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LINES AND FREE LINE SEGMENTS TANGENT TO ARBITRARY
THREE-DIMENSIONAL CONVEX POLYHEDRA *

HERVE BRONNIMANN', OLIVIER DEVILLERS?, VIDA DUJMOVICS, HAZEL EVERETT!, MARC
GLISSH, XAVIER GOAOCT, SYLVAIN LAZARD T, HYEON-SUK NAl, AND SUE WHITESIDES*

Abstract. Motivated by visibility problems in three dimensions, we istigate the complexity and construction
of the set of tangent lines in a scene of three-dimensionghpdra. We prove that the set of lines tangent to four
possibly intersecting convex polyhedralRr with a total ofn edges consists @(n?) connected components in the
worst case. In the generic case, each connected componesinigla line, but our result still holds for arbitrarily
degenerate scenes. More generally, we show that a ggtadsibly intersecting convex polyhedra with a totahof
edges admits, in the worst cagnk?) connected components of maximal free line segments tangerietsafour
polytopes. Furthermore, these bounds also hold for possdalpded lines rather than maximal free line segments.

Finally, we present ®(n?k?logn) time andO(nk?) space algorithm that, given a scendg@bssibly intersecting
convex polyhedra, computes all th@nimal free line segments that are tangent to any four of the polgtamel
are isolated transversals to the set of edges they inteisguarticular, we compute at least one line segment per
connected component of tangent lines.

Key words. Computational geometry, 3D visibility, visibility complexisual events.

AMS subject classifications.65D18, 68U05.

1. Introduction. Computing visibility relations in a 3D environment is a pkein cen-
tral to computer graphics and engineering tasks such ae mdpagation simulation and
fast prototyping. Examples of visibility computations lute determining the view from a
given point, and computing the umbra and penumbra cast lpjedource. In many applica-
tions, visibility computations are well-known to accouat & significant portion of the total
computation cost. Consequently a large body of researokvisteld to speeding up visibility
computations through the use of data structures (see [L4]$arvey).

One such structure, the visibility complex [16, 23], endisibility relations by parti-
tioning the set of maximal free line segments. The size af phirtition is intimately related
to the number of maximal free line segments tangent to fojgatdhin the scene; for a scene
of n triangles inR3, the complex can have si®(n*) in the worst case [16], even when the
triangles form a terrain (see [11] or Figure 1.1). The comjdethus potentially enormous,
which has hindered its application in practice. Howeveerehis evidence, both theoreti-
cal and practical, that this estimation is pessimistic. eer bound examples, which are
carefully designed to exhibit the worst-case behavioruarealistic in practice. For realistic
scenes, Durandt al.[15] observe a quadratic growth rate, albeit for rather $st@nes. For
random scenes, Devillees al. [12] prove that the expected size of the visibility complex i
much smaller; for uniformly distributed unit balls the exped size is linear and for poly-
gons or polyhedra of bounded aspect ratio and similar sigeat most quadratic. Also, in
2D, while the worst-case complexity of the visibility coraglis quadratic, experimental re-
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FiG. 1.1.A terrain of size n witfQ(n*) maximal free line segments tangent in four points.

sults strongly suggest that the size of the visibility coexpdf a scene consisting of scattered
triangles is linear [10].

While these results are encouraging, most scenes are natmard fact, most scenes
have a lot of structure which we can exploit; a scene is tylyicapresented by many trian-
gles which form a much smaller number of convex patches. tticodar, if a scene consists
of k disjoint convex polyhedra with a total of edges, then under a strong general position
assumption, the number of maximal free line segments tdrigdour of the polyhedra is at
mostO(n?k?); this follows directly from the bound proved in [17] on themier of combi-
natorial changes of the silhouette map viewed from a pointingoalong a straight line, and
was also later proved in [8]. We present in this paper a géinatian of these results. Af-
ter preliminary definitions, we give a detailed account af @sults and then present related
previous work.

Preliminary definitions. We consider a scene that consists of a finite number of padgtop
not necessarily disjoint, not necessarily fully dimensigrand in arbitrary position. The
definitions below are standard, yet carefully phrased in g that remains valid in those
situations.

A polytopeis the convex hull of a point set. A planetangento a polytope if it intersects
the polytope and bounds a closed half-space that contagngallytope. A face, an edge, or
a vertex of a polytope ifR? is the 2, 1 or O-dimensional intersection of the polytopehvait
tangent plane. Note that, with this usual definition of pobgs, edges and faces are closed
and they are not subdivided in any way.

A line or segment isangentto a polytope (whether or not the latter is fully dimensignal
if it intersects the polytope and is contained in a tangeah@! In a given plane, a line is
tangent to a polygon if it intersects the polygon and boundssed half-plane that contains
the polygon. With these definitions, given a polygon in a planand a line contained it
that intersects the relative interior of this polygon, threlis tangent to the polygon when
considered as a polytope R?, but not tangent to the polygon in the plame

The set of lines iR has a natural topological structure, namely, that of Pliisgace [25].
The set of lines tangent to at least four polytopes is a sulgspenoseonnected components
correspond to lines that can be continuously moved one i@mther while remaining tan-
gent to at least four polytopésA line or line segment ifreeif it is tangent to each polytope
that its relative interior intersectsptherwise it isoccluded A free line segment is maximal
free line segmerif it is not properly contained into another free line segimérhe space of

1The set of polytopes to which the line is tangent might changing the motion.

2When the polytopes are fully dimensional, a segment is frealifés not intersect the interior of any of them.
Our definition ensures that a segment is free also when isetes and is coplanar with a two-dimensional polytope.
The endpoints of a free segment may also lie on the boundary d@f/tope.
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line segments also has a natural topological structurereabhnected component$ maxi-
mal free line segments tangent to at least four among gwytopes are defined similarly as
for lines.

