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Abstract recognition and segmentation but also for more ggne
We propose a new modeling strategy for on-line Sequence analysis tasks such as partial recognition
handwriting. It relies on the use of local and taaal rejection, diagnosis... Diagnosis covers a widegeaof

features. It allows implementing a variety of msgel applications; it aims at giving an accurate evatuat
including traditional Markovian models. Introducing @about the quality of a sequence with respect todet
relational features allows building models that isih We propose in this paper to develop models that
much robustness to noisey extra Strokesy tempora|inC|ude traditional local features as well as ielxl
ordering variations etc. It may be used for varidgasks ~ features. The idea is to take into account relatigrs
such as sequence recognition or partia| matching of between all the observations in the input sequence.

sequences. Rather than assuming independence between
observations, we consider relational features betvad|
1. Introduction pairs of observations and assume these are independ

This leads to a generative model whose distribution
A number of models have been proposed forinn,t sequences is rather close to Random Fielts. T
sequence processing, recognition and segmentdtion. gefinition of relational features and of their pablity

order to make learning tractable these models géper gistripution may lead to various models, traditiona

rely on a number of simplifying assumptions, tleishe  oqels such as HMM are special cases of this mmgleli
case of one of the most popular models for sequenceg:pneme.

processing, namely Hidden Markov Models (HMM). A In the context of handwriting relational featureaym

number of extensions of HMM have been proposed 10 c4respond to position and spatial features. Usjragial
take into account dependencies between observations . formation has proven to be useful to improve

a sequence. One may cite among others autoregfessivrecognition accuracy [11]. It is often roughly used
HMMs [14] and trajectory models [12]. These systems (I3][11]) except in the case of Asian character
allow taking into account local temporal dependesci recognition where some ad-hoc method have been
between observations. Relational features havebasa investigated ([9][19]). The application of our mdidg
used in the image processing field, e.g. for image famework to handwriting will allow us to show how

segmentation. For instance, Markov Random Fieldsar spatial information may increase the system’s rofass
popular technology for integrating relationship téeas to noisy signals, extra strokes or temporal ordgrin
among neighbouring pixels in order to smooth pixel |5 iations.

labelling [6]. . We present our modeling strategy in §2 and discuss
Recently, conditional mo_dels have been proposed tOj,ference and training algorithms in §3 and §4.The
overcome some of the major drawbacks of HMM and resent how these models may be used for recogritio

more generally of generative models, Conditional complete or partial sequences and report experahent
Random Fields (CRF) is one of these models [10k Th (aguits for on-line handwriting data in §5.

nature of these conditional models avoids making an
restri_ctive_ a_lssumption a_lbou_t the in_put data digtrdm; 2. Relational modeling for sequences
no simplifying assumption is required. Although gbe
models have been shown to outperform more tragition The probability p(x| y) of a sequence of observations
generative models like HMM in a few information x=(x,...x;) conditionally to a state sequence (i.e. a
retrieval tasks such as part-of-speech tagging; #re
not so well adapted to real-valued signals recamnit
tasks such as on-line handwriting recognition. Also T
conditional models are leaned in a discriminant et p(x|y)= [P X Y) @)
fits well a classification task but may not be aedpfor t=1
other tasks of interest in sequence processingrand-
line handwriting in particular.

The goal of this study is to develop efficient misde  p(x |x{_l, y) being difficult to estimate, one

of sequential data for various tasks such as seguen tragitionally introduces independence assumptions t

segmentationy =(yy,...,yp) may be written as:

wherexi ™ stands for (x,...,—) . Distributions such as



simplify inference and learning. For instance, iNMM,
one assumes conditional independence so

pO¢ D45 y! ) =P 1 vt)
ancpi 4L yi ™) =p( 1yi-1) - Such assumptions lead
to efficient algorithms but fail at taking into amet

complex and long range dependencies. Attempts have

been made for proposing richer models by considerin
specific temporal local dependencies. A family o€ts
models consists of segmental and trajectory models

where one state emits globally a sequence of
than emitting a sequence of

observations rather
successive independent observations [12].

We investigate here another alternative which
consists in using as much relational features (deag
relations between observations) as possible

approximatingp(x |X %,y ). We are interested in

approximations expressed as a product of potential

functions of the following form:

p[xt‘é'lyy)f-z(m (X, vt

wheref andg may be any arbitrary potential functions
) is a normalization factor that ensures the

)tlzlig (%% vt i)

@)

and Z(y, x 1

above is a probability. Functiof encodes local
dependencies between an observatinn and the
corresponding state variabyg while functiong encodes

dependencies between pairs of observations and the

corresponding states. The form in Eq. 2 is vergelm
pairwise Markov Random Fields that have been
popularized in the image segmentation and recagniti
processing field [5]. Pairwise modeling appearsaas
efficient alternative for estimating complex probiatic
distributions over a set of variables. It is areiesting
trade-off between expressive power and tractabilitya
way, pairwise modeling allows taking into account
dependencies between the predicted variglaed

.....

dependencies ofwith each one of the observed

variables. Our model is more complex than pairwise
Markov Random Fields which explagt function of the
form g(y:yr); hence observationgare handled through

functions only. For instance in image segmentatisks

% is a local feature describing a pixel (e.g. greyel)
and g functions are used to introduce smoothing
constraints on labels of neighbouring pixgisandy).

