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Analyse et modele d’ordre réduit d’un écoulement
tridimensionnel autour d’'un cylindre carré confiné

Résumé : Nous considérons un écoulement laminaire autour d'un dsdircarré placé de fagon
symétrique entre deux parois paralléles. Un sillage tdliobnaire classique se crée derriéere le
cylindre, mais des instabilités tridimensionnelles sa@spntes et se développent suivant des motifs
compligués. Nous explorons la possibilité d’extraire urdéie d’ordre réduit fiable de cet écoulement.

Mots-clés : modeles réduits, écoulement de sillage, décompositibilwganale aux valeurs propres
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1 Introduction

Since the introduction in fluid mechanics of model reductaeas ([9]), one of the main concerns
is to use small dimensional surrogates to replace the abtaailer-Stokes equations for control
purposes. One application often targeted is the controbdex shedding [17]); the benefits of such
technology would range from reduced fatigue on materiatslawer noise emissions, to flight of
thick-wing airships. Even though examples of vortex sheddiontrol built on low-order models
and solid optimisation grounds recently appeared ([18y thre limited to two-dimensional laminar
flows. One of the reasons is that low order models based oiglstf@arward Galerkin projection
over empirical eigenmodes aad hocadditional dissipation, fail to represent the correct dyits

as soon as it is not a simple oscillation. Also it is not clehether a low dimensional representation
of more complex flows can be found, and in fact there are exasnphere such a representation
does not exist [T18]).

In this contribution two issues are investigated: the goktyi (i) of giving a small dimensional
representation of a fairly complicated flow and (ii) of démty an accurate dynamical model from
such a representation. In this respé&ct [17], [6] and [5] eslsked similar questions for simpler flows.
Here we try to advance in flow complexity and in the related arical technology, based on the
pseudo-spectral calibration approach introduceflin [5].

To this end, we concentrate on the case of a square cylindeegblat midspan between two
parallel flat walls. The Reynolds numbers considered arh thatt the flow is characterised by a
three-dimensional vortex wake that interferes with theargmd lower walls.

The first part of this paper is dedicated to a description efrthmerical set-up as well as to an
interpretation of the results obtained. Next, low order glsaf the impulsive start-up as well as of
the developed flow regime are investigated.

2 Numerical simulation

The adopted configuration is sketched in figlire 1. The rattawéen the cylinder sidé and the
distance between the wall§ is L/H = 1/8. The incoming flow is a laminar Poiseuille flow
directed in ther direction and the considered Reynolds numbers, based andkenum velocity
of the incoming flow and orl,, range between 100 and 300. The Navier-Stokes equations for
compressible flows were discretized in space using a mixét-fiolume/finite-element method
applied to unstructured tetrahedrizations. The adopthdree is vertex centered and P1 Galerkin
finite elements are used to discretize the diffusive terms.

A dual finite-volume grid is obtained by building a cél} around each vertexthrough the rule
of medians. The convective fluxes are discretized on théetiegion, i.e. in terms of fluxes through
the common boundaries shared by neighboring cells.

The Roe schemel{[lL4]) represents the basic upwind compéwrethie numerical evaluation of
the convective fluxeg

F (W, i) +F (W, ii)

(I)R (Wla ij ﬁ) = 2 - ’YSP71|PR|

(W; = Wi)
2
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Figure 1: Computational domain

in which, ®% (W;, W;, ) is the numerical approximation of the flux between itk and thej-th
cells, W; is the solution vector at theth node,7 is the outward normal to the cell boundary and
R (W;, W;, i) is the Roe matrix. The matrik(WW;, W;) is the Turkel-type preconditioning term,
introduced to avoid accuracy problems at low Mach numb@&js. (Finally, the parametey,, which
multiplies the upwind part of the scheme, permits a direati@ of the numerical viscosity, leading
to a full upwind scheme fofy, = 1 and to a centered scheme when= 0. The spatial accuracy
of this scheme is only first order. The MUSCL linear reconginon method (“Monotone Upwind
Schemes for Conservation Laws”), introduced(by [19], is laygd to increase the order of accuracy
of the Roe scheme. This is obtained by expressing the Roedlafunction of the reconstructed val-
ues ofii” at the cell interface®” (Wi;, Wi, ii;), wherelV;; is extrapolated from the values @f

at nodeg andj. A reconstruction using a combination of different fanslaf approximate gradients
(P1-elementwise gradients and nodal gradients evaluatelifferent tetrahedra) is adopted, which
allows a numerical dissipation made of sixth-order spac&ati/es to be obtained. The MUSCL
reconstruction is described in detail In [4], in which theahilities of this scheme in concentrating
the numerical viscosity effect on a narrow-band of highlgérency fluctuations is also discussed.