A support vertexof a line is a polytope vertex that lies on the line.sApport edgef
a line is a polytope edge that intersects the line but has dpant on it (a support edge
intersects the line at only one point of its relative intexioA supportof a line is one of its
support vertices or support edges. The supports of a seganekefined similarly. Notice
that it follows from the definition of polytopes that any lihas at most two supports in any
given polytope.

A line is isolated with respect ta set of edges and vertices if the line cannot be moved
continuously while remaining a common transversal to thesiges and vertices. Further-
more, we say that a sgtof edges and verticemdmits an isolated transversilthese edges
and vertices admit a common transversal that is isolated negpect tqs. Finally, a line is
isolatedif it is isolated with respect to a set of some, and hence gitssupports.

Our results. In this paper we present two types of results, combinatboainds and algo-
rithms.

Combinatorial boundsWe generalize the result of [8, 17] in two ways. First, we ¢des
polytopes that mayntersect We show that among polytopes of total complexity, the
number of lines tangent to any four of them is in the worst cteer infinite oro(n?k?).
The most surprising aspect of this result is that the bourddfwis tight) is the same whether
the polytopes intersect or not. This is in sharp contrash&2D case, where the number
of tangents of two convex polygons is always 4 if disjointdamould be linear in the size
of the polygons if they intersect. Second, we consider pplg$ inarbitrary position : we
drop all general position assumptions. The polytopes mggrsact in any way; they may
overlap or coincide. They may degenerate to polygons, setpreg points. While four
polytopes in general position (as defined in [8]) admit adimtimber of common tangents,
four polytopes in arbitrary position may admit an infinitenmaer of common tangents which
can be partitioned into connected components.

Our main results are, more precisely, the following.

THEOREM 1.1. Given k polytopes ifR® with n edges in total, there are, in the worst
case,©(n’k?) connected components of maximal free line segments tatayanteast four
of the polytopes. This bound also holds for connected coergerof possibly occluded lines
tangent to at least four of the polytopes.

These results improve the trivial bound ©fn*). Note that, wherk # 4, neither of
the two results stated in Theorem 1.1 implies the other sinliee tangent to at least four
amongk polytopes may contain many, but does not necessarily coatay, maximal free
line segments tangent to four polytopes.

Whenk = 4, Theorem 1.1 implies that there @@n?) connected components of lines
tangent to the four polytopes, an improvement on the prelyoknown upper bound of
O(n®logn) which follows from the same bound on the complexity of thedgdine transver-
sals to a set of polyhedra (here four) witledges in total [1]. Moreover, we prove a tighter
bound when one of the four polytopes has few edges.

THEOREM 1.2. Given3 polytopes with n edges in total and one polytope with m edges,
there are, in the worst cas@(mn) connected components of lines tangent to the four poly-
topes.

We also prove the following result which is more powerfubulgh more technical, than
Theorem 1.1. Whereas Theorem 1.1 bounds the number of cedneainponents of tan-
gents, Theorem 1.3 bounds the number of isolated tangetitsaine notion of multiplicity.
For example, the line in Figure 1.2 is count(égc)l times which is the number of minimal sets
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FiG. 1.2.Aline tangent at a vertex of each of k polytopes.

of vertices that admit that line as an isolated transverstihough neither theorem implies
the other, we will prove in Proposition 3.4 that the uppertmof Theorem 1.1 is easily
proved using Theorem 1.3.

THEOREM 1.3. Given k polytopes ifR® with n edges in total, there are, in the worst
case,0(n’k?) minimal sets of open edges and vertices, chosen from sorhe pblytopes,
that admit a possibly occluded isolated transversal thaaigyent to these polytopes.

Algorithm. We now turn our attention to the computation of all free segim¢hat are iso-
lated transversals to their set of supports and tangenteteadiresponding polytopes. Du-
rand et al. [16] proposed an algorithm for this problem with worst-cdéisee complexity
O((n® + p)logn) wherep is the output size; this algorithm, based on a double-sweap,
proven to be difficult to implement. Duraret al. also presented an algorithm wie(n®)
worst-case time complexity that incorporates interedtiegristics leading to reasonable per-
formance in practice [15]. We present an algorithm that tiseibe worst case)(n’k?logn)
time andO(nk?) space, is readily implementable, and uses only simple diatetsres. The
polytopes may intersect and be in arbitrary position. Aipriglary version of this algorithm
was described for disjoint convex polyhedra in X. Goaoc'dPkhesis [19].

THEOREM 1.4. Given k polytopes ifiR® with n edges in total, we can compute, in
O(n?k?logn) time and @nk) space, all the possibly occluded lines that are isolatedsraer-
sals to their set of supports and tangent to the correspangimlytopes. We can also com-
pute, in Qn?k?logn) time and @nk?) space, all the minimal free segments that are isolated
transversals to their set of supports and tangent to theesgronding polytopes.

It should be noted that our algorithm does not provide thepemds (possibly at infinity)
of the maximal free segments. Computing the endpoints ¢f each segment can be done by
shooting rays irD(log? n) time per ray usingd((nk)>¢) preprocessing time and storage [3].
Such ray-shooting data structures are not, however, readplementable. Alternatively,
each ray-shooting query can be answere®{klogn) time afterO(nlogn) preprocessing
time and using additiond(n) space by applying the Dobkin-Kirkpatrick hierarchy on each
polytope [13].

