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▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤

✇❤❡♥ s❝❤❡❞✉❧✐♥❣ ✢♦✇s

♦❢ ❞✐✈✐s✐❜❧❡ r❡q✉❡sts

❆r♥❛✉❞ ▲❡❣r❛♥❞ ✱ ❆❧❛♥ ❙✉ ✱ ❋ré❞ér✐❝ ❱✐✈✐❡♥

❚❤è♠❡ ◆❯▼ ✖ ❙②stè♠❡s ♥✉♠ér✐q✉❡s
Pr♦❥❡ts ●❘❆❆▲✱▼❊❙❈❆▲

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ❄❄❄❄ ✖ ❖❝t♦❜❡r ✷✵✵✻ ✖ ✼✻ ♣❛❣❡s

❆❜str❛❝t✿ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ❞✐str✐❜✉t❡❞ ❜✐♦❧♦❣✐❝❛❧
s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ♣r♦❜❧❡♠ ❧✐❡s ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦ ✇✐t❤
♥❡❣❧✐❣✐❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✳ ❚❤✉s ❢❛r✱ ✈❡r② ❢❡✇ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♠♦❞❡❧✳
❲❡ ❞✐s❝✉ss ❛♥❞ s❡❧❡❝t r❡❧❡✈❛♥t ♠❡tr✐❝s ❢♦r t❤✐s ❢r❛♠❡✇♦r❦✿ ♥❛♠❡❧② ♠❛①✲str❡t❝❤ ❛♥❞ s✉♠✲
str❡t❝❤✳ ❲❡ ❡①♣❧❛✐♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♦✉r ♠♦❞❡❧ ❛♥❞ t❤❡ ♣r❡❡♠♣t✐✈❡ ✉♥✐✲♣r♦❝❡ss♦r
❝❛s❡✱ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ t♦ ❡①t❡♥❞ ❛❧❣♦r✐t❤♠s t❤❛t ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r
t❤❡ ✉♥✐✲♣r♦❝❡ss♦r ♠♦❞❡❧ t♦ t❤❡ ❞✐✈✐s✐❜❧❡ ♠✉❧t✐✲♣r♦❝❡ss♦r ♣r♦❜❧❡♠ ❞♦♠❛✐♥✳ ❲❡ r❡❝❛❧❧ ❦♥♦✇♥
r❡s✉❧ts ♦♥ ❝❧♦s❡❧② r❡❧❛t❡❞ ♣r♦❜❧❡♠s✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✲str❡t❝❤ ♦♥ ✉♥r❡❧❛t❡❞
♠❛❝❤✐♥❡s ❡✐t❤❡r ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧ ♦r ✇✐t❤ ♣r❡❡♠♣t✐♦♥✱ ✇❡ ❞❡r✐✈❡ ♥❡✇ ❧♦✇❡r ❜♦✉♥❞s
♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛♥② ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ♣r❡s❡♥t ♥❡✇ ❝♦♠♣❡t✐t✐✈❡♥❡ss r❡s✉❧ts
❢♦r ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s✱ ❛♥❞ ✇❡ ❞❡✈❡❧♦♣ s❡✈❡r❛❧ ♥❡✇ ♦♥✲❧✐♥❡ ❤❡✉r✐st✐❝s✳ ❲❡ ❛❧s♦ ❛❞❞r❡ss t❤❡
P❛r❡t♦ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳ ❚❤❡♥✱ ✇❡ ❡①t❡♥s✐✈❡❧② st✉❞② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡
❛❧❣♦r✐t❤♠s ❛♥❞ ❤❡✉r✐st✐❝s ✐♥ r❡❛❧✐st✐❝ s❝❡♥❛r✐♦s✳ ❖✉r st✉❞② s❤♦✇s t❤❛t ❛❧❧ ♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞
❣✉❛r❛♥t❡❡❞ ❤❡✉r✐st✐❝s ❢♦r ♠❛①✲str❡t❝❤ ❢♦r t❤❡ ✉♥✐✲♣r♦❝❡ss♦r ♠♦❞❡❧ ♣r♦✈❡ t♦ ❜❡ ✐♥❡✣❝✐❡♥t ✐♥
♣r❛❝t✐❝❡✳ ■♥ ❝♦♥tr❛st✱ ✇❡ s❤♦✇ ♦✉r ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ t♦ ❜❡
♥❡❛r✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r ♠❛①✲str❡t❝❤✳ ❖✉r st✉❞② ❛❧s♦ ❝❧❡❛r❧② s✉❣❣❡sts ❤❡✉r✐st✐❝s t❤❛t ❛r❡
❡✣❝✐❡♥t ❢♦r ❜♦t❤ ♠❡tr✐❝s✱ ❛❧t❤♦✉❣❤ ❛ ❝♦♠❜✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ✐s ✐♥ t❤❡♦r② ♥♦t ♣♦ss✐❜❧❡ ✐♥ t❤❡
❣❡♥❡r❛❧ ❝❛s❡✳

❑❡②✲✇♦r❞s✿ ❇✐♦✐♥❢♦r♠❛t✐❝s✱ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t✐♥❣✱ s❝❤❡❞✉❧✐♥❣✱ ❞✐✈✐s✐❜❧❡ ❧♦❛❞✱ ❧✐♥❡❛r
♣r♦❣r❛♠♠✐♥❣✱ str❡t❝❤



▼✐♥✐♠✐s❛t✐♦♥ ❞❡ ❧✬ét✐r❡♠❡♥t ❞❡s tâ❝❤❡s

❧♦rs ❞❡ ❧✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞❡ ✢♦ts ❞❡ r❡q✉êt❡s ❞✐✈✐s✐❜❧❡s

❘és✉♠é ✿ ❉❛♥s ❝❡ r❛♣♣♦rt✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞✬❛♣♣❧✐❝❛t✐♦♥s
❝♦♠♣❛r❛♥t ❞❡ ♠❛♥✐èr❡ ❞✐str✐❜✉é❡ ❞❡s séq✉❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s✳ ❈❡ ♣r♦❜❧è♠❡ s❡ s✐t✉❡ ❞❛♥s ❧❡
❞♦♠❛✐♥❡ ❞❡s tâ❝❤❡s ❞✐✈✐s✐❜❧❡s ❛✈❡❝ ❝♦ûts ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♥é❣❧✐❣❡❛❜❧❡s✳ ❏✉sq✉✬à ♣rés❡♥t✱
très ♣❡✉ ❞❡ rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és ♣♦✉r ❝❡ ♠♦❞è❧❡✳ ◆♦✉s ❞✐s❝✉t♦♥s ❡t sé❧❡❝t✐♦♥♥♦♥s ❞❡s
♠étr✐q✉❡s ❛♣♣r♦♣r✐é❡s ♣♦✉r ♥♦tr❡ ❝❛❞r❡ ❞❡ tr❛✈❛✐❧✱ à s❛✈♦✐r ❧❡ ♠❛①✲str❡t❝❤ ❡t ❧❡ s✉♠✲str❡t❝❤✳
◆♦✉s ❡①♣❧✐q✉♦♥s ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ♥♦tr❡ ♠♦❞è❧❡ ❡t ❧❡ ❝❛❞r❡ ♠♦♥♦✲♣r♦❝❡ss❡✉r ❛✈❡❝ ♣ré❡♠♣✲
t✐♦♥✱ ❡t ♥♦✉s ♠♦♥tr♦♥s ❝♦♠♠❡♥t ét❡♥❞r❡ ❛✉ ❝❛❞r❡ ❞❡s tâ❝❤❡s ❞✐✈✐s✐❜❧❡s s✉r ♠✉❧t✐✲♣r♦❝❡ss❡✉r
❧❡s ❛❧❣♦r✐t❤♠❡s ♣r♦♣♦sés ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ♣♦✉r ❧❡ ❝❛s ♠♦♥♦✲♣r♦❝❡ss❡✉r ❛✈❡❝ ♣ré❡♠♣t✐♦♥✳
◆♦✉s r❛♣♣❡❧♦♥s ❧❡s rés✉❧t❛ts ❝♦♥♥✉s ♣♦✉r ❞❡s ♣r♦❜❧é♠❛t✐q✉❡s ♣r♦❝❤❡s✱ ♥♦✉s ♠♦♥tr♦♥s ❝♦♠✲
♠❡♥t ♠✐♥✐♠✐s❡r ❧❡ ♠❛①✲str❡t❝❤ s✉r ❞❡s ♠❛❝❤✐♥❡s ♥♦♥ ❝♦rré❧é❡s ✭q✉❡ ❧❡s tâ❝❤❡s s♦✐❡♥t ❞✐✈✐s✐❜❧❡s
♦✉ s✐♠♣❧❡♠❡♥t ♣ré❡♠♣t✐❜❧❡s✮✱ ♥♦✉s ♦❜t❡♥♦♥s ❞❡ ♥♦✉✈❡❧❧❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❝♦♠♣ét✐t✐✈✐té
♣♦✉r t♦✉t ❛❧❣♦r✐t❤♠❡ ♦♥✲❧✐♥❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡ ♥♦✉✈❡❛✉① rés✉❧t❛ts ❞❡ ❝♦♠♣ét✐t✐✈✐té ♣♦✉r
❞❡s ❛❧❣♦r✐t❤♠s ❞❡ ❧❛ ❧✐ttér❛t✉r❡✱ ❡t ♥♦✉s ♣r♦♣♦s♦♥s ❞❡ ♥♦✉✈❡❧❧❡s ❤❡✉r✐st✐q✉❡s ♦♥✲❧✐♥❡✳ ◆♦✉s
♥♦✉s ✐♥tér❡ss♦♥s é❣❛❧❡♠❡♥t ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ P❛r❡t♦ ❞✉ ♠❛①✲str❡t❝❤✳ ❊♥s✉✐t❡✱
♥♦✉s ét✉❞✐♦♥s✱ ❞❡ ♠❛♥✐èr❡ ❡①t❡♥s✐✈❡✱ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ t♦✉s ❝❡s ❛❧❣♦r✐t❤♠❡s ❡t ❞❡ t♦✉t❡s
❝❡s ❤❡✉r✐st✐q✉❡s✱ ❡t ❝❡ ❞❛♥s ✉♥ ❝❛❞r❡ ré❛❧✐st❡✳ ◆♦tr❡ ét✉❞❡ ♠♦♥tr❡ q✉❡ ❧❡s s♦❧✉t✐♦♥s ❣❛r❛♥t✐❡s
❡①✐st❛♥t❡s ♠✐♥✐♠✐s❛♥t ❧❡ ♠❛①✲str❡t❝❤ s✉r ✉♥ ♣r♦❝❡ss❡✉r s♦♥t ✐♥❡✣❝❛❝❡s ❞❛♥s ♥♦tr❡ ❝❛❞r❡ ❞❡
tr❛✈❛✐❧✳ ❈❡♣❡♥❞❛♥t✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ♥♦s ❛❧❣♦r✐t❤♠❡s ♦♥✲❧✐♥❡ ❜❛sés s✉r ❧❛ ♣r♦❣r❛♠♠❛t✐♦♥
❧✐♥é❛✐r❡ ♦♥t ❞❡s ♣❡r❢♦r♠❛♥❝❡s ♣r♦❝❤❡s ❞❡ ❧✬♦♣t✐♠❛❧ ♣♦✉r ❧❡ ♠❛①✲str❡t❝❤✳ ❊♥ ♦✉tr❡✱ ♥♦tr❡
ét✉❞❡ s✉❣❣èr❡ ❝❧❛✐r❡♠❡♥t ❧❡s ❤❡✉r✐st✐q✉❡s q✉✐ s♦♥t ❡✣❝❛❝❡s ♣♦✉r ❧❡s ❞❡✉① ♠étr✐q✉❡s✱ ❜✐❡♥
q✉❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ s✐♠✉❧t❛♥é❡ ♣♦✉r ❝❡s ❞❡✉① ♠étr✐q✉❡s s♦✐t ❡♥ t❤é♦r✐❡ ✐♠♣♦ss✐❜❧❡ ❞❛♥s ❧❡ ❝❛s
❣é♥ér❛❧✳

▼♦ts✲❝❧és ✿ ❇✐♦✐♥❢♦r♠❛t✐q✉❡✱ ♦r❞♦♥♥❛♥❝❡♠❡♥t✱ tâ❝❤❡s ❞✐✈✐s✐❜❧❡s✱ ♣r♦❣r❛♠♠❛t✐♦♥ ❧✐♥é❛✐r❡✱
✢♦t ♣♦♥❞éré✱ ♣❧❛t❡s✲❢♦r♠❡s ❤étér♦❣è♥❡s



✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r♦❜❧❡♠ ♦❢ s❡❛r❝❤✐♥❣ ❧❛r❣❡✲s❝❛❧❡ ❣❡♥♦♠✐❝ ❛♥❞ ♣r♦t❡♦♠✐❝ s❡q✉❡♥❝❡ ❞❛t❛❜❛♥❦s ✐s ❛♥ ✐♥✲
❝r❡❛s✐♥❣❧② ✐♠♣♦rt❛♥t ❜✐♦✐♥❢♦r♠❛t✐❝s ♣r♦❜❧❡♠✳ ❚❤❡ r❡s✉❧ts ✇❡ ♣r❡s❡♥t ✐♥ t❤✐s ♣❛♣❡r ❝♦♥❝❡r♥
t❤❡ ❞❡♣❧♦②♠❡♥t ♦❢ s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ❡♥✈✐r♦♥♠❡♥ts✳ ■♥
❢❛❝t✱ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐s ❛ ♣❛rt ♦❢ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ t❛s❦ ✐♥ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ✇♦r❦❧♦❛❞ ❡①❤✐❜✐ts ❛♥ ✏❛✣♥✐t②✑ ❢♦r ♣❛rt✐❝✉❧❛r ♥♦❞❡s ♦❢ t❤❡ t❛r❣❡t❡❞ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ♣❧❛t❢♦r♠✳ ■♥ t❤❡ ❣❡♥♦♠✐❝ s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ s❝❡♥❛r✐♦✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ r❡q✉✐r❡❞
❞❛t❛❜❛♥❦ ♦♥ ❛ ♣❛rt✐❝✉❧❛r ♥♦❞❡ ✐s t❤❡ s♦❧❡ ❢❛❝t♦r t❤❛t ❝♦♥str❛✐♥s t❛s❦ ♣❧❛❝❡♠❡♥t ❞❡❝✐s✐♦♥s✳
■♥ t❤✐s ❝♦♥t❡①t✱ t❛s❦ ❛✣♥✐t✐❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❧♦❝❛t✐♦♥ ❛♥❞ r❡♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡
❞❛t❛❜❛♥❦s ✐♥ t❤❡ ❞✐str✐❜✉t❡❞ ♣❧❛t❢♦r♠✳

◆✉♠❡r♦✉s ❡✛♦rts t♦ ♣❛r❛❧❧❡❧✐③❡ ❜✐♦❧♦❣✐❝❛❧ s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥
r❡❛❧✐③❡❞ ✭❡✳❣✳✱ ❬✶✵✱ ✶✷✱ ✷✽❪✮✳ ❚❤❡s❡ ❡✛♦rts ❛r❡ ❢❛❝✐❧✐t❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t s✉❝❤ ❜✐♦❧♦❣✐❝❛❧ s❡✲
q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ t②♣✐❝❛❧❧② ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✐♥t❡♥s✐✈❡✱ ❡♠❜❛rr❛ss✐♥❣❧② ♣❛r❛❧✲
❧❡❧ ✇♦r❦❧♦❛❞s✳ ■♥ t❤❡ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡✱ t❤✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧ ✐s ❡✛❡❝t✐✈❡❧② ❛ ❞✐✈✐s✐❜❧❡
✇♦r❦❧♦❛❞ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦✈❡r❤❡❛❞s✳ ❚❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞
✐♥ t❤✐s ♣❛♣❡r ❝♦♥❝❡r♥s t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧✱ ♣❛rt✐❝✉❧❛r❧② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦♥❧✐♥❡ s❝❤❡❞✉❧✲
✐♥❣ ✭✐✳❡✳✱ ✐♥ ✇❤✐❝❤ t❤❡ s❝❤❡❞✉❧❡r ❤❛s ♥♦ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛♥② ❥♦❜ ✐♥ t❤❡ ✇♦r❦❧♦❛❞ ✐♥ ❛❞✈❛♥❝❡ ♦❢
✐ts r❡❧❡❛s❡ ❞❛t❡✮✳ ❚❤✉s ❢❛r✱ t❤✐s s♣❡❝✐✜❝ ♣r♦❜❧❡♠ ❤❛s ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s❝❤❡❞✉❧✐♥❣
❧✐t❡r❛t✉r❡✳

❆s✐❞❡ ❢r♦♠ ❞✐✈✐s✐❜✐❧✐t②✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❝❧❛ss✐❝❛❧ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❧✐❡s ✐♥ t❤❡
❢❛❝t t❤❛t t❤❡ ♣❧❛t❢♦r♠s ✇❡ t❛r❣❡t ❛r❡ s❤❛r❡❞ ❜② ♠❛♥② ✉s❡rs✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♥❡❡❞ t♦
❡♥s✉r❡ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ ❢❛✐r♥❡ss ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ✉s❡rs ❛♥❞ r❡q✉❡sts✳ ❉❡✜♥✐♥❣ ❛ ❢❛✐r
♦❜❥❡❝t✐✈❡ t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ✈❛r✐♦✉s ❥♦❜ ❝❤❛r❛❝t❡r✐st✐❝s ✭r❡❧❡❛s❡ ❞❛t❡✱ ♣r♦❝❡ss✐♥❣ t✐♠❡✮ ✐s
t❤✉s t❤❡ ✜rst ❞✐✣❝✉❧t② t♦ ♦✈❡r❝♦♠❡✳ ❆❢t❡r ❤❛✈✐♥❣ ♣r❡s❡♥t❡❞ ♦✉r ♠♦t✐✈❛t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞
♦✉r ❢r❛♠❡✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ r❡✈✐❡✇ ✈❛r✐♦✉s ❝❧❛ss✐❝❛❧ ♠❡tr✐❝s ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ❝♦♥❝❧✉❞❡
t❤❛t t❤❡ str❡t❝❤ ♦❢ ❛ ❥♦❜ ✐s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s ❢♦r ❡✈❛❧✉❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡
♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ♠❛①✲str❡t❝❤ ❛♥❞ s✉♠✲str❡t❝❤ ♠❡tr✐❝s✳ ❚♦ ❤❛✈❡ ❛ ❣♦♦❞ ❜❛❝❦❣r♦✉♥❞ ♦♥
r❡❧❛t❡❞ ♦❜❥❡❝t✐✈❡s ❢✉♥❝t✐♦♥s ❛♥❞ r❡s✉❧ts✱ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♠❛①✲✢♦✇ ❛♥❞ s✉♠✲✢♦✇
♠❡tr✐❝s✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✺ ✇❡ st✉❞② s✉♠✲str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✻ ♦✤✐♥❡ ♠❛①✲
str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✼ P❛r❡t♦ ♦✤✐♥❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳ ❇✉✐❧❞✐♥❣
♦♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❢♦❝✉s ✐♥ ❙❡❝t✐♦♥ ✽ ♦♥ t❤❡ ♦♥❧✐♥❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳
❚❤✐s ♣❛♣❡r ❝♦♥t❛✐♥s ♥♦ s❡❝t✐♦♥ ❞❡✈♦t❡❞ t♦ t❤❡ r❡❧❛t❡❞ ✇♦r❦ ❛s t❤❡ r❡❧❛t❡❞ ✇♦r❦ ✇✐❧❧ ❜❡
❞✐s❝✉ss❡❞ t❤r♦✉❣❤♦✉t t❤✐s ❛rt✐❝❧❡✳ ❍♦✇❡✈❡r✱ ✐♥ ❙❡❝t✐♦♥ ✾ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ❦♥♦✇♥ ❛♥❞ ♥❡✇
r❡s✉❧ts ♦♥ ❝♦♠♣❧❡①✐t②✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥ ✶✵ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
❛❢♦r❡♠❡♥t✐♦♥❡❞ ❤❡✉r✐st✐❝s✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✶✶✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛r❡✿

❼ ❖❢❢✲❧✐♥❡ s✉♠✲❢❧♦✇ ❛♥❞ s✉♠✲str❡t❝❤✳ ❲❡ s❤♦✇ t❤❛t s✉♠✲✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ✐s
◆P✲❝♦♠♣❧❡t❡ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✉♥❞❡r t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧ ✭〈R|rj , ❞✐✈|

∑
Fj〉

✐s ◆P✲❝♦♠♣❧❡t❡✮✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ✐s ◆P✲❝♦♠♣❧❡t❡ ♦♥ ♦♥❡
♠❛❝❤✐♥❡ ✇✐t❤♦✉t ♣r❡❡♠♣t✐♦♥ ❛♥❞ ❛❧s♦ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✉♥❞❡r t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞
♠♦❞❡❧ ✭〈1|rj |

∑
Sj〉 ❛♥❞ 〈R|rj , ❞✐✈|

∑
Sj〉 ❛r❡ ◆P✲❝♦♠♣❧❡t❡✮✳



✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❼ ❖❢❢✲❧✐♥❡ ♠❛① ✇❡✐❣❤t❡❞ ❢❧♦✇✳ ❲❡ ♣r❡s❡♥t ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ t❤❡
♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇✱ ♦✛✲❧✐♥❡✱ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✱ ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞
♠♦❞❡❧ ❛♥❞ ✐♥ t❤❡ ♣r❡❡♠♣t✐✈❡ ♠♦❞❡❧✿ 〈R|rj ; ❞✐✈|max wjFj〉 ❛♥❞ 〈R|rj ; ♣♠t♥|max wjFj〉
❛r❡ ♣♦❧②♥♦♠✐❛❧✳

❲❡ ❛❧s♦ ♣r♦♣♦s❡ ❤❡✉r✐st✐❝s t♦ s♦❧✈❡ t❤❡ ♦✛✲❧✐♥❡ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛① ✇❡✐❣❤t❡❞
✢♦✇✱ ❡✐t❤❡r ♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ♦r ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✳ ❲❡ ♣r❡s❡♥t s♦♠❡ ❝❛s❡s ✐♥ ✇❤✐❝❤
t❤❡s❡ ❤❡✉r✐st✐❝s ❛r❡ ♦♣t✐♠❛❧ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♦✛✲❧✐♥❡ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢
♠❛①✲✢♦✇ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✐s ◆P✲❝♦♠♣❧❡t❡✳

❼ ❖♥✲❧✐♥❡ s✉♠✲str❡t❝❤ ❛♥❞ ♠❛①✲str❡t❝❤✳ ❲❡ s❤♦✇ t❤❛t ❋❈❋❙ ✐s ∆✲❝♦♠♣❡t✐t✐✈❡
❢♦r t❤❡ s✉♠✲str❡t❝❤ ❛♥❞ ♠❛①✲str❡t❝❤ ♠❡tr✐❝s ♦♥ ♦♥❡ ♠❛❝❤✐♥❡✱ ✇❤❡r❡ ∆ ❞❡♥♦t❡s t❤❡
r❛t✐♦ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❤♦rt❡st ❥♦❜s s✉❜♠✐tt❡❞ t♦ t❤❡ s②st❡♠✳ ❲❡ ❛❧s♦
♣r♦✈❡ t❤❛t ♥♦ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ ❤❛s s✐♠✉❧t❛♥❡♦✉s❧② ❜❡tt❡r ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦s ❢♦r t❤❡s❡
t✇♦ ♠❡tr✐❝s✳

❲❡ s❤♦✇ t❤❛t ♥♦ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✶✳✶✾✹✽✹

❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ s✉♠✲str❡t❝❤✱ ♦r ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ 1
2∆

√
2−1 ❢♦r t❤❡ ♠✐♥✐♠✐③❛✲

t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳ ✭❚❤❡ ♣r❡✈✐♦✉s ❦♥♦✇♥ ❜♦✉♥❞s ✇❡r❡ r❡s♣❡❝t✐✈❡❧② ✶✳✵✸✻ ❛♥❞ 1
2∆

1
3 ✳✮

❋♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ❙♠✐t❤✬s
r❛t✐♦ r✉❧❡ ✖✇❤✐❝❤ ✐s t❤❡♥ ❡q✉✐✈❛❧❡♥t t♦ s❤♦rt❡st ♣r♦❝❡ss✐♥❣ t✐♠❡✖ ✐s ♥♦t ❛♥ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❛t s❤♦rt❡st ✇❡✐❣❤t❡❞ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s ❛t ❜❡st
✷✲❝♦♠♣❡t✐t✐✈❡✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦♣♦s❡ ♥❡✇ ❤❡✉r✐st✐❝s ❢♦r t❤❡ ♦♥✲❧✐♥❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳ ❚❤r♦✉❣❤
❡①t❡♥s✐✈❡ s✐♠✉❧❛t✐♦♥s ✇❡ ❝♦♠♣❛r❡ t❤❡♠ ✇✐t❤ s♦❧✉t✐♦♥s ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ ✇❡
s❤♦✇ t❤❡✐r ✈❡r② ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✳

✷ ▼♦t✐✈❛t✐♥❣ ❆♣♣❧✐❝❛t✐♦♥ ❛♥❞ ❋r❛♠❡✇♦r❦

✷✳✶ ▼♦t✐✈❛t✐♥❣ ❆♣♣❧✐❝❛t✐♦♥

❚❤❡ ♦♥❧② ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r❡s❡♥t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t❤❛t ♦r✐❣✐♥❛❧❧② ♠♦t✐✈❛t❡❞ t❤✐s
✇♦r❦✱ t❤❡ ●r✐PP❙ ❬✾✱ ✶✼❪ ♣r♦t❡✐♥ ❝♦♠♣❛r✐s♦♥ ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡ ●r✐PP❙ ❢r❛♠❡✇♦r❦ ✐s ❜❛s❡❞
♦♥ ❧❛r❣❡ ❞❛t❛❜❛s❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♣r♦t❡✐♥s❀ ❡❛❝❤ ♣r♦t❡✐♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ str✐♥❣ ♦❢
❝❤❛r❛❝t❡rs ❞❡♥♦t✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♠✐♥♦ ❛❝✐❞s ♦❢ ✇❤✐❝❤ ✐t ✐s ❝♦♠♣♦s❡❞✳ ❇✐♦❧♦❣✐sts ♥❡❡❞
t♦ s❡❛r❝❤ s✉❝❤ s❡q✉❡♥❝❡ ❞❛t❛❜❛s❡s ❢♦r s♣❡❝✐✜❝ ♣❛tt❡r♥s t❤❛t ✐♥❞✐❝❛t❡ ❜✐♦❧♦❣✐❝❛❧❧② s✐❣♥✐✜❝❛♥t
str✉❝t✉r❡s✳ ❚❤❡ ●r✐PP❙ s♦❢t✇❛r❡ ❡♥❛❜❧❡s s✉❝❤ q✉❡r✐❡s ✐♥ ❣r✐❞ ❡♥✈✐r♦♥♠❡♥ts✱ ✇❤❡r❡ t❤❡ ❞❛t❛
♠❛② ❜❡ r❡♣❧✐❝❛t❡❞ ❛❝r♦ss ❛ ❞✐str✐❜✉t❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠✳ ❚♦ ❞❡✈❡❧♦♣ ❛
s✉✐t❛❜❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧ ❢♦r t❤❡ ●r✐PP❙ ❛♣♣❧✐❝❛t✐♦♥ s❝❡♥❛r✐♦✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛ s❡r✐❡s ♦❢
❡①♣❡r✐♠❡♥ts t♦ ❛♥❛❧②③❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ ❛❧❣♦r✐t❤♠s
✉s❡❞ ✐♥ t❤✐s ❝♦❞❡✳ ❍❡r❡ ✇❡ r❡♣♦rt ♦♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤✐s st✉❞② ✇❤♦s❡ ❞❡t❛✐❧s ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ▲❡❣r❛♥❞✱ ❙✉ ❛♥❞ ❱✐✈✐❡♥ ❬✷✸✱ ✷✷❪✳

❋r♦♠ ♦✉r ♠♦❞❡❧✐♥❣ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❝r✐t✐❝❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❛r❡✿

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✺

✶✳ ♣r♦t❡✐♥ ❞❛t❛❜❛♥❦s✿ t❤❡ r❡❢❡r❡♥❝❡ ❞❛t❛❜❛s❡s ♦❢ ❛♠✐♥♦ ❛❝✐❞ s❡q✉❡♥❝❡s✱ ❧♦❝❛t❡❞ ❛t ✜①❡❞
❧♦❝❛t✐♦♥s ✐♥ ❛ ❞✐str✐❜✉t❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠✳

✷✳ ♠♦t✐❢s✿ ❝♦♠♣❛❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛♠✐♥♦ ❛❝✐❞ ♣❛tt❡r♥s t❤❛t ❛r❡ ❜✐♦❧♦❣✐❝❛❧❧② ✐♠♣♦r✲
t❛♥t ❛♥❞ s❡r✈❡ ❛s ✉s❡r ✐♥♣✉t t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

✸✳ s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ s❡r✈❡rs✿ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❝❡ss❡s ❝♦✲❧♦❝❛t❡❞ ✇✐t❤ ♣r♦t❡✐♥
❞❛t❛❜❛♥❦s t❤❛t ❛❝❝❡♣t ❛s ✐♥♣✉t s❡ts ♦❢ ♠♦t✐❢s ❛♥❞ r❡t✉r♥ ❛s ♦✉t♣✉t ❛❧❧ ♠❛t❝❤✐♥❣ ❡♥tr✐❡s
✐♥ ❛♥② s✉❜s❡t ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❞❛t❛❜❛♥❦✳

❚❤❡ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ●r✐PP❙ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡✿

✶✳ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✳ ❆ ♠♦t✐❢ ✐s ❛ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
❛♥ ❛♠✐♥♦ ❛❝✐❞ ♣❛tt❡r♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦✈❡r❤❡❛❞ ✐♥❞✉❝❡❞ ✇❤✐❧❡ s❡♥❞✐♥❣
❛ ♠♦t✐❢ t♦ ❛♥② ♣r♦❝❡ss♦r ✐s ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ ❛ ❝♦♠♣❛r✐s♦♥✳

✷✳ ❞✐✈✐s✐❜❧❡ ❧♦❛❞s✳ ❚❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ r❡q✉✐r❡❞ ❢♦r s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥s ❛❣❛✐♥st ❛
s✉❜s❡t ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❞❛t❛❜❛♥❦ ✐s ❧✐♥❡❛r❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ s✉❜s❡t r❡❧❛t✐✈❡
t♦ t❤❡ ❡♥t✐r❡ ❞❛t❛❜❛♥❦✳ ❚❤✐s ♣r♦♣❡rt② ❛❧❧♦✇s ✉s t♦ ❞✐str✐❜✉t❡ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❛ r❡q✉❡st
❛♠♦♥❣ ♠❛♥② ♣r♦❝❡ss♦rs ❛t t❤❡ s❛♠❡ t✐♠❡ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❝♦st✳

❚❤❡ ●r✐PP❙ ♣r♦t❡✐♥ ❞❛t❛❜❛♥❦ s❡❛r❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❧✐♥❡❛r
❞✐✈✐s✐❜❧❡ ✇♦r❦❧♦❛❞ ✇✐t❤♦✉t ❝♦♠♠✉♥✐❝❛t✐♦♥s✳

■♥ t❤❡ ❝❧❛ss✐❝❛❧ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡✱ ♣r❡❡♠♣t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❛❜✐❧✐t② t♦ s✉s♣❡♥❞
❛ ❥♦❜ ❛t ❛♥② t✐♠❡ ❛♥❞ t♦ r❡s✉♠❡ ✐t✱ ♣♦ss✐❜❧② ♦♥ ❛♥♦t❤❡r ♣r♦❝❡ss♦r✱ ❛t ♥♦ ❝♦st✳ ❖✉r
❛♣♣❧✐❝❛t✐♦♥ ✐♠♣❧✐❝✐t❧② ❢❛❧❧s ✐♥ t❤✐s ❝❛t❡❣♦r②✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❤❛❧t t❤❡ ♣r♦❝❡ss✐♥❣
♦❢ ❛ r❡q✉❡st ♦♥ ❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r ❛♥❞ ❝♦♥t✐♥✉❡ t❤❡ ♣❛tt❡r♥ ♠❛t❝❤✐♥❣ ❢♦r t❤❡ ✉♥♣r♦✲
❝❡ss❡❞ ♣❛rt ♦❢ t❤❡ ❞❛t❛❜❛s❡ ♦♥ ❛ ❞✐✛❡r❡♥t ♣r♦❝❡ss♦r ✭❛s ✐t ♦♥❧② r❡q✉✐r❡s ❛ ♥❡❣❧✐❣✐❜❧❡
❞❛t❛ tr❛♥s❢❡r ♦♣❡r❛t✐♦♥ t♦ ♠♦✈❡ t❤❡ ♣❛tt❡r♥ t♦ t❤❡ ♥❡✇ ❧♦❝❛t✐♦♥✮✳ ❋r♦♠ ❛ t❤❡♦r❡t✐❝❛❧
♣❡rs♣❡❝t✐✈❡✱ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ✇✐t❤♦✉t ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ t❤❡ ♣r❡❡♠♣t✐✈❡ ❡①❡❝✉t✐♦♥ ♠♦❞❡❧ t❤❛t ❛❧❧♦✇s ❢♦r s✐♠✉❧t❛♥❡♦✉s ❡①❡❝✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t
♣❛rts ♦❢ ❛ s❛♠❡ ❥♦❜ ♦♥ ❞✐✛❡r❡♥t ♠❛❝❤✐♥❡s✳

✸✳ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s✳ ❆ s❡t ♦❢ ❥♦❜s ✐s ✉♥✐❢♦r♠ ♦✈❡r ❛
s❡t ♦❢ ♣r♦❝❡ss♦rs ✐❢ t❤❡ r❡❧❛t✐✈❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♦❢ ❥♦❜s ♦✈❡r t❤❡ s❡t ♦❢ ♣r♦❝❡ss♦rs ❞♦❡s
♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❥♦❜s✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❢♦r ❛♥② ❥♦❜ Jj ✱ pi,j/pi′,j = ki,i′ ✱
✇❤❡r❡ pi,j ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣r♦❝❡ss ❥♦❜ Jj ♦♥ ♣r♦❝❡ss♦r i✳ ■♥ ❡ss❡♥❝❡✱ ki,i′ ❞❡s❝r✐❜❡s
t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢ ♣r♦❝❡ss♦rs i ❛♥❞ i′✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ s✐③❡ ♦r t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❥♦❜
❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✳ ❖✉r ❡①♣❡r✐♠❡♥ts ✐♥❞✐❝❛t❡❞ ❛ ❝❧❡❛r ❝♦♥st❛♥t r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❜s❡r✈❡❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ♠♦t✐❢ ♦♥ ❛ ❣✐✈❡♥ ♠❛❝❤✐♥❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♠❡❛s✉r❡❞ ♦♥ ❛ r❡❢❡r❡♥❝❡ ♠❛❝❤✐♥❡ ❢♦r t❤❛t s❛♠❡ ♠♦t✐❢✳ ❚❤✐s tr❡♥❞
s✉♣♣♦rts t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ✉♥✐❢♦r♠✐t②✳ ❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡ ❛ ❣✐✈❡♥ ❞❛t❛❜❛♥❦ ♠❛② ♥♦t
❜❡ ❛✈❛✐❧❛❜❧❡ ♦♥ ❛❧❧ s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ s❡r✈❡rs✳ ❖✉r ♠♦❞❡❧ ❡ss❡♥t✐❛❧❧② r❡♣r❡s❡♥ts ❛
✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ❛ s♣❡❝✐✜❝
✐♥st❛♥❝❡ ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✷✳✷ ❋r❛♠❡✇♦r❦ ❛♥❞ ◆♦t❛t✐♦♥s

❋♦r♠❛❧❧②✱ ❛♥ ✐♥st❛♥❝❡ ♦❢ ♦✉r ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❜② n ❥♦❜s✱ J1✱ ✳✳✳✱ Jn ❛♥❞ m ♠❛❝❤✐♥❡s ✭♦r
♣r♦❝❡ss♦rs✮✱ M1✱ ✳✳✳✱ Mm✳ ❚❤❡ ❥♦❜ Jj ❛rr✐✈❡s ✐♥ t❤❡ s②st❡♠ ❛t t✐♠❡ rj ✭❡①♣r❡ss❡❞ ✐♥ s❡❝♦♥❞s✮✱
✇❤✐❝❤ ✐s ✐ts r❡❧❡❛s❡ ❞❛t❡❀ ✇❡ s✉♣♣♦s❡ t❤❛t ❥♦❜s ❛r❡ ♥✉♠❜❡r❡❞ ❜② ✐♥❝r❡❛s✐♥❣ r❡❧❡❛s❡ ❞❛t❡s✳
❚❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ❥♦❜ Jj ✐s ❝♦♠♣❧❡t❡❞ ✐s ❞❡♥♦t❡❞ ❛s Cj ✳ ❚❤❡♥✱ t❤❡ ✢♦✇ t✐♠❡ ♦❢ t❤❡ ❥♦❜ Jj ✱
❞❡✜♥❡❞ ❛s Fj = Cj − rj ✱ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ t✐♠❡ t❤❡ ❥♦❜ s♣❡♥❞s ✐♥ t❤❡ s②st❡♠✳ ❚❤❡ ✈❛❧✉❡ pi,j

❞❡♥♦t❡s t❤❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ✐t ✇♦✉❧❞ t❛❦❡ ❢♦r ♠❛❝❤✐♥❡ Mi t♦ ♣r♦❝❡ss ❥♦❜ Jj ✳ ◆♦t❡ t❤❛t pi,j

❝❛♥ ❜❡ ✐♥✜♥✐t❡ ✐❢ t❤❡ ❥♦❜ Jj ❝❛♥♥♦t ❜❡ ❡①❡❝✉t❡❞ ♦♥ t❤❡ ♠❛❝❤✐♥❡ Mi✱ ❡✳❣✳✱ ❢♦r ♦✉r ♠♦t✐✈❛t✐♥❣
❛♣♣❧✐❝❛t✐♦♥✱ ✐❢ ❥♦❜ Jj r❡q✉✐r❡s ❛ ❞❛t❛❜❛♥❦ t❤❛t ✐s ♥♦t ♣r❡s❡♥t ♦♥ t❤❡ ♠❛❝❤✐♥❡ Mi✳ ❋✐♥❛❧❧②✱
❡❛❝❤ ❥♦❜ ✐s ❛ss✐❣♥❡❞ ❛ ✇❡✐❣❤t ♦r ♣r✐♦r✐t② wj ✳

❉✉❡ t♦ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧✱ ❡❛❝❤ ❥♦❜ ♠❛② ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢
s✉❜✲❥♦❜s✱ ♦❢ ❛♥② s✐③❡✳ ❋✉rt❤❡r♠♦r❡✱ ❡❛❝❤ s✉❜✲❥♦❜ ♠❛② ❜❡ ❡①❡❝✉t❡❞ ♦♥ ❛♥② ♠❛❝❤✐♥❡ ❛t ✇❤✐❝❤
t❤❡ ❞❛t❛ ❞❡♣❡♥❞❡♥❝❡s ♦❢ t❤❡ ❥♦❜ ❛r❡ s❛t✐s✜❡❞✳ ❚❤✉s✱ ❛t ❛ ❣✐✈❡♥ ♠♦♠❡♥t✱ ♠❛♥② ❞✐✛❡r❡♥t
♠❛❝❤✐♥❡s ♠❛② ❜❡ ♣r♦❝❡ss✐♥❣ t❤❡ s❛♠❡ ❥♦❜ ✭✇✐t❤ ❛ ♠❛st❡r s❝❤❡❞✉❧❡r ❡♥s✉r✐♥❣ t❤❛t t❤❡s❡
♠❛❝❤✐♥❡s ❛r❡ ✇♦r❦✐♥❣ ♦♥ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ❥♦❜✮✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② αi,j t❤❡
❢r❛❝t✐♦♥ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss❡❞ ♦♥ Mi✱ ✇❡ ❡♥❢♦r❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② t♦ ❡♥s✉r❡ ❡❛❝❤ ❥♦❜ ✐s
❢✉❧❧② ❡①❡❝✉t❡❞✿ ∀j,∑i αi,j = 1✳

❲❤❡♥ ❛ s✐③❡ Wj ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ❥♦❜ Jj ✖❡✳❣✳✱ ✐♥ t❤❡ ✉♥✐✲♣r♦❝❡ss♦r ❝❛s❡✖ ✇❡
❞❡♥♦t❡ ❜② ∆ t❤❡ r❛t✐♦ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❤♦rt❡st ❥♦❜s s✉❜♠✐tt❡❞ t♦ t❤❡ s②st❡♠✿
∆ =

maxj Wj

minj Wj
✳

❆s ✇❡ ❤❛✈❡ s❡❡♥✱ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♦✉r ♠♦t✐✈❛t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❝♦✉❧❞ r❡♣❧❛❝❡
t❤❡ ✉♥r❡❧❛t❡❞ t✐♠❡s pi,j ❜② t❤❡ ❡①♣r❡ss✐♦♥ Wj · ci✱ ✇❤❡r❡ Wj ❞❡♥♦t❡s t❤❡ s✐③❡ ✭✐♥ ▼✢♦♣✮ ♦❢
t❤❡ ❥♦❜ Jj ❛♥❞ ci ❞❡♥♦t❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❝✐t② ♦❢ ♠❛❝❤✐♥❡ Mi ✭✐♥ s❡❝♦♥❞·▼✢♦♣−1✮✳
❚♦ ♠❛✐♥t❛✐♥ ❝♦rr❡❝t♥❡ss ❢♦r t❤❡ ❜✐♦❧♦❣✐❝❛❧ s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ s❡♣❛r❛t❡❧②
♠❛✐♥t❛✐♥ ❛ ❧✐st ♦❢ ❞❛t❛❜❛♥❦s ♣r❡s❡♥t ❛t ❡❛❝❤ ♠❛❝❤✐♥❡ ❛♥❞ ❡♥❢♦r❝❡ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛
❥♦❜ Jj ♠❛② ♦♥❧② ❜❡ ❡①❡❝✉t❡❞ ♦♥ ❛ ♠❛❝❤✐♥❡ t❤❛t ❤❛s ❛ ❝♦♣② ♦❢ ❛❧❧ ❞❛t❛ ✉♣♦♥ ✇❤✐❝❤ ❥♦❜ Jj

❞❡♣❡♥❞s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✇❡ ♣r❡s❡♥t ❞♦ ♥♦t r❡❧② ♦♥ t❤❡s❡ r❡str✐❝t✐♦♥s✱
✇❡ r❡t❛✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥ ✭✐✳❡✳✱ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✮✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❧❧ t❤❡ ✈❛❧✉❡s ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ❛rt✐❝❧❡ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs
✭❡①❝❡♣t t❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ❝❛s❡ ✐♥ ✇❤✐❝❤ pi,j ✐s ✐♥✜♥✐t❡ ✐❢ Jj ❝❛♥♥♦t ❜❡ ♣r♦❝❡ss❡❞ ♦♥
Mi✮✳

✷✳✸ ❘❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ t❤❡ ❯♥✐✲Pr♦❝❡ss♦r ❈❛s❡ ✇✐t❤ Pr❡❡♠♣t✐♦♥

❲❡ ✜rst ♣r♦✈❡ t❤❛t ❛♥② s❝❤❡❞✉❧❡ ✐♥ t❤❡ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ♠♦❞❡❧ ✇✐t❤ ❞✐✈✐s✐❜✐❧✐t② ❤❛s ❛
❝❛♥♦♥✐❝❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❤❡❞✉❧❡ ✐♥ t❤❡ ✉♥✐✲♣r♦❝❡ss♦r ♠♦❞❡❧ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✳ ❚❤✐s ✐s ❡s✲
♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ❛s ♠❛♥② ✐♥t❡r❡st✐♥❣ r❡s✉❧ts ✐♥ t❤❡ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥❧② ❤♦❧❞ ❢♦r t❤❡
♣r❡❡♠♣t✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧ ✭❞❡♥♦t❡❞ ♣♠t♥✮✳

▲❡♠♠❛ ✶✳ ❋♦r ❛♥② ♣❧❛t❢♦r♠ M1✱ ✳✳✳✱ Mm ❝♦♠♣♦s❡❞ ♦❢ ✉♥✐❢♦r♠ ♣r♦❝❡ss♦rs✱ ✐✳❡✳✱ s✉❝❤ t❤❛t
❢♦r ❛♥② ❥♦❜ Jj✱ pi,j = Wj · ci✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ♣❧❛t❢♦r♠ ♠❛❞❡ ♦❢ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r M̃ ✇✐t❤
p̃ = 1/

∑
i

1
ci
✱ s✉❝❤ t❤❛t✿

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✼

❋♦r ❛♥② ❞✐✈✐s✐❜❧❡ s❝❤❡❞✉❧❡ ♦❢ J1✱ ✳✳✳✱ Jn ♦♥ {M1, ...,Mm} t❤❡r❡ ❡①✐sts ❛ ♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡

♦❢ J1✱ ✳✳✳✱ Jn ♦♥ M̃ ✇✐t❤ s♠❛❧❧❡r ♦r ❡q✉❛❧ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s✳

Pr♦♦❢✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t ♦✉r m ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡q✉✐✈✲
❛❧❡♥t ♣r♦❝❡ss♦r ♦❢ ♣♦✇❡r 1/

∑
i

1
ci
✳ ❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤✐s ✐❞❡❛✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❣✐✈❡♥

❛♥ ✐♥st❛♥❝❡ ❝♦♠♣♦s❡❞ ♦❢ n ❥♦❜s J1✱ ✳✳✳✱ Jn ❛♥❞ m ♠❛❝❤✐♥❡s P1✱ ✳✳✳✱ Pm s✉❝❤ t❤❛t pi,j =

Wj · ci✱ ✇❡ ❞❡✜♥❡ J̃1✱ ✳✳✳✱ J̃n ✇✐t❤ t❤❡ s❛♠❡ r❡❧❡❛s❡ ❞❛t❡ ❛s t❤❡ ✐♥✐t✐❛❧ ❥♦❜s ❛♥❞ ❛ ♣r♦✲
❝❡ss✐♥❣ t✐♠❡ p̃j = Wj/(

∑
i

1
ci

)✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② s(t) t❤❡ t✐♠❡ ♦❢ t❤❡ t✲t❤ ♣r❡❡♠♣t✐♦♥

❛♥❞ ❜② ∆(t) t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡❢♦r❡ t❤❡ ♥❡①t ♣r❡❡♠♣t✐♦♥✳ ▲❛st✱ ✐❢ ✇❡ ❞❡✜♥❡

α
(t)
i,j t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss❡❞ ♦♥ Mi ❜❡t✇❡❡♥ t❤❡ t✲t❤ ❛♥❞ t❤❡ (t + 1)✲t❤ ♣r❡❡♠♣✲

t✐♦♥ ✭✐✳❡✳✱ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [s(t), s(t) + ∆(t)[✮✱ ❜② ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ Pi✿∑
j α

(t)
i,jpi,j 6 ∆(t)✱ t❤❡♥

∑
j α

(t)
i,jWjci 6 ∆(t)✱ ❤❡♥❝❡

∑
j α

(t)
i,jWj 6

∆(t)

ci
✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

∑
i

∑
j α

(t)
i,jWj 6 ∆(t)

∑
i

1
ci

❛♥❞
∑

j

(∑
i α

(t)
i,j

)
Wj

P

i
1
ci

=
∑

j

(∑
i α

(t)
i,j

)
p̃j 6 ∆(t)✳

■t ✐s t❤✉s ♣♦ss✐❜❧❡ t♦ ♣r♦❝❡ss (
∑

i α
(t)
i,j ) ♦❢ ❥♦❜ J̃j ✐♥ t✐♠❡ ✐♥t❡r✈❛❧ [s(t), s(t+1)[✱ ❤❡♥❝❡

❞❡✜♥✐♥❣ ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ❢♦r ♦✉r ♥❡✇ ✐♥st❛♥❝❡✳ ❆s ♣r❡❡♠♣t✐♦♥s ✐♥ t❤❡ ♥❡✇ s❝❤❡❞✉❧❡ ♦♥❧②
♦❝❝✉r ✇✐t❤✐♥ t❤❡ ♦♥❡s ♦❢ t❤❡ ♦❧❞ s❝❤❡❞✉❧❡✱ ♥♦ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✐s ❡✈❡r ✐♥❝r❡❛s❡❞✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥② ❝♦♠♣❧❡①✐t② r❡s✉❧t ❢♦r t❤❡ ♣r❡❡♠♣t✐✈❡ ✉♥✐✲♣r♦❝❡ss♦r ♠♦❞❡❧ ❛❧s♦
❤♦❧❞s ❢♦r t❤❡ ✉♥✐❢♦r♠ ❞✐✈✐s✐❜❧❡ ♠♦❞❡❧✳ ❚❤✉s✱ t❤r♦✉❣❤♦✉t t❤✐s ❛rt✐❝❧❡✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛❞❞r❡ss✐♥❣
t❤❡ ♠✉❧t✐✲♣r♦❝❡ss♦r ❝❛s❡✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❝❧♦s❡❧② ❡①❛♠✐♥❡ t❤❡ ✉♥✐✲♣r♦❝❡ss♦r ❝❛s❡✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣ ✐s ♥♦ ❧♦♥❣❡r ✈❛❧✐❞ ✇❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❧❛t❢♦r♠
❡①❤✐❜✐ts r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t②✱ ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ■♥ t❤❡ ✉♥✐✲♣r♦❝❡ss♦r ❝❛s❡✱ ❛ s❝❤❡❞✉❧❡
❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣r✐♦r✐t② ❧✐st ♦❢ t❤❡ ❥♦❜s ✭s❡❡ t❤❡ ❛rt✐❝❧❡ ♦❢ ❇❡♥❞❡r✱ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❛♥❞
❘❛❥❛r❛♠❛♥ ❬✼❪ ❢♦r ❡①❛♠♣❧❡✮✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❤❡♥❡✈❡r ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❤❡✉r✐st✐❝s ❢♦r t❤❡
✉♥✐♣r♦❝❡ss♦r ❝❛s❡ t❤❡② ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❜❛s✐❝ ❛♣♣r♦❛❝❤✿ ♠❛✐♥t❛✐♥ ❛ ♣r✐♦r✐t② ❧✐st ♦❢ t❤❡
❥♦❜s ❛♥❞ ❛t ❛♥② ♠♦♠❡♥t✱ ❡①❡❝✉t❡ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t②✳ ■♥ t❤❡ ♠✉❧t✐✲♣r♦❝❡ss♦r
❝❛s❡ ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t②✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ s❝❤❡❞✉❧✐♥❣ ❞✐♠❡♥s✐♦♥ ♠✉st ❜❡ r❡s♦❧✈❡❞✿ t❤❡
s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ❥♦❜✳

