½ � � º ��� ¾ ��� ¾
�D� ��� » �
� � ����� ��� �u­ ¿	�7��º � ¾>½ � � º ��� º � ¿ �;�)» � � 
 ���>½ � ¾>º©¿��

u̇+
N

c^rs\eILN_c-\eItrl` js�J\eILN
x>j:jlcyw[dp`ur�\eNFZ

uN
 &HJILN_ceN>��jlc^Nl�[dp\RdgZ'`LN_x>N_Z^ZerlceY \ej w[N>¨t`LN��'Itrs\nd�Z'\eILN�d�`tx>�patZed�jl`~js�}rOMON_rlZeaLc^N�dp`5\ej

r�x j4`LNl }ªLj4c!r�M
r�\^ILN>M
r�\^d�x_rs�Ew[N ¨u`Ld§\^dpj4`�jl�#�'Itrs\&dgZ!r�d�`tx ��atZedpj4`�js�#r�MON_r4ZvaLc^NRd�`5\ej�r�x>jl`LN
K

�:�&N
x>jl`tZedgw[N>c�r
`Ljl`t`LN>�5r�\ed��lN ¬GqnrlwLjl`u­nM�NFrlZeaLc^N

dν
rl`tw��!N�rlZ^ZeaLMON�\eIur�\R\^ILN�MONFrlZeaLceN

dr
ouj5ZeZeN_Z^ZeN_Z

r¡w[N>`tZedp\]Yl�
r′(t) = dr

dν : [0, T ] → IRν �'dp\eI¦c^N_ZeouNFx)\-\^j
dν

  HJILN d�`tx ��atZedpj4`
dr ∈ K

ItrlZ�\ej��<N
at`tw[N>cyZv\ej:j[w�r4Z

r′(t) ∈ K, dν
rs��MOj4Zv\'N>�lN_ceY:�'ILN_ceN

.
¬ $'$F�4­

ªtjlcJMOjlc^N�wLN \^rldp�gZ_�[�&N�ceN>��N>c!\ej # @ x>rlceYON \nrl�G ��t�s�4�l�L�+3�aL`L¶_N�rl`tw�S�jl`5\eN_dpc^j�S¡rscyf4atK_Z_�[�l�l�4�L�4S�jl`[±
\^N>d�cej
S�rlc^f5aLNFZ>��$�&'&  �LW5\eN_�!rlcv\F�t�s�l��$D(ù 

·&��N_rlce��Yl�:\^ILN-N_f5aLd���rs��N>`tx>N��<N \]�!N>N_`�\eILN-d�`tx ��atZedpj4`�d�`�\eN_ceM
ZJjs���lN_�pj[x>d§\]Y�rl`tw�\eILN-j4`LN�dp`�\eN_ceM
Z
jl��x j:jlcyw[d�`tr�\^N_ZRd�ZT`Ljs\�N>`tZeaLc^N_w�d�`�\^ILN��4N>`LN_c^rl��x_rlZeNl  @ �:d�rl�Ld��pdp\]Y~�pN_M�M
r�w[aLN�\ej�S�jlc^N_rsa # $,&.&'&�(
N_`tZeaLceNFZJ\eIur�\n\^ILN�d�`tx ��atZedpj4`�dp`~\^N>c^M
Znjs�}�4N>��j:x>d§\]Y�¬ $.$F�l­J\ejl�4N \^ILN>cn�'dp\eI�r4w[MOd�Z^Zedp�L��N�d�`Ldp\edgrs��x jl`uw[d§±
\^dpj4`tZ�j4`�\eILN�ouj5Zvdp\ed�jl` d�M�ot�pd�N_Z�\eItrs\�\eItN�x j4`tZ]\^c^rldp`5\yZ-jl`�\eItN�x j:j4c^w[d�`trs\eN_Z-rlceN rl�p�Jr�Y[Z-Zers\edgZ]¨uN_w7 
6Ò`~�°r4x)\F�u�!N�rs���!r�Y[ZJItr��4N

NT
IR+(uN )(u̇

+
N ) ⊂ NIR+(uN ).

HJILN�ceN_�lN>cyZeN-d�Znx>�pNFrsc^�pY�`Ljs\R\ec^aLNl  @ ¥4N>Y
r4ZeZeaLMOo[\^dpj4` Itr4Z�\ej~�<N rlwLw[NFw¡�'Itd�xyI dgZ�ceN_��rs\eN_w¡\ej~\^ILNO`Ljs\^dpj4` js�&d�MOotrlx \���r��nZ_  6Ò`tw[N_N_w7��d§�!\eILN
x>jl`tZv\ecyrsd�`5\nd�ZTrlx \ed��lNl�udG  Nl 

dPN > 0
�L\^ILN>`�\eILN�ouj5Z]\Rd�MOotrlx \T�4N>��j:x>d§\]Y

˙uN
+ dgZnN_f5atrl��\^j ¶>N_ceju nªLjlc

d�`tZv\^rl`tx N
dp�Rrs` d�M�ourlx)\�j[x>x atc^Z_��\^ILN o<j4Zv\�dpMOotr4x)\��4N>��j[x dp\]Y¡��rs`LdgZeILN_Z_ �HJILN MOj[w[N>�&d�Z�r~dp`LN_��r4Z]\^d�x
¬°oL�grlZv\edgx_­�dpMOotr4x)\ic^aL��Nl  6ù�u\^ILN'wLr�\yr�rlceN'Zea�) x d�N>`5\e��Y�ZeMOj5jl\eI��l�&N'x>rl`�Itjlo<NJ\eItrs\�\^ILN'N_f5aLd���rs��N>`tx>NJd�Z
\^ceatNTdp��rl`�d�`LN>�grlZv\edgxTdpMOotr4x)\'ceat�pN�d�Z'r4ZeZeaLMON_w�  @ Z!d§\'dgZ'w[jl`LN�d�` # S�rs�tcej4aL¥E� $�&'&.-L�4S�jlc^N_rsa#� $�&'-.-�(ù�
\^ILN-d�M�ourlx)\'c^aL��N�x>rs`��<N-N>`LItrl`tx NFw��'dp\eI�r�`Lj4ceM
rs��x>j:ND) x d�N>`5\'js��ceNFZ]\^d§\^a[\ed�jl`

e
r4Z!��jl���pj��nZ

−dPN ∈ NT
IR+ (uN )(u̇

+
N + eu̇−N).