The form in Eq. 2 is quite general and exhibits enor
expressive power than traditional models (e.g. HMM)
Using Eq. 1 and 2 the probability of a sequence bray
rewritten as:

®)

ol Iy)= 7@“ f(x, yt)|'| 9% % i vi)

The main difficulty in Eq. 3 lies in the normalizat
factorZ(y) that may lead to complex and even intractable

for

algorithm for inference. This term may however be

thattomputed in particular cases, for instance if atieptial

functions are Gaussian functions. In this work we
consider normalized potential functions so thatrttoeiel

in Eq. 3 may be formalized as a generative model as
follows:

k
plsrly)= |‘| p(St/Yt )|‘| p(rt./yt y.) (@)
wheres andr are two sets of features that are derived
from x. sis a sequence of local features anstands for
local features corresponding %p Besidesr is a matrix

r :{rt’i}]st i< €ncoding pairwise
relationshipsy ; denotes  relational  features  that
characterize the relationship betwerrandy . To take

an example, one can choose to defige=x and

i =% —% . These sets of features may be viewed as a

dual representation of an input sequemceFigure 1
illustrates the model in Eq. 4 as a Dynamic Bayesia

Network for an input sequence of size 4.
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Figure 1. Graphical representation of a Dynamic
Pairwise Relational Model. Nodes y correspond to
labels (states), nodes s to local features and nodes
r to relational features. The model is represented
unfolded for an input sequence of length 4.
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Various models may be implemented depending on
the definition of relational features and on the
distributior p(x ; |y;.y; ). We describe how to choose

features and distributions to build a purely sedjaén
local model equivalent to an HMM, a purely relatibn
model and mixed models. We define this terminology
below.

To design an HMM one defines local features=as
and definesf functions as Gaussian distributions.
Relational features are defined and modelled aaogrd
to:



rt’i =t—i (5)
p(rt,i |ytiYi )=ayt,yi if rt,i =1

where a; are real values satisfying g ; =1. This
j

model is equivalent to a HMM whose transition
probabilities ares;;. It is alocal model since relational
features do not depend arand it is asequentiaimodel
since it uses the temporal ordering of observations

Another interesting model is a purely relational
model defined though relational featumg; =X —x;

whatevert and t', and with a Gaussian distribution
P(k i lyt.yi ) computed on these feature veater The

model does not use local features and does nothase
temporal ordering of observations. It is ralational

model that allows the segmentation of an obsematio

g(y;) the marginal distribution fory;, q(y)= |'| ai(yi)
i=1
may be shown to be the best approximationP(f/x)
with respect to the Kullback-Leibler divergence
criteriaKL[p(y|xl|q(y)] [2]. This algorithm leadsto a
decoding complexity proportional to the square lof t
sequence's length times the square of model siee (i
number of states).

4. Learning

Let first assume that the training set include cletep
labelling of observation sequence which means the
learning set include a set ®f observation sequences

X:{xl,...,xN}and their respective label sequence

Y:{yl,...,yN} where each label sequencé is a

sequence to be driven by the relationships betweercomplete state sequence with same length (ndettian

observations rather than by their temporal orddris T

may be very interesting in some pattern matching

problems as we will see in the experimental section
Of course one can imagine a humbeindérmediate

models exploiting both local and relational feasuvéth

Gaussianf functions on local featuress =x and

Gaussiarg functions on relational featureg; = x; =X .

Many variants may be obtained by defining local and
relational features and by using or not the temipora

ordering of observations.