❚❤❡ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✉r❡ ✷ ❡①♣❧❛✐♥s t❤❡ ❞✐✣❝✉❧t② ♦❢ t❤✐s ❧❛st ♣r♦❜❧❡♠✳ ■♥ t❤❡ ✉♥✐❢♦r♠
s✐t✉❛t✐♦♥✱ ✐t ✐s ❛❧✇❛②s ❜❡♥❡✜❝✐❛❧ t♦ ❢✉❧❧② ❞✐str✐❜✉t❡ ✇♦r❦ ❛❝r♦ss ❛❧❧ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✿ ❡❛❝❤
❥♦❜✬s ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✐♥ s✐t✉❛t✐♦♥ B ✐s str✐❝t❧② ❜❡tt❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❥♦❜✬s ❝♦♠✲
♣❧❡t✐♦♥ t✐♠❡ ✐♥ s✐t✉❛t✐♦♥ A✳ ❍♦✇❡✈❡r✱ ✐♥tr♦❞✉❝✐♥❣ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t② ❝♦♥❢♦✉♥❞s t❤✐s
♣r♦❝❡ss✳ ❈♦♥s✐❞❡r ❛ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❛s❦s ♠❛② ❜❡ ❧✐♠✐t❡❞ ✐♥ t❤❡✐r ❛❜✐❧✐t② t♦ ✉t✐❧✐③❡ s♦♠❡
s✉❜s❡t ♦❢ t❤❡ ♣❧❛t❢♦r♠✬s r❡s♦✉r❝❡s ✭❡✳❣✳✱ t❤❡✐r r❡q✉✐s✐t❡ ❞❛t❛ ❛r❡ ♥♦t ♣r❡s❡♥t t❤r♦✉❣❤♦✉t
t❤❡ ♣❧❛t❢♦r♠✮✳ ■♥ s✐t✉❛t✐♦♥ C ♦❢ ❋✐❣✉r❡ ✷✱ ♦♥❡ t❛s❦ ✐s s✉❜❥❡❝t t♦ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t②✿
t❤❡ P2 ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡ ✐s ♥♦t ❛❜❧❡ t♦ s❡r✈✐❝❡ t❤✐s t❛s❦✳ ❉❡❝✐❞✐♥❣ ❜❡t✇❡❡♥ ✈❛r✐♦✉s
s❝❤❡❞✉❧✐♥❣ ♦♣t✐♦♥s ✐♥ t❤✐s s❝❡♥❛r✐♦ ✐s ♥♦♥✲tr✐✈✐❛❧ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ s♦ ✇❡ ❛♣♣❧② t❤❡ ❢♦❧✲
❧♦✇✐♥❣ s✐♠♣❧❡ r✉❧❡ t♦ ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ ❢♦r ❣❡♥❡r❛❧ ♣❧❛t❢♦r♠s ❢r♦♠ ✉♥✐✲♣r♦❝❡ss♦r ❤❡✉r✐st✐❝s✿

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✽ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

1
p3





1
p2

{
1
p1

{

1
p3





1
p2

{
1
p1

{

♦❢ ❤❡t❡r♦❣❡♥❡✐t②
●❡♦♠❡tr✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❯s✐♥❣ ✉♥✐❢♦r♠✐t②

♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡
❊q✉✐✈❛❧❡♥t ♠♦♥♦♣r♦❝❡ss♦r

P3

P2

P1

Pequiv

❋✐❣✉r❡ ✶✿ ●❡♦♠❡tr✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ ❞✐✈✐s✐❜❧❡ ✉♥✐❢♦r♠ ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♣r❡❡♠♣t✐✈❡
✉♥✐✲♣r♦❝❡ss♦r ♣r♦❜❧❡♠

P2

{
P2

{
P2

{
P1

{
P1

{
P1

{

C✿ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t②A✿ ✐♥✐t✐❛❧ s❝❤❡❞✉❧❡ B✿ ✉♥✐❢♦r♠ ♣r♦❝❡ss✐♥❣

❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉♥✐❢♦r♠ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t②
♠♦❞❡❧✳

✇❤✐❧❡ s♦♠❡ ♣r♦❝❡ss♦rs ❛r❡ ✐❞❧❡ ❞♦✶

❙❡❧❡❝t t❤❡ ❥♦❜ ✇✐t❤ t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t② ❛♥❞ ❞✐str✐❜✉t❡ ✐ts ♣r♦❝❡ss✐♥❣ ♦♥ ❛❧❧✷

❛♣♣r♦♣r✐❛t❡ ♣r♦❝❡ss♦rs t❤❛t ❛r❡ ❛✈❛✐❧❛❜❧❡✳

❆♥ ♦t❤❡r ✐♠♣♦rt❛♥t ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ♦✉r ♣r♦❜❧❡♠ ✐s t❤❛t ✇❡ t❛r❣❡t ❛ ♣❧❛t❢♦r♠ s❤❛r❡❞
❜② ♠❛♥② ✉s❡rs✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♥❡❡❞ t♦ ❡♥s✉r❡ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ ❢❛✐r♥❡ss ❜❡t✇❡❡♥
t❤❡ ❞✐✛❡r❡♥t r❡q✉❡sts✳ ●✐✈❡♥ ❛ s❡t ♦❢ r❡q✉❡sts✱ ❤♦✇ s❤♦✉❧❞ ✇❡ s❤❛r❡ r❡s♦✉r❝❡s ❛♠♦♥❣st t❤❡
❞✐✛❡r❡♥t r❡q✉❡sts❄ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ❡①❛♠✐♥❡s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ✇❡❧❧✲s✉✐t❡❞ t♦
❛❝❤✐❡✈❡ t❤✐s ♥♦t✐♦♥ ♦❢ ❢❛✐r♥❡ss✳

✸ ❖❜❥❡❝t✐✈❡ ❋✉♥❝t✐♦♥s

❲❡ ✜rst r❡❝❛❧❧ s❡✈❡r❛❧ ❝♦♠♠♦♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡ ❛♥❞ ❤✐❣❤❧✐❣❤t
t❤♦s❡ t❤❛t ❛r❡ ♠♦st r❡❧❡✈❛♥t t♦ ♦✉r ✇♦r❦ ✭❙❡❝t✐♦♥ ✸✳✶✮✳ ❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♦❢ ❝❡rt❛✐♥ ♦❜❥❡❝t✐✈❡s ❛r❡ ♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ ✭❙❡❝t✐♦♥ ✸✳✷✮✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✾

✸✳✶ ▲♦♦❦✐♥❣ ❢♦r ❛ ❋❛✐r ❖❜❥❡❝t✐✈❡ ❋✉♥❝t✐♦♥

❚❤❡ ♠♦st ❝♦♠♠♦♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ♣❛r❛❧❧❡❧ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡ ✐s t❤❡ ♠❛❦❡s♣❛♥✿
t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❥♦❜ t❡r♠✐♥❛t✐♦♥ t✐♠❡s✱ ♦r maxj Cj ✳ ▼❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ✐s ❝♦♥❝❡♣✲
t✉❛❧❧② ❛ s②st❡♠✲❝❡♥tr✐❝ ❛♣♣r♦❛❝❤✱ s❡❡❦✐♥❣ t♦ ❡♥s✉r❡ ❡✣❝✐❡♥t ♣❧❛t❢♦r♠ ✉t✐❧✐③❛t✐♦♥✳ ▼❛❦❡s♣❛♥
♠✐♥✐♠✐③❛t✐♦♥ ✐s ♠❡❛♥✐♥❣❢✉❧ ✇❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✉s❡r ❛♥❞ ✇❤❡♥ ❛❧❧ ❥♦❜s ❛r❡ s✉❜♠✐tt❡❞
s✐♠✉❧t❛♥❡♦✉s❧②✳ ❍♦✇❡✈❡r✱ ✐♥❞✐✈✐❞✉❛❧ ✉s❡rs s❤❛r✐♥❣ ❛ s②st❡♠ ❛r❡ t②♣✐❝❛❧❧② ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥
❥♦❜✲❝❡♥tr✐❝ ♠❡tr✐❝s✱ s✉❝❤ ❛s ❥♦❜ ✢♦✇ t✐♠❡ ✭❛❧s♦ ❝❛❧❧❡❞ r❡s♣♦♥s❡ t✐♠❡✮✿ t❤❡ t✐♠❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧
❥♦❜ s♣❡♥❞s ✐♥ t❤❡ s②st❡♠✳ ❖♣t✐♠✐③✐♥❣ t❤❡ ❛✈❡r❛❣❡ ✭♦r t♦t❛❧✮ ✢♦✇ t✐♠❡✱

∑
j Fj ✱ s✉✛❡rs ❢r♦♠

t❤❡ ❧✐♠✐t❛t✐♦♥ t❤❛t st❛r✈❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✱ ✐✳❡✳✱ s♦♠❡ ❥♦❜s ♠❛② ❜❡ ❞❡❧❛②❡❞ t♦ ❛♥ ✉♥❜♦✉♥❞❡❞
❡①t❡♥t ❬✺❪✳ ❇② ❝♦♥tr❛st✱ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✢♦✇ t✐♠❡✱ maxj Fj ✱ ❞♦❡s ♥♦t s✉✛❡r
❢r♦♠ t❤✐s ❧✐♠✐t❛t✐♦♥✱ ❜✉t ✐t t❡♥❞s t♦ ❢❛✈♦r ❧♦♥❣ ❥♦❜s t♦ t❤❡ ❞❡tr✐♠❡♥t ♦❢ s❤♦rt ♦♥❡s✳ ❚♦
♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ♦♥❡ ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ ❬✶✶❪ ❢♦❝✉s❡s ♦♥ t❤❡ ✇❡✐❣❤t❡❞ ✢♦✇ t✐♠❡✱ ✉s✐♥❣
❥♦❜ ✇❡✐❣❤ts t♦ ♦✛s❡t t❤❡ ❜✐❛s ❛❣❛✐♥st s❤♦rt ❥♦❜s✳ ❙✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ❛♥❞ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞
✢♦✇ ♠❡tr✐❝s ❝❛♥ t❤❡♥ ❜❡ ❛♥❛❧♦❣♦✉s❧② ❞❡✜♥❡❞✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡ st❛r✈❛t✐♦♥ ♣r♦❜❧❡♠
✐❞❡♥t✐✜❡❞ ❢♦r s✉♠✲✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ✐s ✐♥❤❡r❡♥t t♦ ❛❧❧ s✉♠✲❜❛s❡❞ ♦❜❥❡❝t✐✈❡s✱ s♦ t❤❡ s✉♠
✇❡✐❣❤t❡❞ ✢♦✇ s✉✛❡rs ❢r♦♠ t❤❡ s❛♠❡ ✇❡❛❦♥❡ss✳ ❚❤❡ str❡t❝❤ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✇❡✐❣❤t❡❞
✢♦✇✱ ✐♥ ✇❤✐❝❤ ❛ ❥♦❜✬s ✇❡✐❣❤t ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts s✐③❡✿ wj = 1/Wj ❬✺❪✳ ❖♥ ❛
s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ t❤❡ str❡t❝❤ ♦❢ ❛ ❥♦❜ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ s❧♦✇❞♦✇♥ ✐t ❡①♣❡r✐❡♥❝❡s ✇❤❡♥ t❤❡
s②st❡♠ ✐s ❧♦❛❞❡❞✳ ■♥ ❛ ♥❡t✇♦r❦ ❝♦♥t❡①t✱ t❤❡ str❡t❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♦✈❡r❛❧❧
❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t❡❞ t♦ ❛ ❣✐✈❡♥ tr❛♥s❢❡r ✭✐✳❡✳✱ t❤❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ t♦ tr❛♥s❢❡r ❞✐✈✐❞❡❞ ❜②
t❤❡ ♦✈❡r❛❧❧ t✐♠❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣❧❡t❡ t❤❡ tr❛♥s❢❡r✮✳ ❍♦✇❡✈❡r t❤✐s ❦✐♥❞ ♦❢ ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t
❛❝❝♦✉♥t ❢♦r t❤❡ ❛✣♥✐t② ♦❢ s♦♠❡ t❛s❦s ✇✐t❤ s♦♠❡ ♣❛rt✐❝✉❧❛r ♠❛❝❤✐♥❡s ✭❡✳❣✳✱ t❤❡ s❝❛r❝✐t② ♦❢ ❛
♣❛rt✐❝✉❧❛r ❞❛t❛❜❛s❡✮✳ ❚❤❛t ✐s ✇❤② ✇❡ t❤✐♥❦ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞ ✐♥
❛♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ❝♦♥t❡①t✳ ❚❤❡ str❡t❝❤ ✐s ♦r✐❣✐♥❛❧❧② ❞❡✜♥❡❞ t♦ r❡♣r❡s❡♥t t❤❡ s❧♦✇❞♦✇♥
❛ ❥♦❜ ❡①♣❡r✐❡♥❝❡s ✇❤❡♥ t❤❡ s②st❡♠ ✐s ❧♦❛❞❡❞✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ✇✐❧❧ t❤✉s
❞❡✜♥❡ t❤❡ str❡t❝❤ ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✇❡✐❣❤t❡❞ ✢♦✇✱ ✐♥ ✇❤✐❝❤ ❛ ❥♦❜✬s ✇❡✐❣❤t ✐s ✐♥✈❡rs❡❧②
♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts ♣r♦❝❡ss✐♥❣ t✐♠❡ ✇❤❡♥ t❤❡ s②st❡♠ ✐s ❡♠♣t②✿ wj =

∑
i

1
pi,j

✐♥ ♦✉r ❞✐✈✐s✐❜❧❡

❧♦❛❞ ♠♦❞❡❧✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ♠❛t❝❤❡s t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✐♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❝♦♥t❡①t ❛♥❞ ✐s
t❤✉s ❛ r❡❛s♦♥❛❜❧② ❢❛✐r ♠❡❛s✉r❡ ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ s❡r✈✐❝❡ ♣r♦✈✐❞❡❞ t♦ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❥♦❜✳ ■t ✐s
♠♦r❡ r❡❧❡✈❛♥t t❤❛♥ t❤❡ ✢♦✇ ✐♥ ❛ s②st❡♠ ✇✐t❤ ❤✐❣❤❧② ✈❛r✐❛❜❧❡ ❥♦❜ s✐③❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤✐s
❛rt✐❝❧❡ ❢♦❝✉s❡s ♠❛✐♥❧② ♦♥ t❤❡ s✉♠✲str❡t❝❤ ✭

∑
Sj✮ ❛♥❞ t❤❡ ♠❛①✲str❡t❝❤ ✭max Sj✮ ♠❡tr✐❝s✳

✸✳✷ ❙✉♠✲❙tr❡t❝❤ ❛♥❞ ▼❛①✲❙tr❡t❝❤ ❈❛♥♥♦t ❇❡ ❖♣t✐♠✐③❡❞ ❙✐♠✉❧t❛✲
♥❡♦✉s❧②

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② ♦♣t✐♠✐③✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡s ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❡❛r❧✐❡r ✭s✉♠✲
str❡t❝❤ ❛♥❞ ♠❛①✲str❡t❝❤✮ ♠❛② ❜❡ ✐♠♣♦ss✐❜❧❡ ✐♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♦♥❧②
❝♦♥s✐❞❡r t❤❡ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❝❛s❡✳

❚❤❡♦r❡♠ ✶✳ ❈♦♥s✐❞❡r ❛♥② ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❤❛s ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ρ(∆) ❢♦r t❤❡
s✉♠✲str❡t❝❤✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤✐s ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s ♥♦t tr✐✈✐❛❧✱ ✐✳❡✳✱ t❤❛t ρ(∆) < ∆2✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✵ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ ❛ s❡q✉❡♥❝❡ ♦❢ ❥♦❜s t❤❛t ❧❡❛❞s t♦ st❛r✈❛t✐♦♥✱ ❛♥❞ t❤✉s ❢♦r
✇❤✐❝❤ t❤❡ ♦❜t❛✐♥❡❞ ♠❛①✲str❡t❝❤ ✐s ❛r❜✐tr❛r✐❧② ❣r❡❛t❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤✳

❯s✐♥❣ t❤❡ ❡①❛❝t s❛♠❡ ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛♥② ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤
❤❛s ❛ ♥♦♥✲tr✐✈✐❛❧ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ρ(∆) < ∆ ❢♦r t❤❡ s✉♠✲✢♦✇✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢
❥♦❜s ❧❡❛❞✐♥❣ t♦ st❛r✈❛t✐♦♥ ❛♥❞ ✇❤❡r❡ t❤❡ ♦❜t❛✐♥❡❞ ♠❛①✲✢♦✇ ✐s ❛r❜✐tr❛r✐❧② ❣r❡❛t❡r t❤❛♥ t❤❡
♦♣t✐♠❛❧ ♦♥❡✳

❲❡ ♠✉st ❝♦♠♠❡♥t ♦♥ ♦✉r ❛ss✉♠♣t✐♦♥ ❛❜♦✉t ♥♦♥✲tr✐✈✐❛❧ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦s✳ ❚❤✐s ❝♦♠❡s
❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐❣♥♦r✐♥❣ ❥♦❜ s✐③❡s ❧❡❛❞s ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r t♦ ❛ ∆2✲❝♦♠♣❡t✐t✐✈❡ ♦♥❧✐♥❡
❛❧❣♦r✐t❤♠ ❢♦r s✉♠✲str❡t❝❤ ❛♥❞ ∆✲❝♦♠♣❡t✐t✐✈❡ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r s✉♠✲✢♦✇✿

❚❤❡♦r❡♠ ✷✳ ❋✐rst ❝♦♠❡✱ ✜rst s❡r✈❡❞ ✐s✿

❼ ∆2✲❝♦♠♣❡t✐t✐✈❡ ❢♦r t❤❡ ♦♥❧✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ s✉♠✲str❡t❝❤✱

❼ ∆✲❝♦♠♣❡t✐t✐✈❡ ❢♦r t❤❡ ♦♥❧✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✱

❼ ∆✲❝♦♠♣❡t✐t✐✈❡ ❢♦r t❤❡ ♦♥❧✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ s✉♠✲✢♦✇✱ ❛♥❞

❼ ♦♣t✐♠❛❧ ❢♦r t❤❡ ♦♥❧✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲✢♦✇ ✭❝❧❛ss✐❝❛❧ r❡s✉❧t✱ s❡❡ ❇❡♥❞❡r ❡t ❛❧✳ ❬✺❪
❢♦r ❡①❛♠♣❧❡✮✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r s✉♠✲str❡t❝❤✱ t❤❡♥ ❢♦r ♠❛①✲str❡t❝❤✱ ❛♥❞ ✜♥❛❧❧② ❢♦r s✉♠✲
✢♦✇✳

✶✳ ❋❈❋❙ ✐s ∆2 ❝♦♠♣❡t✐t✐✈❡ ❢♦r s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳

❲❡ ✜rst s❤♦✇ t❤❛t ❋❈❋❙ ✐s ❛t ✇♦rst ∆2 ❝♦♠♣❡t✐t✐✈❡✱ t❤❡♥ ✇❡ s❤♦✇ t❤❛t t❤✐s ❜♦✉♥❞
✐s t✐❣❤t✳ ■♥ t❤✐s ♣r♦♦❢✱ SΘ(I) ✇✐❧❧ ❞❡♥♦t❡ t❤❡ s✉♠✲str❡t❝❤ ❛❝❤✐❡✈❡❞ ❜② t❤❡ s❝❤❡❞✉❧❡ Θ
♦♥ ✐♥st❛♥❝❡ I✳ S∗(I) ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ s✉♠✲str❡t❝❤ ❢♦r ✐♥st❛♥❝❡ I✳
❲❡ s❤♦✇ ❜② r❡❝✉rr❡♥❝❡ ♦♥ n t❤❛t ❢♦r ❛♥② ✐♥st❛♥❝❡ I = {J1 = (r1, p1), ..., Jn = (rn, pn)}✿
S❋❈❋❙(I) 6 ∆2S∗(I)✳ ❚❤✐s ♣r♦♣❡rt② ♦❜✈✐♦✉s❧② ❤♦❧❞s ❢♦r n = 1✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t
✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r n ❛♥❞ ♣r♦✈❡ t❤❛t ✐t ❤♦❧❞s tr✉❡ ❢♦r n ✰✶✳

▲❡t ✉s ❝♦♥s✐❞❡r I = {J1 = (r1, p1), ..., Jn+1 = (rn+1, pn+1)} ❛♥ ✐♥st❛♥❝❡ ✇✐t❤ n + 1
❥♦❜s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t minj pj = 1✳ ❲❡ ❦♥♦✇ t❤❛t✱ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ♦♥❧② ❝♦♥s✐❞❡r ♣r✐♦r✐t② ❧✐st ❜❛s❡❞ s❝❤❡❞✉❧❡s ✭s❡❡ t❤❡ ❛rt✐❝❧❡
♦❢ ❇❡♥❞❡r✱ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❛♥❞ ❘❛❥❛r❛♠❛♥ ❬✼❪ ❢♦r ❡①❛♠♣❧❡✮✳ ❚❤✉s ❧❡t Θ ❞❡♥♦t❡ t❤❡
♦♣t✐♠❛❧ ♣r✐♦r✐t② ❧✐st ❢♦r I✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② A1 t❤❡ s❡t ♦❢ ❥♦❜s t❤❛t ❤❛✈❡ ❛
❧♦✇❡r ♣r✐♦r✐t② t❤❛♥ Jn+1 ❛♥❞ A2 t❤❡ s❡t ♦❢ ❥♦❜s t❤❛t ❤❛✈❡ ❛ ❤✐❣❤❡r ♣r✐♦r✐t② t❤❛♥ Jn+1✳
ρΘ(Jk) ❞❡♥♦t❡s t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ Jk ❛t t✐♠❡ rn+1 ✉♥❞❡r s❝❤❡❞✉❧✐♥❣ Θ✳

❚❤✉s ✇❡ ❤❛✈❡✿

SΘ(J1, . . . , Jn+1) = SΘ(J1, . . . , Jn)+
1

pn+1

(
pn+1 +

∑

k∈A1

ρΘ(k)

)

︸ ︷︷ ︸
❚❤❡ str❡t❝❤ ♦❢ Jn+1

+
∑

k∈A2

pn+1

pk

︸ ︷︷ ︸
❚❤❡ ❝♦st ✐♥❝✉rr❡❞ ❜② Jn+1

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✶✶

❲❡ ❛❧s♦ ❤❛✈❡✿

S❋❈❋❙(J1, . . . , Jn+1) = S❋❈❋❙(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρ❋❈❋❙(k)




︸ ︷︷ ︸
❚❤❡ str❡t❝❤ ♦❢ Jn+1

6 ∆2S∗(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρ❋❈❋❙(k)


 ✭❜② r❡❝✉rr❡♥❝❡ ❤②♣♦t❤❡s✐s✮

6 ∆2SΘ(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρ❋❈❋❙(k)




= ∆2SΘ(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρΘ(k)




■♥❞❡❡❞✱ ❢♦r ❛ ♣r✐♦r✐t②✲❜❛s❡❞ s❝❤❡❞✉❧✐♥❣✱ ❛t ❛♥② ❣✐✈❡♥ t✐♠❡ st❡♣✱ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✲
✐♥❣ t✐♠❡ ♦❢ ❥♦❜s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r✐♦r✐t✐❡s✳

S❋❈❋❙(J1, . . . , Jn+1) 6 ∆2SΘ(J1, . . . , Jn) +
1

pn+1

(
pn+1 +

∑

k∈A1

ρΘ(k)

)
+
∑

k∈A2

ρΘ(k)

pn+1

❆s ✇❡ ❤❛✈❡ ρΘ(k)
pn+1

6 ∆ 6 ∆2

∆ 6 ∆2 pn+1

pk
✱ ✇❡ ❣❡t

S❋❈❋❙(J1, . . . , Jn+1) 6 ∆2SΘ(J1, . . . , Jn) + ∆2

(
1

pn+1

(
pn+1 +

∑

k∈A1

ρΘ(k)

)
+
∑

k∈A2

pn+1

pk

)

6 ∆2SΘ(J1, . . . , Jn+1) = ∆2S∗(J1, . . . , Jn+1)

❋❈❋❙ ✐s t❤✉s ∆2 ❝♦♠♣❡t✐t✐✈❡ ❢♦r s✉♠✲str❡t❝❤✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞ ✐s t✐❣❤t ❜② ✉s✐♥❣ ❛❧♠♦st t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛s
✐♥ ❚❤❡♦r❡♠ ✶✳ ❆t ❞❛t❡ 0 ❛rr✐✈❡s n ❥♦❜s✱ J1✱ ✳✳✳✱ Jn✱ ♦❢ s✐③❡ ∆✳ ❚❤❡♥✱ ❢♦r ❛♥② 1 6 j 6 n2✱
❛t t✐♠❡ j − 1 + 1

n ❛rr✐✈❡s ❥♦❜ Jn+j ♦❢ s✐③❡ 1✳ ❆ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡ ✇♦✉❧❞ ❜❡ t♦ ♣r♦❝❡ss
❥♦❜ J1 ❞✉r✐♥❣ [0, 1

n ]✱ t❤❡♥ ❡❛❝❤ ♦❢ t❤❡ ❥♦❜s Jn+j ✱ ✳✳✳✱ Jn+n2 ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡✱ ❛♥❞ t♦
✇❛✐t ❢♦r t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❧❛st ♦❢ t❤❡s❡ ❥♦❜s ❜❡❢♦r❡ ❝♦♠♣❧❡t✐♥❣ t❤❡ ❥♦❜s J1✱ ✳✳✳✱ Jn✳

❚❤❡ s✉♠✲str❡t❝❤ ✇♦✉❧❞ t❤❡♥ ❜❡ n2×1+ n2+∆
∆ + ...+ n2+n∆

∆ =
(

n(n+1)
2 + nn2

∆

)
+n2 =

2n3+3n2∆+n∆
2∆ ✳ ❚❤❡ s✉♠✲str❡t❝❤ ❛❝❤✐❡✈❡❞ ❜② ❋❈❋❙ ♦♥ t❤✐s ✐♥st❛♥❝❡ ✇♦✉❧❞ ❜❡✿

∆

∆
+ ... +

n∆

∆
+ n2

(
1 + n∆− 1

n

)
=

n(n + 1)

2
+ n3∆ + n2 − n =

2n3∆ + 3n2 − n

2
.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✷ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ(n) ♦❢ ❋❈❋❙ ♦♥ t❤✐s ✐♥st❛♥❝❡ ✐s✿

ρ(n) >

2n3∆+3n2−n
2

2n3+3n2∆+n∆
2∆

=
∆(2n2∆ + 3n− 1)

2n2 + 3n∆ + ∆
.

❚❤❡r❡❢♦r❡✱ limn→+∞ ρ(n) = ∆2✳ ❚❤✐s ✐s ❛❧❧ ✇❡ ♥❡❡❞ t♦ ❝♦♥❝❧✉❞❡✳

✷✳ ❋❈❋❙ ✐s ∆ ❝♦♠♣❡t✐t✐✈❡ ❢♦r ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥

❲❡ ✜rst s❤♦✇ t❤❛t ❋❈❋❙ ✐s ❛t ✇♦rst ∆ ❝♦♠♣❡t✐t✐✈❡✱ t❤❡♥ ✇❡ s❤♦✇ t❤❛t t❤✐s ❜♦✉♥❞ ✐s
t✐❣❤t✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ J1✱ ✳✳✳✱ Jn✳ ❲❡ ❞❡♥♦t❡ ❜② Cj t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡
♦❢ ❥♦❜ Jj ✉♥❞❡r ❋❈❋❙✳ ❲❡ ❝♦♥s✐❞❡r ❛♥② ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ Θ∗ ❢♦r ♠❛①✲str❡t❝❤✳ ❯♥❞❡r
t❤✐s s❝❤❡❞✉❧❡✱ ❧❡t C∗

j ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❥♦❜ Jj ✱ ❛♥❞ S∗j ✐ts str❡t❝❤✳ ❚❤❡♥✱ ✇❡
❝♦♥s✐❞❡r ❛♥② ❥♦❜ Jl ✇❤✐❝❤ ❤❛s ❛ ❧❛r❣❡r str❡t❝❤ ✉♥❞❡r ❋❈❋❙ t❤❛♥ ✉♥❞❡r Θ∗✳ ▲❡t t ❜❡ t❤❡
❧❛st t✐♠❡ ❜❡❢♦r❡ Cl ❛t ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss♦r ✇❛s ✐❞❧❡ ✉♥❞❡r ❋❈❋❙✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥
♦❢ ❋❈❋❙✱ t ✐s t❤❡ r❡❧❡❛s❡ ❞❛t❡ ri ♦❢ s♦♠❡ ❥♦❜ Ji ❛♥❞✱ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [ri, Cl]✱
❋❈❋❙ ❛s ❡①❛❝t❧② ❡①❡❝✉t❡❞ t❤❡ ❥♦❜s Ji✱ Ji+1✱ ✳✳✳✱ Jl−1✱ Jl✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥
♦❢ t✱ ❞✉r✐♥❣ t❤❛t t✐♠❡ ✐♥t❡r✈❛❧ ❋❈❋❙ ♥❡✐t❤❡r ❧❡t t❤❡ ♣r♦❝❡ss♦r ✐❞❧❡ ♥♦r ♣r♦❝❡ss❡❞✱ ❡✈❡♥
♣❛rt✐❛❧❧②✱ ♦t❤❡r ❥♦❜s✳ ❚❤❡r❡❢♦r❡✱ ❛s Θ∗ ❝♦♠♣❧❡t❡s Jl str✐❝t❧② ❡❛r❧✐❡r t❤❛♥ Cl✱ t❤❡r❡ ✐s ❛
❥♦❜ Jk✱ i 6 k 6 l − 1 t❤❛t ❝♦♠♣❧❡t❡s ❛t t❤❡ ❡❛r❧✐❡st ❛t t✐♠❡ Cl✳ ❚❤❡♥✿

max
j
S∗j > S∗k =

C∗
k − rk

pk
>

Cl − rl

pk
=

Cl − rl

pl

pl

pk
> Sl ×

1

∆

❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ❥♦❜ Jl ✇❤✐❝❤ ❤❛s ❛ str❡t❝❤ ❧❛r❣❡r ✉♥❞❡r ❋❈❋❙ t❤❛♥ ✉♥❞❡r t❤❡
♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ Θ∗✱ Sl 6 ∆×maxj S∗j ✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ♦❜✈✐♦✉s❧② ❤♦❧❞s ❢♦r t❤❡ ♦t❤❡r
❥♦❜s✳ ❍❡♥❝❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❋❈❋❙✳

❚♦ s❤♦✇ t❤❛t t❤✐s ❜♦✉♥❞ ✐s t✐❣❤t✱ ✇❡ ✉s❡ ❛ ♣r❡tt② s✐♠♣❧❡ ❡①❛♠♣❧❡ ✇✐t❤ t✇♦ ❥♦❜s✿ J1

❛rr✐✈❡s ❛t r1 = 0 ❛♥❞ ❤❛s ❛ s✐③❡ ♦❢ p1 = ∆✱ ❛♥❞ J2 ✇❤✐❝❤ ❛rr✐✈❡s ❛t r2 = ε ❛♥❞ ❤❛s ❛
s✐③❡ ♦❢ p2 = 1✳ ❲❡ ✇✐❧❧ ❤❛✈❡ 0 < ε≪ 1✳ ❋❈❋❙ ❛❝❤✐❡✈❡s ♦♥ t❤✐s ❡①❛♠♣❧❡ ❛ ♠❛①✲str❡t❝❤
♦❢ 1 + ∆ − ε✳ ❙❘P❚ ❛❝❤✐❡✈❡s ❛ ♠❛①✲str❡t❝❤ ♦❢ ∆+1

∆ ✱ ❛s ∆ > 1✳ ❍❡♥❝❡ ❛ ❝♦♠♣❡t✐t✐✈❡
r❛t✐♦ ❢♦r ❋❈❋❙ ✇❤✐❝❤ ✐s ❛t ❜❡st✿

1 + ∆− ε
∆+1
∆

= ∆− ε
∆

∆ + 1
> ∆− ε.

❍❡♥❝❡ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

✸✳ ❋❈❋❙ ✐s ∆ ❝♦♠♣❡t✐t✐✈❡ ❢♦r s✉♠✲✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥✳ ❚❤✐s ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s
t❤❛♥ t❤❡ ♣r♦♦❢ ❢♦r s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳

❲❡ ✜rst s❤♦✇ t❤❛t ❋❈❋❙ ✐s ❛t ✇♦rst ∆ ❝♦♠♣❡t✐t✐✈❡✱ t❤❡♥ ✇❡ s❤♦✇ t❤❛t t❤✐s ❜♦✉♥❞ ✐s
t✐❣❤t✳ ■♥ t❤✐s ♣r♦♦❢✱ FΘ(I) ✇✐❧❧ ❞❡♥♦t❡ t❤❡ s✉♠✲✢♦✇ ❛❝❤✐❡✈❡❞ ❜② t❤❡ s❝❤❡❞✉❧❡ Θ ♦♥
✐♥st❛♥❝❡ I✳ F∗(I) ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ s✉♠✲✢♦✇ ❢♦r ✐♥st❛♥❝❡ I✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✶✸

❲❡ s❤♦✇ ❜② r❡❝✉rr❡♥❝❡ ♦♥ n t❤❛t ❢♦r ❛♥② ✐♥st❛♥❝❡ I = {J1 = (r1, p1), ..., Jn = (rn, pn)}✿
F❋❈❋❙(I) 6 ∆F∗(I)✳ ❚❤✐s ♣r♦♣❡rt② ♦❜✈✐♦✉s❧② ❤♦❧❞s ❢♦r n = 1✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ✐t
❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r n ❛♥❞ ♣r♦✈❡ t❤❛t ✐t ❤♦❧❞s tr✉❡ ❢♦r n ✰✶✳

▲❡t ✉s ❝♦♥s✐❞❡r I = {J1 = (r1, p1), ..., Jn+1 = (rn+1, pn+1)} ❛♥ ✐♥st❛♥❝❡ ✇✐t❤ n + 1
❥♦❜s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t minj pj = 1✳ ❲❡ ❦♥♦✇ t❤❛t✱ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ♦♥❧② ❝♦♥s✐❞❡r ♣r✐♦r✐t② ❧✐st ❜❛s❡❞ s❝❤❡❞✉❧❡s ✭s❡❡ t❤❡ ❛rt✐❝❧❡
♦❢ ❇❡♥❞❡r✱ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❛♥❞ ❘❛❥❛r❛♠❛♥ ❬✼❪ ❢♦r ❡①❛♠♣❧❡✮✳ ❚❤✉s ❧❡t Θ ❞❡♥♦t❡ t❤❡
♦♣t✐♠❛❧ ♣r✐♦r✐t② ❧✐st ❢♦r I✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② A1 t❤❡ s❡t ♦❢ ❥♦❜s t❤❛t ❤❛✈❡ ❛
❧♦✇❡r ♣r✐♦r✐t② t❤❛♥ Jn+1 ❛♥❞ A2 t❤❡ s❡t ♦❢ ❥♦❜s t❤❛t ❤❛✈❡ ❛ ❤✐❣❤❡r ♣r✐♦r✐t② t❤❛♥ Jn+1✳
ρΘ(Jk) ❞❡♥♦t❡s t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ Jk ❛t t✐♠❡ rn+1 ✉♥❞❡r s❝❤❡❞✉❧✐♥❣ Θ✳

❚❤✉s ✇❡ ❤❛✈❡✿

FΘ(J1, . . . , Jn+1) = FΘ(J1, . . . , Jn) + pn+1 +
∑

k∈A1

ρΘ(k)

︸ ︷︷ ︸
❚❤❡ ✢♦✇ ♦❢ Jn+1

+
∑

k∈A2

pn+1

︸ ︷︷ ︸
❚❤❡ ❝♦st ✐♥❝r✉r❡❞ ❜② Jn+1

❲❡ ❛❧s♦ ❤❛✈❡✿

F❋❈❋❙(J1, . . . , Jn+1) = F❋❈❋❙(J1, . . . , Jn) + pn+1 +
∑

k6n

ρ❋❈❋❙(k)

︸ ︷︷ ︸
❚❤❡ ✢♦✇ ♦❢ Jn+1

6 ∆F∗(J1, . . . , Jn) + pn+1 +
∑

k6n

ρ❋❈❋❙(k) ✭❜② r❡❝✉rr❡♥❝❡ ❤②♣♦t❤❡s✐s✮

6 ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k6n

ρ❋❈❋❙(k)

= ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k6n

ρΘ(k)

■♥❞❡❡❞✱ ❢♦r ❛ ♣r✐♦r✐t②✲❜❛s❡❞ s❝❤❡❞✉❧✐♥❣✱ ❛t ❛♥② ❣✐✈❡♥ t✐♠❡ st❡♣✱ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✲
✐♥❣ t✐♠❡ ♦❢ ❥♦❜s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r✐♦r✐t✐❡s✳

F❋❈❋❙(J1, . . . , Jn+1) 6 ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k∈A1

ρΘ(k) +
∑

k∈A2

ρΘ(k)

❆s ✇❡ ❤❛✈❡ ρΘ(k) 6 ∆ 6 ∆pn+1✱ ✇❡ ❣❡t

F❋❈❋❙(J1, . . . , Jn+1) 6 ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k∈A1

ρΘ(k) +
∑

k∈A2

∆pn+1

6 ∆FΘ(J1, . . . , Jn) + ∆pn+1 + ∆
∑

k∈A1

ρΘ(k) + ∆
∑

k∈A2

pn+1

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

6 ∆FΘ(J1, . . . , Jn+1) = ∆F∗(J1, . . . , Jn+1)

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞ ✐s t✐❣❤t ❜② ✉s✐♥❣ ❛❧♠♦st t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛s
✐♥ ❚❤❡♦r❡♠ ✶✳ ❆t ❞❛t❡ 0 ❛rr✐✈❡s n ❥♦❜s✱ J1✱ ✳✳✳✱ Jn✱ ♦❢ s✐③❡ ∆✳ ❚❤❡♥✱ ❢♦r ❛♥② 1 6 j 6 n2✱
❛t t✐♠❡ j − 1 + 1

n ❛rr✐✈❡s ❥♦❜ Jn+j ♦❢ s✐③❡ 1✳ ❆ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡ ✇♦✉❧❞ ❜❡ t♦ ♣r♦❝❡ss
❥♦❜ J1 ❞✉r✐♥❣ [0, 1

n ]✱ t❤❡♥ ❡❛❝❤ ♦❢ t❤❡ ❥♦❜s Jn+j ✱ ✳✳✳✱ Jn+n2 ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡✱ ❛♥❞ t♦
✇❛✐t ❢♦r t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❧❛st ♦❢ t❤❡s❡ ❥♦❜s ❜❡❢♦r❡ ❝♦♠♣❧❡t✐♥❣ t❤❡ ❥♦❜s J1✱ ✳✳✳✱ Jn✳

❚❤❡ s✉♠✲✢♦✇ ✇♦✉❧❞ t❤❡♥ ❜❡ n2 × 1 + n2 + ∆ + ... + n2 + n∆ = n3 + n2 + n(n+1)
2 ∆✳

❚❤❡ s✉♠✲✢♦✇ ❛❝❤✐❡✈❡❞ ❜② ❋❈❋❙ ♦♥ t❤✐s ✐♥st❛♥❝❡ ✇♦✉❧❞ ❜❡✿

∆+...+n∆+n2(1+n∆− 1

n
) =

n(n + 1)

2
∆+n3∆+n2−n =

2n3∆ + n2(2 + ∆) + n(∆− 2)

2
.

❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ(n) ♦❢ ❋❈❋❙ ♦♥ t❤✐s ✐♥st❛♥❝❡ ✐s✿

ρ(n) >

2n3∆+n2(2+∆)+n(∆−2)
2

n3 + n2 + n(n+1)
2 ∆

=
2n3∆ + n2(2 + ∆) + n(∆− 2)

2n3 + 2n2 + n(n + 1)∆

❚❤❡r❡❢♦r❡✱ limn→+∞ ρ(n) = ∆✳ ❚❤✐s ✐s ❛❧❧ ✇❡ ♥❡❡❞ t♦ ❝♦♥❝❧✉❞❡✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳

Pr♦♦❢✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛♥ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s✉♠✲str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ t❤❛t ❛❝❤✐❡✈❡s ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ρ(∆) < ∆2✳ ❲❡ ❛r❜✐tr❛r✐❧② t❛❦❡ ❛ ✈❛❧✉❡ ❢♦r
∆ > 1✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ε > 0✱ s✉❝❤ t❤❛t ρ(∆) < ∆2−ε✳ ❋✐♥❛❧❧②✱ ❧❡t α ❜❡ ❛♥② ✐♥t❡❣❡r s✉❝❤
t❤❛t 1+α∆

1+ α
∆

> ∆2 − ε
2 ✭♥♦t❡ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ α ✇❤✐❝❤ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✮✳

❆t ❞❛t❡ 0 ❛rr✐✈❡s α ❥♦❜s✱ J1✱ ✳✳✳✱ Jα✱ ♦❢ s✐③❡ ∆✳ ▲❡t k ❜❡ ❛♥② ✐♥t❡❣❡r✳ ❚❤❡♥✱ ❛t ❛♥② t✐♠❡
✉♥✐t t✱ 0 6 t 6 k − 1✱ ❛rr✐✈❡s ❛ ❥♦❜ Jα+t+1 ♦❢ s✐③❡ 1✳

❆ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡ ✇♦✉❧❞ ❜❡ t♦ ♣r♦❝❡ss ❡❛❝❤ ♦❢ t❤❡ k ❥♦❜s ♦❢ s✐③❡ 1 ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡✱
❛♥❞ t♦ ✇❛✐t ❢♦r t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❧❛st ♦❢ t❤❡s❡ ❥♦❜s ❜❡❢♦r❡ ♣r♦❝❡ss✐♥❣ t❤❡ ❥♦❜s J1✱ ✳✳✳✱

Jα✳ ❚❤❡ s✉♠✲str❡t❝❤ ✇♦✉❧❞ t❤❡♥ ❜❡ k× 1 + k+∆
∆ + ... + k+α∆

∆ = α(α+1)
2 + k

(
1 + α

∆

)
❛♥❞ t❤❡

♠❛①✲str❡t❝❤ ✇♦✉❧❞ ❜❡ α+ k
∆ ✳ ❊✈❡♥ ✐❢ ✐t ✐s ♥♦t ♦♣t✐♠❛❧ ❢♦r ♥❡✐t❤❡r ♦♥❡ ♥♦r t❤❡ ♦t❤❡r ❝r✐t❡r✐❛✱

✇❡ ❝❛♥ st✐❧❧ ✉s❡ ✐t ❛s ❛♥ ✉♣♣❡r✲❜♦✉♥❞✳
■♥ ❢❛❝t✱ ✇✐t❤ ♦✉r ❤②♣♦t❤❡s❡s✱ t❤❡ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ❝♦♠♣❧❡t❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❧❧

t❤❡ ❥♦❜s J1✱ ✳✳✳✱ Jα ❛s ❧♦♥❣ ❛s t❤❡r❡ ❛r❡ ❥♦❜s ♦❢ s✐③❡ 1 ❛rr✐✈✐♥❣ ❛t ❡❛❝❤ t✐♠❡ ✉♥✐t✳ ❖t❤❡r✇✐s❡✱
s✉♣♣♦s❡ t❤❛t ❛t s♦♠❡ ❞❛t❡ t1✱ ❥♦❜s J1✱ ✳✳✳✱ Jα ❤❛✈❡ ❛❧❧ ❜❡❡♥ ❝♦♠♣❧❡t❡❞✳ ❚❤❡♥✱ ❛ ❝❡rt❛✐♥
♥✉♠❜❡r k1 ♦❢ ✉♥✐t✲s✐③❡ ❥♦❜s ✇❡r❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t✐♠❡ t1✳ ❚❤❡ s❝❡♥❛r✐♦ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s
t❤❡ s✉♠✲str❡t❝❤ ✉♥❞❡r t❤❡s❡ ❝♦♥str❛✐♥ts ✐s t♦ s❝❤❡❞✉❧❡ ✜rst t❤❡ k1 ❥♦❜s Jα+1✱ ✳✳✳✱ Jα+k1

❛t
t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✱ t❤❡♥ t♦ s❝❤❡❞✉❧❡ J1✱ ✳✳✳✱ Jα✱ ❛♥❞ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ k− k1 ❥♦❜s ♦❢ s✐③❡ ✶✳
❚❤❡ s✉♠✲str❡t❝❤ ♦❢ t❤❡ ❛❝t✉❛❧ s❝❤❡❞✉❧❡ ❝❛♥ t❤❡r❡❢♦r❡ ♥♦t ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ s✉♠✲str❡t❝❤ ♦❢
t❤✐s s❝❤❡❞✉❧❡✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦✿

k1×1+
k1 + ∆

∆
+...+

k1 + α∆

∆
+(k−k1)(1+α∆) =

(
α(α + 1)

2
+

αk1

∆

)
+k1+(k−k1)(1+α∆).

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✶✺

❍♦✇❡✈❡r✱ ❛s✱ ❜② ❤②♣♦t❤❡s✐s✱ ✇❡ ❝♦♥s✐❞❡r ❛ ρ(∆)✲❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ♦❜t❛✐♥❡❞ s❝❤❡❞✉❧❡
♠✉st ❛t ♠♦st ❜❡ ρ(∆) t✐♠❡s t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✿

(
α(α + 1)

2
+

αk1

∆

)
+ k1 + (k − k1)(1 + α∆) 6 ρ(∆)

(
α(α + 1)

2
+ k

(
1 +

α

∆

))

⇔

−α∆k1 +
α(α + 1)

2
(1− ρ(∆)) +

αk1

∆
6 k

(
ρ(∆)

(
1 +

α

∆

)
− (1 + α∆)

)
.

❖♥❝❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❤❛s ❝♦♠♣❧❡t❡❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❥♦❜s J1✱ ✳✳✳✱ Jα ✇❡
❝❛♥ ❦❡❡♣ s❡♥❞✐♥❣ ✉♥✐t✲s✐③❡ ❥♦❜s ❢♦r k t♦ ❜❡❝♦♠❡ ❛s ❧❛r❣❡ ❛s ✇❡ ✇✐s❤✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡
✐♥❡q✉❛❧✐t② ♥♦t t♦ ❜❡ ✈✐♦❧❛t❡❞✱ ✇❡ ♠✉st ❤❛✈❡ ρ(∆)

(
1 + α

∆

)
− (1+α∆) > 0✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡

❜② ❤②♣♦t❤❡s✐s ρ(∆) < ∆2 − ε✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♠✉st ❤❛✈❡ ∆2 − ε > 1+α∆
1+ α

∆
✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ α✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦r ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s
t♦ ❞❡❧❛② t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❥♦❜s J1✱ ✳✳✳✱ Jα ✉♥t✐❧ ❛❢t❡r t❤❡ ❡♥❞ ♦❢ t❤❡ ❛rr✐✈❛❧
♦❢ t❤❡ ✉♥✐t✲s✐③❡ ❥♦❜s✱ ✇❤❛t❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢ t❤❡s❡ ❥♦❜s✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ st❛r✈❛t✐♦♥ ♦❢ ❛t
❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ ❥♦❜s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ♠❛①✲str❡t❝❤ t♦ t❤❡ ♦♣t✐♠❛❧

♦♥❡ ✐s
α+ k

∆

1+α∆ = α∆+k
∆(α∆+a) ✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳

■♥t✉✐t✐✈❡❧②✱ ❛❧❣♦r✐t❤♠s t❛r❣❡t✐♥❣ ♠❛①✲❜❛s❡❞ ♠❡tr✐❝s ❡♥s✉r❡ t❤❛t ♥♦ ❥♦❜ ✐s ❧❡❢t ❜❡❤✐♥❞✳
❙✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ✐s t❤✉s ❡①tr❡♠❡❧② ✏❢❛✐r✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❡✈❡r②❜♦❞②✬s ❝♦st ✭✐♥ ♦✉r ❝♦♥t❡①t
t❤❡ ✇❡✐❣❤t❡❞ ✢♦✇ ♦r t❤❡ str❡t❝❤ ♦❢ ❡❛❝❤ ❥♦❜✮ ✐s ♠❛❞❡ ❛s ❝❧♦s❡ t♦ t❤❡ ♦t❤❡r ♦♥❡s ❛s ♣♦ss✐❜❧❡✳
❙✉♠✲❜❛s❡❞ ♠❡tr✐❝s t❡♥❞ t♦ ♦♣t✐♠✐③❡ ✐♥st❡❛❞ t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠✳ ❚❤❡ ♣r❡✈✐♦✉s
t❤❡♦r❡♠ ❡st❛❜❧✐s❤❡s t❤❛t t❤❡s❡ t✇♦ ♦❜❥❡❝t✐✈❡s ❝❛♥ ❜❡ ✐♥ ♦♣♣♦s✐t✐♦♥ ♦♥ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡s✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ❛♥② ❛❧❣♦r✐t❤♠ ♦♣t✐♠✐③✐♥❣ ❛ s✉♠✲❜❛s❡❞ ♠❡tr✐❝
❤❛s t❤❡ ♣❛rt✐❝✉❧❛r❧② ✉♥❞❡s✐r❛❜❧❡ ♣r♦♣❡rt② ♦❢ ♣♦t❡♥t✐❛❧ st❛r✈❛t✐♦♥✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥✱ ❝♦✉♣❧❡❞
✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ str❡t❝❤ ✐s ♠♦r❡ r❡❧❡✈❛♥t t❤❛♥ t❤❡ ✢♦✇ ✐♥ ❛ s②st❡♠ ✇✐t❤ ❤✐❣❤❧② ✈❛r✐❛❜❧❡
❥♦❜ s✐③❡s✱ ♠♦t✐✈❛t❡s ♠❛①✲str❡t❝❤ ❛s t❤❡ ♠❡tr✐❝ ♦❢ ❝❤♦✐❝❡ ✐♥ ❞❡s✐❣♥✐♥❣ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s
✐♥ t❤✐s s❡tt✐♥❣✳

✹ ❋❧♦✇ ❖♣t✐♠✐③❛t✐♦♥

❖♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ t❤❡ ♠❛①✲✢♦✇ ✐s ♦♣t✐♠✐③❡❞ ❜② ❋❈❋❙ ✭s❡❡ ❇❡♥❞❡r ❡t ❛❧✳ ❬✺❪ ❢♦r ❡①❛♠♣❧❡✮✳
❯s✐♥❣ t❤❡ r❡♠❛r❦s ♦❢ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❝❛♥ t❤✉s ❡❛s✐❧② ❞❡r✐✈❡ ❛♥ ♦♥❧✐♥❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠
❢♦r 〈Q|rj ; ❞✐✈|Fmax〉✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✻ t❤❛t 〈R|rj ; ❞✐✈|max wjFj〉 ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✉s✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠✐♥❣ t❡❝❤♥✐q✉❡s✳

❘❡❣❛r❞✐♥❣✱ s✉♠✲✢♦✇✱ ✐t ✇❛s ♣r♦✈❡❞ ❜② ❇❛❦❡r ❬✶❪✱ ✉s✐♥❣ ❡①❝❤❛♥❣❡ ❛r❣✉♠❡♥ts✱ t❤❛t ❙❘P❚
✭s❤♦rt❡st r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✜rst✮ ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ 〈1|rj ; ♣♠t♥|∑Cj〉 ♣r♦❜❧❡♠✳ ■t ✐s
t❤✉s ❛❧s♦ ♦♣t✐♠❛❧ ❢♦r 〈1|rj ; ♣♠t♥|∑Fj〉 ❛♥❞✱ ✉s✐♥❣ t❤❡ r❡♠❛r❦s ♦❢ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❝❛♥ ❡❛s✐❧②
❞❡r✐✈❡ ❛♥ ♦♥❧✐♥❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r 〈Q|rj ; ❞✐✈|

∑
Fj〉✳ ❲❡ ✇✐❧❧ ❤♦✇❡✈❡r s❡❡ ✐♥ t❤✐s s❡❝t✐♦♥

t❤❛t ✉♥❞❡r t❤❡ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s ♠♦❞❡❧✱ t❤✐s ♣r♦❜❧❡♠ ✐s ♠✉❝❤
❤❛r❞❡r✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

▼❛♥② ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ❛rt✐❝❧❡ r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❧② ◆P✲❤❛r❞
♣r♦❜❧❡♠ ❬✶✺❪✿

❉❡✜♥✐t✐♦♥ ✶ ✭✸✲❉✐♠❡♥s✐♦♥❛❧ ▼❛t❝❤✐♥❣ ✭✸❉▼✮✮✳ ●✐✈❡♥ t❤r❡❡ s❡ts U = {u1, . . . , um}✱ V =
{v1, . . . , vm}✱ ❛♥❞ W = {w1, . . . , wm}✱ ❛♥❞ ❛ s✉❜s❡t S ⊂ U × V ×W ♦❢ s✐③❡ n > m✱ ❞♦❡s S
❝♦♥t❛✐♥ ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣✱ t❤❛t ✐s✱ ❛ s✉❜s❡t S′ ♦❢ ❝❛r❞✐♥❛❧✐t② m t❤❛t ❝♦✈❡rs ❡✈❡r② ❡❧❡♠❡♥t
✐♥ U ∪ V ∪W ❄

❚❤❡♦r❡♠ ✸✳ ❚❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ 〈R|rj , ❞✐✈|
∑

Fj〉 ✐s ◆P✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲❉✐♠❡♥s✐♦♥❛❧ ▼❛t❝❤✐♥❣ t♦ 〈R|❞✐✈; rj |
∑

Fj〉✳
❲❡ ✉s❡ t❤❡ s❛♠❡ ✐❞❡❛ ❛s ❙✐tt❡rs ❬✸✶❪ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ str♦♥❣ ◆P✲❤❛r❞♥❡ss ♦❢ 〈R|♣♠t♥|∑Cj〉✳
■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ✇❡ ♣r♦♣♦s❡✱ t❤❡ ♠❛❝❤✐♥❡s ❛r❡ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s
✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s✳ ❚❤❛t ✐s ✇❤② ✇❡ ✉s❡ Wj ❢♦r t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦❧♦❛❞ ♦❢ ❥♦❜ j
✭✐♥ ▼✢♦♣✮✱ ci ❢♦r t❤❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ ♠❛❝❤✐♥❡ i ✭✐♥ s ♣❡r ▼✢♦♣✮ ❛♥❞ δi,j ❢♦r t❤❡
❛✈❛✐❧❛❜✐❧✐t② ♦❢ ♠❛❝❤✐♥❡ i t♦ ♣r♦❝❡ss ❥♦❜ j ✭δi,j ∈ {1,+∞}✮✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ i, j✱ ✇❡ ❤❛✈❡
pi,j = Wj .ci.δi,j ✳

❙❝❤❡❞✉❧✐♥❣ ✐♥st❛♥❝❡✳ ●✐✈❡♥ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ✸❉▼ ♣r♦❜❧❡♠✱ ✇❡ ❞❡✜♥❡ ♦♥❡ ♠❛❝❤✐♥❡
Ui ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ui ♦❢ t❤❡ s❡t U ✳ ❚❤✐s s❡t ♦❢ ♠❛❝❤✐♥❡s ✐s ❞❡♥♦t❡❞ ❜② U ❛s ✇❡❧❧✱ ❛♥❞
✇❡ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❢♦r V ❛♥❞ W ✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❛❝❤✐♥❡ Z✳ ❚❤❡
♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ ❡❛❝❤ ♠❛❝❤✐♥❡ Pi ♦❢ U ∪ V ∪W ∪ Z ✐s ❞❡✜♥❡❞ ❜②✿

ci =

{
1 ✐❢ Pi ∈ U ∪ V ∪W ✱

K/3 ✐❢ Pi = Z ✭t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ K ✇✐❧❧ ❜❡ ♣r❡❝✐s❡❞ ❧❛t❡r✮✳

❲❡ ❞❡✜♥❡ ❛ s❡t ♦❢ ❥♦❜s✱ (Jj)06j6n−1✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡t S✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t
sj = (uαj

, vβj
, wγj

) ♦❢ S✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❥♦❜ Jj ✳ ❚❤❡ s✐③❡ ♦❢ ❥♦❜ Jj ✐s ❡q✉❛❧ t♦ ✸
❛♥❞ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ Jj ✐s s♠❛❧❧ ♦♥ t❤❡ ♠❛❝❤✐♥❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❧❛t❡❞ tr✐♣❧❡t
❛♥❞ ♦♥ ♠❛❝❤✐♥❡ Z✱ ❛♥❞ ✐s ✐♥✜♥✐t❡ ♦♥ ❛❧❧ t❤❡ ♦t❤❡r ♦♥❡s✿

δ
(J)
i,j =

{
1 ✐❢ Pi ∈ {Uαj

, Vβj
,Wγj

, Z}
∞ ♦t❤❡r✇✐s❡

, W
(J)
j = 3, r

(J)
j = 0.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

p
(J)
i,j =





3 ✐❢ Pi ∈ {Uαj
, Vβj

,Wγj
}

K ✐❢ Pi = Z

∞ ♦t❤❡r✇✐s❡

, r
(J)
j = 0.