¬ $.$1/l­
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HJItN�wLceY
��c^dgx)\ed�jl`�x_rlZeN�dgZ!\ec^N_rs\eNFw�r4ZJ�&N_�p�7d�`�\eN>c^M
ZJjs��MON_rlZeaLc^Nl�[d1  N4 p�

−dPT ∈ ∂(µ|dPN | ‖ u̇+
T ‖). ¬ $.$,-4­

ª�d�`trs����Yl�7��j4cT\^ILN 0i`LIurs`tx>N_w�·&jlILNFZvd��lN È<jl`tN�S�j[w[N_�id�` dp\^Z�d�`5\ec^dp`tZedgx���j4ceM ¬ $F­Ò±�¬  ­ ��\^ILNOM�NFrlZeaLc^N
wLd§¹EN>c^N>`5\edgrs�7d�`tx>�patZed�jl`�d�ZnwLN>c^dp�4N_w�rlZ

−dPN + dPcoh
N ∈ NT

IR+ (uN )(u̇
+
N + eu̇−N)

¬ $.$,&5­

−dPT + dPcoh
T ∈ ∂(µκ(β)|dPN + dPcoh

N | ‖ u̇+
T ‖) ¬ $��s�4­

dPcoh = R
cohdt, R

coh = K(β) · [u] g(β̇, β, uN , uT ) = 0,
¬ $���$F­

�'ItN>c^NT\^ILN�x j4`:�lN>`5\^dpj4`
dr ∈ K ⇔ r′ ∈ K

d�Z'N>³:\eN>`uw[N_w�\ej
dr ∈ K(dr) ⇔ r′ ∈ K(r′)

 

� Æ � � Â �E�_��� ��Ç ���E� Â � � � Â �_�[� � Æ � 6ù�7\eILNTN>�4jl��a[\ed�jl`OdgZ&ZeMOj5jl\eI��l\eILNTMON_rlZeaLc^N
dP

x>rl`
�uNTd�w[N_`[±
\^d§¨uN_w�\^j

R(t)dt
 -«TaLN�\^j�\^ILNOw[N ¨t`td§\^dpj4`¡js�}\^ILN�dp`tx>�pauZvd�jl`�d�`5\ej�r�x>jl`LN4�u�!N�c^N \^ced�N>�4N-\eILN�jlc^d��ld�`trs�

0J·'ÈESVN>³Lx N>oL\&��j4c&\^ILN���jlc^M�aL�gr�\^dpj4` js�#\eILN�aL`Ld��gr�\eN_c^rl�7x jl`uZ]\^c^rldp`5\&�'Itd�xyI�d�ZJ`Lj��²dp`��lN>��j[x dp\]Yl }ªLj4cv±
\^aL`trs\eN>��Yl�5d�` ZvMOj:js\^I x>rlZeNl�l\eILNTdp`ux ��atZvd�jl`
d�`O\eN_ceM
Z�d§�

uN
dgZiNFf4atdp��rs��N>`5\i\^j-\eItNndp`ux ��atZvd�jl`
d�`

u̇+
N(t)

 
W[M�j:jl\eI¦N_�ljl��a[\^dpj4`tZ�x_rs`¦�<N�N ³[ouNFx)\^N_w¦�'ItN>`¦\^ILN>c^N�rlceN�`Lj¡N>³:\eN>c^`trl�&d�MOoLaL�gZvNFZ�w[atN�\^j N>³5\^N>c^`trs�
d�MOotrlx \�rs`uw¡\^ILN>c^N�rlceN
`Lj�`tN>�4rs\ed��lN
c^N>�gr�\^dp�4N
oLceN>±1�4N>��j[x dp\]Yl  6Ò` \^ILdgZ�x>r4ZvN4��\^ILN�ZeMOj5jl\eI MOj[w[N>�&d�Z
��rl�pdgw�rl`tw�N_f5aLd���rs��N>`5\J\ej�\eILN-`tjl`tZeMOj5jl\eI�jl`LN4 

6ù��\^ILNRN_�lj4�pa[\^dpj4`
d�Z�`Lj���jl`t�lN>c&ZvMOj:js\^I�w[aLNR\ej�N>³:\eN>c^`trl�LdpMOotr4x)\F�5j4ci\^ILNRoLc^N_ZeN>`ux Nnjl��aL`Ld���rs\eN>cyrs�
x>jl`5\^r4x)\'rs`tw���c^d�x \ed�jl`�¶>jl`tNT�'dp\eI�`LN>�5r�\^dp�4NTc^N>�gr�\^dp�4NT�4N>��j:x>d§\]Y4�[r�wLN_x j4MOouj5Zvdp\ed�jl`�x>rs`��<N�rlcv\^d§¨<x dgrs���pY
d�`5\ec^j[w[atx NFw�\^j�aL`uw[N>cyZ]\yrs`tw��'Itr�\�d�ZT\^ILNO�uN_Itr��:dpj4cTjl�i\eILN�MOj[w[N>��d�`¡\^N>c^MOZ�jl��MON_rlZeaLc^N_Z_  ��N \�atZ
r4ZeZeaLMON�\eItrs\J\eILN-d�MOoLaL�gZvN-MON_r4ZvatceN

dP
x>rs`��<N�w[N_x>jlMOouj5ZvNFw�r4Z

dP = Rdt+ Pδti

¬ $��l�4­
�'ItN>c^N

δti

d�Zn\eILN�«Rd�c^r4x-w[dgZ]\^ced��La[\^dpj4`�r�\n\^dpMON
ti

rs`tw
P

dgZ'\^ILN�rlM�ot�pdp\eatwLN�js��\eItN�dpMOoLat��ZeN��s 'HJILN
MOj[w[N_��x>rs`~�<N�w[N_x>jlMOo<j4ZeN_w�rlZ

−RN + Rcoh
N ∈ NT

IR+ (uN )(u̇
+
N + eu̇−N)

−RT + Rcoh
T ∈ ∂(µκ(β)|RN + Rcoh

N | ‖ u̇+
T ‖)

Rcoh = K(β) · [u] g(β̇, β, uN , uT ) = 0



 dt

±&rl�pMOj4Zv\'N>�4N>c^Y5�'ItN>c^N ¬ $��  ­

rl`tw
−PN ∈ NT

IR+ (uN )(u̇
+
N + eu̇−N)

−PT ∈ ∂(µκ(β)|PN | ‖ u̇+
T ‖)

Pcoh = 0





r�\
t = ti

¬ $���<:­

H�j ZvatM aLo��t\eILN���j4c^x>N_ZJw[aLN�\^jO\eILN�x>jlILNFZvd��lN�dp`5\^N>cyrlx)\^dpj4`�d�`�\eILN-MONFw[d�r
rlceN�rlZ^ZeaLMON_w�\ejOItr��4N
j4`L��Y�r�wLN>`tZed§\]YO�'dp\eI
\^ILNRc^N_Zeo<N_x)\�\ej�\^ILN �#N>�<N_Ze�laLNTS�N_r4ZvaLc^Nnrs`uwO\eILN_ceN>��jlc^Nnw[j�`tjs\�N_`4\^N>c&dp`5\ej�\eILN
MOj[w[N_���'ILN_`¡r-k]atM�o j[x>x atc^Z_ RHJILdgZ�d�Z�x ��N_rlce��Y�r�M�j[w[N_�pd�`L��xyILjldgx N��'Itd�xyI¡x_rs`��<NOw[d�Z^x auZeZeN_w7  = N
�'d����<ZeN>Nnd�`O\eItNR`LN>³5\JZvNFx)\^dpj4`
�'Itr�\&\eILN�x jl`uZvNFf4atN>`tx>N_Z}jl�<\^ILdgZ�MOj[w[N>�<d�`O\eN>c^M
Z�jl�7M�NFrlZeaLc^N_Z}j4`
\eILN
\^dpMON>±ùw[dgZ^x c^N \ed�¶_rs\ed�jl`�rsc^Nl 
� ÖGî�ñùÍ�ð&ï�Ð]ñvÚ 
 ÔsÚ)ÖGÞ Ü1ÞÕÚ)Ï�ðyÖ1Ö1î 
 ÐvÖ7Ð]ÖGÔlÐ]ñ]Þ ðyÓÕÓ �nÜ1Í�ð^Ü�ÜGÍ�Ð}ï�Þ �lî�ÖGÐ}Ö1ÞÕÏ �)î�Ó ðyÙ 
 ÐvðyÖ1îFÙGÐ � ðyÏ�ÞÕÖ1Í�Ð]Övÿ
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 � � � � � � � ��� � ��������� � � ��
 � � ��� � 
 � ����
 � � � � 
 � � �
6Ò`£\^ILdgZ�ZeN_x \ed�jl`��nr�\^dpMON wLd�Z^x c^N \^dp¶Fr�\ed�jl`£MON \^ILj[w¢js��\^ILN ��rs�lcyrs`t�lN�w[Y:`trsMOdgx>rl�nN_f5atrs\ed�jl` ¬ $.$F�4­
x>jl`tZedgZ]\^N>`5\-�'d§\^I \^ILNO`Ljl`uZvMOj:js\^I�xyItrlc^r4x)\^N>c�js�&\eILN Zejl��a[\ed�jl`#��d�Z�oLceNFZvN_`5\eN_w� OHJItd�Z�d�`5\eN>�4c^rs\ed�jl` d�Z
d�`tZeoLd�ceNFw �5Y \eItN��!jlc^¥ jl�'S�jlc^N_rsa # $,&.-'-t� $,&'&.&�(&rl`tw �4N_rl` # $�&'&'&�(��'dp\eI�ZejlMON�r4wLrso[\yr�\^dpj4`tZ�rs`uw
c^N ¨u`LN>MON>`5\yZ!��jlcJ\eItN-`Ljl`��pd�`LNFrsc'�LaL��¥��<N>Iur��5d�jlc'rl`tw \^ILN�0!·'ÈES MOj[w[N>�1 

