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Stabilité Lipschitzienne pour le probléme inverse de
Robin

Résumé : On considére un probléme inverse lié a la détection de la corrosion. On prouve un
résultat de stabilité Lipschitz pour un coefficient de Robin scalaire sur une partie inaccessible
de la frontiére depuis des mesures électrostatiques disponibles sur la partie accessible.

Mots-clés : Probléme de Robin, probléme inverse & la frontiére, corrosion.



Lipschitz stability for the inverse Robin problem 3

1 Introduction

In the following we shall consider the inverse problem of recovering a scalar Robin coefficient.
The direct problem associated with the inverse one, is the following

Au=0, in Q,
@:ga OHFQ,
gu (1.1)
gz—Lu, onlI',
u=20, onl'p ,

where I'; and I'y are two open, disjoint portions of 92 such that I'p= a2\ (I'1UT,).
According to this model, Q) represents the electrostatic conductor, u is the harmonic poten-
tial, g is the prescribed current density on the accessible part of the boundary I's, whereas
on I'y, the portion which is out of reach, we prescribe a Robin boundary condition with a
scalar Robin coefficient L.

The aim of the inverse problem that we shall study is to recover the scalar Robin coefficient
L when a fixed choice of the current density g and the measurement of the corresponding
boundary voltage u|r, on I'y are available.

In the following we shall treat the stability issue for this inverse problem. Such an issue has
been already discussed by Chaabane and Jaoua in [15]. The authors provided an identifia-
bility result as well as a Lipschitz stability estimate a la Bellout and Friedman for a Robin
coeflicient which depends on a scalar parameter only. The new feature of the present work
consists in a quantitative evaluation of such a Lipschitz rate of stability, which is no longer
a directional stability as in [15] and which is obtained with a constructive approach.
Moreover, Alessandrini, Del Piero, Rondi [5] and Chaabane, Fellah, Jaoua, Leblond [13] have
established a logarithmic stability result for a non necessarily constant Robin coefficient,
namely of the type

L=L(z), z€ly. (1.2)

In [14], Chaabane, Jaoua and Leblond have provided a constructive procedure in order to
solve the Robin problem.

We refer also to Fasino and Inglese [16, 17, 18], who have introduced numerical methods
relied on the thin-plate approximation and the Galerkin method.

In the corrosion literature we can find another type of boundary condition which postulates
a nonlinear relationship between the potential and the normal current density and it is
associated to the name of Butler and Volmer.

Such type of problem has been studied by Brian, Kavian, Vogelius and Xu [12, 20, 26]. The
authors have dealt with the uniqueness and the existence issues for this problem with a
special choice of the nonlinearity, that is of the type

% = M exp(au) — exp(—(1 — a)u)) . (1.3)
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4 E. Sincich

Moreover, in |7, 8] Alessandrini and the author have discussed the same problem but with
a more general choice of the nonlinear profile of the form

Ju

=), (1)
establishing a logarithmic stability estimate as well as a reconstruction result.

The present work fits in the framework of the study of the stability for coefficients which
depend on a finite number of parameters only. Such an issue has been developed by many
authors, among them we cite Alessandrini, Bacchelli, Beretta, Chaabane, Jaoua, Vessella
[4, 9, 10, 15]. Indeed, for what concerns the present problem, in [5] it has been shown in a
2-dimensional setting the stability for a functional Robin coefficient is at best logarithmic.
Unfortunately this kind of stability is inconvenient for the application. For this reason is
usefull to introduce some reasonable simplifications which are phisically meaningfull (as
remarked in [9]) and that lead to a better stability, namely of Lipschitz type.

2 Main assumptions and results

A priori information on the domain

We shall assume throughout that 2 is a bounded, connected domain in R", n > 2 such
that diam(2) < D and with Lipschitz boundary 0 with constants ro, M. Moreover, we
assume that the portions of the boundary I'; are contained respectively into surfaces 5;,
i = 1,2 which are C™® smooth with constants rq, M.

We also suppose that the boundary of I';, within S;, is of C1® class with constants rg, M.
We introduce some notation that we shall use in the sequel, for every p > 0 and ¢ = 1,2, we
set

U; = {x € Q : dist(z, 00\ T;) > p} , (2.1)

L, =U)NT; . (2.2)
In some places, it will be necessary to isolate one privileged coordinate direction, to this
purpose, we shall use the following notation for a point z € R", z = (2/,z,), with 2’ €
R 2, €R.

