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Abstract

This paperis a continuationof my previouswork on
informationalconfidenceThemainideaof thistechnique
is to normalizeconfidencevaluesfromdifferentsouicesin
sudt awaythatthey matd their informationalcontentde-
terminedby their performancen an applicationdomain.
This reducesclassifiercombinationto a simpleintegra-
tion of information. Theproposednethochasshowngood
resultsin handwritingrecagnition and otherapplications
involving classifiercombination. In the presentpaper |
will focusmore on the theortical propertiesof my ap-
proac. | will showthatinformationalconfidencénasthe
potentialto serveas a theoryfor learning in geneal by
showingthat this approach naturally leadsus to the fa-
mous Yin/Yang symbolof Chinesephilosophy a classic
symboldescribingtwo opposingforces. Furthermoe, a
closer inspectionof the opposingforcesand their inter-
play will reveala new information-theoeticalmeaningof
the goldenratio, which describesthe points whete both
confidenceand counterconfidencaneige into oneforce
with performancematding expectation.Althoughthis is
mainly a theoretical paper | will presentsomepractical
resultsfor handwrittenJapaneseharacterrecaynition.

Keywords: ClassifierCombination,Sensor~usion,In-
formationTheory MachineLearning,Japanes€haracter
Recognition

1. Intr oduction

Classifiecombinatiorhasbecomeapopularapproach
in patternrecognition. The prospectof achievzing high
recognitionrateswith a setof relatively simpleclassifiers
insteadof one single and hardto optimize classifierhas
attractedmary researchers.The numerouspublications
reportingimprovementsn recognitionperformanceshov
that multiple classifiersystemsareindeedpowerful. De-
spite the progressin recentyears, however, researchers
are still strugglingto find the optimal way of combin-
ing differentclassifiersand put classifiercombinationor
sensorfusion on a solid theoreticalbasis. In my previ-
ouswork, | proposedan information-theoreticasolution
to this problem. My ideais to normalizeconfidenceval-
uesfrom differentsourcesaccordingo their performance
in agivenapplicatiordomain.Thenormalizedconfidence

valuesmatchtheir informationactuallyconveyed. Oncel
have replacedeachconfidencevalue by its correspond-
ing normalizedvalue, classifiercombinationbecomesa
straightforvardintegrationof information. | have shavn
the effectivenessof this approachfor characterecogni-
tion andotherdocumentprocessingpplicationd3, 4, 6].
In this paper| amgoingto elaboratenoreonthetheoret-
ical aspectof informationalconfidencd5]. | will shav
thatinformationalconfidenceoffersanappealingheoreti-
calframework thatmaysene asamoregeneraimodelfor
learningprocesseghusjustifying theterm“informational
intelligence”asanamefor this approach.

| structuredmy paperasfollows: Section2 introduces
againthe basicideasof informational confidence. Sec-
tion 3 shavs how we canlearninformationalconfidence
from feedbackprovided by the applicationdomain. The
next sectionthenprovidespracticalexperimentsor com-
binedon-line/of-line recognitionof handwrittenJapanese
characters.In Section5, | will presentthe actualtheo-
retical contribution of this paper making connectiongo
Yin/Yangandthegoldenratio.

2. Informational Confidence

For readersnot familiar with informational confi-
dencethis sectiondescribeshortly the mainidea. More
informationcanbefoundin theaforementionegaperg3,
4, 6].

On an abstractlevel, informationalconfidences de-
finedby thefollowing fixed point equationwhich defines
asimplelinearrelationshipbetweerconfidenceandinfor-
mation:

Ki = ExI(pK))+C @D

In this equation,K; is the i-th confidencevalue of a
finite setof discretevaluesthata classifiercanoutputas
its confidencein a recognitionresult. Integer valuesare
not a restrictionper se, but they make thingsa bit easier
from an implementationapoint of view, aswe will see
laterin Section3 whenl shov how to learninformational
confidencevalues. ParameterE is a multiplying scalar
andC is anoffsetthat! will simply setto zeroin thefol-
lowing. ThefunctionI() computegheinformationusing
the negative logarithm,asintroducedby Shannorin [12].
Its agumentp( K;) is thecomplemenbf theperformance



functionp(K;) of K;, which providesthe performancef
eachK; andis computedn a givenapplicationdomain.
We seethattheinformation,andthus K;, becomedarger
for higherperformancesUsing1 — p(K;) asthecomple-
mentof p(K;), Eq. 1 readsasfollows:
K; = -ExIn(1-p(K;) )
The mathematicatiefinition of the performancdunc-
tion follows directly by resolvingEq. 2 for p(K;):