❇❡s✐❞❡ t❤❡ s❡t J ✱ ✇❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t✇♦ ♠♦r❡ s❡ts ♦❢ ❥♦❜s✿ A ❛♥❞ B✳ ❚❤❡ s❡t A ❝♦♥t❛✐♥s
♠❛♥② s♠❛❧❧ ❥♦❜s t❤❛t ❝❛♥ ♦♥❧② ❜❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❛♥❞ ✇❤♦s❡ ♣✉r♣♦s❡ ✐s t♦ ♣r❡✈❡♥t

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✶✼

❛♥② ❥♦❜ ♦❢ J ❢r♦♠ ✉s✐♥❣ ♠❛❝❤✐♥❡ Z ❜❡❢♦r❡ t✐♠❡ ✷✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ 2M ❥♦❜s (Aj)06j62M−1

t❤❛t ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✭t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ M ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r✮✿

δ
(A)
i,j =

{
1 ✐❢ Pi = Z

∞ ♦t❤❡r✇✐s❡
, W

(A)
j =

3

KM
, r

(A)
j =

j

M
.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

p
(A)
i,j =

{
1/M ✐❢ Pi = Z

∞ ♦t❤❡r✇✐s❡
, r

(A)
j =

j

M
.

❚❤❡ s❡t B ❝♦♥t❛✐♥s ♠❛♥② s♠❛❧❧ ❥♦❜s t❤❛t ❝❛♥ ♦♥❧② ❜❡ ♣r♦❝❡ss❡❞ ♦♥ s♣❡❝✐✜❝ ♠❛❝❤✐♥❡s ♦❢
U ✱ V ✱ ❛♥❞ W ❛♥❞ ✇❤♦s❡ ♣✉r♣♦s❡ ✐s t♦ ♣r❡✈❡♥t ❥♦❜s J ❢r♦♠ ✉s✐♥❣ ♠❛❝❤✐♥❡s ♦❢ U ✱ V ✱ ❛♥❞ W
❛❢t❡r t✐♠❡ ✶✳ ❊❛❝❤ ♠❛❝❤✐♥❡ u ∈ U ∪ V ∪W ✇✐❧❧ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ s❡t ♦❢ ❥♦❜s t❤❛t ❝❛♥ ♦♥❧②
❜❡ ❡①❡❝✉t❡❞ ♦♥ u✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ N = 3m(nK + 2)L ❥♦❜s (Bu

j )06j6(nK+2)L−1,
u∈U∪V ∪W

t❤❛t ❛r❡

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✭t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ L ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r✮✿

δ
(Bu)
i,j =

{
1 ✐❢ Pi = u

∞ ♦t❤❡r✇✐s❡
, W

(Bu)
j =

1

L
, r

(Bu)
j = 1 +

j

L
.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

p
(Bu)
i,j =

{
1
L ✐❢ Pi = u

∞ ♦t❤❡r✇✐s❡
, r

(B)
j = 1 +

j

L
.

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ✐♥st❛♥❝❡ ♦❢ ✸❉▼ ❤❛s ❛ s♦❧✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛
❞✐✈✐s✐❜❧❡ s❝❤❡❞✉❧❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥st❛♥❝❡ ✇✐t❤ s✉♠✲✢♦✇ s♠❛❧❧❡r t❤❛♥ ♦r ❡q✉❛❧ t♦

SF♦♣t = 2M · 1

M
︸ ︷︷ ︸

A✲❥♦❜s

+ m · 1
︸ ︷︷ ︸

J✲❥♦❜s ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥

+

n−m∑

k=1

(2 + k.K)

︸ ︷︷ ︸
J✲❥♦❜s ♥♦t ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥

+ 3m(nK + 2)L · 1

L
︸ ︷︷ ︸

B✲❥♦❜s

= 2 + 2n−m +
(n−m).(n−m + 1).K

2
+ 3m(nK + 2)

❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❜♦t❤ ♣r♦❜❧❡♠s✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❡❛s② ♣❛rt✿

⇒ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ S′ ⊂ S✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♣r♦❝❡ss ❛❧❧ ❥♦❜s Jj ❢♦r sj ∈ S′

♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❝❤✐♥❡s ❜❡t✇❡❡♥ t✐♠❡ ✵ ❛♥❞ ✶ ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ▼❡❛♥✇❤✐❧❡ ❛❧❧
A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❜❡t✇❡❡♥ t✐♠❡ ✵ ❛♥❞ ✷✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❥♦❜s Jj ❛r❡
♣r♦❝❡ss❡❞ ♦♥ Z ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r ❢r♦♠ t✐♠❡ ✷ t♦ t✐♠❡ (n−m)K + 2 ❛♥❞ ❛❧❧ B✲❥♦❜s
❛r❡ ♣r♦❝❡ss❡❞ ♦♥ U ∪ V ∪W ✐♥ ♣❛r❛❧❧❡❧✱ ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r✱ ♦♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣
♠❛❝❤✐♥❡s✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ s✉♠✲✢♦✇ ♦❢ t❤✐s s❝❤❡❞✉❧❡ ✐s ❡q✉❛❧ t♦ SF♦♣t✿

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✽ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

10 (n−m)K + 22K + 2K + 2 . . .2 nK + 3

U2

U3

U1

W2

W3

W1

V2

V3

V1

A✲❥♦❜s

B✲❥♦❜s

J✲❥♦❜s

Z

                  











❋✐❣✉r❡ ✸✿ ❙❦❡t❝❤ ♦❢ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳





F
(J)
j =

{
1 ✐❢ j ∈ S′

2 + kK ✐❢ j 6∈ S′ ❛♥❞ ✐s t❤❡ k✲t❤ ❥♦❜ t♦ ❜❡ ❡①❡❝✉t❡❞ ♦♥ Z

F
(A)
j = 1

M

F
(B)
j = 1

L

⇐ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ s✉♠✲✢♦✇ ✐s s♠❛❧❧❡r t❤❛♥ SF♦♣t✳ ❲❡ ✇✐❧❧
✜rst ♣r♦✈❡ t❤❛t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t✿

✶✳ ❆❧❧ B✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡s ✐♥ U∪V ∪W ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [1, nK+3]✳
❆s ❛❧❧ B✲❥♦❜s ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦❝❡ss✐♥❣ t✐♠❡✱ ✇❡ ❝❛♥ ❢r❡❡❧② ❛ss✉♠❡ t❤❛t ♦♥ ❡❛❝❤
♣r♦❝❡ss♦r✱ t❤❡② ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✳ ❚❤❡r❡❢♦r❡✱ ❛s
t❤❡s❡ ❥♦❜s ❛rr✐✈❡ r✐❣❤t ❛❢t❡r ❡❛❝❤ ♦t❤❡rs✱ ✐❢ ❛ ♠❛❝❤✐♥❡ u ∈ U ∪ V ∪W ✐s ♥♦t ✉s❡❞
t♦ ♣r♦❝❡ss B✲❥♦❜s ❞✉r✐♥❣ ❛ t✐♠❡ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ delta✱ ✐t ✇✐❧❧ ❞❡❧❛② ❛❧❧ ❢♦❧❧♦✇✐♥❣
Bu✲❥♦❜s ❜② delta✳

❋✐rst ✇❡ ❤❛✈❡ t♦ s❡❡ t❤❛t✱ ❡✈❡♥ ❜② ♣r♦❝❡ss✐♥❣ s❡q✉❡♥t✐❛❧❧② ♦♥ Z ❛❧❧ t❛s❦s t❤❛t
❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ♦♥ Z✱ ❛♥② J✲❥♦❜ ❤❛s ❛ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ s♠❛❧❧❡r t❤❛♥ nK + 2✳
❚❤❡r❡❢♦r❡ ✐❢ α ▼✢♦♣ ♦❢ J✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ u ∈ U ∪ V ∪W ❜❡t✇❡❡♥ t✐♠❡
1 ❛♥❞ nK + 2 t❤❡② ♥❡❝❡ss❛r✐❧② ❞❡❧❛② ❛t ❧❡❛st L B✲❥♦❜s ✭t❤❡ ♦♥❡s t❤❛t ❤❛✈❡ ❜❡❡♥

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✶✾

✵ ✶ ✷ ✸

Uαj

Z

Wγj

Vβj

✭❛✮ ❖r✐❣✐♥❛❧ s❝❤❡❞✉❧❡

✵ ✶ ✷ ✸

Uαj

Z

Wγj

Vβj

✭❜✮ ❇❡tt❡r s❝❤❡❞✉❧❡

❋✐❣✉r❡ ✹✿ ◆♦ J✲❥♦❜ ❝♦♠♣❧❡t❡s ❜❡❢♦r❡ t✐♠❡ ✶✳

r❡❧❡❛s❡❞ ✐♥ [nK + 2, nK + 3]✮♦❢ α✳ ❚❤❡ s✉♠✲✢♦✇ ✐♥❝✉rr❡❞ ❜② t❤✐s ♣r♦❝❡ss✐♥❣ ✐s
t❤❡r❡❢♦r❡ ❧❛r❣❡r t❤❛♥ α.L✳ ❇② ♣r♦❝❡ss✐♥❣ t❤✐s ❧♦❛❞ ♦♥ Z r❛t❤❡r t❤❛♥ ♦♥ u✱ ❛t ♠♦st
n J✲❥♦❜s ❛♥❞ 2M A✲❥♦❜s ✇♦✉❧❞ ❜❡ ❞❡❧❛②❡❞ ♦❢ α.K/3✳ ❚❤❡r❡❢♦r❡ ❛s s♦♦♥ ❛s L ✐s
❧❛r❣❡r t❤❛♥ (n + 2M)K/3✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ♦♥❧② B✲❥♦❜s ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ♦♥
♠❛❝❤✐♥❡s U ∪ V ∪W ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [1, nK + 3]✳

✷✳ J✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡s U ∪ V ∪W ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ ♦♥
Z ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, (n−m)K + 2]❀ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ❜② ♦r❞❡r ♦❢ t❤❡✐r
r❡❧❡❛s❡ ❞❛t❡s ♦♥ Z ❞✉r✐♥❣ [0, (n − m)K + 2]✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t
t❤❛t B✲❥♦❜s ❛r❡ ❛❧✇❛②s ❡①❡❝✉t❡❞ ❛t t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✳ ❚❤❡r❡❢♦r❡ ❞✉r✐♥❣ t❤❡ t✐♠❡
✐♥t❡r✈❛❧ [1, (n−m)K + 2]✱ A✲❥♦❜s ❛♥❞ J✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z ❛s ✐❢ t❤❡r❡ ✇❛s
♥♦ ♦t❤❡r ♠❛❝❤✐♥❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❢r❡❡❧② ❛ss✉♠❡ t❤❛t t❤❡② ❛r❡ s❝❤❡❞✉❧❡❞ ❜②
✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞✱ st❛rt✐♥❣ ❛t t✐♠❡ ✶ ✭❙❘P❚ ✐s ♦♣t✐♠❛❧
♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✮✳

✸✳ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ J✲❥♦❜s ✐s ❛t ❧❡❛st ✶✳ ■♥❞❡❡❞✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛
J✲❥♦❜ Jj ✇❤♦s❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ❡q✉❛❧s t♦ 1−ε < 1✳ ❚❤✐s ♠❡❛♥s t❤❛t 3ε ✉♥✐ts ♦❢ Jj

❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z ❞✉r✐♥❣ [0, 1−ε] ✭❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ε 6 1/(K +1) < 1/K✮✳

■❢ Uαj
✐s ✉♥✉s❡❞ ❞✉r✐♥❣ [1 − ε, 1]✱ t❤❡♥ ❜② ♠♦✈✐♥❣ ε ✉♥✐ts ♦❢ Jj ❢r♦♠ Z t♦ Uαj

✱
✇❡ ✐♥❝r❡❛s❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ Jj ❜② ε ❜✉t ✇❡ ❛❧s♦ ❞❡❝r❡❛s❡ t❤❡ ❝♦♠♣❧❡t✐♦♥
t✐♠❡ ♦❢ ❛t ❧❡❛st M ❥♦❜s ❜② εK/3✳ ❚❤❡r❡❢♦r❡✱ ✇❡ str✐❝t❧② ❞❡❝r❡❛s❡ t❤❡ s✉♠✲✢♦✇ ❛s
s♦♦♥ ❛s K > 3✳

■❢ Uαj
✐s ✉s❡❞ ❞✉r✐♥❣ [1− ε, 1] t♦ ♣r♦❝❡ss ❛ ❥♦❜ Jj′ ✱ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞

♦❢ Jj′ ❛t t✐♠❡ ✶ ✐s ❧❛r❣❡r t❤❛♥

3−
((

2 +
3

K

)
(1− ε) +

(
3 +

3

K

)
ε

)
= 1− 3

K
− ε

> 1− 4

K
>

3

KM
✭❛s s♦♦♥ ❛s M > 3/(K − 4)✮.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✵ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❋r♦♠ t✐♠❡ ✶✱ ♦♥❧② J✲❥♦❜s ❛♥❞ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z✳ ❆s t❤❡s❡ ❥♦❜s ❛r❡ ♥♦t
♣r♦❝❡ss❡❞ ♦♥ ♦t❤❡r ♠❛❝❤✐♥❡s✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡s❡ ❥♦❜s s❤♦✉❧❞ ❜❡ ♣r♦❝❡ss❡❞ ❜②
✐♥❝r❡❛s✐♥❣ s✐③❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞✳ ❯s✐♥❣ ❛❜♦✈❡ r❡s✉❧ts ♦♥ t❤❡ r❡♠❛✐♥✐♥❣
♣r♦❝❡ss✐♥❣ ✇♦r❦❧♦❛❞ ♦❢ J✲❥♦❜s ✇❤♦s❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✐s ❧❛r❣❡r t❤❛♥ ✶✱ ✇❡ ❝❛♥
❢r❡❡❧② ❛ss✉♠❡ t❤❛t ❛❧❧ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ✜rst✳ ❚❤❡r❡❢♦r❡ ✭❝❢✳ ❋✐❣✉r❡ ✹✮ ❜② ✶✮
♠♦✈✐♥❣ ε ✉♥✐ts ♦❢ Jj ❢r♦♠ Z t♦ Uαj

✱ ❜② ✷✮ s❧✐❞✐♥❣ ε ✉♥✐ts ♦❢ A ❥♦❜s t♦ t❤❡ ❧❡❢t
♦♥ Z ❛♥❞ ❜② ✸✮ ♠♦✈✐♥❣ t❤❡ ✉♥✐ts ♦❢ ❧♦❛❞ ♦❢ ♦t❤❡r J✲❥♦❜s t❤❛t ✇❡r❡ ♣r♦❝❡ss❡❞
♦♥ Uαj

❞✉r✐♥❣ [1 − ε, 1] ♥❡①t t♦ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ J✲❥♦❜s ♦♥ Z✱ ✇❡ ❣❡t ❛ ♥❡✇
s❝❤❡❞✉❧❡ ✇❤❡r❡ ✶✮ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Jj ✐s ✐♥❝r❡❛s❡❞ ❜② ε✱ ✷✮ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡
♦❢ ❛t ❧❡❛st M A✲❥♦❜s ✐s ❞❡❝r❡❛s❡❞ ❜② ❛t ❧❡❛st ε.K

3 ✱ ❛♥❞ ✸✮ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡
♦❢ ♦t❤❡r J✲❥♦❜s ✐s ✉♥❝❤❛♥❣❡❞✳ ❍❡♥❝❡✱ t❤✐s ♥❡✇ s❝❤❡❞✉❧❡ ❤❛s ❛ s✉♠ ✢♦✇ ❛t ❧❡❛st
−ε + M.ε.K

3 s♠❛❧❧❡r t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✳

✹✳ ❆❧❧ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, 2]✳

❲❡ ❤❛✈❡ ❥✉st s❡❡♥ t❤❛t ❛♥② J✲❥♦❜s ♣r♦❝❡ss❡❞ ♦♥ Z ❤❛s ❛ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ❧❛r❣❡r
t❤❛♥ ✶✳ ■❢ α ✉♥✐ts ♦❢ Jj ❛r❡ ❝♦♥s❡❝✉t✐✈❡❧② ♣r♦❝❡ss❡❞ ♦♥ Z ❞✉r✐♥❣ [0, 1]✱ ✇❡ ❝❛♥
✐♠♣r♦✈❡ t❤❡ t♦t❛❧ ✢♦✇ t✐♠❡ ❜② ♠♦✈✐♥❣ t❤❡s❡ ✉♥✐ts t♦ t❤❡ ❧❛st ✐♥t❡r✈❛❧ ✇❤❡r❡ Jj ✐s
♣r♦❝❡ss❡❞ ❛♥❞ s❧✐❞✐♥❣ ♣r❡✈✐♦✉s ❥♦❜s t♦ t❤❡ ❧❡❢t✳ ❚❤❡r❡❢♦r❡ ✇❡ ❞♦ ♥♦t ✐♥❝r❡❛s❡ ❛♥②
❝♦♠♣❧❡t✐♦♥ t✐♠❡ ❛♥❞ ❞❡❝r❡❛s❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❛t ❧❡❛st ⌈α.MK/3⌉ A✲❥♦❜s
❜② α.K/3✱ ❤❡♥❝❡ ❛ str✐❝t❧② s♠❛❧❧❡r t♦t❛❧ ✢♦✇ t✐♠❡✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❢r❡❡❧② ❛ss✉♠❡
t❤❛t ♥♦ J✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z ❞✉r✐♥❣ [0, 1]✳

❋r♦♠ t✐♠❡ 1✱ ✇❡ ❝❛♥ ❢r❡❡❧② ❛ss✉♠❡ t❤❛t A✲❥♦❜s ❛♥❞ J✲❥♦❜s ❛r❡ s❝❤❡❞✉❧❡❞ ❜②
✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞✳ ■❢ ❛ J✲❥♦❜ ✐s ♣r♦❝❡ss❡❞ ♦♥ Z ❞✉r✐♥❣
[1, 2]✱ ✐t ♠❡❛♥s t❤❛t ✐ts r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞ ✐s s♠❛❧❧❡r t❤❛♥ 3/KM ✳ ❚❤❡r❡❢♦r❡✱
✐t ❤❛s ❤❡❛✈✐❧② ✉s❡❞ Uαj

✱ Vβj
✱ ❛♥❞ Wγj

❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛s ✐♥
❋✐❣✉r❡ ✹✱ ✇❡ ❝❛♥ ❣❡t ❛ s❝❤❡❞✉❧❡ ✇✐t❤ str✐❝t❧② s♠❛❧❧❡r t♦t❛❧ ✢♦✇ t✐♠❡✳ ❲❡ ❝❛♥
t❤❡r❡❢♦r❡ ❛ss✉♠❡ t❤❛t ♦♥❧② A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z ❞✉r✐♥❣ [0, 2]✳

❚❤❡r❡❢♦r❡ ❜② ❛ss✉♠✐♥❣ t❤❛t K > 3✱ M > 3/(K − 4)✱ ❛♥❞ L > (n + 2M)K/3✱ ✇❡
❝❛♥ ❢r❡❡❧② ❛ss✉♠❡ t❤❛t A✲❥♦❜s ❛♥❞ B✲❥♦❜s ❛r❡ ❡①❡❝✉t❡❞ ❛t t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s ♦♥ t❤❡✐r
❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❝❡ss♦rs✳ ❚❤❡r❡❢♦r❡✱ J✲❥♦❜s ❛r❡ ❡①❡❝✉t❡❞ ♦♥ U ∪ V ∪W ❞✉r✐♥❣ [0, 1]
❛♥❞ ♦♥ Z ❞✉r✐♥❣ [2, (n−m)K + 2]✳

▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t ♦✉r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❤❛s ❛ s♦❧✉t✐♦♥ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ♣❡r❢❡❝t
♠❛t❝❤✐♥❣ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✸❉▼ ✐♥st❛♥❝❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐❢ t❤❡r❡ ✐s
♥♦ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣✱ t❤❡♥ t❤❡ s✉♠✲✢♦✇ ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ❜♦✉♥❞✳

▲❡t ✉s ❞❡♥♦t❡ ❜② xj t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦❧♦❛❞ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡s ✐♥
U ∪V ∪W ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❲❡ ❝❛♥ s✉♣♣♦s❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t✿

3 > x1 > x2 > · · · > xn > 0.

❲❡ ❛❧s♦ ❤❛✈❡✿
n∑

j=1

xj 6 3m.

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✷✶

❚❤❡ s✉♠✲✢♦✇ ♦❢ t❤❡ J✲❥♦❜s ✐s t❤❡♥ ❡q✉❛❧ t♦✿

SF (x1, . . . , xn) =
n∑

j=1

(
1 +

⌈
3− xj

3

⌉
+

j∑

k=1

K
3− xk

3

)
.

■t ✐s ❡❛s② t♦ s❤♦✇ ✭✉s✐♥❣ ❡①❝❤❛♥❣❡ t❡❝❤♥✐q✉❡s✮ t❤❛t ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ xj ✬s✱
SF (X) ✐s str✐❝t❧② ♠✐♥✐♠✐③❡❞ ❢♦r X = (3, . . . , 3︸ ︷︷ ︸

m t✐♠❡s

, 0, 0, . . . , 0︸ ︷︷ ︸
n − m t✐♠❡s

)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲✢♦✇ ♦❢

❛ s❝❤❡❞✉❧❡ ❝❛♥ ❜❡ ❡q✉❛❧ t♦ SF♦♣t ♦♥❧② ✐❢ SF (X) = n+(n−m)+K(n−m)(n−m+1)/2✱
✐✳❡✳✱ ♦♥❧② ✐❢ X = (3, . . . , 3, 0, 0, . . . , )✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣
❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✸❉▼ ✐♥st❛♥❝❡✳

✺ ❙✉♠✲❙tr❡t❝❤ ❖♣t✐♠✐③❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ✈❛r✐♦✉s r❡s✉❧ts r❡❣❛r❞✐♥❣ s✉♠✲str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶✱
✇❡ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ s❡❝t✐♦♥s✱ ✇❡
❢♦❝✉s ♦♥ t❤❡ ♦♥❡ ♣r♦❝❡ss♦r s❡tt✐♥❣ ❛♥❞ st✉❞② t❤❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ✏❝❧❛ss✐❝❛❧✑ ❤❡✉r✐st✐❝s✳

✺✳✶ ❈♦♠♣❧❡①✐t② ♦❢ t❤❡ ❖✤✐♥❡ Pr♦❜❧❡♠

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✇✐t❤♦✉t ♣r❡❡♠♣t✐♦♥ ❛♥❞ ❞✐✈✐s✐❜✐❧✐t②✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ✐s ❛♥
◆P✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠✿

❚❤❡♦r❡♠ ✹✳ ❚❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ 〈1|rj |
∑

Sj〉 ✐s ◆P✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤✐s ◆P✲❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t ✐s ♣r♦✈❡❞ ❜② r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ✈❡rs✐♦♥ ♦❢ P❛rt✐t✐♦♥
✇❤❡r❡ t❤❡ t✇♦ ♣❛rt✐t✐♦♥s ❤❛✈❡ s❛♠❡ s✐③❡ ❬✶✺❪✳ ❲❡ ✜rst r❡♠❛r❦ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ♦❜✈✐♦✉s❧②
✐♥ ◆P✳ ❚❤❡♥✱ ❧❡t ✉s t❛❦❡ ❛♥ ✐♥st❛♥❝❡ I1 ♦❢ P❛rt✐t✐♦♥✱ ✐✳❡✳✱ ❛ s❡t {a1, a2, . . . , an} ♦❢ n ✐♥t❡❣❡rs✳
▲❡t ✉s ❞❡♥♦t❡ B = 1

2

∑
16j6n aj ✳ ❚❤❡ q✉❡st✐♦♥ ✐s✿ ✐s t❤❡r❡ ❛ s✉❜s❡t J ♦❢ [1;n] s✉❝❤ t❤❛t∑

j∈J aj = B ❛♥❞ s✉❝❤ t❤❛t |J | = n
2 ❄

❋r♦♠ t❤✐s ✐♥st❛♥❝❡ I1 ♦❢ P❛rt✐t✐♦♥✱ ✇❡ ❜✉✐❧❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥st❛♥❝❡ I2 ♦❢ 〈1|rj |
∑

Sj〉✿
❼ ❲❡ ❤❛✈❡ n ❥♦❜s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ♦❢ t❤❡ ✐♥t❡❣❡rs ✐♥ I1✿ ❢♦r j ∈ [1;n]✱

Jj ❤❛s s✐③❡ Wj = B + aj ❛♥❞ ❛rr✐✈❡s ❛t t✐♠❡ rj = 0✳

❼ ❲❡ ❤❛✈❡ ❛ ❥♦❜ Jn+1 ♦❢ s✐③❡ Wn+1 = 1
14n2 ❛♥❞ ✇❤✐❝❤ ❛rr✐✈❡s ❛t t✐♠❡ rn+1 = n+2

2 B✳

❼ ❲❡ ❤❛✈❡ 4n2 ❥♦❜s✱ s✉❝❤ t❤❛t ❥♦❜ Jn+1+j ✱ 1 6 j 6 4n2✱ ❤❛s s✐③❡ 1
14n2 ❛♥❞ ❛rr✐✈❡s ❛t

t✐♠❡ rn+1+j = (n + 2)B + 1
14n2 + (j − 1)B✳

❚❤❡ q✉❡st✐♦♥ ✐s✿ ✐s t❤❡r❡ ❛ s❝❤❡❞✉❧❡ ♦❢ t❤❡ s❡t ♦❢ ❥♦❜s {Jj}16j64n2+n+1 s✉❝❤ t❤❛t
∑

Sj 6
19
4 n2 + 2n + 1❄ ◆♦t❡ t❤❛t t❤❡ s✐③❡ ♦❢ I2 ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ I1✳

❲❡ ✜rst ♣r♦✈❡ t❤❛t I2 ❤❛s ❛ s♦❧✉t✐♦♥ ✐❢ I1 ❤❛s ♦♥❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡
❡①✐sts ❛ s✉❜s❡t J ♦❢ [1;n] s✉❝❤ t❤❛t

∑
j∈J aj = B ❛♥❞ |J | = n

2 ✳ ❚❤❡♥✱ ✇❡ ❜✉✐❧❞ ❛ s♦❧✉t✐♦♥ ♦❢
I2 ❤❛s ❢♦❧❧♦✇s✿

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✷ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✶✳ ❲❡ ❣r❡❡❞✐❧② ❡①❡❝✉t❡ t❤❡ ❥♦❜s {Jj}16j6n;j∈J ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0; n+2
2 B]✳ ❋♦r ❛♥②

s✉❝❤ ❥♦❜ Jj ✱ ✇❡ ❤❛✈❡✿ Sj 6 1
Wj
· n+2

2 B 6 1
B

n+2
2 B = n+2

2 ✳

✷✳ ❲❡ ❡①❡❝✉t❡ t❤❡ ❥♦❜ Jn+1 ❛t t✐♠❡ rn+1 = n+2
2 B✳ ■ts str❡t❝❤ ✐s t❤❡♥ ✶✳

✸✳ ❲❡ ❣r❡❡❞✐❧② ❡①❡❝✉t❡ t❤❡ ❥♦❜s {Jj}16j6n;j /∈J ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [n+2
2 B+ 1

14n2 ; (n+2)B+
1

14n2 ]✳ ❋♦r ❛♥② s✉❝❤ ❥♦❜ Jj ✇❡ ❤❛✈❡✿ Sj 6 1
Wj
·
(
(n + 2)B + 1

14n2

)
6 1

B ·((n + 2)B + 1) 6

(n + 2) + 1.

✹✳ ❲❡ ❡①❡❝✉t❡ ❡❛❝❤ ♦❢ t❤❡ ❥♦❜s Jn+1+j ✱ 1 6 j 6 4n2 ❛t t❤❡✐r r❡❧❡❛s❡ ❞❛t❡✱ ❛♥❞ ❡❛❝❤ ❤❛s ❛
str❡t❝❤ ♦❢ ♦♥❡✳

❚❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ s✉♠✲str❡t❝❤ s❛t✐s✜❡s✿

∑
Sj 6

n

2
· n + 2

2
+ 1 +

n

2
· (n + 3) + 4n2 =

19

4
n2 + 2n + 1.

❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ I2✳
❈♦♥✈❡rs❡❧②✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ♣r♦❜❧❡♠ I2 ❤❛s ❛ s♦❧✉t✐♦♥✳ ❲❡ ✜rst s❤♦✇ t❤❛t ❡❛❝❤ ♦❢ t❤❡

✜rst n ❥♦❜s ♠✉st ❜❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t❤❡ r❡❧❡❛s❡ t✐♠❡ ♦❢ t❤❡ ❧❛st ❥♦❜✱ Jn+1+4n2 ✳ ❲❡ ♣r♦✈❡
t❤✐s r❡s✉❧t ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙♦✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❥♦❜ Jj ✱ ✇✐t❤ 1 6 j 6 n✱ ✇❤✐❝❤ ✐s
❝♦♠♣❧❡t❡❞ ♥♦ ❡❛r❧✐❡r t❤❛♥ t✐♠❡ rn+1+4n2 ✳ ❆s t❤❡ str❡t❝❤ ♦❢ ❡❛❝❤ ♦❢ t❤❡ n + 4n2 ♦t❤❡r ❥♦❜s
♠✉st ❜❡ ❛t ❧❡❛st ❡q✉❛❧ t♦ ✶✱ ✇❡ ❞❡r✐✈❡ ❢r♦♠ ♦✉r ❤②♣♦t❤❡s✐s✿

∑
Sj > n + 4n2 +

(n+2)B+ 1
14n2 +(4n2−1)B

Wj

> n + 4n2 + (4n2+n+1)B
2B

= 6n2 + 3
2n + 1

2
> 19

4 n2 + 2n + 1

❍❡♥❝❡ ♦✉r ❞❡s✐r❡❞ ❝♦♥tr❛❞✐❝t✐♦♥✳
❲❡ ♥♦✇ s❤♦✇ t❤❛t ❛♥② ❥♦❜✱ ❡①❝❡♣t t❤❡ ✜rst n ♦♥❡s✱ ❝❛♥♥♦t ❜❡ ❞❡❧❛②❡❞ ❜② ❛s ♠✉❝❤ ❛s 1

2
t✐♠❡ ✉♥✐t✳ ■♥❞❡❡❞✱ s✉❝❤ ❛ ❞❡❧❛② ✇♦✉❧❞ ✐♥❞✉❝❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ str❡t❝❤ ♦❢✿

1
2
1

14n2

= 7n2 >
19

4
n2 + 2n + 1.

❲❡ ♥♦✇ ❞❡✜♥❡ ❛s J t❤❡ s❡t ♦❢ t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ❥♦❜s ✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ ❥♦❜
Jn+1✳ ❖❜✈✐♦✉s❧②✱ J ♦♥❧② ❝♦♥t❛✐♥s ✐♥❞✐❝❡s ♦❢ ❥♦❜s ❛♠♦♥❣ t❤❡ ✜rst n ♦♥❡s✳ ❆s ❥♦❜ Jn+1 ♠✉st
❜❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t❤❡ ❞❛t❡ n+2

2 B + 1
14n2 + 1

2 ✱ |J | 6 n
2 ✳ ❋✉rt❤❡r♠♦r❡✱ |J | = n

2 ✐❢✱ ❛♥❞ ♦♥❧②
✐❢✱
∑

j∈J aj 6 B✳ ▲❡t J ′ ❜❡ t❤❡ s❡t ♦❢ t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ❥♦❜s ✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡t❡❞ ❛❢t❡r ❥♦❜
Jn+1 ✐s ❝♦♠♣❧❡t❡❞ ❛♥❞ ❜❡❢♦r❡ ❥♦❜ Jn+2 ✐s✳ ❋r♦♠ ✇❤❛t ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② s❤♦✇♥ ♦♥ t❤❡ ❥♦❜s
Jn+1+j ✱ ✇✐t❤ 1 6 j 6 4n2✱ ✇❡ ✐♥❢❡r t❤❛t J ∪ J ′ = {1, ..., n}✳ ❏♦❜ Jn+1 ✐s ❝♦♠♣❧❡t❡❞ ❛t t❤❡
❡❛r❧✐❡st ❛t t✐♠❡ rn+1 + Wn+1 = n+2

2 B + 1
14n2 ✳ ❏♦❜ Jn+2 ✐s ❝♦♠♣❧❡t❡❞ ♥♦ ❧❛t❡r t❤❛♥ ❛t t✐♠❡

rn+2 + Wn+2 + 1
2 = (n + 2)B + 2

14n2 + 1
2 ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡t ♦❢ ❥♦❜s ✇❤♦s❡ ✐♥❞✐❝❡s ❛r❡ ✐♥

J ′ ♠✉st ❜❡ ❡①❡❝✉t❡❞ ✐♥ ❛ t✐♠❡ ✐♥t❡r✈❛❧ ✇❤✐❝❤ ✐s s❤♦rt❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ n+2
2 B + 1

2 + 1
14n2 ✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✷✸

❚❤❡r❡❢♦r❡ |J ′| 6 n
2 ✳ ❋✉rt❤❡r♠♦r❡✱ |J ′| = n

2 ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
∑

j∈J ′ aj 6 B✳ ❲❡ t❤✉s ❤❛✈❡

|J | = |J ′| = n
2 ✱
∑

j∈J aj =
∑

j∈J′ aj = B✱ ❛♥❞ J ❞❡✜♥❡s ❛ s♦❧✉t✐♦♥ t♦ ✐♥st❛♥❝❡ I1✳

❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♦✤✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠✲str❡t❝❤ ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ✐s st✐❧❧
❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❆t t❤❡ ✈❡r② ❧❡❛st✱ t❤✐s ✐s ❛ ❤✐♥t ❛t t❤❡ ❞✐✣❝✉❧t② ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ■♥ t❤❡
❢r❛♠❡✇♦r❦ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✱ ❇❡♥❞❡r✱ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❛♥❞ ❘❛❥❛r❛♠❛♥ ❬✼❪ ♣r❡s❡♥t ❛ P♦❧②✲
♥♦♠✐❛❧ ❚✐♠❡ ❆♣♣r♦①✐♠❛t✐♦♥ ❙❝❤❡♠❡ ✭P❚❆❙✮ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ✇✐t❤ ♣r❡❡♠♣✲
t✐♦♥✳ ❈❤❡❦✉r✐ ❛♥❞ ❑❤❛♥♥❛ ❬✶✶❪ ♣r❡s❡♥t ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s✉♠
✇❡✐❣❤t❡❞ ✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❆s t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞
t♦ ✇♦r❦ ✐♥ ❛♥ ♦♥❧✐♥❡ s❡tt✐♥❣✱ ✇❡ ✇✐❧❧ ♥♦t ❞✐s❝✉ss t❤❡♠ ❢✉rt❤❡r✳

▼♦✈✐♥❣ t♦ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❛② t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ 〈Q|rj ; ❞✐✈|
∑

Sj〉
✐s ♦♣❡♥ ✭✉s✐♥❣ t❤❡ r❡♠❛r❦s ♦❢ ❙❡❝t✐♦♥ ✷✳✸✮✳ ❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠✲str❡t❝❤ ✐s ❤♦✇❡✈❡r
◆P✲❝♦♠♣❧❡t❡ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✿

❚❤❡♦r❡♠ ✺✳ ❚❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ 〈R|rj , ❞✐✈|
∑

Sj〉 ✐s ◆P✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲❉✐♠❡♥s✐♦♥❛❧ ▼❛t❝❤✐♥❣ t♦ 〈R|❞✐✈; rj |
∑

Sj〉✳
❲❡ ✉s❡ t❤❡ s❛♠❡ ✐❞❡❛ ❛s ❙✐tt❡rs ❬✸✶❪ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ str♦♥❣ ◆P✲❤❛r❞♥❡ss ♦❢ 〈R|♣♠t♥|∑Cj〉✳
■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ✇❡ ♣r♦♣♦s❡✱ t❤❡ ♠❛❝❤✐♥❡s ❛r❡ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s
✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s✳ ❚❤❛t ✐s ✇❤② ✇❡ ✉s❡ Wj ❢♦r t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦❧♦❛❞ ♦❢ ❥♦❜ j
✭✐♥ ▼✢♦♣✮✱ ci ❢♦r t❤❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ ♠❛❝❤✐♥❡ i ✭✐♥ s ♣❡r ▼✢♦♣✮ ❛♥❞ δi,j ❢♦r t❤❡
❛✈❛✐❧❛❜✐❧✐t② ♦❢ ♠❛❝❤✐♥❡ i t♦ ♣r♦❝❡ss ❥♦❜ j ✭δi,j ∈ {1,+∞}✮✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ i, j✱ ✇❡ ❤❛✈❡
pi,j = Wj .ci.δi,j ✳

❙❝❤❡❞✉❧✐♥❣ ✐♥st❛♥❝❡✳ ●✐✈❡♥ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ✸❉▼ ♣r♦❜❧❡♠✱ ✇❡ ❞❡✜♥❡ ♦♥❡ ♠❛❝❤✐♥❡ Ui

❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ui ♦❢ t❤❡ s❡t U ✳ ❚❤✐s s❡t ♦❢ ♠❛❝❤✐♥❡s ✐s ❞❡♥♦t❡❞ ❜② U ❛s ✇❡❧❧ ❛♥❞ ✇❡ ♣r♦❝❡❡❞
✐♥ t❤❡ s❛♠❡ ✇❛② ❢♦r V ❛♥❞ W ✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❛❝❤✐♥❡ Z✳ ❚❤❡ ♣r♦❝❡ss✐♥❣
❝❛♣❛❜✐❧✐t② ♦❢ ❡❛❝❤ ♠❛❝❤✐♥❡ Pi ♦❢ U ∪ V ∪W ∪ Z ✐s ❞❡✜♥❡❞ ❜②✿

ci =

{
1 ✐❢ Pi ∈ U ∪ V ∪W ✱

K/3 ✐❢ Pi = Z✳

❲❡ ❞❡✜♥❡ ❛ s❡t ♦❢ ❥♦❜s✱ (Jj)06j6n−1✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡t S✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t
sj = (uαj

, vβj
, wγj

) ♦❢ S✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❥♦❜ Jj ✳ ❚❤❡ s✐③❡ ♦❢ ❥♦❜ Jj ✐s ❡q✉❛❧ t♦ ✸
❛♥❞ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ Jj ✐s s♠❛❧❧ ♦♥ t❤❡ ♠❛❝❤✐♥❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❧❛t❡❞ tr✐♣❧❡t
❛♥❞ ♦♥ ♠❛❝❤✐♥❡ Z✱ ❛♥❞ ✐s ✐♥✜♥✐t❡ ♦♥ ❛❧❧ t❤❡ ♦t❤❡r ♦♥❡s✿

δ
(J)
i,j =

{
1 ✐❢ Pi ∈ {Uαj

, Vβj
,Wγj

, Z}
∞ ♦t❤❡r✇✐s❡

, W
(J)
j = 3, r

(J)
j = 0.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

p
(J)
i,j =





3 ✐❢ Pi ∈ {Uαj
, Vβj

,Wγj
}

K ✐❢ Pi = Z

∞ ♦t❤❡r✇✐s❡

, r
(J)
j = 0, w

(J)
j =

1 + 1 + 1 + 3/K

3
=

K + 1

K
.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❇❡s✐❞❡ t❤❡ s❡t J ✱ ✇❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t✇♦ ♠♦r❡ s❡ts ♦❢ ❥♦❜s✿ A ❛♥❞ B✳ ❚❤❡ s❡t A ❝♦♥t❛✐♥s
♠❛♥② s♠❛❧❧ ❥♦❜s t❤❛t ❝❛♥ ♦♥❧② ❜❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❛♥❞ ✇❤♦s❡ ♣✉r♣♦s❡ ✐s t♦ ♣r❡✈❡♥t
❛♥② ❥♦❜ ♦❢ J ❢r♦♠ ✉s✐♥❣ ♠❛❝❤✐♥❡ Z ❜❡❢♦r❡ t✐♠❡ ✶✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ M ❥♦❜s (Aj)06j6M−1

t❤❛t ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

δ
(A)
i,j =

{
1 ✐❢ Pi = Z

∞ ♦t❤❡r✇✐s❡
, W

(A)
j =

3

KM
, r

(A)
j =

j

M
.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

p
(A)
i,j =

{
1/M ✐❢ Pi = Z

∞ ♦t❤❡r✇✐s❡
, r

(A)
j =

j

M
, w

(A)
j = M.

❚❤❡ s❡t B ❝♦♥t❛✐♥s ♠❛♥② s♠❛❧❧ ❥♦❜s t❤❛t ❝❛♥ ♦♥❧② ❜❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡s U ✱ V ✱ ❛♥❞
W ❛♥❞ ✇❤♦s❡ ♣✉r♣♦s❡ ✐s t♦ ♣r❡✈❡♥t ❥♦❜s J ❢r♦♠ ✉s✐♥❣ ♠❛❝❤✐♥❡s ♦❢ U ✱ V ✱ ❛♥❞ W ❛❢t❡r t✐♠❡
✶✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ (n−m)NK ❥♦❜s (Bj)06j6(n−m)NK−1 t❤❛t ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

δ
(B)
i,j =

{
∞ ✐❢ Pi = Z

1 ♦t❤❡r✇✐s❡
, W

(B)
j =

3m

N
, r

(B)
j = 1 +

j

N
.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

p
(B)
i,j =

{
∞ ✐❢ Pi = Z

3m/N ♦t❤❡r✇✐s❡
, r

(B)
j = 1 +

j

N
, w

(A)
j = N.

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ✐♥st❛♥❝❡ ♦❢ ✸❉▼ ❤❛s ❛ s♦❧✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛
❞✐✈✐s✐❜❧❡ s❝❤❡❞✉❧❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥st❛♥❝❡ ✇✐t❤ s✉♠✲str❡t❝❤ s♠❛❧❧❡r t❤❛♥ ♦r ❡q✉❛❧ t♦

SS♦♣t = M

︸ ︷︷ ︸
A✲❥♦❜s

+ m
K + 1

K
︸ ︷︷ ︸

J✲❥♦❜s ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥

+

n−m∑

k=1

(1 + k.K) · K + 1

K
︸ ︷︷ ︸

J✲❥♦❜s ♥♦t ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥

+ (n−m)NK

︸ ︷︷ ︸
B✲❥♦❜s

= M + n
K + 1

K
+

(n−m)(n−m + 1)(K + 1)

2
+ (n−m)NK

❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❜♦t❤ ♣r♦❜❧❡♠s✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❡❛s② ♣❛rt✿

⇒ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ S′ ⊂ S✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♣r♦❝❡ss ❛❧❧ ❥♦❜s Jj ❢♦r sj ∈ S′

♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❝❤✐♥❡s ❜❡t✇❡❡♥ t✐♠❡ ✵ ❛♥❞ ✶ ✭s❡❡ ❋✐❣✉r❡ ✺✮✳ ▼❡❛♥✇❤✐❧❡ ❛❧❧
A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❥♦❜s Jj ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z ♦♥❡
❛❢t❡r t❤❡ ♦t❤❡r ❢r♦♠ t✐♠❡ ✶ t♦ t✐♠❡ (n − m)K + 1 ❛♥❞ ❛❧❧ B✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥
U ∪V ∪W ✐♥ ♦r❞❡r ♦❢ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✱ ❡❛❝❤ ♦♥❡ ❜❡✐♥❣ ❡①❡❝✉t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ♦♥ ❛❧❧ t❤❡
♣r♦❝❡ss♦rs ♦❢ U ∪V ∪W ✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ s✉♠✲str❡t❝❤ ♦❢ t❤✐s s❝❤❡❞✉❧❡

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✷✺

1 (n−m)K + 12K + 1K + 10 . . .

