
HAL Id: inria-00105835
https://inria.hal.science/inria-00105835v1
Submitted on 12 Oct 2006 (v1), last revised 16 Oct 2006 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Testing Sign Conditions on a Multivariate Polynomial
and Applications

Mohab Safey El Din

To cite this version:
Mohab Safey El Din. Testing Sign Conditions on a Multivariate Polynomial and Applications. [Re-
search Report] 2006. �inria-00105835v1�

https://inria.hal.science/inria-00105835v1
https://hal.archives-ouvertes.fr


appor t  
de  r ech er ch e

IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
??

??
--

F
R

+
E

N
G

Thème SYM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Testing Sign Conditions on a Multivariate
Polynomial and Applications

Mohab Safey El Din

N° ????

Octobre 2006





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	��������	�����	��������
��	�����	������! "���"#$��%&�
�'���)(*�� "+,	���-.�
�� 
��	!�0/21�13 
�
45�6���
��	��

798;:=<?>A@&<CBEDGF*H'IKJ�LNM
∗

OQPCR�S�T�UWVYX[Z�U]\_^a`bRcSdTe^K^b\WSgf?hGikjmlWnoTc^
prqshutET�`s^KU_v$w�U_v

xKyuzCz?hGqa`K{_T'qsTc|�PoTcqs|�PCT~}��=�����e�3Z��Y|"`sh�foqsT��u���G�6Z�����zCyu�GTc^

���&�c�����o����� w�T
`
f
f�T�y�z�h�i�\]}oh�S�jmyuiKj�}

Q[X1, . . . , Xn]
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f > 0 § hGq f < 0
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f : y ∈ Cn → f(y) ∈ C
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K0(f)
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f
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T�|cyuim|
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Ä�|�yG|
T�{��c|�j�{Cyu}W`6{onÃ¿]jm{_T § h�n¬|�yuim|
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f > 0 § qbTe^az � f < 0

yu}C{
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hG}o}oTc|
`bTe{d|�h�S�z�h�}oTc}G`
h��?`sPoTK|
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qsjk`bjm|�yui�z�h�j�}G`QS�T
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Ò_Poj�foj¥`dy¢P]\Wz�T�q�^bnoqa�yG|
T,^bnC|�P�`bPCyu`�TcyG|�P�|
h�}C}oTc|
`bTc{�|�h�S�z�h�}oTc}G`ghu�

S+§ qbTe^az � S− h�q
S ¨ |�h�}W`sy�jk}?^'y¢|
h�}C}oTc|
`bTc{�|�h�S�z?hG}oT�}W`'hu�5`bPCT�qbTeyuir|�h�no}W`bTcqbz?yuqb`Yh��É`sPoT�T
Ò_Poj�fojk`bTe{P]\]z�T�q�^anoqb�y�|�T � � }C{oT�Tc{�©5�Gjk¿GT�}Àyu} j�}_¦C}ojk`bTe^aj�S,yui ε ©�{_Tc}ohu`sT¢fW\ Hε ⊂ C〈ε〉n
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S+
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Tc{�`sh�|
hGS�zon_`bTgy�`¡i�TcyG^E`KhG}oT�z�h�j�}G`$jk}�Tey�|�P¢|
hG}o}oTe|"`bTe{¢|
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φ
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h�S�zono`bj�}o�Y^syuS�zoi�j�}o�$z�h�j�}W`s^£j�} H∩Rn
j�^&qsTc{_n?|
Tc{�`bh6|
hGS�zon_`bj�}o�'^syuS�zoi�jk}o�Yz�h�j�}G`�^£hu�?y

^bS�h]hu`bP�PW\]z�T�q�^anCqa�yG|
TrÂ�PohW^aTÅqbTeyuiG|�h�no}W`sT�qszCyuqb`�jm^�|�h�S�zCy�|
`�f]\6jk}W`sqbh_{_nC|�jk}C�¡^aTc¿�Tcqsy�i�j�}_¦C}ojk`bTe^aj�S,yuim^ �OQP]nC^c©]zoqshutETc|
`bj�h�},��nC}C|"`sjkhG}C^�yuqsT¡nC^bTc{ � OQPoTYy�ik�Gh�qsj¥`sPoS,^Éy�qbT6{_T�`bT�qsS�jk}Cj�^a`bjm|$y�}C{,`sPoT�j�qK|
hGS�zoikT�Ò_j¥`E\jm^
(2D)O(n) y�qbjk`bPCSdT�`bjm|�hGz?Tcqsyu`bj�h�}C^�jk} Q � vKi���Tcfoq�yujm|�S,yu}oj�zonoimy�`sjkhG}C^�y�qbT!z?Tcqa��hGqbS�Tc{¬`shÃy�¿Gh�jm{y¢|�h�S�zon_`�y�`sjkhG}¬h��39Yq;:�fC}oT�q'fCyG^aTe^�yu}?{Ãi�TcyG{Ã`bh¢T�}?|
h_{_T�|
qsjk`bjm|�yuiÅz?hGjk}W`s^�y�^�^bh�i�n_`bj�h�}?^6hu��y3Î�T�qshu¤

{ojkS�T�}?^aj�h�}Cy�irz�h�i�\W}Ch�S�j�y�ir^a\_^a`bTcS �GT�}oTcqsyu`bj�}o�¢yu}�j�{oTcyuiÅPCy�¿]jk}o� ·u»�<Å·�Ê�° y¢{_Tc��qsT�T 2D(2D − 1)n �X�h�qsT�h�¿�Tcqc©Wyui�i;`bPoT�|�h�S�zon_`�y�`sjkhG}C^�yuqsT$z�T�qb��h�qsS�Tc{!h�¿�TcqQydprnCj�^bT�n_Ò�^aTcqbj�Tc^5¦CTci�{ � OQPWn?^�©]`sPoT�qsT6j�^Q}ohPCh�z�T$`sh,h�f_`�yuj�}�y�}!T�Ä�|
j�T�}W`Kzoq�y�|"`sj�|cyui;f�T�PCy�¿]j�h�noq�h���`bPCTc^bT�yui���h�qsjk`bPoS,^ �
� }=	 �G�_©>��©��o©���Ë©�`bPoTQyuno`bPohGqs^�nC^aTÉ`bPCT5^slWnCyuqsTrhu�C`bPoT5T�nC|�ikjm{_Teyu}g{oj�^a`sy�}C|
TÅ`bh6yK��Tc}oT�qsjm|�yui�i�\Y|�PohW^aTc}z�h�j�}W`
A
j�}

Qn � vKi���h�qsjk`bPoS,^r{_Teyui�jk}C�'Â�j¥`sP�`bPoTY|�y�^bT�Â�PoTcqbT H jm^r}oh�`Å^aS�h]hu`sP�yuqsT�zoqsh�¿Wjm{_Te{gj�}?	 ���_©�@ � OQPoT�h�}oT�h��3	 �G��&n?^aTe^�jk}o¦C}ojk`bTc^bj�S�y�i&{oT
��h�qsS,y�`sjkhG}C^ � OQPoTgh�}oT'h��7	��@&zoqsh]|�Tc^s^aTe^�f]\!z�T�qb��h�qsS�jk}C�
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y�qsTc|�noq�^aj�¿�T'^a`bnC{_\�hu�&`bPCT�^aj�}o�Gnoi�y�qKi�h]|�nC^�no}W`sjki�j¥`¡P?y�^K{_j�S�T�}C^bj�h�}
0
h�q¡j�^�TcS�z_`E\ �7! Tc|�y�nC^bT'hu�£`bPoT|�PCh�jm|
T�hu�

A
©�`sPoT¡{_T�`bT�qsS�jk}Cj�^a`bjm|K|
hGS�zoikT�Ò_j¥`E\dhu��`bPoTYyui���hGqbjk`bPoS hu��	 �G��;j�^

DO(n2) � � T�¿�Tcqa`sPoT�i�Tc^s^c©�j�}zCqsyG|"`bjm|
TG©�`bPoT5¦Cq�^a`£|�PohGj�|�TÉjm^£^anCj¥`�yufoi�T5`bhYh�f_`�yuj�}�Î�Tcqbh�¤Ë{ojkS�T�}?^aj�h�}Cy�iW|�qbjk`bjm|�y�i]ikh_|
j´©u^bh¡`sPCy�`=no}C{oT�q£`bPCj�^
yG^b^bnoS�z_`sjkhG}�© <�¾]±È�¾�±m°5°�·u²N±m°��É¶�¹�±³¸'®;Æb·�È�²N±È�¶ ©u`sPoTK|
hGSdzCikT�Ò]jk`E\'hu��	 ����ojm^ DO(n) � OQPoT�|
hGS�zoikT�Ò_j¥`E\�h��	��J�jm^Q}ohu`�Â5T�i�i¥¤Ï|
hG}W`bqsh�i�ikTe{�T�¿�Tc}!jk��j�}3^aj�}o��nCi�y�q5^bj¥`snCy�`sjkhG}C^Qjk`Qf�T�P?y�¿�Tc^Éf�T
`a`sT�qQ`sPCyu}!`bPoT6hG}oTc^QfCyG^aTe{
hG}'jk}o¦C}ojk`bTc^bj�S�y�iW{oT
��h�qsS,y�`sjkhG}C^ � OQPoTÉy�ik�Gh�qsj¥`sPoS,^ªhu� 	 �C©���Wn?^aT=`sPoTÅ�GT�hGSdT�`bqsj�|rqbTe^ahGikn_`sjkhG}'yui���h�qsjk`bPoSÂ�PCj�|�P�jm^'zoqsh�fCy�foj�ikjm^E`sj�| � OQPCT�j�qg|
hGS�zoikT�Ò_j¥`E\Ãj�^�z?hGik\]}ohGSdjmyuiÅjk} n ©�`bPoT!T�¿�yui�nCyu`bj�h�}�|
hGSdzCikT�Ò]jk`E\�h��`sPoT'j�}ozon_`Kz�h�i�\]}oh�S�jmyui�yu}?{!y�}�j�}W`bqsjk}?^ajm|Y��T�hGS�T
`bqsjm|${_Tc��qsT�T

δ
Â�PCj�|�P3jm^�{_h�S�j�}Cy�`sTc{�f]\

Dn �
� }g`bPoT�^bS�hWh�`bPd|�y�^bT�©�`sPoTc^bT�|
hG}G`sqbj�fon_`sjkhG}C^£yuqsTÅj�S�zoqbh�¿GTc{�jk}8	 ���� 5���Tc}oT�qsjm|rzoqshutETe|"`bj�h�}���no}C|
`bj�h�}C^y�qbTÉnC^bTc{�Tc¿�Tc}�j�}�}ohG}_¤Ë|�h�S�zCyG|"`&^bjk`bnCyu`bj�h�}C^&j�}C^E`sTcyG{�hu��{_j�^a`sy�}C|
TÉ��no}C|
`bj�h�}C^�`shYy$��Tc}oT�qsj�|Åz?hGjk}W` � OQPoT�GT�}oTcqbjm|
jk`E\�hu��`sPoT'|�Poh�jm|
TYhu��zoqbh�tETc|
`bj�h�},��no}?|"`bj�h�}?^Qj�^5}oTe|
Tc^s^syuqs\g`shgTc}C^bnoqbTYzoqsh�z�T�qs}oTc^s^ÉzoqbhGz?Tcqa`sjkTe^ �v$^�j�}6`bPoTÉ|�y�^bT=hu�_yui���hGqbjk`bPCS�^�nC^aj�}o�K{_jm^a`syu}?|
T£��no}C|
`bj�h�}C^c©�jk}'zCqsyG|"`bjm|
TG©�`sPoT=¦Cq�^a`�|�Poh�jm|
Te^ªyuqsTr^anCj¥`�yufoi�T ��$^aj�}o��Tcikj�S�jk}?y�`bj�h�}!yui���h�qsjk`bPoS,^=fCyG^aTe{�h�},`sPoT¡�GT�hGSdT�`bqsj�|KqbTe^ahGikn_`sjkhG}�©u`sPojm^Åi�TcyG{o^=`shgy'zoqsh�f?yufoj�ikjm^a`bjm|

y�ik�Gh�qsj¥`sPoSÑÂ�PohG^bT$y�qbjk`bPoS�T�`bjm|$|�h�S�zoi�T
Ò_j¥`E\�jm^Åz�h�i�\]}oh�S�jmyui�jk}
n
©W`bPoTYT�¿�yui�nCyu`bj�h�}�|�h�S�zoi�T
Ò_j¥`E\�h���`bPoT

j�}ozono`Qz�h�i�\]}oh�S�jmyui´©_yu}C{!yu}�j�}W`bqsjk}?^ajm|¡�GT�hGSdT�`bqsj�|Y{_Tc��qsT�T
δ
Â�Poj�|�P�jm^5{oh�S�jk}?y�`bTe{�f]\

D(D− 1)n−1 ��$}CTK|�yu}�yuim^bh'nC^aT 9Yq;:�fC}oT�q=fCyG^aTe^ � X�y��]j�}o�6`bPCTKy�^s^anoS�z_`sjkhG}C^£`sPCy�`=`sPoT�¦Cq�^E`Å|�PCh�jm|
TQhu�;zoqshutETc|
`bj�h�}C^jm^K^bnojk`syufCikTG©_`bPoT�|�h�S�zoi�T
Ò_jk`E\�f?Te|
hGSdTe^
DO(n) � OQPojm^�ÂÉhGq �,jm^��GT�}oTcqsy�ikj�Î�Te{�`sh�`bPoT�|cy�^bTYh��£^bj�}o��noimyuqP]\]z�T�q�^anoqb�y�|�Tc^�j�}0	 �6�J � OQPoTgy�ik�Gh�qsj¥`sPoS,^�qbTcik\]j�}o��hG}0	 ����=yuqsT'`bPoTdS�hG^a`$T�Ä,|�jkTc}W`$j�}�zoq�y�|"`sj�|�T�yu}?{y�qbTYj�SdzCikTcSdTc}W`bTc{�j�} 	 � �J �OQPoT'hGn_`bzCn_`¡hu�=yui�iª`sPoTc^bT�yui���hGqbjk`bPoS,^�y�qbT'|
qsjk`bjm|�yuiªz�h�j�}W`s^�Tc}C|
h_{_Te{�fW\�y�qsyu`bj�h�}Cy�iªzCyuq�yuS�T�`bT�qsjk¤

Îey�`sjkhG} 5




Xn = qn(T )
q0(T )���

X1 = q1(T )
q0(T )

q(T ) = 0Â�PCT�qsT
T
j�^'y!}oTcÂ�¿�yuqsj�y�foi�T�©�y�}C{

q, q0, q1, . . . , qn
yuqsTgno}Cjk¿�yuqsjmy�`bT�z�h�i�\]}oh�S�jmyuim^$j�}

Q[t] � U]n?|�P¬yq�y�`sjkhG}Cyui�zCyuq�yuS�T
`sqbj�Îcyu`bj�h�}'|�y�}'f?TÉh�f_`�yuj�}oTc{6Tcj¥`sPoT�q�f]\Yi�j�}oTcy�q�yui���Tcfoq�y5|�h�S�zon_`�y�`sjkhG}C^�j�}�yKlWnoh�`bj�T�}W`a¤
y�ik�GT�foq�y § ^aTcT 	 � �� ¨ h�qÉ{ojkqsTc|
`bi�\,fW\d`sPoT$�GT�hGSdT�`bqsj�|¡qbTe^ahGikno`bj�h�}�y�ik�Gh�qsj¥`sPoS § ^aTcT�	��	�o©2���W© � �_©o���_©W�6�J ¨"�v$^ÉqsTc|cyui�ikTe{,yuf�h�¿�TG©u`bPCTY|�i�yG^b^bj�|cyui�^E`sqsyu`bT��G\�`shg|�h�S�zon_`sT$y�`5ikTey�^a`ÉhG}oT¡z�h�j�}W`Éj�}�TcyG|�P�|
hG}o}oTc|
`bTe{
|�h�S�z�h�}oTc}G`djkS�zoi�j�Tc^g`bh�yuzozCik\�`sPoT�yu��h�qsT�S�T�}W`sjkhG}oTc{�y�ik�Gh�qsj¥`sPoS,^�j�} `sPoT�|cy�^bT�h��$y�P]\]z?Tcqs^bnoqb�y�|�T
{oT
¦C}oTe{,f]\,y�z�h�i�\W}Ch�S�j�y�iCÂ�jk`bP�|�h]T
Ä�|
j�T�}W`s^Éj�}

Q(ε) � OQP]nC^c©G`sPoT¡hGn_`bzCn_`5jm^5y'qsyu`bj�h�}Cy�iCzCy�qsy�S�T
`bTcqa¤j�Îcyu`bj�h�}3Â�jk`bP�|
h]T�Ä,|�jkTc}W`s^Kj�}
Q(ε) � �$}C|�T'j¥`$j�^¡h�f_`�yuj�}oTc{ª©�y,^aS,y�iki�T�}ohGno��P¢^bz?Te|
jmyui�jkÎey�`bj�h�}���hGq ε jm^hGf_`sy�jk}CTc{df]\g|
hGS�zon_`bj�}o�6`sPoTK{_jm^b|�qbj�S�jk}Cy�}W`rhu�

q
Â�jk`bP,qsTc^bz�Tc|"`=`sh

T
y�}C{�|�Poh]hG^bjk}C�6y'^bz�Tc|
jmyui�j�Îcy�`sjkhG}

i�Tc^s^¡`bPCy�}¢`bPoT�^bS�y�iki�Tc^a`$y�fC^ahGikno`bT�¿�y�iknoTghu�=`sPoTgqsTcy�i�qsh]hu`s^$hu�=`sPojm^${_jm^s|
qsjkS�j�}Cyu}W` � OQP]nC^c©C`sPoT�¦?}CyuihGn_`bzCn_`�jm^�^bS�y�iki�T�q�`bPCy�}�`bPoT!qsyu`bj�h�}Cy�i=zCyuq�yuS�T
`sT�qsjkÎey�`sjkhG}ÃÂ�jk`bP |�h]T
Ä�|
j�T�}W`s^�jk}
Q(ε) � X¢h�qsT�h�¿GT�qe©|�h�S�zon_`sjk}C��q�y�`bj�h�}?yuiCz?yuq�yuS�T
`sT�qsjkÎey�`bj�h�}?^=Â�j¥`sP!|�hWT�Ä�|
j�T�}W`s^Éjk}

Q(ε)
jm^ÅP?yuq�{,jk}!zoq�y�|"`sj�|�T 5&jk}o¦C}ojk`bTc^a¤

j�S,yui�yuqsjk`bPoS�T
`sj�|c^�^az�h�j�i5`bPoT3zoq�y�|
`bjm|�yui5f�T�PCy�¿]j�h�noqdhu�YT�i�jkS�j�}Cy�`sjkhG}Óyui���hGqbjk`bPCS�^d{_noT�`shÃzoqsh�fCikTcS�^
y�zoz�Tcyuqsj�}o�gj�}3S�T�S�h�qs\�S,yu}Cy���TcSdTc}W`Qy�}C{�`sPoT'h�¿�Tcqa¤Ï|
hW^E`5hu�=yuqsj¥`sPoS�T
`sj�|Yh�z�T�q�y�`sjkhG}C^ �
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°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» �

� ��&�c� (���� (*),+�(*)���)/(� Õ � (#� ��/oÚ Õ>1ËÙ � � �_��( Ù )��5� Ö � &�� ÕG× � Ù �0&���c�_��( Ù ) Ù 1 + Õ ) Õ ����/-(�� Õ Ú¢����(�� ×
(N����/��o��/# Õ � 4 xKT�S,yuq;��`sPCy�`rj�},h�q�{_T�q£`sh'h�f_`�yuj�}�h�}oT�z�h�j�}W`rjk},Tey�|�P�|
h�}C}oTc|
`bTc{�|�h�S�z?hG}oT�}W`rj�}

S+§ qbTe^az � S− hGq S ¨ ©�jk`¡jm^¡^bn_Ä�|
j�T�}W`K`sh�^anCfC^E`sj¥`sn_`bT ·6®;Æ"±¯�Æ"± `sPoT�j�}_¦C}Cj¥`sTc^bjkS,yui ε y�zoz?Teyuqsjk}C�,jk} f − εf]\dy'^aS,yui�i_T�}Ch�no�GPdz�hG^bjk`bj�¿�T�q�y�`bj�h�}?yui_}]noS�f�T�q
e ∈ Q � OQPoT�zoqsh�fCikTcS�jm^£`bh'Tc}C^anCqbTQ`sPCy�`=`sPoT¡|�PohW^aTc}q�y�`sjkhG}Cyui�}]noS�f�T�qQjm^Q^aS,yui�i;T�}ohGno��P�Â�Poj�|�P�S�Tcy�}C^ÅPCT�qsT¡`sPCy�`Q��h�q5TcyG|�P!|�h�}o}oTe|"`sTc{�|�h�S�z�h�}oTc}G`

S
h��

S+
©W`sPoT�qsT¡T�Ò]jm^a`s^Qy�|�h�}o}oTe|"`sTc{�|�h�S�z?hG}oT�}W`5hu�ª`bPCT$qsTcy�i�|�h�no}W`bTcqÅzCy�qa`5hu��`sPoTYPW\]z�T�q�^anCqa�yG|
T¡{_T�¦C}oTe{

f]\
f − e = 0

Â�Pojm|�P�jm^É|�h�}W`sy�jk}oTe{�jk}
S � OQPoj�^5|�y�}�f�T${_hG}oT¡f]\,{_T
`sT�qsS�jk}oj�}o� e0 ∈ R

^bnC|�P,`sPCy�`É��h�q
y�iki

e ∈]0, e0[
©_`bPCT�qsT'T
Ò_j�^a`s^�y�{_j ';T�h�S�hGqbzoPCj�^bS

ϕ
^bnC|�P!`bPCyu`�`bPoT6��hGiki�h�Â�j�}o�d{oj�y���q�yuSÍ|
hGS�S�n_`sTc^ 5

f−1(e)×]0, e0[
ϕ

π

f−1(]0, e0[)

f

]0, e0[

Â�PCT�qsT
π
jm^ª`sPoTr|�y�}oh�}ojm|�y�i�zoqshutETc|
`bj�h�}6h�}Y`sPoTr^aTe|
hG}C{YSdTcS�f�T�q�h��]`bPoTr|cyuqb`bTc^bjmyu}Yzoqbh_{_n?|"`

f−1(e)×]0, e0[ �U]n?|�P¬y�`bhGz?hGikhG��jm|�yui£zoqsh�z�T�qb`E\3j�^6hGf_`sy�jk}CTc{�f]\�Tc}C^bnoqbj�}o�!`bPCyu`6`bPoT�j�}G`sT�qs¿�yui
I =]0, e0[

PCy�^6y�}
TcS�z_`E\ j�}W`bT�q�^bTc|"`sjkhG}ÓÂ�jk`bP `sPoT�^bT
`�h�� ½W¶
¸;¶
Æs·�»Ì±kÇe¶�¹ÓÈ�Æ"±³²´±Ès·u»Kµ�·�»Ì¼C¶
° h��$`sPoT�z�h�i�\]}oh�S�jmyui�S,yuzozCjk}o�
f̃ : x ∈ Rn → f(x) ∈ R � OQPCj�^'^bT
`6hu�5��T�}CT�q�yui�jkÎcTc{�|�qbjk`bjm|�y�i&¿�y�iknoTe^6j�^6{_Tc}ohu`sTc{Ãf]\ K(f)

j�}�`sPoT
^bTclWnoTci � OQPojm^�^bT
`�j�^�{oT
¦C}oTe{!y�}C{�^E`snC{_j�Tc{!jk} 	 �W�� � vAqbTeyui;}]noS�f�T�q c ∈ R

j�^�yg��Tc}oT�q�yui�j�Î�Tc{!|
qsj¥`sj�|cyui
¿�y�iknoT$hu��y�S�y�zozoj�}o�

f̃
jk��y�}C{,h�}Cik\�jk��j¥`Qj�^ÉT�jk`bPCT�qQy�|
qsjk`bjm|�yui�¿�yui�noT¡h��

f̃
h�qÉ`bPoTcqbT$T
Ò_jm^E`�^Éyg^aTelGnCT�}C|�T

h��5z�h�j�}W`s^
(z`)`∈N

^anC|�P¬`sPCy�`
f(z`)

`bTc}C{o^6`sh
c
Â�PoTc}

`
`sT�}C{o^'`bh

∞
©
||z`||

`sT�}C{C^6`bh
∞
Â�PCT�}

``sT�}C{C^=`bh
∞
y�}C{
||z`||.||dz`

f ||
`bTc}C{o^Å`bh

0
Â�PoTc}

`
`bT�}?{o^r`sh

∞ ��� }�`sPoT¡imy�`b`bT�q5|�yG^aTG© c jm^É^syujm{g`bh�f�Ty�} ·�°"Ê�º¡®�²Ï¯�²´±È,È
Æ"±³²´±È�·�»&µ�·u»Ì¼C¶
� �$T��GqbTcT'f?hGno}C{o^$yuqsT'zoqsh�¿Wjm{_Te{!j�}'	 �u�� � vK}�y�ik�Gh�qsj¥`sPoS2|�h�S�zon_`sjk}o�
`sPoT�S2j�^�{oTc^s|
qsjkf�Tc{�j�} 	 �G�� � OQPojm^�yui���hGqbjk`bPCSÐÂÉhGq �_^Qy�^5��hGiki�h�ÂK^ 5={_Tc}ohu`sjk}C�df]\ I `bPoT'jm{_Tcy�i

I = 〈f − T,

(
∂f

∂Xi

− ai

)

i∈{1,...,n}

,

(
Xi

∂f

∂Xj

− ai,j

)

(i,j)∈{1,...,n}2

〉

Â�PCT�qsT
a1, . . . , a1,1, . . . , an,n

yu}C{
T
y�qbT6}oTcÂ9¿�y�qbjmyufoi�Tc^c©_|
hGSdzCn_`bT

J = I ∩Q[T, a1, . . . , an, a1,1, . . . , an,n].

9YTc}oT�q�yui�j�Î�Tc{!|
qsj¥`sj�|cyuiª¿�yui�noTe^KyuqsTY^bh�i�n_`sjkhG}C^Qhu�
J + 〈a1, . . . , an, a11, an,n〉.