Kz' =—FE=xIn (]. —p(Kz))
= T =1-p(K;)
= pE)=1-eF 3)

This resultshaws thatthe performancdunctionp(K;) is

a distribution of exponentiallydistributedconfidenceval-

ues,as! will explainin thefollowing text. | cantherefore
considerconfidenceas a randomvariablewith exponen-
tial densityandparameten = % The generaldefinition
of anexponentialdensityfunctione) (z) with parametei

is:

\ % e—)\z

ex(z) = { 0

ParameterA influencesthe steepnessf the exponential
densitycurve: The higher A, the steepetthe correspond-
ing exponentialdensity function. Basedon the density
function, a distribution describeghe probability that the
randomvariableassumesalueslower thanor equalto a
given value k. For a randomvariablewith exponential
densityey (), we cancomputethe correspondinglistri-

bution E, (k) asfollows:
k
/ ex(z) dx

o0
k
/ Axe M dy
0
k

= [_ei)‘z]o

= 1—e M (5)

x>0
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Ex(k) =

Consequentlyarandomvariablewith exponentialdensity
is alsocalled“exponentiallydistributedrandomvariable’.

Again, parameter\ influencesthe steepnessf the dis-
tribution function: The higher A, the steeperthe distri-

bution function. Moreover, thereis a direct relation be-
tween\ andthe expectationvalue £ of the exponentially
distributedrandomvariable. Both arein inversepropor

tion to eachotheri.e. E = ;.

We seethat the only differencebetweenthe perfor
mancespecificationin (3) and the exponentialdistribu-
tion in (5) lies in the exponentof the exponentialfunc-
tion. In fact, we canmake performanceand exponential
distribution the sameby simply settingA to . This re-
lationshipbetweemerformancenddistribution now also
sheddight on the parameteis. As mentionedabove,the
expectationvalueof an exponentiallydistributedrandom

variablewith parameten is % TheparameteF therefore
denoteghe specificexpectationvaluefor classifierC. |
summarizehisimportantresultin the Performanc& heo-
rem:

Performance Theorem:

A classifierC with performancep(K) providesinforma-
tional confidencek = —ExIn (1 — p(K)) if, andonly if,
p(K) is anexponentialdistribution with expectationE.

The next sectionshavs how | learninformationalconfi-
dencevalues.

3. Learning

In practice classifiergypically violate the fixed point
equationin the performancaheoremandthusdo not pro-
vide informationalconfidenceralues.Nevertheless| can
estimatethe informationalvaluesfrom the performance
of the raw valuesin the applicationdomain. In addition
to the native training algorithm of eachclassifier | ap-
ply a secondtraining procesghat learnsconfidenceval-
uesthatsatisfythe requiremenstatedin the performance
theorem Motivatedby thefactthatthe performancdunc-
tion describesan exponentialdistribution, | first estimate
theperformancdor eachconfidencevalue K; onaneval-
uation set, and then computethe correspondingnfor-
mational confidencevaluesby insertingtheseestimates
into the fixed point equationof the performancetheo-
rem. Mathematically my performanceestimateis based
on accumulategpartial frequenciesandis definedasfol-
lows[5, 6, 13:

ﬁ(kz) _ Z:;:o nc]o\;rect(Kk) (6)

In this equation, K; is againthe ith confidencevalue
andN is thenumberof all patterngested.The helpfunc-
tion ncorrect (K ) returnsthe numberof patternscorrectly
classifiedwith confidenceK. The ideaof this perfor
manceestimateis to describethe differentareasdelim-
ited by the confidencevaluesundertheir commondensity
function. For the estimateF of parametet®, | useba-
sically the overall recognitionrate of the classifier For
moreinformationon the estimateof parameter®, | refer
readergo thereference$3, 4, 6].