U2

U3

U1

W2

W3

W1

V2

V3

V1

A✲❥♦❜s

B✲❥♦❜s

Z

J✲❥♦❜s











                  

❋✐❣✉r❡ ✺✿ ❙❦❡t❝❤ ♦❢ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳

✐s ❡q✉❛❧ t♦ SS♦♣t✿





S
(J)
j =

{
K+1

K ✐❢ j ∈ S′

(1 + kK)K+1
K ✐❢ j 6∈ S′ ❛♥❞ ✐s t❤❡ k✲t❤ ❥♦❜ t♦ ❜❡ ❡①❡❝✉t❡❞ ♦♥ Z

S
(A)
j = 1

S
(B)
j = 1

⇐ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ s✉♠✲str❡t❝❤ ✐s ♥♦ ❣r❡❛t❡r t❤❛♥ SS♦♣t✳ ❲❡
✇✐❧❧ ✜rst ♣r♦✈❡ t❤❛t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t✿

✶✳ ❆❧❧ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳

■♥❞❡❡❞✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ✐❢ ✇❡ ❤❛✈❡ ❛ s❝❤❡❞✉❧❡ ✇❤❡r❡ s♦♠❡ J✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞
♦♥ Z ❞✉r✐♥❣ [0, 1]✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ t❤✐s s❝❤❡❞✉❧❡ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛♥ ♦♥❧② A✲❥♦❜s
❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Z ✐♥ [0, 1] ❛♥❞ t❤❡ s✉♠✲str❡t❝❤ ✐s str✐❝t❧② ❞❡❝r❡❛s❡❞✳

■♥ ❋✐❣✉r❡ ✻ s✐t✉❛t✐♦♥ ✶✱ s♦♠❡ A✲❥♦❜s ❛r❡ ❞❡❧❛②❡❞ ❜② J✲❥♦❜s ❞✉r✐♥❣ l > 0 ✉♥✐ts
♦❢ t✐♠❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ str❡t❝❤ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s✐t✉❛t✐♦♥ ✶ ❛♥❞ ✷✳ ■♥
s✐t✉❛t✐♦♥ ✶✱ ❛t ❧❡❛st ⌈lM⌉ A✲❥♦❜s ❛r❡ ❞❡❧❛②❡❞ ♦❢ l ✉♥✐ts ♦❢ t✐♠❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
t❤❡ s✉♠✲str❡t❝❤ ♦❢ t❤❡s❡ ❥♦❜s ✐s ❛t ❧❡❛st ⌈lM⌉ lKM

3 ❧❛r❣❡r t❤❛♥ t❤❡ s✉♠✲str❡t❝❤ ♦❢

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

10

. . .

l

10

. . .

l

ZZ

❙✐t✉❛t✐♦♥ ✷❙✐t✉❛t✐♦♥ ✶

❋✐❣✉r❡ ✻✿ ❆❧❧ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳

t❤❡s❡ ❥♦❜s ✐♥ s✐t✉❛t✐♦♥ ✷✳ ■♥ s✐t✉❛t✐♦♥ ✷✱ t❤❡ ❝♦♠♣❧❡t✐♦♥✲t✐♠❡ ♦❢ J✲❥♦❜s ✐s ❛t ♠♦st
l ✉♥✐ts ♦❢ t✐♠❡s ❧❛r❣❡r t❤❛♥ ✐♥ s✐t✉❛t✐♦♥ ✶✳ ❚❤❡ s✉♠✲str❡t❝❤ ♦❢ J✲❥♦❜s ✐s t❤❡r❡❢♦r❡
✐♥❝r❡❛s❡❞ ♦❢ ❛t ♠♦st nlK+1

K ✳ ❙✐t✉❛t✐♦♥ ✶ ✐s t❤✉s ❜❡tt❡r t❤❛♥ s✐t✉❛t✐♦♥ ✷ ♦♥❧② ✐❢

⌈lM⌉ lKM
3 < nl(K+1)

K ✱ ✐✳❡✳✱ ♦♥❧② ✐❢ ⌈lM⌉ < 3n(K+1)
K2M ✳ ❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❛ss✉♠❡ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t 6n < KM ✱ ❤❡♥❝❡ ❢♦r s✐t✉❛t✐♦♥ ✶ t♦ ❜❡ ❜❡tt❡r t❤❛♥ s✐t✉❛t✐♦♥ ✷
✇❡ ♠✉st ❤❛✈❡ ⌈lM⌉ < 1✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❛s l > 0✳ ❚❤❡r❡❢♦r❡✱ ❞❡❧❛②✐♥❣ A✲❥♦❜s
❢♦r ❡①❡❝✉t✐♥❣ J✲❥♦❜s ❛❧✇❛②s r❡s✉❧ts ✐♥ ❛ str✐❝t ✐♥❝r❡❛s❡ ♦❢ t❤❡ s✉♠✲str❡t❝❤✳

✷✳ ❆❧❧ B✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡s ✐♥ U ∪ V ∪W ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [1, (n−
m)K + 1]✳

B✲❥♦❜s ❜❡✐♥❣ ❛❧❧ ❡q✉✐✈❛❧❡♥t ✇✐t❤ r❡❣❛r❞s t♦ ♣r♦❝❡ss✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡② s❤♦✉❧❞
❜❡ ❡①❡❝✉t❡❞ ✐♥ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✳ ❚❤❡② ♠❛② ❤♦✇❡✈❡r ❜❡ ❧♦❝❛❧❧②
♣r❡❡♠♣t❡❞ ❜② J✲❥♦❜s✳ ▲❡t ✉s ❝♦♥s✐❞❡r Bj ✱ t❤❡ ✜rst B✲❥♦❜ t❤❛t ✐s ♣r❡❡♠♣t❡❞ ❛♥❞ ✐s

t❤❡r❡❢♦r❡ ♥♦t ❝♦♠♣❧❡t❡❧② ♣r♦❝❡ss❡❞ ❞✉r✐♥❣ [r
(B)
j , r

(B)
j+1] ✭s❡❡ ❋✐❣✉r❡ ✼ s✐t✉❛t✐♦♥ ✶✮✳

10

. . .

l

10

. . .

l

ZZ

❙✐t✉❛t✐♦♥ ✷❙✐t✉❛t✐♦♥ ✶

❋✐❣✉r❡ ✼✿ ❆❧❧ A✲❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡ Z ❞✉r✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳

■♥ ❙✐t✉❛t✐♦♥ ✷✱ ❛❧❧ J✲❥♦❜s t❤❛t ✇❡r❡ ❡①❡❝✉t❡❞ ♦♥ U ∪ V ∪W ❞✉r✐♥❣ [r
(B)
j , r

(B)
j+1]

❤❛✈❡ ❜❡❡♥ tr❛♥s❢❡r❡❞ ♦♥ Z✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② α t❤❡ ❛♠♦✉♥t ♦❢ J✲❥♦❜s t❤❛t ❤❛s
❜❡❡♥ tr❛♥s❢❡r❡❞✳ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❛❧❧ J✲❥♦❜s ✐s t❤❡r❡❢♦r❡ ❛t ♠♦st ✐♥❝r❡❛s❡❞
♦❢ αK/3✳ ❚❤❡ s✉♠✲str❡t❝❤ ♦❢ J✲❥♦❜s ✐s t❤❡r❡❢♦r❡ ❛t ♠♦st ✐♥❝r❡❛s❡❞ ♦❢ nαK

3
K+1

K ✳
▲✐❦❡✇✐s❡✱ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ Bj ✐s ❞❡❝r❡❛s❡❞ ♦❢ ❛t ❧❡❛st α

3m ✱ ❤❡♥❝❡ t❤❡ str❡t❝❤

♦❢ Bj ✐s ❞❡❝r❡❛s❡❞ ♦❢ ❛t ❧❡❛st αN
3m ✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❛ss✉♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t

N > nm(K + 1)✱ ❙✐t✉❛t✐♦♥ ✷ ❤❛s ❛❧✇❛②s ❛ ❜❡tt❡r s✉♠✲str❡t❝❤ t❤❛♥ s✐t✉❛t✐♦♥ ✶✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✷✼

❚❤❡r❡❢♦r❡ ❜② ❛ss✉♠✐♥❣ t❤❛t
{

6n < KM

nm(K + 1) < N
,

✇❡ ❝❛♥ ❢r❡❡❧② ❛ss✉♠❡ t❤❛t A✲❥♦❜s ❛r❡ ❡①❡❝✉t❡❞ ❛t t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s ♦♥ Z ❛♥❞ B✲❥♦❜s
❛r❡ ❡①❡❝✉t❡❞ ❛t t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s ♦♥ U ∪ V ∪W ✳ ❚❤❡r❡❢♦r❡✱ J✲❥♦❜s ❛r❡ ❡①❡❝✉t❡❞ ♦♥
U ∪ V ∪W ❞✉r✐♥❣ [0, 1] ❛♥❞ ♦♥ Z ❞✉r✐♥❣ [1, (n−m)K + 1]✳

▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t ♦✉r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❤❛s ❛ s♦❧✉t✐♦♥ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ♣❡r❢❡❝t
♠❛t❝❤✐♥❣ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✸❉▼ ✐♥st❛♥❝❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐❢ t❤❡r❡ ✐s
♥♦ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣✱ t❤❡♥ t❤❡ s✉♠✲str❡t❝❤ ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ❜♦✉♥❞✳

▲❡t ✉s ❞❡♥♦t❡ ❜② xj t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦❧♦❛❞ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss❡❞ ♦♥ ♠❛❝❤✐♥❡s ✐♥
U ∪ V ∪W ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❲❡ ❝❛♥ s✉♣♣♦s❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②
t❤❛t✿

3 > x1 > x2 > · · · > xn > 0.

❲❡ ❛❧s♦ ❤❛✈❡✿
n∑

j=1

xj 6 3m

❆s J✲❥♦❜s ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ r❡❧❡❛s❡ ❞❛t❡✱ t❤❡② s❤♦✉❧❞ ❜❡ s❝❤❡❞✉❧❡❞ ❜② ✐♥❝r❡❛s✐♥❣ s✐③❡
♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ ♦❢ t❤❡ J✲❥♦❜s ✐s ❡q✉❛❧ t♦✿

SS(x1, . . . , xn) =

n∑

j=1

(
1 +

j∑

k=1

K
3− xj

3

)
K + 1

K

■t ✐s ❡❛s② t♦ s❤♦✇ ✭✉s✐♥❣ ❡①❝❤❛♥❣❡ t❡❝❤♥✐q✉❡s✮ t❤❛t ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ xj ✬s✱
SS(X) ✐s str✐❝t❧② ♠✐♥✐♠✐③❡❞ ❢♦r X = (3, . . . , 3︸ ︷︷ ︸

m t✐♠❡s

, 0, 0, . . . , 0︸ ︷︷ ︸
n − m t✐♠❡s

)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤

♦❢ ❛ s❝❤❡❞✉❧❡ ❝❛♥ ❜❡ ❡q✉❛❧ t♦ SS♦♣t ♦♥❧② ✐❢ SS(X) = n(K+1)
K + (n−m)(n−m+1)(K+1)

2 ✱
✐✳❡✳✱ ♦♥❧② ✐❢ X = (3, . . . , 3, 0, 0, . . . , )✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣
❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✸❉▼ ✐♥st❛♥❝❡✳

✺✳✷ ▲♦✇❡r ❇♦✉♥❞ ♦♥ t❤❡ ❈♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❖♥❧✐♥❡ ❆❧❣♦r✐t❤♠s

▼✉t❤✉❦r✐s❤♥❛♥✱ ❘❛❥❛r❛♠❛♥✱ ❙❤❛❤❡❡♥✱ ❛♥❞ ●❡❤r❦❡ ❬✷✾❪ ♣r♦♣♦s❡ ❛♥ ♦♣t✐♠❛❧ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠
✇❤❡♥ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ❥♦❜ s✐③❡s✳ ▼❛✐♥❧②✱ t❤❡② ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ♥♦ ♦♣t✐♠❛❧ ♦♥❧✐♥❡
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇❤❡♥ t❤❡r❡ ❛r❡ t❤r❡❡ ♦r ♠♦r❡ ❞✐st✐♥❝t
❥♦❜ s✐③❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② ❣✐✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ✶✳✵✸✻ ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛♥②
♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐♠♣r♦✈❡s t❤✐s ❜♦✉♥❞✿

❚❤❡♦r❡♠ ✻✳ ◆♦ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ❤❛s ❛ ❝♦♠✲
♣❡t✐t✐✈❡ r❛t✐♦ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✶✳✶✾✹✽✹✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✽ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

Pr♦♦❢✳ ❲❡ ✜rst ♣r❡s❡♥t t❤❡ ❛❞✈❡rs❛r② ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦rs ❢♦r
t❤❡ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s✳ ❋✐♥❛❧❧② ✇❡ ✇✐❧❧ ❣✐✈❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs
❞❡✜♥✐♥❣ t❤❡ ❛❞✈❡rs❛r② ❜❡❤❛✈✐♦r ✭α✱ β✱ γ✱ n✱ k✱ p✱ ε1✱ ε2✱ ε3✱ ❛♥❞ ε4✮✳ ❚❤❡ ✜♥❛❧ ♥✉♠❡r✐❝❛❧
r❡s♦❧✉t✐♦♥ ✇✐❧❧ s❤♦✇ t❤❛t s♦♠❡ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ♥❡❝❡ss❛r②✳ ❲❡ ❞❡❝✐❞❡❞ t♦ ♣r❡s❡♥t
t❤❡ ♣r♦♦❢ ✐♥ ❛❧❧ ✐ts ❣❡♥❡r❛❧✐t② r❛t❤❡r t❤❛♥ t♦ s✐♠♣❧✐❢② ✐t✳

❆t t✐♠❡ r0 = 0 ❛rr✐✈❡s ❥♦❜ J0 ♦❢ s✐③❡ p0 = αβγn✳
❆t t✐♠❡ r1 = αβγn− ε1 ❛rr✐✈❡s ❥♦❜ J1 ♦❢ s✐③❡ p1 = βγn✳
❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ❛t t✐♠❡ αβγn + βγn− ε1 − ε2✱ ❛♥❞ ✇❤❡t❤❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J0

❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞ ❛t t❤❛t t✐♠❡✳

✶✳ ■❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J0 ❤❛s ♥♦t ②❡t ❜❡❡♥ ❝♦♠♣❧❡t❡❞✱ ✇❡ ❞♦ ♥♦t s❡♥❞ ❛♥② ♠♦r❡ ❥♦❜s✳ ❚♦
❡✈❛❧✉❛t❡ ✇❤❛t ✐s t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ♥❡❡❞ t♦ st✉❞②
t✇♦ ❝❛s❡s✿

✭❛✮ J0 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ J1✳ ❚❤❡♥✱ ❜② ❤②♣♦t❤❡s✐s✱ J0 ❝❛♥♥♦t ❜❡ ❝♦♠♣❧❡t❡❞ ❡❛r❧✐❡r
t❤❛♥ ❛t t✐♠❡ αβγn + βγn− ε1 − ε2✳ ■♥ ❛♥② ❝❛s❡✱ J1 ✐s ❝♦♠♣❧❡t❡❞ ❛t ❜❡st ❛t t✐♠❡
αβγn + βγn✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦✿

αβγn + βγn− ε1 − ε2

αβγn
+

(αβγn + βγn)− (αβγn− ε1)

βγn
= 2+

1

α
− ε1 + ε2

αβγn
+

ε1

βγn
.

✭❜✮ J1 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ J0✳ ❚❤❡♥ J1 ✐s ❝♦♠♣❧❡t❡❞ ❛t t❤❡ ❡❛r❧✐❡st ❛t t✐♠❡ r1 + p1 =
αβγn + βγn − ε1✳ ■♥ ❛♥② ❝❛s❡✱ J0 ✐s ❝♦♠♣❧❡t❡❞ ❛t ❜❡st ❛t t✐♠❡ αβγn + βγn✳
❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦✿

1 +
(αβγn + βγn)

αβγn
= 2 +

1

α
.

❚❤❡r❡❢♦r❡✱ ✉♥❞❡r ♦✉r ❤②♣♦t❤❡s❡s✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐s✿

2 +
1

α
+ min

{
0,−ε1 + ε2

αβγn
+

ε1

βγn

}
.

❍♦✇❡✈❡r✱ ♦♥❡ ❝♦✉❧❞ ❤❛✈❡ ❝♦♠♣❧❡t❡❞ ✜rst J0 ❜❡❢♦r❡ st❛rt✐♥❣ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ J1✱ ❤❡♥❝❡
r❡❛❝❤✐♥❣ ❛ s✉♠✲str❡t❝❤ ♦❢✿

2 +
ε1

βγn
.

❲❡ s✉♣♣♦s❡ t❤❛t ✭✐✳❡✳✱ ✇❡ ✇✐❧❧ ❡♥s✉r❡ t❤❛t t❤❡ ❝❤♦s❡♥ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ s✉❝❤
t❤❛t✮✿

2 +
ε1

βγn
< 2 +

1

α
+ min

{
0,−ε1 + ε2

αβγn
+

ε1

βγn

}
.

❚❤❡♥✱ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❛tt❛✐♥❡❞ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦✿

2 + 1
α + min

{
0, ε1

βγn − ε1+ε2

αβγn

}

2 + ε1

βγn

.

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✷✾

✷✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❝❛s❡✿ ❛t t✐♠❡ αβγn+βγn−ε1−ε2 t❤❡ ❡①❡❝✉t✐♦♥
♦❢ J0 ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞✳ ❚❤❡♥✱ ✇❡ s❡♥❞ ❛♥♦t❤❡r ❥♦❜ t♦ t❤❡ s②st❡♠✳ ❆s J0 ✐s t❤❡ ✜rst
❥♦❜ t♦ ❜❡ ❝♦♠♣❧❡t❡❞✱ t❤❡ ♠♦st ❢❛✈♦r❛❜❧❡ ❝❛s❡ ✐s t❤❛t J0 ✐s ❢✉❧❧② ♣r♦❝❡ss❡❞ ❞✉r✐♥❣ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [0;αβγn]✳ ❲❡ t❤✉s ❛ss✉♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡✳

❆t t✐♠❡ r2 = αβγn + βγn− ε1 − ε2 ❛rr✐✈❡s ❥♦❜ J2 ♦❢ s✐③❡ p2 = γn✳

❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ❛t t✐♠❡ αβγn + βγn + γn − ε1 − ε2 − ε3✱ ❛♥❞ ✇❤❡t❤❡r t❤❡
❡①❡❝✉t✐♦♥ ♦❢ J1 ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞ ❛t t❤❛t t✐♠❡✳

✭❛✮ ■❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J1 ❤❛s ♥♦t ②❡t ❜❡❡♥ ❝♦♠♣❧❡t❡❞✱ ✇❡ ❞♦ ♥♦t s❡♥❞ ❛♥② ♠♦r❡ ❥♦❜s✳
❚♦ ❡✈❛❧✉❛t❡ ✇❤❛t ✐s t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ♥❡❡❞
t♦ st✉❞② t✇♦ ❝❛s❡s✿

✐✳ J1 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ J2✳ ❚❤❡♥✱ ❜② ❤②♣♦t❤❡s✐s✱ J1 ❝❛♥♥♦t ❜❡ ❝♦♠♣❧❡t❡❞
❡❛r❧✐❡r t❤❛♥ αβγn + βγn + γn− ε1− ε2− ε3✳ ■♥ ❛♥② ❝❛s❡✱ J2 ✐s ❝♦♠♣❧❡t❡❞ ❛t
❜❡st ❛t t✐♠❡ αβγn+βγn+ γn✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦✿

1 +
(αβγn + βγn + γn− ε1 − ε2 − ε3)− (αβγn− ε1)

βγn

+
(αβγn + βγn + γn)− (αβγn + βγn− ε1 − ε2)

γn
=

3 +
1

β
− ε2 + ε3

βγn
+

ε1 + ε2

γn
.

✐✐✳ J2 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ J1✳ ❚❤❡♥ J2 ✐s ❝♦♠♣❧❡t❡❞ ❛t t❤❡ ❡❛r❧✐❡st ❛t t✐♠❡
r2 + p2 = αβγn+βγn+ γn− ε1− ε2✳ ■♥ ❛♥② ❝❛s❡✱ J1 ✐s ❝♦♠♣❧❡t❡❞ ❛t ❜❡st ❛t
t✐♠❡ αβγn + βγn + γn✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧
t♦✿

1 +
(αβγn + βγn + γn− ε1 − ε2)− (αβγn + βγn− ε1 − ε2)

γn

+
(αβγn + βγn + γn)− (αβγn− ε1)

βγn

= 3 +
1

β
+

ε1

βγn
.

❚❤❡r❡❢♦r❡✱ ✐♥ t❤❛t ❝❛s❡✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐s

3 +
1

β
+ min

{
ε1 + ε2

γn
− ε2 + ε3

βγn
,

ε1

βγn

}
.

❍♦✇❡✈❡r✱ ✇✐t❤ ♦♥❧② t❤❡s❡ t❤r❡❡ ❥♦❜s✱ ♦♥❡ ❝♦✉❧❞ ❤❛✈❡ r❡❛❝❤❡❞ ❛ ❜❡tt❡r s✉♠✲str❡t❝❤
❜② ✜rst ❢✉❧❧② ❡①❡❝✉t❡ J0 ❛♥❞ t❤❡♥ ❢✉❧❧② ❡①❡❝✉t❡ J1✳ ❚❤❡ s✉♠✲str❡t❝❤ ♦❜t❛✐♥❡❞ t❤✐s

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✸✵ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✇❛② ✐s ❡q✉❛❧ t♦✿

1 +

(
1 +

ε1

βγn

)
+

(
1 +

ε1 + ε2

γn

)
= 3 +

ε1

βγn
+

ε1 + ε2

γn
.

❖❢ ❝♦✉rs❡✱ t❤✐s ✐s ❛ ❜❡tt❡r s♦❧✉t✐♦♥ ♦♥❧② ✐❢✿

ε1

βγn
+

ε1 + ε2

γn
<

1

β
+ min

{
ε1 + ε2

γn
− ε2 + ε3

βγn
,

ε1

βγn

}
,

✇❤❛t ✇❡ ✇✐❧❧ ❡♥s✉r❡ t❤r♦✉❣❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡
❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦✿

3 + 1
β + min

{
ε1+ε2

γn − ε2+ε3

βγn , ε1

βγn

}

3 + ε1

βγn + ε1+ε2

γn

.

✭❜✮ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❝❛s❡✿ ❛t t✐♠❡ αβγn+βγn+γn−ε1−ε2−ε3

t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J1 ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞✳ ❚❤❡♥✱ ✇❡ s❡♥❞ ❛♥♦t❤❡r ❥♦❜ t♦ t❤❡ s②st❡♠✳
❆s J0 ✐s t❤❡ ✜rst ❥♦❜ t♦ ❜❡ ❝♦♠♣❧❡t❡❞ ❛♥❞ J1 t❤❡ s❡❝♦♥❞✱ t❤❡ ♠♦st ❢❛✈♦r❛❜❧❡ ❝❛s❡
✐s t❤❛t J0 ✐s ❢✉❧❧② ♣r♦❝❡ss❡❞ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0;αβγn] ❛♥❞ J1 ❞✉r✐♥❣ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [αβγn;αβγn + βγn]✳ ❲❡ t❤✉s ❛ss✉♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤✐s ✐s
t❤❡ ❝❛s❡✳

❆t t✐♠❡ r3 = αβγn + βγn + γn− ε1 − ε2 − ε3 ❛rr✐✈❡s ❥♦❜ J3 ♦❢ s✐③❡ p3 = n

❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ❛t t✐♠❡ αβγn + βγn + γn + n − ε1 − ε2 − ε3 − ε4✱ ❛♥❞
✇❤❡t❤❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J2 ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞ ❛t t❤❛t t✐♠❡✳

✐✳ ■❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J2 ❤❛s ♥♦t ②❡t ❜❡❡♥ ❝♦♠♣❧❡t❡❞✱ ✇❡ ❞♦ ♥♦t s❡♥❞ ❛♥② ♠♦r❡
❥♦❜s✳ ❚♦ ❡✈❛❧✉❛t❡ ✇❤❛t ✐s t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱
✇❡ ♥❡❡❞ t♦ st✉❞② t✇♦ ❝❛s❡s✿

❆✳ J2 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ J3✳ ❚❤❡♥✱ ❜② ❤②♣♦t❤❡s✐s✱ J2 ❝❛♥♥♦t ❜❡ ❝♦♠♣❧❡t❡❞
❡❛r❧✐❡r t❤❛♥ αβγn + βγn + γn + n − ε1 − ε2 − ε3 − ε4✳ ■♥ ❛♥② ❝❛s❡✱
J3 ✐s ❝♦♠♣❧❡t❡❞ ❛t ❜❡st ❛t t✐♠❡ αβγn + βγn + γn + n✳ ❚❤❡r❡❢♦r❡✱ t❤❡
s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦✿

1 +

(
1 +

ε1

βγn

)

+
(αβγn + βγn + γn + n− ε1 − ε2 − ε3 − ε4)− (αβγn + βγn− ε1 − ε2)

γn

+
(αβγn + βγn + γn + n)− (αβγn + βγn + γn− ε1 − ε2 − ε3)

n
=

4 +
1

γ
+

ε1

βγn
− ε3 + ε4

γn
+

ε1 + ε2 + ε3

n
.

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✸✶

❇✳ J3 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ J2✳ ❚❤❡♥ J3 ✐s ❝♦♠♣❧❡t❡❞ ❛t t❤❡ ❡❛r❧✐❡st ❛t t✐♠❡
r3 +p3 = αβγn+βγn+γn+n−ε1−ε2−ε3✳ ■♥ ❛♥② ❝❛s❡✱ J2 ✐s ❝♦♠♣❧❡t❡❞
❛t ❜❡st ❛t t✐♠❡ αβγn+βγn+γn+n✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r
t❤❛♥ ♦r ❡q✉❛❧ t♦✿

1 +

(
1 +

ε1

βγn

)

+
(αβγn + βγn + γn + n− ε1 − ε2 − ε3)− (αβγn + βγn + γn − ε1 − ε2 − ε3)

n

+
(αβγn + βγn + γn + n)− (αβγn + βγn− ε1 − ε2)

γn

= 4 +
1

γ
+

ε1

βγn
+

ε1 + ε2

γn
.

❚❤❡r❡❢♦r❡✱ ✐♥ t❤❛t ❝❛s❡✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐s

4 +
1

γ
+

ε1

βγn
+ min

{
ε1 + ε2 + ε3

n
− ε3 + ε4

γn
,
ε1 + ε2

γn

}
.

❍♦✇❡✈❡r✱ ✇✐t❤ ♦♥❧② t❤❡s❡ ❢♦✉r ❥♦❜s✱ ♦♥❡ ❝♦✉❧❞ ❤❛✈❡ r❡❛❝❤❡❞ ❛ ❜❡tt❡r s✉♠✲
str❡t❝❤ ❜② ✜rst ❢✉❧❧② ❡①❡❝✉t❡ J0✱ t❤❡♥ ❢✉❧❧② ❡①❡❝✉t❡ J1✱ ❛♥❞ t❤❡♥ ❢✉❧❧② ❡①❡❝✉t❡
J2✳ ❚❤❡ s✉♠✲str❡t❝❤ ♦❜t❛✐♥❡❞ t❤✐s ✇❛② ✐s ❡q✉❛❧ t♦✿

1+

(
1 +

ε1

βγn

)
+

(
1 +

ε1 + ε2

γn

)
+

(
1 +

ε1 + ε2 + ε3

n

)
= 4+

ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
.

❖❢ ❝♦✉rs❡✱ t❤✐s ✐s ❛ ❜❡tt❡r s♦❧✉t✐♦♥ ♦♥❧② ✐❢✿

4+
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
< 4+

1

γ
+

ε1

βγn
+min

{
ε1 + ε2 + ε3

n
− ε3 + ε4

γn
,
ε1 + ε2

γn

}
,

✇❤❛t ✇❡ ✇✐❧❧ ❡♥s✉r❡ t❤r♦✉❣❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡
❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦✿

4 + 1
γ + ε1

βγn + min
{

ε1+ε2+ε3

n − ε3+ε4

γn , ε1+ε2

γn

}

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

.

✐✐✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❝❛s❡✿ ❛t t✐♠❡ αβγn + βγn + γn + n−
ε1 − ε2 − ε3 − ε4 t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J2 ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞✳ ❚❤❡♥✱ ✇❡ s❡♥❞
❛ s❡r✐❡s ♦❢ ❥♦❜s t♦ t❤❡ s②st❡♠✱ ❛s ❞❡✜♥❡❞ ❜❡❧♦✇✳ ❆s J0 ✐s t❤❡ ✜rst ❥♦❜ t♦
❜❡ ❝♦♠♣❧❡t❡❞✱ J1 t❤❡ s❡❝♦♥❞✱ ❛♥❞ J2 t❤❡ t❤✐r❞✱ t❤❡ ♠♦st ❢❛✈♦r❛❜❧❡ ❝❛s❡ ✐s
t❤❛t J0 ✐s ❢✉❧❧② ♣r♦❝❡ss❡❞ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0;αβγn]✱ J1 ❞✉r✐♥❣ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [αβγn;αβγn + βγn]✱ ❛♥❞ J2 ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [αβγn +

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✸✷ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

βγn;αβγn + βγn + γn]✳ ❲❡ t❤✉s ❛ss✉♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤✐s ✐s t❤❡
❝❛s❡✳
❲❡ s❡♥❞ t♦ t❤❡ s②st❡♠ ❛ s❡r✐❡s ♦❢ k ❥♦❜s✱ ♦❢ s❛♠❡ s✐③❡ p✱ t❤❡ ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡
♦❢ t❤❡s❡ ❥♦❜s ❜❡✐♥❣ ❡q✉❛❧ t♦ p✿
❆t t✐♠❡ r3+j = αβγn + βγn + γn + n− ε1 + (j − 1)p ❛rr✐✈❡s ❥♦❜ J3+j ♦❢

s✐③❡ p3+j = p✱ ❢♦r 1 6 j 6 k✳
❖❜✈✐♦✉s❧②✱ ❛❧❧ t❤❡ k ❥♦❜s ♦❢ s✐③❡ p s❤♦✉❧❞ ❜❡ ❡①❡❝✉t❡❞ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r
❛rr✐✈❛❧✳ ❚❤❡ ♦♥❧② q✉❡st✐♦♥ t♦ s❡tt❧❡ ✐s ✇❤❡♥ ❞♦❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J3 ❡♥❞s ❄
❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿

❆✳ ❚❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J3 ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛♥② ♦❢ t❤❡ ❥♦❜s
J3+j ✱ 1 6 j 6 k✳ ❚❤❡♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐s ❡q✉❛❧ t♦✿

4 +
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
+ k

(
1 +

ε1

p

)
.

❇✳ ❚❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J3 ✐s ❝♦♠♣❧❡t❡❞ ❛❢t❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛♥② ♦❢ t❤❡ ❥♦❜s
J3+j ✱ 1 6 j 6 k✳ ❚❤❡♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤ ✐s ❡q✉❛❧ t♦✿

4 +
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
+

kp

n
+ k.

❈✳ ❚❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J3 ✐s ❝♦♠♣❧❡t❡❞ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❥♦❜s J3+j

❛♥❞ J3+j+1✱ ❢♦r s♦♠❡ j ∈ [1; k−1]✳ ❚❤❡♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲str❡t❝❤
✐s ❡q✉❛❧ t♦✿

4 +
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
+

jp

n
+ j + (k − j)

(
1 +

ε1

p

)
.

❚❤✐s ✈❛❧✉❡ ✐s ♦❜✈✐♦✉s❧② ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♦♥❡s✱
❛♥❞ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❛t ❝❛s❡ ❜✉t ❥✉st t❤❡ t✇♦ ❡①tr❡♠❛❧ ♦♥❡s✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♠♣❧❡t✐♦♥ ♦r❞❡r ♦❢ t❤❡ ❥♦❜s t♦ ❜❡ J1✱ J2✱ J3✱
J3+1✱ ✳✳✳✱ J3+k✱ J0✳ ❚❤❡ s✉♠✲str❡t❝❤ ❢♦r s✉❝❤ ❛ s❝❤❡❞✉❧❡ ✐s ✭t❡r♠s ❧✐st❡❞ ✐♥
t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦r❞❡r✮✿

1 +

(
1 +

ε2

γn

)
+

(
1 +

ε2 + ε3

n

)
+ k +

αβγn + βγn + γn + n + kp

αβγn

= k + 4 +
ε2

γn
+

ε2 + ε3

n
+

1

α
+

1

αβ
+

1

αβγ
+

kp

αβγn
.

❚❤❡r❡❢♦r❡✱ ✇❡ ✇❛♥t t❤❛t✿

k +
kp

αβγn
+ 4 +

1

α
+

1

αβ
+

1

αβγ
+

ε2

γn
+

ε2 + ε3

n

< min

{
4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + k
(
1 + ε1

p

)
,

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + kp
n + k.

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✸✸

❆s ✇❡ ✇✐❧❧ ❧❡t k t❡♥❞ t♦ ✐♥✜♥✐t②✱ ♦♥❧② t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ k ✐♥ t❤❡ ❞✐✛❡r❡♥t
t❡r♠s ♠❛tt❡r✳ ❆♥②✇❛②✱ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐♥ t❤✐s ❝❛s❡ ✐s✿

min
{

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + k
(
1 + ε1

p

)
, 4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + kp
n + k

}

k + kp
αβγn + 4 + 1

α + 1
αβ + 1

αβγ + ε2

γn + ε2+ε3

n

=
k
(
1 + min

{
ε1

p , p
n

})
+ 4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

k + kp
αβγn + 4 + 1

α + 1
αβ + 1

αβγ + ε2

γn + ε2+ε3

n

.

❚❤❡r❡❢♦r❡✱ t♦ ✜♥❞ ✇✐t❤ ♦✉r ❝♦♥str✉❝t✐♦♥ t❤❡ ❧❛r❣❡st ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦
♦❢ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤✱ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ✈❛❧✉❡s ♦❢ α✱ β✱ γ✱ n✱ k✱ p✱
ε1✱ ε2✱ ❛♥❞ ε3✱ ✇❤✐❝❤ ♠❛①✐♠✐③❡✿

min





2 + 1
α + min

{
0, ε1

βγn − ε1+ε2

αβγn

}

2 + ε1

βγn

,

3 + 1
β + min

{
ε1+ε2

γn − ε2+ε3

βγn , ε1

βγn

}

3 + ε1

βγn + ε1+ε2

γn

,

4 + 1
γ + ε1

βγn + min
{

ε1+ε2+ε3

n − ε3+ε4

γn , ε1+ε2

γn

}

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

,

k
(
1 + min

{
ε1

p , p
n

})
+ 4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

k + kp
αβγn + 4 + 1

α + 1
αβ + 1

αβγ + ε2

γn + ε2+ε3

n

.

❯s✐♥❣ ▼❛t❤❡♠❛t✐❝❛ ❬✷✻❪✱ ✇❡ ❢♦✉♥❞ t❤❡ ✈❛❧✉❡s α = 1.93716✱ β = 1.29941✱ γ = 1✱ n =
1
ε1
≈ 2.69598✱ k = 1012✱ p = 1✱ ε1 = 0.370923✱ ❛♥❞ ε2 = ε3 = ε4 = 0 ❛♥❞ ❤❡♥❝❡ ❛ r❛t✐♦ ♦❢

✶✳✶✾✹✽✺✳

✺✳✸ ❙❤♦rt❡st ❘❡♠❛✐♥✐♥❣ Pr♦❝❡ss✐♥❣ ❚✐♠❡ ✭❙❘P❚✮

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ r❡❝❛❧❧❡❞ t❤❛t s❤♦rt❡st r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✭❙❘P❚✮
✐s ♦♣t✐♠❛❧ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲✢♦✇✳ ❲❤❡♥ ❙❘P❚ t❛❦❡s ❛ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥✱ ✐t ♦♥❧②
❝♦♥s✐❞❡rs t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ ❛ ❥♦❜✱ ❛♥❞ ♥♦t ✐ts ♦r✐❣✐♥❛❧ ♣r♦❝❡ss✐♥❣ t✐♠❡✳
❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✱ ❙❘P❚ ❞♦❡s ♥♦t t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❥♦❜s ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ▼✉t❤✉❦r✐s❤♥❛♥✱
❘❛❥❛r❛♠❛♥✱ ❙❤❛❤❡❡♥✱ ❛♥❞ ●❡❤r❦❡ ❤❛✈❡ s❤♦✇♥ ❬✷✾❪ t❤❛t ❙❘P❚ ✐s ✷✲❝♦♠♣❡t✐t✐✈❡ ❢♦r s✉♠✲
str❡t❝❤✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✸✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✺✳✹ ❙♠✐t❤✬s ❘❛t✐♦ ❘✉❧❡

❆♥♦t❤❡r ✇❡❧❧ st✉❞✐❡❞ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ❙♠✐t❤✬s r❛t✐♦ r✉❧❡ ❬✸✸❪ ❛❧s♦ ❦♥♦✇♥ ❛s s❤♦rt❡st ✇❡✐❣❤t❡❞
♣r♦❝❡ss✐♥❣ t✐♠❡ ✭❙❲P❚✮✳ ❚❤✐s ✐s ❛ ♣r❡❡♠♣t✐✈❡ ❧✐st s❝❤❡❞✉❧✐♥❣ ✇❤❡r❡ t❤❡ ❛✈❛✐❧❛❜❧❡ ❥♦❜s
❛r❡ ❡①❡❝✉t❡❞ ✐♥ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ r❛t✐♦

pj

wj
✳ ❲❤❛t❡✈❡r t❤❡ ✇❡✐❣❤ts✱ ❙❲P❚ ✐s ✷✲

❝♦♠♣❡t✐t✐✈❡ ❬✸✵❪ ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢ ✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s ✭
∑

wjCj✮✳
◆♦t❡ t❤❛t ❛ ρ✲❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ✭

∑
wj(Cj−rj)✮

✐s ρ✲❝♦♠♣❡t✐t✐✈❡ ❢♦r t❤❡ s✉♠ ✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✭
∑

wjCj✮✳ ❍♦✇❡✈❡r✱ t❤❡ r❡✈❡rs❡ ✐s
♥♦t tr✉❡✿ ❛ ❣✉❛r❛♥t❡❡ ♦♥ t❤❡ s✉♠ ✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✭

∑
wjCj✮ ❞♦❡s ♥♦t ✐♥❞✉❝❡ ❛♥②

❣✉❛r❛♥t❡❡ ♦♥ t❤❡ s✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✭
∑

wj(Cj − rj)✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r❡✈✐♦✉s r❛t✐♦ ♦♥ t❤❡
♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢ ✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s ❣✐✈❡s ✉s ♥♦ r❡s✉❧t ♦♥ t❤❡ ❡✣❝✐❡♥❝②
♦❢ ❙❲P❚ ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠✲str❡t❝❤✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ❡✈❡♥ ♣r♦✈❡ t❤❛t
❙❲P❚ ✐s ♥♦t ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤✳ ■♥❞❡❡❞✱ ❙❲P❚
s❝❤❡❞✉❧❡s t❤❡ ❛✈❛✐❧❛❜❧❡ ❥♦❜s ❜② ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ 1

p2
j

❛♥❞ ❤❛s t❤✉s ❡①❛❝t❧② t❤❡ s❛♠❡ ❜❡❤❛✈✲

✐♦r ❛s t❤❡ s❤♦rt❡st ♣r♦❝❡ss✐♥❣ t✐♠❡ ✜rst ❤❡✉r✐st✐❝ ✭❙P❚✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❛t
❙P❚ ✭❛♥❞ t❤✉s ❙❲P❚✮ ✐s ♥♦t ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤✳

❚❤❡♦r❡♠ ✼✳ ❋♦r ❛♥② ✈❛❧✉❡ ρ > 1✱ t❤❡r❡ ✐s ❛♥ ✐♥st❛♥❝❡ ♦♥ ✇❤✐❝❤ t❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜②
❙P❚ ✐s ❛t ❧❡❛st ρ t✐♠❡s t❤❡ ♦♣t✐♠❛❧✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ✐♠♣♦s❡ t❤❛t ✐♥ t❤✐s ✐♥st❛♥❝❡ ∆✱
t❤❡ r❛t✐♦ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❤♦rt❡st ❥♦❜s s✉❜♠✐tt❡❞ t♦ t❤❡ s②st❡♠✱ ✐s ❡q✉❛❧ t♦ ✷✳

Pr♦♦❢✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ρ ✐s ❛ ♥♦♥✲♥✉❧❧ ✐♥t❡❣❡r✳ ❚❤❡♥✱ t❤❡ ✐♥st❛♥❝❡
✐s ♠❛❞❡ ♦❢ 4ρ + 1 ❥♦❜s ✇❤❡r❡ ❥♦❜ Jk ✐s ❞❡✜♥❡❞ ❜②✿

∀k ∈ [0; 4ρ], rk = 8ρk − k(k + 1)

2
❛♥❞ pk = 8ρ− k.

❚❤✐s ✐♥st❛♥❝❡ ✐s ❜✉✐❧t s✉❝❤ t❤❛t ❙P❚ ♣r❡❡♠♣ts t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❥♦❜ Jk✱ ❢♦r 0 6 k 6 4ρ− 1
♦♥❡ t✐♠❡ ✉♥✐t ❜❡❢♦r❡ ✐ts ❝♦♠♣❧❡t✐♦♥✳ ❚❤✉s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❥♦❜s ✐s ❞❡❧❛②❡❞ ❛❢t❡r t❤❡
❝♦♠♣❧❡t✐♦♥ ♦❢ J4ρ✳ ❚❤❡♥ ❙P❚ ❝♦♠♣❧❡t❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❥♦❜s ✐♥ t❤❡ r❡✈❡rs❡ ♦r❞❡r ♦❢ t❤❡✐r
r❡❧❡❛s❡ ❞❛t❡s✱ ♦♥❡ ❡✈❡r② t✐♠❡ ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ J4ρ ❤❛s ❛ str❡t❝❤ ♦❢ 1 ❛♥❞ ✐s ❝♦♠♣❧❡t❡❞ ❛t t❤❡
❞❛t❡ 24ρ2 +2ρ✳ ❚❤❡♥✱ ❥♦❜ Jk✱ ❢♦r 0 6 k 6 4ρ−1✱ ✐s ❝♦♠♣❧❡t❡❞ ❛t t✐♠❡ (24ρ2 +2ρ)+(4ρ−k)
❛♥❞ ❤❛s ❛ str❡t❝❤ ♦❢✿

((
24ρ2 + 2ρ

)
+ (4ρ− k)

)
−
(
8ρk − k(k+1)

2

)

8ρ− k
>

24ρ2 + 6ρ− (8ρ + 1)k

4ρ

✭✇❡ r♦✉❣❤❧② ❜♦✉♥❞❡❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❛♥❞ ✇❡ ❥✉st ❞r♦♣♣❡❞ t❤❡ k(k+1)
2 t❡r♠✮✳ ❚❤❡r❡❢♦r❡✱

t❤❡ s✉♠✲str❡t❝❤ r❡❛❝❤❡❞ ❜② ❙P❚ ♦♥ t❤✐s ✐♥st❛♥❝❡ ✐s ❣r❡❛t❡r t❤❛♥✿

1 +

4ρ−1∑

k=0

24ρ2 + 6ρ− (8ρ + 1)k

4ρ
= 1 +

24ρ2 + 6ρ

4ρ
(4ρ)− 8ρ + 1

4ρ

(4ρ− 1)4ρ

2
= 8ρ2 + 8ρ +

3

2
.

❲❡ ♥♦✇ ♥❡❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♦♣t✐♠❛❧ s✉♠✲str❡t❝❤✳ ❚❤✐s ♦♣t✐♠❛❧ ✐s ❣r❡❛t❡r t❤❛♥✱ ♦r ❡q✉❛❧
t♦✱ t❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❋■❋❖ s❝❤❡❞✉❧✐♥❣✳ ❯♥❞❡r t❤❡ ❋■❋❖ s❝❤❡❞✉❧✐♥❣✱ t❤❡ ❥♦❜ Jk ✐s

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✸✺

❝♦♠♣❧❡t❡❞ ❛t t✐♠❡ rk + pk + k ❛♥❞ ❤❛s t❤✉s ❛ str❡t❝❤ ♦❢ 1 + k
pk

= 1 + k
8ρ−k 6 2✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ♦♣t✐♠❛❧ s✉♠✲str❡t❝❤ ❢♦r t❤✐s ✐♥st❛♥❝❡ ✐s ♥♦ ❧❛r❣❡r t❤❛♥ 2(4ρ + 1)✳ ❋✐♥❛❧❧②✱ t❤❡ r❛t✐♦ ♦❢
t❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❙P❚ ♦♥ t❤✐s ✐♥st❛♥❝❡ ❛♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ s✉♠✲str❡t❝❤ ✐s ❣r❡❛t❡r
t❤❛♥ ♦r ❡q✉❛❧ t♦✿

8ρ2 + 8ρ + 3
2

8ρ + 2
> ρ.

◆♦t❡ t❤❛t t❤❡ ❧❛r❣❡st ❥♦❜✱ p0✱ ❛s ❛ s✐③❡ ♦❢ 8ρ ❛♥❞ t❤❡ s♠❛❧❧❡st✱ p4ρ✱ ❛ s✐③❡ ♦❢ 4ρ✳ ❍❡♥❝❡✱
∆ = 2✳

✺✳✺ ❙❤♦rt❡st ❲❡✐❣❤t❡❞ ❘❡♠❛✐♥✐♥❣ Pr♦❝❡ss✐♥❣ ❚✐♠❡ ✭❙❲❘P❚✮

❚❤❡ ✇❡❛❦♥❡ss ♦❢ t❤❡ ❙❲P❚ ❤❡✉r✐st✐❝s ✐s ♦❜✈✐♦✉s❧② t❤❛t ✐t ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡s✿ ✐t ♠❛② ♣r❡❡♠♣t ❛ ❥♦❜ ✇❤❡♥ ✐t ✐s ❛❧♠♦st ❝♦♠♣❧❡t❡❞✳ ❚♦ ❛❞❞r❡ss
t❤❡ ✇❡❛❦♥❡ss❡s ♦❢ ❜♦t❤ ❙❘P❚ ❛♥❞ ❙❲P❚✱ ♦♥❡ ♠✐❣❤t ❝♦♥s✐❞❡r ❛ ❤❡✉r✐st✐❝ t❤❛t t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t ❜♦t❤ t❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡s ♦❢ t❤❡ ❥♦❜s✳ ❚❤✐s ✐s ✇❤❛t t❤❡
s❤♦rt❡st ✇❡✐❣❤t❡❞ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ❤❡✉r✐st✐❝ ✭❙❲❘P❚✮ ❞♦❡s✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✱ ❛t ❛♥② t✐♠❡ t✱ ❙❲❘P❚ s❝❤❡❞✉❧❡s t❤❡ ❥♦❜ Jj ✇❤✐❝❤ ♠✐♥✐♠✐③❡s
pjρt(j)✳ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❘❛❥❛r❛♠❛♥✱ ❙❤❛❤❡❡♥✱ ❛♥❞ ●❡❤r❦❡ ❬✷✾❪ ♣r♦✈❡ t❤❛t ❙❲❘P❚ ✐s
❛❝t✉❛❧❧② ♦♣t✐♠❛❧ ✇❤❡♥ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ❥♦❜ s✐③❡s✳

◆❡✐t❤❡r ♦❢ t❤❡ ♣r♦♦❢s ♦❢ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❙❘P❚ ♦r ❙❲P❚ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❙❲❘P❚✳
❙❲❘P❚ ❤❛s ❛♣♣❛r❡♥t❧② ❜❡❡♥ st✉❞✐❡❞ ❜② ▼❡❣♦✇ ❬✷✼❪✱ ❜✉t ♦♥❧② ✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡ s✉♠
✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✳ ❙♦ ❢❛r✱ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❙❲❘P❚ ❢♦r
s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳ ■♥t✉✐t✐✈❡❧②✱ ✇❡ ✇♦✉❧❞ t❤✐♥❦ t❤❛t ❙❲❘P❚ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥
❙❘P❚ ❢♦r t❤❡ s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❤♦✇s t❤❛t t❤❡
✇♦rst ❝❛s❡ ❢♦r ❙❲❘P❚ ❢♦r t❤❡ s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ✐s ♥♦ ❜❡tt❡r t❤❛♥ t❤❛t ♦❢ ❙❘P❚✳

❚❤❡♦r❡♠ ✽✳ ❋♦r ❛♥② r❡❛❧ ε✱ 1 > ε > 0✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥st❛♥❝❡ s✉❝❤ t❤❛t ❙❲❘P❚ ✐s ♥♦t
(2− ε)✲❝♦♠♣❡t✐t✐✈❡ ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠✲str❡t❝❤✳

Pr♦♦❢✳ ❚❤❡ ♣r♦❜❧❡♠❛t✐❝ ✐♥st❛♥❝❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ s❡q✉❡♥❝❡s ♦❢ ❥♦❜s✳ ■♥ t❤❡ ✜rst s❡q✉❡♥❝❡✱
t❤❡ ❥♦❜s ❛r❡ ♦❢ ❞❡❝r❡❛s✐♥❣ s✐③❡s✱ t❤❡ s✐③❡ ♦❢ ❛ ❥♦❜ ❜❡✐♥❣ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ s✐③❡ ♦❢ ✐ts
✐♠♠❡❞✐❛t❡ ♣r❡❞❡❝❡ss♦r✳ ■♥ t❤❡ s❡❝♦♥❞ s❡q✉❡♥❝❡✱ ❛❧❧ t❤❡ ❥♦❜s ❛r❡ ♦❢ ✉♥✐t✲s✐③❡✳ ❊❛❝❤ ❥♦❜
❛rr✐✈❡s ❛t ❛ ❞❛t❡ ❡q✉❛❧ t♦ t❤❡ r❡❧❡❛s❡ ❞❛t❡ ♦❢ ✐ts ♣r❡❞❡❝❡ss♦r ♣❧✉s t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ t❤✐s
♣r❡❞❡❝❡ss♦r✱ ❡①❝❡♣t ❢♦r t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❥♦❜s ✇❤✐❝❤ ❛rr✐✈❡ ❛t ❞❛t❡s ❝r✐t✐❝❛❧ ❢♦r ❙❲❘P❚✳

▲❡t α = 1− ε
3 ✱ n =

⌈
log2

(
log2

3(1+α)
ε

)⌉
✱ ❛♥❞ k = ⌈− log2(− log2 α)⌉✳ ▲❡t l ❜❡ ❛♥ ✐♥t❡❣❡r

t❤❛t ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r ♦♥✳ ❚❤❡♥✱ ✇❡ ❢♦r♠❛❧❧② ❜✉✐❧❞ t❤❡ ✐♥st❛♥❝❡ J ❛s ❢♦❧❧♦✇s✿

✶✳ ❏♦❜ J0 ❛rr✐✈❡s ❛t t✐♠❡ r0 = 0 ❛♥❞ ✐s ♦❢ s✐③❡ p0 = 22n

✳

✷✳ ❏♦❜ J1 ❛rr✐✈❡s ❛t t✐♠❡ r1 = 22n − 22n−2

❛♥❞ ✐s ♦❢ s✐③❡ p1 = 22n−1

✳

✸✳ ❏♦❜ J2 ❛rr✐✈❡s ❛t t✐♠❡ r2 = r1 + 22n−1 − α ❛♥❞ ✐s ♦❢ s✐③❡ p2 = 22n−2

✳

✹✳ ❏♦❜ Jj ✱ ❢♦r 3 6 j 6 n✱ ❛rr✐✈❡s ❛t t✐♠❡ rj = rj−1 + pj−1 ❛♥❞ ✐s ♦❢ s✐③❡ pj = 22n−j

✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✸✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✺✳ ❏♦❜ Jn+j ✱ ❢♦r 1 6 j 6 k✱ ✐s ♦❢ s✐③❡ pn+j = 22−j

❛♥❞ ❛rr✐✈❡s ❛t t✐♠❡ rn+j = rn+j−1 +
pn+j−1✳

✻✳ ❏♦❜ Jn+k+j ✱ ❢♦r 1 6 j 6 l✱ ✐s ♦❢ s✐③❡ pn+k+j = 1 ❛♥❞ ❛rr✐✈❡s ❛t t✐♠❡ rn+k+j =
rn+k+j−1 + pn+k+j−1✳

❲❡ ✜rst st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❙❘P❚ ♦♥ t❤✐s ✐♥st❛♥❝❡✿ t❤✐s ❣✐✈❡s ✉s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥
t❤❡ ♦♣t✐♠❛❧ s✉♠✲str❡t❝❤✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡ s✉♠✲str❡t❝❤ ♦❢ ❙❲❘P❚✳

❙t✉❞② ♦❢ ❙❘P❚✳

❼ ❚❤❡ ✜rst ❞❛t❡ ❛t ✇❤✐❝❤ ❙❘P❚ ♠✉st ❝❤♦♦s❡ ❜❡t✇❡❡♥ t✇♦ ❥♦❜s ✐s r1✳ ❆t r1 t❤❡
r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✭❘P❚✮ ♦❢ J0 ✐s ρr1

(J0) = 22n−2

✱ ✇❤❡♥ ρr1
(J1) = 22n−1

✳

❚❤❡r❡❢♦r❡✱ ❙❘P❚ ❝♦♥t✐♥✉❡s t♦ ❡①❡❝✉t❡ J0 ❛t ❞❛t❡ r1✱ ✉♥t✐❧ r1 + 22n−2

< r2✱ ❛t
✇❤✐❝❤ ❞❛t❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❥♦❜ J0 ✐s ❝♦♠♣❧❡t❡❞✳

❼ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❞❛t❡ r2✳

ρr2(J1) = 22n−1 −
(
r2 −

(
r1 + 22n−2

))
=

22n−1 −
((

r1 + 22n−1 − α
)
−
(
r1 + 22n−2

))

= 22n−1 − (22n−1 − 22n−2 − α) = 22n−2

+ α.