The time marching algorithm is implicit and based on a backivefifference scheme. A first-
order semi-discretization of the jacobians is adoptedttmgewith a defect-correction procedure
([L2])); the resulting scheme is second-order accurateria.ti

The method of characteristics is used to impose non-refeeatiflow and outflow boundary
conditions. At the inflow the Poiseuille flow is assumed to Inelisturbed. Periodic boundary
conditions are imposed in the spanwise direction and moesinditions are forced on the cylinder
and on the parallel walls.

Two different computational domains were used, for cagyiut two-dimensional and three-
dimensional simulations, which differ only for the spansvextent of the domain. In both cases,
with reference to figurBl1L,,/L = 12 and L,,;/L = 20. For two-dimensional simulations, the
spanwise length adoptedis /L = 0.6, and it was systematically checked that the simulated span-
wise velocity was negligible. For the three-dimensionaiidations, the spanwise length of the
domainisL./L = 6. This value was selected following the experimental rasidt the uncon-
fined square-cylinder flow[{[1.0]), which show a maximum spieiength of the three-dimensional
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structures equal to 5I2and the indications given ifi.[17] and]15] for the numeridaidy of the
three-dimensional wake instabilities of a square cylindemn open uniform flow.

Grid convergence tests were carried out in the two-dimerdisimulations using three grids,
mainly differing for the spatial resolution in the proximiof the cylinder. Details of the grids
are reported in tablEl 1. The grid GR4, used for the three+dsioeal simulations, was built by
replicating grid GR1 10 times in the spanwise direction ¢abé1). Since we intend to simulate an

nodes on the
grid | total number of nodes cylinder perimeter| L./L
GR1 7.5-10° 250 0.6
GR2 6.6 -10° 210 0.6
GR3 6.0-10° 170 0.6
GR4 6.6 - 106 250 6.0

Table 1: Details of the grids used in the simulations

incompressible flow, the simulations were performed by m$sg that the maximum Mach number
of the inflow profile isM = 0.1. This value allows compressibility effects to be reasopabplected

in the results. The preconditioning described above is tséttrease the accuracy of the results. It
was observe during preliminary simulations that the pred@@mmer led to a more accurate value of
the pressure coefficient near the stagnation points in théngpcylinder face, improving the mean
value of the drag coefficient. The time fluctuations of theéocoefficients were insensitive to the
preconditioner. Concerning the numerical viscosity, theind parametety was set toy = 1.0 on
the nodes within a distance equal(td L from the cylinder andy = 0.1 in the rest of the domain.
This choice ensured the stability of all the simulationgiearout and, at the same time, allowed the
preconditioner to be particularly effective in the proxiyndf the cylinder.

In order to validate the numerical approach and to perfornriéh gopnvergence study, two-
dimensional numerical simulations were carried out er = 100, 180 and 300, on grids GR1,
GR2 and GR3. The results were compared with those obtainetidosame configuration ifl[2]
and in [6], with different numerical methods and grid resiolns. The main bulk parameters char-
acterizing the aerodynamics forces acting on the cylindeishown in tabl€l2; as can be seen the
agreement with the results obtained in the literature isfsatory. Moreover, it may be concluded
that grid independence was almost reached, since in alé ¢hsalifference between the parameter
values obtained with the different grids is very low 2%, except forA-p, which is, however, al-
most negligible in most cases). Note that for the Strouhailmer, the scatter between our results is
lower than that between the data in the literature. As an el@af the vorticity fields typical of these
2D simulations, figurEl3 shows the instantaneous vortisibg@ntours obtained in the simulation at
Re = 180 on grid GR1. The strong interaction with the confining walligls to the complexity of
the flow and leads to some peculiar features, like the fattttfgavertical position of the spanwise
vortices is opposite to the one in the classical von Karmstn&et. Indeed, as it can be seen in the
instantaneous vorticity isocontours obtainedRer= 180 on GR1 (see figuld 3), clockwise vortices
shed from the upper edge of the cylinder are located lowdnérstreet than the counterclockwise
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Re St 6[) ACD ACL
GR1 300 | 0.1250| 1.6205| 0.4889| 3.4019
GR2 300 | 0.1234| 1.6359| 0.5151| 3.4635
GR3 300 | 0.1237| 1.6509| 0.5191| 3.4807