Insertionof the estimateg(k;) and £ into Eq. 2 pro-
videsthe estimatednformationalconfidencevaluesK;:

Ki=-ExIn(1 - p(K;)) @)

The adjustedconfidencevaluesf(z- replacethe old val-

ueswheneer | integratethesevalueswith thoseof other
classifierswhich adjusttheir valuesin exactly the same
way. Sinceﬁ(K’i) is a monotonouslyincreasingunction

over K;, thenew confidence/aluesf(i will alsoincrease
monotonoushandwill thusnot changeherelative order
of the original confidencevalues. Hence,informational
confidencevalueswill have no affect on the recognition
rateof asingleclassifiersystemgxceptfor tiesintroduced

by mappingtwo differentconfidencevaluesto the same



Table 1. Single n-best rates for handwritten Japanese
character recognition.

| Japanese offline | online ]| AND | OR ]

1-best | 89.94 | 81.04 || 75.41| 95.56
2-best | 94.54 | 85.64 || 82.62 | 97.55
3-best | 95.75 | 87.30 || 84.99 | 98.06

informationalconfidencevalue. | alsoexperimentedvith
otherperformanceestimatesandreferthereaderagainto
thereferences$or moreinformation[3, 4, 6].

The next sectionwill presenfpracticalevaluationsfor
a multiple classifiersystemrecognizingon-line Japanese
characters.

4. Practical Experiments

Handwritingrecognitionis a very promisingapplica-
tion field for classifiercombination.The duality of hand-
writing recognition,with its two brancheoff-line recog-
nition andon-linerecognition,makesit suitablefor multi-
ple classifiersystems Comparedo thetime-independent
pictorial representationssedby off-line classifiers,on-
line classifiersuffer from stroke-orderandstroke-number
variations inherentin human handwriting and thus in
on-line data. On the other hand, dynamic on-line data
provides valuableinformation that helps on-line classi-
fiers to discriminatebetweenclasseswith higher accu-
ragy. Off-line and on-line classifiersthus complement
eachother, andtheir combinationcanovercomethe prob-
lem of stroke-orderandstroke-numbenwariations.

The experiments| am going to presenthere use
slightly differentdatasetscomparedo my earlier work
reportedin [4]. In particular | usethe performanceesti-
matedefinedin Eqg. 6 andnormalizeit to onebit, asex-
plainedin [4]. 1 will notgointo amoredetaileddiscussion
aboutthe advantagef differentperformanceestimates.
Thejury is still outasto whatperformancesstimategen-
erally providesthe bestoverall performance The perfor
manceestimatdn Eq. 6 hasprovidedconsistentmprove-
mentover arangeof applicationsanddisplaystheimpor-
tantcharacteristiof notchangingheorderof theoriginal
confidencevalues3, 4, 6].

Tablel lists theindividual recognitionratesfor anoff-
line andon-lineclassifiel7, 10, 11]. Bothclassifiersvere
trainedwith morethanonemillion handwrittenJapanese
characters.While the on-line classifierwastrainedwith
genuineon-line data, the off-line classifierwas trained
with the correspondingff-line imagesgeneratedby a so-
phisticatedpaintingmethod[7, 14]. The testand evalu-
ation setcontainsb4, 775 handwrittencharacters.From
this set, | took abouttwo third of the samplesto esti-
matethe performancesand aboutone third to do the fi-
nal evaluationof the recognitionrate. The off-line recog-
nition ratesare much higherthanthe correspondingn-
line rates. Clearly, stroke-orderand stroke-numbenvari-
ationsarelargely responsibldor this performanceiffer-
ence.They complicateconsiderablyheclassificatiortask

Table 2. Combined recognition rates for handwritten
Japanese character recognition.

| Japanes€B9.99 | Raw Confidence| Inf. Confidence]

Sum-rule 93.25 93.78
Max-rule 91.30 91.14
Product-rule 92.98 65.16

for the on-lineclassifier Thelasttwo columnsof Table1
shawv the percentagef testpatternsfor which the correct
clasdabeloccurseithertwice (AND) or atleastonce(OR)
in the n-bestlists of both classifiers.The relatively large
gap betweenthe off-line recognitionratesand the num-
bersin the OR-columnsuggestghat on-line information
is indeedcomplementanandusefulfor classifiercombi-
nation.