ρr2
(J2) = 22n−2

✳ ❚❤❡r❡❢♦r❡✱ ❙❘P❚ ❡①❡❝✉t❡s t❤❡ ❥♦❜ J2 st❛rt✐♥❣ ❛t ✐ts r❡❧❡❛s❡
❞❛t❡✳

❼ ❚❤❡ ❥♦❜ J2+j ✱ ❢♦r 1 6 j 6 n + k + l − 2✱ ✐s ❡①❡❝✉t❡❞ ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡✳ ❲❡
❝❛♥ ✐♥❞❡❡❞ s❡❡ t❤❛t ❛t t❤❡ r❡❧❡❛s❡ ❞❛t❡ r2+j t❤❡ ♦♥❧② ❥♦❜ ♣r❡✈✐♦✉s❧② r❡❧❡❛s❡❞
✇❤♦s❡ ❡①❡❝✉t✐♦♥ ✇❛s ♥♦t ❝♦♠♣❧❡t❡❞ ✐s J1 ✇❤♦s❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s
ρ(J1) = 22n−2

+ α ✇❤✐❝❤ ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ J2+j ✭t❤❡ ❥♦❜s ❛r❡ r❡❧❡❛s❡❞ ✐♥
❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r s✐③❡s✮✳

❼ ❖♥❝❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❥♦❜s J2+j ✱ ❢♦r 1 6 j 6 n + k + l − 2✱ ✐s ❝♦♠♣❧❡t❡❞✱
❙❘P❚ ❝♦♠♣❧❡t❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❥♦❜ J1 ✇❤✐❝❤ ❡♥❞s ❛t t✐♠❡ tf ❡q✉❛❧s t♦ t❤❡ s✉♠
♦❢ t❤❡ s✐③❡s ♦❢ ❛❧❧ t❤❡ ❥♦❜s✿

tf =
∑

06i6n

22i

+
∑

16i6k

22−i

+ l.

❼ ❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ t❤❡ str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❙❘P❚ ♦♥ t❤✐s ❡①❛♠♣❧❡ ✐s ❡q✉❛❧ t♦
♦♥❡ ❢♦r ❛❧❧ t❤❡ ❥♦❜s✱ ❡①❝❡♣t ❢♦r ❥♦❜ J1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜②
❙❘P❚ ♦♥ t❤✐s ✐♥st❛♥❝❡ ✐s ❡q✉❛❧ t♦✿

n + k + l − 1 +
tf −

(
22n − 22n−2

)

22n−1 .

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✸✼

❙t✉❞② ♦❢ ❙❲❘P❚✳

❼ ❚❤❡ ✜rst ❞❛t❡ ❛t ✇❤✐❝❤ ❙❲❘P❚ ♠✉st ❝❤♦♦s❡ ❜❡t✇❡❡♥ t✇♦ ❥♦❜s ✐s r1✳ ❆t r1 t❤❡
✇❡✐❣❤t❡❞ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✭❲❘P❚✱ ❞❡♥♦t❡❞ ❜② ωt(J)✮ ♦❢ J0 ✐s ωr1(J0) =

22n−2 × 22n

✱ ✇❤❡♥ ωr1(J1) = 22n−1 × 22n−1

= 22n

✳ ❚❤❡r❡❢♦r❡✱ ❙❲❘P❚ ♣r❡❡♠♣ts
❥♦❜ J0 ❛t ❞❛t❡ r1 ❛♥❞ ❡①❡❝✉t❡s ❥♦❜ J1 ✐♥st❡❛❞✳

❼ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❞❛t❡ r2✳

✕ ωr2(J0) = ωr1(J0) = 22n−2 × 22n

.

✕ ωr2(J1) =
(
22n−1 − (r2 − r1)

)
× 22n−1

=
(
22n−1 −

(
22n−1 − α

))
× 22n−1

=

α× 22n−1

.

✕ ωr2
(J2) = 22n−2 × 22n−2

= 22n−1

✳

❚❤❡♥✱ ✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡ ♦❢ α ∈]0; 1[✱ ❙❲❘P❚ ❝♦♥t✐♥✉❡s t♦ ❡①❡❝✉t❡ t❤❡ ❥♦❜ J1

❛t t❤❡ ❞❛t❡ r2✱ ✉♥t✐❧ ✐ts ❝♦♠♣❧❡t✐♦♥ ❛t ❞❛t❡ r2 + α✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❞❛t❡ r2 + α
❛♥❞ ✉♥t✐❧ t❤❡ ♥❡①t r❡❧❡❛s❡ ❞❛t❡✱ r3✱ ❙❲❘P❚ ❡①❡❝✉t❡s t❤❡ ❥♦❜ J2✳

❼ ❲❡ ♥♦✇ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ❛t t❤❡ ❞❛t❡ r1+j ✱ ❢♦r 1 6 j 6 n− 1✱ t❤❡ ♦♥❧② ❥♦❜s
r❡❧❡❛s❡❞ ❡❛r❧✐❡r t❤❛♥ r1+j ❛♥❞ ✇❤♦s❡ ❡①❡❝✉t✐♦♥ ❛r❡ ♥♦t ②❡t ❝♦♠♣❧❡t❡❞ ❛r❡ J0 ✇✐t❤

ρr1+j
(J0) = 22n−2

✱ ❛♥❞ Jj ✇✐t❤ ρr1+j
(Jj) = α✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡s❡ ♣r♦♣❡rt✐❡s

❤♦❧❞ ❢♦r j = 1✳

❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ❤♦❧❞ ✉♥t✐❧ s♦♠❡ ✈❛❧✉❡ ♦❢ j ✐♥❝❧✉❞❡❞✳ ❚❤❡♥✱
❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s✿

✕ ωr1+j
(J0) = ωr1

(J0) = 22n−2 × 22n

.

✕ ωr1+j
(Jj) = α× 22n−j

.

✕ ωr1+j
(J1+j) = 22n−1−j × 22n−1−j

= 22n−j

✳

❚❤❡♥✱ ✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡ ♦❢ α ∈]0; 1[✱ ❙❲❘P❚ ❝♦♥t✐♥✉❡s t♦ ❡①❡❝✉t❡ t❤❡ ❥♦❜ Jj

❛t t❤❡ ❞❛t❡ r1+j ✱ ✉♥t✐❧ ✐ts ❝♦♠♣❧❡t✐♦♥ ❛t ❞❛t❡ r1+j + α✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❞❛t❡
r1+j + α ❛♥❞ ✉♥t✐❧ t❤❡ ♥❡①t r❡❧❡❛s❡ ❞❛t❡✱ r2+j ✱ ❙❲❘P❚ ❡①❡❝✉t❡s t❤❡ ❥♦❜ J1+j ✳
❚❤❡♥ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ❛❧s♦ ❤♦❧❞ ❢♦r j + 1✳

❼ ❊①❛❝t❧② ❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❝❛♥ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ❛t t❤❡ ❞❛t❡ rn+j ✱ ❢♦r 1 6

j 6 k−1✱ t❤❡ ♦♥❧② ❥♦❜s r❡❧❡❛s❡❞ ❡❛r❧✐❡r t❤❛♥ rn+j ❛♥❞ ✇❤♦s❡ ❡①❡❝✉t✐♦♥ ❛r❡ ♥♦t ②❡t

❝♦♠♣❧❡t❡❞ ❛r❡ J0 ✇✐t❤ ρrn+j
(J0) = 22n−2

✱ ❛♥❞ Jn+j−1 ✇✐t❤ ρrn+j
(Jn+j−1) = α✳

❼ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❞❛t❡ rn+k+1✳

✕ ωrn+k+1
(J0) = ωr1(J0) = 22n−2 × 22n

.

✕ ωrn+k+1
(Jn+k) = α× 22−k

✳

✕ ωrn+k+1
(Jn+k+1) = 1× 1 = 1✳

❖❜✈✐♦✉s❧②✱ ✇❡ ✇❛♥t ❙❲❘P❚ t♦ t❛❦❡ t❤❡ ✇r♦♥❣ ❞❡❝✐s✐♦♥ ❛♥❞ t♦ ❝♦♥t✐♥✉❡ t♦
❡①❡❝✉t❡ ❥♦❜ Jn+k ❛t ❞❛t❡ rn+k+1✳ ❙❲❘P❚ ✇✐❧❧ ❞♦ t❤❛t ✐❢ ❛♥❞ ♦♥❧② ✐❢

α× 22−k

< 1⇔ α <
1

22−k
.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✸✽ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❚❤❡r❡❢♦r❡✱ ✇❡ ❧❡t k = ⌈− log2(− log2 α)⌉✳
❼ ❲❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ❛t t❤❡ ❞❛t❡ rn+k+j ✱ ❢♦r 1 6 j 6 l✱ t❤❡ ♦♥❧②

❥♦❜s r❡❧❡❛s❡❞ ❡❛r❧✐❡r t❤❛♥ rn+k+j ❛♥❞ ✇❤♦s❡ ❡①❡❝✉t✐♦♥ ❛r❡ ♥♦t ②❡t ❝♦♠♣❧❡t❡❞ ❛r❡

J0 ✇✐t❤ ρrn+k+j
(J0) = 22n−2

✱ ❛♥❞ Jn+k+j−1 ✇✐t❤ ρrn+k+j
(Jn+k+j−1) = α✳

❼ ❋✐♥❛❧❧②✱ ❙❲❘P❚ ❡①❡❝✉t❡s t❤❡ ❥♦❜ Jn+k+l ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [rn+k+l +
α; 1 + rn+k+l + α]✱ ❛♥❞ t❤❡♥ ❝♦♠♣❧❡t❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❥♦❜ J0 ❞✉r✐♥❣ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [1 + rn+k+l + α; tf ]✳

❼ ❚❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❙❲❘P❚ ✐s ❛ ❜✐t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t♦ ❝♦♠♣✉t❡ t❤❛♥
t❤❡ ♦♥❡ r❡❛❧✐③❡❞ ❜② ❙❘P❚✳ ❙❲❘P❚ str❡t❝❤❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❥♦❜ J0 ♦✈❡r ❛❧❧
t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s❝❤❡❞✉❧❡❀ ❥♦❜ J1 ❛s ❛ str❡t❝❤ ♦❢ 1❀ ❛♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❧❧
t❤❡ ♦t❤❡r ❥♦❜s ✐s ✐♥❝r❡❛s❡❞ ❜② α✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❙❲❘P❚
♦♥ t❤✐s ✐♥st❛♥❝❡ ✐s ❡q✉❛❧ t♦✿

tf
22n +1+

n+k∑

j=2

(
1 +

α

22n−j

)
+l×

(
1 +

α

1

)
= n+k−1+l(1+α)+

tf
22n +α

n+k∑

j=2

1

22n−j .

❲❡ ❞❡♥♦t❡ ❜② R t❤❡ r❛t✐♦ ♦❢ t❤❡ s✉♠✲str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❙❲❘P❚ ♦♥ t❤✐s ✐♥st❛♥❝❡ t♦ t❤❡
♦♣t✐♠❛❧ s✉♠✲str❡t❝❤✳ ❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ ✇❡ ❤❛✈❡✿

R >
n + k − 1 + l (1 + α) +

tf

22n + α
∑n+k

j=2
1

22n−j

n + k + l − 1 +
tf−(22n−22n−2)

22n−1

>
l (1 + α)

n + k + l − 1 +
tf−(22n−22n−2)

22n−1

❍♦✇❡✈❡r✱ tf = l +

n+k∑

i=0

22n−j

= l + f(n, k)✳ ❲❡ t❤❡♥ ❤❛✈❡✱

R >
l (1 + α)

n + k + l − 1 +
tf−(22n−22n−2)

22n−1

=
l (1 + α)

l
(
1 + 1

22n−1

)
+ n + k − 1 +

f(k,n)−(22n−22n−2)
22n−1

❲❡ t❤❡♥ ❝❤♦♦s❡ ❢♦r n ❛ ✈❛❧✉❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❤❛✈❡ 1

22n−1 < ε
3(1+α) = ε

6−ε ✳ α✱ k✱ ❛♥❞ n ❛r❡

♥♦✇ ❛❧❧ ❞❡✜♥❡❞✳ ❚❤❡♥✱

lim
l→+∞

l (1 + α)

l
(
1 + 1

22n−1

)
+ n + k − 1 +

f(k,n)−(22n−22n−2)
22n−1

=
1 + α

1 + 1

22n−1

.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ l ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❤❛✈❡

l (1 + α)

l
(
1 + 1

22n−1

)
+ n + k − 1 +

f(k,n)−(22n−22n−2)
22n−1

>
1 + α

1 + 1

22n−1

− ε

3
.

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✸✾

❚❤❡♥✱

R >
1 + α

1 + 1

22n−1

−ε

3
> (1 + α)

(
1− 1

22n−1

)
−ε

3
> (1 + α)

(
1− ε

3 (1 + α)

)
−ε

3
= 1+α−ε

3
−ε

3
= 2−ε.

✻ ❖✤✐♥❡ ▼❛①✲❙tr❡t❝❤ ❖♣t✐♠✐③❛t✐♦♥

❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱ ❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥ ❬✺❪ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❛①✲str❡t❝❤
♠✐♥✐♠✐③❛t✐♦♥ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ✇✐t❤♦✉t ♣r❡❡♠♣t✐♦♥✱ ✐✳❡✳✱ ♣r♦❜❧❡♠ 〈1|rj |Smax〉✱ ❝❛♥♥♦t ❜❡ ❛♣✲
♣r♦①✐♠❛t❡❞ ✇✐t❤✐♥ ❛ ❢❛❝t♦r Ω(n1−ε) ❢♦r ❛r❜✐tr❛r✐❧② s♠❛❧❧ ε > 0✱ ✉♥❧❡ss P❂◆P✳ ■♥ t❤✐s s❡❝t✐♦♥✱
✇❡ s❤♦✇ t❤❛t ✐❢ ✇❡ ❛❧❧♦✇ ❡✐t❤❡r ❞✐✈✐s✐❜❧❡ ❧♦❛❞s ♦r ♣r❡❡♠♣t✐♦♥s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♠✐♥✐♠✐③❡ t❤❡
♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❡✈❡♥ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✳

■♥ ❙❡❝t✐♦♥ ✻✳✶✱ ✇❡ st❛t❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞
✢♦✇ ♣r♦❜❧❡♠ ❛♥❞ ❞❡❛❞❧✐♥❡ s❝❤❡❞✉❧✐♥❣✳ ❚❤❡♥ ✇❡ ♣r❡s❡♥t ❛ s♦❧✉t✐♦♥ t♦ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞
✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦✱ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✳ ❇② ❛❞❛♣t✐♥❣
s♦♠❡ ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s✱ ✇❡ t❤❡♥ ❞❡s❝r✐❜❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠
✇❡✐❣❤t❡❞ ✢♦✇ ✇❤❡♥ ♣r❡❡♠♣t✐♦♥ ✭❜✉t ♥♦t ❧♦❛❞ ❞✐✈✐s✐❜✐❧✐t②✮ ✐s ❛❧❧♦✇❡❞✱ ♦♥❝❡ ❛❣❛✐♥ ♦♥ ✉♥r❡❧❛t❡❞
♠❛❝❤✐♥❡s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t✱ ♣r✐♦r t♦ ♦✉r ✇♦r❦✱ ❛t ❧❡❛st t✇♦ s♦❧✉t✐♦♥s ✇❡r❡ ❦♥♦✇♥ ❢♦r ♠✐♥✲
✐♠✐③✐♥❣ t❤❡ ♠❛①✲str❡t❝❤ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✳ ❇❛❦❡r✱ ▲❛✇❧❡r✱ ▲❡♥str❛✱ ❛♥❞
❘✐♥♥♦♦② ❑❛♥ ❬✷❪ ♣r❡s❡♥t❡❞ ❛♥ O(n2) ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❛♥ ❡✈❡♥ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠✿
〈1|♣♠t♥, prec, rj |fmax〉 ✭✇❤❡r❡ fmax ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❝♦sts ♦❢ t❤❡ ❥♦❜s ❛♥❞ t❤❡ ❝♦st ♦❢
❛ ❥♦❜ ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ✐ts ❝♦♠♣❧❡t✐♦♥ t✐♠❡✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❞❡t❡r♠✐♥❡s t❤❡
❥♦❜ ♦❢ ❧❡❛st ♣r✐♦r✐t② ❛♥❞ t❤❡♥ ✐t❡r❛t❡s✳ ❆♥♦t❤❡r s♦❧✉t✐♦♥ ✉s✐♥❣ ♥❡t✇♦r❦ ✢♦✇ ♠❛①✐♠✐③❛t✐♦♥
t❡❝❤♥✐q✉❡s ✇❛s ❦♥♦✇♥ ✭❲❡ ❞♦ ♥♦t ❦♥♦✇ ❛♥② r❡❢❡r❡♥❝❡ t♦ t❤✐s t❡❝❤♥✐q✉❡ ✇❤♦ ✇❛s ♣r❡s❡♥t❡❞
t♦ ✉s ❜② ▼✐❝❤❛❡❧ ❇❡♥❞❡r✮✳ ■♥ ♦✉r ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇ t♦ ❡①t❡♥❞
t❤✐s ✢♦✇ ♠❛①✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ t♦ s♦❧✈❡ t❤❡ ❝❛s❡ ♦❢ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧✲
❛❜✐❧✐t✐❡s✱ ♠✉❝❤ ❧❡ss t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ✉♥r❡❧❛t❡❞ ♣r♦❝❡ss♦rs✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ s❛❦❡
♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ r❡❝❛❧❧ t❤✐s s♦❧✉t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳✹✳

✻✳✶ ▼✐♥✐♠✐③✐♥❣ t❤❡ ▼❛①✐♠✉♠❲❡✐❣❤t❡❞ ❋❧♦✇ ✐♥ t❤❡ ❉✐✈✐s✐❜❧❡ ▼♦❞❡❧

✻✳✶✳✶ ▼❛① ❲❡✐❣❤t❡❞ ❋❧♦✇ ▼✐♥✐♠✐③❛t✐♦♥ ❛♥❞ ❉❡❛❞❧✐♥❡ ❙❝❤❡❞✉❧✐♥❣

▲❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ s❝❤❡❞✉❧❡ S ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇
✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ s♦♠❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ F ✳ ❚❤❡ ✇❡✐❣❤t❡❞ ✢♦✇ ♦❢ ❛♥② ❥♦❜ Jj ✐s ❡q✉❛❧ t♦
wj(Cj − rj)✳ ❚❤❡♥✱ ❞✉❡ t♦ ♦✉r ❤②♣♦t❤❡s✐s ♦♥ F ✱ ✇❡ ❤❛✈❡✿

max
16j6n

wj(Cj−rj) 6 F ⇔ ∀j ∈ [1;n], wj(Cj−rj) 6 F ⇔ ∀j ∈ [1;n], Cj 6 rj+F/wj .

❚❤✉s✱ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ Jj ♠✉st ❜❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t✐♠❡ d̄j(F) = rj + F/wj ❢♦r s❝❤❡❞✉❧❡
S t♦ s❛t✐s❢② t❤❡ ❜♦✉♥❞ F ♦♥ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇✳ ❚❤❡r❡❢♦r❡✱ ❧♦♦❦✐♥❣ ❢♦r ❛ s❝❤❡❞✉❧❡

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹✵ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✇❤✐❝❤ s❛t✐s✜❡s ❛ ❣✐✈❡♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥
✐♥st❛♥❝❡ ♦❢ t❤❡ ❞❡❛❞❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ s♦❧✈❡ s✉❝❤ ❛ ❞❡❛❞❧✐♥❡
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦✳

■♥ ❞❡❛❞❧✐♥❡ s❝❤❡❞✉❧✐♥❣✱ ❡❛❝❤ ❥♦❜ Jj ❤❛s ♥♦t ♦♥❧② ❛ r❡❧❡❛s❡ ❞❛t❡ rj ❜✉t ❛❧s♦ ❛ ❞❡❛❞❧✐♥❡ d̄j ✳
❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❡♥ t♦ ✜♥❞ ❛ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t ❡❛❝❤ ❥♦❜ Jj ✐s ❡①❡❝✉t❡❞ ✇✐t❤✐♥ ✐ts ❡①❡❝✉t❛❜❧❡
t✐♠❡ ✐♥t❡r✈❛❧ [rj , d̄j ]✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ❛❧❧ ❥♦❜ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s✿ {r1, . . . , rn,
d̄1, . . . , d̄n}✳ ❲❡ ❞❡✜♥❡ ❛♥ ❡♣♦❝❤❛❧ t✐♠❡ ❛s ❛ t✐♠❡ ✈❛❧✉❡ ❛t ✇❤✐❝❤ ♦♥❡ ♦r ♠♦r❡ ♣♦✐♥ts ✐♥ t❤✐s
s❡t ♦❝❝✉r❀ t❤❡r❡ ❛r❡ ❜❡t✇❡❡♥ 2 ✭✇❤❡♥ ❛❧❧ ❥♦❜s ❛r❡ r❡❧❡❛s❡❞ ❛t t❤❡ s❛♠❡ ❞❛t❡ ❛♥❞ ❤❛✈❡ t❤❡
s❛♠❡ ❞❡❛❞❧✐♥❡✮ ❛♥❞ 2n ✭✇❤❡♥ ❛❧❧ ❥♦❜ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ❛r❡ ❞✐st✐♥❝t✮ s✉❝❤ ✈❛❧✉❡s✳
❲❤❡♥ ♦r❞❡r❡❞ ✐♥ ❛❜s♦❧✉t❡ t✐♠❡✱ ❛❞❥❛❝❡♥t ❡♣♦❝❤❛❧ t✐♠❡s ❞❡✜♥❡ ❛ s❡t ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s✳ ❲❡

❞❡♥♦t❡ ❡❛❝❤ t✐♠❡ ✐♥t❡r✈❛❧ It ❜② It = [inf It, sup It[✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜② α
(t)
i,j t❤❡ ❢r❛❝t✐♦♥ ♦❢

❥♦❜ Jj ♣r♦❝❡ss❡❞ ❜② ♠❛❝❤✐♥❡ Mi ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ It✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❙②st❡♠ ✭✶✮
❧✐sts t❤❡ ❝♦♥str❛✐♥ts t❤❛t s❤♦✉❧❞ ❤♦❧❞ tr✉❡ ✐♥ ❛♥② ✈❛❧✐❞ s❝❤❡❞✉❧❡✿

✶✳ r❡❧❡❛s❡ ❞❛t❡✿ ❥♦❜ Jj ❝❛♥♥♦t ❜❡ ♣r♦❝❡ss❡❞ ❜❡❢♦r❡ ✐t ✐s r❡❧❡❛s❡❞ ✭❊q✉❛t✐♦♥ ✭✶❛✮✮❀

✷✳ ❞❡❛❞❧✐♥❡✿ ❥♦❜ Jj ❝❛♥♥♦t ❜❡ ♣r♦❝❡ss❡❞ ❛❢t❡r ✐ts ❞❡❛❞❧✐♥❡ ✭❊q✉❛t✐♦♥ ✭✶❜✮✮❀

✸✳ r❡s♦✉r❝❡ ✉s❛❣❡✿ ❞✉r✐♥❣ ❛ t✐♠❡ ✐♥t❡r✈❛❧✱ ❛ ♠❛❝❤✐♥❡ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❧♦♥❣❡r t❤❛♥ t❤❡
❞✉r❛t✐♦♥ ♦❢ t❤✐s t✐♠❡ ✐♥t❡r✈❛❧ ✭❊q✉❛t✐♦♥ ✭✶❝✮✮❀

✹✳ ❥♦❜ ❝♦♠♣❧❡t✐♦♥✿ ❡❛❝❤ ❥♦❜ ♠✉st ❜❡ ♣r♦❝❡ss❡❞ t♦ ❝♦♠♣❧❡t✐♦♥ ✭❊q✉❛t✐♦♥ ✭✶❞✮✮✳





✭✶❛✮ ∀i,∀j,∀t, rj > sup It ⇒ α
(t)
i,j = 0

✭✶❜✮ ∀i,∀j,∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

✭✶❝✮ ∀t,∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It − inf It

✭✶❞✮ ∀j,
∑

t

∑

i

α
(t)
i,j = 1

✭✶✮

▲❡♠♠❛ ✷✳ ❙②st❡♠ ✭✶✮ ❤❛s ❛ s♦❧✉t✐♦♥ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❞❡❛❞❧✐♥❡
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳

❙②st❡♠ ✭✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❜② ❛♥② ❧✐♥❡❛r s♦❧✈❡r s②st❡♠ ❛s ❛❧❧ ✐ts ✈❛r✐❛❜❧❡s
❛r❡ r❛t✐♦♥❛❧✳ ❇✉✐❧❞✐♥❣ ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ❢r♦♠ ❛♥② s♦❧✉t✐♦♥ ♦❢ ❙②st❡♠ ✭✶✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛s

❢♦r ❛♥② t✐♠❡ ✐♥t❡r✈❛❧ It✱ ❛♥❞ ♦♥ ❛♥② ♠❛❝❤✐♥❡ Mi✱ t❤❡ ❥♦❜ ❢r❛❝t✐♦♥s α
(t)
i,j ❝❛♥ ❜❡ s❝❤❡❞✉❧❡❞ ✐♥

❛♥② ♦r❞❡r✳
❖♥❡ ♠❛② t❤✐♥❦ t❤❛t ❜② ❛♣♣❧②✐♥❣ ❛ ❜✐♥❛r② s❡❛r❝❤ ♦♥ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡

F ✱ ♦♥❡ ✇♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇✱ ❛♥❞ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳
❍♦✇❡✈❡r✱ ❛ ❜✐♥❛r② s❡❛r❝❤ ♦♥ r❛t✐♦♥❛❧ ✈❛❧✉❡s ✇✐❧❧ ♥♦t t❡r♠✐♥❛t❡✳ ❇② s❡tt✐♥❣ ❛ ❧✐♠✐t ♦♥ t❤❡
♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② s❡❛r❝❤✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss ✐t❡r❛t✐♦♥s ✐s ❜♦✉♥❞❡❞✱ ❛♥❞ t❤❡ q✉❛❧✐t②
♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ♥♦✇ s❤♦✇✱ ✇❡ ❝❛♥ ❛❞❛♣t ♦✉r s❡❛r❝❤
t♦ ❛❧✇❛②s ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✹✶

✻✳✶✳✷ ❙♦❧✈✐♥❣ ♦♥ ❛ ❘❛♥❣❡✳

❙♦ ❢❛r ✇❡ ❤❛✈❡ ✉s❡❞ ❙②st❡♠ ✭✶✮ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ♦✉r ♣r♦❜❧❡♠ ❤❛s ❛ s♦❧✉t✐♦♥ ✇❤♦s❡ ♠❛①✐♠✉♠
✇❡✐❣❤t❡❞ ✢♦✇ ✐s s♠❛❧❧❡r t❤❛♥ s♦♠❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ F ✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ✉s❡ ✐t t♦
❝❤❡❝❦ ✇❤❡t❤❡r ♦✉r ♣r♦❜❧❡♠ ❤❛s ❛ s♦❧✉t✐♦♥ ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r r❛♥❣❡ ♦❢ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s✳
▲❛t❡r ✇❡ s❤♦✇ ❤♦✇ t♦ ❞✐✈✐❞❡ t❤❡ ✇❤♦❧❡ s❡❛r❝❤ s♣❛❝❡ ✐♥t♦ ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r ♦❢ s❡❛r❝❤
r❛♥❣❡s✳

❋✐rst✱ ❧❡t ✉s s✉♣♣♦s❡ t❤❡r❡ ❡①✐st t✇♦ ✈❛❧✉❡s F1 ❛♥❞ F2✱ F1 < F2✱ s✉❝❤ t❤❛t t❤❡ r❡❧❛✲
t✐✈❡ ♦r❞❡r ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s✱ r1, . . . , rn, d̄1(F), . . . , d̄n(F)✱ ✇❤❡♥ ♦r❞❡r❡❞ ✐♥
❛❜s♦❧✉t❡ t✐♠❡✱ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ F ∈]F1;F2[✳ ❚❤❡♥✱ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥t❡r✈❛❧
]F1,F2[✱ ❛s ❜❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ ❛♥ ❡♣♦❝❤❛❧ t✐♠❡ ❛s ❛ t✐♠❡ ✈❛❧✉❡ ❛t ✇❤✐❝❤ ♦♥❡ ♦r ♠♦r❡ ♣♦✐♥ts ✐♥
t❤❡ s❡t {r1, . . . , rn, d̄1(F), . . . , d̄n(F)} ♦❝❝✉rs✳ ◆♦t❡ t❤❛t ❛♥ ❡♣♦❝❤❛❧ t✐♠❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ❞❡❛❞❧✐♥❡ ✐s ♥♦ ❧♦♥❣❡r ❛ ❝♦♥st❛♥t ❜✉t ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✐♥ F ✳ ❆s ♣r❡✈✐♦✉s❧②✱ ✇❤❡♥ ♦r❞❡r❡❞
✐♥ ❛❜s♦❧✉t❡ t✐♠❡✱ ❛❞❥❛❝❡♥t ❡♣♦❝❤❛❧ t✐♠❡s ❞❡✜♥❡ ❛ s❡t ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜②
I1, . . . , In✐♥t(F)✳ ❚❤❡ ❞✉r❛t✐♦♥s ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s ❛r❡ ♥♦✇ ❛✣♥❡ ❢✉♥❝t✐♦♥s ✐♥ F ✳ ❯s✐♥❣ t❤❡s❡
♥❡✇ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s✱ ✇❡ ❝❛♥ s♦❧✈❡ ♦✉r ♣r♦❜❧❡♠ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥t❡r✈❛❧ [F1,F2]
✉s✐♥❣ ❙②st❡♠ ✭✶✮ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t t❤❛t F ❜❡❧♦♥❣s t♦ [F1,F2] ✭F1 6 F 6 F2✮✱
❛♥❞ ✇✐t❤ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ F ❛s t❤❡ ♦❜❥❡❝t✐✈❡✳ ❚❤✐s ❣✐✈❡s ✉s ❙②st❡♠ ✭✷✮✳

▼✐♥✐♠✐③❡ F ,
✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts



✭✷❛✮ F1 6 F 6 F2

✭✷❜✮ ∀i,∀j,∀t, rj > sup It ⇒ α
(t)
i,j = 0

✭✷❝✮ ∀i,∀j,∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

✭✷❞✮ ∀t,∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It − inf It

✭✷❡✮ ∀j,
∑

t

∑

i

α
(t)
i,j = 1

✭✷✮

✻✳✶✳✸ P❛rt✐❝✉❧❛r ❖❜❥❡❝t✐✈❡s✳

❚❤❡ r❡❧❛t✐✈❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ♦♥❧② ❝❤❛♥❣❡s ❢♦r ✈❛❧✉❡s ♦❢ F ✇❤❡r❡
♦♥❡ ❞❡❛❞❧✐♥❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ r❡❧❡❛s❡ ❞❛t❡ ♦r ✇✐t❤ ❛♥♦t❤❡r ❞❡❛❞❧✐♥❡✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛ ✈❛❧✉❡
♦❢ F ❛ ♠✐❧❡st♦♥❡✶✳ ■♥ ♦✉r ♣r♦❜❧❡♠✱ t❤❡r❡ ❛r❡ ❛t ♠♦st n ❞✐st✐♥❝t r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❛s

♠❛♥② ❞✐st✐♥❝t ❞❡❛❞❧✐♥❡s✳ ❚❤✉s✱ t❤❡r❡ ❛r❡ ❛t ♠♦st n(n−1)
2 ♠✐❧❡st♦♥❡s ❛t ✇❤✐❝❤ ❛ ❞❡❛❞❧✐♥❡

❢✉♥❝t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ r❡❧❡❛s❡ ❞❛t❡✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ❛t ♠♦st n(n−1)
2 ♠✐❧❡st♦♥❡s ❛t ✇❤✐❝❤

t✇♦ ❞❡❛❞❧✐♥❡ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡s ✭t✇♦ ❛✣♥❡ ❢✉♥❝t✐♦♥s ✐♥t❡rs❡❝t ✐♥ ❛t ♠♦st ♦♥❡ ♣♦✐♥t✮✳ ▲❡t nq

❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ♠✐❧❡st♦♥❡s✳ ❚❤❡♥✱ 1 6 nq 6 n2 − n✳ ❲❡ ❞❡♥♦t❡ ❜② F1,F2, ...,Fnq

t❤❡ ♠✐❧❡st♦♥❡s ♦r❞❡r❡❞ ❜② ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s✳ ❚♦ s♦❧✈❡ ♦✉r ♣r♦❜❧❡♠ ✇❡ ❥✉st ♥❡❡❞ t♦ ♣❡r❢♦r♠ ❛

✶▲❛❜❡t♦✉❧❧❡✱ ▲❛✇❧❡r✱ ▲❡♥str❛✱ ❛♥❞ ❘✐♥♥♦♦② ❑❛♥ ❬✶✾❪ ❝❛❧❧ s✉❝❤ ❛ ✈❛❧✉❡ ❛ ✏❝r✐t✐❝❛❧ tr✐❛❧ ✈❛❧✉❡✑✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹✷ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❜✐♥❛r② s❡❛r❝❤ ♦♥ t❤❡ s❡t ♦❢ ♠✐❧❡st♦♥❡s F1,F2, ...,Fnq ✱ ❡❛❝❤ t✐♠❡ ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ❙②st❡♠ ✭✷✮
❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥t❡r✈❛❧ [Fi,Fi+1] ✭❡①❝❡♣t ❢♦r i = nq ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ s❡❛r❝❤
❢♦r ❛ s♦❧✉t✐♦♥ ✐♥ t❤❡ r❛♥❣❡ [Fnq ,+∞[✮✳ ❚❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r ♦❢ ♠✐❧❡st♦♥❡s ❛♥❞
❙②st❡♠ ✭✷✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤❡r❡❢♦r❡✿

❚❤❡♦r❡♠ ✾✳ 〈R|rj ; ❞✐✈|max wjFj〉 ✐s ♣♦❧②♥♦♠✐❛❧ ✿ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇
✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♣r♦❜❧❡♠✱ ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧✳

✻✳✶✳✹ ❆ ◆❡t✇♦r❦ ❋❧♦✇ ❆♣♣r♦❛❝❤ ❢♦r ❯♥✐❢♦r♠ ▼❛❝❤✐♥❡s

■♥ s❡❝t✐♦♥ ✻✳✶✳✶✱ ✇❡ ♣r❡s❡♥t❡❞ ▲✐♥❡❛r ♣r♦❣r❛♠ ✶ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡
✇❤♦s❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ♥♦ ❣r❡❛t❡r t❤❛♥ ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡✳ ❚❤✐s ❧✐♥❡❛r ♣r♦❣r❛♠
s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠ ✐♥ t❤❡ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ❝❛s❡✱ t❤❛t ✐s✱ t❤❡ ♠♦st ❣❡♥❡r❛❧ ♦♥❡✳ ■♥ ❢❛❝t✱
✐♥ t❤❡ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ❢r❛♠❡✇♦r❦✱ ♦♥❡ ❝❛♥ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✉s✐♥❣ ❛ ♥❡t✇♦r❦ ✢♦✇ ♠❛①✐✲
♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❣r❛♣❤ ✐s ❜✉✐❧t ❛s ❢♦❧❧♦✇s✿

❱❡rt✐❝❡s✳ ❚❤❡ ❣r❛♣❤ ❝♦♥t❛✐♥s✿

❼ ❆ s♦✉r❝❡❀

❼ ❆ s✐♥❦❀

❼ ❖♥❡ ✈❡rt❡① Jj ✱ ❢♦r ❡❛❝❤ ❥♦❜ Jj ✱ 1 6 j 6 n❀

❼ ❖♥❡ ✈❡rt❡① (It,Mi) ❢♦r ❡❛❝❤ ❝♦✉♣❧❡ ♠❛❞❡ ♦❢ ❛ t✐♠❡ ✐♥t❡r✈❛❧ It✱ 1 6 t 6 n✐♥t✱ ❛♥❞
♦❢ ❛ ♠❛❝❤✐♥❡ Mi✱ 1 6 i 6 m✳

❊❞❣❡s✳ ❚❤❡ ❣r❛♣❤ ❝♦♥t❛✐♥s✿

❼ ❖♥❡ ❡❞❣❡ ❢r♦♠ t❤❡ s♦✉r❝❡ t♦ ❡❛❝❤ ♥♦❞❡ Jj ♦❢ ❝❛♣❛❝✐t② Wj ✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❥♦❜✳
❚❤✐s ❡❞❣❡ r❡♣r❡s❡♥ts t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ t❤❛t ♠✉st ❜❡ ❞♦♥❡ ❢♦r t❤❡ ❥♦❜ Jj ✳

❼ ❖♥❡ ❡❞❣❡ ❢r♦♠ ❡❛❝❤ ♥♦❞❡ Jj t♦ ❡❛❝❤ ♥♦❞❡ (It,Mi) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ❥♦❜ Jj ❝❛♥ ❜❡
❡①❡❝✉t❡❞ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ It ✭✐✳❡✳✱ rj 6 inf It ❛♥❞ sup t 6 d̄j✮✳ ❚❤✐s ❡❞❣❡
✐s ❛❧s♦ ♦❢ ❝❛♣❛❝✐t② Wj ✭❛♥❞ ✐s t❤✉s ♥♦t ❝♦♥str❛✐♥✐♥❣✮✳

❼ ❖♥❡ ❡❞❣❡ ❢r♦♠ ❡❛❝❤ ♥♦❞❡ (It,Mi) t♦ t❤❡ s✐♥❦✱ ♦❢ ❝❛♣❛❝✐t② sup It−inf It

ci
✿ t❤✐s ✐s t❤❡

❛♠♦✉♥t ♦❢ ✇♦r❦ t❤❛t ♠❛❝❤✐♥❡ Mi ❝❛♥ ♣❡r❢♦r♠ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ It✳

❋✐❣✉r❡ ✽ ♣r❡s❡♥ts ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❣r❛♣❤✳
❚❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ♥♦ ❣r❡❛t❡r t❤❛♥ ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡

F ✐❢ t❤❡ ♥❡t✇♦r❦ ✢♦✇ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❣r❛♣❤ ❞❡✜♥❡❞ ❛❜♦✈❡ ✭❢♦r t❤❡ t✐♠❡
✐♥t❡r✈❛❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ F✮ ❤❛s ❛ s♦❧✉t✐♦♥ ✇❤♦s❡ ✢♦✇ ✐s ❡q✉❛❧ t♦

∑
j Wj ✳ ❆s ♣r❡✈✐♦✉s❧②✱

♦♥❡ ❝❛♥ ❥✉st ❝❤❡❝❦ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♥❡t✇♦r❦ ✢♦✇ ♣r♦❜❧❡♠ ❢♦r t❤❡ ♠✐❧❡st♦♥❡s ❞❡✜♥❡❞
✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡♥✱ ✇❤❡♥ ✐t ✐s ❦♥♦✇♥ ❜❡t✇❡❡♥ ✇❤✐❝❤ t✇♦ ♠✐❧❡st♦♥❡s ❧✐❡s t❤❡
♦♣t✐♠❛❧✱ t❤❡ ♦r❞❡r✐♥❣ ♦❢ ❞❡❛❞❧✐♥❡s ✐s ❦♥♦✇♥✱ ❛♥❞ ❛♥ ❊❛r❧✐❡st ❉❡❛❞❧✐♥❡ ❋✐rst s❝❤❡❞✉❧✐♥❣ ❧❡❛❞s
t♦ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s s❝❤❡♠❡ ♦♥❧② ✇♦r❦s ✐♥ t❤❡ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s s❡tt✐♥❣
❛s ❊❉❋ ✐s ♥♦ ❧♦♥❣❡r ♦♣t✐♠❛❧ ❢♦r ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s ✭s❡❡ t❤❡

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✹✸

s♦✉r❝❡

J1

(I1, M1)

(I1, M2)

(I1, M3)

s✐♥❦

(I2, M1)

(I2, M2)

(I2, M3)

(I3, M1)

(I3, M2)

(I3, M3)
J2

W1

W2

sup I1−inf I1
c1

sup I2−inf I2
c2

sup I2−inf I2
c3

sup I3−inf I3
c3

sup I1−inf I1
c2

sup I1−inf I1
c3

sup I2−inf I2
c1

sup I3−inf I3
c1

sup I3−inf I3
c2

❋✐❣✉r❡ ✽✿ ●r❛♣❤ ✉s❡❞ t♦ ❝❤❡❝❦✱ ♦♥ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ❛♥❞ t❤r♦✉❣❤ ♥❡t✇♦r❦ ✢♦✇ ♠❛①✐✲
♠✐③❛t✐♦♥✱ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ♦❢ ❛ ❣✐✈❡♥ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇✳ ❚❤✐s ❡①❛♠✲
♣❧❡ ❤❛s t✇♦ ❥♦❜s✱ t❤r❡❡ ♠❛❝❤✐♥❡s✱ ❛♥❞ t❤r❡❡ t✐♠❡ ✐♥t❡r✈❛❧s ❞❡✜♥❡❞ ❜② t❤❡ ❡♣♦❝❤❛❧ t✐♠❡s
r1 < r2 < d̄1 < d̄2✳

❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✷✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇ t♦ ✉s❡ t❤❡ ♥❡t✇♦r❦ ✢♦✇ ❛♣♣r♦❛❝❤
t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✲str❡t❝❤ ♦♥ ✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s✱ ❜✉t t❤✐s
❛♣♣r♦❛❝❤ ❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ ✉s❡❞ ✐♥ s✉❝❤ ❛ ❢r❛♠❡✇♦r❦ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡
✐s ❢❡❛s✐❜❧❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ♥❡t✇♦r❦ ✢♦✇ ❛♣♣r♦❛❝❤ ❝❛♥♥♦t ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❡①t❡♥❞❡❞
t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✭❡✈❡♥ ✇❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ♣r♦❜❧❡♠s ♦❢
❛✈❛✐❧❛❜✐❧✐t✐❡s✮✳

✻✳✷ ▼✐♥✐♠✐③✐♥❣ t❤❡ ▼❛①✐♠✉♠ ❲❡✐❣❤t❡❞ ❋❧♦✇ ✇✐t❤ Pr❡❡♠♣t✐♦♥
✭❜✉t ♥♦ ❉✐✈✐s✐❜✐❧✐t②✮

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♠♦r❡ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ❜✉t ✇✐t❤♦✉t t❤❡
❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❛ss✉♠♣t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t ❝♦♠❜✐♥✐♥❣ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ♦❢
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇✐t❤ t❤❡ ✇♦r❦ ♦❢ ▲❛✇❧❡r ❛♥❞ ▲❛❜❡t♦✉❧❧❡ ❬✷✵❪ ❧❡❛❞s t♦ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✳ ◆♦t❡ t❤❛t t❤❡ ♥❡t✇♦r❦ ✢♦✇ ❛♣♣r♦❛❝❤
✇❡ ❥✉st r❡❝❛❧❧❡❞ ❡♥❛❜❧❡s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✲str❡t❝❤ ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡✳

❋♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ♦❢ ●♦♥③❛❧❡③ ❛♥❞ ❙❛❤♥✐ ❬✶✻❪✱ ▲❛✇❧❡r ❛♥❞ ▲❛❜❡t♦✉❧❧❡ ❬✷✵❪ ♣r❡s❡♥t ❛
s❝❤❡♠❡ t♦ ❜✉✐❧❞ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛ ♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡ ♦❢ ♠❛❦❡s♣❛♥ C ❢♦r ❛ s❡t ♦❢ ❥♦❜s

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

J1, ..., Jn ♦❢ ♥✉❧❧ r❡❧❡❛s❡ ❞❛t❡s ✭∀j, rj = 0✮✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ▲✐♥❡❛r ❙②st❡♠ ✭✸✮ ❤❛s
❛ s♦❧✉t✐♦♥✳ ❚❤✐s s②st❡♠ s✐♠♣❧② st❛t❡s t❤❛t✿

✶✳ ❛❧❧ ❥♦❜s ♠✉st ❜❡ ❢✉❧❧② ♣r♦❝❡ss❡❞ ✭❊q✉❛t✐♦♥ ✭✸❛✮✮❀

✷✳ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❛ ❥♦❜ ❝❛♥♥♦t t❛❦❡ ❛ t✐♠❡ ❧❛r❣❡r t❤❛♥ C ✭❊q✉❛t✐♦♥ ✭✸❜✮✮❀

✸✳ t❤❡ ✇❤♦❧❡ ✉t✐❧✐③❛t✐♦♥ t✐♠❡ ♦❢ ❛ ♠❛❝❤✐♥❡ ❝❛♥♥♦t ❜❡ ❧♦♥❣❡r t❤❛♥ ❛ t✐♠❡ C ✭❊q✉❛t✐♦♥ ✭✸❝✮✮✳

❖❜✈✐♦✉s❧②✱ t❤❡s❡ ❝♦♥str❛✐♥ts ♠✉st ❜❡ s❛t✐s✜❡❞ ❜② ❛♥② ♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛❦❡s♣❛♥
✐s ♥♦ ❧♦♥❣❡r t❤❛♥ C✳ ❚❤❡ ❝♦♥str✉❝t✐✈❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② ▲❛✇❧❡r ❛♥❞ ▲❛❜❡t♦✉❧❧❡ s❤♦✇s t❤❛t
s✉❝❤ ❛ s❝❤❡❞✉❧❡ ❡①✐sts ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ t❤✐s s❡t ♦❢ ❝♦♥str❛✐♥ts ❤❛s ❛ s♦❧✉t✐♦♥✳





✭✸❛✮ ∀j,
m∑

i=1

αi,j = 1

✭✸❜✮ ∀j,
m∑

i=1

αi,j · pi,j 6 C

✭✸❝✮ ∀i,
n∑

j=1

αi,j · pi,j 6 C

✭✸✮

❖✉r ♣r♦❜❧❡♠ ✐s s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ✐♥ t❤❛t ✇❡ ❛❧❧♦✇ ❛r❜✐tr❛r② r❡❧❡❛s❡ ❞❛t❡s✳ ❆❞❞✐t✐♦♥✲
❛❧❧②✱ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ r❛t❤❡r t❤❛♥ t❤❡ ♠❛❦❡s♣❛♥✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ♦❜❥❡❝t✐✈❡ F ✳ ❆s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳✶✱ ✇❡ ✉s❡
t❤✐s ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ t♦ ❞❡✜♥❡ ❢♦r ❡❛❝❤ ❥♦❜ Jj ❛ ❞❡❛❞❧✐♥❡ d̄j(F) = rj + F/wj ✳ ❆s ❜❡❢♦r❡✱
t❤❡ s❡t ♦❢ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ❞❡✜♥❡s ❛ s❡t ♦❢ ❡♣♦❝❤❛❧ t✐♠❡s ✇❤✐❝❤✱ ✐♥ t✉r♥✱ ❞❡✜♥❡s
❛ s❡t ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s t❤❛t ✇❡ ❞❡♥♦t❡ ❜② I1, . . . , In✐♥t(F)✳ ❚❤❡♥✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts
❛ ♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ♥♦ ❣r❡❛t❡r t❤❛♥ F ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
▲✐♥❡❛r ❙②st❡♠ ✭✹✮ ❤❛s ❛ s♦❧✉t✐♦♥✳ ▲✐♥❡❛r ❙②st❡♠ ✭✹✮ s✐♠♣❧② st❛t❡s t❤❛t✿

✶✳ ❡❛❝❤ ❥♦❜ ♠✉st ❜❡ ♣r♦❝❡ss❡❞ t♦ ❝♦♠♣❧❡t✐♦♥ ✭❊q✉❛t✐♦♥ ✭✹❛✮ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❊q✉❛✲
t✐♦♥ ✭✸❛✮✮❀

✷✳ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❛ ❥♦❜ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ It ❝❛♥♥♦t t❛❦❡ ❛ t✐♠❡ ❧❛r❣❡r t❤❛♥ t❤❡
❧❡♥❣t❤ ♦❢ It ❛s✱ ✐♥ t❤❡ ❝✉rr❡♥t ❢r❛♠❡✇♦r❦✱ ❛ ❥♦❜ ❝❛♥♥♦t ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ♣r♦❝❡ss❡❞ ❜②
t✇♦ ❞✐✛❡r❡♥t ♠❛❝❤✐♥❡s ✭❊q✉❛t✐♦♥ ✭✹❜✮ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❊q✉❛t✐♦♥ ✭✸❜✮✮❀

✸✳ t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ ❛ ♠❛❝❤✐♥❡ ❞✉r✐♥❣ ❛ t✐♠❡ ✐♥t❡r✈❛❧ ❝❛♥♥♦t ❡①❝❡❡❞ ✐ts ❝❛♣❛❝✐t② ✭❊q✉❛✲
t✐♦♥ ✭✹❝✮ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❊q✉❛t✐♦♥ ✭✸❝✮✮❀

✹✳ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❛ ❥♦❜ ❝❛♥♥♦t st❛rt ❜❡❢♦r❡ ✐t ✐s r❡❧❡❛s❡❞ ✭❊q✉❛t✐♦♥ ✭✹❞✮✮❀

✺✳ ❛ ❥♦❜ ♠✉st ❜❡ ♣r♦❝❡ss❡❞ ❜❡❢♦r❡ ✐ts ❞❡❛❞❧✐♥❡ ✭❊q✉❛t✐♦♥ ✭✹❡✮✮✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✹✺





✭✹❛✮ ∀j,
∑

t

∑

i

α
(t)
i,j = 1

✭✹❜✮ ∀t,∀j,
∑

i

α
(t)
i,j .pi,j 6 sup It − inf It

✭✹❝✮ ∀t,∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It − inf It

✭✹❞✮ ∀i,∀j,∀t, rj > sup It ⇒ α
(t)
i,j = 0

✭✹❡✮ ∀i,∀j,∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

✭✹✮

❆♥② ♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ♥♦ ❣r❡❛t❡r t❤❛♥ F ♠✉st ♦❜✈✐✲
♦✉s❧② s❛t✐s❢② ▲✐♥❡❛r ❙②st❡♠ ✭✹✮✳ ❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t ▲✐♥❡❛r ❙②st❡♠ ✭✹✮ ❤❛s ❛ s♦❧✉t✐♦♥✳
❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ▲❛✇❧❡r ❛♥❞ ▲❛❜❡t♦✉❧❧❡ ❬✷✵❪✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ✇❤♦❧❡ s②st❡♠ ❡✛❡❝t✐✈❡❧② ❞❡✲
❝♦♠♣♦s❡s ✐♥t♦ ❛ s❡t ♦❢ ❧✐♥❡❛r s✉❜✲s②st❡♠s✱ ♦♥❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧s✱ ❛♥❞ t❤❛t t❤❡
s✉❜✲s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥t❡r✈❛❧ It ✐s ❡①❛❝t❧② ❡q✉✐✈❛❧❡♥t t♦ ▲✐♥❡❛r ❙②st❡♠ ✭✸✮ ✇❤❡r❡
t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ✭✐✳❡✳✱ C = sup It − inf It✮✳ ❚❤❡r❡❢♦r❡✱ st❛rt✐♥❣
❢r♦♠ ❛ s♦❧✉t✐♦♥ ♦❢ ▲✐♥❡❛r ❙②st❡♠ ✭✹✮ ✇❡ ✉s❡ t❤❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ r❡❝♦♥str✉❝t✐♦♥ s❝❤❡♠❡ ♦❢
▲❛✇❧❡r ❛♥❞ ▲❛❜❡t♦✉❧❧❡ t♦ ❜✉✐❧❞ ❛ ♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧s It✳ ❚❤❡
❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡s❡ ♣❛rt✐❛❧ s❝❤❡❞✉❧❡s ❣✐✈❡s ✉s ❛ s♦❧✉t✐♦♥ t♦ ♦✉r ♣r♦❜❧❡♠✳