Breuer etal.| 300 | 0.1271| 1.8603| 0.5081| 3.3534

Gallettietal.| 300 | 0.1320, — — —
GR1 180 | 0.1404| 1.3659| 0.0463| 0.9303
GR3 180 | 0.1388| 1.3803| 0.0459| 0.9423

Breuer etal.| 180 | 0.1440| 1.3250| 0.0490| 0.9090

Gallettietal.| 180 | 0.1370, — — —
GR1 100 | 0.1368| 1.3758| 0.0065| 0.3715
GR3 100 | 0.1362| 1.3820| 0.0066| 0.3638

Breuer etal.| 100 | 0.1391| 1.3500| 0.0077| 0.3835

Gallettietal.| 100 | 0.1386| — — —

[ GR4(3D) | 300] 0.1345] 1.4596] 0.0876] 1.1889]

Table 2: Main bulk coefficients characterizing the aerodyita forces acting on the cylinder and
details of the grids usedi is the shedding frequena¥,y is the time averaged drag coefficieAt;,,
andAq, are the maximum amplitude of the oscillations of the dragldincbefficients respectively.
All previous quantities are made non-dimensional by usingnd the maximum velocity of the
incoming flow.

ones. This particular phenomenon, investigated by [3], alss observed iri 6], and for a confined
circular cylinder in[20].

Although this peculiar structure of the vortex streetRat = 100 and 180 the behavior of the
aerodynamic forces is the one typically found in 2D simwolasi of bluff body flows as shown in
figurel2 for Re = 180. The time variation of the lift coefficient is perfectly pedic at the shedding
frequency, while the”'p also exhibits a perfectly periodic oscillation at the hamedrequency
(not shown here for sake of brevity). ARe = 300 (see figurdR) the lift coefficient still shows
periodic oscillations in time but with an amplitude modidathaving a period of approximately
three shedding cycles. A similar behavior, which is abser8D simulations, has been observed
in other 2D simulations at the same Reynolds number of the #lmund unconfined[([1.7]) and
confined (C.-H. Bruneau, private communication) squarendgrs, and might be interpreted as a
signal of the unsuitability of 2D simulations for this Reyd®number.

Three-dimensional simulations were carried on grid GRBat= 200 and300. The simulations
are initiated from an impulsive start-up and the transidrage was recorded and analyzed in order
to investigate the mechanisms of formation of three-dirwerad structures.

In figures[(a) andl4(b) the time behavior of the lift coeéfitiis shown folRe = 200 andRe =
300 respectively. The values of the maximum and minimum spaawésocity in the field are also
reported as an indicator of the occurrence of three-dino@asphenomena in the flow. As it can be
seen, aire = 200 an almost two-dimensional vortex shedding takes placesif éiharacterized by
large amplitude oscillation$( < ¢ < 120). Three-dimensional phenomena grow more slowly and
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Figure 2: Time variation of the lift coefficient in 2D simuiamns at Re=180 and Re=300 on grid GR1

Figure 3: Instantaneous vorticity obtained in the 2D sirtiofaat Re = 180 on GR1.