Table2 shaws the recognitionratesfor combinedoff-
line/on-line recognition, using sum-rule, max-rule, and
product-ruleascombinationschemesSum-ruleaddsthe
confidencevaluesprovidedby eachclassifierfor thesame
classwhile product-rulemultipliesthe confidencevalues.
Max-rule simply takesthe maximumconfidencewithout
ary furtheroperation.The classwith the maximumover-
all confidencewill thenbechoserasthemostlikely class
for the giventest pattern. Note that the sum-ruleis the
mathematicallyappropriatecombinationschemefor in-
tegrating information from differentsourceq12]. Also,
the sum-ruleis very robust againstnoise,as was shavn
in [8]. The upperleft cell of Table2 lists againthe best
singlerecognitionratefrom Table 1, achiezed by the off-
line recognizer The secondcolumn containsthe com-
bined recognitionratesfor the raw confidencevaluesas
provided directly by the classifiers,while the third col-
umn lists the recognitionratesfor informational confi-
dencevaluescomputedaccordingto Eq. 7. Comparedo
theindividual rates thecombinedrecognitionratesin Ta-
ble 2 areclearimprovements.The sum-ruleon raw con-
fidencevaluesalreadyaccountgor animprovementof al-
most3.5%. The bestcombinedrecognitionrateachieved
with normalizedinformationalconfidences 93.78%. It
outperformghe off-line classifier which is the bestindi-
vidual classifier by almost4.0%. Sum-ruleperformsbet-
ter than max-ruleand product-rule,a factin accordance
with theresultsin [8].

5. Informational Intelligence

In this section,l showv that informational confidence
is not only a conceptfor classifiercombination,but also
for learningandnaturalprocesse general5]. In other
words,informationalconfidencecanbe considered con-
ceptnot confinedmerelyto patternrecognitionproblems.
| thereforechooseto usethe term “informational intelli-
gence”to corvey this broadermeaningof informational
confidence.

My basicideais thatdecisionmakingis basedn two
opposingforces, one supportinga certain outcomeand



oneactingagainsit. In thefollowing, | proposea mathe-
maticalformalizationof thesetwo opposingforcesbased
on Eq. 2. In fact,| postulatethatthe first force, Force A,
is alreadydefinedby Eq. 2, with

K=-ExIn(1-pK)) (8)

As shavn above, the performancdunction p(K) follows
immediatelyasp(K) = 1 — e~ &. If the performancen
thelogarithmicexpressioron theright-handsideof Eq. 8
is 1, and given a positive expectation,then A-Force be-
comesinfinity. On the otherhand,if the performances
zero,thenthelogarithmbecomeseroandthereis no A-
forceatall.

Thesecondorce,ForceB, is definedsimilarly but per
forms complementaryo Force A. The differencelies in
theinterpretatiorof the performancdunction:

K = —E+In(p(K)) ©)

Again, the performancedunction p(K) follows immedi-
atelyby a straightforvardtransformation:

K =—ExIn(p(K))
= pK)=eF (10)

We seethattheperformancédunctionof ForceB is similar
to the performanceof Force A. However, it looks at the
problemfrom a differentside. Insteadof describingthe
areadelimitedby K underits exponentialdensitycurve,
it describesheremainingareanotdelimited. ParameteE
is againa statisticalexpectationvalue. Unlike Force A,
ForceB becomesnfinity for a performancequalto zero,
andbecomegeroitself wheneverthe performances per
fect,i.e. p(K) = 1. While ForceA definesinformational
confidencevalues,ForceB canbe consideredisdefining
informationalcounterconfidencevalues.

Having definedboth ForceA andForceB, | postulate
that all processesre the resultof the interplay between
thesetwo forces. Whatwe canactuallyexperiences the
dominancethat one of theseforceshasachieved over its
counterpart.Mathematically | describethe net effect of
both forcesusing the differencebetweenthe fixed point
equationglefiningbothforces:

K=—Exh (%}é)fﬂ) (11)

This equationis afixed point equationitself. It describes
the netforce, which is the resultof both forcesacting si-
multaneouslyNaturally, thenetforcebecomegzerowhen
Force A equalsForceB. Thisis the casewheneitherthe
expectatiorvalueis zeroor the performancep(K) is 0.5.
Let us now assumethat the expectation always
matchesthe performancej.e. E = p(K). In this case,
thedefinitionof thenetforcein Eq.11readsas

K = —p(K) *1n (%}gﬂ) (12)