To emphasize the importance of considering intersectingtiqqees, observe that com-
puter graphics scenes often contain non-convex objectsserbbjects, however, can be de-
composed into sets of convex polyhedra. Notice that simpbothposing these objects into
convex polyhedra with disjoint interiors may induce a scefh@uch higher complexity than
a decomposition into intersecting polytopes. Moreoves,dacomposition of a polyhedron
into interior-disjoint polytopes may introduce new tanggewhich were not present in the
original scene; indeed a line tangent to two polytopes albspared face is not tangent to
their union.
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] \ Worst-case | Expected]|
free lines to a polyhedron O(n?) (trivial)
free lines above a polyhedral terrain O(n32¢viean) 120, 22]
free lines among disjoint homothetic polytopes Q(n%) [4]
free lines among unit balls Q(n?) [12], O(n*T8) [2] | ©(n) [12]

max. free segments above a polyhedral terrain o(n%) [11]
|solateq ma_lx_lmal free segments among O(r?k?) [17, 8]
k generic disjoint convex polyhedra
max. free segments among unit balls Q(r?) [12], O(n%) O(n) [12]
TABLE 1.1

Published bounds on the complexity of the set of free linesextimal free line segments among objects of total
complexity n. The expected complexities are given for tiferam distribution of the balls centers.

The importance of considering polytopes in arbitrary posicomes from the fact that
graphics scenes are full of degeneracies both in the seas®tlr polytopes may admit in-
finitely many tangents and that polytopes may share edgexcesf There may actually be
more connected components of tangents when the objects degénerate position; this is,
for instance, the case for line segments [9]. Also, we couwldfind a perturbation argu-
ment that guarantees the preservation of all (or at leashstaot fraction of) the connected
components of tangents and we do not believe that finding aysérturbation is a simple
matter.

Related results. Previous results on this topic include those that bound tmepdexity of
sets of free lines or free line segments among differentcfeibjects. They are summarized
in Table 1.1.

Recently, Agarwalket al. [2] proved that the set of free lines amongunit balls has
complexityO(n®+¢). Devillerset al. showed a simple bound 6%(n?) [12] for this problem,
and Koltun recently sketched a bound®(fn?) (personal communication, 2004).

The complexity of the set of free line segments amobaglls is trivially O(n*). Devillers
and Ramos showed that the set of free line segments can hangesdty Q(n®) (personal
communication 2001, see also [12]). When the balls are urét #heQ(n?) lower bound for
the set of free lines holds. A lower bound @fn?%) that applies to either case was recently
sketched by Glisse (personal communication, 2004).

We mention two results for polyhedral environments. Hatpand Sharir [20] and Pelle-
grini [22] proved that, in a polyhedral terrain withedges, the set of free lines has near-cubic
complexity. De Berg, Everett and Guibas [4] showe@d(a®) lower bound on the complexity
of the set of free lines (and thus free segments) anmodigjoint homothetic convex polyhe-
dra.

This paper is organized as follows. We prove the upper boohd$ieorems 1.1, 1.2,
and 1.3 in Sections 2 and 3, and the lower bounds in Section gedtion 5, we present our
algorithm for computing free segments.

2. Main lemma. We prove in this section a lemma which is fundamental for tloofs
of the upper bounds of Theorems 1.1, 1.2, and 1.3. ConsidempfaytopesP, Q, R, andS
in R3, with p, g, r, ands > 1 edges, respectively, and kbe an edge o8.
MAIN LEMMA. There are @p+ g+r) isolated lines intersecting e and tangenf®toQ),
R andSexcluding those that lie in planes that contain e and are émdgp all four polytopes.
The proof of the Main Lemma is rather complicated becausaritlles polytopes which
may intersect as well as all the degenerate cases. To &ssiseider, we first give an overview
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FiG. 2.1. Planell; contains edge e and intersects polytope®, andR in polygons P, @, and R.

of the proof. We then state preliminaries and definitionsest®n 2.2. In Sections 2.3 and
2.4, we bound the number of so-called “generic tangent’irlesSection 2.5, we bound the

number of “non-generic tangent lines”. Finally, in Sectihf, we pull these results together
to conclude the proof of the Main Lemma.

2.1. Proof overview. The proof is inspired by a method which was, to our knowledge,
first used in [6] (and later in [5, 17, 8]). We present here agraiew of the proof in which we
do not address most of the problems arising from degenetdciparticular, some definitions
and remarks will require more elaboration in the contexhef¢complete proof.

We sweep the space with a pldngrotating about the line containireg The sweep plane
intersects the three polytop&s Q, andR in three, possibly degenerate or empty, convex
polygons denote®®, @, andR;, respectively (see Figure 2.1). During the sweep, we track
the bitangents that is, the lines tangent #§ andQ;, or to Q; andR;, in ;. As the sweep
plane rotates, the three polygons deform and the bitangeote accordingly. Every time
two bitangents become aligned during the sweep, the comimethey form is tangent tB,

Q, andR.

In any given instance of the sweep pldfig we consider the pairs of bitangents (one
involving B, andQ;, and the othef; andR;) that share a vertex @ (see Figure 2.1). The
isolated lines intersectingand tangent t®, Q, R andSare isolated transversals with respect
to a tuple of supports that consistsexdind the supports of two such bitangents. We consider
all candidatesuch tuples of supports as the sweep plane rotates.

Such a tuple induced by an instance of the sweep plane chassgé® plane rotates
only when a support of a bitangent changes. We ddfiitieal planesin such a way that the
supports of the bitangents do not change as the sweep platesbetween two consecutive
critical planes. As the sweep plane rotates, the supporashifangent change if a support
starts or ceases to be swept, or if, during its motion, thenient becomes tangent to one of
the polygons along an edge of that polygon (see Figure 212hel latter case, this means that
the bitangent crosses a face or contains an edge of one obljtees. We thus define two
types of critical planes: an instance of the sweep planatisalrif it contains a vertex of one
of the polytopes, or if it contains a line that lies in the gasontaining a face of one of the
polytopes, and is tangent to another of the polytopes (gpeés 2.2 and 2.3). We will show
that the number of critical planes@(p+q+r).