OQP]nC^c©�`bPojm^�y�ik�Gh�qsj¥`sPoS[qsTclWnoj�qbTe^Y`bh�z�T�qb��h�qsS y�ik�GT�foq�yujm|dT�i�jkS�j�}Cy�`sjkhG}�hu��¿�yuqsj�y�foi�Tc^6h�}�`sPoT�jm{_Tcy�i
I{oT
¦C}oTe{�Â�jk`bP�z�h�i�\W}Ch�S�j�y�i�^�jk}]¿Gh�i�¿Wj�}o�

n2 + 2n + 1
¿�yuqsj�y�foi�Tc^ � X�h�qsT�h�¿�Tcqc©�`bPoT�{_T��GqbTcT,hu� I |cyu}TelWnCyui

Dn § Â�PCT�qsT D jm^5`bPoT�{oT���qsT�T6h��
f ¨"� �$f]¿]j�h�nC^bik\G©]j¥`s^KzoqsyG|"`sj�|cyui;f?TcPCy�¿]jkhGnoq�jm^Qjk}oT�Ä�|
j�T�}W` �

� T'zoqsh�¿Wjm{_TYPoT�qsT6yu}3yui���h�qsjk`bPoSÍ|�h�S�zon_`sjk}o��T�Ä,|�jkTc}W`bi�\,`bPoT'^bT
`�hu�&��Tc}oT�q�yui�jkÎcTc{!|
qsj¥`sj�|cyui;¿�yui�noTc^
h��$yÃz?hGik\]}ohGSdjmyuiQS,yuzCzojk}C����qsh�S

Rn
`bh

R � v zoqsh�fCy�fojki�jm^E`sj�|�¿�T�q�^bjkhG} hu�K`sPojm^,yui���h�qsjk`bPoS PCyG^dy
|�h�S�zoi�T
Ò_jk`E\!Â�jk`bPoj�}

DO(n) yuqsj¥`sPoS�T
`bjm|'hGz?Tcqsyu`bj�h�}C^�j�} Q
Â�Pojm|�P¢j�^¡z?hGik\]}ohGS�j�y�i�j�}3`bPoTd^aj�Î�T�h��=`bPoT

hGn_`bzCn_`Kjk}3Â5h�q�^E`b¤Ë|cy�^bTc^ �
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� �;·��
¶
Ê��Q»���±³¸

OQPojm^¡y�iki�h�ÂK^�nC^K`bh�^bnofC^a`bjk`bno`bT'`sPoT�nC^bT�h��£j�}_¦C}Cj¥`sTc^bjkS,yui&{_T
��hGqbS,yu`bj�h�}C^�f]\3y�zoqsT
¤Ï|
h�S�zono`sy�`sjkhG}
h����GT�}oTcqsy�ikj�Î�Te{�|
qsjk`bjm|�yuiª¿�y�iknoTe^Qjk}�h�q�{_TcqÉ`sh,|
h�S�zono`bT�y�`�i�TcyG^E`�h�}CTYz�h�j�}W`�jk}3TcyG|�P�|�h�}o}CTc|"`sTc{�|
hGSg¤
z�h�}CT�}W`�hu��y�^bT�S�jk¤Ëy�ik�GT�foq�yujm|g^bT
`d{_T
¦C}CTc{�f]\¬y¢^bj�}o��i�T�j�}oTclWnCy�ikjk`E\ � OQPoT�y�ik�Gh�qsj¥`sPoS Â5T�h�f_`�yuj�}�j�^
T�Ä�|
j�T�}W`5j�}�zCqsyG|"`bjm|
TYyu}C{�j¥`�^5zoqbhGfCyufCjki�j�^a`bjm|$¿�T�q�^bjkhG}C^rPCy�¿GT$yg|
h�S�zoi�T
Ò_jk`E\,Â�j¥`sPoj�}

O(n7D4n)
y�qbjk`bP_¤

S�T�`bjm|3h�z�T�q�y�`bj�h�}?^�jk}
Q �9� T�y�i�^bh�^aPCh�Â�Poh�Â2`bh y�zozoi�\ h�nCq�|
hG}G`sqbj�fon_`sjkhG} `sh�`bPoT¢zCqbhGfoikTcS h��

{oTc|
jm{_j�}o��jk�ry,P]\Wz�T�q�^bnoqa�yG|
T�|�h�}W`sy�jk}C^KqbTeyui�qsT��Gnoi�y�q�z?hGjk}W`�^ � �$noq$yui���h�qsjk`bPoS�jm|'|
h�}W`sqbj�fon_`sjkhG}C^�PCy�¿GTf�T�Tc}¢jkS�zoi�T�S�Tc}G`sTc{¢y�}C{3ÂÉT�{oTc^s|
qsjkf�T�y�`K`sPoT�Tc}C{3hu�£`bPCT�zCyuz�T�q¡Poh�Â `sPoT�\�PCy�¿GTYf�T�Tc}�yuzCzoikj�Tc{�hG}
|�h�}C|�qbT�`bT6yuzozCikjm|�yu`bj�h�}C^QÂ�Pojm|�P3yuqsTYnC}oqbTey�|�PCy�foi�T$Â�jk`bP¢yu}W`sT�qsjkhGq5S�T�`bPoh_{o^ �
� /N� ) Ù21 � . Õ &£��& Õ � 4)OQPoT,zCyuz�T�q'jm^6h�qs�Gy�}oj�Î�Tc{Ãy�^$��h�i�i�h�ÂK^ � � }�U]Tc|
`bj�h�}��_©�Â5T�qbTe|�y�iki&`bPCT�{_T
�³¤j�}ojk`bj�h�} yu}C{ fCy�^bjm|!zCqbhGz?Tcqa`sjkTe^�h�� ½W¶
¸;¶
Æb·u»Ì±kÇe¶�¹ È�Æ"±³²N±È�·�»�µ�·�»¥¼C¶"° Â�Poj�|�P«|�y�}Óf�T���h�no}C{Ój�} 	 �G�� � � }U_Tc|"`sjkhG} �o©ÅÂÉT!zoqbh�¿]jm{_T��GT�h�S�T�`bqsj�|�qbTe^anoik`s^gÂ�Pojm|�P�©rnoz `bh¬y���Tc}oT�qsjm|�i�jk}oTeyuq�|�PCyu}C��T�h��K`bPoT�¿�yuqsj¥¤
y�foi�Tc^

X1, . . . , Xn

©�|�PCy�qsyG|"`sT�qsjkÎcT ½W¶
¸;¶
Æb·u»Ì±kÇe¶�¹�È�Æ"±³²N±È�·�»Éµ�·u»Ì¼C¶
° y�^$`sPoT�^aT�`'hu�Q}oh�}_¤Ëzoqsh�z�T�qs}oTc^s^$hu�5yzCqbh�tETc|"`sjkhG}3h�}�y,i�jk}CT�qsTc^a`bqsj�|
`bTc{!`sh�y
1
¤Ï{_j�S�T�}C^bjkhG}Cyui�z?hGi�y�q¡¿�yuqsjkT�`E\ �7� }�U]Te|"`bj�h�}��o©?Â5T�^bPoh�ÂAPoh�Â`sh�h�fo`syuj�}�y�¦Cq�^a`$yui���hGqbjk`bPoS |
hGSdzCn_`bj�}o���GT�}oTcqsy�ikj�Î�Te{�|�qbjk`bjm|�y�i�¿�yui�noTe^KÂ�Pojm|�P¢j�^${_j�qbTe|"`bi�\�fCy�^bTc{3hG}

`sPoT'��Tch�S�T
`sqbjm|$qbTe^anoik`s^Qh��=U_Tc|"`sjkhG}�� � OQPoT�}�©oÂÉT6zoqsh�¿�T$`bP?y�`�`bPCTc^bT6|�h�S�zon_`�y�`sjkhG}C^QqbTe{_nC|�T$`sh�|
hGSg¤zCn_`bj�}o�!|�i�yG^b^bjm|�yui&|
qsj¥`sj�|cyui�¿�y�iknCTc^$h�}¢`sPoTghG}oT�PCy�}C{ª©ªyu}?{�|
qsj¥`sj�|cyui&¿�yui�noTc^Yy�`Yjk}_¦?}oj¥`E\3hG}¢`bPoTdhu`sPoT�q
P?yu}C{ �,� },U]Tc|
`bj�h�} �]©�Â5T�{_Tc^s|
qsj�f?TQyu}�yui���hGqbjk`bPoS |
h�S�zono`bj�}o�'y�`=ikTey�^a`=h�}oTQz�h�j�}G`=j�}�Tcy�|�Pd|
hG}o}oTc|
`bTe{|�h�S�z�h�}oTc}G`Éhu��y�^bT�S�jk¤Ëy�ik�GT�foq�yujm|Q^aT�`5{_T�¦C}oTe{�f]\dyg^aj�}o�GikTKj�}oTelGn?yui�j¥`E\G©GÂ�Pojm|�P�jm^Åf?y�^bTc{,hG}�`bPoT6|
hGSg¤
zCn_`syu`bj�h�},hu� ½W¶
¸;¶
Æs·�»Ì±kÇe¶�¹,È
Æ"±³²´±È�·�»;µ�·�»Ì¼C¶
°"�,� }�U_Tc|"`sjkhG}��o©WÂÉTK^bPoh�Â«Poh�Â«`bh�y�zozoi�\ghGnoqÅ|�h�}W`bqsjkfCn_`bj�h�}C^`shÃ{_T�`bTcqbS�j�}ojk}C��jk�¡y�P]\]z?Tcqs^bnoqb�y�|
T!|
h�}W`�yuj�}C^�qsTcy�iÅqsT���nCi�y�q�z?hGjk}W`�^ ��� j�}Cy�iki�\�©ÅU]Te|"`sjkhG} �¢|�h�}W`sy�jk}C^^bh�S�T�f�T�}C|�PoS,y�q �_^6j�iki�nC^a`bq�y�`bj�}o��`bPCT,zoqsyG|"`sj�|cyui£T
Ä�|
j�T�}?|
\�h��5hGnoq�yui���hGqbjk`bPCS�^6y�}C{Ã^bPoh�Â�j�}o��`bPoTe^aT
S�T�`bPoh_{o^Ky�qbT6yui�qsTcy�{o\,zoqbhGS�j�^bjk}C�g`sh,{_Tcy�iªÂ�j¥`sP�zCqbhGfoikTcS,^QPCy�¿]jk}o��S�h�qsT$`bPCy�}

4
¿�yuqsjmyufoi�Tc^ �

����� ) Ù]Ø / Õ Ú/+(� Õ );�c� 4 OQPCTÉyuno`bPohGqª`bPCy�} �_^�� � U_|�PChG^a`�yu}C{'p � O�q���fCnC|�PoT
`���h�q���qsnojk`a��noi]{_jm^b|�nC^s^aj�h�}C^y�}C{�|
h�S�S�T�}W`�^�yuf�h�n_`�`sPoj�^KÂÉhGq � �
� � �
	3	!���&�
��	 ��	�� 	�%&����1�%£�'1Ã�Q%����
������� ����	!�Q%£�� 
��É��� 4É%£�����
45�� 

#$�� ��!���

� }¬`sPoj�^�^aTe|"`bj�h�}�©�Â5T,qbTe|�yui�i£`bPCT�{_T
¦?}oj¥`sjkhG}C^�y�}C{¬fCy�^bj�|dzoqsh�z�T�qb`bj�Tc^6h��5�GT�}oTcqsy�ikj�Î�Te{Ã|�qbjk`bjm|�y�i=¿�yui�noTc^Â�PCj�|�P3|�y�}!f�T6��h�no}?{!j�} 	 �W�� �
��Õ �,),(���( Ù )���� È�¯�º¡®�»k¶���¸?¼_º���¶�Æ c ∈ C ±m°$·�È�Æ"±³²N±È�·�»;µ�·�»Ì¼C¶6¯��¡²�¾o¶$º,·s®�®;±³¸W½ f : y ∈ Cn → f(y)
± ��·u¸�¹�¯�¸?»ÌÊ,± �6²³¾C¶
Æs¶g¶��G±m°�²N° z ∈ Cn °"¼CÈ�¾3²�¾o·u² f(z) = c ·u¸�¹ ∂f

∂X1
(z) = · · · = ∂f

∂Xn
(z) = 0 �� È�¯�º¡®�»k¶��'¸?¼_º���¶�Æ c ∈ C ±m°Q·�¸�·�°�Ê�º¡®�²Ï¯�²´±ÈKÈ�Æ"±³²N±È�·u»_µ�·u»Ì¼C¶�¯ �É²³¾C¶5º�·�®�®;±³¸W½ f : y ∈ Cn → f(y)

± ��·u¸�¹�¯�¸?»ÌÊ,± �6²³¾C¶
Æs¶g¶��G±m°�²N°�·�°�¶ $
¼C¶�¸�È�¶g¯ �5®C¯�±³¸?²° (z`)`∈N ⊂ Cn °"¼CÈs¾¢²³¾C·�²��
� f(z`) ²Ë¶�¸�¹�°Y²Ï¯ c <�¾C¶
¸ ` ²Ë¶�¸�¹�°Y²Ï¯ ∞ �
� ||z`|| ²Ï¶�¸�¹�°6²Ï¯ +∞ <�¾C¶
¸ ` ²Ë¶�¸�¹�°Y²Ï¯ ∞ �


��,A�
�



� ¶
°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» �

� �
¯�Æg·u»³» (i, j) ∈ {1, . . . , n} ||Xi(z`)||.||
∂f
∂Xj

(z`)|| ²Ë¶�¸�¹�°6²Ï¯ 0 <�¾C¶
¸ ` ²Ë¶�¸�¹�°Y²Ï¯ ∞ �

!Õ � �_� ��� � ¶�º�·uÆ��,²�¾o·u²Q·u¸CÊ,°"²Ï·�²Ï¶
º,¶�¸C²5¯��'²�¾o¶ �
¯�»³»k¯�<=±³¸W½��u±³¸�¹ � ��j�¿�Tc}�y�z�h�i�\]}oh�S�jmyuiªS,yuzozCjk}o�
ϕ : Rn → Rq

yu}C{¬y3z�h�j�}G`
y ∈ Rq

©�`bPoTcqbT�T
Ò_jm^E`�^�y3^aTelWnoT�}C|�T�hu�Qz?hGjk}W`s^
(z`)`

ik\]j�}o�3jk}�y3^aTcS�j¥¤
y�ik�GT�foq�yujm|¡^bT
`

S ⊂ Rn
y�}C{�y�z?hGjk}W`

y ∈ Rq
^an?|�P�`sPCy�`�5

� ||z`|| `bTc}C{o^Q`sh ∞ Â�PoT�}
`
`sT�}C{C^Q`bh

∞ �
� ϕ(y`)

`bTc}C{o^5`bh
y
Â�PCT�}

`
`sT�}C{o^�`bh

∞ �
È�·�¸��s¶�Æb¶Ï®o¾]Æs·�°�¶�¹�¼]°"±³¸W½Ó· $
¼C·u¸C²´± �É¶�¹ �rÆ�°"²g¯uÆb¹�¶�Æ �
¯�Æ"ºd¼_»k· Φ ¯uµ�¶�Æ¢²³¾C¶¢Æb¶�·u» °�� � ¾o¶�¸�� ��Æs¯�º� ·�Æ�°��u±
	 �;¶�±¹�¶�¸ ��¶�ÆN½�� ° � ¾o¶�¯�Æs¶
º�g²�¾o¶�°�¶�²g¯ ��®C¯�±³¸?²°!°
·u²N±m° ��Ê�±³¸]½ Φ ±m°¢·Ã°�¶�ºg±
	a·u» ½G¶���Æb·�±È�°�¶
² <�¾C¯�°�¶� ·�Æ"±m°���±
	aÈ�»k¯�°�¼_Æs¶d±m°�¸�¯u²=Çe¶�Æb¯�	a¹u±³º�¶�¸o°"±¯�¸;·�»��´°"±³¸�È�¶ ||z`|| ±m°'°"¼e®G®o¯�°
¶�¹!²Ï¯�²Ï¶
¸;¹�²Ï¯ ∞ � � � ¾_¼]°��É¼]°"±³¸W½

²�¾o¶gÈ
¼_Æ"µ�¶�°
¶�»k¶�È�²N±¯u¸���¶�ºdº�·��r²³¾C¶'°�¶ $
¼C¶�¸�È�¶g¯ �É®C¯�±³¸C²N°6±³¸�²³¾C¶g· ��¯�µ�¶'°"²Ï·�²Ï¶
º,¶
¸?²5È�·�¸��s¶'°"¼ �"°"²´±³²N¼_²Ï¶�¹
��Ê�²�¾o¶,¶��G±m°"²Ë¶�¸�È�¶,¯ ��·�°�¶
ºd±
	a·�» ½W¶��
Æb·u±È!È�¼_Æ"µ�¶ γ :]0, 1[→ Rn °"¼CÈs¾�²�¾o·�² ||γ(t)|| ²Ë¶�¸�¹�°�²Ë¯ ∞ <�¾o¶�¸
t→ 1 ·u¸�¹ ϕ(γ(t)) ²Ï¶
¸;¹�°'²Ï¯ y <�¾o¶�¸ t→ 1 �
��� ���'& / Õ � �r¯�¸C°�±¹G¶
Æ�²³¾C¶&�
¯u»³»k¯�<=±³¸]½�®o¯u»ÌÊ�¸�¯uºg±·u»�±³¸ Q[X1, X2]

f = X1(X1X2 − 1)

·u¸�¹¬²�¾o¶3º,·s®G®�±³¸]½ f̃ : (x1, x2) → f(x1, x2) � � ¾_±m°�º,·s®G®�±³¸W½¬¾o·�°¢¯ �
µe±¯�¼]°"»ÌÊ�¸�¯�È�Æ"±³²´±Ès·u»�µ�·u»Ì¼C¶°"±³¸;Ès¶ 〈f − T, ∂f
∂X1

, ∂f
∂X2
〉 = Q[X1, X2, T ] � ��¼e®�®C¯�°�¶g¸�¯�< ²³¾C·�²Q²³¾C¶
Æs¶g¶��G±m°�²N°g·�°
¶ $�¼C¶
¸;È�¶g¯��Q®C¯�±³¸C²N°

z` °"¼CÈ�¾3²�¾o·u² �
� ||z`|| ²Ï¶�¸�¹�°6²Ï¯ +∞ <�¾C¶
¸ ` ²Ë¶�¸�¹�°Y²Ï¯ ∞ �
� �
¯�Æg·u»³» (i, j) ∈ {1, 2} ||Xi(z`)||.||

∂f
∂Xj

(z`)|| ²Ï¶�¸�¹�°'²Ï¯ 0 <�¾C¶
¸ ` ²Ï¶�¸�¹�°6²Ï¯ ∞ �
� ¾_±m°�±³ºK®;»Ì±¶
°�²³¾C·�² X2

1 (z`) ²Ë¶�¸�¹�°6²Ï¯ 0 <�¾o¶�¸ ` ²Ï¶�¸�¹�°�²Ï¯ ∞ � <�¾_±Ès¾�±³º¡®�»Ì±¶
°�²�¾o·u² X1(z`) ²Ë¶�¸�¹�°�²Ë¯
0 <�¾o¶�¸ ` ²Ï¶
¸;¹�°�²Ï¯ ∞ �5·�¸;¹ X2X

2
1 (z`) ²Ï¶
¸;¹�°'²Ï¯ 0 <�¾C¶
¸ ` ²Ë¶�¸�¹�°'²Ë¯ ∞ ���Å±³¸;·�»³»ÌÊ�� f(z`) ²Ï¶
¸;¹�°'²Ë¯

0 <�¾C¶
¸ ` ²Ï¶
¸;¹�°$²Ï¯ ∞ � � ¾]¼]°�� 0 ±m°�·�¸�·�°"Ê�º¡®�²Ï¯�²´±ÈgÈ�Æ"±³²´±Ès·u»ªµ�·u»Ì¼C¶�¯��6²³¾C¶6º,·s®�®;±³¸W½ f̃ ���d¶ <=±³»³»�°
¶�¶
��¼_Æ"²�¾o¶�Æ'²�¾o·�²É±³²É±m°'²�¾o¶d¯�¸?»ÌÊ�¯�¸;¶ �
�r¯�¸C°"±¹�¶�Æ�¸�¯�<À²³¾C¶&�
¯u»³»k¯�<=±³¸]½¢¶ �]·�º¡®�»�¶�±³¸ 3 µ�·�Æ"±· ��»k¶
°��

f = X1 +X2
1X2 +X4

1X2X3

� ¸��! #"%$%�Q²�¾o¶�·�¼_²�¾o¯uÆ�°�®�Æb¯uµ�¶d²�¾o·u²�²³¾C¶�°
¶�²K¯ �6½G¶�¸�¶�Æb·u»Ì±kÇe¶s¹3È�Æ"±³²N±È�·u»&µ�·�»¥¼C¶"°d¯���²�¾o¶dº,·s®G®�±³¸W½!°�¶�¸�¹u±³¸W½
x ∈ Cn ²Ï¯ f(x) ±m° {0} �
Ê,¼]°"±³¸W½�·�°"±³ºd±³»k·�Æ�Æb¶�·�°�¯�¸?±³¸W½�·�°'²³¾C¶g· ��¯�µ�¶ �
� } 	 �G��Ë©_`bPCT�yun_`sPoh�q�^Qzoqsh�¿�T$`bPoT6��hGiki�h�Â�jk}C�gqsTc^bnoik`KÂ�Poj�|�P3|�y�}3f?T�^bT�Tc}�yG^�y���T�}CT�q�yui�jkÎcTc{!Uoyuq�{�� ^`sPoT�hGqbTcSÐ��h�q��GT�}oTcqsy�ikj�Î�Te{�|�qbjk`bjm|�y�iª¿�y�iknCTc^ �

& . Õ]Ù � Õ � � ��¶
² f ��¶3·d®C¯�»ÌÊ�¸;¯�ºd±·�»Q±³¸ Q[X1, . . . , Xn] ¯���¹�¶Ë½�Æb¶�¶ D � � ¾o¶�°�¶
²'¯ �d½G¶�¸�¶�Æb·�»¥±kÇc¶�¹
È�Æ"±³²´±Ès·u»�µ�·�»Ì¼C¶
° K(f) ¯ �'²�¾o¶�º�·�®�®;±³¸W½ f̃ : x ∈ Cn → f(x) ∈ C ±m° � ·�Æ"±m°���±
	aÈ�»k¯�°
¶�¹�±³¸ C �' ¯�Æs¶s¯uµ�¶�Æ�� D]K∞(f) + ]K0(f) ≤ Dn − 1
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� �;·��
¶
Ê��Q»���±³¸

9Yj�¿�Tc}
f ∈ Q[X1, . . . , Xn]

©=|
h�}?^ajm{_T�q�y3S,y�zozoj�}o�
fC : x ∈ Cn → f(x) ∈ C

yu}?{�yu}�h�z�T�}
^bnofC^bT
`

FC

hu�
C �=� T�^sy�\�`bPCyu` fC

qsTcy�ikj�Î�Te^5ydi�h_|�yui�i�\�`bqsjk¿]jmyui;¦Cfoq�y�`sjkhG}!hG}
Cn \ f−1

C
(FC)

j¥�&��h�q�y�iki
|�h�}o}CTc|"`sTc{�h�z�T�}3^aT�` § ��h�q5`bPCTYTcnC|
i�jm{_Tcy�}�`bhGz?hGikhG��\ ¨ UC ⊂ C \ FC

©]��hGqQy�iki
e ∈ UC

{_Tc}ohu`sjk}C�gf]\
πC`sPoT�zoqshutETc|
`bj�h�}Ãh�}Ã`bPoT�^bTc|�h�}C{�SdTcS�f�T�q'h��Å`bPCT�|�yuqb`bTe^ajmyu}Ãzoqsh]{onC|"`

f−1
C

(e) × UC

©�`bPoTd��hGiki�h�Â�jk}C�
{oj�y���q�yuS

f−1
C

(e)× UC

ϕ

π

f−1
C

(UC)

f

UCOQPCTÅyuf�h�¿�Tr{_T�¦C}ojk`bj�h�}�jm^�y�i�^bhKnC^bTc{Y��hGq�z�h�i�\]}oh�S�jmyui�S,y�zozoj�}o�G^���qbhGS
Rn
`bh

R � � hG}C^ajm{_Tcq�y�S,yuzozCjk}o�
fR : Rn → R

yu}C{3yu}�h�z�T�}3^bnofC^bT
`
FR

h��
R �=� T�^by�\�`sPCy�` fR

qsTcy�ikj�Î�Te^5ygi�h]|cyui�ik\�`bqsjk¿]jmyui;¦Cfoq�y�`sjkhG}
hG}

Rn \ f−1
R

(FC)
j¥�&��h�q�yui�i�|
hG}o}oTe|"`bTe{�hGz?Tc}�^bT
` § ��h�qQ`bPCT'T�nC|�ikjm{_Tcy�}�`sh�z�h�i�h���\ ¨ UR ⊂ C \ FR

©]��h�q
y�iki

e ∈ UR

{_Tc}ohu`sjk}o�3f]\
πR

`bPoT,zoqshutETe|"`sjkhG}ÃhG}�`sPoT�^aTe|
hG}C{�S�TcS�f�T�q�h��É`sPoT�|�y�qa`sTc^bj�y�}�zoqsh_{_nC|"`
f−1

R
(e)× UR

©_`bPoT6��hGiki�h�Â�j�}o�d{oj�y���q�yuS

f−1
R

(e)× UR

ϕ

π

f−1
R

(UR)

f

UR

jm^�|
hGS�S�n_`�y�`bj�¿�T �OQPoT$S,yuj�}�jk}W`sT�qsTc^a`Åhu�ª`sPoT$^bT
` ½G¶�¸�¶�Æb·�»¥±kÇc¶�¹�È�Æ"±³²´±Ès·u»;µ�·u»Ì¼C¶"° qsT�i�jkTe^rhG}�j¥`�^r`sh�z�h�i�h��Gj�|cyuiozoqsh�z�T�qb`bj�Tc^Â�PCj�|�P3yuqsT'^anoS�S,yuqsj�Î�Tc{!f�T�i�h�Â9yu}?{�zoqsh�¿�Te{�j�} 	 �W�� �
& . Õ]Ù � Õ ��� � ¾o¶gº,·s®G®�±³¸W½ fC Æb¶�·�»Ì±kÇe¶
°�·�»k¯eÈs·u»³»ÌÊ�²´Æ"±³µe±·�»�� �
Æs·�²´±¯�¸�±³¸ Cn \ f−1

C
(K(fC)) �� ¾C¶�º,·s®G®�±³¸W½ fR Æb¶�·�»Ì±kÇe¶
°g·,»k¯eÈ�·�»³»ÌÊ�²´Æ"±³µe±·�»�� �
Æs·�²´±¯�¸�±³¸ Rn \ f−1

R
(K(fR)) �

��� ���'& / Õ � �r¯�¸C°�±¹G¶
Æ�²�¾o¶�¶��]·�º¡®�»k¶
°6½�±³µ�¶
¸ · �s¯uµ�¶�� �d¶�¾o·uµ�¶Y®�Æb¯uµ�¶�¹3²�¾o·u² �
¯�Æ �s¯u²³¾�¶��]·�º¡®�»k¶
° 0
±m°,·�¸ ·�°"Ê�º¡®�²Ï¯�²´±È�È�Æ"±³²N±È�·u»=µ�·u»Ì¼C¶ � � ¶�º,·�Æ���²�¾o·u²�²³¾C¶ � ��¶�Æd¯ � ��¯�²�¾�È�¯�¸C°�±¹G¶
Æs¶s¹¢º�·�®�®�±³¸]½�°�· ��¯uµ�¶ 0
±m°$Æb¶�¹�¼CÈ�± �
»k¶
<�¾]±³»k¶g·Y½W¶�¸�¶�Æ"±È � ��¶�Æ¡±m°$±³Æ"Æs¶s¹u¼CÈ
± ��»k¶�� � ¾_±m°$±m°'Ès¾C·�Æb·GÈ
²Ï¶
Æ"±m°"²´±È'²Ï¯�·dÈ�¾o·u¸W½W¶�¯ �$²Ï¯s®C¯�»k¯s½uÊ
·u¸�¹�±m°�¶�·�°�±³»¥Ê�µc±m°"¼C·u»Ì±kÇe¶s¹�¯�¸ �Å±¥½u¼_Æb¶��,±³»³»¥¼]°�²´Æb·u²N±³¸]½�²�¾o¶d¶ �]·uºK®;»k¶ f = X1(X1X2 − 1) �

� ¶
µ�¶�Æ"²³¾C¶
»k¶
°�°��r¸�¯�²Ï¶'²�¾o·u²5·�º,·s®G®�±³¸]½!È�·�¸�Æb¶�·�»Ì±kÇe¶d·�»k¯eÈs·u»³»ÌÊ�²´Æ"±³µc±·u» � ��Æb·u²N±¯u¸Ã¶
µ�¶�¸�± �6²³¾C¶
Æs¶�¶���±m°"²N°6·
½W¶�¸�¶�Æb·�»Ì±kÇe¶�¹�È
Æ"±³²´±È�·�»�µ�·�»¥¼C¶�±³¸ I � � ¯�±³»³»Ì¼]°"²´Æb·�²Ï¶'²�¾]±m° �
·�È�² �5È�¯�¸o°"±¹G¶
Æ�²�¾o¶ �
¯�»³»�¯�<=±³¸W½¢¶��]·�º¡®�»k¶��

f = −X2(2X
2
1X

2
2 − 9X1X2 + 12)