A priori information on the boundary data

The current flux g is a prescribed function such that

lgllcoar,) <G, (2.3)

191l Lo (13 5,) = M >0 (2.4)

INRIA



Lipschitz stability for the inverse Robin problem 5

A priori information on the scalar Robin coefficient

Given A > 0, we assume that the scalar Robin coefficient L satisfies
0<L<A. (2.5)

From now on we shall refer to the a priori data as to the set of quantities rq, M, o, A, G, D, m.
In the sequel we shall denote by 7n(t) and w(t), two positive increasing functions defined on
(0, 4+00), that satisfy

t -
n(t) = exp [— (E) ], for every 0 <t <G (2.6)
w(t) < Cllog(t)|™?, forevery 0<t<1 , (2.7)

where ¢ >0, C >0, 7> 1, 0 < 8 <1 are constants depending on the a priori data only.
The statement of the main result is the following.

Theorem 2.1. There exists a constant C' > 0, depending on the a priori data only, such
that

|Lo = Li| < Clluo — uallz2(ry) (2.8)
where u;, 1= 0,1 is the solution to (1.1) with L = L;.

3 Lipschitz stability

Given Lo, L1 > 0 and ¢t € [0,1] , we shall denote by L; the following

Ly =—[Lo+t(L1 — Lo)] . (3.1)
Moreover, let u; € H'(Q2) be the weak solution to
Aut =0 s in Q s
3ut
. =9 on F2 ;
By (3.2)
Ut
— =Ly, only,
v

ur =0, onI'p .

As a weak solution to the problem (3.2) we shall mean a function u; € H'(Q), such that

uy = 0 which satisfies
/ Vu;Vp = / gp —/ Lyugp (3.3)
Q Iy I

for every p € H'(Q) such that p =0 on I'p.
The existence and the uniqueness of the solution to (3.2) is a consequence of standard theory
on boundary value problem.

RR n° 0123456789



6 E. Sincich

Proposition 3.1. There exists a constant C > 0 depending on the a priori data only such
that

/ﬁvmﬁgc (3.4)
Q

for each t €10,1] .
Proof. Let us choose p = uy, then by (3.3) we have that

/|Vut|2 /Fgut /FLtut. (3.5)
/Q|Vu,5|2</F guy (3.6)

Let € > 0, by the Schwartz inequality we have that

1
Vu> <= | ¢*+e [ |ul?®. (3.7)
Q € Jr, T

By a standard trace inequality (see for instance [1]) we have that there exists a constant
C > 0 depending on the a priori data only such that

From which follows

/ IVl < 1/ P+Ce [ [Vl (3.8)
Q €Jr, Ty
Choosing ¢ = ﬁ we have that
/ |V |? < l/ g°. (3.9)
0 ¢ Jr,
Hence by (2.3) the thesis follows. O

Theorem 3.2. Let t € [0,1] and let u; € H'(Q) be the solution to (3.2), there exists a
constant C' > 0 depending on the a priori data only such that

lutllcooryy < C. (3.10)

Moreover, for any p € (0,r9), us € C’l""(Upl) and there exists a constant C, > 0 depending
on the a priori data and on p only, such that the following estimate holds

||Ut||01,a(U;) <G, E (3.11)

where 0 < o < 1 is a constant depending on rq, M,n only.

INRIA



Lipschitz stability for the inverse Robin problem 7

Proof. For any zg € I'y and for any p > 0, we shall denote

I'p(z0) = QN By(z0) , (3.12)
Let 0 < p; < p2 < 1o and let us consider a test function ¢ € C*(Q) such that
i) 0<p<L;
ii) ¢ =1in T, (20) and ¢ = 0in Q\ Ty, (20);
2
P2 — pl.

iii) [Ve| <
For a sake of brevity, in the following we shall replace u; with v and L; with L.

For any integer s > 2, let us define the function 1 = |u|*~2u@?. Hence, choosing 9 as test
function in the weak formulation of the problem (3.3) we have that

/ (s — 1)|Vul*|ul*2p* + / 2Vu - Veolul* 2up =
FPQ(ZO)

Fpg (ZO)

/ Llu|**. (3.14)
APQ (20)

Hence,

/ (s — )| Vullul*20* < ‘/ 2V Veplul*Zup| + (3.15)
Tpy(20) T'py (20)

[ e
APQ(ZO)

By applying the Holder inequality to the first term on the right hand side of (3.15), we
obtain