When the polytopes intersect there may exist a linear numbbitangents in an in-
stance of the sweep plane (two intersecting convex polygumsadmit a linear number of
bitangents, as is the case for two regulegons where one is a rotation of the other about
its center). Thus there can be a linear number of candidptesinduced by any instance of
the sweep plane, and the linear number of critical planedsléaa quadratic bound on the
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FiG. 2.2. A bitangent to Pand Q is tangent to Palong an edge. The plari#, is F-critical.

total number of distinct candidate tuples. In the detailexbpof the lemma, we amortize the
count of candidate tuples over all the critical planes toggktear bound on the number of
distinct candidate tuples and thus on the number of isolated intersecting and tangent to
P, Q, R andS; this bound will however not hold for those isolated lineattle in planes that
containe and are tangent to all four polytopes. Indeed, the numbeund ssolated tangent
lines can be quadratic, in degenerate cases; for instamagyblytopes such that a plane con-
tains edge= and a face of linear complexity from each other polytope ntayigin this plane

a quadratic number of such isolated tangent lines (one ¢fireach of a quadratic number of
pairs of vertices).

2.2. Preliminaries and definitions. We can assume without loss of generality tRat
Q, R and S havenon-empty interior.Indeed, since the set of isolated tangent lines to the
four polytopes is zero-dimensional, there is always roomxtend any polytope with empty
interior in such a way that none of the original isolated tartdines are lost.

We say that a lin@roperlyintersects a polygon if it intersects its relative interiorthe
sequel, we use this definition only when the line and polygercaplanar. Notice that a line
that contains a segment is tangent to the segment as welbpsrpyrintersects it.

Let I¢ be the line containing and letl; denote the sweep plane parameterized &y
[0, 1 such thatfl; contains the lind, for all t andMy = M. Each pland; intersects the
three polytope®, Q, andR in three, possibly degenerate or empty, convex polygan§),
andR;, respectively (see Figure 2.1).

For anyt, abitangentto polygonsP; and@; is a line tangent t& andQ; in IN; (the line
may intersect the polygdR; in any way, possibly not at all). For amylet a(R;, Q;)-tuplebe
the unordered set of all supportsPandQ of one of the bitangents to polygoRsand Q.
Note that a support i may be identical to a support @, in which case théR, Q;)-tuple
does not contain duplicates. Also note thaBaQ;)-tuple consists of exactly one supporfin
and one support i@ (possibly identical) except when the corresponding bigsugs tangent
to P (or Q) along a face (either intersecting the face properly oraioirig one of its edges);
then the(R, Q;)-tuple contains two supports mi(or Q) instead of one. #Q-tupleis a set of
edges and vertices that iR, Q;)-tuple for some. We define similarly th€Q;, R )-tuples
andQR-tuples

We say that gR,Q)-tuple ismaximal for some fif it is not contained in any other
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FiG. 2.3. Planell; is F-critical: it contains a line that lies in a plan® containing a face oP such that the
line is tangent taAQ N at a point not ond.

(R, Q)-tuple, for the same Note that g P, Q;)-tuple is non-maximal for someif and only
if all its supports intersedfl; in one and the same point, aRdandQ; are not equal to one
and the same point (see Figure 2.5(b)).

For anyt, let a(R, Q;, R )-tuple be the union of R, Q;)-tuple and &Q;, R;)-tuple that
share at least one support@n A (R, Q:, R )-tuple is maximal for someif it is not contained
in any other(R, Q;, R)-tuple, for the same A PQR-tupleis a set of edges and vertices that
is a(R,Q, R)-tuple for some. Note that 8P QR-tuple typically consists of three supports,
one from each polytope, and consists, in all cases, of at twostupports irP, at most three
supports inQ, and at most two supports R.

A line intersectinge and tangent t®, Q, R andS s called ageneric tangent linéf and
only if it intersectsS only one and is tangent t&, Q;, andR; in some planél;. Otherwise it
is called anon-generic tangent lineA non-generic tangent line properly intersects a face of
Sor properly intersectB, Q, or R in some planél;. In the latter casé;, Q, orR; is a face
or an edge oP, Q, orR lying in IM;; thus a non-generic tangent line is (in both cases) tangent
to P, Q, R andSin a plane containing a face or two edges of these polytopdseganerate
situation.

In the following three subsections, we bound the number okge and non-generic
tangent lines. Itis helpful to keep in mind that, as obsewraidier, two convex polygons in a
planel; (such a$} andQ;) may admit a linear number of tangents if they intersect.

2.3. Generic tangent lines.

LEMMA 2.1. The set of supports iR, Q, andR of a generic tangent line is RQR-
tuple.

Proof. Any generic tangent linéis tangent irf1; to B, Q, andR; for some valué. Thus
the set of supports of in P andQ (resp. inQ andR) is a (R, Q)-tuple (resp. &Q,R)-
tuple). Moreover théR,, Q;)-tuple and théQ;, R )-tuple contain the same supportQnand
thus their union is &R, Q, R)-tuple, hence ®QR-tuple.O

We now define theritical planesrl; in such a way that, as we will later prove, the set
of (R, Q, R)-tuples is invariant fot ranging strictly between two consecutive critical values.
We introduce two types of critical planes: tklecritical andF-critical planes

A planefl; is V-critical if it contains a vertex oP, Q, or R, not onle. (The constraint
that the vertex doesot lie onle ensures that the number of V-critical planes is finite even in
degenerate configurations.) A plafg is F-critical relative to an ordered pair of polytopes
(P,Q) if (see Figure 2.3) it contains a lirfesuch that
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FIG. 2.4.Planell contains a line m such that (i) m lies in a plake# M+ containing a face o, and (ii) m
is tangent to polygoPN'WY at some point not onj however m is not tangent @ NW. If the definition of F-critical
planes was not considering such plafie to be F-critical then Lemma 2.3 would not hold. Indeed theuset
supports of lind<_¢ "W is a maximal(R, Q;)-tuple for some but not all t in any open neighborhood*ofatnd,
although- is V-critical, there exists no V-critical eve(tt',v) such that u contains v or an edge with endpoint v.