<�¾_±Ès¾9Æs¶s·u»Ì±kÇe¶"°�· »�¯cÈ�·�»³»¥ÊÓ²´Æ"±³µc±·u» � �
Æs·�²´±¯�¸ ·�Æb¯u¼_¸�¹ 0 ·�°�°b¾o¯�<=¸9±³¸ �Å±¥½u¼_Æs¶ "���¼_²�±m°¢°�¼CÈ�¾ ²³¾C·�²
K(f) = {0} �
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� ¶
°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» �

� jk�GnoqsT�� 5 * Ò_j�^a`bTc}C|
T6h��&�GT�}oTcqsy�ikj�Î�Te{�|
qsjk`bjm|�yuiª¿�y�iknoTe^�yu}C{3|�PCy�}o��TYj�}!`sh�z�h�i�h��G\

� j���nCqbT���5 * Ò_jm^E`sT�}C|�T'hu�&��T�}CT�q�yui�jkÎcTc{�|�qbjk`bjm|�y�iª¿�yui�noTc^Ky�}C{!}oh,|�PCyu}o�GT6jk}!`bhGz?hGikhG��\
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�e� �;·��
¶
Ê��Q»���±³¸

OQP]nC^c©
K(f)

j�^��;yuqsjm^H�]jk¤Ë|�ikhW^aTe{ª©�{_Tc��qsT�TKf�h�no}?{o^ÅhG}
K(f)

yuqsT ! ��Îch�n_`b¤´i�j���T¡{_Tc��qsT�TKf�h�nC}C{o^5yu}C{jk`s^5`sh�z�h�i�h��Gj�|cyui;zoqsh�z�T�qb`bj�Tc^QT�}?^anoqsTY`bPCyu`Q`bPoTcqbT'jm^Q}ohd`bhGz?hGikhG��jm|�yuiª|�PCy�}o��TYj�}!`sPoT6¦Cf�T�q�^Qhu�
f
`�y���Tc}

y�f?h�¿GTYy�}]\�jk}W`sT�qs¿�y�iªhu�
R
Â�Pojm|�P�PCy�^�y�}�TcS�z_`E\�j�}G`sT�q�^aTe|"`sjkhG}!Â�jk`bP

K(f) �
�$T�}oh�`bT5f]\

GLn(C)
`bPoTQ^aT�`&h��

n
¤Ë^slWnCyuqsTrj�}]¿�T�qb`bj�foi�TÅS,y�`sqbjm|
Te^�Â�jk`bPd|
h]T
Ä�|�jkTc}G`�^�j�}

C � � h�}C^bjm{_T�q}Ch�Â
A ∈ GLn(C)

y�}C{�{_Tc}ohu`sT¡f]\
fA

`bPoT$z?hGik\]}ohGS�j�y�i
f(AX)

Â�PoT�qsT
X
{_T�}oh�`bTe^

(X1, . . . , Xn) �X�h�qsT�h�¿�Tcqc©C��j�¿�T�}
{f1, . . . , fs}

jk}
Q[X1, . . . , Xn]

yu}C{¢y�}�yui���Tcfoq�yujm|6¿�y�qbj�T
`E\
V ⊂ Cn

{_T
¦C}CTc{¢f]\
f1 = · · · = fs = 0

©_Â5T'{_T�}oh�`bT'f]\
VA

`bPoT�y�ik�GT�foq�yujm|K¿�yuqsj�T
`E\�{_T�¦C}oTe{!f]\
fA
1 = · · · = fA

s = 0 �OQPoT���h�i�ikh�Â�j�}o�3ikTcS�S�y3jm^�y�}�jkS�S�Tc{_jmy�`sT�|
hG}C^aTelWnoT�}C|�T�hu� �¡T�¦C}ojk`bj�h�} ��y�}C{¬Â�jki�iÅf�T,nC^bTc{�j�}
`sPoT�^bTclWnoT�i �
�ÉÕ � � � � ��¯uÆ�·u»³» A ∈ GLn(Q) � K(f) ¶ $
¼C·u» ° K(fA) � K0(f) ¶ $�¼C·�» ° K0(f

A) ·u¸�¹ K∞(f)
¶ $�¼C·�» ° K∞(fA) �� � c ±m°'·!È
Æ"±³²´±È�·�»�µ�·u»Ì¼C¶��ËÆb¶
°´® �6·�¸¬·�°"Ê�ºK®;²Ë¯u²N±È�È�Æ"±³²N±È�·u»�µ�·u»Ì¼C¶ ��¯�� f �=²³¾C¶
¸ �
¯uÆg·�»³» e ∈ Q � c− e
±m°�·!È
Æ"±³²´±È�·�»�µ�·�»¥¼C¶��ËÆb¶
°´® �6·�¸�·�°"Ê�ºK®;²Ë¯u²N±È�È�Æ"±³²N±È�·u»�µ�·�»Ì¼C¶ ��¯ � f + e �

�$^aj�}o��x�TcS�y�q �?�G©]`bPoT6��hGiki�h�Â�j�}o��ikTcSdS,ydjm^Kyuim^ahdj�SdS�Te{_j�yu`bT�y�}C{�jm^�nC^bTc{���noqb`bPoTcq �
�ÉÕ � � � � ��¶�² f ��¶d·Y®C¯�»ÌÊ�¸;¯�ºd±·�»&±³¸ Q[X1, . . . , Xn] ���r¯�¸o°"±¹G¶
Æ c ∈ C ·�¸�¹ (z`)`∈N ⊂ Cn ��¶�·
°�¶ $�¼C¶
¸;Ès¶g¯ �5®C¯�±³¸?²°6°"¼CÈ�¾�²³¾C·�²��

� f(z`) ²Ë¶�¸�¹�°Y²Ï¯ c <�¾C¶
¸ ` ²Ë¶�¸�¹�°Y²Ï¯ ∞ �
� ||z`|| ²Ï¶�¸�¹�°6²Ï¯ ∞ <�¾o¶�¸ ` ²Ë¶�¸�¹�°6²Ï¯ ∞ �
� ||z`||.||dz`

f || ²Ï¶
¸;¹�°6²Ë¯ 0 <�¾o¶�¸ ` ²Ï¶
¸;¹�°6²Ë¯ ∞ �
�d¶�¸�¯�²Ï¶ ��Ê X ²�¾o¶�µ�¶�È�²Ë¯uÆ X1, . . . , Xn � � ¾C¶
Æb¶d¶���±m°"²N°'· � ·�Æ"±m°��u±
	aÈ
»�¯�°�¶�¹,°"¼ �
°
¶�² A ( GLn(C) °"¼CÈs¾
²�¾o·u²-�
¯uÆg·�»³» A ∈ GLn(Q) \ A � ||AX(z`)|| ²Ë¶�¸�¹�°Y²Ï¯ ∞ <�¾o¶�¸ ` ²Ï¶
¸;¹�°'²Ë¯ ∞ �
� }�`sPoT¡^bTclWnoT�i´©u��hGq=`bPCT¡^by ��TQhu�ª^bjkS�zoi�j�|�j¥`E\G©GÂ5T�jm{_T�}W`bjk��\�y6z?hGik\]}ohGSdjmyui f ∈ Q[X1, . . . , Xn]

Â�jk`bP
`sPoT'S,yuzozCjk}o�

fC : x ∈ Cn → f(x) ∈ C �
� � ���g-.�5��%&��4 %£������ ����
w�T
`

f
f�T�y$z�h�i�\]}oh�S�jmyui]j�}

Q[X1, . . . , Xn]
©
H ⊂ Cn+1 f�TÉ`sPoT�P]\]z?Tcqs^bnoqb�y�|
T5{_T
¦?}oTc{gf]\ f−T = 0

§ Â�PoT�qsT T j�^6y�}CT�Â ¿�yuqsjmyufoi�T ¨
� 9Yj�¿�Tc} x = (x1, . . . , xn) ∈ Cn
©ªÂÉTd{_T�}Chu`bTdf]\

Fi : Cn → Cn+1`sPoT'z�h�i�\W}Ch�S�j�y�iªS,yuzozoj�}o�,^bT�}C{_j�}o�
x
`bh 5

((∂f/∂Xi) (x), (X1∂f/∂Xi) (x), . . . , (Xn∂f/∂Xi) (x))

y�}C{!fW\
F̃i : Cn → Cin+i+1 `bPoT'z�h�i�\]}oh�S�jmyuiªS,yuzozCjk}o�,^bT�}C{ojk}o� x `sh65

(F1(x), F2(x), . . . , Fi(x), f(x)) .
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� ¶
°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» � �

� T�|
hG}C^ajm{_Tcq,jk}«`bPCT�^aTelGnCT�i�`sPoT¢z?hGik\]}ohGS�j�y�i�S�y�zozoj�}o� φ : Cn → Cn
2+n+1 ^bT�}C{ojk}o� x =

(x1, . . . , xn)
`sh

(F1(x), . . . , Fn(x), f(x))
Â�PCj�|�P¢|
hGjk}?|
jm{_Tc^�Â�jk`bP

F̃n �
� hGq¡yu}]\�z�h�i�\]}oh�S�jmyuiªS,yuzCzojk}C� ψ ©?ÂÉT�{_Tc}ohu`sT'f]\ Γψ
`sPoT�j�S�y���T'h��

ψy�}C{�f]\
Γψ

jk`s^ �;y�qbjm^H�]jk¤Ë|�ikhW^anCqbT � � h�q (i, j) ∈ {1, . . . , n}2
©�Â5Tgj�}W`bqsh_{_nC|
Td}oTcÂ�¿�yuqsj�y�foi�Tc^

ai
©�yu}?{

ai,j
^bnC|�P!`bPCyu`

Γφ
jm^K{_T�¦C}oTe{!f]\�y�^bT
`Kh�����Tc}oT�q�y�`sh�q�^Åh���`sPoT'jm{_Tcy�i-5

〈f − T, (∂f/∂Xi − ai)i∈{1,...,n} , (Xi.∂f/∂Xj − ai,j)(i,j)∈{1,...,n}2〉

j�}W`bTcqs^bTc|
`bTc{!Â�jk`bP�`bPoT'z�h�i�\]}oh�S�jmyuiªqsjk}C�
Q[T, a1, . . . , an, a1,1, . . . , an,n] �w�T
`

Li ⊂ Cin+i+1 f�T6`bPoT�|�hWhGqs{ojk}Cyu`bT6y�Ò_jm^Qhu� T ©]j � T � `sPoT'ikj�}oT�{_T�¦C}oTe{!f]\ 5
a1 = · · · = ai = a1,1 = · · · = an,1 = · · · = a1,i = · · · = an,i = 0.

OQPCTYi�j�}oT
Ln

j�^�{oT�}oh�`bTc{�f]\
L
j�}!`sPoT�^bTclWnoT�i ��6noq�{_\>��y�yu}?{�j¥`�^g|�h�i�i�y�f?hGqsyu`bh�q�^6zoqsh�¿�T�`sPCy�`

Γφ ∩ L
TclWnCy�i�^�`bPoT�^aT�`gh��Q�GT�}oTcqsy�ikj�Î�Te{�|
qsj¥`sj�|cyui

¿�y�iknoTe^Yhu�
f § ^bT�T8	 �W�]©��u�� � OQPoT,^bT
`6hu� ·�°"Ê�ºK®;²Ë¯u²N±È!È
Æ"±³²´±È�·�»rµ�·�»¥¼C¶"° h�� f ©�{_Tc}ohu`sTc{�fW\ K∞(f)

©�jm^
|�P?yuq�y�|"`sT�qsjkÎcTc{�yG^5`bPoT'j�}W`bTcqs^bTc|
`bj�h�}�hu��`sPoT�^bT
`Khu�&}oh�}o¤´zoqsh�z�T�qs}oTe^b^5hu�

φ
Â�jk`bP

L �
����� �	��
�������������������������������! ��"���!
$#%
'&)('�*#��*����+��! ��-,.�/���0�����/��+21���+�3��*4536#2,����

7 ��
 7 ����#��*4849��484836� 7 ����
#64

� }�`sPoT'^aTelGnCT�i´©_��h�q i = n, . . . , 2
©oÂ5T'|
h�}?^ajm{_T�qQzoqshutETe|"`sjkhG}C^ 5

Πi : Cn+1 → Ci

(x1, . . . , xn, t) 7→ (xn−i+2, . . . , xn, t)

� h�q i = 1, . . . , n − 1
©�ikT�`

Wn−i ⊂ Cn+1 {oT�}oh�`bTc^$`sPoT �;yuqsjm^H�]jk¤Ë|�ikhW^anoqsT�h��Å`bPCT�|�h�}C^a`bqsnC|
`bj�foikT^bT
`K{_T�¦C}oTe{!f]\ 5
f − T =

∂f

∂X1
= · · · =

∂f

∂Xi

= 0,
∂f

∂Xi+1
6= 0.

� h�qK^bjkS�zoi�jm|
jk`E\�© Wn

{oT�}oh�`bTc^
H �

� }!`bPoT6^bTclWnoT�i´©_Â5T$|
hG}C^bj�{_TcqQS�y�zC^Éf?T�`EÂÉTcT�}3|
h�S�zoi�T
Ò,hGq5qsTcy�i�y�ik�GT�foq�yujm|�¿�yuqsj�T
`bj�Tc^ � OQPoTY}ohu`sjkhG}h��Czoqsh�z�T�qs}oTc^s^&hu�?^bnC|�PdS,yuzC^&Â�j�iki_f�TQqbTci�yu`bj�¿�Tr`shY`bPoT5`bhGz?hGikhG��j�Tc^�jk}?{_nC|
Te{�f]\'`sPoTQS�T
`bqsjm|r`sh�z�h�i�h���j�Tc^
h��

C
hGq

R � v S,yuz φ : V → W
hu�£`sh�z�h�i�h���jm|�y�i�^bzCy�|�Tc^�jm^¡^syujm{�`bh�f�T�zCqbhGz?Tcq¡y�`

w ∈ W
j¥�=`sPoT�qsT

T�Ò_j�^a`s^5y�}CT�j���P]f?hGqbPChWh_{
B
hu�
w
^an?|�P�`bP?y�`

f−1(B)
j�^Q|�h�S�zCy�|
` § Â�PoT�qsT B {_Tc}ohu`sTc^É`bPoT6|
i�hG^bnoqsT¡h��

B ¨"� OQPoT'S,y�z φ jm^K^syujm{�`sh�f?T'zoqsh�z�T�q�jk�£j¥`Kjm^Qzoqsh�z�T�qKy�`¡y�iki w ∈W �
9Yj�¿�Tc}

A ∈ GLn(Q)
yu}C{

j ∈ {2, . . . , n}
©uÂÉT�^sy�\6`bPCyu`=`bPoT�zCqbhGz?Tcqa`E\

Pj(A)
jm^r^byu`bjm^E¦?Tc{gj¥�ªyu}C{

hG}oi�\�j¥�&��h�qKy�iki
i ∈ {j, . . . , n}

©]`bPoT'S,yuzCzojk}C�
Πi

qsTc^a`bqsj�|
`bTe{�`sh
WA
i

jm^Qzoqsh�z�T�qKyu}?{�`sPoT'qbTe^E`sqbjm|"`sjkhG}
h���`sPoT'S,yuz

Πi+1
`bh
Wi

jm^�foj�qsyu`bj�h�}Cy�i�hG}W`bh�j¥`�^�j�S�y���T �
� }�`sPoT!^bTclWnoTciN©&Â5T�^anCzoz?hW^aT�`bPCyu`�`bPCT�qsT�T
Ò_jm^E`�^�y �;y�qbjm^ �Wjk¤Ï|
i�hG^bTc{¬^anof?^aT�` A ( GLn(Q)

^anC|�P
`sPCy�`���hGqKyui�i

A ∈ GLn(Q) \ A
yu}C{

j ∈ {2, . . . , n}
©]`bPoT'zoqsh�z�T�qb`E\

Pj(A)
jm^�^byu`bjm^E¦?Tc{ �
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!Õ � �_� � � � ¶�º�·uÆ��!²³¾C·�²���Æb¯uº ²³¾C¶�·�» ½W¶ ��Æb·u±È��$¶
Æ"²´±³¸C±
	 �ª·�Æb¹�²�¾o¶�¯�Æs¶
º ����� $%�Q± � P(A) ±m°�²´Æ"¼C¶ � ΠiÆs¶"°"²´Æ"±È
²Ï¶�¹�²Ë¯ Wi ±m°�· �Å¸C±³²Ï¶'º,·s® ·�¸�¹�²³¾C¶
¸ WA

i ¾o·�°�¹u±³º�¶�¸o°"±¯u¸ i �
� T�zoqbh�¿GT�f�T�i�h�ÂA`bPCyu`Yjk� P2(A)

jm^6^byu`bjm^E¦?Tc{ª©;��j�¿�Tc}
c ∈ K∞(f)

©;`bPoTcqbTdT
Ò_jm^E`�^$y�^aTelWnoT�}C|�T�h��
z�h�j�}W`s^

(z`)`∈N

jk}
WA

1

^anC|�P!`bP?y�` 5
� f(z`)

`sT�}C{C^Q`bh
c
Â�PoT�}

`
`sT�}C{C^5`bh

∞

� ||z`|| `bTc}C{o^Q`sh ∞ Â�PoT�}
`
`sT�}C{C^Q`bh

∞

� ||z`||.||dz`
f ||
`bT�}?{o^Q`bh

0
Â�PoT�}

`
`bT�}?{o^Q`bh

∞
^bhY`bPCyu`=`bPoT¡T
Ò_j�^a`bTc}C|
TQh��;yG^a\]S�z_`bh�`bjm|Q|
qsj¥`sj�|cyuio¿�yui�noTe^=|�yu}�f�T�qbTey�{gh '�j�}

W1
Â�Poj�|�P�PCyG^={_j�SdTc}C^bjkhG}

1 �
� � Ù & Ù � (� ( Ù ) � �r¯u¸o°"±¹�¶�Æ c ∈ K∞(f) � � ¾o¶�Æb¶�¶��G±m°�²N°�· � ·uÆ"±m° �u±
	aÈ�»k¯�°�¶�¹¬°"¼ �"°�¶�² A ( GLn(C)
°"¼CÈ�¾3²�¾o·u²-�
¯�Æd·�»³» A ∈ GLn(Q) \ A �r²³¾C¶
Æs¶g¶��G±m°�²N°�·�°�¶ $
¼C¶�¸�È�¶d¯ �É®C¯�±³¸C²N° (z`)`∈N °"¼CÈs¾3²³¾C·�²��

� �
¯�Æg·u»³» ` ∈ N � z` ∈ WA
n−1 �

� fA(z`)→ c <�¾]±³»k¶ `→∞ �
� ||z`|| ²Ï¶�¸�¹�°6²Ï¯ ∞ <�¾o¶�¸ ` ²Ë¶�¸�¹�°6²Ï¯ ∞ �
� ||z`||.||dz`

fA|| → 0 <�¾]±³»�¶ `→∞ �
�5Æs¯c¯�� � � h�qQ`sPoT�^by ��TYhu�=^aj�S�zoi�j�|�j¥`E\G©o^anozCz?hW^aTY`bP?y�` Pn(In)

jm^�^sy�`bjm^a¦CTc{ �
� hG}C^ajm{_Tcq¢`bPoTÓS,yuzozoj�}o� φ : H ⊂ Cn+1 → C2n+2 Â�PCj�|�P yG^b^bh_|
jmy�`bTe^�`bh y*z?hGjk}W` x =

(x1, . . . , xn, t) ∈ H
`bPoT'z�h�j�}W` 5

(
x2, . . . , xn, t,

∂f

∂X1
(x), x1

∂f

∂X1
(x), . . . , xn

∂f

∂X1
(x), t

∂f

∂X1
(x)

)
∈ C2n+2

�$T�}Chu`bT�f]\
(a2, . . . , an, an+1, a0,1, a1,1, . . . , an+1,1)

`bPoT,|�hWhGqs{ojk}Cyu`bTe^¡h��Å`bPCTg`�yuqs��T�`6^bzCy�|�T�hu�
φ �U_jk}C|�T5��h�q

i = 2, . . . , n
©
Xi = ai

©
T = an+1

yu}C{
X1 =

a1,1

a0,1

©
X1, . . . , Xn

y�}C{
T
|�y�}gf�T�T
Ò_zoqsTc^s^aTe{

yG^&qsyu`bj�h�}Cy�iG��nC}C|"`sjkhG}C^=hu�;|
h]h�q�{_j�}Cy�`sTc^&j�}g`sPoTQ`sy�qb�GT
`=^az?y�|
TQh��
φ
y�}C{�`bPoTc}�©u`sPoT�S,yuz

φ
jm^£fojkq�y�`sjkhG}Cyui

hG}W`bh�j¥`�^Kj�S,yu��T � X¢hGqbTch�¿�T�qe©G`bPoT��Gqsy�zoP�hu� φ ©�{_T�}Chu`bTe{3f]\ Γφ
j�^¡yu}3jkqsqsTc{_nC|�jkfCikT�y�ik�GT�foq�yujm|¡¿�y�qbj�T
`E\

h��
C3n+3 h��£{ojkS�T�}?^aj�h�} n � OQPoTc}�©_`sPoT�qsT'T
Ò_jm^E`�^Ky �;yuqsj�^ �]j¥¤Ï|
i�hG^bTc{�^anof?^aT�` Z ( C2n+2 hu�£S�yuÒ_jkS,yui{ojkS�T�}?^aj�h�}

n− 1
©o^an?|�P�`sPCy�`K^bz?Te|
jmyui�jkÎcjk}o�

n
|�h]h�q�{_jk}?y�`bTe^5h�n_`�^ajm{_T

Z
©o{_T�`bT�qsS�jk}CTc^�ydno}ojmlWnoT6z?hGjk}W`

j�}�`bPoT'zCqbT�¤´j�S,yu��TYhu�
φ �

� }Ó`bPoT3^bTclWnoT�i´©r�Gjk¿GT�} yÃz?hGjk}W` α = (α2, . . . , αn) ∈ Cn−1 § qbTe^az � y�|
hGS�zoikT�Ò }]noS�f�T�q θ ∈
C ¨ ©r^an?|�P�`bPCyu` (α, β) /∈ Z

©=ÂÉT�{_T�}Chu`bT!f]\
y(α, β)

`sPoT�z�h�j�}W`dj�}�`bPCT�j�S�y���T!hu�
φ
h�f_`�yuj�}oTc{ fW\

^bz�Tc|
jmyui�j�Î�j�}o�'`bPCT¡¦Cq�^a`
(n− 1)

|�hWhGqs{ojk}Cyu`bTe^ § |�h�qsqbTe^az�h�}?{_jk}C�Y`sh x2, . . . , xn ¨ `bh α yu}?{�`bPoT n+ 2
¤N`sP

|�h]h�q�{_jk}?y�`bT § |
h�qsqsTc^bz?hG}C{_j�}o��`sh x1
∂f
∂X1

¨"� U]j�}C|
T φ j�^�fojkq�y�`sjkhG}Cyuiry�}C{�^aj�}C|�T α yu}?{ β y�qbT,|�PohW^aTc}�GT�}oTcqbjm|�y�iki�\�©]hG}oT'|�yu}3{_T�¦C}oT
x(α, β)

y�^5`sPoT'no}ojmlWnoT'zoqsT
¤ËjkS,y���TYhu�
y(α, β) �

� hG}C^ajm{_Tcq c ∈ K∞(f)
©_`bPCT�}�`bPoTcqbT6T�Ò]jm^a`s^Ky�^bTclWnoT�}?|
T6hu�&z?hGjk}W`s^

(z`)`∈N ⊂ Cn
^bnC|�P!`bPCyu` 5


��,A�
�
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� f(z`)
`sT�}C{C^Q`bh

c
Â�PoT�}

`
`sT�}C{C^5`bh

∞

� ||z`|| `bTc}C{o^Q`sh ∞ Â�PoT�}
`
`sT�}C{C^Q`bh

∞ �
� ||z`||.||dz`

f ||
`bT�}?{o^Q`bh

0
Â�PoT�}

`
`bT�}?{o^Q`bh

∞ �
� hG}C^bj�{_TcqK`sPoT�j�S,yu��Te^¡f]\ φ hu�=`sPoTgz�h�j�}W`s^ (z`, f(z`))

y�}C{3`bPCT�j�q¡¦Cq�^a`
n − 1

|
h]hGqs{_j�}Cyu`bTc^
α`
yu}?{

`sPoT�j�q
n + 2

¤´`bP |�h]h�q�{_jk}?y�`bTe^
θ` �?� h�`bT,`sPCy�`d^anC|�P y¢|�PCh�jm|
T�j�S�zoikj�Tc^�`bPCyu` θ` `bTc}C{o^�`bh 0

Â�PoTc}
``sT�}C{C^=`bh

∞ � U]j�}C|
T f(z`)
©
1/||z`||

yu}C{
||z`||.||dz`

f ||
y�qbT � y�nC|�P]\g^bTclWnoT�}?|
Tc^c©�`sPoT${_hGnofoi�\W¤´j�}C{_T�Ò]Te{^bTclWnoTc}C|
T

αi, θ`
jm^K^bnC|�P!`bPCyu` 5

� § y ¨ f(x(αi, θ`))
`sT�}C{o^�`bh

c
Â�PCT�}

i
yu}?{

`
`bT�}?{�`sh

∞ �
� § f ¨ ||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Â�PoTc}

i
yu}C{

`
`sT�}C{!`sh

∞ �
� § | ¨ ||x(αi, θ`)|| `bTc}C{o^Q`sh ∞ Â�PCT�}

i
yu}?{

`
`bTc}C{!`bh

∞ �
� § { ¨ ||x(αi, θ`)||.||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Â�PoTc}

i
yu}C{

`
`bT�}?{�`sh

∞ �
X�h�qsT�h�¿�Tcqc©eÂ�jk`bPohGn_`=ikhW^b^&hu����Tc}oT�q�yui�j¥`E\G©�fW\g{_j�^a`bnCqbfoj�}o�Yjk}o¦C}ojk`bTc^bj�S�y�iki�\

αi
yu}C{

θ`
©uhG}oTQ|�yu}d^anCzoz?hW^aT

`sPCy�`�5
� § T ¨ ��h�q$yui�i i ∈ N

©
αi
jm^¡|�PohW^aTc}!hGn_`s^bj�{oT'`bPoT �;yuqsj�^ �]j¥¤Ï|
i�hG^bTc{!^anCfC^aT�`${_T�¦C}oTc{¢yG^Q`bPCT �;yuqsjm^H�]jk¤

|
i�hG^bnoqsTYh���`sPoT'zoqshutETc|
`bj�h�}�hu�
Wn−2

h�}W`bh
X2, . . . , Xn �

� § � ¨ ��qsh�S2w�T�S�S,y��_©_h�}CTY|cyu}!^bnozoz�hG^bT$`bPCyu`QnCz�`sh�yg��Tc}oT�qsjm|¡i�jk}CTcyuqQ|�PCy�}o��TYhu��|�h]h�q�{_jk}?y�`bTe^�©
X1(αi, θ`)

`sT�}C{o^�`bh
∞
Â�PoT�}

i
y�}C{

`
`sT�}C{!`bh

∞ �
U]j�}C|�T�`sPoT3S�y�z

φ
jm^dfojkq�y�`sjkhG}Cyui´©£`bPCT�qsT�T
Ò_jm^E`�^�yu}

n
¤Ë¿�yuqsj�yu`bT�q�y�`sjkhG}CyuiÅ��qsyG|"`sjkhG}

Q
^bnC|�P `sPCy�`

X1(x(α, θ))
jm^ÅhGf_`sy�jk}oTe{,f]\�T�¿�yui�nCy�`sjk}C��`bPCj�^5q�y�`bj�h�}?yuio��q�y�|
`bj�h�}�yu`

α, θ � OQPoTc}�©]��h�q5y'¦oÒ_Te{�j�}G`sT��GT�q
i0
©
X1(x(αi0 , θ`))

PCy�^�Tcj¥`sPoT�qYyd¦C}ojk`bTgikj�S�j¥`¡hGq�`bTc}C{o^K`bh
∞
Â�PCT�}

`
`bT�}?{o^K`sh

∞ �7� }3`sPoT�^aTelWnoT�i´©Â5T¡zCqbh�¿GTQ`bPCyu`Éj�}�f�hu`bP!|�y�^bTc^c©
y(αi0 , θ`)