1 1
4 2 2
’/ 2Vu - Vgo|u|sf2u<p’ < </ |Vu|2|u|82<p2> (/ |U|S>
Ly, (20) P2 — P1 Tpy (20) Ty (20)

By the Schwartz inequality, it then follows that for every € > 0

‘ / 2Vu - V<p|u|s_2ucp’ < (3.16)
Tpy (20)

16
<e / Vullu~2? | + —20 / uf?
T, (20) (p2 = p1)*e \Ur,, (z0)

RR n° 0123456789



8 E. Sincich

Let us now consider the second term on the right hand side of (3.15). Furthermore by a
trace inequality, see for instance [1, Theorem 5.22|, we infer that

[ mrel<on [ 9 (ue) (317)

Fﬂz (20)

where C' > 0 is a constant depending on the a priori data only. Hence by the Schwartz
inequality, it then follows that for every € > 0

TRRIREE (3.18)
A,02(50)

20212 4C'L
<e / 2Vl + 2 / fuf* + / ful?
sz (ZO) € sz (ZO) p2 - pl sz (ZO)

Inserting (3.16) and (3.18) in (3.15), we obtain

(1 2) ( / IUIS2IVUI2s02> <
Fpg (ZO)

16 12s2C?  4CL .
< 5+ + |ul
(p2 — p1)%e € p2 = p1 T, (20)

Choosing € = i in the above inequality we have that

2 2I252(C"? 2C'L
/ |u|”|w|2<( 2 e, 2 ) [
Ty, (20) (p2 — p1)2%e € P2 — P1 Ly, (20)

By the Sobolev inequality, see for instance [1, Chap. 5], we have that

a2 5 1
s " c(1 s °
/ |u|ﬁ—2 < <M> / |u|s ,
Ty, (20) P2 =P Tpy (20)

where i =n for n > 2,2 > 2 and C' > 0 is a constant depending on the a priori data only.
Now, dealing as in [19, Chap. 8], we observe that the above inequality can be iterated.
m

and p, = L +27"22, m = 0,1,..., by (3.19) it

Indeed, setting s = s, = 2 ﬁ’A_LQ

4
follows
noo\2 Am(zty) "
< (c—2— . 1
I o) < (C55) Il ) 19
Letting m tends to oo in (3.19), we can infer that
< y .2
HUHL‘X’(F%(ZO)) Ollulle(F%m)) (320)

INRIA



Lipschitz stability for the inverse Robin problem

where C' > 0 is a constant depending on the a priori data only.
Hence combining (3.4) and (3.20) the inequality

follows.
Let us now prove the inequality (3.10).

(3.21)

Let 0 <7 <72 <2 and let us consider a test function 7 € C'(Q) such that

i) 0<n<
ii) n=1in T, (20) and n=0in Q\ T, (20);

2
7’2—7‘1.

By (3.21), we have that

iif) |V <

My = sup wu(z) < +oo.
z€l, (20)

Let us define the following non-negative function

v(z) = Ms —u(x), for every x € Ty, (20).

Let us introduce the following quantities.
For every p € (0, 72), let

i) b=2LC,

ii) h = bMs;

i) k= k(p) = p'h,
iv) b=0b%+k"2n%
v) v=v+k.

(3.22)

(3.23)

where C > 0 is the constant appearing in the inequality (3.17) and § is such that 0 < § < 1.
Let us define, for 8 € R\ {0} the function y = n?%. Hence choosing x as test function in

the weak formulation (3.3), it follows that

2 1
/ |Vol?o?~1n? + —/ Vo - Vimo? = ——/
L'y (20) B Jr,, 0 B J Ay (z0)

By (3.24), we can infer that

2 1
/ Vo272 + 2 Vo - Vimi? < —/
T, (20) B Jr,, (z0) 18l Ja,, =

RR n° 0123456789
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Furthermore by the trace inequality used in (3.17), we have that

2
[t S [ v v < V(M — )P,
I

vy T, 18] T, (20)

After straightforward calculations, we have that

J

V25712 — LO/ My — ]| Vol <
20) 'y (20)

7‘2(
2LC _
< = [ vl + (M — o]Vl
16 T, (z0) 18 Ty (20)
LC
+ |Vo|n?oP.
18] Jr., (z0)

By the Schwartz inequality it follows that for every ¢ > 0

LO/ My — 0| Vo7 < 5/ V|25 12 +
o 20) TQ(ZO)

L2 2
n C / |Ma — o25% 12,
F72(ZO)