❚❤✉s ❢❛r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝❤❡❝❦ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❛ s♣❡❝✐✜❝ ♦❜❥❡❝t✐✈❡
✈❛❧✉❡ ❢♦r ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ▼♦r❡♦✈❡r✱ ✐❢ s✉❝❤ ❛♥ ♦❜❥❡❝t✐✈❡ ✐s
❢❡❛s✐❜❧❡ ❛ s❝❤❡❞✉❧❡ t❤❛t ❛❝❤✐❡✈❡s t❤✐s ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ❝❛♥ ❛❧s♦ ❜❡ ❜✉✐❧t ✐♥ ♣♦❧②♥♦♠✐❛❧
t✐♠❡✳ ❚♦ ✜♥❛❧❧② s♦❧✈❡ ♦✉r ♣r♦❜❧❡♠✱ ✇❡ r❡❝❛❧❧ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✿
▲✐♥❡❛r ❙②st❡♠ ✭✹✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❡❛r❝❤ ❢♦r ❛ s♦❧✉t✐♦♥ ✐♥ ❛ r❛♥❣❡ ♦❢ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s✱ ❞❡✜♥❡❞
❜② ❝♦♥s❡❝✉t✐✈❡ ♠✐❧❡st♦♥❡s✱ ♦✈❡r ✇❤✐❝❤ t❤❡ ❧✐♥❡❛r s②st❡♠ ✐s ✈❛❧✐❞ ✭✐✳❡✳✱ t❤❡ r❡❧❛t✐✈❡ ♦r❞❡r ♦❢
r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ❞♦❡s ♥♦t ❝❤❛♥❣❡✮✳ ❙✐♠✐❧❛r❧②✱ ❛ ❜✐♥❛r② s❡❛r❝❤ ♦✈❡r t❤❡ ♠✐❧❡st♦♥❡s
✖✇❤✐❝❤ ❛r❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r✖ ❡♥❛❜❧❡s ✉s t♦ ✜♥❞ ❛♥❞ ❜✉✐❧❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤❡r❡❢♦r❡✿

❚❤❡♦r❡♠ ✶✵✳ 〈R|rj ; ♣♠t♥|max wjFj〉 ✐s ♣♦❧②♥♦♠✐❛❧ ✿ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t❡❞
✢♦✇✱ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✱ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♣r♦❜❧❡♠✳

✼ ❖✤✐♥❡ ▼❛①✲str❡t❝❤ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ P❛r❡t♦ ❖♣t✐♠❛❧✲

✐t②

✼✳✶ P❛r❡t♦✲❖♣t✐♠❛❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❢❡✇ ❣❛♠❡ t❤❡♦r② ♥♦t✐♦♥s ❛♥❞ ❤♦✇ t❤❡② tr❛♥s❧❛t❡ t♦ ♦✉r ❝♦♥t❡①t✳
❚❤✐s ❡♥❛❜❧❡s ✉s t♦ ✉♥❞❡rst❛♥❞ ❛ ♠❛❥♦r ✢❛✇ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠❛①✲❜❛s❡❞ ♠❡tr✐❝ ✐♥ ❛ ❣❡♥❡r❛❧
❢r❛♠❡✇♦r❦ ❛♥❞ ❤♦✇ t♦ ❝♦rr❡❝t❧② ❞❡✜♥❡ ❛ ♥❡✇ ♠❡tr✐❝✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

●❛♠❡ t❤❡♦r② ♣r♦✈✐❞❡s ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ s✐t✉❛t✐♦♥s ✇❤❡r❡ ♠❛♥② ✉s❡rs ❝♦♠✲
♣❡t❡ ❢♦r r❡s♦✉r❝❡s✳ ❊❛❝❤ ✉s❡r ✭✐♥ ♦✉r ❝♦♥t❡①t✱ ❛ ❥♦❜✮ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ uj ✳
❚❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s r❡♣r❡s❡♥t t❤❡ s❛t✐s❢❛❝t✐♦♥ ♣❡r❝❡✐✈❡❞ ❜② t❤❡ ✉s❡r ✭t②♣✐❝❛❧❧② ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❞❡❧❛② ♦r ♦❢ t❤❡ ❝❛♣❛❝✐t②✮✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ s❝❤❡❞✉❧✐♥❣ str❛t❡❣✐❡s s✉❝❤ t❤❛t t❤❡ ✉t✐❧✐t② ♦❢
❡❛❝❤ ✉s❡r ✐s ♠❛①✐♠✐③❡❞✳ ■♥ ♦✉r ❝♦♥t❡①t ✐t ✐s ♠♦r❡ r❡❧❡✈❛♥t t♦ ❝♦♥s✐❞❡r ❝♦st ❢✉♥❝t✐♦♥s r❛t❤❡r
t❤❛♥ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ■♥❞❡❡❞✱ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❛r❡ t②♣✐❝❛❧❧② ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛s
✇❡ tr② t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✱ t❤❡ ✢♦✇ ♦r t❤❡ str❡t❝❤ ♦❢ ❡❛❝❤ ❥♦❜ ✭✇❡ ✇✐❧❧ t❤❡r❡❢♦r❡
❛ss✉♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤❡ ❝♦st γj ♦❢ ❥♦❜ Jj ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s C✮✳
❍♦✇❡✈❡r✱ ❛s t❤❡s❡ ✉s❡rs ♠❛② ❝♦♠♣❡t❡ ❢♦r t❤❡ s❛♠❡ r❡s♦✉r❝❡s✱ ✐t ✐s ❣❡♥❡r❛❧❧② ♥♦t ♣♦ss✐❜❧❡ t♦
s✐♠✉❧t❛♥❡♦✉s❧② ♠✐♥✐♠✐③❡ t❤❡ ❝♦st ♦❢ ❡❛❝❤ ✉s❡r✳ ■♥ ❛ ♠✉❧t✐✲✉s❡r ❝♦♥t❡①t✱ ♦♣t✐♠❛❧✐t② ✐s ♥♦t
❞❡✜♥❡❞ ❛s s✐♠♣❧② ❛s ✐♥ t❤❡ s✐♥❣❧❡✲✉s❡r ❝♦♥t❡①t✱ ❛♥❞ ✐t ✐s ❝♦♠♠♦♥ t♦ ✉s❡ P❛r❡t♦✲♦♣t✐♠❛❧✐t②✱
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✷ ✭P❛r❡t♦✲♦♣t✐♠❛❧✐t②✮✳ C ✐s P❛r❡t♦✲♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

∀C̃,∃i, γi(C̃) < γi(C)⇒ ∃j, γj(C) < γj(C̃)

■♥ ♦t❤❡r ✇♦r❞s✱ C ✐s P❛r❡t♦ ♦♣t✐♠❛❧ ✐❢ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ str✐❝t❧② ❞❡❝r❡❛s❡ t❤❡ ❝♦st ♦❢
❛ ♣❧❛②❡r ✇✐t❤♦✉t str✐❝t❧② ✐♥❝r❡❛s✐♥❣ t❤❛t ♦❢ ❛♥♦t❤❡r✳ ❆♥② ♥♦♥✲P❛r❡t♦✲♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ❝❛♥
t❤✉s ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♥♦♥✲❡✣❝✐❡♥t ❛s str✐❝t❧② ❛ ❜❡tt❡r ✉s❛❣❡ ♦❢ r❡s♦✉r❝❡s ❝♦✉❧❞ ❜❡ ❞♦♥❡✳ ▲❡t
✉s ❝♦♥s✐❞❡r t❤❡ ❝♦st s❡t Γ ⊆ (R∗

+)n ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ ❝♦st ✈❡❝t♦rs✿

Γ = {(γ1(C), . . . , γn(C)|t❤❡r❡ ❡①✐st ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ✇✐t❤ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s C}
❋✐❣✉r❡ ✾ ❞❡♣✐❝ts ♦♥ ❡❛❝❤ s✉❜✜❣✉r❡✱ ❢♦r ❛ s✐♠♣❧❡ s❝❤❡❞✉❧✐♥❣ ✐♥st❛♥❝❡ t❤❡ ✈❛r✐♦✉s ❝♦st s❡ts
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✱ ✢♦✇ t✐♠❡ ❛♥❞ str❡t❝❤ ♠❡tr✐❝s✳ ❚❤❡ ❞❛s❤❡❞✲❞♦tt❡❞ ❧✐♥❡ ✐s
t❤❡ ♦♣t✐♠❛❧ ✐s♦❧✐♥❡ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ♠❛①✲❜❛s❡❞ ♠❡tr✐❝ ✭maxj Cj ❢♦r ❋✐❣✉r❡ ✾✭❜✮✱ maxj Fj

❢♦r ❋✐❣✉r❡ ✾✭❝✮✱ ❛♥❞ maxj Sj ❢♦r ❋✐❣✉r❡ ✾✭❞✮✮✳ ❆♥② ♣♦✐♥t ✭t❤❡ ❜♦❧❞ ❧✐♥❡s✮ ❜❡❧♦♥❣✐♥❣ t♦
❜♦t❤ t❤❡ ✐s♦❧✐♥❡ ❛♥❞ t❤❡ ❝♦st s❡t ✐s t❤✉s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♠❛①✲❜❛s❡❞ ♠❡tr✐❝ ✳ ❍♦✇❡✈❡r ✇❡
❝❛♥ s❡❡ t❤❛t ✈❡r② ❢❡✇ ♦❢ t❤❡♠ ❛r❡ P❛r❡t♦✲♦♣t✐♠❛❧✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♦♥❧② t❤❡
✜rst ♠❛①✐♠✉♠ ❤❛s ❜❡❡♥ ♠✐♥✐♠✐③❡❞✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✐♥ t❤❡ ♥❡t✇♦r❦ ❝♦♠♠✉♥✐t② ✭s❡❡ ❢♦r
❡①❛♠♣❧❡ ❬✽✱ ✷✺❪✮ t❤❛t ♠❛①✲♠✐♥ ❢❛✐r♥❡ss s❤♦✉❧❞ ❜❡ r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞✳ ■♥ ♦✉r s❡tt✐♥❣✱ t❤✐s
♠❡❛♥s t❤❛t t❤❡ ✜rst ♠❛①✐♠✉♠ s❤♦✉❧❞ ❜❡ ♠✐♥✐♠✐③❡❞✱ t❤❡♥ t❤❡ s❡❝♦♥❞ s❤♦✉❧❞ ❜❡ ♠✐♥✐♠✐③❡❞✱
❛♥❞ s♦ ♦♥✳ ❙✉♠✲❜❛s❡❞ ♠❡tr✐❝s ♦❜✈✐♦✉s❧② ❞♦ ♥♦t s✉✛❡r ❢r♦♠ t❤✐s ✢❛✇ ❛♥❞ ❛❧✇❛②s ♣r♦❞✉❝❡
P❛r❡t♦✲♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s✳ ❚❤❛t ✐s ✇❤② ✇❡ ♣r♦♣♦s❡ t♦ ❝♦♥s✐❞❡r t❤❡ ♥❡✇ ♠❡tr✐❝s Cmax P❛r❡t♦✱
Fmax P❛r❡t♦✱ ❛♥❞ Smax P❛r❡t♦✳ ❚❤❡s❡ s❝❤❡❞✉❧✐♥❣ ♠❡tr✐❝s ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t
✭❜✉t ❛❧s♦ ♠✉❝❤ ♠♦r❡ ♠❡❛♥✐♥❣❢✉❧✮ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❛s ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ♦♥❧② ♦♣t✐♠✐③❡
t❤❡ ❝♦st ♦❢ t❤❡ ♠♦r❡ ❝♦♥str❛✐♥✐♥❣ ❥♦❜ ❜✉t t♦ ♦♣t✐♠✐③❡ t❤❡ ❝♦st ♦❢ ❛❧❧ ❥♦❜s ❛t t❤❡ s❛♠❡ t✐♠❡✳

✼✳✷ ❍❡✉r✐st✐❝ P❛r❡t♦ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ▼❛①✲❙tr❡t❝❤ ♦♥ ❖♥❡ ▼❛❝❤✐♥❡

❆❧❣♦r✐t❤♠ ✶ ✐s ❛♥ ♦❜✈✐♦✉s ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ r❡❝✉rs✐✈❡❧② tr✐❡s t♦ ♠✐♥✐♠✐③❡ t❤❡ str❡t❝❤ ♦❢ ❥♦❜s✿
✜rst ✐t ♠✐♥✐♠✐③❡s t❤❡ ♠❛①✲str❡t❝❤✱ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ✇❤♦s❡ str❡t❝❤ ✐s ❡q✉❛❧ t♦ t❤❡
♠❛①✲str❡t❝❤✱ t❤❡♥ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤ ♦❢ t❤❡ ♦t❤❡r ❥♦❜s✱ ❛♥❞ s♦ ♦♥✳ ❲❡ s❤♦✇ t❤❛t ✐♥ s♦♠❡
❝❛s❡s ❆❧❣♦r✐t❤♠ ✶ ♣r♦❞✉❝❡s P❛r❡t♦ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s ❢♦r str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳
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▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✹✼

❆❧❣♦r✐t❤♠ ✶✿ ❍❡✉r✐st✐❝ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡✳

FixedStretch ← ∅✶

FreeStretch ← {J1, ..., Jn}✷

✇❤✐❧❡ FreeStretch 6= ∅ ❞♦✸

❈♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠ ♠❛①✐♠✉♠ str❡t❝❤ S ♦❢ t❤❡ ❥♦❜s ✐♥ FreeStretch t❛❦✐♥❣ ✐♥t♦✹

❛❝❝♦✉♥t t❤❛t ❢♦r ❛♥② ❥♦❜ Jj s✉❝❤ t❤❛t (Jj ,Sj) ∈ FixedStretch✱ Jj ❤❛s ❡①❛❝t❧② ❛
str❡t❝❤ ♦❢ Sj ✳
❢♦r❡❛❝❤ Jj ∈ FreeStretch ❞♦✺

▲❡t d̄j ← rj + S × pj✻

❢♦r❡❛❝❤ (Jj ,Sj) ∈ FixedStretch ❞♦✼

▲❡t d̄j ← rj + Sj × pj✽

❙❝❤❡❞✉❧❡ ❊❛r❧✐❡st ❉❡❛❞❧✐♥❡ ❋✐rst ✭❊❉❋✮ ❛❧❧ t❤❡ ❥♦❜s ✭❜r❡❛❦✐♥❣ t✐❡s r❛♥❞♦♠❧②✮❀ ▲❡t✾

Cj ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❥♦❜ Jj ✉♥❞❡r t❤✐s s❝❤❡❞✉❧❡
❢♦r❡❛❝❤ Jj ∈ FreeStretch ❞♦✶✵

✐❢ Cj = d̄j t❤❡♥✶✶

FreeStretch ← FreeStretch \ {Jj}✶✷

FixedStretch ← FixedStretch ∪ {(Jj ,S)}✶✸

❢♦r❡❛❝❤ (Jj ,Sj) ∈ FixedStretch ❞♦✶✹

▲❡t d̄j ← rj + Sj × pj✶✺

❙❝❤❡❞✉❧❡ ❊❛r❧✐❡st ❉❡❛❞❧✐♥❡ ❋✐rst ✭❊❉❋✮ ❛❧❧ t❤❡ ❥♦❜s✶✻

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹✽ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✵ ✶ ✷ ✸ ✹ ✺ ✻

✐♥st❛♥❝❡
❙❝❤❡❞✉❧✐♥❣

s❝❤❡❞✉❧❡s
❱❛r✐♦✉s

σ1

σ2

σ3

σ4

r2 = 2, p2 = 1

r1 = 0, p1 = 4





{

✭❛✮ ❙❝❤❡❞✉❧✐♥❣ ✐♥st❛♥❝❡ ❛♥❞ ✈❛r✐♦✉s ❢❡❛s✐❜❧❡ s❝❤❡❞✲
✉❧❡s✳

σ4

σ3

σ1

σ2

C1

C2

✵ ✶ ✷ ✸ ✹ ✺ ✻
✵

✶

✷

✸

✹

✺

✻

✭❜✮ ❈♦st s❡t ❢♦r Cj ✳ ❇♦❧❞ ❧✐♥❡s ❞❡♣✐❝t ♦♣t✐♠❛❧
s❝❤❡❞✉❧❡ ✭❤❡♥❝❡ σ1✱ σ2 ❛♥❞ σ3✮ ❢♦r t❤❡ maxj Cj

♠❡tr✐❝✳ ❍♦✇❡✈❡r✱ ♦♥❧② σ1 ❛♥❞ σ2 ❛r❡ P❛r❡t♦✲
♦♣t✐♠❛❧✳

σ2

σ4

σ3

σ1

F2

F1✵ ✶ ✷ ✸ ✹ ✺ ✻
✵

✶

✷

✸

✹

✺

✻

✭❝✮ ❈♦st s❡t ❢♦r Fj ✳ σ1 ❛♥❞ ❛♥② s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t
F1 ❛♥❞ F2 ❛r❡ s♠❛❧❧❡r t❤❛♥ ✹ ✐s ♦♣t✐♠❛❧ ❢♦r maxj Fj ✳
❍♦✇❡✈❡r✱ ♦♥❧② σ1 ✐s P❛r❡t♦✲♦♣t✐♠❛❧ ❢♦r maxj Fj ✳

✵ ✶ ✷ ✸
✵

✶

✷

✸ σ1

σ4

σ3

σ2

S2

S1

✭❞✮ ❈♦st s❡t ❢♦r Sj ✳ σ2 ❛♥❞ ❛♥② s❝❤❡❞✉❧❡ s✉❝❤
t❤❛t S1 ❛♥❞ S2 ❛r❡ s♠❛❧❧❡r t❤❛♥ ✶✳✷✺ ✐s ♦♣t✐♠❛❧
❢♦r maxj Sj ✳ ❍♦✇❡✈❡r✱ ♦♥❧② σ2 ✐s P❛r❡t♦✲♦♣t✐♠❛❧
❢♦r maxj Sj ✳

❋✐❣✉r❡ ✾✿ ▼♦st ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ ♠❛①✲❜❛s❡❞ ♠❡tr✐❝s ❛r❡ ♥♦t P❛r❡t♦✲♦♣t✐♠❛❧✳

❚❤❡♦r❡♠ ✶✶✳ ❆❧❣♦r✐t❤♠ ✶ ♣r♦❞✉❝❡s ❛ P❛r❡t♦ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ❢♦r ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥
♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ✐❢ ❛t ♥♦ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣ t❤❡r❡ ❛r❡ t✇♦ ❥♦❜s ✇❤♦s❡
❞❡❛❞❧✐♥❡s✱ ❞❡✜♥❡❞ ❛t ❙t❡♣s ✻ ❛♥❞✴♦r ✽✱ ❛r❡ ❡q✉❛❧✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✐♥ t✇♦ st❡♣s✳ ❋✐rst ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡
❛❧❣♦r✐t❤♠ ❛❧✇❛②s t❡r♠✐♥❛t❡s✳ ❚❤❡♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ♣r♦❞✉❝❡s ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✐❢ ❛t
♥♦ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣ t❤❡r❡ ❛r❡ t✇♦ ❥♦❜s ✇❤♦s❡ ❞❡❛❞❧✐♥❡s✱ ❞❡✜♥❡❞ ❛t ❙t❡♣s ✻ ❛♥❞✴♦r
✽✱ ❛r❡ ❡q✉❛❧✳

✶✳ ❲❡ ✜rst s❤♦✇ t❤❛t ❛❧❧ ❛❧❣♦r✐t❤♠s st❡♣s ❛r❡ ❢❡❛s✐❜❧❡ ❛♥❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠s t❡r♠✐♥❛t❡s✳
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▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✹✾

■♥✐t✐❛❧❧②✱ FixedStretch ✐s ❡♠♣t② ❛♥❞ t❤❡ ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❙t❡♣ ✹ ✐s ❛❜s♦✲
❧✉t❡❧② ❡q✉✐✈❛❧❡♥t t♦ ✇❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ ✐♥ ❙❡❝t✐♦♥ ✻ ❛♥❞ ✐s t❤✉s tr♦✉❜❧❡✲❧❡ss✳ ▲❛t❡r ♦♥✱
t❤❡ ♣r♦❜❧❡♠ s♦❧✈❡❞ ❛t ❙t❡♣ ✹ ♦❢ ❛ ❣✐✈❡♥ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣ ❤❛s✱ ❛s ❛ s♦❧✉t✐♦♥✱
t❤❡ s❝❤❡❞✉❧❡ ❢♦✉♥❞ ❜② ❊❉❋ ❛t t❤❡ ♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣✱ ❜❡❝❛✉s❡ ♦❢ t❤❡
✇❛② ✇❡ ✜① t❤❡ str❡t❝❤ ✈❛❧✉❡s ❢♦r ❥♦❜s ✐♥ FixedStretch✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ ❛t ❙t❡♣ ✹
✐s ❛❧✇❛②s ❢❡❛s✐❜❧❡✳

❚❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❛s t❤❡ s✐③❡ ♦❢ FreeStretch str✐❝t❧② ❞❡❝r❡❛s❡s ✇✐t❤ ❡❛❝❤ ✐t✲
❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣✳ ■♥❞❡❡❞✱ ❛t ❙t❡♣ ✶✶ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s tr✉❡ ❢♦r ❛t ❧❡❛st ♦♥❡
❥♦❜ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣✳ ❖t❤❡r✇✐s❡✱ ✉s✐♥❣ ❊❉❋ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❢♦✉♥❞
❛ s❝❤❡❞✉❧❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♠❛①✲str❡t❝❤ ♦❢ t❤❡ ❥♦❜s ✐♥ FreeStretch ✇♦✉❧❞ ❜❡ str✐❝t❧②
s♠❛❧❧❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ❢♦✉♥❞ ❛t ❙t❡♣ ✹ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳

✷✳ ❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t✱ ✇❤❛t❡✈❡r t❤❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣✱ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st
t✇♦ ❥♦❜s ✇❤♦s❡ ❞❡❛❞❧✐♥❡s✱ ❞❡✜♥❡❞ ❛t ❙t❡♣s ✻ ❛♥❞✴♦r ✽✱ ❛r❡ ❡q✉❛❧✳ ❲❡ t❤❡♥ ♣r♦✈❡ ❜②
✐♥❞✉❝t✐♦♥ t❤❛t t❤❡ ❝♦♠♣✉t❡❞ s❝❤❡❞✉❧❡ ✐s P❛r❡t♦ ♦♣t✐♠❛❧✳

■♥✐t✐❛❧❧②✱ t❤❡ s❡t FixedStretch ✐s ❡♠♣t② ❛♥❞ ❙t❡♣ ✹ ❝♦♠♣✉t❡s t❤❡ ♠✐♥✐♠✉♠ ♠❛①✲str❡t❝❤
S∗ ❛❝❤✐❡✈❛❜❧❡✳ ❚❤❡ ♦♥❧② q✉❡st✐♦♥ ✇❡ ❤❛✈❡ t♦ ❛♥s✇❡r ✐s t❤✉s✿ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s
✇❤♦s❡ str❡t❝❤ ✐s ✜①❡❞ t♦ S∗ ♠✐♥✐♠❛❧❄ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❛ str♦♥❣❡r r❡s✉❧t✿ ✐❢ ♦✉r ❛❧❣♦r✐t❤♠
s❡ts t❤❡ str❡t❝❤ ♦❢ ❛ ❥♦❜ Jj t♦ S∗✱ t❤❡♥ ✐♥ ❛❧❧ s❝❤❡❞✉❧❡s ✇❤♦s❡ ♠❛①✲str❡t❝❤ ✐s ❧❡ss t❤❛♥ ♦r
❡q✉❛❧ t♦ S∗✱ t❤❡ str❡t❝❤ ♦❢ Jj ✐s ❛❝t✉❛❧❧② ❡q✉❛❧ t♦ S∗✳ ❲❡ ♣r♦✈❡ t❤✐s ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳
❲❡ t❤✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ s❝❤❡❞✉❧❡ Θ ✇❤♦s❡ ♠❛①✲str❡t❝❤ ✐s ❧❡ss t❤❛♥
♦r ❡q✉❛❧ t♦ S∗✱ ❛♥❞ ✉♥❞❡r ✇❤✐❝❤ t❤❡ str❡t❝❤ ♦❢ Jj ✐s ❡q✉❛❧ t♦ S(Θ)

j < S∗✳ ❚❤❡♥ ✇❡
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥st❛♥❝❡ ♦❢ ❞❡❛❞❧✐♥❡ s❝❤❡❞✉❧✐♥❣✿ t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ ❛♥② ❥♦❜ Ji 6= Jj

✐s t❤❡ s❛♠❡ ❛s ✉♥❞❡r ♦✉r ❛❧❣♦r✐t❤♠✱ ✐✳❡✳✱ d̄i = ri + S∗ × pi✱ ❛♥❞ t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ Ji

✐s ❡q✉❛❧ t♦ d̄i = ri + (S∗ − ε) × pi✱ ✇❤❡r❡ ε > 0 ✐s ❝❤♦s❡♥ s♠❛❧❧❡r ❡♥♦✉❣❤ s✉❝❤ t❤❛t

S(Θ)
j 6 S∗ − ε✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ ❞❡❛❞❧✐♥❡s ✇❡ ❥✉st ❞❡✜♥❡❞✱ s♦rt❡❞ ❜②

♥♦♥✲❞❡❝r❡❛s✐♥❣ ✈❛❧✉❡s✱ ✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ♦♥❡s ❞❡✜♥❡❞ ❜② ❙t❡♣ ✻ ✭✇❤✐❝❤ ✐s t❤❡ ♦r❞❡r
❢♦✉♥❞ ✇❤❡♥ ε = 0✮✳ ❙✉❝❤ ❛♥ ε ❡①✐sts ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ♠❛❞❡ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ♥♦
t✇♦ ❥♦❜s ❤❛✈❡ t❤❡ s❛♠❡ ❞❡❛❞❧✐♥❡ ❛t t❤❡ ✜rst ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣✳ ❖✉r ✐♥st❛♥❝❡
♦❢ ❞❡❛❞❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ✐s ❢❡❛s✐❜❧❡ ❛s ✐t ❛❞♠✐ts Θ ❛s ❛ s♦❧✉t✐♦♥✳ ◆♦✇✱ ✇❡ s❝❤❡❞✉❧❡ ♦✉r
✐♥st❛♥❝❡ ✉s✐♥❣ ❊❉❋✳ ❆s ❊❉❋ ❛❧✇❛②s ✜♥❞s ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ✐❢ ♦♥❡ ❡①✐sts ❬✶✸❪✱ ✐t ✜♥❞s ❛
s♦❧✉t✐♦♥ ❢♦r t❤✐s ✐♥st❛♥❝❡✳ ❊❉❋ s❝❤❡❞✉❧❡s t❤❡ ❥♦❜s ✉♥❞❡r t❤✐s ✐♥st❛♥❝❡ ❡①❛❝t❧② ❛s ✐t ❞✐❞
✐♥ ❆❧❣♦r✐t❤♠ ✶✱ ❛s t❤❡ ♦r❞❡r ♦❢ t❤❡ ❞❡❛❞❧✐♥❡s ❞✐❞ ♥♦t ❝❤❛♥❣❡✱ ❛♥❞ t❤✉s ✜♥❞s t❤❡ s❛♠❡
str❡t❝❤❡s✳ ❚❤❡r❡❢♦r❡✱ ❊❉❋ ✜♥❞s ❛ str❡t❝❤ ♦❢ S∗ ❢♦r Jj ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❧♦♦❦✐♥❣ ❛t
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Jj ✬s ❞❡❛❞❧✐♥❡✱ d̄j ✳ ❍❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ✐s ♣r♦✈❡♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐t ❛❧s♦ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝ts
t❤❛t ✶✮ ❡❛❝❤ t✐♠❡ ❛ str❡t❝❤ ✐s ✜①❡❞✱ ✐t ✐s t❤❡ ♠✐♥✐♠❛❧ ♠❛①✐♠✉♠ ❞✉❡ t♦ ❙t❡♣ ✹❀ ❛♥❞ ✷✮
❊❉❋ s✉❝❝❡❡❞s ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡✳

❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❆❧❣♦r✐t❤♠ ✶ ❛❧✇❛②s ♣r♦❞✉❝❡s ❛ P❛r❡t♦ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ❢♦r ♠❛①✲
str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✳ ❚❤✐s ❝♦♥❥❡❝t✉r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝ts
t❤❛t ✶✮ t❤❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ ❛ s❝❤❡❞✉❧❡ t❤❡ ✈❡❝t♦r ♦❢ t❤❡ str❡t❝❤ ♦❢ t❤❡ ❥♦❜s✱

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✺✵ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

s♦rt❡❞ ✐♥ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♦r❞❡r✱ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❀ ✷✮ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ s❡t ♦❢ t❤❡
✐♥st❛♥❝❡s ❢♦r ✇❤✐❝❤ ❚❤❡♦r❡♠ ✶✶ ❤♦❧❞s ✐s ❞❡♥s❡ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ✐♥st❛♥❝❡s✳

✼✳✸ ❍❡✉r✐st✐❝ P❛r❡t♦ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ▼❛① ❲❡✐❣❤t❡❞ ❋❧♦✇ ♦♥ ❯♥✲
r❡❧❛t❡❞ ▼❛❝❤✐♥❡s

❍❡r❡✱ ✇❡ t❛r❣❡t t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ t❤❡ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇ ❛s ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❧♦♦❦ ❛t
t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♠❛①✲✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥✳

❆❧❣♦r✐t❤♠ ✷ ♣r❡s❡♥ts t❤❡ s♦❧✉t✐♦♥ ✇❡ ♣r♦♣♦s❡ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❚❤❡ s♦❧✉t✐♦♥ ❢♦r
✉♥✐✲♣r♦❝❡ss♦r ❝❛s❡ ❝❛♥♥♦t ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❡①t❡♥❞❡❞ t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛s t❤❡ ❊❛r❧✐❡st
❉❡❛❞❧✐♥❡ ❋✐rst ❛❧❣♦r✐t❤♠ ✐s ♦❜✈✐♦✉s❧② ♥♦t ♦♣t✐♠❛❧ ❢♦r ♥♦♥✲✉♥✐❢♦r♠ ♠❛❝❤✐♥❡s✳ ❖♥❝❡ ❛❣❛✐♥
✇❡ ✭tr② t♦✮ r❡❝✉rs✐✈❡❧② ♦♣t✐♠✐③❡ t❤❡ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇ ♦❢ t❤❡ ❥♦❜s✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❜❡st
❛❝❤✐❡✈❛❜❧❡ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇ ❢♦r t❤❡ ❥♦❜s ✇❤♦s❡ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ♥♦t ②❡t ✜①❡❞✱ ❛♥❞ ✇❡ ✭tr②
t♦✮ ♠✐♥✐♠✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ✇❤♦s❡ ✇❡✐❣❤t❡❞ ✢♦✇ ✐s ❡q✉❛❧ t♦ t❤✐s ♠❛①✐♠✉♠✳ ❆s ❛❧✇❛②s
t❤❡ ♦❜❥❡❝t✐✈❡ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇ ❣✐✈❡s ❛ ❞❡❛❞❧✐♥❡ ♣❡r FreeStretch ❥♦❜✳ ❲❡ ✜rst ♠✐♥✐♠✐③❡ t❤❡
♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ❞❡❛❞❧✐♥❡s d s✉❝❤ t❤❛t t❤❡r❡ ❛❧✇❛②s ✐s ❛ ❥♦❜ ✇❤♦s❡ ❞❡❛❞❧✐♥❡ ✐s d ❛♥❞ ✇❤✐❝❤
✐s ❝♦♠♣❧❡t❡❞ ❛t ❞❛t❡ d✳ ❚❤❡♥ ✇❡ ♠✐♥✐♠✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ ✭♣r♦❜❧❡♠❛t✐❝✮ ❥♦❜s✱ ✐✳❡✳✱ ♦❢ ❥♦❜s
✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡t❡❞ ❛t t❤❡✐r ❞❡❛❞❧✐♥❡✳

❲❡ ✜rst s❤♦✇ t❤❛t ❆❧❣♦r✐t❤♠ ✷ ✐s ❝♦rr❡❝t✳ ❚❤❡♥ ✇❡ ❝♦♠❡ ❜❛❝❦ ♦♥ ❙t❡♣ ✶✺✱ ✇❤✐❝❤ ✐s ♥♦t
❢✉❧❧② ❞❡✜♥❡❞✳

▲❡♠♠❛ ✸✳ ❆❧❣♦r✐t❤♠ ✷ ♣r♦❞✉❝❡s ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❝♦rr❡❝t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✷ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❝♦rr❡❝t✐♦♥ ❢♦r ❆❧✲
❣♦r✐t❤♠ ✶✱ ❡①❝❡♣t ❢♦r t❤❡ ❧♦♦♣ ❛t ❙t❡♣ ✶✵✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ t♦ ♣r♦✈❡ t✇♦ ♣r♦♣❡rt✐❡s✿ ✶✮
❙②st❡♠ ✺ ❤❛s ❛ ♥✉❧❧ s♦❧✉t✐♦♥ ❢♦r ❞❡❛❞❧✐♥❡ d ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ✇❤❛t❡✈❡r t❤❡ s❝❤❡❞✉❧❡✱ t❤❡r❡ ❡①✐sts
❛ ❥♦❜ Jj s✉❝❤ t❤❛t Cj = d̄j = d ✭✇❡ t❤❡♥ s❛② d ✐s ❛ ✏t✐❣❤t✑ ❞❡❛❞❧✐♥❡✮❀ ✷✮ t❤❡r❡ ❡①✐sts ❛ ✈❛❧✐❞
s❝❤❡❞✉❧❡ ✉♥❞❡r ✇❤✐❝❤✱ ✇❤❛t❡✈❡r t❤❡ ❞❡❛❞❧✐♥❡ d ✇❤✐❝❤ ✐s ♥♦t t✐❣❤t✱ t❤❡r❡ ✐s ♥♦ ❥♦❜ Jj s✉❝❤
t❤❛t Cj = d̄j = d✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ✜rst ♣r♦♣❡rt②✳ ❙✉♣♣♦s❡ d ∈ D ✐s ♥♦t ❛ t✐❣❤t ❞❡❛❞❧✐♥❡✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛ s❝❤❡❞✉❧❡ Θ s✉❝❤ t❤❛t ❛❧❧ ❥♦❜s ✇❤♦s❡ ❞❡❛❞❧✐♥❡ ✐s d ❝♦♠♣❧❡t❡ str✐❝t❧② ❜❡❢♦r❡ t❤❡ ❞❛t❡
d✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ Itd

✇❤✐❝❤ ❡♥❞s ❛t ❞❛t❡ d ✭s❡❡ ❙❡❝t✐♦♥ ✻✮✱ ❛♥❞ ❛♥② ♣r♦❝❡ss♦r
Pi✳ ❆s ♥♦ ❥♦❜s ✇❤♦s❡ ❞❡❛❞❧✐♥❡ ✐s d ❝♦♠♣❧❡t❡s ❛t ❞❛t❡ d✱ r✐❣❤t ❜❡❢♦r❡ t❤❛t ❞❛t❡ ❡✐t❤❡r✿

✶✳ Pi ✐s ✐❞❧❡✱ ❛♥❞ t❤❡♥✿

sup Itd
− inf Itd

>
∑

j

α
(t)
i,j .pi,j >

∑

j|d̄j=d

α
(t)
i,j .pi,j .

✷✳ Pi ♣r♦❝❡ss❡s ❛ ❥♦❜ ✇❤♦s❡ ❞❡❛❞❧✐♥❡ ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ d✱ ❛♥❞ t❤❡♥✿

∑

j|d̄j=d

α
(t)
i,j .pi,j <

∑

j

α
(t)
i,j .pi,j 6 sup Itd

− inf Itd
.

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✺✶

❆❧❣♦r✐t❤♠ ✷✿ ❍❡✉r✐st✐❝ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇✳

FixedStretch ← ∅✶

FreeStretch ← {J1, ..., Jn}✷

✇❤✐❧❡ FreeStretch 6= ∅ ❞♦✸

❈♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠ ♠❛① ✇❡✐❣❤t❡❞ ✢♦✇ S ♦❢ t❤❡ ❥♦❜s ✐♥ FreeStretch t❛❦✐♥❣ ✐♥t♦✹

❛❝❝♦✉♥t t❤❛t ❢♦r ❛♥② ❥♦❜ Jj s✉❝❤ t❤❛t (Jj ,Sj) ∈ FixedStretch✱ Jj ❤❛s ❡①❛❝t❧② ❛
str❡t❝❤ ♦❢ Sj

❢♦r❡❛❝❤ Jj ∈ FreeStretch ❞♦✺

d̄j ← rj + S × pj✻

❢♦r❡❛❝❤ (Jj ,Sj) ∈ FixedStretch ❞♦✼

d̄j ← rj + Sj × pj✽

D ← {d̄j | Sj ∈ FreeStretch}✾

❢♦r❡❛❝❤ d ∈ D ❞♦✶✵

■♥ t❤❡ s❡t ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s ❞❡✜♥❡❞ ❜② t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ✭s❡❡✶✶

❙❡❝t✐♦♥ ✻✳✶✳✶✮✱ ❧❡t Itd
❜❡ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ❡♥❞✐♥❣ ❛t ❞❛t❡ d✿ sup Itd

= d
❙♦❧✈❡ ❙②st❡♠ ✭✺✮ ✭✇❤✐❝❤ ❛tt❡♠♣ts t♦ ❝♦♠♣❧❡t❡ str✐❝t❧② ❜❡❢♦r❡ d ❛❧❧ ❥♦❜s ♦❢✶✷

❞❡❛❞❧✐♥❡ d✮

▼❛①✐♠✐③❡ δ ,
✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts



∀i,∀j,∀t, rj > sup It ⇒ α
(t)
i,j = 0

∀i,∀j,∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

∀t,∀i, ∑j α
(t)
i,j .pi,j 6 sup It − inf It

∀j, ∑t

∑
i α

(t)
i,j = 1

∀i, ∑j|d̄j=d α
(t)
i,j .pi,j 6 (sup Itd

− inf Itd
)− δ

✭✺✮

✐❢ δ = 0 t❤❡♥✶✸

Sd ← {Jj ∈ FreeStretch | d̄j = d}✶✹

❈♦♠♣✉t❡ ❛ s✉❜s❡t S′
d ♦❢ Sd s✉❝❤ t❤❛t ❛❧❧ ❥♦❜s ✐♥ S′

d ❤❛✈❡ ❛ ♠❛① ✇❡✐❣❤t❡❞✶✺

✢♦✇ ♦❢ S✱ ❛♥❞ s✉❝❤ t❤❛t ❛❧❧ t❤❡ ♦t❤❡r ❥♦❜s ✐♥ Sd ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❤❛✈❡ ❛
♠❛① ✇❡✐❣❤t❡❞ ✢♦✇ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ S✳
❢♦r❡❛❝❤ Jj ∈ S′

d ❞♦✶✻

FreeStretch ← FreeStretch \ {Jj}✶✼

FixedStretch ← FixedStretch ∪ {(Jj ,S)}✶✽

❢♦r❡❛❝❤ (Jj ,Sj) ∈ FixedStretch ❞♦✶✾

d̄j ← rj + Sj × pj✷✵

❇✉✐❧❞ ❛ s❝❤❡❞✉❧❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ▲✐♥❡❛r Pr♦❣r❛♠ ✶✳✷✶

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✺✷ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

■♥ ❛❧❧ ❝❛s❡s✿
sup Itd

− inf Itd
−
∑

j|d̄j=d

α
(t)
i,j .pi,j > 0

❚❤✉s✱ ✇❡ ❝❛♥ ♣✐❝❦ ❢♦r δ t❤❡ str✐❝t❧② ♣♦s✐t✐✈❡ ✈❛❧✉❡✿

min
i


sup Itd

− inf Itd
−
∑

j|d̄j=d

α
(t)
i,j .pi,j


 .

❚❤❡r❡❢♦r❡✱ ✐❢ δ = 0✱ d ✐s ❛ t✐❣❤t s❝❤❡❞✉❧❡✳
❈♦♥✈❡rs❡❧②✱ ✐❢ δ > 0✱ ✇❡ t❛❦❡ ❛♥② s♦❧✉t✐♦♥ t♦ ❙②st❡♠ ✭✺✮✱ ❛♥❞ t❤❡♥✱ ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✱

❛♥❞ ❞✉r✐♥❣ ❡❛❝❤ t✐♠❡ ✐♥t❡r✈❛❧✱ ✇❡ s❝❤❡❞✉❧❡ ❡❛r❧✐❡st ❞❡❛❞❧✐♥❡ ✜rst t❤❡ ❢r❛❝t✐♦♥s α
(t)
i,j ✳ ❆s δ > 0✱

✇❤❛t❡✈❡r t❤❡ ♣r♦❝❡ss♦r✱ inf Itd
+
∑

j|d̄j=d α
(t)
i,j .pi,j < sup Itd

❛♥❞✱ t❤✉s✱ ❛❧❧ ❥♦❜s t❤♦s❡ ❞❡❛❞❧✐♥❡s
❛r❡ d ❛r❡ ❝♦♠♣❧❡t❡❞ str✐❝t❧② ❜❡❢♦r❡ t❤❡ ❞❛t❡ d✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt②✳ ▲❡t d1 ❛♥❞ d2 ❜❡ t✇♦ ❞❡❛❞❧✐♥❡s ✐♥ D✳ ▲❡t Θ1 ❛♥❞
Θ2 ❜❡ t✇♦ s❝❤❡❞✉❧❡s s✉❝❤ t❤❛t ✉♥❞❡r Θ1 ✭r❡s♣✳ Θ2✮ ♥♦ ❥♦❜ Jj ✐s s✉❝❤ t❤❛t Cj = d̄j = d1

✭r❡s♣✳ Cj = d̄j = d2✮✳ ❲❡ ❞❡♥♦t❡ ❜② α
(t,1)
i,j ✭r❡s♣✳ α

(t,2)
i,j ✮ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss❡❞ ♦♥

♣r♦❝❡ss♦r Pi ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ It ✉♥❞❡r t❤❡ s❝❤❡❞✉❧❡ Θ1 ✭r❡s♣✳ Θ2✮✳ ❲❡ t❤❡♥ ❞❡✜♥❡

❛ t❤✐r❞ s❝❤❡❞✉❧❡✱ Θ3✱ ❜② α
(t,3)
i,j = 1

2 (α
(t,1)
i,j + α

(t,2)
i,j )✱ ❛♥❞ ❜② s❝❤❡❞✉❧✐♥❣✱ ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✱

❛♥❞ ❞✉r✐♥❣ ❡❛❝❤ ✐♥t❡r✈❛❧✱ t❤❡ ❢r❛❝t✐♦♥s ❊❛r❧✐❡st ❉❡❛❞❧✐♥❡ ❋✐rst✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t
Θ3 ✐s ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ❛♥❞ t❤❛t ✉♥❞❡r Θ3✱ t❤❡r❡ ✐s ♥♦ ❥♦❜ Jj s✉❝❤ t❤❛t Cj = d̄j = d1 ♦r
Cj = d̄j = d2✳ ❆♥ ✐♠♠❡❞✐❛t❡ ✐♥❞✉❝t✐♦♥ ❣✐✈❡s ✉s t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳

❙t❡♣ ✶✺ ❞♦❡s ♥♦t ❡①♣❧✐❝✐t ❤♦✇ t❤❡ s❡t ✏S′
d✑ s❤♦✉❧❞ ❜❡ ❝♦♠♣✉t❡❞✱ ❡s♣❡❝✐❛❧❧② ❛s ✇❡ ✇♦✉❧❞

❧✐❦❡ t❤✐s s❡t t♦ ❜❡ ❛s s♠❛❧❧ ❛s ♣♦ss✐❜❧❡✳ ■♥ ❢❛❝t✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ t❤✐s ♣r♦❜❧❡♠ ✐s ◆P✲
❝♦♠♣❧❡t❡✱ ❛s s❤♦✇♥ ❜② t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t t❤❡♦r❡♠ ✇❤✐❝❤ st❛t❡s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❣❡♥❡r❛❧ ♠❛①✲✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥✱ ❛♥❞ t❤✉s ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳

❚❤❡♦r❡♠ ✶✷✳ ❚❤❡ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲✢♦✇ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✱ 〈R|❞✐✈|FmaxP❛r❡t♦〉✱
✐s ◆P✲❝♦♠♣❧❡t❡

❆s ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② r❡❧❡❛s❡ ❞❛t❡s ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ ✇❡ ✐♥ ❢❛❝t ♣r♦✈❡ t❤❛t
〈R|❞✐✈|CmaxP❛r❡t♦〉✱ ✐s ◆P✲❝♦♠♣❧❡t❡✳ ■♥ ❢❛❝t ✇❡ ♣r♦✈❡ ❛♥ ❡✈❡♥ str♦♥❣❡r r❡s✉❧t✱ t❤❛t ✐s
t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ✇❤♦s❡ ❝♦♠♣❧❡t✐♦♥ ❞❛t❡ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛❦❡s♣❛♥ ✐s
◆P✲❝♦♠♣❧❡t❡ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s✱ ❛♥❞ ✉♥❞❡r t❤❡ ❞✐✈✐s✐❜❧❡ ♠♦❞❡❧✳

Pr♦♦❢✳ ❚❤✐s r❡s✉❧t ✐s ♣r♦✈❡❞ ✇✐t❤ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ▼✐♥✐♠✉♠ ❍✐tt✐♥❣ ❙❡t ❬✶✺❪✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛♥② ✐♥st❛♥❝❡ I1 ♦❢ ▼✐♥✐♠✉♠ ❍✐tt✐♥❣ ❙❡t✳ I1 ✐s ❞❡✜♥❡❞ ❜② ❛ ❝♦❧❧❡❝t✐♦♥

C = {S1, ..., S|C|} ♦❢ s✉❜s❡ts ♦❢ ❛ ✜♥✐t❡ s❡t S ❛♥❞ ❜② ❛♥ ✐♥t❡❣❡r K✳ ❚❤❡ q✉❡st✐♦♥ ✐s✿ ✐s t❤❡r❡
❛ s✉❜s❡t S′ ♦❢ S✱ s✉❝❤ t❤❛t |S′| 6 K ❛♥❞ s✉❝❤ t❤❛t S′ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ❢r♦♠
❡❛❝❤ s✉❜s❡t ✐♥ C✿ ❢♦r ❡❛❝❤ i ∈ [1, |C|], Si ∩ S′ 6= ∅✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡
t❤❛t S = ∪iSi✳

❋r♦♠ ✐♥st❛♥❝❡ I1 ♦❢ ▼✐♥✐♠✉♠ ❍✐tt✐♥❣ ❙❡t✱ ✇❡ ♥♦✇ ❜✉✐❧❞ ❛♥ ✐♥st❛♥❝❡ I2 ♦❢ ♦✉r ♣r♦❜❧❡♠✳
I2 ✐s ♠❛❞❡ ♦❢ n = |S| ❥♦❜s ❛♥❞ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❥♦❜s J1✱ ✳✳✳✱ J|S| ✇✐t❤ t❤❡ ❡❧❡♠❡♥ts x1✱

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✺✸

✳✳✳✱ x|S| ♦❢ S✳ ❚❤❡ s✐③❡ Wj ♦❢ ❥♦❜ Jj ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜s❡ts ❝♦♥t❛✐♥✐♥❣ xj ✿
WJ = |{Si ∈ C | xj ∈ Si}|✳ ❲❡ ✇✐❧❧ ❤❛✈❡ t♦ s❝❤❡❞✉❧❡ t❤❡s❡ ❥♦❜s ♦♥ m = |C| ♣r♦❝❡ss♦rs
❛♥❞ ✇❡ ✐❞❡♥t✐❢② t❤❡ ♣r♦❝❡ss♦rs ✇✐t❤ t❤❡ s✉❜s❡ts S1✱ ✳✳✳✱ S|C|✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❝❡ss♦rs ❛s ❢♦❧❧♦✇s✿

pi,j =

{ 1
|Si| ✐❢ xj ∈ Si,

∞ ♦t❤❡r✇✐s❡.
.