their effects on the aerodynamic forces become visible famly > 120, with a significant reduction

of the oscillation amplitude of’;, and of the mean value of the drag coefficient (see f@ble 2), due
to the loss of coherence of the vortex shedding in the spantvisction. Conversely, de = 300,

as expected, the three-dimensional instabilities growemaypidly and three-dimensional effects on
the aerodynamic forces are already significant when theexathedding phenomenon begins to
take place. Let us now analyze in more detail the form of theetdimensional instabilities and
structures. Two different instability modes, initiallyadtified in circular cylinder flows, were also
found for unconfined square cylinders in experimerits| (20 in the Floquet instability analysis
([L3)). The first one, mode A, occurs at lowRe and is characterized by the formation of large scale
and wavy vortex loops that connect the spanwise von Karméices. The second one, mode B,
is characterized by shorter, finer scaled vortex loops. Roonfined square cylinders, mode A was
found to occur afRe ~ 160 with a spanwise wavelength of .2while mode B atRe = 190 + 200
with a spanwise wavelength of 1.2 A third instability mode having a spanwise wavelength &f2.
(mode S) was also identified through the Floquet analysigwiias not, however, observed in the
experiments. In order to visualize the vortex loops typafahree-dimensional instability, in figure
B(a) two isosurfaces of the streamwise vorticity, obtaiimettie simulation afze = 200, are shown

RR n° 0123456789
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(@ (b)

Figure 4: Time variation of the lift coefficient and of the nirmxm and minimum of the spanwise
velocity obtained in the three-dimensional simulationgdt{e = 200; (b) Re = 300.

at a time, during the transient, for which the spanwise vtlageached approximately 10% of the
maximum inflow velocity. The structures in figuik 5(a) aresthdypical of mode A of instability
(see, for instance, the visualizations[inl[13]). Howeweir case these structures have a spanwise
wave length of approximately 6D due to the imposed perityglici the spanwise direction. The
predominance of modé is maintained also at the latest stages of the transienhl@iat present
in our simulation; thus, it is plausible to conclude thathas tRe three-dimensional transition still
follows mode A, while for unconfined cylinders the onset ofda® was found atRe = 190 = 200.

At Re = 300, since the early stages of transition, the situation is noamplex, as shown in
figure[@(b), in which two isosurfaces of the streamwise wedjytiare reported at a time at which
the spanwise velocity reached approximately 10% of the mami inflow velocity. Indeed, mode-
A-type structures tend to break in smaller vortical loopst, yet showing however a well defined
spanwise length. Later on in the transient (figdre 6(a))y timése smaller structures are practically
visible, which have now a much better defined periodical behnavith a spanwise wave-length of
approximately L and are, thus, very likely related with the instability mdgle These structures
persist after the end of the transient (see fidiire 6(b)) arlderdeveloped three-dimensional wake
they connect the vortex tubes of the von Karman street (ickiaad light gray in figurEl6(b)). These
spanwise vortex tubes are in turn corrugated and distostéldeomotion induced by the streamwise
vortices. Figurdd7 shows the isocontours of the modulus efpttojection of vorticity on gy, 2)
plane in the wake together with the velocity vectorsafpd w components) on the same plane.
Indeed, the shear layer is clearly deformed by the vortigation induced by the streamwise vortex
loops and this is a typical scenario of three-dimension&ksat moderate Reynolds numbers, both
for unconfined circular and square cylinders (sg€, [10]).

INRIA
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(@) (b)

Figure 5: (a) Streamwise vorticity in the wake obtaine®at= 200 andt = 92.4. The gray surface
corresponds ta, = 0.1, while the black one ta,, = —0.1. (b) Streamwise vorticity in the wake
obtained atRe = 300 and¢ ~ 35. The gray surface and black surfaces correspong,te= 0.05
andw, = —0.05 respectively.

@ (b)

Figure 6: (a) Streamwise vorticity in the wake obtainedRat = 300 and¢ ~ 57. The gray
surface identifiess, = 0.4 and the black one, = —0.4. (b) Streamwise and spanwise vorticity
components in the wake obtainediat = 300 after the transient. The black and light gray surfaces
correspond taw, = —0.4 andw, = 0.4 respectively. The streamwise tubes identify = 0.4 and

w, = —0.4 respectively.
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Figure 7: Velocity vectors in &y, z) plane atz = 4 and modulus of the projection of the vorticity
vector on the same plan&e = 300 after the transient.