€
Hence choosing ¢ = 1 in (3.27), we obtain
[ wepete - Lo My, — ][ Volg? 1 >
F72(z0) FTz (zD)

1
2 _/ |VU|2 —B—1 2 2L202/ |]\42 _ 'U|255_17]2 2
2 Jr,, (20) Ty (20)

1
> _/ |vv|26571,}72_b2/
2 .Jr,,(20) r

Moreover, observing that b%v? + h? < bv?, by (3.28) we can infer that

/ IVo[25° 12 LO/ M — ]| Vol5® 12 >
ry (20) T'ry (20)

> l / |V'U|2 ~B3—1 2 2b/ ,[}54»1,'72
2 \Jr.. z0) T, (20)

On the other hand we have also that

T2

T2

[ e Lo [ (M ol e’
FT2 (ZQ) FT‘Q (ZO

1
< / = (2|Vo| + bv + h) [Vn|no®.
2
Frz(zD)

(3.26)

(3.27)

(3.28)

w258 1yp2 h2/ 712,
(20) Try (20)

(3.29)

(3.30)

INRIA



Lipschitz stability for the inverse Robin problem 11

Noticing that bv 4+ h < 2Vbs, we have that (3.30) yields

/ |Vo||Vnno? + LC | My — v||Vn|nt® <
FT2 (ZQ) FT‘Q (ZO

< / (|V’U| + \/317) |Vn|no”. (3.31)
F"‘Q(ZO)

Hence inserting (3.29) and (3.31) in (3.26) we obtain

1 </ Vo3~ 192 —26/ uﬁ“n?) < (3.32)
2 \Jr,,(z0) T, (20)

< m [Vl Vel + m o Vb V) +
FTQ (ZD Frz (ZD)
LC
+ |Vo|n?o”.
18] Jr., (z0)

Moreover, by the Schwartz inequality and by (3.32) we obtain that for every € > 0

%(A

| Vo257 12 2b/ Pt 2) < (3.33)
(20) Ty (20)

T2

1
< / Vo221 + T2 4
18] T, (z0) ela] T, (20)
+ i |vn|2@ﬁ+l+i ,,72,UB+1+
28] Jr,, (z0) 2|8

L?C?
+ s/ |Vo?5°~1n? + 2/ Pt
T, (z0) elBI? Jr,, (z0)

From the above inequality it follows that

1 / 2.-8-1,2
=15 —€ |Vo26°~1n? <
<2 |6| ) T'ry (20)

b L2C2) 1 1
< 20+ —— n2@ﬁ+1+/ < > V|25t 3.34
/< ( TR e N2 ) Y (3:34)

Thus, choosing & = min{3, Ig‘} we have that

[ wepep<c (2 + [Vnf2) 27+ (3.35)
FTz (zD) F72 (zD)

where C' is a positive constant depending on |8l, L, C, Ms, p, 0.

RR n° 0123456789



12 E. Sincich

Let w be a function defined as follows

D I N Y F 2R
log v, if g=-1.

Hence we can reformulate (3.35) as follows

([3+1)QC’/F IS
o (20

/ InVwl® < ) (3.36)
Ty (20) C [+ |Vnl?], if B=-1.
Try (z0)
By the Sobolev inequality, see for instance [1, Chap. 5|, we have that
2 2 2
wlf? 20 <C / (Inveol? + lwvnl?) 3.37
el 2o oy o [nVw]” + [w¥| (3.37)

where i =n for n > 2,2 > 2 and C > 0 is a constant depending on the a priori data only.
Combining (3.36) and (3.37) we obtain

L LRy AU R (3.39)
ro (20

where ¢ > 0, depending on the a priori data, on p, on |B| and on ¢ only, is bounded when
| 3] is bounded away from zero.
Hence from (3.38) we obtain

. <C/(|ﬂ+1|+1)
L7=2 (T (20)) ro — 11

lw]® w2, z0)) (3.39)

where ¢ > 0, depending on the a priori data, on p and on § only.
At this stage arguing as in [19, Theorem 8.18], we obtain the following weak Harnack in-
equality for the function v.

For every 0 < p < 7%, we have that

P ol <€ (int ot pP1om]) (3.40)
Ty (20)

where C' > 0 is a constant only depending on the a priori data .
On the other hand by (3.21) we have also that,

mg = inf wu(x) < 4oo. (3.41)
z€l 0, (20)

Then, we define the following non-negative function

z(x) = u(x) — my for every x € T, (20). (3.42)

INRIA



Lipschitz stability for the inverse Robin problem 13

Hence, by analogous arguments to those developed for the function v, we find also the
following weak Harnack inequality for the function z.