❍❡r❡ t❤❡ q✉❡st✐♦♥ ✐s✿ ✐s t❤❡r❡ ❛ s❝❤❡❞✉❧❡ ❢♦r ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ✇❤♦s❡ ✢♦✇ ✐s ❡q✉❛❧
t♦ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲✢♦✇ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ K❄

❲❡ ✜rst r❡♠❛r❦ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♠❛①✐♠✉♠ ✢♦✇ ✐s ❡q✉❛❧ t♦ ✶✳ ■♥❞❡❡❞✱ t❤❡ t♦t❛❧ ❧♦❛❞
t♦ ❜❡ ♣r♦❝❡ss❡❞ ✐s

∑
j Wj =

∑
j |{Si ∈ C | xj ∈ Si}| =

∑
i |Si| ❛♥❞✱ ❛t ❜❡st✱ ♣r♦❝❡ss♦r

Pi ❝❛♥ ♣r♦❝❡ss ❛ ❧♦❛❞ ♦❢ s✐③❡ |Si| ❞✉r✐♥❣ ❛ ✉♥✐t ♦❢ t✐♠❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲✢♦✇
✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✶✳ ❆ ♠❛①✲✢♦✇ ♦❢ ✶ ✐s r❡❛❧✐③❡❞ ❜② ❛♥② s❝❤❡❞✉❧❡ ✉♥❞❡r ✇❤✐❝❤
♣r♦❝❡ss♦r Pi ❞❡✈♦t❡s ❛ ❢r❛❝t✐♦♥ 1

|Si| ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1] t♦ ❛♥② ❥♦❜ Jj s✉❝❤ t❤❛t xj ∈ Si✳

■♥❞❡❡❞✱ ✉♥❞❡r s✉❝❤ ❛ s❝❤❡❞✉❧❡✱ t❤❡ s❤❛r❡ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss❡❞ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]
❜② ♣r♦❝❡ss♦r Pi s✉❝❤ t❤❛t xj ∈ Si ✐s ❡q✉❛❧ t♦ 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦✈❡r❛❧❧ s❤❛r❡ ♦❢ ❥♦❜ Jj ♣r♦❝❡ss
❞✉r✐♥❣ t❤❛t t✐♠❡ ✐♥t❡r✈❛❧ ✐s ❡q✉❛❧ t♦

∑
i|xj∈Si

1 = |{Si ∈ C | xj ∈ Si}| = Wj ✳

❋✉rt❤❡r♠♦r❡✱ t❤✐s ♣r♦♦❢ s❤♦✇s t❤❛t ✐❢ ❛♥② ♣r♦❝❡ss♦r ✐s ✭❛t ❧❡❛st✮ ♣❛rt✐❛❧❧② ✐❞❧❡ ❞✉r✐♥❣ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [0, 1] t❤❡♥ t❤❡ ♠❛①✲✢♦✇ ❛❝❤✐❡✈❡❞ ✇✐❧❧ ❜❡ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ♦♥❡✳ ❚❤❡r❡❢♦r❡✱
✉♥❞❡r ❛♥② s❝❤❡❞✉❧❡ ❛❝❤✐❡✈✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲✢♦✇ t❤❡r❡ ✐s✱ ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✱ ❛ ❥♦❜ ✇❤✐❝❤
✐s r✉♥ ✉♥t✐❧ t❤❡ ❞❛t❡ ✶✱ ❛♥❞ t❤✉s ✇❤✐❝❤ ❤❛s ❛ ♠❛①✲✢♦✇ ♦❢ ✶✳ ❚❤❡ s❡t ♦❢ ❥♦❜s ✇❤♦s❡ ♠❛①✲✢♦✇
✐s ♦♥❡ ✐♥ I2 t❤❡♥ ❡q✉✐✈❛❧❡♥t❧② ❞❡✜♥❡s ❛ ❤✐tt✐♥❣ s❡t ♦❢ S ✐♥ I1✳

▼✐♥✐♠✉♠ ❤✐tt✐♥❣ s❡t ✐s ❡q✉✐✈❛❧❡♥t t♦ ▼✐♥✐♠✉♠ s❡t ❝♦✈❡r ❬✶✹❪✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ♦❢
t❤❡ ❜❡st ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ❛♣♣r♦①✐♠❛t❡ ▼✐♥✐♠✉♠ ❤✐tt✐♥❣ s❡t ✐s t❤❡ ❣r❡❡❞②
❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❛t ❡❛❝❤ st❡♣ ♣✐❝❦s t❤❡ ❡❧❡♠❡♥t ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ t❤❡ ❧❛r❣❡st ♥✉♠❜❡r ♦❢ st✐❧❧
✉♥✲❤✐t s✉❜s❡ts✳ ❚❤✐s ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ❤❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ 1+ln |S| ❬✶✽✱ ✸✷❪✱ ✇❤❡r❡
|S| ✐s t❤❡ s✐③❡ ♦❢ t❤❡ s❡t✳

❲❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❛t ✐s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛①✲str❡t❝❤✳
❙❡❡✐♥❣ ❤♦✇ ❡✣❝✐❡♥t ✐s t❤❡ ❣r❡❡❞② ❤❡✉r✐st✐❝ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ❤✐tt✐♥❣ s❡t ♣r♦❜❧❡♠✱ ✇❡ s✐♠♣❧②
s✉❣❣❡st t♦ ✉s❡ ✐t t♦ s♦❧✈❡ ✐♥ ♣r❛❝t✐❝❡ ❙t❡♣ ✶✺✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t ✇❤❡♥
t❤❡ s❡t Sd ❛t ❙t❡♣ ✶✹ ✐s ❛❧✇❛②s r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡t♦♥✱ ❆❧❣♦r✐t❤♠ ✷ ♣r♦❞✉❝❡s ❛♥ ♦♣t✐♠❛❧
s❝❤❡❞✉❧❡✳ ❚❤❡r❡❢♦r❡✿

❚❤❡♦r❡♠ ✶✸✳ ❆❧❣♦r✐t❤♠ ✷ ♣r♦❞✉❝❡s ❛ P❛r❡t♦ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ❢♦r ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥
♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✉♥❞❡r t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧ ✐❢ t❤❡ s❡t Sd ❛t ❙t❡♣ ✶✹ ✐s ❛❧✇❛②s r❡❞✉❝❡❞
t♦ ❛ s✐♥❣❧❡t♦♥✳

❲❡ ❜❡❧✐❡✈❡ t❤❛t✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ s❡t Sd ✇✐❧❧ ❛❧✇❛②s ❜❡ r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡t♦♥✱ ❛♥❞ t❤✉s
t❤❛t ❆❧❣♦r✐t❤♠ ✷ ✇✐❧❧ ❛❧✇❛②s ♣r♦❞✉❝❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s ✐♥ ♣r❛❝t✐❝❡✳ ✭◆♦t❡ t❤❛t t❤❡ ❝❛s❡ ♦❢
❥♦❜s ♦❢ s❛♠❡ s✐③❡ ❛♥❞ s❛♠❡ r❡❧❡❛s❡ ❞❛t❡ ✐s ♥♦t ❛ ♣r♦❜❧❡♠✳✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✺✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✽ ❖♥❧✐♥❡ ▼❛①✲❙tr❡t❝❤ ❖♣t✐♠✐③❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ✐♠♣r♦✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s
❢♦r ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ❡st❛❜❧✐s❤❡❞ ❜② ❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱ ❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥ ❬✺❪✳
❚❤❡♥ ✇❡ ♣r❡s❡♥t t❤❡ t✇♦ ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠s t❤❛t ❤❛✈❡ ♣r❡✈✐♦✉s❧② ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❬✺✱ ✻❪✳ ▲❛st ✇❡ ❤✐❣❤❧✐❣❤t s♦♠❡ ♣r❛❝t✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ♣r♦♣♦s❡
♥❡✇ ❤❡✉r✐st✐❝s t❤❛t ❝✐r❝✉♠✈❡♥t t❤❡s❡ ❧✐♠✐t❛t✐♦♥s✳

✽✳✶ ▲♦✇❡r ❇♦✉♥❞ ♦♥ t❤❡ ❈♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❖♥❧✐♥❡ ❆❧❣♦r✐t❤♠s

❚❤❡♦r❡♠ ✶✹✳ ❋♦r t❤r❡❡ ❧❡♥❣t❤s ♦❢ ❥♦❜s✱ t❤❡r❡ ✐s ♥♦ 1
2∆

√
2−1✲❝♦♠♣❡t✐t✐✈❡ ♣r❡❡♠♣t✐✈❡ ♦♥❧✐♥❡

❛❧❣♦r✐t❤♠ ♠✐♥✐♠✐③✐♥❣ ♠❛①✲str❡t❝❤✳

❚❤✐s r❡s✉❧t ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ❢r♦♠ t❤❡ ❜♦✉♥❞ ♦❢ 1
2∆

1
3 ❡st❛❜❧✐s❤❡❞ ❜② ❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱

❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥ ❬✺❪✳ ■♥ ❢❛❝t✱ ✇❡ ❡st❛❜❧✐s❤ t❤✐s ♥❡✇ ❜♦✉♥❞ ❜② ❞♦✐♥❣ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❛♥❛❧✲
②s✐s ♦❢ t❤❡ ❡①❛❝t s❛♠❡ ❛❞✈❡rs❛r②✳ ■♥ t❤❡✐r ♣r♦♦❢✱ ❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱ ❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥
✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❦♥❡✇ ✐♥ ❛❞✈❛♥❝❡ t❤❡ r❛t✐♦ ∆ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st
❛♥❞ s❤♦rt❡st ❥♦❜s✳

❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐st s♦♠❡ O(
√

∆)✲❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠s✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ r♦✉❣❤❧② ❜r✐❞❣❡❞ ❤❛❧❢ ♦❢ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ♣r❡✈✐♦✉s ❧♦✇❡r ❜♦✉♥❞ ❛♥❞
t❤❡ ❜❡st ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛
1
2∆

√
2−1✲❝♦♠♣❡t✐t✐✈❡ ♣r❡❡♠♣t✐✈❡ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ A ♠✐♥✐♠✐③✐♥❣ ♠❛①✲str❡t❝❤✳ ❆♥ ❛❞✈❡rs❛r②

s❡♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s ♦❢ ❥♦❜s✿

P❤❛s❡ ✶✿ ❏♦❜s ✶ ❛♥❞ ✷ ❤❛✈❡ ❜♦t❤ ❛ s✐③❡ ♦❢ δ ❛♥❞ ❛rr✐✈❡ ❛t t✐♠❡ ✵✱ ✐✳❡✳✱ p1 = p2 = δ ❛♥❞
r1 = r2 = 0✳

■❢ t❤❡s❡ t✇♦ ❥♦❜s ✇❡r❡ t❤❡ ♦♥❧② ♦♥❡s r❡❝❡✐✈❡❞ ❜② t❤❡ ♣r♦❝❡ss♦r✱ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤
✇♦✉❧❞ ❜❡ 2✳

P❤❛s❡ ✷✿ ❙t❛rt✐♥❣ ❛t t✐♠❡ 2δ − k✱ ❛♥❞ ❡✈❡r② k t✐♠❡ ✉♥✐ts✱ ❛rr✐✈❡s ❛ ❥♦❜ ♦❢ s✐③❡ k ✭✇✐t❤
k < δ✮✳ ❚❤❡r❡ ❛r❡ x s✉❝❤ ❥♦❜s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r 1 6 j 6 x✱ ❥♦❜ J2+j ❛rr✐✈❡s ❛t t✐♠❡
r2+j = 2δ + (j − 2)k ❛♥❞ ✐s ♦❢ s✐③❡ p2+j = k✳

❆ ✜rst ❝♦♠❡✱ ✜rst s❡r✈❡❞ ✭❋❈❋❙✮ ♦r❞❡r✐♥❣ ♦❢ ❛❧❧ t❤❡ ❥♦❜s ❤❛s ❛ str❡t❝❤ ♦❢ ✷ ❛s✱ ✉♥❞❡r s✉❝❤
❛ s❝❤❡❞✉❧✐♥❣✱ J2+j ✐s ❡①❡❝✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [rj + k, rj + 2k]✳

❚❤❡ ❛❧❣♦r✐t❤♠ A ✐s ❜② ❤②♣♦t❤❡s✐s 1
2∆

√
2−1✲❝♦♠♣❡t✐t✐✈❡ ❛♥❞✱ ❛s ❛ str❡t❝❤ ♦❢ ✷ ❝❛♥ ❜❡

❛❝❤✐❡✈❡❞✱ t❤❡ ❞❛t❡ C1 ❛t ✇❤✐❝❤ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J1 ❡♥❞s ♠✉st s❛t✐s❢②✿ C1−r1

p1
6 1

2∆
√

2−1 × 2

✭✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥str❛✐♥t ♦♥ C2✮✳ ❙♦ ❢❛r✱ ∆ = δ
k ✭r❡♠❡♠❜❡r t❤❛t ∆ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡

s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❤♦rt❡st ❥♦❜s ✐♥ t❤❡ s②st❡♠✮ ✷✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥str❛✐♥t ♦♥ C1 ❝❛♥

✷❖✉r ❜♦✉♥❞ ✐s t✐❣❤t❡r t❤❛♥ t❤❡ ♦♥❡ ❡st❛❜❧✐s❤❡❞ ❜② ❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱ ❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥ ❜❡❝❛✉s❡ ✇❡
r❡♠❛r❦ t❤❛t ∆ = δ

k
✱ ✇❤❡♥ t❤❡② ✉s❡❞ ∆ = δ

1
= δ✱ ❛s ✐❢ t❤❡② ❤❛❞ ❛ss✉♠❡❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❦♥❡✇ ✐♥ ❛❞✈❛♥❝❡

t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❤♦rt❡st ❥♦❜s s✉❜♠✐tt❡❞ t♦ t❤❡ s②st❡♠ ✇♦✉❧❞ ❜❡ δ✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✺✺

❜❡ r❡✇r✐tt❡♥✿

C1 6
1

2
∆

√
2−1 × 2× δ =

δ
√

2

k
√

2−1
.

❚❤❡ ♠♦st ❢❛✈♦r❛❜❧❡ ❝❛s❡ ❢♦r ❛❧❣♦r✐t❤♠ A ✐s ✇❤❡♥ ✐t ✐s ❛❜❧❡ t♦ ✭♣❛rt✐❛❧❧②✮ ❞❡❧❛② t❤❡
❡①❡❝✉t✐♦♥ ♦❢ J1 ❛♥❞ J2 ❛♥❞ t♦ ❡①❡❝✉t❡ ❡❛❝❤ ♦❢ t❤❡ ❥♦❜s J3✱ ✳✳✳✱ J2+x ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡✳ ❚♦
❢♦r❜✐❞ s✉❝❤ ❛ ❜❡❤❛✈✐♦r✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❝❤♦♦s❡ x✱ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ♦❢ s✐③❡ k✱ t♦ ❜❡ ❧❛r❣❡
❡♥♦✉❣❤ ❢♦r ❛❧❣♦r✐t❤♠ A ♥♦t t♦ ❜❡ ❛❜❧❡ t♦ ❞❡❧❛② t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ J1 ❛♥❞✴♦r J2 ❛❢t❡r t❤❡
❝♦♠♣❧❡t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❥♦❜s ♦❢ s✐③❡ k✳ ■❢ ❡❛❝❤ ♦❢ t❤❡ ❥♦❜s J3✱ ✳✳✳✱ J2+x ✐s ❡①❡❝✉t❡❞ ❛t ✐ts r❡❧❡❛s❡
❞❛t❡✱ t❤❡♥ C2+x = 2δ + (x− 1)k✳ ❲❡ ❞❡✜♥❡ x ❛s ❢♦❧❧♦✇s✿

x =

⌊
2 +

(
δ

k

)√
2

− 2δ

k

⌋
.

❚❤❡♥✱ 2δ +(x−1)k > δ
√

2

k
√

2−1
❛♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ C1 ❛♥❞ C2 ♠✉st ❜❡ ❝♦♠♣❧❡t❡❞ ❜② t❤❡ ❞❛t❡

2δ + (x − 1)k✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❛❧❣♦r✐t❤♠ A ❢❛✐❧s t♦ ❛❝❤✐❡✈❡ ✐ts ❣✉❛r❛♥t❡❡ ❛s t❤❡ ❛❞✈❡rs❛r②
✇♦✉❧❞ t❤❡♥ s❡♥❞ ❛t t✐♠❡ 2δ + (x− 1)k ❛ ❥♦❜ ♦❢ s✐③❡ k+δ

2 t♦ ❜❡ ❡①❛❝t❧② ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s
st❛t❡❞ ❜② t❤❡ t❤❡♦r❡♠✳

❙♦✱ ❛❧❣♦r✐t❤♠ A ♠✉st ❝♦♠♣❧❡t❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ C1 ❛♥❞ C2 ❜② t❤❡ ❞❛t❡ 2δ + (x − 1)k✳
❚❤❡♥ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤✐r❞ s❡r✐❡s ♦❢ ❥♦❜s✳

P❤❛s❡ ✸✿ ❙t❛rt✐♥❣ ❛t t✐♠❡ 2δ + (x − 1)k✱ ❛♥❞ ❡✈❡r② t✐♠❡ ✉♥✐t✱ ❛rr✐✈❡s ❛ ❥♦❜ ♦❢ s✐③❡ 1✳
❚❤❡r❡ ❛r❡ y s✉❝❤ ❥♦❜s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r 1 6 j 6 y✱ ❥♦❜ J2+x+j ❛rr✐✈❡s ❛t t✐♠❡
r2+x+j = 2δ + (x− 1)k + (j − 1) ❛♥❞ ✐s ♦❢ s✐③❡ p2+x+j = 1✳

▲❡t ✉s ❡✈❛❧✉❛t❡ t❤❡ ❜❡st ♠❛①✲str❡t❝❤ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛♥② s❝❤❡❞✉❧❡✳ ❆ ♣♦ss✐❜❧❡
s❝❤❡❞✉❧❡ ✇♦✉❧❞ ❜❡✿

✶✳ ❊①❡❝✉t❡ J1 ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, δ]✱ ❤❡♥❝❡ ❛ str❡t❝❤ ♦❢ 1 ❢♦r J1✳

✷✳ ❊①❡❝✉t❡ ❛ ❝❤✉♥❦ ♦❢ J2 ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [δ, 2δ − k]✳

✸✳ ❊①❡❝✉t❡ ❡❛❝❤ ♦❢ t❤❡ ❥♦❜s ♦❢ s✐③❡ k ❛♥❞ 1 ❛t t❤❡ t✐♠❡ ♦❢ ✐ts ❛rr✐✈❛❧✱ ❤❡♥❝❡ ❛ str❡t❝❤ ♦❢ 1
❢♦r ❡❛❝❤ ♦❢ t❤❡♠✳

✹✳ ❈♦♠♣❧❡t❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ J2 ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [2δ + (x− 1)k + y, 2δ + xk + y]✱
❤❡♥❝❡ ❛ str❡t❝❤ ♦❢ 2δ+xk+y

δ ❢♦r J2✳

❚❤❡r❡❢♦r❡✱ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦✿ 2δ+xk+y
δ ✳

▲❡t ✉s ♥♦✇ ❡✈❛❧✉❛t❡ t❤❡ str❡t❝❤ r❡❛❧✐③❡❞ ❜② ❛❧❣♦r✐t❤♠ A✳ ■ts s❝❤❡❞✉❧❡ ❝❛♥ ❡♥❞ ❛t t❤❡
❡❛r❧✐❡st ❛t t✐♠❡ 2δ + xk + y✳ ❆s ✇❡ ❤❛✈❡ ❢♦r❝❡❞ ❛❧❣♦r✐t❤♠ A t♦ ❡♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ C1 ❛♥❞
C2 ❜② t❤❡ ❞❛t❡ 2δ + (x− 1)k✱ t❤❡ s❝❤❡❞✉❧❡ ❝❛♥ ❡♥❞ ❡✐t❤❡r ✇✐t❤ ❛ ❥♦❜ ♦❢ s✐③❡ 1 ♦r ✇✐t❤ ♦♥❡ ♦❢
s✐③❡ k✿

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✺✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

✶✳ ■❢ t❤❡ ❧❛st ❥♦❜ ✐s ♦❢ s✐③❡ 1✱ ✇❡ ❞❡♥♦t❡ ✐t J2+x+j ✳ ❚❤❡♥✱ ✐ts str❡t❝❤ s❛t✐s✜❡s✿

str❡t❝❤(J2+x+j) >
(2δ + xk + y)− (2δ + (x− 1)k + (j − 1))

1
= k +(y− j)+1 > k +1.

✷✳ ■❢ t❤❡ ❧❛st ❥♦❜ ✐s ♦❢ s✐③❡ k✱ ✇❡ ❞❡♥♦t❡ ✐t J2+j ✳ ❚❤❡♥✱ ✐ts str❡t❝❤ s❛t✐s✜❡s✿

str❡t❝❤(J2+j) >
(2δ + xk + y)− (2δ + (j − 2)k)

k
= (x− j + 2) +

y

k
> 2 +

y

k
.

❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛①✲str❡t❝❤ t❤❛t ❛❧❣♦r✐t❤♠ A ❝❛♥ ❛❝❤✐❡✈❡ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦

min
{

k + 1, 2 +
y

k

}
.

❲❡ t❤❡♥ ❞❡✜♥❡ y t♦ ♠❛①✐♠✐③❡ t❤✐s ✈❛❧✉❡✳ ❲❡ t❤✉s ♣✐❝❦ ❢♦r y t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ t❤❛t ❡♥❛❜❧❡
✉s t♦ ❤❛✈❡ 2 + y

k > k + 1✱ ✐✳❡✳✱ ✇❡ ❝❤♦♦s❡ y = ⌈k(k − 1)⌉✳
❙♦ ❢❛r✱ ❛❧❣♦r✐t❤♠ A ❛❝❤✐❡✈❡s ❛ ♠❛①✲str❡t❝❤ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ k + 1✱ ✇❤❡♥ t❤❡

♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ 2δ+xk+y
δ ✳ ❚❤✉s✱ ✐❢ ✇❡ ❝❛♥ ❝❤♦♦s❡ k s✉❝❤ t❤❛t✿

k + 1 >
1

2
∆

√
2−1 2δ + xk + y

δ
,

✇❡ ✇✐❧❧ ❤❛✈❡ r❡❛❝❤❡❞ t❤❡ ❞❡s✐r❡ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ∆ = δ
1 = δ✳ ❲❡ ♣✐❝❦ k = δ2−

√
2✳

❲❡ t❤❡♥ ❤❛✈❡✿

(k + 1)− 1

2
δ
√

2−1 2δ + xk + y

δ
= k + 1− 1

2
δ
√

2−1

(
2 +

⌊
2 +

(
δ

k

)√
2

− 2δ

k

⌋
k

δ
+
⌈k(k − 1)⌉

δ

)

> k + 1− 1

2
δ
√

2−1

(
2 +

(
2 +

(
δ

k

)√
2

− 2δ

k

)
k

δ
+

1 + (k(k − 1))

δ

)

= δ2−
√

2 + 1− 1

2
δ
√

2−1
(
2δ1−

√
2 + δ3−2

√
2 + δ5−4

√
2 − δ1−

√
2 + δ−1

)

=
1

2
+

1

2
δ2−

√
2
(
1− δ2−2

√
2 − δ2

√
2−4
)

> 0

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t 2 − 2
√

2 < 0 ❛♥❞ 2
√

2 − 4 < 0✱ ❛♥❞ ✐t ❤♦❧❞s

✇❤❡♥ δ ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ✭❡✳❣✳✱ δ > 2
1

2(
√

2−1) ✮✳

✽✳✷ ❈♦♠♣❡t✐t✐✈❡ ❖♥❧✐♥❡ ❍❡✉r✐st✐❝s

❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ t❤❛t ❋❈❋❙✱ t❤❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♦♥❧✐♥❡ ♠✐♥✲
✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲✢♦✇✱ ✐s ♦♥❧② ∆✲❝♦♠♣❡t✐t✐✈❡ ❢♦r t❤❡ ♦♥❧✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳
❚❤✐s s❡❡♠✐♥❣❧② ❜❛❞ r❡s✉❧t ✐s ♦❜✈✐♦✉s❧② ♣❛rt✐❛❧❧② ❡①♣❧❛✐♥❡❞ ❜② ❚❤❡♦r❡♠ ✶✹✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✺✼

❲❡ ♥♦✇ r❡❝❛❧❧ t✇♦ ❡①✐st✐♥❣ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s ❢♦r ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ❜❡❢♦r❡ ✐♥tr♦✲
❞✉❝✐♥❣ ❛ ♥❡✇ ♦♥❡✳ ❇❡♥❞❡r✱ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❛♥❞ ❘❛❥❛r❛♠❛♥ ❬✻❪ ❞❡✜♥❡❞✱ ❢♦r ❛♥② ❥♦❜ Jj ✱ ❛

♣s❡✉❞♦✲str❡t❝❤ Ŝj(t)✿

Ŝj(t) =

{ t−rj√
∆

✐❢ 1 6 pj 6
√

∆,

t−rj

∆ ✐❢
√

∆ < pj 6 ∆.

❚❤❡♥✱ t❤❡② s❝❤❡❞✉❧❡❞ t❤❡ ❥♦❜s ❜② ❞❡❝r❡❛s✐♥❣ ♣s❡✉❞♦✲str❡t❝❤❡s✱ ♣♦t❡♥t✐❛❧❧② ♣r❡❡♠♣t✐♥❣ r✉♥✲
♥✐♥❣ ❥♦❜s ❡❛❝❤ t✐♠❡ ❛ ♥❡✇ ❥♦❜ ❛rr✐✈❡s ✐♥ t❤❡ s②st❡♠✳ ❚❤❡② ❞❡♠♦♥str❛t❡❞ t❤❛t t❤✐s ♠❡t❤♦❞
✐s ❛ O(

√
∆)✲❝♦♠♣❡t✐t✐✈❡ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠✳

❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱ ❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥ ❬✺❪ ❤❛❞ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ❛♥♦t❤❡r O(
√

∆)✲
❝♦♠♣❡t✐t✐✈❡ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r ♠❛①✲str❡t❝❤✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ ❡❛❝❤ t✐♠❡ ❛
♥❡✇ ❥♦❜ ❛rr✐✈❡s✱ t❤❡ ❝✉rr❡♥t❧② r✉♥♥✐♥❣ ❥♦❜ ✐s ♣r❡❡♠♣t❡❞✳ ❚❤❡♥✱ t❤❡② ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧
✭♦✤✐♥❡✮ ♠❛①✲str❡t❝❤ S∗ ♦❢ ❛❧❧ ❥♦❜s ❤❛✈✐♥❣ ❛rr✐✈❡❞ ✉♣ t♦ t❤❡ ❝✉rr❡♥t t✐♠❡✳ ◆❡①t✱ ❛ ❞❡❛❞❧✐♥❡
✐s ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ❥♦❜ Jj ✿ d̄j(F) = rj + α × S∗/pj ❋✐♥❛❧❧②✱ ❛ s❝❤❡❞✉❧❡ ✐s r❡❛❧✐③❡❞ ❜②
❡①❡❝✉t✐♥❣ ❥♦❜s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❞❡❛❞❧✐♥❡s✱ ✉s✐♥❣ t❤❡ ❊❛r❧✐❡st ❉❡❛❞❧✐♥❡ ❋✐rst str❛t❡❣②✳ ❚♦
♦♣t✐♠✐③❡ t❤❡✐r ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦✱ ❇❡♥❞❡r ❡t ❛❧✳ s❡t t❤❡✐r ❡①♣❛♥s✐♦♥ ❢❛❝t♦r α t♦

√
∆✳ ❋♦r ❜♦t❤

❤❡✉r✐st✐❝s✱ t❤❡ r❛t✐♦ ∆ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❤♦rt❡st ❥♦❜s s✉❜♠✐tt❡❞ t♦ t❤❡ s②st❡♠
✐s t❤✉s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳

❲❤❡♥ t❤❡② ❞❡s✐❣♥❡❞ t❤❡✐r ❛❧❣♦r✐t❤♠✱ ❇❡♥❞❡r ❡t ❛❧✳ ❞✐❞ ♥♦t ❦♥♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡
✭♦✤✐♥❡✮ ♦♣t✐♠❛❧ ♠❛①✐♠✉♠ str❡t❝❤✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ♥♦✇ ♦✈❡r❝♦♠❡✳ ❚❤❡ ♠❛✐♥ r❡♠❛✐♥✐♥❣
♣r♦❜❧❡♠ ✐♥ t❤✐s ❛♣♣r♦❛❝❤✱ ❢r♦♠ ♦✉r ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐s t❤❛t s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ tr✐❡s ♦♥❧② t♦
♦♣t✐♠✐③❡ t❤❡ str❡t❝❤ ♦❢ t❤❡ ♠♦st ❝♦♥str❛✐♥✐♥❣ ❥♦❜s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❝♦♠♠♦♥ t♦ ❛❧❧ ❛❧❣♦r✐t❤♠s
♠✐♥✐♠✐③✐♥❣ ❛ ♠❛① ♦❜❥❡❝t✐✈❡✳ ■♥❞❡❡❞✱ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ♠❛② ✈❡r② ❡❛s✐❧② s❝❤❡❞✉❧❡ ❛❧❧ ❥♦❜s s♦
t❤❛t t❤❡✐r str❡t❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ ♦❜❥❡❝t✐✈❡✱ ❡✈❡♥ ✐❢ ♠♦st ♦❢ t❤❡♠ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ s❝❤❡❞✉❧❡❞
t♦ ❛❝❤✐❡✈❡ ❢❛r ❧♦✇❡r str❡t❝❤❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ♠❡r❡❧② t❤❡♦r❡t✐❝❛❧✱ ❛s ✇❡ ✇✐❧❧
s❡❡ ✐♥ ❙❡❝t✐♦♥ ✶✵✳ ❲❡ ✇✐❧❧ tr② t♦ ❝✐r❝✉♠✈❡♥t ✐t ✇❤❡♥ ❞❡s✐❣♥✐♥❣ ♦✉r ♦✇♥ ❤❡✉r✐st✐❝s✳

✽✳✸ Pr❛❝t✐❝❛❧ ❖♥❧✐♥❡ ❍❡✉r✐st✐❝s

❚❤❡ ❜❛s✐❝ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝ ✇❡ ❝♦✉❧❞ ❞❡r✐✈❡ ❢r♦♠ ♦✉r ♦✤✐♥❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❜❡ ❛❧♦♥❣ t❤❡
s❛♠❡ ❧✐♥❡ ❛s t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❇❡♥❞❡r✱ ❈❤❛❦r❛❜❛rt✐✱ ❛♥❞ ▼✉t❤✉❦r✐s❤♥❛♥✿ ❡❛❝❤ t✐♠❡ ❛ ♥❡✇
❥♦❜ ❛rr✐✈❡s ✇❡ ✇♦✉❧❞ ♣r❡❡♠♣t t❤❡ r✉♥♥✐♥❣ ❥♦❜ ✭✐❢ ❛♥②✮✱ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤✱
❛♥❞ s❝❤❡❞✉❧❡ t❤❡ ❥♦❜s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❙②st❡♠ ✷✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ❙②st❡♠ ✷
s♣❡❝✐✜❡s ✇❤❛t ❢r❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❥♦❜ s❤♦✉❧❞ ❜❡ ❡①❡❝✉t❡❞ ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r ❞✉r✐♥❣ ❡❛❝❤ t✐♠❡
✐♥t❡r✈❛❧✳ ❲❡ ✇♦✉❧❞ ✐♠♣❧❡♠❡♥t t❤✐s s♦❧✉t✐♦♥ ❜② ❜r❡❛❦✐♥❣ ❛r❜✐tr❛r✐❧② t❤❡ t✐❡s t❤❛t ♠❛② ❛♣♣❡❛r
✐♥ ❡❛❝❤ t✐♠❡ ✐♥t❡r✈❛❧✳

❖✉r ✜rst ♠♦❞✐✜❝❛t✐♦♥ t♦ t❤✐s s❝❤❡♠❡ ✐s t❤❛t✱ r❛t❤❡r t❤❛♥ ❝♦♠♣✉t✐♥❣ t❤❡ ✏♦♣t✐♠❛❧ ♠❛①✲
str❡t❝❤✑✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✏❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲str❡t❝❤ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡❝✐s✐♦♥s ❛❧r❡❛❞②
♠❛❞❡✑✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♦✉r ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤✐❝❤ ❥♦❜s ✇❡r❡ ❛❧r❡❛❞②
✭♣❛rt✐❛❧❧②✮ ❡①❡❝✉t❡❞✱ ❛♥❞ ✇❤❡♥✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛ ❜❡✐♥❣ t❤❛t ✇❡ ❝❛♥♥♦t ❝❤❛♥❣❡ t❤❡ ♣❛st✳
❆❧s♦✱ s✉❝❤ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✇✐❧❧ ❣r❡❛t❧② s✐♠♣❧✐❢② t❤❡ ❧✐♥❡❛r s②st❡♠✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✐s
✐♠♣❧❡♠❡♥t❡❞ ❜② ♠❛❦✐♥❣ tr✐✈✐❛❧ ♠♦❞✐✜❝❛t✐♦♥s t♦ ❙②st❡♠ ✷✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✺✽ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❖✉r s❡❝♦♥❞ ♠♦❞✐✜❝❛t✐♦♥ t♦ t❤❡ ❛❜♦✈❡ s❝❤❡♠❡ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t✿ ✇❡ ✇❛♥t t♦ ♦♣t✐♠✐③❡
♠♦r❡ t❤❛♥ t❤❡ ♠❛①✲str❡t❝❤✳ ❚❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ t♦ ✉s❡ ✐♥ ❛♥ ♦♥❧✐♥❡ ❢r❛♠❡✇♦r❦ ♦✉r
♦✤✐♥❡ ❤❡✉r✐st✐❝ ❢♦r t❤❡ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲str❡t❝❤✳ ❚♦ ❞♦ s♦✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛
❜✐♥❛r② s❡❛r❝❤ ❛♥❞ ❙②st❡♠ ✷ t♦ ❝♦♠♣✉t❡ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲str❡t❝❤✱ ✇❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷
✇❤❡r❡✱ ❛t ❙t❡♣ ✹✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲str❡t❝❤ r❛t❤❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✳
❚❤✐s ✇❛② ✇❡ ❞❡✜♥❡ ♦✉r ❖♥❧✐♥❡✲P❛r❡t♦ ❤❡✉r✐st✐❝s✳

❆♥♦t❤❡r ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ s♣❡❝✐❢② t❤❛t ❡❛❝❤ ❥♦❜ s❤♦✉❧❞ ❜❡ s❝❤❡❞✉❧❡❞ ✐♥ ❛
♠❛♥♥❡r t❤❛t ♠✐♥✐♠✐③❡s ✐ts ♦✇♥ str❡t❝❤ ✈❛❧✉❡✱ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ ♦✈❡r❛❧❧ ♠❛①✐♠❛❧ str❡t❝❤
✈❛❧✉❡ ♦❜t❛✐♥❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝♦✉❧❞ t❤❡♦r❡t✐❝❛❧❧② tr② t♦ ♠✐♥✐♠✐③❡ t❤❡ s✉♠✲str❡t❝❤ ✉♥❞❡r
t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♠❛①✲str❡t❝❤ ❜❡ ♦♣t✐♠❛❧✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥✱ ♠✐♥✐♠✐③✐♥❣
t❤❡ s✉♠✲str❡t❝❤ ✐s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❙♦ ✇❡ ❝♦♥s✐❞❡r ❛ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤ ❡①♣r❡ss❡❞ ❜②
❙②st❡♠ ✭✻✮✳

▼✐♥✐♠✐③❡

n∑

j=1

wj

((
∑

t

(
m∑

i=1

α
(t)
i,j

)
sup It(S∗) + inf It(S∗)

2

)
− rj

)
,

✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts



✭✻❛✮ ∀i,∀j,∀t, rj > sup It(S∗)⇒ α
(t)
i,j = 0

✭✻❜✮ ∀i,∀j,∀t, d̄j(S∗) 6 inf It(S∗)⇒ α
(t)
i,j = 0

✭✻❝✮ ∀t,∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It(S∗)− inf It(S∗)

✭✻❞✮ ∀j,
∑

t

∑

i

α
(t)
i,j = 1

✭✻✮

❚❤✐s s②st❡♠ ❡♥s✉r❡s t❤❛t ❡❛❝❤ ❥♦❜ ✐s ❝♦♠♣❧❡t❡❞ ♥♦ ❧❛t❡r t❤❛♥ t❤❡ ❞❡❛❞❧✐♥❡ ❞❡✜♥❡❞ ❜②
t❤❡ ♦♣t✐♠❛❧ ✭♦✤✐♥❡✮ ♠❛①✲str❡t❝❤ S∗✳ ❚❤❡♥✱ ✉♥❞❡r t❤✐s ❝♦♥str❛✐♥t✱ t❤✐s s②st❡♠ ❛tt❡♠♣ts
t♦ ♠✐♥✐♠✐③❡ ❛♥ ♦❜❥❡❝t✐✈❡ t❤❛t r❡s❡♠❜❧❡s ❛ r❛t✐♦♥❛❧ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ s✉♠✲str❡t❝❤ ✭♦r ♠♦r❡
❣❡♥❡r❛❧❧② ♦❢ t❤❡ s✉♠ ✇❡✐❣❤t❡❞ ✢♦✇✮ ✉s✐♥❣ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✱ t❤❡
✇❡✐❣❤t❡❞ s✉♠ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♦❢ ❛ ❥♦❜✳ ❆s ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ♣r❡❝✐s❡ t✐♠❡
✇✐t❤✐♥ ❛♥ ✐♥t❡r✈❛❧ ✇❤❡♥ ❛ ♣❛rt ♦❢ ❛ ❥♦❜ ✇✐❧❧ ❜❡ s❝❤❡❞✉❧❡❞✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ ✐t ❜② t❤❡ ♠❡❛♥ t✐♠❡
♦❢ t❤❡ ✐♥t❡r✈❛❧✳ ✭❚❤✐s ❤❡✉r✐st✐❝ ♦❜✈✐♦✉s❧② ♦✛❡rs ♥♦ ❣✉❛r❛♥t❡❡ ♦♥ t❤❡ s✉♠✲str❡t❝❤ ❛❝❤✐❡✈❡❞✳✮
❚❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠✳ ❊❛❝❤ t✐♠❡ ❛ ♥❡✇ ❥♦❜ ❛rr✐✈❡s✿

✶✳ Pr❡❡♠♣t t❤❡ r✉♥♥✐♥❣ ❥♦❜ ✭✐❢ ❛♥②✮✳

✷✳ ❈♦♠♣✉t❡ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲str❡t❝❤ S∗✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡❝✐s✐♦♥s ❛❧r❡❛❞② ♠❛❞❡✳

✸✳ ❲✐t❤ t❤❡ ❞❡❛❞❧✐♥❡s ❛♥❞ ✐♥t❡r✈❛❧s ❞❡✜♥❡❞ ❜② t❤❡ ♠❛①✲str❡t❝❤ S∗✱ s♦❧✈❡ ❙②st❡♠ ✭✻✮✳

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❞❡✜♥❡ t❤r❡❡ ✈❛r✐❛♥ts t♦ ♣r♦❞✉❝❡ t❤❡ s❝❤❡❞✉❧❡✳ ❚❤❡ ✜rst✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧
❖♥❧✐♥❡✱ ❛ss✐❣♥s ✇♦r❦ s✐♠♣❧② ✉s✐♥❣ t❤❡ ✈❛❧✉❡s ❢♦✉♥❞ ❜② t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ❢♦r t❤❡ α ✈❛r✐❛❜❧❡s✿

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✺✾

✹✳ ❋♦r ❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r Pi✱ ❛♥❞ ❛ ❣✐✈❡♥ ✐♥t❡r✈❛❧ It(S∗)✱ ❛❧❧ ❥♦❜s Jj t❤❛t ❝♦♠♣❧❡t❡
t❤❡✐r ❢r❛❝t✐♦♥ ♦♥ t❤❛t ♣r♦❝❡ss♦r ❞✉r✐♥❣ t❤❡ s❛♠❡ ✐♥t❡r✈❛❧ ✭✐✳❡✳✱ ❛❧❧ ❥♦❜s Jj s✉❝❤ t❤❛t∑

t′>t α
(t′)
i,j = 0✮ ❛r❡ s❝❤❡❞✉❧❡❞ ✉♥❞❡r t❤❡ ❙❲❘P❚ ♣♦❧✐❝② ✐♥ t❤❛t ✐♥t❡r✈❛❧✳ ❲❡ ❝❛❧❧

t❤❡s❡ ❥♦❜s t❡r♠✐♥❛❧ ❥♦❜s ✭❢♦r Pi ❛♥❞ It(S∗)✮✳ ❚❤❡ ♥♦♥✲t❡r♠✐♥❛❧ ❥♦❜s s❝❤❡❞✉❧❡❞ ♦♥ Pi

❞✉r✐♥❣ ✐♥t❡r✈❛❧ It(S∗) ❛r❡ ♦♥❧② ❡①❡❝✉t❡❞ ✐♥ It(S∗) ❛❢t❡r ❛❧❧ t❡r♠✐♥❛❧ ❥♦❜s ❤❛✈❡ ✜♥✐s❤❡❞✳

❚❤❡ s❡❝♦♥❞ ✈❛r✐❛♥t ✇❡ ❝♦♥s✐❞❡r✱ ❖♥❧✐♥❡✲❊❉❋✱ ❛tt❡♠♣ts t♦ ♠❛❦❡ ❝❤❛♥❣❡s t♦ t❤❡ s❝❤❡❞✉❧❡
❛t t❤❡ ♣r♦❝❡ss♦r ❧❡✈❡❧ t♦ ✐♠♣r♦✈❡ t❤❡ ♦✈❡r❛❧❧ ♠❛①✲ ❛♥❞ s✉♠✲str❡t❝❤ ❛tt❛✐♥❡❞✿

✹✳ ❈♦♥s✐❞❡r ❛ ♣r♦❝❡ss♦r Pi✳ ❚❤❡ ❢r❛❝t✐♦♥s αi,j ♦❢ t❤❡ ❥♦❜s t❤❛t ♠✉st ❜❡ ♣❛rt✐❛❧❧② ❡①❡❝✉t❡❞
♦♥ Pi ❛r❡ ♣r♦❝❡ss❡❞ ♦♥ Pi ✉♥❞❡r ❛ ❧✐st s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝② ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✿
t❤❡ ❥♦❜s ❛r❡ ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤ t❤❡✐r s❤❛r❡ ✐s ❝♦♠♣❧❡t❡❞ ✭❛❝✲
❝♦r❞✐♥❣ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠✮✱ ✇✐t❤ t✐❡s ❜❡✐♥❣ ❜r♦❦❡♥ ❜② t❤❡ ❙❲❘P❚

♣♦❧✐❝②✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦♣♦s❡ ❛ t❤✐r❞ ✈❛r✐❛♥t✱ ❖♥❧✐♥❡✲❊●❉❋✱ t❤❛t ❝r❡❛t❡s ❛ ❣❧♦❜❛❧ ♣r✐♦r✐t② ❧✐st✿

✹✳ ❚❤❡ ✭❛❝t✐✈❡✮ ❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ✉♥❞❡r ❛ ❧✐st s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝②✱ ✉s✐♥❣ t❤❡ str❛t❡❣② ♦✉t✲
❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸ t♦ ❞❡❛❧ ✇✐t❤ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s✳ ❍❡r❡✱ t❤❡ ❥♦❜s ❛r❡ t♦t❛❧❧②
♦r❞❡r❡❞ ❜② t❤❡ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤ t❤❡✐r t♦t❛❧ ✇♦r❦ ✐s ❝♦♠♣❧❡t❡❞✱ ✇✐t❤ t✐❡s ❜❡✐♥❣ ❜r♦❦❡♥
❜② t❤❡ ❙❲❘P❚ ♣♦❧✐❝②✳

❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡s❡ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤❡s ✇✐❧❧ ❜❡ ❛ss❡ss❡❞ t❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥s ✐♥ t❤❡ s❡❝✲
t✐♦♥ ✶✵✳

✾ ❙✉♠♠❛r② ♦❢ ❈♦♠♣❧❡①✐t② ❘❡s✉❧ts

❚❛❜❧❡ ✶ s✉♠♠❛r✐③❡s t❤❡ ♠❛✐♥ ❝♦♠♣❧❡①✐t② r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❞♦❝✉♠❡♥t ❛s ✇❡❧❧ ❛s r❡❧❛t❡❞
✇♦r❦✳ ▼✐♥✐♠✐③✐♥❣ max wjFj ✐s ♣♦❧②♥♦♠✐❛❧ ❛s s♦♦♥ ❛s ❞✐✈✐s✐❜✐❧✐t② ♦r ♣r❡❡♠♣t✐♦♥ ✐s ❛❧❧♦✇❡❞
✇❤❡r❡❛s

∑
wjFj ✐s ❛❧✇❛②s str♦♥❣❧② ◆P✲❤❛r❞✳

∑
Fj ✐s ❡❛s② ♦♥❧② ♦♥ s✐♠♣❧❡ s❡tt✐♥❣s ✭♦♥❡

♣r♦❝❡ss♦r ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ♦❢ r❡❧❛t❡❞ ♣r♦❝❡ss♦rs ✇✐t❤ ❞✐✈✐s✐❜✐❧✐t②✮ ❛♥❞ ✐s str♦♥❣❧② ◆P✲❤❛r❞
✐♥ ❛❧❧ ♦t❤❡r s❡tt✐♥❣s✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✇❤♦s❡ ❝♦♠♣❧❡①✐t② ✐s st✐❧❧ ♦♣❡♥ ✐s 〈1|rj , ♣♠t♥|∑Sj〉
❡✈❡♥ ✐❢ ✭❛s ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✮ P♦❧②♥♦♠✐❛❧ ❚✐♠❡ ❆♣♣r♦①✐♠❛t✐♦♥
❙❝❤❡♠❡ ✭P❚❆❙✮ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❢♦r t❤✐s ♣r♦❜❧❡♠✳

✶✵ ❙✐♠✉❧❛t✐♦♥s

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✣❝❛❝② ♦❢ ✈❛r✐♦✉s s❝❤❡❞✉❧✐♥❣ str❛t❡❣✐❡s ✇❤❡♥ ♦♣t✐♠✐③✐♥❣ str❡t❝❤✲❜❛s❡❞ ♠❡t✲
r✐❝s✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ s✐♠✉❧❛t♦r ✉s✐♥❣ t❤❡ ❙✐♠●r✐❞ t♦♦❧❦✐t ❬✷✶❪✱ ❜❛s❡❞ ♦♥ t❤❡ ❜✐♦❧♦❣✐❝❛❧
s❡q✉❡♥❝❡ ❝♦♠♣❛r✐s♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ♣❧❛t❢♦r♠ ♠♦❞❡❧s ✉s❡❞ ✐♥ t❤❡ r❡s✉❧t✲
✐♥❣ s✐♠✉❧❛t♦r ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ♦✉r ✐♥✐t✐❛❧ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ●r✐PP❙ s②st❡♠✱ ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✷✳ ❖✉r ♣r✐♠❛r② ❣♦❛❧ ✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦♣♦s❡❞ ❤❡✉r✐st✐❝s ✐♥ r❡❛❧✐st✐❝ ❝♦♥❞✐t✐♦♥s
t❤❛t ✐♥❝❧✉❞❡ ♣❛rt✐❛❧ r❡♣❧✐❝❛t✐♦♥ ♦❢ t❛r❣❡t s❡q✉❡♥❝❡ ❞❛t❛❜❛s❡s ❛❝r♦ss t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♠♣✉t✐♥❣

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻✵ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

model = ∅ model = ♣♠t♥ model = ❞✐✈

〈1|rj ;model|max wjFj〉 NP ✭❬✺❪✮ ↓ ↓
〈P |rj ;model|max wjFj〉 ↑ ↓ ↓
〈Q|rj ;model|max wjFj〉 ↑ ↓ ↓
〈R|rj ;model|max wjFj〉 ↑ P ✭▲✐♥✳ Pr♦❣✳ ❙❡❝✳ ✻✳✷✮ P ✭▲✐♥✳ Pr♦❣✳ ❙❡❝✳ ✻✳✶✮

〈1|rj ;model|∑Fj〉 NP ✭❬✷✹❪✮ P ✭❙❘P❚ ❬✶❪✮ ↓
〈P |rj ;model|∑Fj〉 ↑ NP ✭◆✉♠❡r✐❝❛❧✲✸❉▼ ❬✸❪✮ ↓
〈Q|rj ;model|∑Fj〉 ↑ ↑ P ✭❙❘P❚ ✰ ❙❡❝✳ ✷✳✸✮
〈R|rj ;model|∑Fj〉 ↑ ↑ NP ✭✸❉▼✱ ❙❡❝✳ ✹✮

〈1|rj ;model|∑Sj〉 NP ✭❙❡❝✳ ✺✳✶✮ ❄ ❄
〈P |rj ;model|∑Sj〉 ↑ ❄ ❄
〈Q|rj ;model|∑Sj〉 ↑ ❄ ❄
〈R|rj ;model|∑Sj〉 ↑ ❄ NP ✭✸❉▼✱ ❙❡❝✳ ✺✳✶✮

〈1|rj ;model|∑wjFj〉 NP ✭❬✷✹❪✮ NP ✭◆✉♠❡r✐❝❛❧✲✸❉▼ ❬✶✾❪✮ �

〈P |rj ;model|∑wjFj〉 ↑ ↑ ↑
〈Q|rj ;model|∑wjFj〉 ↑ ↑ ↑
〈R|rj ;model|∑wjFj〉 ↑ ↑ ↑

❚❛❜❧❡ ✶✿ ❙✉♠♠❛r② ♦❢ ❝♦♠♣❧❡①✐t② r❡s✉❧ts✳

r❡s♦✉r❝❡s✳ ❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ♦✉t❧✐♥❡s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ✇❡ ❝♦♥s✐❞✲
❡r❡❞ ❛♥❞ ♣r❡s❡♥ts r❡s✉❧ts ❞❡s❝r✐❜✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❤❡✉r✐st✐❝s ✐♥ q✉❡st✐♦♥ ✉♥❞❡r ✈❛r✐♦✉s
♣❛r❛♠❡t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧s✳

✶✵✳✶ ❙✐♠✉❧❛t✐♦♥ ❙❡tt✐♥❣s

❚❤❡ ♣❧❛t❢♦r♠ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧s t❤❛t ✇❡ ❛❞❞r❡ss ✐♥ t❤✐s ✇♦r❦ ❛r❡ q✉✐t❡ ✢❡①✐❜❧❡✱ r❡s✉❧t✐♥❣
✐♥ ✐♥♥✉♠❡r❛❜❧❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ♣♦t❡♥t✐❛❧❧② ✐♥t❡r❡st✐♥❣ ❝♦♠❜✐♥❛t✐♦♥s✳ ❚♦ ❢❛❝✐❧✐t❛t❡
♦✉r st✉❞✐❡s✱ ✇❡ ❝♦♥❝r❡t❡❧② ❞❡✜♥❡ ❝❡rt❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ s②st❡♠ t❤❛t ✇❡ ❜❡❧✐❡✈❡ t♦ ❜❡ ✉s❡❢✉❧
✐♥ ❞❡s❝r✐❜✐♥❣ r❡❛❧✐st✐❝ ❡①❡❝✉t✐♦♥ s❝❡♥❛r✐♦s✳ ❲❡ ❝♦♥s✐❞❡r ✐♥ ♣❛rt✐❝✉❧❛r s✐① s✉❝❤ ❢❡❛t✉r❡s✳

P❧❛t❢♦r♠ s✐③❡✿ ❚②♣✐❝❛❧❧②✱ ❛ ❣✐✈❡♥ ❜✐♦❧♦❣✐❝❛❧ ❞❛t❛❜❛s❡ s✉❝❤ ❛s t❤♦s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
✇♦r❦✱ ✇♦✉❧❞ ❜❡ r❡♣❧✐❝❛t❡❞ ❛t ✈❛r✐♦✉s s✐t❡s✱ ❛t ✇❤✐❝❤ ❝♦♠♣❛r✐s♦♥s ❛❣❛✐♥st t❤✐s ❞❛t❛❜❛s❡ ♠❛②
❜❡ ♣❡r❢♦r♠❡❞✳ ●❡♥❡r❛❧❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ s✐t❡s ✐♥ ❛ s✐♠✉❧❛t❡❞ s②st❡♠ ♣r♦✈✐❞❡s ❛ ❜❛s✐❝ ♠❡❛s✉r❡
♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ♣♦✇❡r ♦❢ t❤❡ ♣❧❛t❢♦r♠✳ ❚❤✐s ♣❛r❛♠❡t❡r s♣❡❝✐✜❡s t❤❡ ❡①❛❝t ♥✉♠❜❡r ♦❢ s✐t❡s ✐♥
t❤❡ s✐♠✉❧❛t❡❞ ♣❧❛t❢♦r♠✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛r❜✐tr❛r✐❧② ❞❡✜♥❡ ❡❛❝❤ s✐t❡ t♦ ❝♦♥t❛✐♥
✶✵ ♣r♦❝❡ss♦rs✳

Pr♦❝❡ss♦r ♣♦✇❡r✿ ❖✉r ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t ❛❧❧ t❤❡ ♣r♦❝❡ss♦rs ❛t ❛♥② ❣✐✈❡♥ s✐t❡ ❛r❡
❡q✉✐✈❛❧❡♥t✱ ❛♥❞ ❡❛❝❤ ♣r♦❝❡ss♦r ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛❝❝❡ss t♦ ❛❧❧ ❞❛t❛❜❛s❡s ❧♦❝❛t❡❞ t❤❡r❡✳
❚❤✉s ❢♦r ❡❛❝❤ s✐t❡✱ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r ✈❛❧✉❡ r❡♣r❡s❡♥ts t❤❡ ♣r♦❝❡ss✐♥❣ ♣♦✇❡r ❛t t❤❛t s✐t❡✳ ❲❡
❝❤♦♦s❡ ♣r♦❝❡ss♦r ♣♦✇❡r ✈❛❧✉❡s ✉s✐♥❣ ❜❡♥❝❤♠❛r❦ r❡s✉❧ts ❢r♦♠ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✻✶

◆✉♠❜❡r ♦❢ ❞❛t❛❜❛s❡s✿ ❆♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ●r✐PP❙ ❝❛♥ ❛❝❝♦♠♠♦❞❛t❡ ♠✉❧t✐♣❧❡ r❡❢❡r✲
❡♥❝❡ ❞❛t❛❜❛s❡s✳ ❖✉r ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❛♥② ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ❞❛t❛❜❛s❡s t♦ ❡①✐st t❤r♦✉❣❤♦✉t
t❤❡ s②st❡♠✳