� Â �t����� Â Ç ��� Â � Â �E� �°� � Â � ���L� � Æ ��� 6Ò`5\eN>�4c^rs\ed�`L���ujl\eI Zed�wLN_Zijl�E\eILdgZiNFf4aur�\ed�jl`Oj��4N>cir�\^dpMONRZv\eN_o
]tk, tk+1]

js���pN_`L�s\^I
h
�






∫

]tk,tk+1]

Mdv +

∫ tk+1

tk

F (t, q, v+)dt =

∫

]tk,tk+1]

dp,

q(tk+1) = q(tk) +

∫ tk+1

tk

v+ dt .

¬ $��l�4­

�'ItN>c^N
M

dgZ�rlZ^ZvatM�NFw�\^j��uN x>jl`tZv\^rl`5\���j4c�ZedpMOoL��d�x>d§\]YE¸ Z-Zerl¥lN4  m&Y�w[N ¨u`Ld§\^dpj4` js�!\eILN w[dp¹EN>c^N>`5\edgrs�
MONFrlZeaLceN

dv
�7�&N�Itr��lN ∫

]tk,tk+1]

M dv = M

∫

]tk ,tk+1]

dv = M (v+(tk+1) − v+(tk))
 �Pnjs\^N�\^Itr�\

\^ILN-c^dp�4I4\'�4N>��j:x>d§\^dpNFZJrsc^N�d�`:�lj4�p�4N_w d�`�\eILdgZJ��j4ceM�aL��rs\ed�jl`� 
HJILN&dpMOoLat��ZeN ∫

]tk ,tk+1]

dp
js�[\^ILN�c^N_r4x)\^dpj4`-jl`�\eItN�\^dpMON�d�`5\eN_ce��rs�

]tk, tk+1]
N>MON>c^�lNFZ�rlZ�rn`trs\eaLcyrs�

at`L¥:`Lj��'`� �HJILNON_f5atrs\ed�jl`�jl�i\eItN�`tjl` ZeMOj:js\eI MOjs\ed�jl`�x>rl`¡�<N��'c^dp\v\eN_`¡aL`uw[N>c-rs` dp`5\^N>�lcyrs����jlc^M
r4Z>®





M (v(tk+1) − v(tk)) =

∫ tk+1

tk

F (t, q, v+) dt =

∫

]tk ,tk+1]

dp,

q(tk+1) = q(tk) +

∫ tk+1

tk

v+ dt

¬ $��s�5­

W[dp`tx>N�wLd�Z^x j4`4\^dp`:aLdp\ed�N_Z&js�#\eILN-w[N_ced���r�\ed��lN
v

rsc^Nn\ej��<N�N>³[ouNFx)\eNFw dp��ZejlMONTZeILj[xy¥[Z&rlceNTj[x>x atcec^dp`t�t�5dG  Nl 
dp

MOr�Y�Iur��lNOZvj4M�N
«Tdpcyrlx�r�\^jlM
Z��'d§\^ILd�` \^ILN
d�`4\^N>c^��rs�
]tk, tk+1]

��ILd��lILN_c-jlcyw[N>c�rsotoLcej�³[d�M
r�\ed�jl`uZ
d�`5\eN_�lcyr�\ed�jl`�Z^xyILN>MONFZn��j4c

dp
rsc^N�d�cec^N>��N>�4N>`5\_ 96ù\TM
r�Y~�uN�ZvILj��'`¡jl`�ZejlMON�ZedpMOoL��N�N>³LrsMOoL��N_ZR\eItrs\_�

j4`�\^ILN�x j4`5\ecyrsc^Yl�[ZvauxyI�ILd��lI�jlcyw[N_cJZ^xyILN_M�NFZJM
r�Y �lN_`LN>cyr�\^N�ZeoLaLc^dpj4atZJ`:aLMON>c^d�x_rs�7j5Zex>dp����rs\ed�jl`tZ_ 
HJILN���jl���pj��'d�`L�O`Ljs\yr�\^dpj4`�dgZ'atZeN_w�®

qk ≈ q(tk)
rl`tw

qk+1 ≈ q(tk+1)
�
vk ≈ v+(tk)

rl`tw
vk+1 ≈

v+(tk+1)
�trs`uw

pk+1 ≈
∫

]tk,tk+1]

dp.

HJItN ��¼��)º � �)º ZeMOj:js\eI�\eN_ceM rlceN�N>��rs��atrs\eN_w��'d§\^I r
θ
±ùMON \eItj:w��&xyILj5ZvN_`�d�`¦\eItd�Z
x>jl`5\eN>³5\���jlcOdp\^Z

N_`LN>c^�lY x>jl`tZeN>c^��r�\^dpj4`�rs�tdp��d§\]Y4�
∫ tk+1

tk

F (t, q, v) dt ≈ hF̃ (tk, qk, vk, tk+1, qk+1, vk+1, tk+θ, qk+θ, vk+θ)
¬ $��./l­
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�'ItN>c^NT\^ILN-MOd�w[±1��rs��aLNFZ
tk+θ, qk+θ, vk+θ

rlceN-w[N>¨t`LNFw��:Y

tk+θ = θtk+1 + (1 − θ)tk
qk+θ = θqk+1 + (1 − θ)qk
vk+θ = θvk+1 + (1 − θ)vk

, θ ∈ [0, 1]
¬ $F�'-4­

HJItN�xyILjldgx N�js�}\eItN�rsotoLcej�³[d�M
r�\eNFw���aL`tx)\^dpj4`
F̃

Z]\^cej4`L�l��Y~w[N>o<N>`twtZRj4`~\eILN�`tr�\^aLceN�js�}\eItN�d�`4\^N>c^`trs�
��j4c^x>N_ZJ\^Itr�\�rsc^N-MOj:wLN>��N_w7 nªtjlcn\^ILN���d�`LN_rlcnN>�grlZv\edgx-�<N>Itr��:d�jlcnjl��ItjlMOjl�4N>`LN_jlatZnx>jl`5\ed�`:aLaLM MON_w[dgrL�
\^ILdgZnrsoLotcej�³[d�MOrs\ed�jl`�x_rs`��uN-M
r4w[N-�:Y�®