Figure 1 graphically shavs the net force of Eq. 12 de-
pendingon the performancep(K). As | saidbefore,the
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Figure 1. Net Force.

netforce becomeserofor p(K) = 0 andp(K) = 0.5.
For performancesigherthan0.5, the netforce goesinto
infinity. Figurel alsoshows a mirroredvariantof the net
force,namely

1 —p(K)

K (1 p(K))*ln( oK) ) (13)
Eq. 13 follows directly from Eg. 12 whenwe changethe
signof theequatiorandreplacep(K) with 1 —p(K). The
net force andits mirrored variantboth meetat p(K) =
0.5. We canactually considerp(K) = 0.5 asa transi-
tion pointwherethenetforcetransformsnto themirrored
variant. After the transition,we are still looking at the
sameproblem.However, our point of view andevaluation
haschangedreflectednow by the mirror netforce. This
will becomdamportantin the next section.

5.1. Yin andYang

I now relatethe above theoreticalresultswith one of
the oldestphilosophicalworld views, namelythe princi-
ple of Yin and Yang, which is the archetypeof oppos-
ing forces. In particular | dareto advancethe hypothesis
thatYin andYangaretheunderlyingforcesof all learning
processeswith Yin andYangbeingdefinedby the fixed
point equationggiven above. If this canindeedbe con-
firmed by further obsenations,this ancientphilosophical
conceptouldplay animportantrole in machingearning.

5.1.1  Philosophy

The concepof Yin andYangis deeplyrootedin Chi-
nesephilosophy Its origin datesbackatleast2500years,
probablymuch earlier playing a crucial role in the old-
estChinesephilosophicaltexts. Yin and Yang standfor
two principlesthatareoppositeof eachother andwhich
are constantlytrying to gain the upperhand over each
other However, neitheronewill ever succeedn doing
so0, though one principle may temporarily dominatethe
otherone.Bothforcesdefineaperenniablternatingcycle
of Yin or Yangdominance.The centraltenetof Chinese
philosophyis thatYin andYangneedto bein harmory be-
causeonly the equilibriumbetweenYin andYangis able



Figure 2. Logarithmic spiral.

to overcomethis cycle. Accordingto Chinesephilosophy
the principle of Yin andYangis the foundationof the en-
tire universe. They flow through,andthus affect, every
being. Any imbalanceof economical biological, physi-
cal, or chemicalystemgsanbedirectly putdown to adis-
torted equilibrium betweenYin and Yang. Accordingto
the principle of Yin andYangoutlinedabove, neitherYin
nor Yangcanbeobseneddirectly. Both Yin andYangare
intertwinedforcesalways occurringin pairs, ratherthan
beingisolatedforcesindependentrom eachother

5.1.2 Yin and Yang Spirals

Yin andYangareoftendepictedasspirals.In this sub-
section,| demonstrat¢éhatthefixedpoint equationgiven
above,andin particularthefixed point equationof the net
force, arespiralstoo. In orderto do so, | will first intro-
ducethe generaldefinition of the logarithmic spiral be-
fore | thenillustratethe similarity to thefamousYin/Yang
symbol.

A logarithmic spiral is a spiral curve that plays an
importantrole in nature,whereit occursin all different
kinds of objectsand processessuch as mollusc shells,
hurricanesgalaxies,and mary more[1]. In polarcoor
dinates(r, #), alogarithmicspiralis definedas

r = ae® (14)

Parametemr is a scalefactordeterminingthe size of the
spiral,while parameteb controlsthe directionandtight-
nessof the wrapping. The distancesbetweenthe turn-
ings of a logarithmic spiral increase. This distinguishes
thelogarithmicspiralfrom the Archimedianspiral,which
featuresconstantdistancesbetweenturnings. Figure 2
shavsatypicalexampleof alogarithmicspiral. Resolving
Eq.14for 0 providesthe classof logarithmicspiralslook-
ing similar to thefixed point equationgyivenabove:

9 = % In (g) (15)
Using this form of logarithmic spirals,the polar coordi-
nates(r, §) follow directly from Eq.12,which definesthe
netforce in Figure1l. The polar coordinatesof its mir-
roredvariantfollow accordingly Figure3 shaws the spi-
ralsfor bothforcesplottedin a Cartesiarcoordinatesys-
tem. For the sale of easierillustration, it actuallyshowvs

Yin / Yang Model

y=-plog(p/(1-p))

d=@-pexp(-y/p)
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Figure 3. Yin-Yang Spirals.