For every 0 < p < 7%, we have that

Pl o <€ (int 2+ Pl ) (343
plZ0

where C' > 0 is a constant only depending on the a prior: data .
For every p € (0, 13), let us denote

M(p) = sup u, (3.44)
T'y(zo0)

m(p) = inf wu. 3.45

(r) = int (3.45)

By (3.21),(3.40) and (3.43), we have that there exists a constant K > 0 depending on the a
priori data only, such that

p / (Mo —u) < K (Mg — M+ p%) | (3.46)
F2p(z0)

p_"/ (u—ms2) < K (m—msy+ p’;) . (3.47)
F2P(ZO)
Moreover, let us observe that being the boundary 02 of Lipschitz class, we have that there
exists a constant ¢; > 0, depending on 7o, M only, such that for every p € (0, &)

p " Tap(z0)] > 1. (3.48)

Hence adding (3.46) and (3.47), we obtain

M—m< (1 - %) (My — my) + 2K P (3.49)

Denoting by w(p) = osc u, we have that by (3.49) it follows

T'y(20)
w(p) < Yw(4p) +c2p” (3.50)

where ¢z = 2K and vy =1— 2.

By the arguments in [19, Lemma 8.23], it follows that for any p € (0,1) and any 0 < p <
po < 18

s <0 (L) wlm) +apmt ) (351)

RR n° 0123456789



14 E. Sincich

where C' is a constant depending on the a priori data only, whereas « is such that o =

(1- M)(f;’g((?)) Hence choosing p such that (1 — pu) log(h < ud, we have that (3.51) leads to

w(p)

S ¢ (po~*w(po) +p°) (3.52)

where c is a constant depending on the a priori data only and [ is such that § = u(6 — 1) —
a + 1> 0. Furthermore, we have that the above inequality and (3.21) lead to

% < c(po*2CE+p°) (3.53)

where C' is a constant depending on the a priori data only.
Hence we can infer that for any zo € I'y

Il < CE. (3.54)

COvD‘(F%(ZO))

where C' > 0,0 < a < 1 are constants depending on the a priori data only.
Since, we know that u € C%*(T'y), we have that

ou

5(3}) = —Lu(z) €C"™(I).

By well-known regularity bounds for the Neumann problem (see for instance [2, p.667]) it
follows that u € C*(U)) and the following estimate holds

+ ||VU||L2(Q)> <

ou
u - g e+ l=
[ullcrewy) <| ”coa (re) Ha coo(r?)

<H3v s +E> (3.55)

where C' > 0 depends on the a priori data and on p only. Moreover, we can estimate the

ou
C%% norm of £ in terms of E, in fact
v

Ou(x) _ Ou(y)
ov ov

8)0‘ rto = owil_
+ (2 supB m =g
T,y

ju(w) — uly)|

|z — y[>

Ou(x)
v

= sup
P
z€T'?

= sup |Lu(z)|+ L (g) sup

P P
zel? z,y€l

Hau

[elh a(FQ

INRIA
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Hence we have

Ha , < Lsup |u(x)|+L (g) sup M <
Vilgo. *( 12 rEFlg r,yeFlj22 |$ N y|
< L||u||co,a(rl) < CE . (356)
So inserting this estimate in (3.55) we obtain the thesis. O
Lemma 3.3. The mapping
Sy [0,1] — HY(Q) (3.57)
t— uy (3.58)

is differentiable and its derivative ujy is Lipschitz continuous with respect to t. Moreover,
there exists a constant C' > 0, depending on the a priori data only, such that

||UQHH1(Q) < C|L1 — Lol, Vite [07 ].] s (359)
[uf | 710y < C|L1 — Lo?, Vte [0,1]. (3.60)
Proof. First we show that the map S; is well defined. Indeed, we observe that since

L; > 0, the well-posedness of the problem (3.2) follows as consequence of the Lax-Milgram
theorem.

We show that the mapping S; is Lipschitz continuous.