3. Inference and segmentation

its corresponding observation sequerterhen:

P(X|Y,©)P(@]Y)

P(OX,Y) = POXY) (6)
with:

N
p(X|v,0)= I!:l1|: p(sk’rk‘yk’@)} %

where €. is the dual representation xf(as discussed
in section 2). Besides, using Eq. 3:

N | n t-1
Segmentation of an input sequence is performed p(X|Y,G))=|'|[|'| p(s[k‘ytk)n p(rt'fj‘ytk,yﬁ-()] (8)
i=1| t=1 =1

though inference in the Bayesian model expresséajin
4 (cf. Fig. 1). Given an input observation sequerce

segmentation consists in finding the best label wherestk is thet™ term in sequencsk.ln the following

sequencey*, i.e. the one that maximizéXy/x) It is an

inference problem which is NP-hard in our case bsea
of the existence of loops in the model (cf. Fig. 1)

There are a number of algorithms for performing

inference in Bayesian networks, such as Belief &eni
(BR) and Belief Propagation (BP) to name most paipul

ones. BR aims at finding the maximum a posteriori

solution (MAP) fory* . It is an exact algorithm for loop-

less networks but its behaviour for more compleg. (i
loopy) networks is less appealing [18],
convergence is not warranted. Concerning BP, afthou

it does not provide explicitly an approximation f(}f*

and despite it is an exact algorithm for loop-less

networks only, BP is known to exhibit still intetieg
properties for more loopy networks [17]. For théason,
we rather chose to use BP in our work.

Actually, BP aims at calculating marginal
distributions for every random variable in the nathv It

may be used for computing approximation p(y|x)

since theproduct of the marginal distributions may be
shown to be an approximation qn‘(y|x). Hence, noting

e.g. its

we note a; and f ,, the parameters of likelihood
functions for local and for relational features.nde:

p[st‘yt =q ) = plsifar) ©
p(rt,j‘yt =q.y; = Qm) = p(rt,j|ﬁ|,m) (10)
Let further assume thd®(®) may be factorized as:
L L
p(®) =7 pler )[] o8 m) (11)
=1 m=1

Then any learning method relying on the parameter's
posterior probability can be used (e.g. Maximum A
Posteriori MAP, Bayes Point Estimation [7], Bayesia
Model Averaging [8]). Note that putting all togeth
(Eq. 6 to 11) one may show that the parameterdlof a
potential functions may be learned independently in
order to maximiz&(©/ X,Y).

Actually in the general case the label informatidra
training observation sequence is limited to thesla



label. Then the parameter posterior probabilitjudes a
summation over all possible segmentati¥ns

p(®|X)=; p(e[X,Y)p(¥|x) (12)

A few problems arise since firsp(Y|X)is unknown,

second the summation ov¥&ris intractable and makes
model parameters dependent on each others. A@oluti
is to rely on an EM-like algorithm. Following the
derivation from Tanner [16] that aims at maximizihg
logarithm of the posteriors one may show that patans
can again be estimated independently with any araind
method using the parameter posterior computedearEth
step. For instance with the MAP criterion paramef@r
would be chosen as:

il

i=1t=1j=1

ﬁl,m:argma p(ﬁ’m)lﬂl p(rtl,(] /[;I’m)q(ytk:|’yh_<:m)

Bim

where q(ytk =I,y'j‘ = m)stands for the probability that

y¢ equalsl and y{ equalsm. Note that these terms are

computed from marginal distributions that are
approximated using the inference algorithm desdribe
section 3.

5. Experiments

As we said earlier, various models may be
implemented from our framework, they correspond to
different applications. We give a few examples helo
All experiments have been performed on the benckmar
Unipen database. The samples used in the expesmen
are digits samples written by 12 writers.

5.1. What doesarelational model learn?

Here, to show deeper the interest of modeling iceiat

observations in the state, hence a null mean dispiant

vector.

<A RS
e
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Figure 2. lllustration of distributions over relational
features (top) in a three states of a model that has

been learned with the three training samples for
symbol /7 on the right (bottom).

1.

5.2.  Handwriting and  robust

segmentation

quality

Evaluating the quality of an input handwriting sigin
is a difficult problem and may be used for diffdren
purposes. First it may be used to design a rejectio
mechanism in a handwriting recognition engine. One

jwants to reject parts of an input sequence (e.¢gdsvo a

sentence) because of low confidence on the regognit
decision or because these parts may correspondtio o
of-vocabulary words. Rejection mechanisms are often
rough and consist in comparing likelihoods to thodds.
There are situations where more accurate diagrarses

features, we investigate what has been learned by gequired. For instance it is important to evalutiie

relational model for symbol7. The model has three
states and has been learned with three trainingleam
(Fig. 2-bottom). Figure 2-top shows the distribotmver
relational features. It is a 3x3 matrix whose boxes
illustrate the 8 parameters corresponding to pairs of
states (i.e. Gaussian distribution parameters)celetie
box on thd" row and them™ column illustrates values of
parameters; m = (4 m.Z1 m). The mean vectoy , is

an average displacement vector between observdtions
stated andm, it is represented by a straight line starting
from the center of the box. Centered at the enthisf

quality of handwriting in order to detect potential
problems in childhood. Hence, there is today some
interest in automating handwriting or hand draw
diagnosis tools ([1], [5], [15]). For such tasks,is
necessary to have a smart analysis method for tdegec
poorly written or drawn part. In order to do so ¢ to
detect parts of letters that are badly written atrwritten

at all, to detect additional strokes etc. Also, dres to
identify absolute and relative problems such asrvihe
letters do not have the same height, or when annot
written clockwise (i.e. in a non standard temporal

average displacement vector, an ellipse represent®rdering), or when a dot of aris far too high or big etc.