3 Low-order modeling

The possibility of reproducing a given dynamics is fundatakim devising even crudely approxi-
mated control laws by systematic means, e.g., optimal obtiteory. The main idea is to build a
low-order model of an actuated flow from an existing databassing this model, one computes
the optimal actuation and applies it to the full approxiroatof the Navier-Stokes equations. If the
error between this solution and that of the low-order moslelat within a certain tolerance, then a
new low-order model based on the latest Navier-Stokesisalig built. This iteration is performed
until the error is within the tolerance. It was shown that lih@p converges under certain assump-
tions ([1]). Clearly, the crucial ingredient of this appcbds to be able to accurately reproduce the
observed dynamics.

To this end, the discrete instantaneous velocity is expamdgrms of discrete empirical eigen-

modes:
N,

u(a,t) = a(@) + Y an(t)p,(x)
n=1

wherew(x) is a reference velocity field. The modés (z) are found by proper orthogonal de-
composition (POD) using the snapshots method af [16]. Orignded number of modesN,.) is
used in the representation of velocity; in the spirit of tiglR, they are the modes giving the main
contribution to the flow energy.

The adopted numerical method discretizes the Navier-Stegeations for compressible flows.
However, the considered Mach number is loW & 0.1) and the flow can be considered as incom-
pressible since the density fluctuations are negligiblenddethe construction of the POD modes

INRIA
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is based on the usual kinetic energy norm, and a Galerkiregtion of the incompressible Navier-

Stokes equations over the retained POD modes is carriedstite POD modes are computed from
the velocity fluctuations about the reference velocity fig(a), the projection leads to the following

low-order model:

an(t) = (co; ~ Bo, + %) + (Cl;w — Bl + %) an(t) — Byoran (t)as(t)

ar(0) = (u(z,0) —u(z), ¢,)

where the Einstein summation convention is used, all thesudis range fron to N, and(:, )
denotes the canonicdl’ inner product. The coefficient80,., Bly,., Bys,, D0, and Dy, derive
directly from the Galerkin projection of the Navier-Stolegguations onto the POD modes and are
defined by

1)

Bisr = (¢ - Vs, or)

Dy = (Adr, ér)

B0, = (u-Vu,d¢r) (2)
Bly, = (@-Vér,or) + (or - VU, ¢r)

Do, = (Aw, ;)

whereas the termS0.. andC'1},,. ax(t) are added in order to model the interaction of the unresolved
modes with the resolved ones. They also takes into accoetftlct of the pressure drop along the
channel. By setting’0,, = (C0,. — B0, + D0,./Re) andC1y, = (C1}, — Bly, + Dy, /Re), the
system[(IL) reads

ar(t) = CO, + Clgrar(t) — Brsrak(t)as(t)

ar(0) = (u(z,0) —u(z), ¢,)

At this point, the term&20,. andC'1,,. arecalibratedusing a pseudo-spectral method to take into
account the pressure drop as well as the interaction of alvextmodes in the POD expansion. The
calibration consists in solving an inverse problem wheeedbefficientsC0,. andC'1,. are to be
found such that the model prediction gets as close as pessitiie L2 norm to the actual reference
solution. This problem is solved using an accurate and efficoptimisation method: accurate
because the method is spectral, and efficient because tit@®sas obtained by solving a direct and
an adjoint problem in one shot. Sé&é [5] for a detailed didonss

In order to evaluate the possibility of modeling this flow byemluced number of degrees of
freedom, we consider two separate issues. As a first step prieracheck if the flow admits a low
dimensional representation. In other words, we study tipeagmation error of the flow snapshots
as a function of the number of POD modes retained. Note thdynamics is involved at this stage,
it is merely a question of the POD modes actually spanningathgion manifold. The second issue
concerns the error between the coefficients predicted bygaligrated model and the projection of
the flow snapshots over the POD modes. This step is intendestify if a quadratic model where
the non-linear term is derived from the POD modes and thatitexrm is adjusted to fit the data, is
capable of reproducing the dynamics of the flow.