F̃ (tk , qk, vk, tk+1, qk+1, vk+1, tk+θ, qk+θ, vk+θ) =
1

2
K : [E(qk) +E(qk+1)] :F (qk+1/2)

¬ $���&5­

�'Itd�xyI��pNFrlwLZ&\^j�r�N>`tN>c^�lY
x j4`tZvN_ce�:d�`L��rl�p�4jlc^d§\^ILM rlZ!d�` # W:d�MOjOrl`tw�H�rlce`Lj��-� $,&.&4��(1 �ªLj4c!`tjl`L��dp`tN_rsc
N_��r4Z]\^d�xTjs\^ILN>cnZeMOj:js\eI�`Lj4`���dp`tN_rscJ�<N>Itr��:d�jlcyZ>�5�!N�c^N ��N_c!\ej�\eILN-�!jlc^¥
js� 2�jl`L¶Frs��N>¶ # �l�l�4��(ù� ��rsaLcyZvN_`
rl`tw�S�N>`L� # �s�4�7$D(E��j4cJ\eILN�xyILj4d�x>N�js�#\^ILN�w[dgZex>ceN>\ed�¶_rs\ed�jl`~rs`tw�\eILN-��rl�paLN-jl�

θ
 

HJILN�wLd�ZeoL�grlx N_MON>`5\_�Lr4ZeZeaLMON_w�\ej
�<N-rs�tZejl��a[\eN_�pY�x jl`5\^dp`:aLj4atZJd�Z'rloLoLc^j�³[dpM
r�\^N_w��5YE®

qk+1 = qk + h vk+θ .
HJILN���j4�p��j��'d�`L��\^dpMON�w[dgZ^x c^N \ed�¶>NFw�N_f5atr�\^dpj4`�jl��MOjs\^dpj4`�dgZ'j4�[\^rldp`LNFw7®
{
M(vk+1 − vk) + hF̃ (tk, qk, vk, tk+1, qk+1, vk+1, tk+θ , qk+θ, vk+θ) = pk+1

qk+1 = qk + hvk+θ

¬ $  �5­

�'Itd�xyI¢dgZ�r4ZeZeaLMON_w \^j¦�uN �pd�`LNFrsc^dp¶_N_w£rs`tw£dp\eN_c^rs\ed��lN_�pY Zvj4�p�4N_w£r�\�N_rlxyI \^dpMON¡�:Y¯��jlc d�`tZv\^rl`tx N¡r
PRN>�J\^jl`�oLcej[x>N_w[aLc^N�jlc'j4`LN�js��dp\^Zn��rlcedgrs`5\yZ> }HJILN���dp`LNFrsc^dp¶_N_w�ZvY[Zv\eN_M �'dp�����<N�w[N>`tjs\eNFw~rlZ

{
(M + hθCt + θ2h2Kt)(vk+1 − vk) + φ(tk, qk, vk) = pk+1

qk+1 = qk + hvk+θ

¬ $  $�­

�'ItN>c^NT\^ILN-M
r�\^cedgx NFZ
Ct

rs`tw
Kt

Zv\^rl`tw���jlcJ\^ILN�\^rl`L�lN_`4\'�:dgZex>jlatZJrs`uw�Zv\edp¹E`LN_Z^ZJM
r�\ec^dgx N_Z_ 
ªtjlc

θ = 0
�s\eItNnZexyILN_MON!dgZ�N ³[oL��dgx dp\idp`�\eItN'N>��rs��atr�\^dpj4`�jl�u\^ILN'd�`4\^N>c^`trs�:��j4c^x>N_Z_  =¢ILN_`O�pj5rlw[d�`L��jlc

��cyrlx \eaLc^N�rsc^N�ILd��lIL��Y�wLY5`ursMOd�x_rs�1�Ldp\TM
r�Y��<N�d�`4\^N>c^N_Zv\ed�`L�O\ej
auZvN�ZeatxyI�r
Z^xyILN>MON-�'dp\eI�ZeM
rs����\ed�MON ±
Zv\eN_otZ�r��4jldgw[d�`L��\eILN N_��rs��atr�\^dpj4`�js�J\eILN \^rs`t�lN>`5\�j4ouN_c^rs\ej4c^Z_  =�N c^N \ec^d�N>�lN
d�` \eItN�x>r4ZvN r�Z^xyILN_M�N
�'Itd�xyI dgZ��lN_ceY�Zvd�MOdp�grsc�\ej~\eItN�Z^xyILN>MON
js�T·!rlceo<N>`5\eN_c-N \�rl�G  # $�&'&5�1(ù �ªLj4c

θ ∈]0, 1]
�#�!N j4�[\^rldp`�r

ZeN>MOdp±1d�MOoL��d�x>d§\�Z^xyILN>MON!�'d§\^IO�lj:j[w�Zv\^rl�Ldp��dp\]Y�oLc^jlo<N>ce\]Y���jlc
θ > 1/2

  =¢d§\^I
θ = 1/2

�lr�ZvNFx jl`uw�jlcyw[N_c
d�`¡r4x>x atc^r4x Y�x_rs`��<N�ceN>\ec^dpN_�lN_w�d�` ZeMOj5jl\eI�N_�lj4�pa[\^dpj4`�  6ù\�d�ZT`Ljs\^N>�!jlce\eI:Y�\eItrs\T�'Itrs\eN>�4N>cTILj�� \eILN
ourscyrsMON \^N>c

θ
d�ZixyItj4ZeN>`���\^ILNnZ^xyILN>MON'dgZ���aL�p��Y�dpMOoL��d�x>d§\}��j4c}\eItN'N>��rs��atr�\^dpj4`�jl�u\^ILN'c^N_rlx \ed�jl`�dpMOoLat��ZeN_Z

dp
 

��� Æ ��� �E� Æ � Æ �l� � ��� � � ��� �<� HJItN&�4�pj4�trs�4\ej��pj[x_rs�5MOrloLoLd�`L�4Z�rsc^N&wLd�Z^x c^N \^dp¶_N_w�d�`�rR��aL���pY-d�MOoL��d�x>d§\
�Jr�YO��jlcJ\^ILN�\eN_ceM
ZJd�`:�ljl���:dp`t���4N>��j:x>d§\^dpNFZ'rs`tw�d�MOoLaL�gZvNFZ�®

[u̇]k+1 = H(q̃k+1)q̇k+1,
¬ $  �4­

pk+1 = HT (q̃k+1)Pk+1 =
∑

α

Hα,T (q̃k+1)P
α
k+1.