(i) ¢ lies in a plané¥ # IM; containing a face oP, and

(i) ¢istangent it to polygonQNW¥ or PNY, at some point not oh.

For simplicity, we do not require théts tangent td®; this leads to overestimating the number
of common tangents 8, Q, R, andS but only by an asymptotically negligible amount. Note
that not all lines in¥ tangent taQ are tangent to the polygd@ N'W when that polygon is a
face or edge o lying in W. Note also that we defin@; to be F-critical wherf is tangent to
PN W at some point not ofy only for handling the very degenerate case wh@reW is an
edge ofQ and there exists a line i that properly intersect® "W and is tangent t®NW
along an edge that has an endpointofsee Figure 2.4). Note finally thatéfc N; satisfies
(i) and is tangent, in¥, to PNY at some point not ot then polytopeQ plays no role and
thus; is F-critical relative to/P, Q) for all polytopesQ.

F-critical planes relative t6Q,P), (Q,R), and(R, Q) are defined similarly. A planB
is F-critical if it is F-critical relative to pairs of polytoped, Q), (Q,P), (Q,R), or (R, Q).

The values ot corresponding to critical plands; are calledcritical values We call
V-critical and F-critical eventsthe ordered pairgt,0) wheret is a critical value ana is a
vertex or line depending on the type of critical event. In arical event,o is a vertex ofP,

Q, or R that belongs td1; \ le. In an F-critical evento is a line lying in some plangl; and
satisfying Conditions (i-ii) above. Aritical eventis a V-critical or F-critical event.
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FIG. 2.5.Lines through x iffl; and tangent to fand Q.

LEMMA 2.2. There are at mos&(p+q+r) V-critical events and(p+2q-+r) F-
critical events.

Proof. The number of V-critical events is at most the total numtferestices ofP, Q,
andR, and hence is less than two thirds the total number of edgBs@f andR. We now
count the number of F-critical events relative to polytoffeQ). LetW¥ be a plane containing
a face ofP, and suppose that for some pldng line ¢ = Ny "W satisfies Conditions (i-ii).
PlaneW does not contaite because otherwise bothand/ lie in the two distinct plane¥
andrl, sof = l¢ but then? cannot satisfy Condition (ii). Furthermoéendle intersect or are
parallel since they both lie ifl;. Thus if WNle is a point ther? contains it, and otherwise
Wnle = 0and/is parallel tale.

If WNleis a point, there are at most four candidates for adimeplaneW going through
WNle and tangent t@ NWY or PN'W at some point not oy, Likewise, if WNlg is empty,
there are at most four candidates for a linie planeW that is parallel tde and tangent to
QNnWorPNW. In either case, each candidate line is contained in a urptpreel;, for
t € [0,T1, sincel +# e (¢ contains a point not oly). Hence, a face d? generates at most four
F-critical events relative toP, Q). Therefore the number of critical events relativd Q)
is at most% p since the number of faces of a polytope is at most two thirdsitimber of its
edges. Hence the number of critical events relative®t@®), (Q,P), (Q,R) and(R,Q) is at
most$(p+2q+r).0

The following lemma states that the critical planes havedissired property. Late be
the set of supports df in P andQ and letu denote soméR, Q;)-tuple.

LEMMA 2.3. Let t* be the endpoint of a maximal interdahroughout which u e is
a maximal(R, Q;)-tuple. Thent is a critical value. Moreover, there exists a V-critical ete
(t*,v) or a F-critical event(t*, m) such that u contains v or an edge with endpoint v, or u is
contained in the set of supports of m.

The proof of this lemma is rather long and intricate; we pos#pit to Section 2.4. Note
that, as stated, this lemma only applies under the assunsgtiatu is maximal and distinct
from ue. These assumptions are made in order to simplify the prob&ofma 2.3; we don't
suggest that the lemma is false without them.

LEMMA 2.4. Any edge or vertex d? or Q is in at most2 PQ-tuples that are maximal
(R, Q)-tuples for all t in any given non-empty intervaf R /17Z.

Proof. Letf be an element of a non-empty intervabf R /TZ andx be an edge or vertex
of P or Q. If x does not intersedily then no(F;, Q¢)-tuple contain. If x intersectd ¢ in
one point then there are, in general, at most two lind3sigoing throughx and tangent to
Pr andQx (see Figure 2.5(a)); in all cases there are at ma@g,x)-tuples containing (see
Figure 2.5(b)), however at most 2 of them are maximak ilitersectd s in more than one
point, X is an edge lying irflz. Then any line iM¢ intersectingk and tangent t& and Q¢
contains an endpoint ofand thusx belongs to ndP;, Q;)-tuple.

3Such an interval could be open or closed, a single point ontmial of positive length.
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Hence at most PQ-tuples contairx and are maximalP;, Q;)-tuples fort =, and thus
at most 2PQ-tuples containx and are maximalP;, Q;)-tuples for allt in 7. O

LEMMA 2.5. There are at most (p+qg+r) PQR-tuples.