deviation 3| ,, around the average displacement. For

example in box (1,3) one can see that observation
corresponding to the third state are on the right o
observations in first state, with high vertical iaility
and low horizontal variability. Note that self #at
relation distribution represents the deviation of

Such information may be gathered from the segnientat

Soath. Robust segmentation is then required to dones

works design automated diagnosis systems able to
determine fine and accurate information about thaity
of a handwriting signal. Unfortunately, standarddeis
(e.g. HMM) are very sensitive to extra strokes ancy
parts in an input signal. For instance, an extrakst



usually perturbs the segmentation of remainingkssmf
an input signal.

obtained on the original test sample and on theupted
one, as a function dN. The curve corresponds to the

We present here some experiments that show someercentage of points for which both segmentatiaffierd

robustness features of our models. As we showusiee

of relational features brings much robustness aoig

the segmentation of correct parts of an input sigima

the case of handwriting, the relational model that
described in 82 is interesting in that it allowsntfying
partial writings of letters as well as unexpectdditional
strokes, it is also robust against the drawing oatel
may recognize a letter whatever the temporal ouded.
Figure 3 illustrates this with an example. A modél
letter “a” has been learned from a set of training samples
that are similar to sample in the left of the figuOn the
right, it shows the segmentation obtained for a tes
sample that has been drawn in reverse order. It beay
seen that although the test sample was not drawn a
training samples were, the model has been ablerteat

segment the test sample.
/7

N
, \_,l\\/

A

\

Figure 3. Example of a letter that is correctly
segmented by the model (left) where the
segmentation of the signal into states are indicated
by letters (s1,s2,...). On the right is shown the
segmentation of a test sample that has been drawn
in an unexpected order. As may be seen the model
is able to correctly segment this sample as well.

As suggested by this example, experimental results
show that such a relational model performs robust
segmentation and is rather insensitive to noisy
information such as extra additional strokes, yamie in
temporal order etc. We investigate here one ofethes
aspects. In order to evaluate sensitivity of tHeusbness
of the segmentation step to perturbations in tlemng
of the strokes drawn, we performed experiments on
handwriting signals that we artificially corrupted.

Given an input signal consisting of a sequence of a
few strokes (separated by pen-up moves), the signal
corrupted by combining a number of three elementary
steps that consist in permuting two strokes, revgrthe
drawing order of a stroke, cutting a stroke in pawts in
order to obtain two new strokes. These perturbation
introduce a high level of noise in the temporalevrdf
the writings.

We made the noise level vary by corrupting
handwriting samples with a varying number of
perturbation steps. Hence, we built a test datalodise
samples that have been corrupted Wtherturbations of
each one of the three elementary steps. For a Mvel
corruption, N “"cuts" are first applied, thenN
"permutations" steps and finalllN “reverse" steps.
Figure 4 shows the difference between the segnentat

One may see that the first level of perturbatidlxX)
introduces around 4% error then this rate increases
slowly to 9% forN=10. Considering the corruption level
these results show that relational models are rathe
insensitive to temporal perturbation.

10

[isy )1 s3]

Percent of differences

N

2

8

4 6 10
Level of perturbation

Figure 4. Percent of points for which segmentation
of the original and corrupted test sample differs, as
a function of the level of perturbation N.

5.3.

Of course, our models may also be used for characte
recognition by training a model for each class. dogr
the previous section have shown that our models may
score with high likelihood an input sequence whgchot
complete with respect to the model (e.g. all statesnot
visited). In order to perform recognition, one hagdd a
mechanism able to handle this completeness infawmat
This is done by estimating during training the
probabilities that each state is observed. Thiswal
computing the probability that a particular segragoh
fits well the model. At recognition time, the scarta
class is computed as the product of the likelihood
computed by the model and of the probability of the
correctness of the segmentation.

In a first series of experiments, we compared a HMM
system with the purely relational models descrilbe8?2.
Models have 5 states in both experiments, HMM are
classical left-right models. The models are leaméti
20 samples per digit. Table 1 shows that relatiomzdel
significantly outperform HMM and reduce errors gte
by about 30%.

In a second series of experiments we investigdted t
importance of relative features and of local feagufor
recognition. We compared a number of models that us
relational and local features by weighting, at grgtion
time, the local feature likelihoods and the relativ
features likelihood (Figure 5). When the weight &gqu
1.0 only local features are used while when theglteis
0.0 only relational features are used. We proviilts

Recognition
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