`bT�}?{o^r`shgy�z?hGjk}W`ÉÂ�PChG^bT¡imy�^a`
n+ 2

|�h]h�q�{_jk}?y�`bTe^Åy�qbTK}]noi�i
Â�PCT�}

`
`sT�}C{o^�`bh

∞ �U]nCzoz?hW^aT�¦Cq�^E`$`bPCyu`
X1(x(αi0 , θ`))

PCy�^$y�¦C}ojk`bTdi�jkS�jk`$Â�PoTc}
`
`bT�}?{o^K`sh

∞ � �¡z¢`bh�y,��Tc}oT�qsj�|i�j�}oTcy�q¡|�PCyu}C��T6hu�£¿�yuqsj�y�foikTe^�©?{_noT'`sh,zoqbhGz?Tcqa`E\ § � ¨ ©?hG}oT�|�y�}¢^anozCz?hW^aT6`sPCy�` ||X1(x(αi, θ`))||
`bTc}C{o^

`sh
∞
Â�PoT�}

i
yu}C{

`
`sT�}C{*`bh

∞ � OQP]nC^c©�h�}CT�|�y�} |�Poh]hG^bT i0 imyuqs��T¢Tc}oh�no�GP `bhÓT�}C^bnoqsT¢`bPCyu`c©jk�
X1(x(αi0 , θ`))

PCyG^�yÃ¦C}ojk`bT�i�jkS�jk`�Â�PoT�}
`
`bT�}?{o^�`bh

∞
©5`bPojm^,i�jkS�jk`�jm^�}ohu`

0 � OQPoj�^�jkS�zoi�jkTe^`sPCy�`�`sPoT
n+ 1

¤N`sP¢|
h]h�q�{_j�}Cy�`sTYh��
y(αi0 , θ`) § Â�Poj�|�P¢|�h�qsqbTe^az�h�}C{C^Å`sh ∂f

∂X1
(αi0 , θ`) ¨ `sT�}C{C^Q`bh,ÎcT�qshÂ�PCT�}

` → ∞
^aj�}C|�T'h�}oT�P?y�^K^bT�Tc}3`bPCyu` (

X1
∂f
∂X1

)
(x(αi0 , θ`))

`sT�}C{o^K`bh
0
y�}C{

X1(x(αi0 , θ`))
j�^

^bnozoz�hG^bTc{�`bh,P?y�¿�T6y�¦?}oj¥`sT'ikj�S�j¥`KÂ�PCj�|�P3jm^Q}ohu`K}]noi�i �OQPojm^�yuim^bhgj�S�zoikj�Tc^5`sPCy�`Q��hGq
j = n+ 3, . . . , 2n+ 1

©]`sPoT
j
¤´`bP¢|
h]hGqs{_j�}Cyu`bT¡h��

y(αi0 , θ`)
`sT�}C{�`bh

0
Â�PoTc}

`→∞
^aj�}C|
TY`sPoTc^bTY|�h]h�q�{_jk}?y�`bTe^Q|�yu}!f?T6qsT�Â�qsj¥`b`bTc}!y�^É`sPoT6zoqbh_{_n?|"`�hu��hG}oT'|
h]h�q�{_j�}Cy�`sT¡hu�

αi0 § Â�Pojm|�P3j�^5¦oÒ_Te{ ¨ yu}C{�`bPCT (n+ 1)
¤´`bP�hu�

y(αi0 , θ`)
Â�Pojm|�P�`bTc}C{o^5`bh

0
Â�PoTc}

`
`bTc}C{o^Q`sh

∞ �X¢hGqbTch�¿�Tcqc©
f(x(αi0 , θ`))

qbTcS�y�jk}?^�f�h�no}?{_Tc{ § ^bjk}C|�T X1(x(αi0 , θ`))
P?y�^dy�¦C}Cj¥`sT!i�jkS�jk` ¨ ©Éyu}?{P?y�^¡|�h�}C^bTclWnoTc}W`bi�\�y�¦C}ojk`bT�i�j�Sdjk` � � jk}?yui�ik\G©C`sPoj�^Yyui�i�h�ÂK^KnC^¡`bh�|
h�}?|
i�nC{_T'`sPCy�`$`bPoTdi�yG^E`Y|
h]h�q�{_j�}Cy�`sTh��

y(αi0 , θ`) § Â�PCj�|�P¬|
h�qsqsTc^bz?hG}C{o^�`sh t ∂f∂X1
(x(αi0 , θ`)) ¨ `bT�}?{o^$`bh 0

Â�PoT�}
`
`bTc}C{o^$`bh

∞ � OQP]nC^c©

A/ACB�D6E�FHGJI�K@LJM@N�OJP
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j�}�`sPojm^É|cy�^bT�©Wh�}oT$PCy�^Ézoqsh�¿�Tc{d`sPCy�`
y(αi0 , θ`)

`bTc}C{o^É`bhdy�z�h�j�}W`5Â�PohW^aT$i�yG^E`
n+ 2

|
h]h�q�{_j�}Cy�`sTc^Åy�qbT
}]noi�i �U]nCzoz?hW^aT¢}Ch�Â�`sPCy�`

X1(x(αi0 , θ`))
`bTc}C{o^�`sh

∞
Â�PoT�}

`
`bTc}C{o^�`sh

∞ � OQPoj�^�jkS�S�Tc{_jmy�`sT�i�\j�S�zoi�jkTe^'`bP?y�`�`sPoT
n + 1

¤´`bP�|�hWhGqs{ojk}Cyu`bT�y�}C{ª©&��h�q
j = n + 3, . . . , 2n + 1

©�`bPoT
j
¤´`bP |
h]hGqs{_j�}Cyu`bTc^

h��
y(αi0 , θ`)

`bTc}C{Ã`bh
0
Â�PoT�}

`
`sT�}C{Ã`sh

∞ � � `�qsT�S,y�jk}C^$`sh¢zoqbh�¿GT�`sPCy�`'`sPoT,imy�^a`�|
h]h�q�{_j�}Cy�`sTgh��
y(αi0 , θ`)

`bTc}C{o^Q`sh
0
Â�PoTc}

`
`bTc}C{o^Q`sh

∞ �U]j�}C|�T
X1(x(αi0 , θ`))

`sT�}C{o^�`bh
∞
Â�PCT�}

`
`bT�}?{o^,`sh

∞
©Ky�}C{«nC^aj�}o� x�TcS,yuq;� �u©5��qsh�SÁ`bPoT

|�noqs¿�Tg^bT�i�Tc|
`bj�h�}�w�T�S�S,y!yu`Yj�}_¦C}Cj¥`E\ § ^aTcT=	 �G�]©�w�T�S�S,y�� � �C©�z?yu��T���Ë©;`bPojm^YjkS�zoi�j�Tc^$`bPoTcqbTdT
Ò_jm^E`�^$y
^bT�S�jk¤Ëy�ik�GT�foq�yujm|¡y�qs|

γi0 : [0, 1[→ Rn
^anC|�P!`bP?y�`

||γi0(ρ)|| → ∞
y�}C{

||γi0(ρ)||.||
∂f

∂X1
(γi0(ρ))|| → 0

Â�PCT�}
ρ
`bT�}?{o^K`sh

1 � � qsh�S w�h�tay�^bjkTcÂ�j�|�Î � ^�j�}oTclWnCy�ikjk`E\�yu`$j�}_¦C}ojk`E\ 	 �o©ª� � � � � ��©?z � �G��Ë©C`sPoj�^$j�SdzCikj�Tc^`sPCy�`�`sPoT�qsT6T
Ò_jm^E`�^�yu}�jk}W`bTc��Tcq
N ≥ 1

^anC|�P!`bP?y�` 5

∀ρ ∈ [0, 1[, ||
∂f

∂X1
(γi0 (ρ)))|| ≤ ||γi0(ρ)||

−1− 1
N

� h�i�ikh�Â�j�}o�¡`bPoT�^syuS�TÉqsTcyG^ahG}oj�}o�¡y�^&j�} 	 �G�]©Gw�T�S�S,yY� � �C©�zCy���T ��Ë©�h�}oTQ|�y�}�qsT
¤ËzCyuq�yuS�T
`sT�qsjkÎcT γi0 ^an?|�P`sPCy�`
γi0

f�Tc|�h�S�Tc^�y�^aTcSdjk¤Ïyui���T�fCqsy�j�|g��no}C|
`bj�h�}���qsh�S
[0,+∞[

`bh
Rn

yu}C{
limρ→1 ||γ̇i0(ρ)|| = 1 �OQP]nC^c©]`bPCT6��h�i�ikh�Â�j�}o�d\Wj�T�im{o^ 5

∀ρ ∈ [0,+∞[, ||
∂f

∂X1
(γi0(ρ))||.||γ̇i0 (ρ)|| ≤ ||γi0 (ρ)||

−1− 1
N .||γ̇i0 (ρ)||

y�}C{�`bPoTcqbT'T�Ò]jm^a`s^
B ∈ R

^bnC|�P�`sPCy�`
∫ ∞

0

||γi0(ρ)||
−1− 1

N ||.||γ̇i0(ρ)||dρ ≤ B.

U_jk}C|�T
∫ ∞

0

||
∂f

∂X1
(γi0(ρ))||.||γ̇i0 (ρ)||dρ ≥ ||

∫ ∞

0

∂f

∂X1
(γi0(ρ)).γ̇i0 (ρ)dρ||

hG}oT6PCy�^5¦?}Cyui�ik\
||

∫ ∞

0

∂f

∂X1
(γi0(ρ)).γ̇i0 (ρ)dρ|| ≤ B

OQPCj�^gjkS�zoi�j�Tc^�`bPCyu`
f(X1, αi0)

jm^�f�h�nC}C{_Tc{ yui�h�}o�
γi0 � # T�}C|�T�Â5T�PCy�¿GT�zoqsh�¿�Te{�`sPCy�` y(αi0 , θ`)`sT�}C{C^Q`bh,ydz?hGjk}W`KÂ�PohW^aT6imy�^a`

n+ 2
|�h]h�q�{_jk}?y�`bTe^�yuqsT$}]noi�i �w�T
`

yi0 = (αi0 , ci0 , 0, . . . , 0)
f?Tg`bPCTdi�j�Sdjk`'hu�

y(αi0 , θ`)
yu}?{�i�T
`

pi0 ∈ Cn
f�T

(αi0 , ci0)
yu}?{

p` ∈ Cn
f�T�`sPoTgz�h�j�}W`$Â�PohW^aTg|
h]h�q�{_j�}Cy�`sTc^¡y�qbT�`bPoT

n
¤N¦Cq�^a`Y|
h]hGqs{_j�}Cyu`bTc^Khu�

y(αi0 , θ`) �$� Tdzoqbh�¿GT}Ch�Â*`bP?y�`
yi0

f?TcikhG}o�G^5`shg`sPoT'j�S�y���T6hu�
φ �U]j�}C|�T¡`sPoT¡qsTc^a`bqsj�|
`bj�h�}�`sh

H
h��

Πn

jm^5^anozCz?hW^aTe{�`bhgf?TYzoqsh�z�T�qe©���hGqÉyui�i
` ∈ N

©
Π−1
n (p`)∩H 6= ∅y�}C{�`sPoT�qsT$T�Ò_j�^a`s^5y�fCy�ikiª|�T�}W`bTcqbTe{�y�`

pi0
^bnC|�P,`sPCy�`

Π−1
n (B)

jm^Q|
hGSdz?y�|"` � X�h�qsT�h�¿�Tcqc©GqbTcS,yuq;��`sPCy�`
x(αi0 , θ`)

f?TcikhG}o�G^5`sh
Π−1
n (p`) �
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OQP]nC^c©$hG}oT�|�yu}9T
Ò]`bq�y�|
`�y«|
hG}W¿GT�qs��j�}o� ^bnofC^bTclWnoTc}C|
T���qbhGS
(x(αi0 , θ`))`∈N

y�}C{*i�T
`
xi0

f?T
`sPoTdikj�S�j¥`'hu�Å`bPoT�|�PohG^bT�}Ã|
h�}]¿GT�qs��j�}o��^anCfC^aTelWnoT�}C|�T � � hu`bTg`bP?y�`6ÂÉTdPCy�¿�T�zoqbh�¿GTc{�y�f?h�¿GT'`bP?y�`6`bPoTTc¿�yui�nCy�`sjkhG}�hu� ∂f

∂X1

yu`
x(αi0 , θ`)

`sT�}C{C^&`bh
0
Â�PoTc}

`
`bTc}C{o^&`bh

∞
Â�Pojm|�Pgj�S�zoi�jkTe^&`bPCyu` ∂f

∂X1

¿�yu}Cj�^bPoTc^
yu`
xi0 � X¢hGqbTch�¿�T�qe©e��qbhGS�zoqsh�z�T�qb`E\ § T ¨ © ∂f

∂X2

{_h]Tc^=}Chu`Å¿�yu}Cj�^bP,y�`
xi0 �,# T�}C|�T xi0 f?TcikhG}o�G^=`bh Wn−1y�}C{

φ(xi0 ) = yi0
Â�PCj�|�P�j�S�zoi�jkTe^K`sPCy�`

yi0
f?TcikhG}o�G^K`bh�`bPoTdjkS,y���T�h��

φ � O�h�T�}C{�`bPoTgzoqshWh��E©?}Chu`bT`sPCy�`e©£��qbhGS zCqbhGz?Tcqa`sjkTe^ § y ¨ © § | ¨ y�}C{ § { ¨ © (f(xi0 ))i0∈N
§ qsTc^bz � (||xi0 ||)i0∈N

y�}C{ (
||dxi0

f ||
)
i0∈Ny�}C{ (

||xi0 ||.||dxi0
f ||
)
i0∈N

¨ PCy�^K`bPoTd^by�SdT�ikj�S�j¥`6Â�PoT�} i0 `bT�}?{o^K`sh ∞ y�^
(f(x(αi, θ`)))(i,`)∈N×N§ qbTe^az � ||dx(α

i
,θ`)f ||

yu}C{
||x(αi, θ`)||

y�}C{
||x(αi, θ`)||.||dx(αi

,θ`)f || ¨ Â�PCT�} i yu}C{ ` `sT�}C{!`sh ∞ �
�OQPoTg��h�i�i�h�Â�jk}o��qbTe^anoik`¡`sT�i�i�^$`sPCy�`Yno}C{_Tcq6^bh�S�T�yG^b^bnoS�z_`sjkhG}C^¡hG}¢`bPCTgzoqsh�z�T�qs}oTe^b^¡hu�Å^bh�S�T�zoqshu¤

tETe|"`sjkhG}C^$y�}C{¢`sPoT�{_jkS�Tc}C^aj�h�}Ãhu�Éy�z?hGi�y�q$¿�y�qbj�T
`E\G©��GT�}oTcqsy�ikj�Î�Te{¢|
qsj¥`sj�|cyui&¿�yui�noTc^Y|�y�}�f�TgqsTcyG{¢h '�j�}
`sPoT'z�h�imyuqQ¿�yuqsjkT�`E\

W1 �
� � Ù & Ù � (� ( Ù ) � �r¯u¸o°"±¹�¶�Æ c ∈ K∞(f) � � ¾o¶�Æb¶�¶��G±m°�²N°d·¢· � ·uÆ"±m°���±
	aÈ�»k¯�°�¶�¹�°"¼ �
°
¶�² A ( GLn(C)
°"¼CÈ�¾3²�¾o·u²-�
¯�Æd·�»³» A ∈ GLn(Q) \ A �r²³¾C¶
Æs¶g¶��G±m°�²N°�·,°�¶ $
¼C¶�¸�È�¶g¯ �É®C¯�±³¸C²N° (z`)`∈N °"¼CÈs¾¢²³¾C·�²��

� �
¯�Æg·u»³» ` ∈ N � z` ∈ WA
1 �

� fA(z`)→ c <�¾o¶�¸ `→∞ �
� ||z`|| ²Ï¶�¸�¹�°6²Ï¯ ∞ <�¾o¶�¸ ` ²Ë¶�¸�¹�°6²Ï¯ ∞ �
� ||z`||.||dz`

fA|| → 0 <�¾o¶�¸ `→∞ �
OQPoT�zoqbh]h��&h��&`sPoT�y�f?h�¿GTYqsTc^bnoik`KnC^bTc^�`sPoT�^syuS�T6`bTe|�Po}ojmlWnoTc^Q`sPCyu}3`sPoT�hG}oTc^�n?^aTe{3jk}3`sPoT�zoqsh]hu�

h���prqsh�z�hG^bjk`bj�h�} � �
�5Æs¯c¯�� � 9Yjk¿GT�}�yu}�j�}W`bT��GT�q j jk} {n, . . . , 2} ©]Â5T$^sy�\d`bPCyu`5zoqsh�z�T�qb`E\ Pj

jm^Q^byu`bjm^E¦CTe{,jk�&yu}?{,h�}oi�\
jk�Q`bPoT���h�i�ikh�Â�j�}o��yG^b^bT�qb`bj�h�}�jm^'`bqsnoT 5gi�T
`

c ∈ K∞(f)
©£jk�5`sPoT�zCqbhGz?Tcqa`E\

Pj(In)
jm^�^sy�`sj�^a¦CTe{ª©�`sPoT�}

`sPoT�qsT6T
Ò_jm^E`�^�yd^bTclWnoTc}C|
T6h��&z�h�j�}W`s^
(z`)`∈N

^bnC|�P!`bPCyu` 5
� ��h�qKy�iki ` ∈ N

©
z` ∈Wj−1 �

� f(z`)→ c
Â�PoTc}

`→∞ �
� ||z`|| `bTc}C{o^Q`sh ∞ Â�PoT�}

`
`sT�}C{C^Q`bh

∞ �
� ||z`||.||dz`

f || → 0
Â�PCT�}

`→∞ �
OQPoT�|cy�^bT

j = n
j�^�y�ikqsTcyG{_\,zoqsh�¿�Te{�j�}�pÅqbhGz?hW^ajk`bj�h�} � �U]nCzoz?hW^aT'}Ch�Â

Pj+1
jm^Q`bqsnoT'yu}C{

Pj(In)
jm^�^sy�`bjm^a¦CTc{ �=� T�^bPoh�Â*f�T�i�h�Â*`bP?y�`�`bPCj�^�j�S�zoi�jkTe^ Pj �U]j�}C|�T

Pj+1
jm^6^anozCz?hW^aTe{¢`bh�f�Tg`sqbnCTdy�}C{

Pj+1(In)
PohGi�{o^c©;`bPCT�}Ã`bPoTcqbTdT
Ò_jm^E`�^$y�^aTelWnoT�}C|�Tgh��

z�h�j�}W`s^
(z`)`∈N

^anC|�P!`bP?y�` 5
� ��h�qKy�iki ` ∈ N

©
z` ∈Wj �

� f(z`)→ c
Â�PoTc}

`→∞ �

A/ACB�D6E�FHGJI�K@LJM@N�OJP



�e� �;·��
¶
Ê��Q»���±³¸

� ||z`|| `bTc}C{o^Q`sh ∞ Â�PoT�}
`
`sT�}C{C^Q`bh

∞ �
� ||z`||.||dz`

f || → 0
Â�PCT�}

`→∞ �
� T�zoqsh�¿�T¢f�T�i�h�Â `bPCyu`�h�}CT�|�y�}*|�Poh]hG^bT�^anC|�P*y ^aTelGnCT�}C|�T

(z`)`∈N

j�}
Wj−1

fW\«nC^bjk}C� ^aj�S�jkimyuq
y�qb�GnoS�T�}W`s^É`shg`sPoT'h�}CTc^QnC^bTc{�j�}!`sPoT'zoqsh]hu��h���prqsh�z�hG^bjk`bj�h�} � �

� hG}C^ajm{_Tcq3`bPoT�S,yuzCzojk}C� φ : Wj ⊂ Cn+1 → C2j+2 Â�PCj�|�P~y�^s^bh]|�j�yu`bTe^�`shÀyÓz�h�j�}W` x =
(x1, . . . , xn, t) ∈ Wj

`bPoT'z�h�j�}W` 5
(
xn−j+2, . . . , xn, t,

∂f

∂Xn−j+1
(x),

(
xn−j+r

∂f

∂Xn−j+1
(x)

)

r=1,...,j

, t
∂f

∂Xn−j+1
(x)

)

�¡Tc}ohu`sT�f]\
(an−j+2, . . . , an, an+1, a0,n−j+1, an−j+1,n−j+1, . . . , an+1,n−j+1)

`bPoT3|
h]hGqs{_j�}Cyu`bTc^
h��É`sPoT�`sy�qb�GT
`�^bzCy�|�T,hu�

φ � U]j�}C|
T���hGq i = n − j + 2, . . . , n
©
Xi = ai

©
Xn−j+1 =

an−j+1,n−j+1

a0,n−j+1

T = an+1
©ryu}C{ª©=^bjk}?|
T

Pj+1(In)
Poh�im{o^c©���hGq

i = 1, . . . , n − j + 1
©
Xi

|cyu}�f�T�T
Ò_zoqsTc^s^aTe{�y�^�y
q�y�`sjkhG}CyuiG��q�y�|"`sjkhG}�i�\]jk}o�Yj�}

Q(Xn−j+1, . . . , Xn)
©
X1, . . . , Xn

y�}C{
T
|cyu}gf?TQT
Ò_zoqsTc^s^bTc{�yG^�q�y�`sjkhG}Cyui

��nC}C|"`sjkhG}C^Kh��£|�hWhGqs{ojk}Cyu`bTe^Qjk}3`sPoT'`sy�qb�GT
`K^bzCy�|�T'hu�
φ
y�}C{!`bPoTc}3`bPoT�S�y�z

φ
jm^�fojk¤Ëqsyu`bj�h�}Cy�iªh�}W`bh,jk`s^

j�S,yu�GT � X¢h�qsT�h�¿GT�qe©�^aj�}C|�T Wj

PCy�^É{_j�SdTc}C^bjkhG}
j
©G`sPoTY��q�yuzoP,h��

φ
©_{_Tc}ohu`sTc{,f]\

Γφ
jm^5yu}�j�qbqsTc{onC|
j�foi�T

y�ik�GT�foq�yujm|�¿�y�qbj�T
`E\�h��
Cn+2j+3 h��Y{_j�S�T�}C^bjkhG} j � OQPoTc}�©r`sPoT�qsT3T
Ò_j�^a`s^,y �;y�qbjm^ �Wjk¤Ï|
i�hG^bT�Tc{�^bnofC^bT
`

Z ( C2j+2 hu�rS,yuÒ]j�S,yui&{_jkS�Tc}C^aj�h�} j − 1
©�^bnC|�P¢`sPCy�`6^az�Tc|�j�y�ikj�Î�j�}o�

j
|�hWhGqs{ojk}Cyu`bTe^�h�n_`�^ajm{_T

Z
©;jk}

`sPoT6`sy�qb�GT
`�^az?y�|
T6h��
φ
{_T
`sT�qsSdj�}oTe^�ygnC}oj�lWnoT'z�h�j�}W`Kjk}�`sPoT'zoqsT
¤ËjkS,yu�GT$h��

φ �9Yj�¿�Tc}3y�z�h�j�}W`
α = (αn−j+2, . . . , αn) ∈ Cj−1 § qbTe^az � y�|
h�S�zoi�T
Ò�}]noS�f�T�q θ ∈ C ¨ ©?^anC|�P�`sPCy�`

(α, β) /∈ Z
©�ÂÉT�{_Tc}ohu`sTgf]\

y(α, β)
`sPoT�z?hGjk}W`6jk}Ã`bPCTdj�S,yu�GTgh��

φ
hGf_`sy�jk}oTe{�f]\�^bz?Te|
jmyui�jkÎcjk}C��`sPoT

¦?qs^a`
(j − 1)

|�h]h�q�{_jk}?y�`bTe^ § |
hGqbqsTc^bz?hG}C{_j�}o�'`sh xn−j+2, . . . , xn ¨ `bh α yu}C{�`bPoT j + 2
¤´`bP!|�h]h�q�{_jk}?y�`bT

§ |
hGqbqsTc^bz?hG}C{_j�}o�¬`bh xn−j+1
∂f

∂Xn−j+1
¨"� U]j�}C|
T φ jm^�fCjkq�y�`sjkhG}Cyui¡y�}C{À^bjk}C|�T α y�}C{

β
y�qbT�|�PohW^aTc}

�GT�}oTcqbjm|�y�iki�\�©]hG}oT'|�yu}3{_T�¦C}oT
x(α, β) ∈Wj

yG^5`bPoT'no}Cj�lWnoT'zoqsT
¤Ëj�S�y���TYhu�
y(α, β) �

� hG}C^ajm{_Tcq c ∈ K∞(f)
©]`bPoTc}�©oy�^5j�}�`sPoT6zoqbh]h���hu�&prqbhGz?hW^ajk`bj�h�}��$hG}oT'|�y�}!|�Poh]hG^bT$^bTclWnoTc}C|
Te^

αiy�}C{
θ`
^bnC|�P!`bPCyu` 5

� § y ¨ f(x(αi, θ`))
`sT�}C{o^�`bh

c
Â�PCT�}

i
yu}?{

`
`bT�}?{�`sh

∞ �
� § f ¨ ||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Â�PoTc}

i
yu}C{

`
`sT�}C{!`sh

∞ �
� § | ¨ ||x(αi, θ`)|| `bTc}C{o^Q`sh ∞ Â�PCT�}

i
yu}?{

`
`bTc}C{!`bh

∞ �
� § { ¨ ||x(αi, θ`)||.||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Â�PoTc}

i
yu}C{

`
`bT�}?{�`sh

∞ �
� hu`sT�`bP?y�`'^anC|�PÃy�|�PohGj�|�T�j�SdzCikj�Tc^$`bP?y�` θ` `bTc}C{o^$`bh 0

Â�PoTc}
`
`bTc}C{o^$`bh

∞ � X¢hGqbTch�¿�T�qe©CÂ�jk`bPCh�n_`i�hG^s^5hu�£��Tc}oT�q�yui�j¥`E\G©]fW\!{_j�^a`bnCqbfoj�}o�,j�}_¦C}ojk`bTe^aj�S,yui�ik\
αi
y�}C{

θ`
©oh�}CT6|cyu}3^anCzoz?hW^aT6`sPCy�`�5

� § T ¨ ��h�q$yui�i i ∈ N
©
αi
jm^¡|�PohW^aTc}!hGn_`s^bj�{oT'`bPoT �;yuqsj�^ �]j¥¤Ï|
i�hG^bTc{!^anCfC^aT�`${_T�¦C}oTc{¢yG^Q`bPCT �;yuqsjm^H�]jk¤

|
i�hG^bnoqsTYh���`sPoT'zoqshutETc|
`bj�h�}�hu�
Wj−2

h�}W`bh
Xn−j+2, . . . , Xn �

� § � ¨ ��qsh�S2w�T�S�S,y��_©_h�}CTY|cyu}!^bnozoz�hG^bT$`bPCyu`QnCz�`sh�yg��Tc}oT�qsjm|¡i�jk}CTcyuqQ|�PCy�}o��TYhu��|�h]h�q�{_jk}?y�`bTe^�©
Xn−j+1(αi, θ`)

`sT�}C{o^�`bh
∞
Â�PoT�}

i
y�}C{

`
`bTc}C{�`bh

∞


��,A�
�
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U]j�}C|�T�`sPoT3S�y�z
φ
jm^dfojkq�y�`sjkhG}Cyui´©£`bPCT�qsT�T
Ò_jm^E`�^�yu}

n
¤Ë¿�yuqsj�yu`bT�q�y�`sjkhG}CyuiÅ��qsyG|"`sjkhG}

Q
^bnC|�P `sPCy�`

Xn−j+1(x(α, θ))
jm^6h�f_`�yuj�}oTc{Ãf]\�T�¿�y�iknCyu`bj�}o��`bPojm^6q�y�`bj�h�}?yui&��qsyG|"`sjkhG}¬yu`