¬ $  ' ­
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ªtjlcJ\^ILN�w[dgZvoL�grlx>N>MON>`5\F�:\]�&jOotrlc^rlM�N>\eN_c^Z
γ1, γ2

rlceN�dp`5\^cej[w[atx>N_w�\ej���j4ceNFx>rlZv\J\eILN�x>jl`[¨u�laLcyr�\^dpj4`�r�\
x>jl`5\^r4x)\nrlZ

q̃k+1 = qk + h(γ1vk + γ2vk+1)
¬ $  <:­

ªtjlcTM�j5Z]\�rsoLoL��dgx>r�\^dpj4`tZnd�`��'ILdgxyI�\^ILN�`Lj4ceM
rl��\ej \eILN�dp`5\eN_cv�°r4x N�wLj�`Ljl\�xyItrl`L�lN�\^j5j�f5aLd�xy¥:��Y�j4cndp�
\^ILNTx>aLc^��rs\eaLc^N_Z�js�7\^ILNTd�`5\eN_cv�°r4x NRrlceNRZeM
rs���G�5\^ILNRN_��rl�paur�\ed�jl`�js�7\eItNTx j4`5\^rlx \!x>jl`[¨t�4aLcyr�\ed�jl`OM
r�YO�uN
N>³[oL�pdgx dp\_�L\eItrs\JdgZ

γ2 = 0
rs`uw

γ1
dgZnxyILj4ZeN>`�dp`

[0, 1]
 

��
 � 	 � 
 � � � � � � � ��� � ��������� � � ��
 ������� �
ª�d�`trs����Yl�:\eItN�0!·'ÈES MOj:wLN>��d�`�w[d�Z^x c^N \^dp¶_N_w�dp`�r�d�M�ot�pdgx dp\n�!r�Y4�

−PN,k+1 + Pcoh
N,k+1 ∈ NT

IR+ (ũN k+1)([u̇]N,k+1 + e[u̇]N,k)

−PT,k+1 + Pcoh
T,k+1 ∈ ∂(µκ(βk+1)|PN,k+1 + Pcoh

N,k+1| ‖ [u̇]T,k+1 ‖)

P
coh

k+1 = hRcoh
k+1, R

coh
k+1 = K(βk+1) · [u]k+1 ĝ(β̇k+1, βk+1, βk, [u]N,k+1, [u]T,k+1) = 0¬ $  �4­

�'ItN>c^NJ\eILNR��aL`tx)\^dpj4`
ĝ
dgZ�\eILNT`:aLMON>c^d�x_rs�tx>jlaL`5\eN_ceoursce\�jl�E\eILNR��aL`tx)\^dpj4`

g̃
N>��rl�patrs\eNFw�rs\i\eItNRw[dgZex>ceN>\eN

rloLoLc^j�³[dpM
r�\^dpj4`tZTjs�!\eILN
��rsc^dgrs�L��N_Z_�
β̇, β, uN , uT

  HJILN
w[d�ZeoL�grlx>N>MON>`5\Jk]aLMOo
ũNk+1

dgZ�N>��rl�patrs\eNFw
d�`�rOx jl`uZvdgZ]\^N>`5\'M
rs`L`LN_c'�'d§\^I~ceNFZvo<N_x \!\^j�¬ $  <5­ �

ũNk+1 = uNk + h(γ1[u̇]N,k + γ2[u̇]N,k+1).
¬ $  �5­

@ `�jl�:�:d�jlatZ�xyItjldgx N}��j4c
γ1

rl`tw
γ2

d�Z#\ejT�uN!x j4ILN>c^N>`5\#�'dp\eI-\^ILNi��j4ceNFx>r4Z]\#jl�:\eILN!�lN_`LN>cyrs��dp¶_N_w�w[dgZvot��r4x N ±
MON_`4\nr4ZJdp` ¬ $  <5­   6Ò`�\^ILN-ZerlMON��Jr�Yl�5\^ILN�rsoLotcej�³[d�MOrs\ed�jl` jl�#\^ILN�w[dgZvoL�grlx>N>MON>`5\�k]aLMOo

[u]k+1
x>rl`

�<N&wLN>c^dp�4N_w�w[d�c^N_x)\^�pY���c^jlMB\eItN��l��jl�urs�s\^jR��j[x>rs�5M
rsoLotdp`L�5Z�rl`tw�\^ILN&rloLoLc^j�³:d�M
r�\^dpj4` ¬ $  $F­  #Pnj4`LN \^ILN ±
��N_Z^Z_�#Zvj4MON�jl\eILN_c�xyILjldgx NFZ�x_rs` rs�gZvj��<N ZvaLdp\^rl�L��N���j4c-N>`tZeaLc^dp`t���5rso x>jl`tZedgZ]\^N>`tx>Yl�7��j4c-dp`tZv\^rl`tx N4��jlc
\^ILNTx>jl`tZeN>c^��r�\^dpj4`�jl��N>`LN_ce�4Y�r�\!dpMOotr4x)\�d�`
\^ILNRN_��r4Z]\^d�xnx_rlZeNl  6Ò`O\eILdgZ!x>rlZeNl�l\eILN�w[dgZvoL�grlx>N>MON>`5\�k]atM�o
[u]k+1

dgZJrsoLotcej�³[d�MOrs\eNFwO��cej4M \eILN���j[x>rs�Ec^N>�gr�\^dp�4NR�lN_�pj[x>d§\^dpNFZ
[u̇]N,k

rs`tw
[u̇]N,k+1

�'d§\^I�r�w[dp¹<N_ceN_`4\
`:aLMON_cedgx>rl�#d�`4\^N>�4c^rs\ed�jl`�c^aL�pN4 �ªtjlc�r�x>jlMOoLc^N>ILN_`tZvd��lN�w[d�Z^x auZeZedpj4`�js�}\^ILdgZTo<jld�`5\��!N�c^N ��N_cn\^j # �lNFrs`��
$�&'&.&�(ù 

@ ZeaL�tZv\^rl`5\edgrs��w[dgZex>ceN_otrs`ux Y
Itr4ZJ\ej
�<N-`Ljs\^N_w��<N \]�!N>N>`�\^ILN�\ed�MON-dp`5\eN_�lcyr�\^dpj4`�jl��\^ILN-dpMOoLat��ZeN_Z
P

rs`tw�\eILN�ZeMOj5jl\eI ceNFrlx \ed�jl`
R
 ¯ªtjlcO\eItN�d�MOoLaL�gZvNFZ>��\eILN�\^js\^rl�'rsMOoL��d§\^atw[N~js�T\eILN~d�M�otaL��ZeN_ZOdgZ

x>jl`tZeN>c^�lNFw rlZ�otced�M
rsc^Y ��rsc^dgrs�L��Nl ¡ªtjlc�\eILN~ZvMOj:js\^I¦c^N_rlx \ed�jl`���jlcyx NFZ>��\^ILN�\^dpMON�w[d�Z^x c^N \^dp¶Fr�\^dpj4`�d�Z
�4dp�4N>`��5Y�r�dpMOoL��d�x>d§\nc^aL��Nl 
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ª�d�`trs���pY4�L\^ILN�ZeY:Zv\eN_M
Znjs��d�`tx ��atZedpj4`tZ�¬ $  �4­&d�ZRceN_�'cedp\v\^N>`~dp`~\^N>c^M
Znjs�}x j4`tw[dp\ed�jl`trl�#x j4MOoL�pN_MON>`[±
\yrsc^d§\]Y�x jl`uw[d§\^dpj4`tZ!��jlcnx>jlMOoLa[\yr�\^dpj4`trs�EoLaLc^o<j4ZeN_Z'rlZ
dp�
ũN k+1 > 0,

\eILN_`
PN,k+1 − Pcoh

N,k+1 = 0

dp�
ũN k+1 6 0,

\eILN_`
0 6 PN,k+1 − Pcoh

N,k+1 ⊥ [u̇]N,k+1 + e[u̇]N,k > 0

−PT,k+1 + P
coh

T,k+1 ∈ ∂(µκ(βk+1)|PN,k+1 + P
coh

N,k+1| ‖ [u̇]T,k+1 ‖)