®3)
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POD case Time interval Number of snapshots
POD1 | 382.24 <t < 397.61 45
POD2 | 360.23 <t < 412.64 151
POD3 94.38 < t < 412.64 912
POD4 5.3 <t <5945 156

Table 3: POD database details.

With these objectives in mind, four different POD bases amnputed using the flow snap-
shots obtained in the three-dimensional simulatioRat= 300. The first three proper orthogonal
decompositions (POD1, POD2 and POD3) are pertinent to thelajged flow, i.e., when the three-
dimensional structures in the wake are clearly developée. fourth one (POD4) is relative to the
transient flow, i.e. when the three-dimensionality of théevis developing. The details concerning
the snapshot databases used are summarized ififable 3mEravteraged flow field was subtracted
from each snapshot before carrying out the PODs for the dpeelflow, while the two-dimensional
unstable steady solution was subtracted from each snafeshibe transient case.

The main motivation for using a different number of flow srtagis for the developed flow, is to
show how the approximation properties of the POD modes akpethe flow database. To this end,
we considered the reconstructed fluctuating energy for fleapshots which are inside or outside
the database used to determine the POD modes, fijure 8 (alhgpbrupt reduction of captured
energy corresponds to snapshots which do not belong to thelfitabase. As the database becomes
larger, this jump becomes smaller: it is seen that as the ruwitflow snapshots in the database
increases, the energy captured using a given number of nmozteases for the snapshots outside the
database as expected, while it decreases for the snapssidisthe database. This is a consequence
of the chaotic nature of the flow and of the larger snapshaisesip be represented.

Moreover we see that taking a larger number of modes to bddrtodel makes sense only for
larger databases. Large numbers of flow snapshots need &kéne into account to recover high
levels of fluctuating energy outside the database, evenisrcse where the Reynolds number is
small compared to real applications. However, the dimeraiceduction is fromO(107) degrees
of freedom toO(10?) for case (c), recovering about 70% of fluctuating energyidatthe database.
For the transient (d) we see that 8 modes are enough to giasarable representation of energy.

Modes 1 and 3 relative to POD3 are shown in figdre 9. The cyliimrot visualized, its axis
being the intersection of the planes= 0 andy = 0. The first mode is relative to the classical
vortex alley, although some corrugations due to three-dsiomal effects are visible in the and
y-components. The-component is approximately one order of magnitude lowanttine others,
and it is at the threshold of numerical noise. The main tinreguiency of the coefficient associated
to this mode is that of the vortex shedding. The third POD migiection is of different nature
as it presents structures elongated in thaxis direction. Moreover, all its components have the
same order of magnitude. This mode appears to be related &ytiution of the three-dimensional
instability and to the interaction with the bounding wallstime, the frequency of the corresponding
Galerkin coefficientis much lower. The subsequent modesfare same kind of the ones depicted.
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Figure 8: Percentage of reconstructed fluctuating energyldav fields inside and outside the
databaseN,. is the number of modes. (a) POD1, (b) POD2, (c) POD3 and (d)&2Qbe mark on
the abscissa denotes the limit after which the reconstisctapshots do not belong to the database.

They either represent smaller and smaller scales of thexsttedding, or finer three-dimensional
structures.

For POD2 and PODA4, the resulting dynamical systems werbresdid over the corresponding
databases of tablé 3, using 121 and 81 collocation point®i2Pand POD4 respectively. A com-
parison between the model and the reference simulation araied out in terms of time-evolution
of the POD modal coefficients and is shown in figiurk 11 and fifireThe comparison was carried
out for flow snapshots that are within the database used t@uetathe POD modes. Therefore,
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14 Buffoni & Camarri & lollo & Salvetti

Figure 9: Components of the first (top) and third (bottom) mpslative to POD3. (aj-component:
light gray 0.015, dark gray -0.015; (hycomponent: light gray 0.05, gray 0.01, dark gray -0.04; (c)
z-component: light gray 0.0035, dark gray = -0.0035;4eédomponent: light gray 0.032, dark gray
-0.032; (e)y-component: light gray 0.02, dark gray -0.02; ffcomponent: light gray 0.025, dark
gray -0.025.

figure[I1 and figurEZ10 really show how the low-order model fiessgolution database from which
the POD modes were derived.