Proof. In order to count the number of distin@®, Q;, R )-tuples, we charge each max-
imal (R, Q, R)-tuple to a critical event. We then show that each criticangvs charged at
most a constant number of times. It then follows from Lemn2atat there ar®(p+q-+r)
distinct maximal R, Q;, R )-tuples. A maximalR, Q;, R;)-tuple consists of at most two sup-
ports inP, at most three supports i@, and at most two supports iR, and thus contains
at most(22 — 1)(22 — 1)(22 — 1) distinct subsets with at least one support in eacP,ad
andR. Each maximalR, Q:, R)-tuple thus contains at most a constant number of distinct
(R, Q, R)-tuples, which implies the result.

Letsbe a maxima(R, Q, R )-tuple and letZ be any maximal connected subseRyfiZ
such thasis a maximal(R, Q;, R)-tuple for allt € I. Letu be a maxima(R, Q;)-tuple and
U’ a maximal(Q;, R)-tuple such that the union afandu’ is sand such that andu’ share at
least one support if.

First, suppose that = R/TZ. Thenuis a maximal R, Q)-tuple for allt € R/TZ. Thus
each support i intersectdT; for all t € R/TZ and thus intersects; moreover each support
in u intersectd1; only onle for all t € R/1Z except possibly for one value of SinceP
andQ have non-empty interiof; U Q; is not reduced to a point for dllin some interval of
positive length. For alf in such an interval, sinceis maximal, the union of the supports in
u intersectdl; in at least two distinct points. These at least two distirgin{s lie onle for
some values df by the above argument. Thus, for these valuets kfis the only line inl;
whose set of supports contains Henceu is the set of supports df. The same property
holds forv and thuss is also the set of supports if We can thus assume in the following
thatI # R/1Z, and only count the maximéR, Q, R;)-tuples that are not the set of supports
of le.

Interval I is thus a non-empty interval &/1Z; it can be open or closed, a single point
or an interval of positive length. Lety andw; denote the endpoints df# R /TZ.

If scontains a vertex, or an edge with endpoimt such thaw lies in My, \ le, fori =0
or 1, then we chargsto the V-critical even{w;,v). Otherwise, we chargeto an F-critical
event(w;,m) wheremis a line inly, whose set of supports contasr u'. Such a V-critical
or F-critical event exists by Lemma 2.3.

We now prove that each critical event is charged by at moshataat number of distinct
maximal(R, Qt, R)-tuples. As mentioned before, that will imply the result.

Consider a V-critical ever{t*,v) that is charged by a maximé®, Q;, R )-tuples. By the
charging scheme,contains a supportthat isv or an edge with endpoint andsis a maximal
(R, Qt, R)-tuple for allt in at least one of three interval*} and two open intervals having
t* as endpoint; denote these intervalsipyl, I3.

By Lemma 2.4, at most PQ-tuples contairx and are maxima{P;, Q;)-tuples for all
tin . Moreover, each of thesdeQ-tuples contains at most 2 supports@n and each of
these supports belongs to at mogpR-tuples that are maximal);, R )-tuples for allt in 7.
Thus at most 8QR-tuples contairk and are maxima{R, Q;, R;)-tuples for allt in 1, for
eachi =1,...,3. Hence any V-critical everit*,v) is charged by at most 24 distinct maximal
(R, Q. R)-tuples.

Consider now an F-critical evelit*, m) that is charged by a maximéh, Q;, R)-tuple
s, and define as beforeandu’. By the charging scheme, the set of supportsa@ontainsu
or U (or both); suppose without loss of generality that it caméai The set of supports ah
contains at most two supports fhand at most two supports Q. Sinceu contains at least
one support ifP and at least one support@, there are at mosZhoices fom.
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By the charging schems,is a maximal(R;, Q:, R )-tuple for allt in at least one of 3 in-
tervals,{t*} and two open intervals having as endpoint; denote hi, I, I5 these intervals.
It follows from Lemma 2.4 that, for each supparof Q in u, at most 2QR-tuples contairx
and are maximalQ;, R )-tuples for allt in ;. There are at most’Xhoices foru (as shown
above), 2 foix, 3 fori and 2 for theQR-tuples containing. Hence any F-critical evelrgt*, m)
is charged by at most 32 distinct maximal(R, Q;, R )-tuples.

Therefore each critical event is charged by at most a constember of distinct maximal
(R, Q, R)-tuples, which concludes the prodf.

COROLLARY 2.6. There are at most @+ q) PQ-tuples.

Proof. ReplaceR by a copy ofQ in Lemma 2.5. AnyPQ-tuple is also #QQ-tuple, and
there are at mod(p+qg+q) = O(p+ q) of thesel

PROPOSITION2.7. There are @p+ g+ r) isolated generic tangent lines.

Proof. A generic tangent line is transversalgdand to the edges and vertices dPQR-
tuple, by definition and Lemma 2.1. An isolated generic tamd@e is thus an isolated
transversal with respect to a set of edges and verticesahatsats of P QR-tuple and either
edgee or one or both of its endpoints. The number of such sets istimes the number
of PQR-tuples, which is ilO(p+qg+r) by Lemma 2.5. The result follows since each such
set consists of at most eight edges and vertices (at mostupmosts from each of the four
polytopes) and thus admits at most eight isolated tranalgefg]. 0

2.4. Proof of Lemma 2.3. Recall thatue denotes the set of supportslgfin P andQ,
and that Lemma 2.3 states the following.

Let t* be the endpoint of a maximal interval throughout whicl ue is a
maximal(R, Q;)-tuple. Thent is a critical value. Moreover, there exists a
V-critical event(t*,v) or a F-critical event(t*, m) such that u contains v or
an edge with endpoint v, or u is contained in the set of sugpairin.

We can assume thatcontains no vertex v and no edge with endpoint v, such thasv |
onM \ le because otherwidg™,v) is a V-critical event such thatcontainsy or an edge with
endpointv, which concludes the proof.