Pcoh
k+1 = hRcoh

k+1, Rcoh
k+1 = K(βk+1) · [u]k+1 ĝ(β̇k+1, βk+1, βk, [u]N,k+1, [u]T,k+1) = 0¬ $  /l­

��
�� � � 
 ��� ��� � � � � 
 � 
 � ��� � � � � � � ����
 

�&Æ �l� � 
1Æ � � ���°�L� � Æ � Æ�
 � � Â � � Æ � � Â � � HJItN�c^N_Zejl��a[\^dpj4`�js�T\eILN�w[dgZ^x c^N \ed�¶>NFw¯rl`tw¯�pd�`LN_rlced�¶>NFw
otcej4�L�pN_M dgZi�tr4ZvNFw�jl` r�x>jl`tw[N_`tZ^r�\ed�jl`Oj4`���j[x>rl�t��rsc^d�rl�L��N_Z�js�E\^ILNTw[Y:`trlMOd�x_rs�LNFf4aur�\ed�jl`�¬ $  $�­�atZedp`L�
\^ILN-N_f5atrs\ed�jl`tZ�¬ $  �4­1À7¬ $  . ­  �HJILN-c^N_wLatx NFw�NFf4aur�\ed�jl`�js��\eILN�«TY:`trsMOdgx>Z'x_rs`~�uN-c^N_r4w�r4Z

[u̇]k+1 = [u̇]free +WPk+1
¬ $  -5­

�'ItN>c^NT\^ILN-M
r�\^cedp³7�Lx>rs����N_w�\eILN�«TN>�grlZ^ZvauZJjlo<N>cyr�\ej4c_�

W = H(q̃k+1)(M + hθCt + θ2h2Kt)
−1)HT (q̃k+1),

MOj[w[N_��Z!\^ILN-�pj[x_rs�7�<N>Itr��:d�jlcJjs��\eILN-�<j[w[d�N_Z'r�\'\^ILN-d�`4\^N>ce�°rlx>Nl�Lrs`uw \^ILN-�lNFx)\ej4c

vfree = H(q̃k+1)(vk − (M + hθCt + θ2h2Kt)
−1φ(tk , qk, vk))

dgZ!\eItN-ceN_��rs\ed��lN���ceN_N��lN>��j[x dp\]Yl�:\^Itr�\'dgZJ\eILN-�4N>��j[x dp\]Y �'d§\^ILjlaL\!\^ILN�x j4`5\ec^dp�LaL\ed�jl`�js��\eILN�0!·'È7S� 
@ \nNFrlxyI~PnN>�J\^jl`�Zv\eN>o�\eItN���jl���pj��'d�`L�
ZvY[Zv\eN_M ItrlZ!\^jO�uN�Zejl���lNFw¡®

[u̇]k+1 = [u̇]free +WPk+1

−PN,k+1 + Pcoh
N,k+1 ∈ NT

IR+ (ũN k+1)([u̇]N,k+1 + e[u̇]N,k)

−PT,k+1 + Pcoh
T,k+1 ∈ ∂(µκ(βk+1)|PN,k+1 + Pcoh

N,k+1| ‖ [u̇]T,k+1 ‖)

Pcoh
k+1 = hRcoh

k+1, Rcoh
k+1 = K(βk+1) · [u]k+1 ĝ(β̇k+1, βk+1, βk, [u]N,k+1, [u]T,k+1) = 0¬ $  &5­

�&Æ �l� ��� Â � Æ � �#� � Æ � � HJILNToLcej[x>N_w[aLc^N'�'ILdgxyI dgZiatZeN_wO\^j�Zejl���lNJ\eItNRoLc^N>�:d�jlatZ�oLcej4�L��N>M d�Z��trlZeN_wOj4`
rl` rl�p�4jlc^d§\^ILM rs��ceNFrlw[Y~N>³5\^N>`tZed��lN>��Y�atZeN_w¡��jlc�\eItN�\^cedgw[d�MON>`tZedpj4`trs�}x>jl`5\^r4x)\�oLcej4�L��N>M~ �6Ò`twLN>N_w����&N
wLN ¨t`LN�\^ILN���jl����j��'dp`L����rsc^d�rl�L��Nl®

−P̃N,k+1 = −PN,k+1 + P
coh

N,k+1,−P̃T,k+1 = −PT,k+1 + P
coh

T,k+1
¬ $,<4�5­
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\^ILN���jl����j��'dp`L�nZeY[Z]\^N>M
Z7jl�5NFf4aur�\ed�jl`uZEd�Z�Zvj4�p�4N_w�rlZ^ZvaLMOd�`L�J¥:`Lj��'`�oLcej��:dgZvd�jl`urs����rs��aLN_ZE��j4c
P

coh
k+1

�
βk+1rl`tw

[u]k+1
�





[u̇]k+1 = [u̇]free +WPk+1

−P̃N,k+1 ∈ NT
IR+ (ũN k+1)([u̇]N,k+1 + e[u̇]N,k)

−P̃T,k+1 ∈ ∂(µκ(βk+1)|P̃N,k+1| ‖ [u̇]T,k+1 ‖)

¬ $,<�$�­

HJItd�ZT��r4Z]\�ZvY[Zv\eN>M dgZRr�Z]\yrs`twLrlc^w�wLd�Z^x c^N \^dp¶_N_w�ZeY:Zv\eN_M ��jlcn\^cedgw[d�MON>`tZedpj4`trs��aL`Ld���rs\eN_c^rl��x j4`5\^rlx \Trs`uw
��c^dgx)\ed�jl`# �HJILN&`5atM�N_cedgx>rl�4rl�p�4jlc^d§\^ILMDdgZ#wLN>c^dp�4N_w���c^jlMzZ]\yrs`twtrscyw-ZvoL��dp\v\ed�`L��rs���ljlc^dp\eILMD��jlc���d�`LN_rlc�rs`uw
`tjl`¡��d�`LN_rlc�·&j4MOoL�pN_MON>`5\^rlcedp\]Y~oLcej4�L��N>M �'ILdgxyI�rlceN��&N_�p�}ZeaLd§\^N_w¡��jlc��grsc^�lN�ZeY[Z]\^N>M
ZTjs�&NFf5atr�\^dpj4`tZ> 
0&rlxyI�Zvat�LoLc^jl�L��N>M dgZ�Zejl���lNFw¡�:Y r~`tjl`tZeMOj5jl\eI PnN_�J\ejl`�Zejl���lN_c_  S�j4ceN
w[N>\^rldp�gZ�x>rl` �uNO��j4aL`tw d�`
# @ �grsce\nrs`tw�·&aLc^`Ld�N>cF�4$,&'&�$l���4N_rs`#�4$,&'&.&L���4jlaLcywLrs`�N \Rrl�G ��4$,&.&'-�(ù 

� � Ç��[� Â Æ�
 � � Â � Æ � Â � �
	 Â 	L�[� �°�[� � Â �
Pcoh

k+1, βk+1
� ��Ç � Æ �l� � Ç �G� � �°�L� Â � Â �E�

[u]k+1
�

HJItceN_N�MON \^ILj[wLZOrsc^N atZeN_w���j4c�\^ILN�aLo<wtr�\eN�js�R\eILN~x j4ILN_Zedp�4N ��rsc^d�rl�L��N_Z_ �HJILN�¨tcyZ]\Ojl`LN�d�Z��tr4ZvNFw
j4`�rO¨L³[N_w~o<jld�`5\RoLc^j[x N_wLaLceN4 'HJILN���rs��aLNFZnjs�

Pcoh
k+1, βk+1, [u]k+1

rsc^N-aLo<wtr�\eNFw�r��©\^N>cR\eILN�ceNFZvjl±
��a[\^dpj4`�jl��\^ILN-oLaLc^N�x j4`5\^rlx \J��cedgx)\^dpj4`�otcej4�L�pN_MV¬ $,<�$�­!�'d§\^I~rl`~d§\^N>cyr�\ed��lN-ZeoL��d§\e\ed�`L� rs���lj4cedp\eILM~ iHJILN
ZeN_x>jl`tw�jl`tNJx>jl`tZedgw[N>cyZ

β
r4Z�dp`5\eN_ce`urs�LZv\^r�\^NJ��rlcedgrs�t�pN'rs`uw�dgZ�aLoEwLr�\^N_w�dp`�\^ILNnPnN_�J\ejl`���j5j4o� �ª�d�`trl�p��Yl�

r�\^ILd�c^wOoLc^j[x NFw[aLc^N'atZvNFZ�w[d�c^N_x)\^�pY�\eItNnd§\^N>cyr�\^dp�4NnZvoL��dp\v\ed�`L��rl�p�4jlc^d§\^ILM
Zirs`uw���N_r��4N_Z�\^ILNn`Lj4`
�pd�`LNFrsc^d§\]Y
wLaLN�\ej�\eItN�x jlItN_Zedp�4NT�gr��nZ!\ej�\eItN�x jl`5\yrlx)\e±G��c^dgx)\ed�jl`�rs���lj4cedp\eILM~ 

� � ������� ���#�>���

6Ò`�\eILdgZ�otrso<N>cF�<\eILNOx j4`tx N_o[\Tjl�iN>`LItrl`tx NFw�x j4ILN_Zed��lN�¶_jl`LN�w[N_w[dgx>rs\eNFw�\ej�\eILN�`Lj4`tZvMOj:js\^I���cyrlx)\^aLc^N
wLY5`ursMOd�x_Z'dgZnoLc^N_ZeN>`5\eNFw7 'HJILdgZRx j4`tx N_o[\Trl�p��j��nZ'atZn\ej N>³5\^N>`tw�rl`:Y�N>³5\^ced�`tZed�x�j4cRd�`5\ec^dp`tZedgx-x jlItN_Zedp�4N
¶_jl`LN�M�j[w[N_�&�'dp\eI�\eILN���cedgx)\^dpj4`trs�!rs`tw¦aL`Ld���rs\eN>cyrs�!x j4`tw[dp\ed�jl`tZ��'ILdgxyI¦rsc^N �&N_�p�JZeaLd§\^N_w \^j�\^ILN�w[Y5±
`ursMOd�xT��cyrlx \eaLc^NTjl��ItjlMOjl�4N>`LN_jlatZ_�4ItN \eN_cej4�lN_`LN>j4atZJrs`tw��lcyrlw[NFw M
r�\^N>c^d�rl��Z_ iW:jlMON�\eItN>jlc^N \^d�x_rs�7rs`uw
otc^r4x)\edgx>rl�uauZvNFZ&jl��\eItd�Z'x>jl`tx>N>o[\!\ej4�lN \^ILN>c!�'dp\eI�\eILN-x j4ILN_Zed��lN ±ù�lj4�patM�N>\ec^d�x'¨t`Ldp\eN�N>��N>MON>`5\'rsoLotcej5rlxyI
rlceN~d�`:�lN_Zv\ed��4rs\eNFw7  @ oursce\edgx aL�grsc rs\v\eN_`5\ed�jl`£d�Z otrsdgw \ej \]�!j�M
rsd�` ��d�M�dp\^rs\ed�jl`tZ�js��\eILN x jlItN_Zedp�4N
¶_jl`LNTMOj:wLN>�gZ�jl�©\eN>`�N>MOoLItr4Zvd�¶>NFw d�` \^ILNT��dp\eN>cyr�\^aLc^Nl®J¬�d©­id�`tZv\^rs�tdp��d§\^dpNFZ!jlcJZvj4�pa[\^dpj4`-k]aLMOotZ!c^N>�gr�\eNFwO\ej
\^ILN�Zejs�©\^N>`Ld�`L���uN_Itr��:dpj4cnjs�}\^ILN�N>³:\ec^dp`tZedgx-jlcTdp`5\ec^d�`tZvdgx�x>jlILNFZvd��lN-¶_jl`LN�MOj:wLN>�gZ>�Ers`tw�¬�d�dg­n\eILN�MON_ZeI
ZeN>`uZvdp\ed��:d§\]Y�js�}\^ILN�Zejl��a[\ed�jl`#  @ �'dgw[N�rs`trl�pY[Zed�Z'jl�}\eILN�¨tcyZ]\�ouj4dp`5\Td�`�\^ILN�f5atr4Zvdp±ÒZ]\yr�\edgx-x>r4ZvN�ZvILj��nZ
\^Itr�\�\eItNOx>jlILNFZvd��lN�¶>j4`LN�MOj[w[N_��Z�rsc^N�N_f5aLd���rl�pN_`5\�j4`LN�\^j�NFrlxyI js\eItN>cT��jlc-Z]\yrs�L��N�ceNFx)\ed���dp`LNFrsc-x cyrlxy¥
otcej4otrs�5r�\ed�jl`#���La[\&`tjs\i��j4c}\eILNTx cyrlxy¥�d�`Ldp\edgr�\^dpj4` rs`tw�\^ILNRx cyrlxy¥��Lc^rl`txyILd�`L�t  6Ò`
otrlcv\^d�x>aL��rlc_�4r�f5atrs`[±
\^d§\yr�\^dp�4N!N>³[oL��rl`tr�\^dpj4`�jl�u\^ILN!�°rlx)\}\^Itr�\�\^ILN'N ³:\ec^d�`tZvdgx!MOj:wLN>�gZ}rsc^N&MOjlc^N'Z]\yrs�L��N!\eILNJd�`5\ec^dp`tZedgx&MOj[w[N_��Z
dgZn�4dp�4N>`� nHJItN�d�`4\^N>c^N_Zv\Rjs��rl`�rlx_x aLcyr�\^N�w[Y:`trsMOdgx>rs��ceN_��rs³Lr�\ed�jl`#�t`trlM�N_�pY�\eItN�`Lj4`tZvMOj:js\^I�x j4`4\yrlx \
wLY5`ursMOd�x_Z�M�N>\eILj[w7�ld�Z�d��p��atZv\ecyr�\^N_w�jl`�rT��j:x_rs�[�4c^rloLI�¬°x>jl`twLN>`tZeN_w�oLc^jl�L��N>M ­) �ªLj4c�\^ILNnZeN_x j4`tw�o<jld�`5\_�
\^ILN `Ljl\ed�jl` js�-¸ MON_ZeI¦ZvN_`tZvdp\ed��:d§\]YE¸�dgZ�x>��rlcedp¨tN_w�®�rs�p\eItjlaL�4I \^ILN�Zeotr�\^d�rl��x j4`:�lN>c^�lN_`tx N�js�J\^ILN�x cyrlxy¥
our�\eI�dgZ�`tjs\�c^N_r4xyILN_w ��jlc�¸ x>cej5ZeZeN_w[±G\^cedgrs`L�4�pNOf5atrlwLced���rs\eN_c^rl�G¸7MON_ZeILNFZ # HJd kvZ^ZvN_`tZ�N>\�rs�1 ����s�4�l��(1��d§\�d�Z
c^N_r4xyILN_w���j4cTMONFZvILNFZRIur��5d�`L�
\^ILN�¸ dgZvj4otrscyrsMON>\ec^d�x�oLc^jlo<N>ce\ed�N_Z_¸ # h}rso<jlat�pdgr N>\�rs�1 ��7�l�l�4��( 
uMOjlc^N>j��4N>cF�
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\^ILN�d�`tw[N_ouN_`tw[N>`ux N�jl��\^ILN�j��4N>cyrs���EN>�grlZv\edgx�rs`tw���cyrlx \eaLc^N-oLc^jlo<N>ce\ed�N_ZJ\^j
\eILN�M�NFZvI�Zed�¶>N�dgZ'jl�L\^rsd�`LNFw
�'ItN>`~rO`LN>�DM�dgx c^jlMONFxyItrs`Ldgx>rl�§±ù�tr4ZvNFw x c^d§\^N>c^dpj4`�j4`~rOx>jlILNFZvd��lN�dp`5\^N>c^`trs�7��N>`L�l\eI~dgZ'Zers\edgZ]¨tNFw7 

