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Centralconfigurationsf four gravitationalmassesvith
anaxisof symmetry(Abstract)

DanielLazard

This talk describess commonwork with J.-C.Faugere.

A centralconfigurationof n massesindergravitational potentialis a configurationsuchall ac-
celerationsareorientedtowardthe centerof massesndproportionalto the distanceto this center
It followsthattheplanecentralconfigurationsarethosethatremainhomothetido themseles,with
cornvenientinitial velocities. For threemassestheseconfigurationsarewell known asLagrange
positions.

A well known conjectureis that the numberof centralconfigurationsof n bodiesis always
finite whenthe massesirefixed.

In thistalk, we describeéhe numberof centralconfiguration®f four masse# theplane,which
have anaxisof symmetrysuchsymmetricmassesreequal.In the casewherenoneof the masses
areontheaxis(trapezeconfiguration)ijt is rathereasyto show thatfor arny valueof thetwo masses,
thereis exactly onecentralconfiguration.

In the caseof two masse®n the axisandtwo symmetricmassesiormalizedto 1 (thisis the
only othercasef thebodiesarenot aligned),somereductionsallow to modelthe problemby the
systemof equations

(b—d)?*—20b+d)+1+f=0,

m(B—-1)—(D—-F)(d—-b+1)=0,

n(D—-1)— (B—F)(b—d+1)=0,

B¥B?=1, d*D? =1, f3F? =1.
wherem andn arethe remainingmassesthe lower caseothervariablesare squaref distances
andtheuppercasevariablesarethe cubesof theinversesof the samedistancesThusall variables
shouldbe positive. This systemseemgathersimple;however it is not having a Bezoutnumberof
1000and102comple solutionsfor m andn fixed.

The numberof centralconfigurationss 1, 3 or 5 dependingon the valuesof the massesn
andn. This numberis determinedby the positionof the point (m, n) relatively to a planecurve
in the spaceof the massesTheimplicit equationof this curve hasdegree424, morethan50,000
monomialsandinteger coeficientsof more200decimaldigits.

For proving this result,we have designeda generalalgorithmfor discussingzero-dimensional
problemsdependingon few parametersin this particularcase,it needsalgorithmsfor Grobner
basiscomputation,for elimination, for draving plane curves, for the certificationof a drawing
(proving thatno branchis omitted)andfor fastrealsolvingzero-dimensionaystem®f equations.

The sizeof the curve which is a part of the solutionshaws thatthis problemis nearfrom the
limit of the presentechnologyandwe guesghatthe only softwarewhich is presentlyableto do
sucha computations thelastversionof FGb/RealSolvingwhichis developedin ourteam.