α, θ � OQPoT�}�©���h�q�y!¦oÒ_Tc{j�}W`bTc��T�q
i0
©
Xn−j+1(x(αi0 , θ`))

PCyG^'T�jk`bPoTcqgy�¦C}Cj¥`sT�i�jkS�jk`�h�q'`sT�}C{C^'`bh
∞
Â�PoT�}

`
`sT�}C{o^�`bh

∞ �
� }«`sPoT�^bTclWnoT�i´©5ÂÉT¢zoqsh�¿�T�`sPCy�`�j�}Àf?h�`bPÀ|�yG^aTe^�© y(αi0 , θ`) `bT�}?{o^�`bh y�z�h�j�}W`�Â�PohG^bT¢imy�^a` j + 2|�h]h�q�{_jk}?y�`bTe^QyuqsT$}]noi�i �U]nCzoz?hW^aTr¦Cqs^a`�`sPCy�`

Xn−j+1(x(αi0 , θ`))
PCy�^�y5¦C}ojk`bTÉikj�S�j¥`�Â�PCT�}

`
`bT�}?{o^ª`sh

∞ � �Kz6`sh¡yQ��Tc}oT�qsj�|i�j�}oTcy�q6|�P?yu}o�GTdh��É¿�yuqsjmyufoi�Tc^c©�{_noT�`sh�zCqbhGz?Tcqa`E\ § � ¨ ©£h�}CT�|cyu}�^anCzoz?hW^aTd`sPCy�` ||Xn−j+1(x(αi, θ`))||`sT�}C{C^K`sh
∞
Â�PCT�}

i
yu}C{

`
`sT�}C{¢`bh

∞ � OQP]nC^c©?hG}oTg|cyu}�|�Poh]hW^aT i0 i�y�qb�GT�T�}ohGno��P3`sh�Tc}C^anCqbT'`sPCy�`jk�
Xn−j+1(x(αi0 , θ`))

P?y�^Ky�¦?}oj¥`sT�i�jkS�jk`$Â�PoTc}
`
`bTc}C{o^K`bh

∞
©o`sPoj�^¡ikj�S�j¥`Yj�^¡}ohu`

0 � OQPCj�^¡jkS�zoi�jkTe^`sPCy�`�`sPoT
j + 1

¤´`bP3|
h]h�q�{_j�}Cy�`sT6hu�
y(αi0 , θ`)

`bTc}C{o^Q`sh�Î�T�qsh�Â�PoT�}
`→∞ �OQPojm^Ky�i�^bhgj�S�zoi�jkTe^5`bPCyu`���h�q

k = j + 3, . . . , 2j + 1
©]`sPoT

k
¤´`bP3|
h]h�q�{_j�}Cy�`sT$h��

y(αi0 , θ`)
`sT�}C{!`bh

0
Â�PoTc}

`→∞
^aj�}C|
TY`sPoTc^bTY|�h]h�q�{_jk}?y�`bTe^Q|�yu}!f?T6qsT�Â�qsj¥`b`bTc}!y�^É`sPoT6zoqbh_{_n?|"`�hu��hG}oT'|
h]h�q�{_j�}Cy�`sT¡hu�

αi0
yu}C{�`bPoT

(j + 1)
¤´`bP�hu�

y(αi0 , θ`)
Â�Pojm|�P!`sT�}C{C^5`bh

0
Â�PoT�}

`
`sT�}C{C^Q`bh

∞ �X¢hGqbTch�¿�Tcqc©
f(x(αi0 , θ`))

qbTcS�y�jk}?^rf�h�no}C{oTc{ § ^bj�}C|
T Xn−j+1(x(αi0 , θ`))
PCyG^ry6¦C}Cj¥`sT¡i�jkS�jk`5yu}?{

`sPoT�zoqsT
¤ËjkS,yu�GT�hu�
C2j+2 fW\ φ ikj�Tc^Yj�} Wj ¨ ©�y�}C{�P?y�^6|
hG}C^aTelWnoT�}W`bi�\�y�¦C}ojk`bT�ikj�S�j¥` � � j�}Cyui�ik\G©ª`bPCj�^y�iki�h�ÂK^$nC^Y`bh3|
hG}C|
i�nC{_Td`bP?y�`6`bPoT�imy�^a`6|�h]h�q�{_jk}?y�`bTghu�

y(αi0 , θ`)
`bTc}C{o^Y`bh

0
Â�PoT�}

`
`bTc}C{o^Y`sh

∞ �OQP]nC^c©�j�}�`bPCj�^=|cy�^bT�©�h�}CTÅPCyG^�zCqbh�¿GTc{6`sPCy�`
y(αi0 , θ`)

`bTc}C{o^�`bh6y$z?hGjk}W`£Â�PohG^bTÉimy�^a`
j+2

|
h]h�q�{_j�}Cy�`sTc^
y�qbTY}]noi�i �U]nCzoz?hW^aT6}oh�Â `sPCy�`

Xn−j+1(x(αi0 , θ`))
`sT�}C{o^É`sh

∞
Â�PoTc}

`
`sT�}C{o^5`sh

∞ � OQPojm^5jkS�S�Tc{_jmy�`sT�i�\j�S�zoi�jkTe^�`sPCy�`g`bPoT
j + 1

¤´`bP |�hWhGqs{ojk}Cyu`bT�y�}C{ª©£��hGq
k = j + 3, . . . , 2j + 1

©£`bPoT
k
¤N`sP |
h]hGqs{_j�}Cyu`bTc^

h��
y(αi0 , θ`)

`bTc}C{Ã`bh
0
Â�PoT�}

`
`sT�}C{Ã`sh

∞ � � `�qsT�S,y�jk}C^$`sh¢zoqbh�¿GT�`sPCy�`'`sPoT,imy�^a`�|
h]h�q�{_j�}Cy�`sTgh��
y(αi0 , θ`)

`bTc}C{o^Q`sh
0
Â�PoTc}

`
`bTc}C{o^Q`sh

∞ �U]j�}C|�T
Xn−j+1(x(αi0 , θ`))

`bT�}?{o^&`bh
∞
Â�PoT�}

`
`sT�}C{C^£`bh

∞
©���qbhGSA`bPoTK|�noqs¿�TQ^aTcikTe|"`bj�h�}dw�TcSdS,y

yu`$j�}_¦C}ojk`E\ § ^bT�T8	 �G�]©ªw�TcS�S�y!� � �o©;zCy���T ��´©�`sPoj�^$j�SdzCikj�Tc^$`bPCT�qsTgT�Ò]jm^a`s^Yy�^bT�S�j¥¤Ïyui���Tcfoq�yujm|'yuq�| γi0 :
[0, 1[→ Rn

^an?|�P'`bPCyu`
γi0([0, 1[)

j�^�j�}C|
i�nC{_Te{�j�}'`bPoT5j�}G`sT�q�^aTe|"`sjkhG}'hu�
Wj

yu}?{'hu�_`sPoTÅi�jk}CTcyuq£^bnofC^bzCy�|�T
{oT
¦C}oTe{�fW\

Xk = Xk(αi0)
��h�q

k = n− j + 2, . . . , n
yu}C{

||γi0(ρ)|| → ∞
y�}C{

||Xn−j+1(γi0(ρ))||.||
∂f

∂Xn−j+1
(γi0(ρ))|| → 0

Â�PCT�}
ρ
`bT�}?{o^K`sh

1 � � qsh�S w�h�tay�^bjkTcÂ�j�|�Î � ^�j�}oTclWnCy�ikjk`E\�yu`$j�}_¦C}ojk`E\ 	 �o©ª� � � � � ��©?z � �G��Ë©C`sPoj�^$j�SdzCikj�Tc^`sPCy�`�`sPoT�qsT6T
Ò_jm^E`�^�yu}�jk}W`bTc��Tcq
N ≥ 1

^anC|�P!`bP?y�` 5

∀ρ ∈ [0, 1[, ||
∂f

∂Xn−j+1
(γi0(ρ)))|| ≤ ||Xn−j+1(γi0(ρ))||

−1− 1
N

� h�i�ikh�Â�j�}o�¡`bPoT�^syuS�TÉqsTcyG^ahG}oj�}o�¡y�^&j�} 	 �G�]©Gw�T�S�S,yY� � �C©�zCy���T ��Ë©�h�}oTQ|�y�}�qsT
¤ËzCyuq�yuS�T
`sT�qsjkÎcT γi0 ^an?|�P`sPCy�`
γi0

f�Tc|�h�S�Tc^�y�^aTcSdjk¤Ïyui���T�fCqsy�j�|g��no}C|
`bj�h�}���qsh�S
[0,+∞[

`bh
Rn

yu}C{
limρ→1 ||γ̇i0(ρ)|| = 1 �OQP]nC^c©]`bPCT6��h�i�ikh�Â�j�}o�d\Wj�T�im{o^ 5

∀p ∈ [0,+∞[, ||
∂f

∂Xn−j+1
(γi0(ρ))||.||γ̇i0 (ρ)|| ≤ ||Xn−j+1(γi0 (ρ))||

−1− 1
N .||γ̇i0(ρ)||

y�}C{�`bPoTcqbT'T�Ò]jm^a`s^
B ∈ R

^bnC|�P�`sPCy�`
∫ ∞

0

||γi0(ρ)||
−1− 1

N .||γ̇i0(ρ)||dρ ≤ B.
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¶
Ê��Q»���±³¸

U_jk}C|�T
∫ ∞

0

||γi0 (ρ)||
−1− 1

N .||γ̇i0 (ρ)||dρ ≥

∫ ∞

0

||Xn−j+1(γi0(ρ))||
−1− 1

N .||γ̇i0 (ρ)||dρ

y�}C{
∫ ∞

0

||
∂f

∂Xn−j+1
(γi0(ρ))||.||γ̇i0 (ρ)||dρ ≥ ||

∫ ∞

0

∂f

∂Xn−j+1
(γi0 (ρ)).γ̇i0 (ρ)dρ||

hG}oT6PCy�^5¦?}Cyui�ik\
||

∫ ∞

0

∂f

∂Xn−j+1
(γi0 (ρ)).γ̇i0(ρ)dρ|| ≤ B

OQP]nC^c©]`bPCTYqsTc^a`bqsjm|"`bj�h�}!hu�
f
jm^Qf?hGno}C{_Te{�y�ikhG}o�

γi0 � # Tc}C|
T6Â5T6PCy�¿�TYzoqsh�¿�Tc{�`bPCyu` y(αi0 , θ`) `bTc}C{o^`sh,ygz�h�j�}W`KÂ�PohG^bT6i�yG^E`
n+ 2

|�hWhGqs{ojk}Cyu`bTe^5y�qbTY}]noi�i �w�T
`
yi0 = (αi0 , ci0 , 0, . . . , 0)

f?Tg`bPCTdi�j�Sdjk`'hu�
y(αi0 , θ`)

yu}?{�i�T
`
pi0 ∈ Cn

f�T
(αi0 , ci0)

yu}?{
p` ∈ Cn

f�T�`sPoTgz�h�j�}W`$Â�PohW^aTg|
h]h�q�{_j�}Cy�`sTc^¡y�qbT�`bPoT
n
¤N¦Cq�^a`Y|
h]hGqs{_j�}Cyu`bTc^Khu�

y(αi0 , θ`) �$� Tdzoqbh�¿GT}Ch�Â*`bP?y�`
yi0

f?TcikhG}o�G^5`shg`sPoT'j�S�y���T6hu�
φ �U]j�}C|�TÉ`sPoT5qbTe^E`sqbjm|"`sjkhG}'`bh

Wj

hu�
Πj

jm^£^anozCz?hW^aTe{'`bhYf�T5zCqbhGz?Tcqc©e��h�q=y�iki
` ∈ N

©
Π−1
j (p`)∩Wj 6= ∅y�}C{�`sPoT�qsT$T�Ò_j�^a`s^5y�fCy�ikiª|�T�}W`bTcqbTe{�y�`

pi0
^bnC|�P,`sPCy�`

Π−1
j (B)

jm^Q|
hGSdz?y�|"` � X�h�qsT�h�¿�Tcqc©GqbTcS,yuq;��`sPCy�`
x(αi0 , θ`)

f?TcikhG}o�G^5`sh
Π−1
j (p`) �OQP]nC^c©$hG}oT�|�yu}9T
Ò]`bq�y�|
`�y«|
hG}W¿GT�qs��j�}o� ^bnofC^bTclWnoTc}C|
T���qbhGS

(x(αi0 , θ`))`∈N

y�}C{*i�T
`
xi0

f?T
`sPoTdikj�S�j¥`'hu�Å`bPoT�|�PohG^bT�}Ã|
h�}]¿GT�qs��j�}o��^anCfC^aTelWnoT�}C|�T � � hu`bTg`bP?y�`6ÂÉTdPCy�¿�T�zoqbh�¿GTc{�y�f?h�¿GT'`bP?y�`6`bPoTTc¿�yui�nCy�`sjkhG}gh�� ∂f

∂Xn−j+1

yu`
x(αi0 , θ`)

`bTc}C{o^£`sh
0
Â�PoTc}

`
`sT�}C{o^=`bh

∞
Â�Pojm|�P�jkS�zoi�j�Tc^£`sPCy�` ∂f

∂Xn−j+1¿�y�}oj�^bPoTe^'y�`
xi0 � X¢h�qsT�h�¿GT�qe©;��qbhGS zoqsh�z�T�qb`E\ § T ¨ © ∂f

∂Xn−j+2

{ohWTe^'}oh�`�¿�y�}ojm^aP�y�`
xi0 � # Tc}C|
T xi0f�T�i�h�}C�G^'`sh

Wj−1
yu}?{

φ(xi0 ) = yi0
Â�Pojm|�P j�S�zoikj�Tc^�`bP?y�`

yi0
f?TcikhG}o�G^�`bh�`bPoT!jkS,yu�GT�h��

φ � O�hTc}C{�`bPoT,zoqsh]hu�E©ª}oh�`bTd`bP?y�`c©���qbhGS zoqsh�z�T�qb`bj�Tc^ § y ¨ © § | ¨ y�}C{ § { ¨ © (f(xi0))i0∈N
§ qsTc^bz � (||xi0 ||)i0∈Ny�}C{ (

||dxi0
f ||
)
i0∈N

y�}C{ (
||xi0 ||.||dxi0

f ||
)
i0∈N

¨ PCyG^�`bPoTÃ^by�SdT¢i�j�Sdjk`�Â�PoTc} i0 `bT�}?{o^,`sh ∞ y�^
(f(x(αi, θ`)))(i,`)∈N×N

§ qsTc^bz � ||dx(αi,θ`)f ||
yu}C{
||x(αi, θ`)||

y�}C{
||x(αi, θ`)||.||dx(αi,θ`)f || ¨ Â�PoTc}

i
yu}C{

`
`sT�}C{!`sh

∞ �
�

����� � #24 36����#6( 7 ��
 7 ����#��*484 7 ��
 7 ���������*4

� T6zoqsh�¿�T¡}Ch�ÂÀ`bPCyu`Q`bPoTcqbT6T
Ò_jm^E`�^Qy �ªyuqsj�^ �]j¥¤Ï|
i�hG^bTc{,^bnofC^bT
` A ∈ GLn −C)
^bnC|�P�`sPCy�`Q��hGqKyui�i

A ∈
GLn(Q) \ A

©_`sPoT'zoqsh�z�T�qb`E\
P1(A)

Poh�im{o^c©_Â�Pojm|�P�jm^�^bnoS�S�y�qbj�Î�Te{�j�}�`bPoT6��hGiki�h�Â�j�}o�gzCqbhGz?hW^ajk`bj�h�} �
� � Ù & Ù � (� ( Ù )�� � ¾C¶
Æb¶¬¶���±m°"²N°3· � ·�Æ"±m°���±
	aÈ�»k¯�°
¶�¹�°�¼ �
°�¶
² A ( GLn(C) °"¼CÈ�¾«²³¾C·�²&�
¯uÆ�·�»³» A ∈
GLn(Q) \ A ·�¸;¹ �
¯uÆg·�»³» j ∈ {1, . . . , n− 1} �

� Πj Æb¶
°"²NÆ"±È�²Ï¶s¹�²Ë¯ Wj ±m°5®;Æb¯s®C¶
Æ��
� ²³¾C¶�Æs¶"°"²´Æ"±È
²´±¯�¸�¯ � Πj+1 ²Ï¯ Wj ±m° �
±
	ÏÆs·�²´±¯�¸�·u»&¯u¸C²Ï¯�±³²°'±³º,·�½W¶ �


��,A�
�



� ¶
°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» � �

� } 	 ����Ë©�`bPCT�y�n_`bPCh�q�^$zCqbh�¿GT�`bP?y�`'��j�¿�Tc}Ãy�P]\Wz�T�q�^bnoqa�yG|
T H ⊂ Cn+1 ©ª`bPCT�qsTdT�Ò_j�^a`s^6y �;yuqsjm^H�]jk¤|�ikhW^aTe{�^anof?^aT�`
A ( GLn+1(C)

^bnC|�P�`bPCyu`r��h�q
j ∈ {1, . . . , n−1}

yu}C{d��hGqÅyui�i
A ∈ GLn+1(Q)\A

©
Πj

qsTc^a`bqsjm|"`bTe{�`sh
WA
j

jm^Qzoqsh�z�T�qKyu}?{!^sy�`sj�^a¦CTc^�y ��� `bPoTcqK}oh�qsS,yui�jkÎey�`sjkhG}�zoqsh�z�T�qb`E\ �OQPojm^gqbTe^anoik`�|�y�}�}ohu`df?T�nC^aTe{�y�^g^E`�y�`bTe{�jk} 	 ����´©=^bjk}?|
T�Â5T�|
hG}C^bj�{_Tcq�PoTcqbT,`sPoT�P]\]z?Tcqs^bnoqb�y�|�T
{oT
¦C}oTe{¢f]\

f − T = 0
y�}C{�yui�i�h�Â hG}oi�\3|�P?yu}o�GT'hu�Å¿�yuqsjmyufoi�Tc^�hG}

X1, . . . , Xn � � Tc¿�T�qb`bPCT�i�Tc^s^�©?`bPoTj�}C|�qbTcSdTc}W`syui=j�}W`bTcqs^bTc|
`bj�h�}¬zoqbh_|�Tc^s^�©�hGqbj���j�}Cyu`bTg��qbhGS 	 � �_© ���_© ����´©&Â�Pojm|�PÃjm^'nC^bTc{¬j�}Ã`sPoT,zoqsh]hu�Éh��
	 � ���yui�ikh�ÂK^5nC^5`sh�^E`�y�`sT 5
� � Ù & Ù � (� ( Ù )�� ��¯�Æ i = 1, . . . , n �Q¹�¶�¸�¯u²Ë¶ ��Ê ∆A

i ²³¾C¶d±¹�¶�·�» °�·�°�°�¯cÈ�±·�²Ï¶�¹�²Ë¯�²³¾C¶ � ·�Æ"±m°��u±
	aÈ
»�¯�°"¼_Æb¶
¯��6²³¾C¶gÈ�¯u¸o°"²NÆ"¼CÈ�²´± �
»k¶�°�¶
²Q¹�¶ �r¸;¶s¹ �
Ê �

∂fA

∂X1
= · · · =

∂fA

∂Xi

= 0,
∂fA

∂Xi+1
6= 0

� ¾C¶
Æb¶d¶���±m°"²N°�· � ·uÆ"±m° �u±
	aÈ�»k¯�°�¶�¹�°�¼ �
°�¶
² A ( GLn(C) °"¼CÈ�¾3²�¾o·�²��
� �
¯�Æ�·�»³» i ∈ {1, . . . , n} ·�¸�¹ �
¯uÆ5·u»³»�®;Æ"±³º�¶ PA

i ·�°�°
¯eÈ�±·�²Ï¶s¹Y²Ï¯ ∆A

i �;²�¾o¶�¶��G²Ë¶�¸o°"±¯u¸ C[X≥i+1]→
C[X]/PA

i ±m°'±³¸C²Ï¶´½�Æb·u» � <�¾o¶�Æb¶ X≥i+1 ¹�¶�¸�¯u²Ë¶
° Xi+1, . . . , Xn ·u¸�¹ X ¹�¶�¸�¯u²Ë¶
° X1, . . . , Xn �
� �
¯�ÆQ·�»³» i ∈ {2, . . . , n−1} ��²³¾C¶ÉÆb¶"°"²´Æ"±È
²´±¯�¸�¯��r²�¾o¶�®�Æb¯���¶�È
²´±¯�¸ πi : (x1, . . . , xn)→ (xi, . . . , xn) ∈

Cn−i+1 ²Ë¯,²³¾C¶g·u» ½G¶���Æb·�±Èdµ�·�Æ"±¶�²NÊ�¹�¶ �r¸�¶�¹ �
Ê ∆A

i ±m° �
±³Æs·�²´±¯�¸�·u»&¯u¸C²Ï¯,±³²N°6±³º,·�½W¶��
�$^aj�}o� ºd¼_²Ï·�²´±m°�ºg¼_²Ï·�¸;¹�±m° `bPoTgzoqshWh��=hu�3	 ���_©;prqsh�z�hG^bj¥`sjkhG}��o©ªU]Tc|
`bj�h�}�� � ��Ë©�Â�Poj�|�P¢jm^$fCy�^bTc{3hG}	 ���C©rw�T�S�S,y¬� � �c��5qbTci�yu`bj�}o�¢`sPoT!zCqbhGz?Tcqb}oTe^b^�hu� πi `sh�`sPoT��yG|"`d`bPCyu`�`sPoT�y�f?h�¿GT�T
Ò]`sT�}C^bjkhG}C^dyuqsTj�}W`bTc��q�yui;\]jkTci�{o^5`sPoT6��h�i�i�h�Â�jk}o��qsTc^bnoik` 5

�ÉÕ � � � � �g¶�¸�¯u²Ë¶ ��Ê πi+1 ²�¾o¶�®;Æb¯���¶�È�²N±¯u¸ (x1, . . . , xn) ∈ Cn → (xi+1, . . . , xn) ∈ Cn−i � � ¾o¶�Æb¶
¶��G±m°"²°�· � ·uÆ"±m°���±
	aÈ�»k¯�°�¶�¹�°"¼ �"°�¶�² A ( GLn(C) °"¼CÈs¾�²³¾C·�² �
¯�Æ!·u»³» A ∈ GLn(Q) \ A ·�¸;¹ �
¯�Æ�·�»³»
i ∈ {1, . . . , n} � πi+1 Æb¶
°"²NÆ"±È�²Ë¶�¹�²Ï¯,²�¾o¶d·�» ½G¶��
Æs·�±Èdµ�·�Æ"±¶�²NÊ�¹G¶ �Å¸�¶�¹ ��Ê ∆A

i ±m°5®�Æb¯�®o¶�Æ��
� h�Â'©?Â5T�zoqsh�¿�TY`bP?y�`$jk� πi qsTc^a`bqsj�|
`bTc{!`sh,`bPoTdyui���Tcfoqsy�j�|6¿�y�qbj�T
`E\�y�^s^ah_|
jmy�`sTc{!`bh ∆A

i

j�^¡zoqbhGz?Tcqc©
`sPoT�}

Πi

qsTc^a`bqsj�|
`bTe{�`sh
WA

i

jm^rzoqsh�z�T�q � � }C{oT�Tc{�©W^bnozoz�hG^bT�`bPCT�qsT�T
Ò_j�^a`s^ (x, t) ∈ Ci−1×C
^bnC|�P�`sPCy�`

Πi

qbTe^E`sqbjm|"`sTc{¢`sh
WA

i

jm^6}ohu`6zoqsh�z�T�q'y�`
(x, t) � OQPojm^6SdTeyu}C^$`sPCy�`6`bPCT�qsTdT�Ò_j�^a`s^6y!fCyui�i B × U ⊂

Ci−1×C
|
h�}W`�yuj�}ojk}C�

(x, t)
^bnC|�P�`sPCy�`

Π−1
i (B)∩WA

i

jm^&}ohu`r|
hGS�zCy�|
` � xKT�S,yuq;�6`bPCyu`=jk}g`bPCyu`r|�y�^bT�©`sPoT¡hG}oi�\d¿�y�qbjmyufoi�Tc^ÅÂ�Pojm|�P�|�y�}�`bT�}?{,`bhgjk}o¦C}ojk`E\�y�qbT
X1, . . . , Xn−i

h�q
Xn−i+1 � OQPojm^Åj�S�zoi�jkTe^Å`sPCy�``sPoT'zoqshutETe|"`bj�h�}3h��

Π−1
i (B) ∩WA

i

hG}G`sh
X1, . . . , Xn

jm^�}oh�`¡|
h�S�zCyG|"` � X¢hGqbTch�¿�T�qe©G`bPoT�zCqbh�tETc|"`sjkhG}h��
Π−1
i (B) ∩WA

i

h�}W`bh
X1, . . . , Xn

j�^$|
hG}G`�yuj�}oTc{!j�}3`bPoT�zCqbT�¤´j�S,yu��T6f]\
πi
h��
B
Â�PCj�|�P�|�h�}W`sy�jk}C^

x � OQP]nC^c©o`sPoT'}oh�}o¤´zoqsh�z�T�qs}oTe^b^5hu� Πi

qbTe^E`sqbjm|"`sTc{�`bh
WA

i

y�`
(x, t)

jkS�zoi�j�Tc^Q`sPoT�}ohG}_¤´zCqbhGz?Tcqb}oTe^b^5h��
πi
qbTe^E`sqbjm|"`sTc{�`bh

∆A

i

y�`
x �OQPoTY�yG|"`5`bPCyu`5`sPoT6qbTe^E`sqbjm|"`sjkhG}�hu�

Πi

`bh
WA

i

jm^5foj�qsyu`bj�h�}Cy�i�|�h�S�Tc^5j�SdS�Te{_j�yu`bTcik\���qsh�S `sPoTY�y�|"`
`sPCy�`�`sPoT'qsTc^a`bqsj�|
`bj�h�}�h��

πi
`bh

∆A

i

j�^Qfoj�q�y�`bj�h�}?yui �OQPojm^�Tc}C{o^5`bPCT'zoqbh]h���hu�£prqsh�z�hG^bj¥`sjkhG}�� �
� TÃy�qbT¢}oh�Â qsTcy�{o\ `bhÓ^E`�y�`bT�h�noq�S,y�jk}À�GT�h�S�T�`bqsj�|3qsTc^bnoik`�Â�Pojm|�P*|�PCyuq�y�|
`bT�qsj�Î�Tc^g`sPoTÃ^bT
`�h��

½W¶�¸�¶�Æb·�»Ì±kÇe¶�¹�È
Æ"±³²´±È�·�»�µ�·�»¥¼C¶"° hu� f �
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OQPCT¡|
hGS�foj�}Cy�`sjkhG},hu�ªprqsh�z�hG^bj¥`sjkhG}��_©Wprqsh�z�hG^bj¥`sjkhG}���yu}C{,w�T�S�S,y��'i�TcyG{o^=`sh'`bPCTK��h�i�i�h�Â�jk}o�'qsTc^bnoik` �
& . Õ]Ù � Õ � ����� Õ]Ù � Õ �c��(N����.&�_���o�u� Õ ��( ���_��( Ù ) Ù21 + Õ ) Õ ���!/*(�� Õ Ú«����(�� (N����/ �o��/# Õ ��� � ¾C¶
Æb¶�¶��G±m°"²°
· � ·�Æ"±m°��u±
	aÈ
»k¯�°�¶s¹�°"¼ �
°
¶�² A ( GLn(C) °"¼CÈs¾�²³¾C·�² �
¯uÆ�·�»³» A ∈ GLn(Q) \ A ²³¾C¶,°�¶�² K∞(f) ¯ �
·�°"Ê�ºK®;²Ë¯u²N±È�È�Æ"±³²´±Ès·u»ªµ�·u»Ì¼C¶
°Y¯ � f ±m°'Ès¯u¸C²Ï·�±³¸;¶s¹d±³¸3²�¾o¶Y°�¶�²Å¯ �$¸�¯u¸ 	�®�Æs¯s®C¶
Æ"¸;¶"°�°Y¯��¡²�¾o¶É®;Æb¯���¶�È�²N±¯u¸ πTÆs¶"°"²´Æ"±È
²Ï¶�¹�²Ë¯�²³¾C¶ � ·�Æ"±m°���±
	aÈ�»k¯�°�¼_Æs¶d¯��'²�¾o¶�È�¯u¸o°"²NÆ"¼CÈ�²´± �
»k¶�°�¶
²Q¹�¶ �r¸;¶s¹ �
Ê �

fA − T =
∂fA

∂X2
= · · · =

∂fA

∂Xn

= 0,
∂fA

∂X1
6= 0.