6Ò`�r ZeN_x>jl`tw�otrlcv\njl��\eILdgZnotrlouN_c_�<r
x j4M�otceN_ILN>`tZed��lN���jlc^M�aL�gr�\^dpj4`~js�irO`Ljl`uZvMOj:js\^I�w[Y:`trsMOdgx>rs�
��cyrsMON_�&j4ce¥
dgZ'oLc^j��:d�w[NFw7 iHJILdgZ'��cyrsMON>�!jlc^¥
�tr4ZvNFw�j4`�MONFrlZeaLceN-w[dp¹EN>c^N>`5\edgrs��d�`tx>�patZed�jl`tZnrl�p��j��nZ!jl`LN
\^j�\yrs¥4N�d�`4\^j�r4x>x j4aL`5\R\^ILNO`Ljl`tZeMOj:js\eI¡N>�lj4�paL\ed�jl`tZ_ -HJILd�Z�M
r�\^ILN>M
rs\edgx>rs���tr4xy¥5�4cej4aL`tw~��N_r4wLZT\ej�r
Zejlat`tw~`:aLMON>c^d�x_rs��MON \^ILj[w~��jlcTZvj4�p�:d�`L�
\eItN�`Ljl`uZvMOj:js\^I~��c^r4x)\eatceN�w[Y:`trlMOd�x_Znd�`¡r
x j4`tZvdgZv\eN>`5\R�Jr�Yl 
6Ò`¦r���j4cv\^Itx j4MOdp`L��rlcv\^d�x>�pN4�#MOjlc^N
d��p��atZv\ecyr�\ed�jl`uZ-�'dp�����<N �4dp�4N>` jl`�\eItN�rs�Ld���d§\]Y js�J\eILdgZ�MON>\eILj[w�\ej
Zed�M�aL�gr�\^N�c^N_rl�§±ù��dp¥4N�rloLoL��d�x_r�\ed�jl`uZ> 

� �'���J���'���!�'�

ª!  ª!  @ �Lc^rlItrsM~  �Rj��D�°r4Z]\�x>rs` x cyrlxy¥[ZJMOj��lNF|¦r
ceNFZvNFrscyxyI�rlw[�4N>`5\eaLc^N-d�`�M
r�\eN_cedgrs�gZJ�°rldp��aLc^N�atZedp`L�
MOdp����dpj4`tZJjs�}r�\^jlM
Z'rs`tw��Ld��
x jlMOoLaL\eN>cyZ_  � ����� � ¾
� � º ��� �+� � º°¾ �)�E�l�L¬ -4­ �t�s�l�   

ª!  ª!  @ �LcyrsItrlM~�l«� sm!c^j[w[�uNFxy¥E��=z  0n 4q'atw[�4Nl� �u  �� sm!c^jlaL�4I5\ejl`#��«� 4W[xyIt`LN>dgw[N>cF�sm�  �#rl`tw7�l«� ���dp��¥�rL�
�u +2�N_ce`LN_c_�:S� [q'j5ZvN_`L¥:c^rl`4\^¶l� �t [W:¥lj��:d�c^rt�4rl`tw �� 72�rljt  @ ��d�`Ld§\^dpj�w[Y:`trsMOdgx>Z&js�#cyrsotd�wO��cyrlx \eaLc^Nl 
� � �.� ½©½§º ��� � � ���<º©»��[½*�s¿Gº ��� º � � �s¿ �;�)º8��½ � �E¾>º8� � ¾ ��� � ��� �+� º � �
�D�)º �+�s�<�L® �  &�À:�+/��L��$,&'&.-L 

ª!  ª!  @ �Lc^rlItrsM~�}P� �m!N>c^`tZ]\^N>d�`�� �t  �� �m!c^jlaL�4I5\ejl`#��rl`tw�«�  �nNFZeZ_ ¡«TY:`trsMOdgxO��c^r4x)\^aLceN�js�nZvd���d�x>jl`�®
x j4`tx atcec^N>`5\
Zvd�M�aL�gr�\^dpj4`�jl��f5atrs`5\^aLM N>��N_x \ec^jl`tZ_�&x>��r4ZeZedgx>rs�'rs\ejlM
Z_�&rl`tw¦\^ILN�x j4`4\^dp`:aLatM Zvj4�pdgw7 
���	��
 �[½©½*�>¿Gº �u�u�l�L® ��/_À  �[�[�s�4�l�L 

5�  @ x_rsc^Yl�<mT Em!cej4�l��d�rs\eju�trs`tw¡«� 42�j:N>��N>�lN_`�  �Rdp�4ILN>cTjlcyw[N>c�S�jlc^N_rla�¸ ZRZv�!N>N_oLdp`t� oLc^j:x>N_Z^Z>®JS�rs\eI[±
N>M
rs\edgx>rs�E��j4ceM�aL�gr�\ed�jl`~rs`uw�`:aLMON_cedgx>rl��Zvd�M�aL�gr�\^dpj4`�  �:��¿	�7�>» ��¿1º°¾ �s½ � � ��� ���s»�»�º ��� ���u�l�l�4�L }H#j
rsotouNFrscF��6]PTq 6 @ q'NFZvNFrscyxyI�c^N>o<jlce\Jr���rldp�grs�L��N-r�\'I5\v\^o�®Õµ4µ��'�'�-  dp`tcedgrL  ��c)µ�cec^ce\)µ�c^ce±Ò�4�  �L  I5\eMO�1 

h�  @ �grsce\�rs`tw @  J·&aLce`tdpN_c_  @ MOdp³[N_w ��jlc^M�at��rs\ed�jl`¯��jlcO��c^d�x \ed�jl`trl�Rx j4`4\yrlx \Ootcej4�L�pN_M
Z
oLc^jl`LN�\ej
PnN_�J\ej4`���dp¥4NTZejl��a[\ed�jl` MON>\eILj[w7 �� � »n¼��[¿ �;� �:� ¿	� � � � º ��� ¼4¼<½ º8�
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