Let us pick t1, ¢ € [0, 1], by the weak formulation of the problem (3.2) we have that

/Q|V(utl )P = —/F Lo+ t1(Ly — Lo)Jus, (g, — usy) (3.61)
1
+/F [Lo +t2(L1 — Lo)Jus, (ue, — ut,) - (3.62)
1
Hence,
/Q IV (us, —ug,)|* = /F (ta — t1)(L1 — Lo)ug, (ug, — uy) (3.63)
1
+/F —[Lo +t2(L1 — Lo)](ugy — us,)? (3.64)
1
Observing that the second integral on the right hand side is negative, we obtain that

/ IV (s, — uey)? < / Itz — 1Ly — Lolluey e, — ury| - (3.65)
Q I

RR n° 0123456789



16 E. Sincich

Let € > 0, then by the Schwartz inequality and well-known trace inequality (see for instance
[1]) we have that

1
/ IV (s, — ug,)[* < —/ |ty — t1?|L1 — Lo/*|us, |* +CE/ IV (s, — ug,)*
Q € Jr, Q

where C' > 0 is a constant depending on the a priori data only. Hence choosing € = % we
obtain that
[Vt — )P <0 [ =PIl - LoPlu (3.66)
Q 1N
where C' > 0 is a constant depending on the a priori data only. Hence by (3.10)
[Vt —un)P <0 [ - alL - Lo (367
Q I

where C' > 0 is a constant depending on the a priori data only. By (3.67) we deduce that
the map S; is Lipschitz continuous and therefore, for almost every ¢, the derivative u} exists
and satisfies
Au, =0, in Q,
a /
ut = 0 on FQ )
aﬁut (3.68)
—|— Ltut (Ll — Lo)ut s on Fl )
ut =0, onIp .

Moreover by (3.67), (3.59) follows for almost every t.
By analogous arguments we can prove that u} is Lipschitz continuous. Therefore, (3.59)
holds for every t and, for almost every t, the second derivative u} satisfies

Aul =0, in Q,
a 1
Y _ 0, only,
S (3.69)
¢ + Ltu;’ = —2(L1 — Lo)u; s on Fl )
uf =0, onlI'p .

We have that (3.60) follows for almost every ¢ € [0,1] dealing with similar argument to
those used to prove (3.59). Moreover, arguing as before, we observe that the map ¢ — w} is
Lipschitz continuous and we can conclude that (3.60) holds for every ¢ € [0, 1]. O

Theorem 3.4. There exists a constant C > 0, depending on the a priori data only, such
that

|L1 — L0|, Vite [O, 1] s (370)
C|Ly — Lol?, Yte [0,1]. (3.71)

gl L2(r,) <
g l| 2,y <
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Proof. By a standard trace inequality (see for instance [1]) and by the previous Lemma,
we deduce that

HuQHLz(m) < C|L1 — L0|, Vite [0, ].] s (372)
uf ||l L2ry) < C|L1 — Lof?, Vte [0,1]. (3.73)
O
By the Taylor formula we have that
up —up =uy + R on Iy (3.74)
where R = fol (t — 1)uydt satisfies
IRl Laray < ClLo — La|* . (3.75)

Lemma 3.5. There exists a constant K > 0 depending on the a priori data only such that
l|luol| oo (ry) = K . (3.76)

Proof. Dealing as in [7, Theorem 2.1] we obtain that
luollzoeryy = n(llgllLoe(rs,,,)) = 0 (3.77)

where 17 is the function defined in the formula (2.15) in [7]. Hence the thesis follows. O

Lemma 3.6. Let uf, be the solution to (3.68) with t = 0, then for any p € (0,7r9) uy €
C’l""(Upl) and there exists a constant C, > 0, depending on the a priori data and on p only,
such that the following estimate holds

[ugllcre@wsy < Cp (3.78)
where p € (0,79) and 0 < a < 1 is a constant depending on ro, M,n only.

Proof. First we shall prove an upper bound for the energy of uf. Indeed, by the weak
formulation of (3.68) we have that

/|Vu6|2+/ L0|u6|2=/ (Lo — L1)uouy - (3.79)
Q IR I

Let € > 0, applying the Scwhartz inequality the right hand side we have

1
/ |Vug|? +/ Lolup)* <e | |upl*+ = | |Lo— Li|ud . (3.80)
Q Fl Fl € Fl
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18 E. Sincich

Moreover, observing that the second term on the left hand side is positive we have that
2
/ IVup|? <e [ |up)® + =AE. (3.81)
Q T €

Choosing € > 0 sufficiently small and by a trace inequality we have that, there exists a
constant C' > 0 depending on the a priori data only, such that

/ |Vup|? < C. (3.82)
Q

By Theorem 3.2 we know that ug € C%®(I';). Hence by well-known regularity results for
the Neumann problem and using the same tecniques used in Theorem (3.2) as well as in [24,
Chap. 3] we deduce the thesis. O

Proposition 3.7. There exists a constant C > 0 depending on the a priori data only, such
that

Hu6”L2(F2) >c|Lo — Ly . (3.83)

Proof. Let us define the function

= —0__ (3.84)
T Lo Ly '

where ug is the solution to the problem (3.69) with ¢ = 0.
It follows that g is the solution to the following problem

AIZO =0 5 in Q 5

% =0 s on FQ y

53;;0 ] (3.85)

— +Loup=1up, only,

v

U,N():O7 OIIFD.