!Õ � �_� � � � ¶�º�·uÆ���²³¾C·�²�²�¾o¶�· ��¯�µ�¶�Æb¶
°"¼_»Ì²�¯�¸C»¥Ê�°"²Ë·u²Ë¶
°�²�¾o·�² K∞(f) ±m°�Ès¯u¸C²Ï·�±³¸;¶s¹!±³¸¬²³¾C¶g°�¶
²K¯ �
¸;¯�¸ 	�®�Æb¯�®o¶�Æ"¸�¶
°�° Z ¯���²�¾o¶�®�Æs¯���¶�È
²´±¯�¸ Π : (x1, . . . , xn, t) ∈ Cn+1 → t ∈ C Æb¶
°"²NÆ"±È�²Ï¶s¹Ã²Ï¯ W1 �� ¾C¶�»k·u²N²Ï¶�Æ$°�¶�²r±m°$Çe¶
Æb¯ 	a¹�±³º,¶
¸C°"±¯�¸�·u» �´°�¶�¶ � " � $ � � � ¶�µ�¶�Æ"²³¾C¶
»�¶"°�°��r²³¾_±m°Y±³¸;È
»¥¼]°�±¯u¸¬È�·�¸��s¶'°"²NÆ"±È�²r°"±³¸�È�¶
°�¯uº�¶�®o¯u±³¸C²N°'±³¸ Z È�·�¸�¹�¶Ï®o¶�¸�¹�¯�¸ A �
��� ���'& / Õ � � ¸ ������$%��²�¾o¶Y·�¼_²�¾o¯uÆ�°Q¼]°�¶ � " � � ��¶
ºdº�·  � �	� $K²Ï¯�È�¯uºK®;¼_²Ë¶K²³¾C¶�°�¶�²£¯���¸�¯u¸ 	�®�Æs¯s®C¶
Æ"¸;¶"°�°
¯���·�®;Æb¯���¶�È�²N±¯u¸*Æb¶
°"²NÆ"±È�²Ë¶�¹¬²Ï¯�·�¸ ·�» ½G¶��
Æs·�±È¢µ�·�Æ"±¶�²´Ê � �d¶�¸�¯�²´±³¸W½ ��Ê IA ²³¾C¶3±¹�¶�·u»¡·�°�°�¯cÈ�±·�²Ï¶�¹�²Ë¯
WA

1 �£²�¾]±m°6·u» ½W¯�Æ"±³²�¾]ºÍ°´®C¶�È
±·u»Ì±kÇe¶"°6±³¸�¯�¼_ÆYÈ�·�°
¶'²Ë¯�È�¯�º¡®�¼_²´±³¸W½�²�¾o¶'È�¾o·uÆb·�È�²Ï¶
Æ"±m°"²´±È5®C¯�»ÌÊ�¸;¯�ºd±·�»�¯��¡²�¾o¶
ºd¼_»Ì²´± ®�»Ì±È�·u²N±¯u¸ �
Ê X1 ±³¸ Q(T )[X1, . . . , Xn]/I

A � � ¾o¶d°�¶�²�¯���¸;¯�¸ 	�®�Æb¯�®o¶�Æ"¸�¶
°�°d¯ �g²³¾C¶¡®�Æb¯���¶�È
²´±¯�¸
¯u¸ T ±m°�²�¾o¶�Æb¶�¼_¸C±¯�¸ ¯ �,²�¾o¶,Çe¶�Æb¯�	Ë°�¶�²°�¯ �,²�¾o¶3¹G¶
¸;¯�ºd±³¸�·�²Ï¯�Æ�°!¯��,²�¾]±m°!È�¾o·�Æs·�È�²Ë¶�Æ"±m°"²N±È�®C¯�»ÌÊ�¸;¯�ºd±·�»
°�¶�¶�¸Ã·�°'¼_¸C±³µ�·�Æ"±·u²Ë¶g±³¸ X1 �
�r¯�¸C°"±¹�¶�Æ�²³¾C¶Q®C¯�»¥Ê�¸�¯�ºd±·�»,<�¾]±È�¾�±m°�·�»ÌÆb¶�·G¹�Ê,°"²´¼C¹�±¶�¹,±³¸��;¶�È
²´±¯�¸ "

f = X1 +X2
1X2 +X4

1X2X3

�K¶
Æ �
¯uÆ"ºg±³¸]½�²�¾o¶�»Ì±³¸;¶s·uÆ�Ès¾C·�¸]½G¶�¯ ��µ�·uÆ"±· ��»k¶"° ��¶�»k¯�<
X1 ← X1 +X2 +X3

X2 ← X1 + 2X2 + 3X3

X3 ← X1 + 4X2 + 9X3

¯u¸�¶ �r¸�¹�°�·�°,·�°�¶�²$¯ ��¸;¯�¸ 	�®�Æb¯�®o¶�Æ"¸�¶
°�°��
¯uÆd²�¾o¶6®�Æb¯���¶�È
²´±¯�¸ ¯�¸ T ²³¾C¶gÇe¶�Æb¯�	Ë°�¶�²Y¯ �d²�¾o¶�¼_¸C±³µ�·�Æ"±·�²Ï¶
®C¯�»¥Ê�¸�¯�ºd±·�» ��¶
»�¯�<

256T 2 (20T + 1)

�K¶
Æ �
¯uÆ"ºg±³¸]½�²�¾o¶�»Ì±³¸;¶s·uÆ�Ès¾C·�¸]½G¶�¯ ��µ�·uÆ"±· ��»k¶"° ��¶�»k¯�<
X1 ← 10213X1 + 41543X2 + 51532X3

X2 ← X1 + 44904X2 + 10334X3

X3 ← X1 + 58200X2 + 1597X3

¯u¸�¶ �r¸�¹�°�·�°,·�°�¶�²$¯ ��¸;¯�¸ 	�®�Æb¯�®o¶�Æ"¸�¶
°�°��
¯uÆd²�¾o¶6®�Æb¯���¶�È
²´±¯�¸ ¯�¸ T ²³¾C¶gÇe¶�Æb¯�	Ë°�¶�²Y¯ �d²�¾o¶�¼_¸C±³µ�·�Æ"±·�²Ï¶
®C¯�»¥Ê�¸�¯�ºd±·�» ��¶
»�¯�<

T 2 (898540T + 117941) .� ¾_¼]° K∞(f) ±m°�²�¾o¶¡½WÈ�¹!¯��6²³¾C¶"°�¶�¼_¸C±³µ�·�Æ"±·u²Ë¶K®C¯�»ÌÊ�¸;¯�ºd±·�» °d·u¸�¹�±m° {0} �


��,A�
�
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°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» � �
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9Yj�¿�Tc}

f ∈ Q[X1, . . . , Xn]
©�Â5TK^aPCh�ÂÓ}oh�ÂÓPoh�ÂÓ`bh�|
hGS�zon_`bTK`bPoTK^bT
`Åh����GT�}oTcqsy�ikj�Î�Te{g|�qbjk`bjm|�y�i_¿�yui�noTc^

K(f)
hu��`bPoT�S�y�zozoj�}o�

x ∈ Cn → f(x) ∈ C � U]j�}C|�T K(f) = K0(f) ∪K∞(f)
©?ÂÉTY��h_|
nC^�¦Cqs^a`Kh�}

`sPoT�|
hGS�zon_`syu`bj�h�}�hu�
K0(f)

y�}C{�`bPoTc}�Â5T�{_TeyuiªÂ�jk`bP�`bPoT�|�h�S�zon_`�y�`sjkhG}!h��
K∞(f) ��$noq6yui���hGqbjk`bPCS�^KqbTcik\3h�}�`bh]h�im^¡|�h�S�jk}C����qsh�S z?hGik\]}ohGSdjmyui£^b\]^a`bTcS ^bh�i�¿]jk}C� �¡� T�n?^aT 9Yq :Gfo}oT�qf?y�^bTc^¡y�}C{3`sPoT 9YTch�S�T
`sqbjm|'qsTc^bh�i�n_`bj�h�}�y�ik�Gh�qsj¥`sPoS � 9Yq;:�fo}CT�q¡f?y�^bTc^¡y�qbTgy�^a`syu}?{oyuq�{�`bh]h�i&j�}�z?hGik\W¤}Ch�S�j�y�ir^a\_^a`bTcS[^ahGik¿]j�}o�3^aj�}C|
T�jk`�yui�ikh�ÂK^$`sh!`sTc^a`6`bPoT,S�T�Sgf?Tcqs^bPoj�zÃh��5y�z�h�i�\W}Ch�S�j�y�i£`bh¢yu}¬jm{_Tcy�iN©

`shg|�h�S�zon_`sT$Tcikj�S�jk}Cyu`bj�h�}�jm{_Teyuim^�©_yu}?{�`bhdqbTe{_nC|�TK`bPCTY|�h�S�zon_`�y�`bj�h�}�hu��q�y�`bj�h�}?yuiCz?yuq�yuS�T
`sT�qsjkÎey�`bj�h�}?^
h���`bPCTYqsh]hu`�^Éh��&ygÎ�Tcqbh�¤Ë{_j�S�T�}C^bj�h�}Cy�iCjm{_Tcy�i;`bhdikj�}oTcy�q�yui���T�fCqsyg|
h�S�zono`sy�`sjkhG}C^5jk}3ygz?hGik\]}ohGSdjmyui;qsjk}C�
lWnoh�`bj�T�}W`bTe{�f]\3`sPoT�|
hG}C^ajm{_TcqbTe{¢j�{oTcyui � 9Yq :Gfo}oT�q6fCyG^aTe^YPCy�¿�T�y!|�h�S�zoi�T
Ò_jk`E\�Â�j¥`sPoj�} DO(n) y�qbjk`bP_¤S�T�`bjm|$hGz?Tcqsyu`bj�h�}C^Éj�}

Q
Â�PCT�}�`sPoT6jk}Czon_`Kz�h�i�\W}Ch�S�j�y�iC�y�S�jki�\���Tc}oT�q�y�`sTc^5y�ÎcT�qshu¤Ï{_jkS�Tc}C^aj�h�}?yuiCjm{_Teyui

§ ^aTcT 	 �G�� ¨
�OQPoT6�GT�h�S�T�`bqsj�|¡qbTe^ahGikn_`sjkhG}!y�ik�Gh�qsj¥`sPoS 	 ���_©o� �Jªjm^QS�h�qsT¡qsTc|
Tc}W`Qy�}C{��Gh]Tc^ÉfCy�|���`sh=	��	�_© ���W© � �� �OQPCT�jk}Czon_`�jm^�y3z�h�i�\]}oh�S�jmyuiÅ^b\_^E`sT�S hu��TclWnCyu`bj�h�}�yu}C{�j�}oTelGn?y�`bj�h�}?^'T�}C|�h_{_Tc{¬f]\¬y¢^a`bq�yuj���PW`b¤´i�jk}CT
zCqbhG��q�yuS y�}C{�{_T�¦C}oj�}o��y�|
hG}C^a`bqsnC|"`sjkfoi�T$^bT
` ��� `5qsT
`snoqb}?^Å�GT�}oTcqbjm|�z�h�j�}G`�^5jk}�Tey�|�P�TelWnoj¥¤Ï{_j�S�T�}C^bjkhG}Cyui|�h�S�z�h�}oTc}G`=h��?`sPoT �;yuqsjm^H�]jk¤Ë|�ikhW^anoqsTrh��?`sPoTK|
hG}C^E`sqbn?|"`bj�foi�T�^aT�`Å{_T
¦C}CTc{df]\�`bPCT�jk}ozCn_` � OQPoTe^aTQ��Tc}oT�qsjm|z�h�j�}W`s^�y�qbT6T�}?|
h_{_Tc{!f]\�q�y�`sjkhG}Cyui;zCy�qsy�SdT�`bTcqbj�Îcyu`bj�h�}C^






Xn = qn(T )
q0(T )���

X1 = q1(T )
q0(T )

q(T ) = 0

Â�PCT�qsT
T
jm^$y,}CT�Â~¿�yuqsj�y�foi�T � OQP]nC^¡`bPCT�h�no`bzon_`6hu�=`sPoT��GT�hGSdT�`bqsj�|�qbTe^ahGikn_`sjkhG}�yui���hGqbjk`bPoS jm^$y�ikjm^E`

h��
n + 2

¤N`snozoi�Tc^Kh��rno}oj�¿�yuqsj�yu`bT�z�h�i�\]}oh�S�jmyuim^
(q, q0, q1, . . . , qn) � OQPojm^$y�ik�Gh�qsj¥`sPoS�jm^$zoqbhGfCyufCjki�j�^a`bjm|u©

fCn_`5jk`s^Q|�h�S�zoi�T
Ò_j¥`E\,jm^ÉÂÉTcikik¤Ë|�h�}W`bqsh�i�i�Tc{ �&� T6{_Tc}ohu`sT$f]\ M(x)
`sPoTY|�hG^a`5h���S�nCi¥`sjkzoi�\]jk}C�gno}Cjk¿�yuqsjmy�`bT

z�h�i�\]}oh�S�jmyuim^Qhu�r{_Tc��qsT�T
x
yu}?{�`sPoT�}oh�`syu`bj�h�}

p ∈ Olog (x)
S�Teyu}C^Q`sPCy�`

p ∈ O(x log xa)
��hGq¡^ahGS�T

|�h�}C^a`sy�}W`
a �

& . Õ]Ù � Õ � � �;% Ù �'& / Õ � (� Ö � Õ �  /� 1ËÙ � + Õ]Ù � Õ ����(��� Õ � Ù /%�� ( Ù ) � �! ��$ ��¶�² g1, . . . , gS ·u¸�¹ g
��¶,®o¯u»ÌÊ�¸�¯uºg±·u» °¬¯���¹�¶Ë½�Æb¶�¶ ��¯�¼_¸;¹�¶�¹ ��Ê D ±³¸ Q[X1, . . . , Xn] �dÆs¶Ë®;Æb¶"°�¶�¸C²Ï¶�¹ ��Ê ·'��²NÆb·u±¥½e¾_² 	 �=±³¸�¶
�QÆb¯b½�Æb·uºÁ¯ �!»k¶�¸W½�²³¾ L � � ¾o¶�Æb¶�¶��G±m°"²°�·u¸ ·�» ½W¯�Æ"±³²�¾]º.È�¯�º¡®�¼_²´±³¸W½�·¢½W¶s¯uº�¶�²´Æ"±È¢Æb¶
°�¯�»Ì¼_²´±¯�¸*¯ ��²�¾o¶� ·�Æ"±m°���±
	aÈ�»k¯�°�¼_Æs¶ V (g1, . . . , gS) \ V (g) <�¾C¯�°�¶�·�Æ"±³²�¾]º,¶
²´±È�È�¯�º¡®�»k¶��G±³²NÊ�±m°��

Olog (Sn4(nL+ n4)M(Dd))3

<�¾C¶
Æs¶ d ±m°K²³¾C¶¡º,·��G±³ºd¼_º ¯���²�¾o¶K°�¼_ºg°¡¯ ��²�¾o¶6·u» ½G¶���Æb·�±È'¹G¶´½�Æb¶�¶
°K¯��K²�¾o¶¡±³Æ"Æb¶�¹�¼CÈ�± �
»�¶'Ès¯uºK®C¯�¸;¶
¸?²°¡¯��
²�¾o¶'±³¸C²Ï¶
Æ"º,¶�¹�±·�²Ï¶'µ�·�Æ"±¶�²´±¶"°�¹�¶ �r¸;¶�¹,·�°6²³¾C¶ � ·�Æ"±m°��u±
	aÈ
»�¯�°"¼_Æb¶
°�¯��Y²³¾C¶�È�¯�¸o°"²´Æ"¼CÈ
²´± ��»k¶Y°�¶
²N° g1 = · · · =
gi = 0, g 6= 0 �
¯uÆ i ±³¸ 1, . . . , S �

!Õ � �_� � � � ¸��! � $%�É²³¾C¶g·u¼_²³¾C¯�Æ5®�Æs¯�µ�¶"°�²�¾o·u²Å²�¾o¶ �
±³²�È�¯�º¡®�»k¶��G±³²NÊ!¯��¡¾]±m°g·u» ½G¯uÆ"±³²³¾_º ±m°

τOlog (Sn4(nL+ n4)M(Dd))4
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Ê��Q»���±³¸

<�¾C¶
Æs¶ τ ��¯u¼_¸�¹�°6²�¾o¶ �
±³² 	Ë°"±kÇc¶d¯ ��²³¾C¶gÈ�¯e¶%� È
±¶�¸C²N°�¯ �6²�¾o¶�±³¸�®;¼_²�®C¯�»ÌÊ�¸;¯�ºd±·�»�°�Ê�°"²Ï¶
º �
� }ÃzoqsyG|"`sj�|�T�© 9Yq;:�fo}oTcq¡fCyG^aTe^¡qsT�S,y�jk}�©ªj�}��GT�}oTcqsy�iN©?`bPCTg�yG^E`sTc^a`¡`shWhGi&`bh3^ahGik¿GT�z�h�i�\W}Ch�S�j�y�i&^b\_^E¤`sT�S,^c©ej�}�zCy�qa`sj�|�noimyuq�Â�PoTc}6`bPoT5yui���hGqbjk`bPoS,^ 	����C© ����]y�qbT=nC^bTc{ � OQPoTÉ��T�hGS�T
`bqsjm|£qbTe^ahGikn_`sjkhG}'yui���h�qsjk`bPoSjm^Qj�SdzCikTcSdTc}W`bTc{3yG^�y����������dzCy�|���yu�GT$f]\=9 � w�Tc|�T�qb� § ^aTcT�	 � �� ¨
�
# T�qsTcy��³`sT�qe©oÂ5T6{oTc^s|
qsjkf�T'Poh�Â9`bh�|
hGS�zon_`bT K0(f)

y�}C{
K∞(f)

nC^bj�}o� 9Yq :Gfo}oTcq�fCy�^bTc^�y�}C{!`bPoT
�GT�hGSdT�`bqsj�|!qsTc^bh�i�n_`bj�h�} yui���hGqbjk`bPoS �«� PoT�} nC^bj�}o��9Yq :Gfo}oTcqdf?y�^bTc^c©Åh�}CT¢h�f_`�yuj�}C^,y�{_T
`sT�qsSdj�}ojm^E`sj�|y�ik�Gh�qsj¥`sPoS�y�}C{!y�}3T
Ä�|
j�T�}W`Kf�T�PCy�¿]j�h�noq�j�}3zoqsyG|"`sj�|�T § ^aTcT�U]Tc|
`bj�h�}�� ¨
�Å� PoTc}�n?^aj�}o��`bPCT'��T�hGS�T
`bqsjm|qsTc^bh�i�n_`sjkhG}6y�ik�Gh�qsj¥`sPoS3©cÂ5TrhGf_`sy�jk}�y�zCqbhGfCyufoj�i�j�^a`bjm|=yui���hGqbjk`bPoS9Â�PohG^bTÅ|�h�S�zoi�T
Ò_j¥`E\Yjm^�Â5T�i�i¥¤Ï|
hG}G`sqbhGiki�Tc{ �
% Ù �'& ��e�_� ( Ù ) Ù21

K0(f)
4ÛOQPoT$¦Cq�^E`�^E`sT�z�hu��y�}!y�ik�Gh�qsj¥`sPoSÐ|
h�S�zono`bj�}o�

K(f)
j�^5hGfW¿]j�h�nC^bi�\g`sPoT

|�h�S�zon_`�y�`sjkhG}�hu��`bPoT6^aT�`5h��&|�qbjk`bjm|�y�i?¿�yui�noTe^
K0(f)

hu�
f � OQPojm^5j�^QTc}C|
h_{_Te{�yG^r`sPoT'^aT�`5h���qbh]h�`s^Éhu��ynC}ojk¿�y�qbjmy�`sTYz�h�i�\]}oh�S�jmyui � �¡Tc}ohu`sT'fW\ I `bPoT'jm{_Tcy�i

〈f − T,
∂f

∂X1
, . . . ,

∂f

∂Xn

〉.

Uoyuq�{�� ^�OQPoTch�qsT�S T�}?^anoqsTc^g`sPCy�`�`bPCT�qsT!T�Ò]jm^a`s^
P ∈ Q[T ]

^anC|�P `bPCyu` 5
〈P 〉 = I ∩ Q[T ]

y�}C{ª©ÉfW\
{oT
¦C}ojk`bj�h�}�©_`bPoT�^bT
`�h��&qsh]hu`s^5h��

P
j�^
K0(f) �9Yq;:�fo}CT�q�fCyG^aTe^5y�iki�h�Â9^bnC|�P3|
hGSdzCn_`syu`bj�h�}C^Qh���T�i�j�Sdj�}Cyu`bj�h�}3j�{oTcyuim^ �

��/*+ Ù ��(���. � � Ù �'&��� (-)/+
K0(f)

&��(*),+ �!�
	?�,) Õ ���£�o� Õ �
��� ) & ��G� ygz�h�i�\]}oh�S�jmyui f jk} Q[X1, . . . , Xn] �
�� �� &����� y¢no}oj�¿�yuqsj�yu`bT�z�h�i�\]}oh�S�jmyui

P ∈ Q[T ]
^bnC|�P�`sPCy�`�jk`s^

ÎcT�qshu¤Ï^aT�`5jm^
K0(f) �

� � hGS�zon_`bT y 9Yq;:�fC}oT�q¢fCyG^ajm^ G ��h�q�y�} Tcikj�S�jk}?y�`bj�h�}AhGqs{_Tcqbj�}o�
[X1, . . . , Xn] > [T ]

h���`bPCT'j�{_Teyui��GT�}oTcqsyu`bTe{�f]\ 5

〈f − T,
∂f

∂X1
, . . . ,

∂f

∂Xn

〉.

� xKT
`bnCqb}!`bPoT'TcikTcS�T�}W`Khu� G f�T�i�h�}C��j�}o��`sh
Q[T ] �

x�TcS,yuq;��`bP?y�`
]K0(f) ≤ (D − 1)n

^bjk}?|
T�jk`Kj�^${_T
¦?}oTc{3y�^�`bPoT�¿�y�iknoTe^Q`sy ��Tc}�f]\�y�z?hGik\]}ohGSdjmyui
hG}3Tcy�|�P¢jm^bh�imy�`bTe{�zoqbj�S,yuqs\�|
hGS�z?hG}oT�}W`¡h��=y�}¢j�{oTcyui�{_T
¦C}CTc{¢f]\

n
z�h�i�\]}oh�S�jmyuim^�hu�r{_Tc��qsT�T

D − 1 �U_hC©�h�}oT�|�h�noim{¢T�Ò]z�Tc|
`¡`sh�h�fo`syuj�}�yu}Ãyui���h�qsjk`bPoS |
h�S�zono`bj�}o�
K0(f)

P?y�¿Wj�}o��y�|
h�S�zoi�T
Ò_jk`E\!Â�jk`bPCjk}
(D − 1)O(n) � OQPojm^'yuj�S |�y�}Ãf�T,qsTcy�|�PCTc{�f]\�n?^aj�}o�3`bPCT,��T�hGS�T
`bqsjm|�qsTc^bh�i�n_`bj�h�}¬vKi���hGqbjk`bPoS � OQPoT¦?qs^a`g^a`bT�z�jm^'`sPoT�|�h�S�zon_`�y�`bj�h�}�h���qsyu`bj�h�}Cy�irzCyuq�yuS�T�`bT�qsj�Îcy�`sjkhG}C^6hu���GT�}oTcqbjm|�z?hGjk}W`�^�j�}�Tcy�|�P�TelGnCj¥¤
{ojkS�T�}?^aj�h�}Cy�i�|
hGSdz�h�}CT�}W`�hu�&`bPoT'yui���Tcfoq�yujm|¡¿�yuqsj�T
`E\�{_T�¦C}oTe{!f]\ 5

∂f

∂X1
= · · · =

∂f

∂Xn

= 0.
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f
yu`�`sPoTc^bT�z�h�j�}W`s^gÂ�Poj�|�PÓyuqsT

Tc}C|
h_{_Te{�f]\�ygnC}ojk¿�y�qbjmy�`sTYz�h�i�\]}oh�S�jmyui �
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K0(f)
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!Õ � Ù /%�� ( Ù ) ��/*+ Ù ��(� .��
��� ) & ��G� ygz�h�i�\]}oh�S�jmyui f jk} Q[X1, . . . , Xn] �
�� �� &����� y¢no}oj�¿�yuqsj�yu`bT�z�h�i�\]}oh�S�jmyui

P ∈ Q[T ]
^bnC|�P�`sPCy�`�jk`s^

ÎcT�qshu¤Ï^aT�`5jm^
K0(f) �

� w�T
` G f�TK`sPoT¡q�y�`sjkhG}CyuiCzCyuq�yuS�T
`sT�qsjkÎey�`sjkhG}C^£qbT�`bnoqs}oTe{�fW\g`bPCT¡��T�¤hGS�T
`bqsjm|$qsTc^bh�i�n_`sjkhG}!yui���hGqbjk`bPCS `sy��]j�}o�,y�^Qj�}ozon_` ∂f
∂X1

, . . . , ∂f
∂Xn

�
� � h�qYTcyG|�P�T�i�T�S�Tc}G` g = (q, q0, q1, . . . , qn)

h��
G
©�^anCfC^E`sj¥`sn_`bTd��hGq

i = 1, . . . , n
jk}
f − T

`sPoT'¿�yuqsj�y�foi�Tc^
Xi

f]\ qi

q0
� prn_`�`bPCT'qbTe^anoik``sh,`bPCTg^syuS�T�{_Tc}oh�S�j�}Cy�`sh�q$y�}C{¢|
hGS�zon_`bT�`bPoTgqbTe^anCi¥`�yu}W`¡hu�£`sPoT

hGf_`sy�jk}CTc{!z?hGik\]}ohGSdjmyuiªÂ�jk`bP3qsTc^bz?Te|"`Q`bh�`sPoT'¿�yuqsj�y�foi�T
T �

� xKT
`bnCqb}!`bPoT'zCqbh_{_nC|
`Khu��`bPoT�|�h�S�zon_`sTc{�z?hGik\]}ohGS�j�y�i�^ �
OQPoT5|
hGSdzCikT�Ò]jk`E\Yhu�_`bPCTÉyuf�h�¿�TÉyui���h�qsjk`bPoS9j�^&{_h�S�j�}Cy�`sTc{6f]\Y`bPoT5|
hW^E`�h��C|
hGSdzCn_`bj�}o�$yK��T�hGS�T
`bqsjm|

qsTc^bh�i�n_`sjkhG}�hu�&`bPCT�yui���T�fCqsy�j�|¡¿�y�qbj�T
`E\!{_T
¦C}CTc{�f]\25
∂f

∂X1
= · · · =

∂f

∂Xn

= 0
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K∞(f)
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Q(T )[X1, . . . , Xn]/I

A
Â�PoTcqbT

IA
jm^Q`bPCT'j�{_Teyui�yG^b^bh_|
jmy�`bTe{,`sh

WA
1 �
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A
j�^&�GT�}oTcqbjm|rTc}oh�no�GP � 9Yj�¿�Tc} f ∈ Q[X1, . . . , Xn]