We prove a series of lemmas that yields Lemma 2.3. Indeed rove phe existence of
a linemin My whose set of supports containgLemma 2.10) such that (iplies in a plane
W £ My containing a face dP (Lemma 2.11), and (iinis tangent irt to polygonQnNY or
PN WY, at some point not ol (Lemma 2.12). This proves thEf- contains a linenwhose set
of supports containg and such thaft*, m) is an F-critical event, which concludes the proof.

By hypothesis, for any sufficiently small open neighborh@gdf t* whose endpoints
are denoted bty andt, uis not a maximal(R;, Q;)-tuple for some € A andu is a maximal
(R, Q)-tuple fort =t* or for allt € (t*,t1) (or by symmetry for alt € (to,t*)).

We only consider in the following supports fhand inQ); polytopeR plays no role. We
start by proving two preliminary lemmas.

LEMMA 2.8. Each support in u intersect3; in exactly one point (possibly og)] for all
t in any sufficiently small open neighborhosd of t*.

Moreover, the union of all supports in u interse€tsin at least two distinct points for
allt #At* in A(. This property also holds for+ t* if u is a maximal(R+, Qi+ )-tuple.

Proof. Sinceu is a (R, Q;)-tuple for somet in every open neighborhood ¢f, each
support inuintersectg1; for somet in every open neighborhood tf. It thus follows from the
assumption thai contains no vertexand no edge with endpoimt such that lies onlMg- \ le,
that each support in intersectd1; for all t in any sufficiently small open neighborhoad
of t*. It follows that each support ineither lies inle or intersect$1; in exactly one point for
all't € A(. However, no edge ai lies inle because otherwise, ¥denotes such an edge of,
say,P, then any line tangent 8 in N; and intersecting contains an endpoint ofwhich is



THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPS 13

a vertex ofP; thus, by definitionu does not contaix but one of its endpoints. Hence each
support ofu intersectdT; in exactly one point for all € A(.

We now prove that the union of the supportsuiintersectd; in at least two distinct
points for anyt € A’ such thau is a maximal(P;, Q;)-tuple. Suppose for a contradiction that
the union of the supports ia intersectd1; in one single point for somet € A’ such that
uis a maximal(R,Q)-tuple. Then polygon& andQ; are both reduced to pointbecause
otherwiseu is not maximal (otherwise, a line iA; tangent toR andQ; atv can be rotated
aboutv until it becomes tangent 1§ or Q; at some other points). Thas= R = Q; is a vertex
of P and ofQ because the polytopes have non-empty interior. Heregv} because each
support inu containsv. It follows thatv lies onle since each support mintersectd1; for all
t € AL. Moreover, sincd> andQ; are both reduced to point= NP =N Q, the set, of
supports of¢ is u, contradicting the hypotheses of Lemma 2.3.

Thus, ifu is a maximal(R, Q;)-tuple for allt € (t*,t1), the union of the supports in
intersectd; in at least two distinct points for atle (t*,t;) and thus for alk # t* in any
sufficiently small open neighborhood Bf Also, if uis a maximal(R;, Q;)-tuple fort =t*,
the union of the supports mintersectdT; in at least two distinct points fdr=t* and thus
for all t in any sufficiently small open neighborhoodtdf O

LEMMA 2.9.If uis a maximal R+, Qi )-tuple then u consists of at least three supports.

Proof. Note that it follows from Lemma 2.8 thatcontains at least two supports. Suppose
for a contradiction thati consists of only two supports. By Lemma 2.8, they inter§gadn
exactly two distinct points for atlin any sufficiently small open neighborho@d of t*. Thus
there exists for alt € A’ a unique linem in M; whose set of supports contaimsmoreover
m is continuous in terms df Sinceu is a maximal R+, Qi )-tuple, the set of supports ok-
is u. Thus, for allt in any sufficiently small\/, the set of supports afy is u. Thus the set of
supports ofn is invariant fort € A and sincem- is tangent td?+ andQ;+, line m is tangent
to PR andQ; forall t € AL.

Hence, for allt € A/, line m, whose set of supports is is tangent td® andQ; in ;.
Thusuis a maximal(R, Q)-tuple for allt € A_. Moreoverm is the unique line ifl; whose
set of supports contains thusu is a maximal(R, Q)-tuple for allt € A/, contradicting the
hypotheses of the lemmB&.

LEMMA 2.10. There exists a line m ifl~ whose set of supports contains u that is
tangent to P and Q- along an edge of one of them, say ef P

Proof. Consider first the case wheteis a maximal(R+,Q+)-tuple. There exists in
Mi= a line m tangent toR+ and Q- whose set of supports is By Lemma 2.9, the sat of
supports oim contains at least three supports, and hence at least tworsippP (or in Q).
Furthermore, the supports ofin one polytope intersedi+ in distinct points (by definition
of supports). Thusintersectd;« (or Q;+) in at least two distinct points and is tangen&e
andQ;+. The result follows sinc&: (andQ+) is convex.

Consider now the case whemnds a maximal(R, Q;)-tuple for allt € (t*,t1). Then, for
all't € (t*,t1), there exists a line ifil; tangent toR andQ; and whose set of supportsts
Moreover, by Lemma 2.8, this line is unique for edch (t*,t;) and varies continuously in
terms oft € (t*,t1). Whent tends ta*, the line tends to a linex- in M- which is tangent to
R+ andQ;+ and whose set of supports containdf its set of supports strictly containsthen
m. is tangent td%+ andQy+ along an edge of one of them because the polygons are convex,
and hence we can choose= m to complete the proof. Otherwisejs a (R, Qu)-tuple.