Elaborating a classical estimate of unique continuation from the boundary [25], see also
[24][Chap.2] we have that

~ ~ ~ 1-6 , ~ 1§
ol 25, (Poynwz,,) < € (lollL2y) + IVioll @) ol z2r,) » (3.86)
where p € (4 1fer2T0, 1 1?_"_]\]{42%), Py=P + ﬁu, v is outer unit normal to 2 at P;

and ¢ > 0,0 < § < 1 are constants depending on the a priori data and on p only. By (3.59)
we have that

ol 1) < C . (3.87)

INRIA



Lipschitz stability for the inverse Robin problem 19

Hence we have that
- ~ -6, -
1ol 25, (Ponw3,,) < ¢ (ldoll 2 (ray + C) " N0l g2¢ry) (3.88)

where C' > 0 is the constant introduced in (3.59).

By the Lipschitz regularity of the boundary we have that if @ is a point of 0f2, then there
exists a rigid transformation of coordinates under which we have @Q = 0. We consider the
finite cone

C:{x:|x|<r0, x—-g>c059}

||
with axis in the direction ¢ and width 26, where 6 = arctan %, we have that C C €. Let us
consider now a point @) € I'; », and let Qp be a point lying on the axis £ of the cone with

vertex in @Q = 0 such that dy = dist(Qo,0) < . Following Lieberman [22], we introduce

a regularized distance d from the boundary of Q. We have that there exists d such that
d € C%(Q) N C%Y(Q), satisfying the following properties

where 79,71, ¢1,¢2,b are positive constants depending on M, « only, (see also [3, Lemma
5.2]).
Let us define for every p > 0

Q,={z €Q : dz)>p}.

We have that, there exists a, 0 < a < 1, only depending on M, « such that for every p,
0 < p < arg, 2, is connected with boundary of class C' and

é1p < dist(x,00) < éap  for every z € 3(2,; no (3.89)
where ¢, €2 are positive constants depending on M, only. By (3.89) it follows that
ngp C Qp C lep .

We define the poin~t P=PF— Nﬁro -vand pyg = min{mro, 72 sinf}. Moreover,
let v be a path in Qs joining P to Qo and let us define {y;},7 =0,..., s as follows yg = Qo,
€1

Yi+1 = Y(t;), where t = max{t s.t. |y(t) — yi| = 2p0} if |P — yi| > 2po otherwise let i = s
and stop the process.
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20 E. Sincich

Now, we will use the three spheres inequality for harmonic functions (see for instance [21]
or [6, Appendix E|) that is

T 1—7
/ Uiy < / i |- / o
B3y (o) By (o) Bapg (yo)

where 0 < 7 < 1 is an absolute constant. Now since B, (y0) C B3, (y1) and since by (3.87)
||’LL~()||H1(Q) < C, then we have

/ u~02 < </ ’11702> Lo
By (o) Bsp, (y1)

An iterated application of the three spheres inequality leads to

s

/ d02 g </ d02> . (;v]_f-,—S )
By (yo) By (ys)

Finally, since we have B, (ys) C B__su__, (Po) NU3, , then by the Proposition (3.88) it
4/ 14+M2

/ @? < C{(e + )0 - (ldollp2qray)’}”
BPo(yD)

follows

We shall construct a chain of balls B, (@) centered on the axis of the cone, pairwise tangent
to each other and all contained in the cone

C' = {x s x| < ro, 28 > cosﬁ'}

||

where 6’ = arcsin (Z—g). Let B,,(Qo) be the first of them, the following are defined by
induction in such a way
Qr+1 = Qr — (1 + p)pif

Prt1 = [Pk
A1 = pdy,
with
_ 1—sin 0’
H=1 +sin@’

Hence, with this choice, we have p, = p*pg and By, | (Qk+1) C Bsp, (Qk).
Let us now consider the following estimate obtained by a repeated application of the three
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spheres inequality