©G{_T
¤
}Chu`bT=f]\

deg(f, [X1, . . . , Xi])
`sPoTr{_Tc��qsT�T=hu�

f
Â�PCT�}6j¥`�j�^�^aTcT�}'y�^ªyQz�h�i�\]}oh�S�jmyuiuj�}

Q(Xi+2, . . . , Xn)[X1, . . . , Xi]y�}C{6{_T�}Chu`bT=f]\
φi
`bPoTÅS�y�zozoj�}o�K^bT�}C{_j�}o�

f ∈ Q[X1, . . . , Xn]
`bh
X

deg(f,[X1,...,Xi+1])
0 f(X1

X0
, . . . , Xi+1

X0
, Xi+2, . . . , Xn) �

� qsh�S 	 �G�_©�����Ë©_`bPCT'zoqbhGz?Tcqb}CTc^s^Éh�� Πi

qbTe^E`sqbjm|"`sTc{�`bhd`bPCT �;yuqsj�^ �]j¥¤Ï|
i�hG^bnoqsT¡h��

fA − T =
∂fA

∂X1
= · · · =

∂fA

∂Xi

,
fA

∂Xi+1
6= 0

|cyu}�f?TY`sTc^a`bTc{�f]\�|�h�S�zon_`sjk}o�d`sPoT6jk}W`bTcqs^bTc|
`bj�h�}�hu��`bPoT'zoqshutETe|"`sjk¿GT$|
i�hG^bnoqsT6hu�
WA

n−i

jk}
Pi+1(C)×

Cn−i
yu}?{ `sPoT¢P]\]z?Tcqbzoimyu}CT�yu`�jk}_¦?}oj¥`E\ � OQPojm^,|�y�}Óf�T�{_hG}oT3fW\ 9Yq :Gfo}oT�q,f?y�^bTc^,|
hGS�zon_`syu`bj�h�}C^

§ ^aTcT
	 � �J ¨"� vÀzoqsT�i�j�Sdj�}Cy�qb\'`sTc^a`É|
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X0
`bh

1
yu}?{Ó|�PoTe|���`bP?y�`,Â�PoT�}À^bnofC^a`bjk`bn_`sjk}C�

Xk

f]\
1 § ��hGq k = 1, . . . , i − 1 ¨ ©É`bPCT�hGf_`sy�jk}CTc{z�h�i�\]}oh�S�jmyui�^b\_^E`sT�S��GT�}oTcqsyu`bTe^

〈1〉 � �¡^bjk}o� 9Yq;:�fC}oT�q�fCyG^aTe^�©o^bnC|�P3|
hGSdzCn_`syu`bj�h�}C^Ky�qbTYzCy�qa`sj�|�noi�y�qbi�\T�Ä�|
j�T�}W`¡Â�PoTc}¢`bPoTd|�Poh�jm|
T�hu�
A
jm^$y�|
h�qsqsTc|"`KhG}oT � X¢h_{_noimyuq$|�h�S�zon_`�y�`sjkhG}C^¡|cyu}�yuim^bh,f?TdnC^bTc{�`bhz�T�qb��h�qsS�^bh�S�T6zoqsT�i�jkS�j�}Cyuqs\�`bTe^E`�^�h�}3^az?yuq�^aTYS,y�`bqsjm|
Tc^

A ∈ GLn(Q) �
� }¬`bPCT�^bTclWnoTci=ÂÉT�{_Tc}ohu`sTdf]\�����������	�
������
��������������y!^bnofoqsh�no`bj�}oTd`sy��]j�}o�3y�^6j�}ozon_`�y!z?hGik\W¤
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`¡h��£¿�y�qbjmyufoi�Tc^¡yu}C{¢|�h�S�zon_`sTc^�`sPoT�^bT
`¡h��
}Ch�}_¤Ëzoqsh�z�T�qs}oTc^s^¡h��É`sPoT,zoqshutETe|"`bj�h�}¬h�}¬`sPoT,¿�yuqsj�y�foikTe^Y��j�¿�T�}�y�^6j�}ozono`�qbTe^E`sqbjm|"`sTc{�`bh3`sPoT �;yuqsjm^H�]jk¤
|�ikhW^anCqbT�h��=`bPoTd|
hG}C^E`sqbn?|"`bj�foi�Tg^bT
`6{_T
¦C}CTc{�f]\�`bPCT�j�}ozon_`6z?hGik\]}ohGS�j�y�i&^b\_^E`sT�S � U]n?|�P�y�zoqsh_|
Te{_noqsTjm^�{_Te^b|�qbj�f?Te{�jk} 	 �W�_©?� �� �

� /-+ Ù ��(���. ��� Ù �'& �� (*),+
K∞(f)

���(*),+ �!�
	C��) Õ ���£�o� Õ �
��� ) & ��G� ygz�h�i�\]}oh�S�jmyui f jk} Q[X1, . . . , Xn] �
�� �� &����� y¢no}oj�¿�yuqsj�yu`bT�z�h�i�\]}oh�S�jmyui

P ∈ Q[T ]
^bnC|�P�`sPCy�`�jk`s^

ÎcT�qshu¤Ï^aT�`5jm^
K0(f) �

� � PChWhW^aT3q�yu}C{oh�S�ik\ A ∈ GLn(C)
y�}C{ |�PoTc|�� jk�'j¥`�jm^��GT�}oTcqbjm|

Tc}oh�nC��P�no}W`bj�iª`bPojm^5`bTe^E`KqsT
`snoqs}C^5`bqsnoT �
� xKT
`bnCqb}

SetOfNonProperness([fA − T = ∂fA

∂X1
= · · · =

∂fA

∂Xn−1
= 0, ∂f

A

∂Xn
6= 0], {T})

� � Ù �&�o�,(#/*(�c� (N�g��/*+ Ù ��(� .�� 4 v$^=jk}d`sPoT¡|�yG^aTQh��?`sPoT¡|
hGS�zon_`syu`bj�h�}�hu�
K0(f)

©>9Yq :Gfo}oT�q=f?y�^bTc^={_h
}Chu`Éy�iki�h�Â«`bh�hGf_`sy�jk}�|�h�S�zoi�T
Ò_jk`E\gqsTc^bnoik`s^rTc¿�Tc},j¥�ª`sPoTK¦Cq�^a`5|�PohGj�|�T�hu�

A
jm^Å^bnozoz�hG^bTc{,`bh�f�T$|�h�qsqbTe|"` �O�h,qsTcy�|�P�`sPoj�^$yuj�S3©Ch�}CT�yuim^ah,nC^bTc^¡T
Ò]`bTc}C^bjkhG}C^�hu�&`bPCT���Tch�S�T
`sqbjm|YqbTe^ahGikno`bj�h�}¢yui���hGqbjk`bPoS,^�y�iki�h�Â�jk}C�

`sh�ikjk�³`K`bPCT'zCyuq�yuS�T
`sT�q �,# T�qsT�©_j�}�`bPoT'j�}ozon_`Kz�h�i�\]}oh�S�jmyui�^b\_^E`sT�S

fA − T =
∂fA

∂X1
= · · · =

∂fA

∂Xn−1
= 0,

∂fA

∂Xn

6= 0

T
j�^,|�h�}C^bj�{oT�qsTc{ yG^�`sPoT�zCyuq�yuS�T
`sT�q � � qbhGS 	 ��Ë©Åjk� A

jm^d��T�}CT�qsj�|�T�}ohGno��P�©r`bPojm^,{_T
¦?}oTc^�yÃÎ�T�qshu¤
{ojkS�T�}?^aj�h�}Cy�io^a\_^a`bTcS���Tc}oT�q�y�`sjk}C�6y6q�y�{oj�|cyui_jm{_Tcy�iojk}

Q(T )[X1, . . . , Xn] � OQPoT�hGn_`bzono`Åj�^Åy6��T�hGS�T
`a¤qsjm|$qsTc^bh�i�n_`sjkhG}




Xn = qn(X1,T )
q0(X1,T )���

X2 = q2(X1,T )
q0(X1,T )

q(X1, T ) = 0OQPCT�^bT
`�hu�¡}Ch�} zoqsh�z�T�qs}oTe^b^ghu�K`sPoT�zoqbh�tETc|
`bj�h�} hG}
T
qsTc^a`bqsj�|
`bTe{�`bhÃ`bPoT �;y�qbjm^H�]jk¤Ë|�ikhW^anCqbT,h��K`bPoT

|�h�}C^a`bqsnC|
`bj�foikT3^bT
`�{_T
¦?}oTc{Óf]\�`bPoT3j�}ozon_`,z�h�i�\]}oh�S�jmyui�^a\_^a`bTcSÛj�^,|�h�}W`sy�jk}CTc{�`sPoT3ikTey�^a`�|�h�S�S�nC}
Sgnoik`bj�zoikT'h���`sPoT�{_T�}Ch�S�jk}?y�`bhGqs^5h���`sPoT�|
h]T
Ä�|�jkTc}G`�^Qhu�
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�� �� &����� y¢no}oj�¿�yuqsj�yu`bT�z�h�i�\]}oh�S�jmyui

P ∈ Q[T ]
^bnC|�P�`sPCy�`�jk`s^

ÎcT�qshu¤Ï^aT�`5jm^
K0(f) �

� � hG}C^bj�{_Tcq T y�^$y�zCyuq�yuS�T
`sT�qKj�}¢`sPoT�z�h�i�\W}Ch�S�j�y�i�^b\]^a`bTcS fA −

T = ∂fA

∂X1
= · · · = ∂fA

∂Xn−1
= 0, ∂f

A

∂Xn
6= 0

yu}C{À|�h�S�zon_`sT�y
�GT�hGSdT�`bqsj�|$qsTc^bh�i�n_`bj�h�} �

� w�j¥�³`�`sPoT'zCy�qsy�SdT�`bTcq �
� xKT
`bnCqb}�`sPoT�i�TcyG^E`g|�h�S�S�h�}�Sgnoi¥`sjkzCikT�h���`bPoT!{_T�}ohGS�jk}Cyu`bhGqs^'j�}`sPoT�|
h]T�Ä,|�jkTc}W`s^Qhu��`bPoT'z�h�i�\]}oh�S�jmyui

q �
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h�S�zono`bj�}o�

K0(f)
y�}C{

K∞(f)
yui�i�h�Â~`bh3z�T�qb��h�qsS[y!|�h�S�zoi�T
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|�h�S�z�h�}oTc}G`�^Qhu��`bPoT'jm{_Tcy�i���Tc}oT�q�y�`sTc{�fW\�5
∂f

X1
= · · · =

∂f

Xn

= 0

jm^Éf?hGno}C{_Te{,f]\
(D− 1)n § Â�PoT�qsT D jm^Å`bPoT6{_T��GqbTcTKhu�
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� OQPWn?^�©G`bPoTYz?hGik\]}ohGS�j�y�iCqsT
`bnCqb}oTe{,f]\d`bPoTzCqbhGfCyufoj�i�j�^a`bjm|$y�ik�Gh�qsj¥`sPoS�|�h�S�zon_`sjk}o�
K0(f)
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∂X1
= · · · =

∂fA

∂Xn−1
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∂Xn

6= 0
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(D− 1)n−1 ^aj�}C|�T�©G��qbhGS ! ��Îch�n_` � ^r`bPoTch�qsT�S `bPoT �;yuqsjm^H�]jk¤Ë|�ikhW^anoqsTh���`sPoT�|
hGSdzCikT�Ò!^ahGikno`bj�h�}3^aT�`Khu� �

fA − T =
∂fA

∂X1
= · · · =

∂fA

∂Xn−1
,

∂fA

∂Xn

6= 0

P?y�^�{_Tc��qsT�T'y�`�S�hG^a`
(D − 1)n−1 � � qsh�S 	 �W��Ë©_`bPoT'i�jk�³`bj�}o�,hu�&`bPoT'z?yuq�yuS�T
`sT�q T P?y�^�y,|
hGS�zoikT�Ò_j¥`E\Â�PCj�|�P¬j�^

log
¤´i�j�}oTcy�qYj�}Ã`bPoT,Tc¿�y�ikn?y�`bj�h�}�|
hGS�zoikT�Ò_j¥`E\¢h��É`sPoT�yuf�h�¿�Td^a\_^a`bT�S yu}C{¬lWnCy�{oqsyu`bjm|�j�}¬`bPoT

{oT���qsT�TYhu�&`bPCT�^E`snC{_j�Tc{3|
noqs¿�T �
! h�nC}C{_j�}o��`bPoT,Tc¿�y�ikn?y�`bj�h�}¬|
hGSdzCikT�Ò]jk`E\�h�� f f]\ Dn

©�`bPCj�^'{_jm^s|
nC^s^aj�h�}¬i�Tcy�{C^¡`sh�`bPoT���hGiki�h�Â�jk}C�
|�h�S�zoi�T
Ò_jk`E\�qbTe^anCi¥` �
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¯�Æ"ºg°�·u²�º�¯�°"² O(n7D4n) ·uÆ"±³²³¾ 	
º,¶�²N±Èd¯s®C¶
Æs·�²´±¯�¸o°'±³¸ Q �

!Õ � �_� ����� °"±³¸W½ � ¶�º�·uÆ�� � �g²�¾o¶��
±³² 	aÈ�¯�º¡®�»k¶��G±³²NÊ ¯��3²³¾C¶d®;Æb¯ ��· ��±³»Ì±m°"²´±È¬µ�¶�Æ�°"±¯�¸o°�¯���¯�¼_Æ�·�» ½G¯ 	
Æ"±³²�¾]ºg°'±m° O(τn7D5n) <�¾o¶�Æb¶ τ ��¯�¼_¸;¹�°'²�¾o¶ �
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� }�`bPojm^'^bTc|"`sjkhG}�©ªÂ5Td^bPoh�Â Poh�Â `bh�nC^aTg`bPCT�y�f?h�¿GTgy�ik�Gh�qsj¥`sPoS `bh3|
hGSdzCn_`bT,y�`6i�Tcy�^a`6h�}oTdz?hGjk}W`'j�}
Tey�|�P3|
hG}o}oTc|
`bTe{!|�h�S�z?hG}oT�}W`�hu�=y�^aTcS�j¥¤Ïyui���Tcfoqsy�j�|$^aT�`¡{_T
¦?}oTc{!f]\!y�^aj�}o�GikT6j�}oTclWnCy�ikjk`E\ �OQPojm^�qsTc^bnoik`�|cyu}�f?T'zCqbh�¿GTc{�n?^aj�}o�,|
imy�^s^ajm|�y�i�`bTc|�PC}oj�lWnoTe^�hu�&qbTeyui�y�ik�GT�foq�yujm|¡�GT�hGSdT�`bqs\ �
& . Õ]Ù � Õ ����� � Õ �0( × ��/-+ Õ �&��� (��� Õ �c��� ��¶�² f �s¶g·Y®C¯�»ÌÊ�¸;¯�ºd±·�»�±³¸ Q[X1, . . . , Xn] ·�¸�¹ S ��¶'²�¾o¶
°�¶�ºg±
	a·u» ½W¶ ��Æb·�±Èg°�¶�²5¹G¶ �Å¸�¶�¹ ��Ê f > 0 � ��¶�² e ∈ Q ��¶'°"¼CÈ�¾3²�¾o·u² 0 < e < min(|r|, r ∈ K(f) ∩ R) �
�r¯�¸C°"±¹�¶�ÆY²�¾o¶K¾_Ês®o¶�Æ�°"¼_Æ �
·�È�¶ He ¹�¶ �r¸;¶�¹ �
Ê f − e = 0 � � ¾o¶�¸����
¯uÆ6¶�·�È�¾3È�¯�¸?¸�¶�È
²Ï¶�¹�Ès¯uºK®C¯�¸;¶
¸?²

S ¯�� S �r²�¾o¶�Æb¶d¶ �G±m°"²°�·�Ès¯u¸C¸;¶sÈ�²Ï¶s¹�Ès¯uºK®C¯�¸;¶
¸?² C ¯�� He ∩ Rn °"¼CÈ�¾3²�¾o·u² C ⊂ S �
�5Æs¯c¯�� � w�T
`

ε
f�TÃyu} jk}_¦?}oj¥`sTc^bjkS,y�iYy�}C{

Hε ⊂ C〈ε〉n
f�T�`sPoT�P]\]z?Tcqs^bnoqb�y�|�T�{_T
¦C}CTc{Àf]\

f − ε = 0 � � qsh�S `bPoTgjk}W`sT�qsSdTe{_jmy�`bTg¿�yui�noT�`sPoT�hGqbTcS�©�TcyG|�P�|
hG}o}oTe|"`bTe{�|
hGS�z?hG}oT�}W`
S
|�h�}W`sy�jk}?^¡y

z�h�j�}W`
xS

^an?|�PÃ`sPCy�`
f(xS) = ε � OQPoT�|
hG}o}oTe|"`bTe{�|
h�S�z�h�}oTc}W` CxS

⊂ R〈ε〉n
hu�
Hε ∩ R〈ε〉n

j�^
|�h�}W`sy�jk}CTc{!jk}

S
^aj�}C|
T

f
{ohWTe^�}oh�`Q¿�y�}oj�^bP3h�}

CxS
�

� qsh�S `sPoT�`sqsy�}C^E��Tcqrzoqsjk}?|
j�zoikTG©u`sPoj�^ÅjkS�zoi�j�Tc^£`sPCy�`r`sPoT�qsT�T
Ò_jm^E` e0 > 0
^anC|�Pd`sPCy�`r��hGqÅyui�i

0 < e′ <
e0
yu}C{'��h�q=yui�i_|
h�}C}oTc|
`bTc{�|
h�S�z�h�}oTc}W`

S
hu�
S
`bPoTcqbT5T
Ò_jm^E`�^�yY|
hG}o}oTc|
`bTe{�|
hGS�z?hG}oT�}W`

Ce′
h��o`bPoT5qsTcyui

i�h_|
nC^5h���`bPCTYP]\]z�T�q�^anoqb�y�|�T${_T�¦C}oTe{�f]\
f − e′ = 0

^anC|�P�`bPCyu`
Ce′ ⊂ S �&� hG}C^ajm{_TcqQ^bnC|�P�y�q�y�`sjkhG}Cyui}]noSgf?Tcq

e′
yu}C{�y�z�hG^bj¥`sjk¿GT¡q�y�`bj�h�}?yuiC}]noSgf?Tcq

e
^bnC|�P,`sPCy�`

0 < e < min(|r|, r ∈ K(f)) �&� TYzoqbh�¿GT}Ch�Â�`bPCyu`=`bPoTcqbTQT�Ò]jm^a`s^=yY|
h�}C}oTc|
`bTc{d|
hGS�z?hG}oT�}W`
Ce
h��?`sPoTQqbTeyui]ikh_|�nC^£hu�?`bPoT�P]\]z?Tcqs^bnoqb�y�|�T5{_T�¦C}oTe{

f]\
f − e = 0

^bnC|�P�`sPCy�`
Ce ⊂ S

��hGqKyui�i�|
hG}o}oTc|
`bTe{!|�h�S�z?hG}oT�}W`
S
hu�
S �U]nCzoz?hW^aT�`bPCyu`

e′
j�^g|�PohG^bT�}�^bS�y�ikiÅT�}ohGno��P�^bnC|�P¬`bPCyu`

K(f)∩]0, e′[= ∅ � � � 0 < e < e′
©&`bPoT

yG^b^bT�qb`bj�h�}���h�i�ikh�ÂK^5j�S�SdTe{_jmy�`bTcik\ �U]nCzoz?hW^aT3}oh�ÂÍ`bPCyu`
e > e′ � � } 	 �G��Ë©r`sPoT�yuno`bPohGqs^gzoqsh�¿�T!`bPCyu` f qbTeyui�jkÎcTc^�y�i�h_|�y�iki�\�`bqsj�¿Wjmyui¦?foqsyu`bj�h�}3h�}

Rn \ f−1(K(f)) � OQPCj�^¡jkS�zoi�jkTe^�`sPCy�`$`bPoTcqbT�T�Ò_j�^a`s^$y�{_j '�Tch�S�h�qszoPojm^aS ϕ
^anC|�P3`sPCy�`e©

��hGq�y�iki
e1 ∈]e′, e[

©�{_Tc}ohu`sjk}C�¡f]\
π
`bPoTÉzoqbh�tETc|
`bj�h�}'h�}�`bPoT5^aTe|
h�}?{'S�T�S�f�T�q�hu�_`bPCT5|cyuqb`bTc^bjmyu}6zoqsh]{onC|"`

f−1(e1)×]e, e′[
`sPoT6��h�i�i�h�Â�jk}o��{_jmyu�Gqsy�SÐj�^K|�h�S�S�no`sy�`sjk¿GT

f−1(e1)×]e, e′[
ϕ

π

f−1(]e, e′[)

f

]e, e′[


��,A�
�



� ¶
°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» � �

OQPCj�^ÅjkS�zoi�jkTe^=`sPCy�`5h�}oT¡|cyu}�i�jk} �,y�}W\gz?hGjk}W`
xe′

h��
Ce′

`bhgy'z?hGjk}W`
xe
j�}
He∩Rn
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º¡®�²´±³¸�¶
°�°�¯ �!²�¾o¶!°�¶
ºd±
	a·�» ½G¶��
Æs·�±È3°�¶�²�¹�¶ �r¸�¶�¹ ��Ê
f > 0 ±m°dÆs¶s¹u¼CÈ�¶s¹�²Ï¯¢¹�¶�È�±¹�¶�± �,·�¾]Ês®C¶
Æ�°"¼_Æ �
·GÈs¶�¹�¶ �r¸;¶�¹ �
Ê�·g®C¯�»ÌÊ�¸;¯�ºd±·�» <=±³²�¾�È�¯e¶%� È
±¶�¸C²N°�±³¸ Q

È�¯u¸C²Ï·�±³¸o°'Æb¶�·u»]®o¯u±³¸C²N°��
��¼ �"°"²´±³²N¼_²´±³¸W½ f �
Ê −f ¯�¸;¶3Ès·u¸«¹G¶s·u» <=±³²�¾�°
¶�ºd±
	a·�» ½W¶ ��Æb·u±È!°
¶�²N°�¹G¶ �Å¸�¶�¹��
Ê f < 0 � � ²¡»k·�°�² �

È�¯uºK®;¼_²N±³¸]½�·u²Q»k¶�·�°"²¡¯�¸;¶�®C¯�±³¸?²�±³¸�¶�·GÈs¾¬È�¯�¸?¸�¶�È
²Ï¶�¹!È�¯uºK®C¯�¸;¶
¸?²¡¯ ��²�¾o¶�°�¶�ºg±
	a·u» ½G¶���Æb·�±È,°
¶�²K¹�¶ �r¸;¶s¹
��Ê f 6= 0 ±m°�¹G¯�¸;¶ ��Ê!È�¯�º¡®�¼_²´±³¸W½�·�²5»k¶�·�°"²�¯�¸;¶�®C¯�±³¸?²É±³¸�¶�·�È�¾�È�¯�¸?¸�¶�È�²Ë¶�¹�È�¯uºK®C¯�¸;¶
¸?²Q¯��'²³¾C¶�°
¶�ºd±
	
·u» ½W¶ ��Æb·�±È�°�¶�²°�¹�¶ �r¸;¶�¹ ��Ê f > 0 ·�¸�¹ f < 0 �
& . Õ ��/*+ Ù ��(���. � 4 OQPoTÅy�ik�Gh�qsj¥`sPoS*qsT�i�jkTe^;h�}'OQPoTch�qsT�S9� � 9Yj�¿�T�}'yQz�h�i�\]}oh�S�jmyui f jk} Q[X1, . . . , Xn]h���{_T��GqbTcT

D
©W`sPoTYy�ik�Gh�qsj¥`sPoSÐ|
hGSdzCn_`bTe^Éyu`5i�TcyG^E`5h�}oT$z?hGjk}W`Qjk}!Tcy�|�P!|
h�}C}oTc|
`bTc{!|
hGSdz�h�}CT�}W`Éh���`bPoT

^bT�S�jk¤Ëy�ik�GT�foq�yujm|£^aT�`�{_T�¦C}oTc{�fW\
f > 0 � OQPoTr¦Cq�^a`�^E`sT�z'jm^�`sPoTÅ|�h�S�zon_`�y�`bj�h�}'h��_`bPoT5^aT�`�hu�_�GT�}oTcqsy�ikj�Î�Te{|�qbjk`bjm|�y�iC¿�yui�noTe^Åh��ª`bPoTYS,yuzozoj�}o�
f : x ∈ Cn → f(x) ∈ C � �¡^bj�}o��`sPoT¡zoqsh�f?yufoj�ikjm^a`bjm|K¿�Tcqs^bj�h�}�hu��`sPoTy�ik�Gh�qsj¥`sPoS zoqsh�¿Wjm{_Te{�j�}¬U]Te|"`bj�h�}¬�C©;`sPojm^'|�yu}Ãf?T,{_hG}oT�Â�j¥`sPoj�}

O(n7D4n)
y�qbjk`bPCSdT�`bjm|�hGz?Tcqsyu`bj�h�}C^

j�}
Q �
� T�PCy�¿GT3^bT�Tc} jk} `sPoT¢zoqsTc|
TcTc{_j�}o� ^bTc|
`bj�h�}«`bPCyu`,`bPoTÃ{_T��GqbTcT�h��$`sPoT�z�h�i�\]}oh�S�jmyuim^�T�}C|�h]{ojk}o��GT�}oTcqsy�ikj�Î�Te{�|�qbjk`bjm|�y�i=¿�y�iknCTc^'jm^6f?hGno}C{_Te{�f]\

O(Dn) � OQP]nC^�©�j�^bh�imy�`sjk}C�!`sPoT,qsTcyuir^bh�i�n_`sjkhG}C^6hu�5`bPoTz�h�i�\]}oh�S�jmyui;T�}?|
h_{_j�}o��`sPoT'^aT�`5h�����Tc}oT�q�yui�j�Î�Tc{�|
qsj¥`sj�|cyui;¿�yui�noTc^5hu�
f
jm^5{oh�}oT6Â�jk`bPoj�}

O(D3n)
y�qbjk`bP_¤

S�T�`bjm|$hGz?Tcqsyu`bj�h�}C^Éj�}
Q
nC^bj�}o��`sPoT6¿�yuqsj�y�}G`5hu� �¡^bz?Tc}C^H�]\ � ^5y�ik�Gh�qsj¥`sPoSÐ{_Tc^bj���}oTc{�jk} 	 � �  � � Poh]hG^bjk}C�y�z?hW^ajk`bj�¿�T�q�y�`sjkhG}CyuiÉ}]noS�f�T�q

e
f�T
`EÂ5T�Tc}

0
yu}?{¬`bPoT�^aS,yui�i�Tc^a`�z?hW^ajk`bj�¿�T!qbTeyuir�GT�}oTcqsy�ikj�Î�Te{�|
qsj¥`sj�|cyui