The physical phenomenon is far from being periodic. In tHky fleveloped case we have low
frequency modulations as well as high frequency burstshértiansient case the spectrum is more
compact but it is not steady. In both cases we are able todapeoto a high level of accuracy the
reference solution. As expected, the error is concentiatié last modes, because the influence on
these scales of the unresolved dynamics is higher. Sincgrthdation of the low-order dynamical
system matches with good accuracy the reference resutfipivs that the the error in the physical
space is of the order of the approximation error seen in figure

An additional model was computed for POD1. Also in this cdme predictions are accurate
compared to the reference solution. The model coefficiegpedd on the calibration database in
a non-trivial way since they result in part from an inverselppem. However, it can be observed
that in both POD1 and POD2 the matii%, shows a couple of complex conjugate eigenvalues

INRIA
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16 o Model 07 Model 10 Model CIn Model
— Num. Sim. — Num. Sim. — Num. Sim. A= Num. Sim.

14

aj2 a,

10

10 20 30 40 50 60 10 20 30 40 50 60 10 20 30 40 50 60 10 20 30 40 50 60

Non-dimensinnal time Nnan-dimensinnal time Nnan-dimensinnal time Non-dimensinnal time

— Num. Sim. 44 M= Num. Sim. — Num. Sim.

° Model
6[| — Num. Sim.
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Nnn-dimencinnal tima Nnn-dimencinnal tima Nnn-dimencinnal timea Nnn-dimencinnal tima

Figure 10: Transient after the impulsive start-up: pragecof the fully resolved Navier-Stokes
simulations over the POD modes (continuous line) vs. thegi@tion of the dynamical system
obtained retaining the first 8 POD modes (circles).

whose imaginary part is nearly equal to the frequency of tintex shedding. The corresponding
eigenvectors are mainly in the direction of the first and sdd®@OD mode. This feature was also
observed in[[b] for the two-dimensional instability leaglito vortex shedding.

Finally, in the derivation of the reduced models, we are gmédg limited by the number of POD
modes retained and the number of collocation points usedliorate the flow (se€é]5] for details)
because of the non-linear optimization problem size: inctime of POD2 we solve an optimization
problem with 5260 controls.

4 Concluding remarks

Accurate “plant models” of flows whose dynamics are charamd by complex large scale struc-
tures can be derived from simulation data sets. Within thgeaf calibration, the error between the
flow predicted by such models and the reference solutionisitbed. Moreover, it is of the order of
the approximation error of the original data set projectest the POD modes, thanks to the pseudo-
spectral approach employed. One result is hence that thmiael@ontrol method proposed inl [1]
could be applied in this case over time horizons of the orddi0ocshedding cycles. However, the
possibility of using calibrated POD models as a prediciig seems to be very remote in cases like
the present where the spatial and temporal complexity iorapt. Indeed, the reconstruction error
becomes relevant as soon as we take flow solutions that kedetthe snapshot range. Usig10?)
snapshots and 60 POD modes, the representation erroi & ik order of 30% of the fluctuating
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o Model 2 Model
— Num. Sim. f1

© Model
— Num. Sim.
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-15
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Ni

Nnn-dimencinnal time Nnn-dimencinnal time Non-dimensinnal time nn-dimencinnal time

Figure 11: Developed three-dimensional flow: projectiottheffully resolved Navier-Stokes simu-
lations over the POD modes (continuous line) vs. the integraf the dynamical system obtained
retaining the first 20 POD modes (circles). Only 8 represeatanodal coefficients are shown here.

energy. For this reason there will be an exponential divezgdetween any model prediction and
the actual solution outside the snapshot range. Nonethetesaspect is important: if the objective
is to recover an estimate of the flow field from boundary messents, as it will be shown in the
next chapter, then such an error might still be acceptable.

In conclusion, the relevance of POD models based on theratibin procedure is that they can be
used to determine control laws instead of the full Naviek8t equations, when the model includes
the effect of the actuators. We mention that the grids udeelr size as well as the number of
flow snapshots can be representative of engineering prabkesm step to application of low-order
models to practical flows.
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