HUTOHLQ(B%(QIJ) < ||u~()HL2(B3mc—1(Qk—l))<
- T ~ nl—7
< ”uOHLz(Bpk—l(Qk—l))||u0||L2(B4ﬂL_1(Qk_1))
~ 7k
< Clliollzz(s,, @0y <
s Tk
< o{[Wdollzaea +C' - Qrinlloea))” ) - (390)

For every r, 0 < r < dp, let k(r) be the smallest positive integer such that dj < r, then since
dy = p*dy, it follows

log()| _, . _ Nlos(x)

< < 3.91
log p1 ' log p1 (3.91)
and by (3.90), we have
1-5 s
lollza(s,, oy @uom < O [Uollzzes) + O ldollezaes)’)” ) (3.92)
Let z €'y 2y, x € BPk(g)—l (Qr(ry—1), since iy € CH*(Us, ) we have
81[0(55) 6do(x) e
< — .
‘ ov | | ov +Cle -]
Hence by (3.85) we have that
_ - Oug(x e
Juo ()| < |L0u0(x)|+‘ gi )|+ Cla - e, (3.93)
Moreover, by the Holder continuity of 1y we have that
_ - Oup(x e
|uo(Z)| < |Loto(z)| + ‘ 8015 ) + C(1+ Lo)|z — z|“. (3.94)
Hence we have
O 2r\ ¢
o (2)| < |Lovio(x)] + ‘ “;i””) Lo (7’”) , (3.95)
where C' > 0 is a constant depending on the a priori data only.
Moreover, by the estimate (3.76) we have that
. Oy (x) 2r\ ¢
K <|L — . .
| 0U0(33)| + v +C [ (3 96)
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Integrating over B i1 (Qr(r)—1), we deduce that
2
v,

)n /Bﬂk“z)l (Qk(T)—l)

2Lo

Pk—1

K2
wn (5

< i ()] *d +

P -1 (Qk(r)ﬂ)
2 2\ @
2 4
dz +2C° (%) <
1

wn(Pk2—1

2Lg

Wn ( szfl

()
ov

N

iy (z)|*dz +

)n /B”’“g)‘l (Qk('r)—l)

2

Pk—1

wn (25 2

2 «
\Vaio (2) |2z + 202 (‘;L) .

)n /Bﬂk“z)l (Qk(T)—l)

Applying the Caccioppoli inequality, we have
? c
<

< — / lio (2)[2da + Cr20
(pkfl) BPk(T),l (Qk)(T)fl)

and since k is the smallest integer such that di < r, then dip_; > r, it follows

C
e o) P + O
(7‘ sin 9/) Bpk(r)_l(Qk(r)—l)

‘ ou(T)
ov

K? <

From (3.92), we deduce

k(-1

C - _ - T°
K2 < = {[(iollaqray + €)' - (leioll o)) }
Let us define .
o(|liollz2ra)) = [(ldollL2cry) + €)' - (ol L2ry))’] "

thus the previous inequality becomes

C

- LR(r)—1
pn+2 {U(||UOHL2(F2))}

K?< + Cr2e .

Now, using (3.91), we have

k-1~ (1 '
" g (dO)
where v = —log (ﬁ) log 7. We have
K < e [otlinlany)] T +r0}

+ Cr?e .

(3.97)

(3.98)
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Now minimizing the function on the right hand side, with respect to r, with r € (0, ), we

deduce

1 )
K < C(log _ >
a([[dollL2(r,))

Hence, solving for ||uo||£2(r,), we can compute

~ _ut2
o]l 2 (ry) = CeXp{—K S } .

By the definition of 1y we obtain the thesis. O

Lemma 3.8. There exists a continuous, increasing function w : [0,+00) — [0, +00), with
w(0) =0, such that

[Lo = Ln| < w(fluo — urllze(r,)) - (3.99)
Proof.  For the proof we refer to |7, Theorem 2.2|, see also [24]. O

Proof. Theorem 2.1. If |Ly — L;| <
(3.74)-(3.83), we deduce

£ where ¢ > 0 is the constant in (3.83), then from

c
||U1 — u0||L2(F2) 2 |L1 — L0|(C — C|L0 — L1|) 2 §|L0 — L1| (3100)
Then (2.8) follows.
On the other hand if |Lo — L1| < §, we have that by
2A
|L1 = Lol € —7=~lluo —wall2(ry) (3.101)
w (ﬁ)

thus (2.8) follows as well. O
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