Figure 4. Yin and Yang.

the negative forces. We canseethat both spiralsare, of

course symmetricalandtheir turningsapproactthe unit

circle. Figure4 depictsthe well-known black andwhite

symbolof Yin andYang.Thedotsof differentcolorin the
areaof eachspiralsymbolizethefactthateachforcebears
the seedof its counterpartvithin itself. A comparisorof

the Yin/Yangsymbolof Figure4 with the spiralsin Fig-

ure 3 shows the strongsimilaritiesbetweenboth figures.
A simplemirror operationwould transformthe spiralsin

Figure3 into the Yin/Yangsymbol.

Thenext sectionis goingto presenainothelinteresting
discovery, namelythatthe netforce equalsoneof its con-
stituentforcesin points determinedby the goldenratio.
This givesthe goldenratio a new information-theoretical
meaning.

5.2. GoldenRatio

The goldenratio is an irrational number or rathera
pair of two numbers,describingthe proportion of two
quantities. Expressedn words,two quantitiesarein the
goldenratioto eachother, if thewholeis to thelargerpart
asthelargerpartis to the smallerpart. Thewholein this
caseis simply the sumof both parts. Figure5 shawvs an
exampleof aline dividedinto two segmentghatarein the
goldenratio. Historically, the goldenratio was already
studiedby ancientmathematicians.It plays an impor-
tantrolein differentfieldslik e geometrybiology, physics,
andothers.Many artistsanddesignersleliberatelyor un-
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Figure 5. Golden Ratio.

consciouslymake useof it becausét seemghatartwork
basedon the goldenratio hasan estheticappeal andfea-
turessomekind of naturalsymmetry Despitethefactthat
the goldenmeanis of paramounimportanceto so mary
fields, | think it is fair to saythatwe still do not have a
full, or rathercorrect,understandingf its truemeaningn
scienceThereadeiinterestedn thegoldenmeancanfind
moreinformationin [2, 9].

Mathematicallythe goldenmeancanbederivedfrom
thefollowing equationwhich describeshe colloquialde-
scriptiongivenabovein mathematicaterms.

a+b _a (16)

a b
Accordingly, thegoldenmeanwhichis typically denoted
by the Greekletterp, is thengivenby theratio of a andb,
i.e. ¢ = §. Usingtherelationshipin Eq. 16, the golden
ratio ¢ canberesolhedinto two possiblevalues:

o= +2‘/5 vl ‘2“5 (17)
— o~ 1618V —0.618 (18)

Usually, thepositive value(x 1.618) is identifiedwith ¢.
Interestingly the golden meanalso plays a role in
theinformation-theoreticahpproactoutlineabove. If we
take anotherdook atthe netforcein Eq. 12 andthe defini-
tion of the counterconfidencgForceB) in Eq. 9, we see
that bothbecomeequalwhen E = p(K) andthe perfor
mancep(K) satisfieghefollowing relationship:

_1-p(K)
= p(K)=~—1.618V0.618 (19)

Thetwo possibleperformancevaluessatisfyingthis equa-
tion are exactly the negative valuesof the goldenratio
given above. Confiningoursehesto the positive value,
we cansaythat counterconfidenceandnet force arethe
samefor a performancef about0.618.

6. Summary

| presente@ninformation-theoreticadpproacHor the
normalizationof confidencevalues.Startingout from the
postulatethat confidenceis basicallyinformation, | de-
rived a fixed point equationthat normalizesconfidence

valuesaccordingto their performancen a given appli-
cationdomain. The performancefunction turnedout to
be anexponentialdistribution following directly from the
fixed point equation. My ideais to learn the informa-
tional confidencevaluesby estimatingtheir performance
andinsertingthe estimatesnto the fixed point equation.
A closerlook at this equationrevealedthatit hasa coun-
terpartplaying the role of a counterconfidence.The net
effect of both confidenceds a spiral looking similar to
thewell-known Yin/Yangsymbol.Furthermore| shaved
thatthe goldenratio definespointswherethe compound
effect of confidenceandcounterconfidencas determined
by asingleforce.
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