¿�y�iknoT6jm^�j�SdS�Te{_j�yu`bT �
� `�qsT�S,yuj�}C^É`bh,|
hGS�zon_`bT'yu`5i�TcyG^E`�h�}CT$z�h�j�}W`Qj�}�Tcy�|�P�|
hG}o}oTc|
`bTe{�|
hGS�z?hG}oT�}W`�hu��`bPoT6qsTcyuiª|�h�no}_¤`sT�qszCyuqb`�hu��`sPoT�P]\]z�T�q�^anoqb�y�|�T�{_T
¦?}oTc{�f]\

f − e = 0 � OQPCj�^g|�yu}�f�T!{oh�}oT�n?^aj�}o�¢`sPoT!y�ik�Gh�qsj¥`sPoS{oTc^bjk�G}oTc{�jk} 	 ����rÂ�jk`bPoj�}
O(n7D3n)

yuqsj¥`sPoS�T
`sj�|dh�z�T�q�y�`sjkhG}C^$jk}
Q � OQPojm^'yui���hGqbjk`bPCS jm^6fCyG^aTe{�h�}

|�h�S�zon_`�y�`sjkhG}C^Qhu�£|
qsj¥`sj�|cyuiªi�h]|�j�hu�&��Tc}oT�qsj�|YzoqshutETe|"`sjkhG}C^ � OQPojm^�i�Tcy�{C^5`bhd`bPoT6��hGiki�h�Â�j�}o��`sPoT�hGqbTcS �
& . Õ]Ù � Õ ��� �;% Ù �'& / Õ � (� Ö � Õ �  /� � ��¶�² f �s¶Ã·!®C¯�»ÌÊ�¸;¯�ºd±·�»K±³¸ Q[X1, . . . , Xn] ¯��3¹G¶Ë½uÆb¶�¶ D·u¸�¹ S ��¶3²³¾C¶!°�¶
ºd±
	a·�» ½W¶��
Æb·u±È¢°�¶�²�¹�¶ �r¸;¶s¹ ��Ê f > 0 � � ¾C¶g®�Æs¯ ��· ��±³»Ì±m°"²N±È�µ�¶
Æ�°"±¯�¸ ¯���²�¾o¶�· ��¯�µ�¶
·u» ½W¯�Æ"±³²�¾]º È�¯�º¡®�¼_²Ï¶
°d·�²Q»k¶�·�°"²¡¯u¸�¶¡®C¯�±³¸C²�±³¸�¶�·�È�¾�È�¯�¸C¸;¶�È
²Ï¶�¹!È�¯�º¡®C¯�¸�¶�¸C²¡¯�� S <=±³²�¾Ã·3È�¯�º¡®�»�¶ �G±³²´Ê
<=±³²�¾]±³¸ O(n7D4n) ·�Æ"±³²�¾]º,¶
²´±È�¯s®C¶
Æb·u²N±¯u¸o°�±³¸ Q �
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� } `sPojm^Ó^bTc|
`bj�h�}�©!ÂÉTÀ��h_|�nC^ hG} `bPoT ��h�i�ikh�Â�j�}o�~zoqsh�foi�T�S 5 ��j�¿�Tc} y z?hGik\]}ohGSdjmyui f ∈ Q[X1,
. . . , Xn]

hu�Y{oT���qsT�T
D
©5{_Tc|�j�{_T3jk�¡`sPoT3PW\]z�T�q�^anCqa�yG|
T

H
{_T�¦C}oTc{Óf]\

f = 0
|�h�}W`sy�jk}?^�qsTcy�i5qsT��Gn_¤

imyuq$z?hGjk}W`�^ � # Tc}C|
TG©?`sPoTdzoqbhGfoi�T�S |
h�}?^ajm^E`�^¡j�}�{_Te|
jm{_j�}o��jk�r`bPCTgqsTcy�i�{_j�S�T�}C^bjkhG}�hu�
H ∩ Rn

TclWnCy�i�^
`sPoT¢|
hGSdzCikT�ÒÓ{_j�SdTc}C^bjkhG}Óh��

H � OQPojm^�zoqbhGfoi�T�SÛyuzCz?Teyuq�^gj�}«S�y�}]\ yuzozCikjm|�yu`bj�h�}C^ § j�}«zCyuqb`bjm|
noimyuq

A/ACB�D6E�FHGJI�K@LJM@N�OJP



� � �;·��
¶
Ê��Q»���±³¸

j�}�yun_`sh�S,y�`sTc{Ã��T�hGS�T
`bqsjm|�qsTcy�^bh�}Cjk}o�!h�q6j�}�y�ik�Gh�qsj¥`sPoS�j�|���Tch�S�T
`sqb\ ¨ ^E`snC{_\]jk}C���GT�}oTcqbjm|g��T�hGS�T
`bqsjm|^bjk`bnCyu`bj�h�}C^ �OQPojm^5|�yu}�f?T6^ahGik¿GTc{�nC^bj�}o��`sPoT � \]i�jk}?{_qbjm|�y�i?v¡ik�GT�foq�yujm| �$Tc|
hGS�z?hW^ajk`bj�h�}�fCn_`É`sPoT$|�h�S�zoi�T
Ò_jk`E\dh��`sPojm^�S�T
`bPCh]{�jm^K{_hGnofoi�\�T
Ò_z�h�}oTc}W`bjmyuiªj�}!`sPoT�}]noSgf?Tcq�hu�£¿�y�qbjmyufCikTe^�yu}C{ª©Cjk}3zoq�y�|
`bjm|
T�©]`sPojm^�S�T
`bPCh]{
jm^Qi�jkS�jk`bTc{�`sh�zoqbhGfoi�T�S,^QPCy�¿]jk}C�

3
h�q

4
¿�yuqsj�y�foi�Tc^ �U]n?|�PÓyÃzoqbhGfoi�T�SÛ|�y�} yuim^bh�f�T!`�y�|��]i�Tc{�f]\ |
hGS�zon_`bj�}o�Ã`bPoT Æb¶�·u»5Æs·�¹�±È�·u» h��K`bPoT3jm{_Tcy�i 〈f〉 ⊂

Q[X1, . . . , Xn] § Â�Pojm|�P�jm^�`sPoT5qsyG{_j�|cyuiGj�{_TeyuiWhu� Q[X1, . . . , Xn]
Â�PChG^bTÉy�^s^bh]|�j�yu`bTe{'yui���T�fCqsy�j�|=¿�y�qbj�T
`E\

jm^�`bPoT�^aS,yui�i�Tc^a`gh�}CT��Ã��hGq�`sPoT�j�}C|
i�nC^bjkhG} h�q�{_Tcqbj�}o����|�h�}W`sy�jk}Cjk}o�
H ∩ Rn ¨
� OQPojm^d|�yu} f?T�{_h�}oTf]\�nC^bj�}o�¬`bPoT¢yui���hGqbjk`bPCS�^�{_Te^aj���}CTc{Ójk} 	 �� � OQPoTe^aT3yui���hGqbjk`bPoS,^dz�T�qb��h�qsSÛyÃqsTc|�noq�^aj�¿�T�^E`snC{_\ hG}

j�S�fCqbjm|�yu`bTc{!^aj�}o�Gnoi�y�qÉi�h_|
jªh���`bPoT'^a`bnC{ojkTe{�¿�yuqsj�T
`bj�Tc^ � �Kz!`bh�h�nCq �]}oh�Â�i�Tc{o��T�©Wf�h�no}C{ojk}o�d`sPoT'{_T��GqbTcTh��£`bPoTd^aj�}o��nCi�y�qKikh_|�nC^Kh��=y�¿�y�qbj�T
`E\G©o`sPoTg{_Tc��qsT�T�h��£`bPoTd^aj�}o��nCi�y�qKikh_|�nC^Kh��&`sPoTg^bj�}o��noimyuq¡ikh_|
n?^¡yu}?{
^bh�h�}�\]j�T�im{o^'{_hGnofoi�\�T
Ò_z�h�}oTc}G`sj�y�i£f?hGno}C{o^6j�}�`sPoT�}]noS�f�T�q'h��Å¿�yuqsj�y�foikTe^ � OQP]nC^�©;`sPoT�|
hGS�zoikT�Ò_j¥`E\h���^bnC|�P�S�T
`sPoh_{o^�^bT�T�S,^É`bh�f�T'{_h�nofCik\,T�Ò]z�h�}CT�}W`bjmyui;j�}�`sPoT$}]noSgf?Tcq�hu��¿�y�qbjmyufoi�Tc^5yu}?{�}ohdT
Ä�|�jkTc}G`
j�S�zoi�T�S�T�}W`syu`bj�h�}�PCy�¿�T6f�T�Tc}�hGf_`sy�jk}CTc{���qbhGSÐ`bPoTe^aT'Â5h�q;�_^ �OQPoTYqsTcyui;{_j�S�T�}C^bjkhG}�hu�

H
|�y�}�f�TY|�h�S�zon_`sTc{�n?^aj�}o�8	 �W© � P?yuz_`sT�q ���� � OQPoTY|�h�S�zoi�T
Ò_jk`E\dh���`bPCj�^y�ik�Gh�qsj¥`sPoS jm^

DO(n2) � � Tc¿�T�qb`bPCT�i�Tc^s^�©�`bPojm^�y�ik�Gh�qsj¥`sPoS {_h]Te^'}ohu`gzoqbh�¿]jm{_T�^sy�`bjm^a�y�|"`sh�qs\�qsTc^bnoi¥`�^'j�}
zCqsyG|"`bjm|
TQ{_noTQ`sh6`bPoTQnC^bT�hu�;^aTc¿�Tcqsy�iWj�}_¦C}Cj¥`sTc^bjkS,yuim^=yu}?{d^bh�S�T5��qsh�ÂQ`bPdhu�;{_T��GqbTcTÉÂ�Pojm|�P,yuqsT5{oj¥Ä�|
nCi¥`
`sh3S�y�}Cyu�GTgj�}�zoq�y�|"`sj�|cyui£j�SdzCikTcSdTc}W`sy�`sjkhG}C^�y�}C{�i�TcyG{�`sh¢y3Pojk�GP¬|�h�S�zoi�T
Ò_jk`E\�|
hG}C^E`�yu}W` § Â�Pojm|�P�j�^PCT�qsT6yG^�yu}�T
Ò_z�h�}oTc}G` ¨"�v¡iki�`bPoT'S�T
`sPoh_{o^Ky�f?h�¿GT6|�h�S�zon_`sT'T
Òoy�|
`bi�\�`sPoT'qbTeyui�{_j�S�T�}C^bj�h�}3hu�

H ∩ Rn
Â�Pojm|�P3j�^¡^E`sqbhG}o��Tcq

`sPCyu}Ó`bPCT�T�Ò_z?Te|"`bTe{ hGn_`bzCn_` � � } `sPoT¢|�yG^aT�Â�PoT�qsT f j�^,^slWnCyuqsT
¤´��qsT�T�©£`sPoT3zoqsh�foi�T�SÛj�}«Â�Poj�|�PÓÂÉT
y�qbTgjk}W`sT�qsTc^a`bTc{Ã|�y�}�f?Td`�y�|��]ikTe{¢f]\�{_Tc|�j�{ojk}o��jk�5yui�i&`bPoT�^bT�S�j¥¤Ïyui���Tcfoq�yujm|�^aT�`s^

Si ⊂ Rn
{oT
¦C}oTe{�f]\

f = 0, ∂f
∂Xi
6= 0 § ��hGq i = 1, . . . , n ¨ y�qbTYT�S�z_`E\�h�q�}oh�` � * yG|�P�^bT�S�jk¤Ëy�ik�GT�foq�yujm|¡^bT
` Si jm^K^a`bnC{ojkTe{�f]\^a`bn?{_\]jk}o�K`bPoTÉqbTeyui�y�ik�GT�foq�yujm|=^aT�`s^�hu�

R〈ε〉n
{oT
¦C}oTe{'f]\

f = ∂f
∂Xi
−ε = 0

yu}C{
f = ∂f

∂Xi
+ε = 0 � OQPoT|�h�S�zoi�T
Ò_jk`E\�hu�&`bPojm^�S�T
`sPoh_{�j�^

DO(n) fon_`KÂ5T�yuqsT$i�TcyG{!PCT�qsT$`sh�^E`snC{_\ n {_jm^a`bj�}C|"`¡^bT�S�jk¤Ëy�ik�GT�foq�yujm|^bT
`�^�{_T
¦?}oTc{�f]\�yu}3TelGn?y�`bj�h�} § h��£{_Tc��qsT�T D ¨ y�}C{!y�}!j�}oTelGn?y�`bj�h�} § h��£{oT���qsT�T D − 1 ¨"�
� }Ã`bPoT�^bTclWnoT�i´©ªÂ5Tg^bPoh�Â Poh�ÂA`sh!qsTc{_n?|
Tg`bPoTdzoqsh�foi�T�S h��É{_T
`sT�qsS�jk}oj�}o�!`bPoTdT
Ò_jm^E`sT�}C|�Tgh��ÅqsTcyui

qsT��GnoimyuqKz�h�j�}W`s^$jk}¬y,P]\Wz�T�q�^bnoqa�yG|
T�{oT
¦C}oTe{�f]\
f = 0

`bh�`sPoTdzoqbhGfoi�T�S hu�Å{_Te|
jm{_jk}C��jk�r`bPoTcqbTgT
Ò_jm^E`
(x, x′) ∈ Rn × Rn

^bnC|�P `sPCy�`
f(x) > 0

y�}C{
f(x′) < 0 � OQPoT¢zoqsh�fCy�foj�ikjm^E`sj�|�¿GT�q�^aj�h�}Óhu�6h�noqy�ik�Gh�qsj¥`sPoSÐPCyG^�yd|�h�S�zoi�T
Ò_jk`E\�Â�j¥`sPoj�}

O(n7D4n)
yuqsjk`bPoS�T
`sj�|YhGz?Tcqsyu`bj�h�}C^5j�}

Q �
& . Õ]Ù � Õ � � � ��� (N��� Õ )�� Õ¢Ù 1 � Õ +( /N�_�,� Õ �!/ & Ù (-);�c��� ��¶
² f ��¶ ·À°	$�¼C·�Æb¶ 	 ��Æb¶�¶�®o¯u»ÌÊ�¸�¯uºg±·u»d±³¸
Q[X1, . . . , Xn] ·�¸;¹ H ⊂ Cn ��¶�²³¾C¶g¾_Ês®o¶�Æ�°"¼_Æ �
·�È�¶!¹G¶ �Å¸�¶�¹ ��Ê f = 0 � � ¾o¶�Æb¶!¶ �G±m°"²KÆb¶Ë½�¼_»k·�Æ�Æb¶�·�»
®C¯�±³¸?²°'±³¸ H ± ��·�¸;¹�¯�¸?»ÌÊ,± �'²�¾o¶�Æb¶d¶ �G±m°"² (x, x′) ∈ Rn × Rn °"¼CÈs¾�²�¾o·u² f(x) > 0 ·�¸;¹ f(x′) < 0 �
�5Æs¯c¯�� � U_nozoz�hG^bTQ¦Cqs^a`=`bP?y�` H |
hG}W`syuj�}C^£qsTcy�ioqbTc��noimyuq£z�h�j�}W`s^ry�}C{dikT�` y f�T¡^an?|�Pdy6z�h�j�}W` � U]j�}C|
T

f
j�^'^slWnCyuqsT
¤´��qsT�T�©;hG}oT�PCy�^

grady(f) 6= 0 ��� h�Â'©�|�h�}C^bj�{oT�qsjk}o�!`bPCTdi�j�}oT,zCy�^s^bjk}o�!`bPCqbhGno��P y yu}C{^bnozoz�h�qb`bTe{�fW\!`bPCT�¿�Te|"`bhGq
grady(f)

yu}C{¢y�O&y�\]ikhGqK{_T�¿GT�i�h�zoS�Tc}G`Kh��
f
y�ikhG}o��`bPojm^Ki�j�}oT�}oTeyuq

y
©?jk`

jm^�|
i�Tcy�qQ`bPCyu`
f
jm^Qz?hW^ajk`bj�¿�T'y�}C{�}oT��Wy�`bj�¿�T6yui�h�}C�g`sPojm^Qikj�}oT �U]nCzoz?hW^aT!}oh�Â `bP?y�`

H
{_h]Tc^g}ohu`�|
h�}W`�yuj�} y¢qsTcyuiÉqbTc��noimyuqgÎ�Tcqbh � OQPoT�}�©£`bPoT�qbTeyuiÉikh_|
n?^�h�� H

§ Â�Pojm|�P,S�y�\gf?T¡T�S�z_`E\ ¨ jm^Å|
hG}W`syuj�}oTe{gj�}�`bPCT¡^aj�}o�Gnoi�y�q=ikh_|�nC^rh�� H � U]j�}C|�T�`bPoT$|
hu¤Ï{_j�S�T�}C^bjkhG}�hu�;`bPoT^bj�}o��noimyuq=i�h_|
nC^Åhu�
H
jm^=��qsTcyu`bT�q£`sPCyu}

1
©�`sPoT¡|
hGS�zoikTcS�T�}W`sy�qb\�h��

H∩Rn
j�}

Rn
j�^É|
hG}o}oTc|
`bTe{ � OQPCj�^


��,A�
�



� ¶
°�²´±³¸W½��?±¥½�¸��r¯�¸;¹�±³²´±¯�¸C°g¯�¸¬·���¯�»¥Ê�¸�¯�ºd±·�» � �

j�S�zoi�jkTe^Y`bPCyu`6Tcj¥`sPoT�q6`sPoT,^aTcS�j¥¤Ïyui���Tcfoqsy�j�|g^aT�`�{_T
¦C}CTc{ÃfW\
f > 0

jm^6T�S�z_`E\�hGqY`bPoT,^bT�S�j¥¤Ïyui���Tcfoq�yujm|
^bT
`K{_T�¦C}oTe{!f]\

f < 0
jm^QT�S�z_`E\ �

�

& . Õ � /*+ Ù ��(� .�� 4 OQPCT�yui���h�qsjk`bPoS2fCy�^bTc{�h�}¢OQPoTch�qsT�S ��Â5h�q;�_^�y�^Q��hGiki�h�ÂK^ � OQPoT�j�}ozon_`$hu�£`bPoTy�ik�Gh�qsj¥`sPoSÑj�^Qy�z�h�i�\]}oh�S�jmyui
f
j�}

Q[X1, . . . , Xn]
h���{_T��GqbTcT

D � � hGSdzCn_`bT$`bPoT6^slGn?yuqsT
¤´��qbTcTKzCyuqb`Éh��
f � �$T
`sT�qsSdj�}oT!`bPoT�^aj���} hu�

f
h�}Óy�q�yu}C{_hGS�ik\�|�PohG^bT�}�z�h�j�}W`�yu`gÂ�Pojm|�P

f
{_h]Tc^g}oh�`g¿�yu}ojm^bP � � }zCqsyG|"`bjm|
TG©�`bPojm^6^E`sT�z�jm^YjkS�S�Tc{oj�yu`bTdÂ�Pojki�Tdjk}�`bPoTch�qs\�©;h�}ÃPCy�^¡`bh!`bTe^E`6TcyG|�P�z?hGjk}W`'j�}Ãy��Gqbjm{¢h��É^aj�Î�T

Dn2 `bh�f�T�^bnoqsT6`bh,¦C}?{¢y,z?hGjk}W`$yu`KÂ�Pojm|�P
f
{ohWTe^�}oh�`¡¿�yu}ojm^aP � U]j�}C|�T�h�noq$|
h�S�zoi�T
Ò_jk`E\�Te^E`sjkS,y�`sTc^y�qbT¡fCy�^bTc{,hG}�zoqsh�fCy�foj�ikjm^E`sj�|$yui���hGqbjk`bPoS,^c©�Â5T$^bnozoz�hG^bTK`sPCy�`5`bPoT6|
hW^E`5hu�ª`sPoj�^Q^a`bTcz�j�^Å`bPCT$hG}oT¡h���`bPoT

Tc¿�yui�nCy�`sjkhG}!h��
f
©_j � T � Olog (Dn)

yuqsj¥`sPoS�T
`sj�|6hGz?Tcqsyu`bj�h�}C^5j�}
Q �

� � f j�^6��hGno}C{Ã`bh�f?T,z�hG^bj¥`sjk¿GT,h�}¬`bPCT�`bTc^a`a¤Ëz�h�j�}G`e©�`sTc^a`�`bPCT,T�S�z_`bj�}oTe^b^�hu�5`bPoT�^bT�S�jk¤Ëy�ik�GT�foq�yujm|{oT
¦C}oTe{3f]\
f < 0

©?T�im^aT6`sTc^a`K`bPCT�T�S�z_`sjk}CTc^s^Khu�£`sPoT�^bT�S�j¥¤Ïyui���Tcfoq�yujm|Y^bT
`Y{_T
¦C}CTc{3f]\
f > 0 � �¡^bj�}o�`sPoTKyui���hGqbjk`bPCS�{_Tc^bj���}oTe{gj�}�U]Tc|
`bj�h�} �YnC^bjk}C�6`bPoTK|�h�S�zon_`�y�`bj�h�}�h����GT�}oTcqsy�ikj�Î�Te{g|�qbjk`bjm|�y�i_¿�y�iknCTc^c©u`bPCj�^

jm^�{_hG}oT'Â�j¥`sPoj�}
O(n7D4n)

yuqsj¥`sPoS�T
`sj�|Yh�z�T�q�y�`sjkhG}C^5jk}
Q �

� (A%&��4r����4É�� %&�����! ��&�

� T6PCy�¿�T$jkS�zoi�T�S�Tc}G`sTc{�`bPoT'y�ik�Gh�qsj¥`sPoS,^ÅzoqsTc^bT�}W`sTc{�j�}�U_Tc|"`sjkhG}C^Q�o©6�gyu}C{!��n?^aj�}o��9Yq :Gfo}oT�qQfCyG^aTe^ �OQPoT79Yq :Gfo}oTcq�T�}o�Gjk}CT=Â�Poj�|�P�j�^�nC^aTe{6j�^������ 	 �e��GÂ�PCj�|�P'jm^�j�S�zoikTcS�T�}W`bTe{'jk}��¡f]\
	 � ¤ �$��� yunC��R�qsT �
� hGS�zon_`bj�}o�dqsyu`bj�h�}Cy�i;zCyuq�yuS�T
`sqbj�Îcyu`bj�h�}C^Åhu��`bPoT'|
hGS�zoikT�Ò�qbh]h�`s^5hu�£y�ÎcT�qshu¤Ï{_jkS�Tc}C^aj�h�}?yui�j�{_Teyui���qsh�Sy 9Yq;:�fC}oT�qKf?y�^bj�^�jm^¡{oh�}oT�f]\����Â�Pojm|�P¢j�^¡jkS�zoi�T�S�T�}W`sTc{3j�}���f]\ �É� x�h�nCjki�ikj�T�q � � ^ahGi�yu`bj�h�}3hu�=qsTcyuiqsh]hu`�^Åh���no}oj�¿�yuqsj�yu`bT¡z�h�i�\]}oh�S�jmyuim^ÅÂ�jk`bP!qsyu`bj�h�}Cy�i�|�h]T
Ä�|
j�T�}W`s^5jm^Q{_h�}oT$f]\���!nC^bj�}o��`sPoT6yui���h�qsjk`bPoS
zCqbh�¿]jm{_Tc{�jk} 	 �u�� �OQPoTQqsTc^bnoik`bj�}o�$j�S�zoi�T�S�T�}W`syu`bj�h�}dj�^£y$zCyuqb`£hu�C`sPoT�{_T�¿GT�i�h�zoS�Tc}G`£¿�Tcqs^bj�h�}�h��o`bPoT������������dX�y�zoikT
i�j�foqsy�qb\�	 � �� ��� TQ{_h$}Chu`={_Tc^s|
qsjkf�TÅj�S�zoi�T�S�T�}W`syu`bj�h�}d{_T
`�yuj�i�^&yui�ikh�Â�j�}o�$nC^�`shYy�¿Gh�jm{'yu} ¶ �
®�»¥±È
±³² i�jk}CTcyuq|�P?yu}o�GT�hu��¿�yuqsj�y�foi�Tc^=f]\dnC^aj�}o�dy�|�Poh�jm|
T�h�����Tc}oT�qsj�|Kzoqbh�tETc|
`bj�h�}C^ ��� T$y�i�^bh�{_hG} � `5{_Tc^s|
qsjkf�T¡S�h_{_noimyuq`sTc^a`s^YÂ�Pojm|�P�yui�i�h�Â~nC^$`bh!`bTc^a`6j¥�r`sPoT�|�PohG^bT�}�zCqbh�tETc|"`sjkhG}C^YyuqsT���h]h_{ �
# h�Â5T�¿GT�qe©ChGfC^aTcqb¿GT'`bP?y�`6`bPoT¦?qs^a`K|�Poh�jm|
Te^QPCy�¿�T6yui�Â5y�\_^Éf?TcT�}¢|
hGqbqsTc|
` �v¡iki=`sPoT�|
hGS�zon_`syu`bj�h�}C^YPCy�¿GT�f?TcT�}¬z?Tcqa��hGqbS�Tc{Ãh�}�y�p � � }G`sT�i=p£T�}W`sjknoS � T�}W`bqsj�}oh3prqbh_|�Tc^s^ahGq� � �G��9 # Î'Â�j¥`sP��u�u� � �6f]\W`bTe^5hu� � y�|�PoT'yu}?{ 1024

X ! hu�=xKv$X �
� ��� � �*48�/��� 7 ����
# 
& ����� ���*4 ��� 4836�0���'�
OQPCT=��h�i�ikh�Â�j�}o��z�h�i�\]}oh�S�jmyuiGy�zoz�Tcyuq�^ªj�}�y�zoqsh�fCikTcS9h��_y�ik�Gh�qsj¥`sPoS�j�|£�GT�hGSdT�`bqs\$^a`bnC{o\Wj�}o�¡`bPoT��=hGqbhG}oh�j
�$jmyu��q�yuS h���`bPoqsT�T6i�jk}CTc^5jk}

R3 � � } 	��e��Ë©W`bPoT'yuno`bPohGqs^É��h_|
nC^5hG}!{_T�`bT�qsS�jk}Cjk}o�d`sh�z�h�i�h���\,|�PCy�}o��Te^Åh��`sPoT��=hGqbhG}oh�jW{_jmyu��q�yuS hu�_`sPoqsT�TÅi�j�}oTc^�jk}
R3 � OQPoTÉlWnoTe^E`sjkhG}�Â5yG^ª¦Cq�^a`�qsTc{_nC|�Tc{6`sh${_T�`bTcqbS�j�}ojk}C�¡jk�o`bPoTÎcT�qshu¤Ï^aT�`�hu�r{_jm^b|�qbj�S�jk}Cy�}W`Khu�£`bPoT���h�i�ikh�Â�j�}o�,z�h�i�\W}Ch�S�j�y�i�Â�jk`bP�qsTc^bz?Te|"`Kh��&`sPoT�¿�y�qbjmyufoi�T

u
|�h�}W`sy�jk}C^qsTcy�i�qsT���nCi�y�q�z?hGjk}W`s^ � OQPoj�^${_jm^b|�qbj�S�jk}Cy�}W`¡PCy�^¡{_T��GqbTcT 30 � OQPojm^K{_jm^b|�qbj�S�jk}Cy�}W`¡j�^�`bPoTgzoqbh_{_n?|"`¡h��£yz�h�i�\]}oh�S�jmyui�hu�Å{_Tc��qsT�T

18
yu}C{�^bT�¿GT�q�yui�z�h�i�\]}oh�S�jmyuim^Knoz�`bh!y�}¢h_{o{¢z�h�ÂÉTcq¡Â�PohGS ÎcT�qshu¤Ï^aT�`¡|
hGnoi�{}Chu`'|
h�}W`�yuj�}�y�qsTcy�i�qsT��Gnoi�y�q¡z�h�j�}W`6^bjk}?|
T�`sPoT�\�y�qbTd^anCS�^Yh��Å^blWnCy�qbTe^ � OQPoTdz?hGik\]}ohGSdjmyui&hu�5{_T��GqbTcT

A/ACB�D6E�FHGJI�K@LJM@N�OJP



�G� �;·��
¶
Ê��Q»���±³¸

18
j�^ � � ���_��Ú � � � � � w�yuÎeyuq�{�yu}C{ U � w�yuÎeyuq�{�PCy�¿�T�y�i�^bh�yG^H�GTc{�`shÃ{_T�`bT�qsS�jk}CT�jk�K`bPoT!��h�i�i�h�Â�jk}o�z�h�i�\]}oh�S�jmyuiªÂ�Pojm|�P�j�^K{oT�}oh�`bTc{!f]\ � � ���_��Ú � j�}�`bPoT�^bTclWnoTciªj�^�y�ikÂQy�\_^Éz�hG^bjk`bj�¿�T �

16 a2
`

α2 + 1 + β2
´

u4 + 16 a
`

−α β a2 + axα + 2 aα2 + 2 a + 2 aβ2 + ayβ − α β
´

u3 +
``

24 a2 + 4 a4
´

α2 +
`

−24 β a3
− 24 aβ − 8 ya3 + 24 xa2

− 8 ay
´

α + 24 a2β2 + 4 β2
−

8 β xa3 + 4 y2a2 + 24 yβ a2
− 8 axβ + 16 a2 + 4 x2a2

´

u2 +
`

−4α a3 + 4 ya2
−

4 ax − 8 aα + 8 β a2 + 4 β
´

(β − aα + y − ax) u +
`

a2 + 1
´

(β − aα + y − ax)2
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+

(y − d)2

b2
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