❉❛t❛❜❛s❡ s✐③❡✿ ❖✉r ♣r❡✈✐♦✉s ✇♦r❦ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♥❡❡❞❡❞ t♦
s❡r✈✐❝❡ ❛ ✉s❡r r❡q✉❡st t❛r❣❡t✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❞❛t❛❜❛s❡ ✈❛r✐❡s ❧✐♥❡❛r❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r
♦❢ s❡q✉❡♥❝❡s ❢♦✉♥❞ ✐♥ t❤❡ ❞❛t❛❜❛s❡ ✐♥ q✉❡st✐♦♥✳ ❲❡ ❝❤♦♦s❡ s✉❝❤ ✈❛❧✉❡s ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s
r❛♥❣❡ ♦❢ r❡❛❧✐st✐❝ ❞❛t❛❜❛s❡ s✐③❡s✱ ✇✐t❤ t❤❡ ❥♦❜ s✐③❡ ❢♦r ❥♦❜s t❛r❣❡t✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❞❛t❛❜❛s❡
s❝❛❧❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❉❛t❛❜❛s❡ ❛✈❛✐❧❛❜✐❧✐t②✿ ❆ ♣❛rt✐❝✉❧❛r ❞❛t❛❜❛s❡ ♠❛② ❜❡ r❡♣❧✐❝❛t❡❞ ❛t ♠✉❧t✐♣❧❡ s✐t❡s✱ ❛♥❞
❛ s✐♥❣❧❡ s✐t❡ ♠❛② ❤♦st ❝♦♣✐❡s ♦❢ ♠✉❧t✐♣❧❡ ❞❛t❛❜❛s❡s✳ ❲❡ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ t✇♦ ❡✈❡♥t✉❛❧✐t✐❡s
❜② ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❡❛❝❤ ❞❛t❛❜❛s❡ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①✐st❡♥❝❡ ❛t ❡❛❝❤ s✐t❡✳ ❚❤❡ s❛♠❡ ❞❛t❛❜❛s❡
❛✈❛✐❧❛❜✐❧✐t② ❛♣♣❧✐❡s t♦ ❛❧❧ ❞❛t❛❜❛s❡s ✐♥ t❤❡ s②st❡♠✳ ❲❡ ❢✉rt❤❡r ❡♥s✉r❡ t❤❛t ❡❛❝❤ ❞❛t❛❜❛s❡ ✐s
❛✈❛✐❧❛❜❧❡ ❛t ❛t ❧❡❛st ♦♥❡ s✐t❡✱ ❛♥❞ ❡❛❝❤ s✐t❡ ❤♦sts ❛t ❧❡❛st ♦♥❡ ❞❛t❛❜❛s❡✳

❲♦r❦❧♦❛❞ ❞❡♥s✐t②✿ ❋♦r ❛ ♣❛rt✐❝✉❧❛r ❞❛t❛❜❛s❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ✇♦r❦❧♦❛❞ ❞❡♥s✐t② ♦❢ ❛
s②st❡♠ t♦ ❜❡ t❤❡ r❛t✐♦✱ ♦♥ ❛✈❡r❛❣❡✱ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ❥♦❜ s✐③❡ ♦❢ ✉s❡r r❡q✉❡sts ❛❣❛✐♥st t❤❛t
❞❛t❛❜❛s❡ t♦ t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r ❛✈❛✐❧❛❜❧❡ t♦ s❡r✈❡ s✉❝❤ r❡q✉❡sts✳ ❲♦r❦❧♦❛❞
❞❡♥s✐t② ❡①♣r❡ss❡s ❛ ♥♦t✐♦♥ ♦❢ t❤❡ ✏❧♦❛❞✑ ♦❢ t❤❡ s②st❡♠✳ ❚❤✐s ♣❛r❛♠❡t❡r✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ s✐③❡
♦❢ t❤❡ ❞❛t❛❜❛s❡✱ ❞❡✜♥❡ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❥♦❜ ❛rr✐✈❛❧s ✐♥ t❤❡ s②st❡♠✳

❲❡ ❞❡✜♥❡ ❛ s✐♠✉❧❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ❛s ❛ s❡t ♦❢ s♣❡❝✐✜❝ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ s✐①
♣r♦♣❡rt✐❡s✳ ❖♥❝❡ ❞❡✜♥❡❞✱ ❝♦♥❝r❡t❡ s✐♠✉❧❛t✐♦♥ ✐♥st❛♥❝❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❜② r❡❛❧✐③✐♥❣ r❛♥❞♦♠
s❡r✐❡s ❢♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ s②st❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t✇♦ ♠♦❞❡❧s ❛r❡ ❝r❡❛t❡❞ ❢♦r ❡❛❝❤
✐♥st❛♥❝❡✿ ❛ ♣❧❛t❢♦r♠ ♠♦❞❡❧ ❛♥❞ ❛ ✇♦r❦❧♦❛❞ ♠♦❞❡❧✳ ❚❤❡ ❢♦r♠❡r ✐s s♣❡❝✐✜❡❞ ✜rst ❜② ❞❡✜♥✐♥❣
t❤❡ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❜❡r ♦❢ ✶✵✲♥♦❞❡ s✐t❡s ❛♥❞ ❛ss✐❣♥✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❝❡ss♦r ♣♦✇❡r ✈❛❧✉❡s✳
◆❡①t✱ ❛ s✐③❡ ✐s ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❞❛t❛❜❛s❡✱ ❛♥❞ ✐t ✐s r❡♣❧✐❝❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t✐♦♥✬s
❞❛t❛❜❛s❡ ❛✈❛✐❧❛❜✐❧✐t② ♣❛r❛♠❡t❡r✳ ❋✐♥❛❧❧②✱ t❤❡ ✇♦r❦❧♦❛❞ ♠♦❞❡❧ ✐s r❡❛❧✐③❡❞ ❜② ✜rst ❣❡♥❡r❛t✐♥❣
❛ s❡r✐❡s ♦❢ ❥♦❜s ❢♦r ❡❛❝❤ ❞❛t❛❜❛s❡✱ ✉s✐♥❣ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❢♦r ❥♦❜ ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡s✱ ✇✐t❤
❛ ♠❡❛♥ t❤❛t ✐s ❝♦♠♣✉t❡❞ t♦ ❛tt❛✐♥ t❤❡ ❞❡s✐r❡❞ ✇♦r❦❧♦❛❞ ❞❡♥s✐t②✳ ❚❤❡ ❞❛t❛❜❛s❡✲s♣❡❝✐✜❝
✇♦r❦❧♦❛❞s ❛r❡ t❤❡♥ ♠❡r❣❡❞ ❛♥❞ s♦rt❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✜♥❛❧ ✇♦r❦❧♦❛❞✳ ❏♦❜s ♠❛② ❛rr✐✈❡ ❜❡t✇❡❡♥
t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥ st❛rts ❛♥❞ ✶✺ ♠✐♥✉t❡s t❤❡r❡❛❢t❡r✳

■♥ t❤✐s s✐♠✉❧❛t✐♦♥ st✉❞②✱ ✇❡ ✉s❡ ❡♠♣✐r✐❝❛❧ ✈❛❧✉❡s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ●r✐PP❙ s②st❡♠ ❧♦❣s
t♦ ❞❡✜♥❡ ❛ r❡❛❧✐st✐❝ r❛♥❣❡ ♦❢ ❞❛t❛❜❛s❡ s✐③❡s ❛♥❞ t♦ ❣❡♥❡r❛t❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡s ❢♦r ♣r♦❝❡s✲
s♦r s♣❡❡❞s✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❢♦✉r ♣❛r❛♠❡t❡rs ✕ ♣❧❛t❢♦r♠ s✐③❡✱ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ❞❛t❛❜❛s❡s✱
❞❛t❛❜❛s❡ ❛✈❛✐❧❛❜✐❧✐t②✱ ❛♥❞ ✇♦r❦❧♦❛❞ ❞❡♥s✐t② ✕ ❛r❡ t❤❡ s✐♠✉❧❛t✐♦♥ ✈❛❧✉❡s t❤❛t ✈❛r② ✐♥ ♦✉r
st✉❞②✳ ❲❡ ❞✐s❝✉ss ❢✉rt❤❡r t❤❡ s♣❡❝✐✜❝s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡s✐❣♥ ❛♥❞ ♦✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts
✐♥ ❙❡❝t✐♦♥ ✶✵✳✸✳

✶✵✳✷ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❖♥❧✐♥❡ ❍❡✉r✐st✐❝

❚♦ ♠♦t✐✈❛t❡ t❤❡ ✈❛r✐❛♥ts ♦❢ ♦✉r ♦♥❧✐♥❡ ❤❡✉r✐st✐❝ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✱ ✇❡ ❝♦♥❞✉❝t ❛ s❡r✐❡s
♦❢ ❡①♣❡r✐♠❡♥ts t♦ ❡✈❛❧✉❛t❡ t❤❡✐r ❡✛❡❝t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥♦♥✲♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥
♦❢ t❤❡ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝✱ ✇❤✐❝❤ st♦♣s ❛❢t❡r ❙t❡♣ ✷✳ ❲❡ ❝♦♥s✐❞❡r ❥♦❜ ✇♦r❦❧♦❛❞s ♦❢ ❛✈❡r❛❣❡
❞❡♥s✐t② ✈❛r②✐♥❣ ❜❡t✇❡❡♥ ✵✳✵✶✷✺ t♦ ✹✳✵✵✱ ♦✈❡r ❛ r❛♥❣❡ ♦❢ ❛✈❡r❛❣❡ ❥♦❜ ❧❡♥❣t❤s ❜❡t✇❡❡♥ ✶✺
❛♥❞ ✻✵ s❡❝♦♥❞s✳ ❋♦r ❡❛❝❤ ❥♦❜ s✐③❡✴✇♦r❦❧♦❛❞ ❞❡♥s✐t② ❝♦♠❜✐♥❛t✐♦♥ ❡✈❛❧✉❛t❡❞✱ ✇❡ s✐♠✉❧❛t❡ t❤❡

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻✷ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❡①❡❝✉t✐♦♥ ♦❢ ✺✵✵✵ ✐♥st❛♥❝❡s✱ r❡❝♦r❞✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ s✉♠ str❡t❝❤ ♦❢ ❥♦❜s ✐♥ t❤❡ ✇♦r❦❧♦❛❞
❛❝❤✐❡✈❡❞ ✇✐t❤ ❜♦t❤ t❤❡ ♦♣t✐♠✐③❡❞ ❛♥❞ ♥♦♥✲♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝✳ ❚❤❡
♠❛①✲str❡t❝❤ ♦❢ ❡❛❝❤ ✐s t❤❡♥ ❞✐✈✐❞❡❞ ❜② t❤❡ ♠❛①✲str❡t❝❤ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠✱
②✐❡❧❞✐♥❣ ❛ ❞❡❣r❛❞❛t✐♦♥ ❢❛❝t♦r ❢♦r ❜♦t❤ ❤❡✉r✐st✐❝s ♦♥ t❤❛t r✉♥✳ ❙✐♥❝❡ t❤❡ ♦♣t✐♠❛❧ s✉♠✲str❡t❝❤
✐s ♥♦t ❦♥♦✇♥✱ ✇❡ ♦❜s❡r✈❡ t❤❡ s✉♠✲str❡t❝❤ ♦❢ t❤❡ ♦♣t✐♠✐③❡❞ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝ r❡❧❛t✐✈❡ t♦ t❤❡
♥♦♥✲♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥✳ ❋✐❣✉r❡s ✶✵✭❛✮ ❛♥❞ ✶✵✭❜✮ ♣r❡s❡♥t t❤❡ ♠❛①✲str❡t❝❤ ❛♥❞ s✉♠✲str❡t❝❤
r❡s✉❧ts✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ✜rst ♣❧♦t✱ t❤❡ ❛✈❡r❛❣❡ ♠❛①✲str❡t❝❤ ❞❡❣r❛❞❛t✐♦♥✱ ❝♦♠♣❛r❡❞ t♦ t❤❡
♦♣t✐♠❛❧ r❡s✉❧t✱ ❢♦r ❜♦t❤ ✈❡rs✐♦♥s ♦❢ t❤❡ ❤❡✉r✐st✐❝ ♦✈❡r t❤❡ ✺✵✵✵ r✉♥s ♦❢ ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥
✐s ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ✇♦r❦❧♦❛❞ ❞❡♥s✐t② ♦❢ t❤❛t ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♣❧♦t ❞❡♣✐❝ts t❤❡
❣❛✐♥ ❢♦r t❤❡ s✉♠✲str❡t❝❤ ♠❡tr✐❝ ❢♦r t❤❡ ♦♣t✐♠✐③❡❞ ❤❡✉r✐st✐❝✱ r❡❧❛t✐✈❡ t♦ t❤❡ ♥♦♥✲♦♣t✐♠✐③❡❞
✈❡rs✐♦♥✳ ❚❤❡s❡ r❡s✉❧ts str♦♥❣❧② ♠♦t✐✈❛t❡ t❤❡ ✉s❡ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ❡♥❝♦❞❡❞ ❜② t❤❡ ❧✐♥❡❛r
♣r♦❣r❛♠ ❞❡♣✐❝t❡❞ ✐♥ ❙②st❡♠ ✭✻✮✳
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Workload density

Gain using optimized online

✭❜✮ ❙✉♠✲str❡t❝❤ ❣❛✐♥ ♦❢ t❤❡ ♦♣t✐♠✐③❡❞ ✈❡r✲
s✐♦♥✱ r❡❧❛t✐✈❡ t♦ t❤❡ ♥♦♥✲♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥

❋✐❣✉r❡ ✶✵✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♦♣t✐♠✐③❡❞ ❛♥❞ ♥♦♥✲♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝✳

✶✵✳✸ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts ❛♥❞ ❆♥❛❧②s✐s

❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦✉r s✐♠✉❧❛t♦r ❛ ♥✉♠❜❡r ♦❢ s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝s t❤❛t ✇❡ ♣❧❛♥ t♦
❝♦♠♣❛r❡✳ ❋✐rst✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❖❢❢❧✐♥❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✻ t❤❛t s♦❧✈❡s t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ♣r♦❜❧❡♠✳ ❚✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝
❛r❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞✱ ❞❡s✐❣♥❛t❡❞ ❛s ❖♥❧✐♥❡ ❛♥❞ ❖♥❧✐♥❡✲❊●❉❋✳ ◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
❙❲❘P❚✱ ❙❘P❚✱ ❛♥❞ ❙P❚ ❤❡✉r✐st✐❝s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✇♦
♦♥❧✐♥❡ ❤❡✉r✐st✐❝s ♣r♦♣♦s❡❞ ❜② ❇❡♥❞❡r ❡t ❛❧✳ t❤❛t ✇❡r❡ ❜r✐❡✢② ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✷✳
❲❡ ❛❧s♦ ✐♥❝❧✉❞❡ t✇♦ ❣r❡❡❞② str❛t❡❣✐❡s✳ ❋✐rst✱ ▼❈❚ ✭✏♠✐♥✐♠✉♠ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✑✮ s✐♠♣❧②
s❝❤❡❞✉❧❡s ❡❛❝❤ ❥♦❜ ❛s ✐t ❛rr✐✈❡s ♦♥ t❤❡ ♣r♦❝❡ss♦r t❤❛t ✇♦✉❧❞ ♦✛❡r t❤❡ ❜❡st ❥♦❜ ❝♦♠♣❧❡t✐♦♥
t✐♠❡✳ ❚❤❡ ❋❈❋❙✲❉✐✈ ❤❡✉r✐st✐❝ ❡①t❡♥❞s t❤✐s ❛♣♣r♦❛❝❤ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ❥♦❜s
❛r❡ ❞✐✈✐s✐❜❧❡✱ ❜② ❡♠♣❧♦②✐♥❣ ❛❧❧ r❡s♦✉r❝❡s t❤❛t ❛r❡ ❛❜❧❡ t♦ ❡①❡❝✉t❡ t❤❡ ❥♦❜ ✭✉s✐♥❣ t❤❡ str❛t❡❣②
❧❛✐❞ ♦✉t ✐♥ ❙❡❝t✐♦♥ ✷✳✸✮✳ ◆♦t❡ t❤❛t ♥❡✐t❤❡r▼❈❚ ♥♦r ❋❈❋❙✲❉✐✈ ♠❛❦❡s ❛♥② ❝❤❛♥❣❡s t♦ ✇♦r❦

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✻✸

▼❛①✲str❡t❝❤ ❙✉♠✲str❡t❝❤
▼❡❛♥ ❙❉ ▼❛① ▼❡❛♥ ❙❉ ▼❛①

❖❢❢❧✐♥❡✿ ✶✳✵✵✵✵ ✵✳✵✵✵✶ ✶✳✵✶✹✶ ✶✳✺✺✵✸ ✵✳✷✾✹✵ ✷✳✾✹✼✷
❖♥❧✐♥❡✿ ✶✳✵✵✹✶ ✵✳✵✷✷✶ ✸✳✾✽✺✸ ✶✳✵✹✾✺ ✵✳✵✸✾✽ ✶✳✹✶✺✽

❖♥❧✐♥❡✲❊●❉❋✿ ✶✳✵✸✽✼ ✵✳✵✻✽✶ ✶✳✼✼✼✷ ✶✳✵✵✷✺ ✵✳✵✵✹✸ ✶✳✵✾✸✺
❙❲❘P❚✿ ✶✳✵✺✶✺ ✵✳✵✽✼✽ ✶✳✾✻✸✷ ✶✳✵✵✵✷ ✵✳✵✵✶✵ ✶✳✵✹✷✻
❙❘P❚✿ ✶✳✵✻✽✽ ✵✳✶✵✹✻ ✶✳✾✸✶✾ ✶✳✵✵✹✾ ✵✳✵✵✺✵ ✶✳✶✶✶✺
❙P❚✿ ✶✳✵✼✼✽ ✵✳✶✷✷✾ ✷✳✸✽✷✵ ✶✳✵✵✷✷ ✵✳✵✵✸✾ ✶✳✶✽✶✹

❇❡♥❞❡r✾✽✸✿ ✶✳✵✻✻✼ ✵✳✶✷✷✽ ✷✳✹✽✼✼ ✶✳✵✵✸✼ ✵✳✵✵✻✽ ✶✳✶✼✵✶
❇❡♥❞❡r✵✷✿ ✸✳✻✻✺✶ ✸✳✵✺✵✾ ✷✻✳✹✽✾✾ ✶✳✷✵✼✹ ✵✳✷✺✸✷ ✼✳✶✼✺✻
❋❈❋❙✲❉✐✈✿ ✼✳✵✽✵✻ ✽✳✶✷✺✾ ✼✽✳✵✼✷✸ ✶✳✸✽✺✻ ✵✳✺✾✶✶ ✶✽✳✷✶✷✵

▼❈❚✿ ✸✹✳✶✵✺✽ ✷✶✳✸✶✵✹ ✶✹✹✳✶✶✺✻ ✺✷✳✻✼✺✻ ✸✻✳✾✵✷✽ ✶✻✶✳✾✽✷✾
❘❆◆❉✿ ✻✳✼✹✺✷ ✽✳✽✹✾✾ ✶✸✸✳✼✸✼✵ ✶✳✷✹✶✸ ✵✳✸✼✷✸ ✶✵✳✸✹✶✶

❚❛❜❧❡ ✷✿ ❆❣❣r❡❣❛t❡ st❛t✐st✐❝s ♦✈❡r ❛❧❧ ✶✻✷ ♣❧❛t❢♦r♠✴❛♣♣❧✐❝❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥s✳

t❤❛t ❤❛s ❛❧r❡❛❞② ❜❡❡♥ s❝❤❡❞✉❧❡❞✳ ❋✐♥❛❧❧②✱ ❛s ❛ ❜❛s✐❝ r❡❢❡r❡♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧✐st✲s❝❤❡❞✉❧✐♥❣
❤❡✉r✐st✐❝ ✇✐t❤ r❛♥❞♦♠ ❥♦❜ ♦r❞❡r ❞❡♥♦t❡❞ ❘❆◆❉✳ ❚❤✐s ❤❡✉r✐st✐❝ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ ✐♥✐t✐❛❧❧②✱
✇❡ r❛♥❞♦♠❧② ❜✉✐❧❞ ❛♥ ♦r❞❡r ♦♥ t❤❡ ❥♦❜s t❤❛t ♠❛② ❛rr✐✈❡❀ t❤❡♥ ❘❆◆❉ ❧✐st✲s❝❤❡❞✉❧❡s t❤❡ ❥♦❜s
✇❤✐❧❡ ✉s✐♥❣ t❤✐s ❧✐st t♦ ❞❡✜♥❡ ♣r✐♦r✐t✐❡s✱ ❛♥❞ ✇❤✐❧❡ ✉s✐♥❣ t❤❡ ❞✐✈✐s✐❜✐❧✐t② ♣r♦♣❡rt②✳ ❆❧❧ t❤❡
✉♥✐✲♣r♦❝❡ss♦r ❤❡✉r✐st✐❝s ✭❙❲❘P❚✱ ❙❘P❚✱ ❙P❚✱ ❛♥❞ ❇❡♥❞❡r ❡t ❛❧✳✬s✮ ❛r❡ ❡①t❡♥❞❡❞ t♦ t❤❡
♠✉❧t✐✲♣r♦❝❡ss♦r ❝❛s❡ ✉s✐♥❣ t❤❡ str❛t❡❣② ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t✇♦ ♦❢ t❤❡ s✐① ♣❛r❛♠❡t❡rs ♦❢ ♦✉r ♠♦❞❡❧ r❡✢❡❝t ❡♠♣✐r✐❝❛❧ ✈❛❧✉❡s
❞❡t❡r♠✐♥❡❞ ✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ✇✐t❤ t❤❡ ●r✐PP❙ s②st❡♠ ❬✷✸❪✳ Pr♦❝❡ss♦r s♣❡❡❞s ❛r❡ ❝❤♦s❡♥
r❛♥❞♦♠❧② ❢r♦♠ ♦♥❡ ♦❢ t❤❡ s✐① r❡❢❡r❡♥❝❡ ♣❧❛t❢♦r♠s ✇❡ st✉❞✐❡❞✱ ❛♥❞ ✇❡ ❧❡t ❞❛t❛❜❛s❡ s✐③❡s ✈❛r②
❝♦♥t✐♥✉♦✉s❧② ♦✈❡r ❛ r❛♥❣❡ ♦❢ ✶✵ ♠❡❣❛❜②t❡s t♦ ✶ ❣✐❣❛❜②t❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✉❣❤❧② t♦ ●r✐PP❙
❞❛t❛❜❛s❡ s✐③❡s✳ ❚❤✉s✱ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❡①❛♠✐♥❡ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
❤❡✉r✐st✐❝s ❛s ✇❡ ✈❛r② ♦✉r ❢♦✉r ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛♠❡t❡rs✿

♣❧❛t❢♦r♠s ♦❢ ✸✱ ✶✵✱ ❛♥❞ ✷✵ ❝❧✉st❡rs ✭s✐t❡s✮ ✇✐t❤ ✶✵ ♣r♦❝❡ss♦rs ❡❛❝❤❀

❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ✸✱ ✶✵✱ ❛♥❞ ✷✵ ❞✐st✐♥❝t ❞❛t❛❜❛s❡s❀

❞❛t❛❜❛s❡ ❛✈❛✐❧❛❜✐❧✐t✐❡s ♦❢ ✸✵✪✱ ✻✵✪✱ ❛♥❞ ✾✵✪ ❢♦r ❡❛❝❤ ❞❛t❛❜❛s❡❀ ❛♥❞

✇♦r❦❧♦❛❞ ❞❡♥s✐t② ❢❛❝t♦rs ♦❢ ✵✳✼✺✱ ✶✳✵✱ ✶✳✷✺✱ ✶✳✺✱ ✷✳✵✱ ❛♥❞ ✸✳✵✳

❚❤❡ r❡s✉❧t✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ❢r❛♠❡✇♦r❦ ❤❛s ✶✻✷ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❋♦r ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥✱
✷✵✵ ♣❧❛t❢♦r♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ✐♥st❛♥❝❡s ❛r❡ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts
❢♦r ❡❛❝❤ ♦❢ t❤❡ st✉❞✐❡❞ ❤❡✉r✐st✐❝s ✐s r❡❝♦r❞❡❞✳ ❚❛❜❧❡ ✷ ♣r❡s❡♥ts t❤❡ ❛❣❣r❡❣❛t❡ r❡s✉❧ts ❢r♦♠
t❤❡s❡ s✐♠✉❧❛t✐♦♥s❀ ✜♥❡r✲❣r❛✐♥❡❞ r❡s✉❧ts ❜❛s❡❞ ♦♥ ✈❛r✐♦✉s ♣❛rt✐t✐♦♥✐♥❣s ♦❢ t❤❡ ❞❛t❛ ♠❛② ❜❡
❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❆✳

❆❜♦✈❡ ❛❧❧✱ ✇❡ ♥♦t❡ t❤❛t t❤❡▼❈❚ ❤❡✉r✐st✐❝ ✕ ❡✛❡❝t✐✈❡❧② t❤❡ ♣♦❧✐❝② ✐♥ t❤❡ ❝✉rr❡♥t ●r✐PP❙
s②st❡♠ ✕ ✐s ✉♥q✉❡st✐♦♥❛❜❧② ✐♥❛♣♣r♦♣r✐❛t❡ ❢♦r ♠❛①✲str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥✿ ▼❈❚ ✇❛s ♦✈❡r ✸✹
t✐♠❡s ✇♦rs❡ ♦♥ ❛✈❡r❛❣❡ t❤❛♥ t❤❡ ❜❡st ❤❡✉r✐st✐❝✳ ■ts ❞❡✜❝✐❡♥❝② ♠✐❣❤t ❛r❣✉❛❜❧② ❜❡ t♦❧❡r❛❜❧❡
♦♥ s♠❛❧❧ ♣❧❛t❢♦r♠s ❜✉t✱ ✐♥ ❢❛❝t✱▼❈❚ ②✐❡❧❞❡❞ ♠❛①✲str❡t❝❤ ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r t❡♥ t✐♠❡s ✇♦rs❡
t❤❛♥ t❤❡ ❜❡st ❤❡✉r✐st✐❝ ✐♥ ❛❧❧ s✐♠✉❧❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❊✈❡♥ ❛❢t❡r ❛❞❞r❡ss✐♥❣ t❤❡ ♣r✐♠❛r②

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻✹ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❧✐♠✐t❛t✐♦♥ t❤❛t t❤❡ ❞✐✈✐s✐❜✐❧✐t② ♣r♦♣❡rt② ✐s ♥♦t ✉t✐❧✐③❡❞✱ t❤❡ r❡s✉❧ts ❛r❡ st✐❧❧ ❞✐s❛♣♣♦✐♥t✐♥❣✿
❋❈❋❙✲❉✐✈ ✐s ♦♥ ❛✈❡r❛❣❡ ✼✳✵ t✐♠❡s ✇♦rs❡ ✐♥ t❡r♠s ♦❢ ♠❛①✲str❡t❝❤ t❤❛♥ t❤❡ ❜❡st ❛♣♣r♦❛❝❤
✇❡ ❢♦✉♥❞✳ ❖♥❡ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❢❛✐❧✐♥❣s ♦❢ t❤❡ ▼❈❚ ❛♥❞ ❋❈❋❙✲❉✐✈ ❤❡✉r✐st✐❝s ✐s t❤❛t t❤❡②
❛r❡ ♥♦♥✲♣r❡❡♠♣t✐✈❡✳ ❇② ❢♦r❝✐♥❣ ❛ s♠❛❧❧ t❛s❦ t❤❛t ❛rr✐✈❡s ✐♥ ❛ ❤❡❛✈✐❧② ❧♦❛❞❡❞ s②st❡♠ t♦ ✇❛✐t✱
♥♦♥✲♣r❡❡♠♣t✐✈❡ s❝❤❡❞✉❧❡rs ❝❛✉s❡ s✉❝❤ ❛ t❛s❦ t♦ ❜❡ ✐♥♦r❞✐♥❛t❡❧② str❡t❝❤❡❞ r❡❧❛t✐✈❡ t♦ ❧❛r❣❡
t❛s❦s t❤❛t ❛r❡ ❛❧r❡❛❞② r✉♥♥✐♥❣✳

❊①♣❡r✐♠❡♥t❛❧❧②✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ✜rst ♦❢ t❤❡ t✇♦ ♦♥❧✐♥❡ ❤❡✉r✐st✐❝s ✇❡ ♣r♦♣♦s❡ ✐s ❝♦♥✲
s✐st❡♥t❧② ♥❡❛r✲♦♣t✐♠❛❧ ✭✇✐t❤✐♥ ✹❻ ♦♥ ❛✈❡r❛❣❡✮ ❢♦r ♠❛①✲str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞
❤❡✉r✐st✐❝✱ ❖♥❧✐♥❡✲❊●❉❋✱ ❛❝t✉❛❧❧② ❛❝❤✐❡✈❡s ❝♦♥s✐st❡♥t❧② ❣♦♦❞ s✉♠✲str❡t❝❤ ✭✇✐t❤✐♥ ✷❻ ♦❢
t❤❡ ❜❡st ♦❜s❡r✈❡❞ s✉♠✲str❡t❝❤✮✱ ❜✉t ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ✐ts ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ♠❛①✲str❡t❝❤
♠❡tr✐❝ ✭✇✐t❤✐♥ ✹✪ ♦❢ t❤❡ ♦♣t✐♠❛❧✮✳ ❚❤✐s ✐s ♥♦t ❡♥t✐r❡❧② s✉r♣r✐s✐♥❣ ❛s t❤❡ ❤❡✉r✐st✐❝ ✐❣♥♦r❡s ❛
s✐❣♥✐✜❝❛♥t ♣♦rt✐♦♥ ♦❢ t❤❡ ✜♥❡✲t✉♥❡❞ s❝❤❡❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ❞❡s✐❣♥❡❞ t♦
♦♣t✐♠✐③❡ t❤❡ ♠❛①✲str❡t❝❤✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ❙❲❘P❚✱ ❙❘P❚✱ ❛♥❞ ❙P❚ ❛r❡ ❛❧❧ q✉✐t❡ ❡✛❡❝t✐✈❡ ❛t s✉♠✲str❡t❝❤
♦♣t✐♠✐③❛t✐♦♥✳ ❊❛❝❤ ✐s ♦♥ ❛✈❡r❛❣❡ ✇✐t❤✐♥ ✺❻ ♦❢ t❤❡ ❜❡st ♦❜s❡r✈❡❞ s✉♠✲str❡t❝❤ ❢♦r ❛❧❧ ❝♦♥✜❣✉✲
r❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❙❲❘P❚ ♣r♦❞✉❝❡s ❛ s✉♠✲str❡t❝❤ t❤❛t ✐s ♦♥ ❛✈❡r❛❣❡ ✵✳✷❻ ✇✐t❤✐♥ t❤❡
❜❡st ♦❜s❡r✈❡❞ s✉♠✲str❡t❝❤✱ ❛♥❞ ❛tt❛✐♥✐♥❣ ❛ s✉♠✲str❡t❝❤ ✇✐t❤✐♥ ✺✪ ♦❢ t❤❡ ❜❡st s✉♠✲str❡t❝❤
✐♥ ❛❧❧ ♦❢ t❤❡ r♦✉❣❤❧② ✸✷✱✵✵✵ ✐♥st❛♥❝❡s✳ ❍♦✇❡✈❡r✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡s❡ ❤❡✉r✐st✐❝s ♠❛②
❧❡❛❞ t♦ st❛r✈❛t✐♦♥✳ ❏♦❜s ♠❛② ❜❡ ❞❡❧❛②❡❞ ❢♦r ❛♥ ❛r❜✐tr❛r✐❧② ❧♦♥❣ t✐♠❡✱ ♣❛rt✐❝✉❧❛r❧② ✇❤❡♥ ❛ ❧♦♥❣
s❡r✐❡s ♦❢ s♠❛❧❧ ❥♦❜s ✐s s✉❜♠✐tt❡❞ s❡q✉❡♥t✐❛❧❧② ✭t❤❡ (n+1)th ❥♦❜ ❜❡✐♥❣ r❡❧❡❛s❡❞ r✐❣❤t ❛❢t❡r t❤❡
t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ nth ❥♦❜✮✳ ❖✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ●r✐PP❙ ❛♣♣❧✐❝❛t✐♦♥ ❧♦❣s ❤❛s r❡✈❡❛❧❡❞ t❤❛t
s✉❝❤ s✐t✉❛t✐♦♥s ♦❝❝✉r ❢❛✐r❧② ♦❢t❡♥ ❞✉❡ t♦ ❛✉t♦♠❛t❡❞ ♣r♦❝❡ss❡s t❤❛t s✉❜♠✐t ❥♦❜s ❛t r❡❣✉❧❛r
✐♥t❡r✈❛❧s✳ ❇② ♦♣t✐♠✐③✐♥❣ ♠❛①✲str❡t❝❤ ✐♥ ❧✐❡✉ ♦❢ s✉♠✲str❡t❝❤✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ st❛r✈❛t✐♦♥ ✐s
❡❧✐♠✐♥❛t❡❞✳

◆❡①t✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❇❡♥❞❡r✾✽ ❛♥❞ ❇❡♥❞❡r✵✷ ❤❡✉r✐st✐❝s ❛r❡ ♥♦t ♣r❛❝t✐❝❛❧❧② ✉s❡❢✉❧ ✐♥
♦✉r s❝❤❡❞✉❧✐♥❣ ❝♦♥t❡①t✳ ❚❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷ ❢♦r t❤❡ ❇❡♥❞❡r✾✽ ❤❡✉r✐st✐❝ ❝♦♠♣r✐s❡
♦♥❧② ✸✲❝❧✉st❡r ♣❧❛t❢♦r♠s❀ s✐♠✉❧❛t✐♦♥s ♦♥ ❧❛r❣❡r ♣❧❛t❢♦r♠s ✇❡r❡ ♣r❛❝t✐❝❛❧❧② ✐♥❢❡❛s✐❜❧❡✱ ❞✉❡ t♦
t❤❡ ❛❧❣♦r✐t❤♠✬s ♣r♦❤✐❜✐t✐✈❡ ♦✈❡r❤❡❛❞ ❝♦sts✳ ❊✛❡❝t✐✈❡❧②✱ ❢♦r ❛♥ n✲t❛s❦ ✇♦r❦❧♦❛❞✱ t❤❡ ❇❡♥✲
❞❡r✾✽ ❤❡✉r✐st✐❝ s♦❧✈❡s n ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ♣r♦❜❧❡♠s✱ ♠❛♥② ♦❢ ✇❤✐❝❤ ❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧②
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢✉❧❧ n✲t❛s❦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ■♥ s❡✈❡r❛❧ ❝❛s❡s t❤❡ ❞❡s✐r❡❞ ✇♦r❦❧♦❛❞ ❞❡♥s✐t②
r❡q✉✐r❡❞ t❤♦✉s❛♥❞s ♦❢ t❛s❦s✱ r❡♥❞❡r✐♥❣ t❤❡ ❇❡♥❞❡r✾✽ ❛❧❣♦r✐t❤♠ ✐♥tr❛❝t❛❜❧❡✳ ❚♦ r♦✉❣❤❧②
❝♦♠♣❛r❡ t❤❡ ♦✈❡r❤❡❛❞ ❝♦sts ♦❢ t❤❡ ✈❛r✐♦✉s ❤❡✉r✐st✐❝s✱ ✇❡ r❛♥ ❛ s♠❛❧❧ s❡r✐❡s ♦❢ s✐♠✉❧❛t✐♦♥s
✉s✐♥❣ ♦♥❧② ✸✲❝❧✉st❡r ♣❧❛t❢♦r♠s✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ t❡sts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ s❝❤❡❞✉❧✐♥❣ t✐♠❡
❢♦r ❛ ✶✺✲♠✐♥✉t❡ ✇♦r❦❧♦❛❞ ✇❛s ♦♥ ❛✈❡r❛❣❡ ✉♥❞❡r ✵✳✷✽ s ❢♦r ❛♥② ♦❢ ♦✉r ♦♥❧✐♥❡ ❤❡✉r✐st✐❝s✱ ❛♥❞
✵✳✺✹ s ❢♦r t❤❡ ♦✤✐♥❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ✭✇✐t❤ ✵✳✸✺ s s♣❡♥t ✐♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r
♣r♦❣r❛♠ ❛♥❞ ✵✳✶✾ s s♣❡♥t ✐♥ t❤❡ ♦♥❧✐♥❡ ♣❤❛s❡s ♦❢ t❤❡ s❝❤❡❞✉❧❡r✮❀ ❜② ❝♦♥tr❛st✱ t❤❡ ❛✈❡r❛❣❡
t✐♠❡ s♣❡♥t ✐♥ t❤❡ ❇❡♥❞❡r✾✽ s❝❤❡❞✉❧❡r ✇❛s ✶✾✳✼✻ s✳ ❚❤❡ s❝❤❡❞✉❧✐♥❣ ♦✈❡r❤❡❛❞ ♦❢ ❇❡♥❞❡r✵✷
✐s ❢❛r ❧❡ss ❝♦st❧② ✭♦♥ ❛✈❡r❛❣❡ ✵✳✷✸ s ♦❢ s❝❤❡❞✉❧✐♥❣ t✐♠❡ ✐♥ ♦✉r ♦✈❡r❤❡❛❞ ❡①♣❡r✐♠❡♥ts✮✱ ❜✉t
✐♥ r❡❛❧✐st✐❝ s❝❡♥❛r✐♦s ❢♦r ♦✉r ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥✱ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦s ✐t ❣✉❛r❛♥t❡❡s ❛r❡
✐♥❡✛❡❝t✐✈❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♦✉r ♦♥❧✐♥❡ ❤❡✉r✐st✐❝s ❢♦r ♠❛①✲str❡t❝❤ ♦♣t✐♠✐③❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡

✸
❇❡♥❞❡r✾✽ r❡s✉❧ts ❛r❡ ❧✐♠✐t❡❞ t♦ ✸✲❝❧✉st❡r ♣❧❛t❢♦r♠s✱ ❞✉❡ t♦ ♣r♦❤✐❜✐t✐✈❡ ♦✈❡r❤❡❛❞ ❝♦sts ✭❞✐s❝✉ss❡❞ ✐♥

❙❡❝t✐♦♥ ✶✵✳✸✮✳

■◆❘■❆



▼✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤ ✻✺

▼❛①✲str❡t❝❤ ❙✉♠✲str❡t❝❤
▼❡❛♥ ❙❉ ▼❛① ▼❡❛♥ ❙❉ ▼❛①

❖❢❢❧✐♥❡ ✶✳✵✵✵✵ ✵✳✵✵✵✵ ✶✳✵✵✵✵ ✶✳✵✹✶✸ ✵✳✵✺✾✸ ✶✳✻✼✸✺
❖♥❧✐♥❡ ✶✳✵✵✶✻ ✵✳✵✶✹✾ ✶✳✻✸✹✹ ✶✳✵✺✹✾ ✵✳✵✽✾✸ ✶✳✽✶✸✹
❙❲❘P❚ ✶✳✶✸✶✻ ✵✳✷✵✼✶ ✸✳✶✻✹✸ ✶✳✵✵✵✶ ✵✳✵✵✵✾ ✶✳✵✸✾✽
❙❘P❚ ✶✳✶✷✹✷ ✵✳✷✵✵✸ ✸✳✵✼✺✸ ✶✳✵✶✸✾ ✵✳✵✷✶✷ ✶✳✷✺✼✻
❙P❚ ✶✳✶✾✻✶ ✵✳✷✻✻✼ ✸✳✾✼✺✷ ✶✳✵✷✷✾ ✵✳✵✷✾✻ ✶✳✸✺✼✸

❇❡♥❞❡r✾✽ ✶✳✶✷✵✵ ✵✳✶✼✻✻ ✷✳✺✹✷✽ ✶✳✵✶✾✹ ✵✳✵✷✼✾ ✶✳✹✹✻✻
❇❡♥❞❡r✵✷ ✸✳✺✹✷✷ ✷✳✹✽✼✵ ✷✶✳✹✽✶✾ ✷✳✾✽✼✷ ✶✳✾✺✾✾ ✶✺✳✵✵✶✾
❋❈❋❙✲❉✐✈ ✽✳✼✼✻✷ ✾✳✶✾✵✵ ✽✵✳✼✹✻✺ ✻✳✽✾✼✾ ✼✳✼✹✵✾ ✽✽✳✷✹✹✾

❘❆◆❉ ✶✶✳✸✵✺✾ ✶✶✳✶✾✽✶ ✶✷✺✳✸✼✷✻ ✺✳✽✷✷✼ ✻✳✸✾✹✷ ✻✽✳✵✵✵✾

❚❛❜❧❡ ✸✿ ❆❣❣r❡❣❛t❡ st❛t✐st✐❝s ❢♦r ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡ ❢♦r ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥s✳

❜❛❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❇❡♥❞❡r✵✷ ✐s ♥♦t ❞✉❡ t♦ t❤❡ ✇❛② ✇❡ ❛❞❛♣t s✐♥❣❧❡✲♠❛❝❤✐♥❡ ❛❧❣♦r✐t❤♠s
t♦ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ❝♦♥✜❣✉r❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✮✳ ■♥❞❡❡❞✱ s✐♠✐❧❛r ♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡
❞♦♥❡ ✇❤❡♥ r❡str✐❝t✐♥❣ t♦ s✐♥❣❧❡✲♠❛❝❤✐♥❡ ❝♦♥✜❣✉r❛t✐♦♥s ✭s❡❡ ❚❛❜❧❡ ✸✮✳

❋✐♥❛❧❧②✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡ ❘❆◆❉ ❤❡✉r✐st✐❝ ✐s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ t❤❡ ❋❈❋❙✲❉✐✈ ❢♦r
❜♦t❤ ♠❡tr✐❝s✳ ▼♦r❡♦✈❡r✱ ❘❆◆❉ ✐s ♦♥❧② ✷✹✪ ❛✇❛② ❢r♦♠ t❤❡ ❜❡st ♦❜s❡r✈❡❞ s✉♠✲str❡t❝❤ ♦♥
❛✈❡r❛❣❡✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤✐♥❦ t❤❛t t❤❡ s✉♠✲str❡t❝❤ ♠❛② ♥♦t ❜❡ ❛ ❞✐s❝r✐♠❛t✐♥❣ ♦❜❥❡❝t✐✈❡ ❢♦r
♦✉r ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ ✐t ❧♦♦❦s ❛s ✐❢✱ ✇❤❛t❡✈❡r t❤❡ ♣♦❧✐❝②✱ ❛♥② ❧✐st✲s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝ ❞❡❧✐✈❡rs
❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤✐s ♠❡tr✐❝✳

❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❡ ❛♥♦♠❛❧♦✉s r❡s✉❧t t❤❛t t❤❡ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ✐s ♦❝❝❛s✐♦♥❛❧❧② ❜❡❛t❡♥
✭✐♥ ❛❧❧ ❝❛s❡s ❜② ♦♥❡ ♦❢ ♦✉r ♦♥❧✐♥❡ ❤❡✉r✐st✐❝✮❀ ❝❧❡❛r❧② t❤✐s ✐♥❞✐❝❛t❡s ❛♥ ❡rr♦r ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ♣r♦❜❧❡♠✳ ❖✉r ❛♥❛❧②s✐s s✉❣❣❡sts t❤❛t t❤✐s ✐s ❛ ✢♦❛t✐♥❣✲♣♦✐♥t ♣r❡❝✐s✐♦♥
♣r♦❜❧❡♠ t❤❛t ❛r✐s❡s ✇❤❡♥ ✈❡r② ✜♥❡ ✈❛r✐❛t✐♦♥s ✐♥ ✈❛❧✉❡s ♦❢ F r❡s✉❧t ✐♥ ❞✐✛❡r❡♥t ♦r❞❡r✐♥❣s ♦❢
t❤❡ ❡♣♦❝❤❛❧ t✐♠❡s✳ ❲❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠✱ s✉❝❤ ❛s s❝❛❧✐♥❣ t❤❡
❧✐♥❡❛r ♣r♦❣r❛♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t ♣r❡❝✐s✐♦♥ ❡rr♦rs ❜❡t✇❡❡♥ ❡♣♦❝❤❛❧ t✐♠❡s ♠❛② ❜❡ ❛✈♦✐❞❡❞✳

✶✶ ❈♦♥❝❧✉s✐♦♥

❖✉r ✐♥✐t✐❛❧ ❣♦❛❧ ✇❛s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤✳ ❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ♣♦❧②♥♦♠✐❛❧✲
t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ♦✛✲❧✐♥❡✳ ❲❡ ❤❛✈❡ ❛❧s♦ ♣r♦♣♦s❡❞ s♦♠❡ ❤❡✉r✐st✐❝s t♦
s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ♦♥✲❧✐♥❡✳ ❚❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥s ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡s❡ ❤❡✉r✐st✐❝s ❛r❡ ❢❛r
♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ♣r❡✲❡①✐st✐♥❣ ❣✉❛r❛♥t❡❡❞ ❤❡✉r✐st✐❝s✱ ❛♥❞ ❞♦ ♥♦t ❤❛✈❡ t❤❡ r✐s❦ ♦❢ ❥♦❜
st❛r✈❛t✐♦♥ ♣r❡s❡♥t ✐♥ ❝❧❛ss✐❝❛❧ s✐♠♣❧❡ s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝s ❧✐❦❡ s❤♦rt❡st r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣
t✐♠❡✳ ❆❧♦♥❣ t❤❡ ✇❛② ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ s♦♠❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❝♦♠♣❡t✐t✐✈❡♥❡ss r❡s✉❧ts✳
❍♦✇❡✈❡r✱ s♦♠❡ q✉❡st✐♦♥s r❡♠❛✐♥ ♦♣❡♥✱ ❧✐❦❡✿

❼ ❲❤❛t ✐s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ 〈1|♣♠t♥; rj |
∑

Sj〉✱ t❤❡ s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♦♥ ♦♥❡
♠❛❝❤✐♥❡ ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ❄

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻✻ ❆✳ ▲❡❣r❛♥❞✱ ❆✳ ❙✉✱ ❋✳ ❱✐✈✐❡♥

❼ ❲❤❛t ✐s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ 〈R|❞✐✈; rj |P❛r❡t♦Smax〉✱ t❤❡ P❛r❡t♦ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♠❛①✲
str❡t❝❤ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✉♥❞❡r t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧

❼ ❆r❡ t❤❡r❡ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ♦♥ ✉♥r❡❧❛t❡❞
♠❛❝❤✐♥❡s ✉♥❞❡r t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧ ❄

❼ ❆r❡ t❤❡r❡ s♦♠❡ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ❜❡tt❡r ❝♦♠♣❡t✐t✐✈✐t② ❢❛❝t♦r t❤❛♥ ✷ ❢♦r t❤❡ ♠✐♥✐♠✐③❛✲
t✐♦♥ ♦❢ s✉♠✲str❡t❝❤ ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❄

❼ Pr♦❝❡ss♦r ❙❤❛r✐♥❣ ✐s ❛ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝② ✇❤❡r❡ t✐♠❡ ✉♥✐ts ❛r❡ ❞✐✈✐❞❡❞ ❛r❜✐tr❛r✐❧② ✜♥❡❧②
❜❡t✇❡❡♥ ❥♦❜s ❛♥❞ ✇❤❡r❡ ❛❧❧ ❥♦❜s ❝✉rr❡♥t❧② ✐♥ t❤❡ s②st❡♠ ❣❡t ❛♥ ❡q✉❛❧ s❤❛r❡ ♦❢ t❤❡
♠❛❝❤✐♥❡✳ ■♥ ❬✺✱ ✹❪✱ ❇❡♥❞❡r ❡t ❛❧✳ ❝❧❛✐♠ t❤❛t Pr♦❝❡ss♦r ❙❤❛r✐♥❣ ❤❛s ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦
♦❢ Ω(n) ❢♦r ♠❛①✲str❡t❝❤ ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s✳ ❚❤✐s ✐s t❤✉s ✈❡r② ❜❛❞ ❝♦♠♣❛r❡❞
t♦ t❤❡ ❦♥♦✇♥ O(

√
∆) ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠s✳ ❍♦✇❡✈❡r ✐♥ t❤❡ ✐♥st❛♥❝❡ t❤❡② ✉s❡✱ ∆

❣r♦✇s ✇✐t❤ n ✭♠♦r❡ ♣r❡❝✐s❡❧② ∆ = 2n✮✳ ❚❤❡r❡❢♦r❡✱ Pr♦❝❡ss♦r ❙❤❛r✐♥❣ ♠❛② ♥♦t ❜❡ s✉❝❤
❛ ❜❛❞ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳ ■t ✐s ♥♦t ❤❛r❞ ✭❛t ❧❡❛st ♥✉♠❡r✐❝❛❧❧②✮
t♦ s❡❡ t❤❛t t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s Ω(

√
∆)✳ ❚❤❡ ♦♣❡♥ q✉❡st✐♦♥ ✐s t❤❡r❡❢♦r❡✿ ✇❤❛t ✐s

t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ Pr♦❝❡ss♦r ❙❤❛r✐♥❣ ❢♦r ♠❛①✲str❡t❝❤ ❄

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ▲✐♦♥❡❧ ❊②r❛✉❞ ❢♦r t❤❡ ♠❛♥② ✐♥s✐❣❤t❢✉❧ ❞✐s❝✉ss✐♦♥s ✇❡ ❤❛❞ t♦❣❡t❤❡r✳
❲❡ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ▼✐❝❤❛❡❧ ❇❡♥❞❡r ✇❤♦ ♣r❡s❡♥t❡❞ ✉s s♦♠❡ ❦♥♦✇♥ ❛❧❣♦r✐t❤♠s ❢♦r ♠✐♥✐✲
♠✐③✐♥❣ ♠❛①✲str❡t❝❤ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❑✳❘✳ ❇❛❦❡r✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❙❡q✉❡♥❝✐♥❣ ❛♥❞ ❙❝❤❡❞✉❧✐♥❣✳ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✹✳

❬✷❪ ❑✳❘✳ ❇❛❦❡r✱ ❊✳▲✳ ▲❛✇❧❡r✱ ❏✳❑✳ ▲❡♥str❛✱ ❛♥❞ ❆✳❍✳● ❘✐♥♥♦♦② ❑❛♥✳ Pr❡❡♠♣t✐✈❡ s❝❤❡❞✉❧✐♥❣
♦❢ ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡ t♦ ♠✐♥✐♠✐③❡ ♠❛①✐♠✉♠ ❝♦st s✉❜❥❡❝t t♦ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ♣r❡❝❡❞❡♥❝❡
❝♦♥str❛✐♥ts✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✸✶✭✷✮✿✸✽✶✕✸✽✻✱ ▼❛r❝❤ ✶✾✽✸✳

❬✸❪ P❤✐❧✐♣♣❡ ❇❛♣t✐st❡✱ P❡t❡r ❇r✉❝❦❡r✱ ▼❛r❡❦ ❈❤r♦❜❛❦✱ ❈❤r✐st♦♣❤ ❉✉rr✱ ❙✈❡t❧❛♥❛ ❆✳
❑r❛✈❝❤❡♥❦♦✱ ❛♥❞ ❋r❛♥❝✐s ❙♦✉r❞✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♠❡❛♥ ✢♦✇ t✐♠❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s
✇✐t❤ r❡❧❡❛s❡ t✐♠❡s✱ ✷✵✵✻✳ ❆✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴❝s✴✵✻✵✺✵✼✽✳

❬✹❪ ▼✐❝❤❛❡❧ ❆✳ ❇❡♥❞❡r✳ ◆❡✇ ❆❧❣♦r✐t❤♠s ❛♥❞ ▼❡tr✐❝s ❢♦r ❙❝❤❡❞✉❧✐♥❣✳ P❤❉ t❤❡s✐s✱ ❍❛r✈❛r❞
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