We can suppose thatis a non-maximalPR;+, Qi+ )-tuple since we already treated the case
whereu is maximal. There exists ifli+ a line tangent td}+ andQ;» whose set of supports
is u. Sinceu is non-maximal this line is tangent B andQ;+ at a shared vertex, and can be
rotated about this vertex ifly+ until it becomes tangent g+ andQ« at some other points,
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FiG. 2.6.Line m is tangent t® along a face in plan& # IM;-.

which must occur becauseis non-maximal; letm denote the resulting line. The set of
supports omcontainsu andmis tangent td?« andQ+ along an edge of one of them because
the polygons are convek.

LEMMA 2.11.Line m lies in a plan&V = N+ containing a face oP.

Proof. By Lemma 2.10m contains an edge d®«; see Figure 2.6. This edge either
intersects the relative interior of some faceRofn which case we tak& to be the plane
containing that face, or it is an edge Bfin which case we tak& to be a plane, different
from M+, containing one of the two faces Bfincident to that edgél

Let m; be the lineW N, for all t in any sufficiently small open neighborhoad of t*;
line m, is well defined sinc&’ NI+ is linemby Lemmas 2.10 and 2.11.

LEMMA 2.12.Line mis tangent t&NY or to QN W, at some point not on|

Proof. We assume for a contradiction that limeloes not satisfy the lemma, i.e,is not
tangent taPN'W or to Q N'W at any point other than dia. We prove that the set of supports
of mis uand is a maxima(R;, Q;)-tuple for allt in any sufficiently small neighborhood tf,
contradicting the hypotheses of Lemma 2.3 and thus provergrha 2.12.

Sincem is tangent toQ (by Lemma 2.10)m is tangent taQ NW only onle (see Fig-
ure 2.7(a)), om properly intersect® NW¥Y which is then a face or an edge Qf (see Fig-
ure 2.7(b)}. Similarly mis tangent td®N¥ only onle, or m properly intersects it; however
PNWis necessarily a face &fby Lemma 2.11.

The following Lemmas 2.13 and 2.14 imply that the set of suggpaf m is invariant and
equal tou for all t in any sufficiently small open neighborhodd of t*. Moreover, sincen
varies continuously with andm= my is tangent td?« andQ;+ (by Lemma 2.10), linen is
tangent taP, andQ; for all t € A(. Henceuis a (R, Q;)-tuple for allt € A. We now prove
thatu is a maximal(R, Q;)-tuple for allt € AL.

As we have seen beforey= m is tangent tdP in at least two points (by Lemma 2.10),
thusmy+ intersects its supports in at least two distinct points. &doer the set of supports of
m is u. Thus there is a unique line i+ whose set of supports contains Henceu is a
maximal(P-, Qw)-tuple.

By Lemma 2.8m is the unique line irf1; whose set of supports containor all t # t*
in A’. Thusu is a maximal(P;, Q;)-tuple for allt #t* in AL.

Henceuis a maximal R, Q;)-tuple for allt € A(, contradicting the hypotheses of Lemma 2.3
and thus concluding the proof of Lemma 2.12.

LEMMA 2.13. The set of supports ofiis u for some t in any sufficiently small open
neighborhood/\{ of t*.

Proof. We first prove that the supports inare supports o for all t € A_. A support
vertex inu lies onle by Lemma 2.8 and thus lies ii; for all t. A support vertex iru also

“Note that in these two situations, two edges of two distindyfppes are then coplanar (in the first case an edge
of Q ande are coplanar, and in the later case a face i coplanar with a face or an edge@®j. Hence proving this
lemma is straightforward under some general position assumibtat excludes such situations.
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FIG. 2.7.mis tangent td® along a face i¥ and (a) toQ N¥ only on k or (b) to Q along a face in¥.

lies onmby Lemma 2.10 and thus lies in plakeby Lemma 2.11. Hence, for &lle A, the
support vertices it lie onm, and thus are supports of.

In order to prove that the support edgestirare supports ofn, it is sufficient (by
Lemma 2.10) to prove that the support edgesnadire supports ofn,. The support edges
of min P lie in planeW (see Figure 2.7(b)) becaudecontainamand a face oP (indeed ifm
intersects an edge &not in W thenm contains one of its endpoints, and thus the edge is not
a support). Thus all the support edgesdfe in W andm contains none of their endpoints (by
definition). Sincan lies inW for all t andm+ = m, line m intersects all the support edges of
m and contains none of their endpoints fortaith any sufficiently small open neighborhood
AL of t*. Hence the support edgesmofin P are supports afi for all t € A.

Consider the case whe@nW is a face or an edge @. Similarly as forP, the support
edges ofmin Q lie in planeW¥, and thus are supports of for allt € A[.

Consider now the case whemeis tangent toQ "% only onle at, say, pointv (see
Figure 2.7(a)). Thew lies in W (sincem C W by Lemma 2.11) and also lies Iii; for all
t (sincele C My for all t). Hencem containsv for all t € A’. Moreover,m is tangent to
QnNW only atv for all t in any sufficiently small open neighborhoéd of t*. Hence the set
of supports ofny in Q is invariant for allt € 4.

We have so far proved that the set of supportsyofontainsu for all t € A(.

We now prove that the set of supportsmfis u for somet € A’. Consider first the case
whereu is a maximal(P«,Q;+)-tuple. Then, by Lemma 2.8, the union of the supports in
intersectd;+ in at least two distinct points, thus+« = mis the only line inlM« whose set of
supports containg. Moreover, sinceu is a (P, Qi+ )-tuple, there exists a line i~ whose
set of supports is. Hence the set of supports w§- is u.

Consider now the case whares a maximal R, Q;)-tuple for allt € (t*,t;). By Lemma 2.8,
for all t € (t*,t1), the union of the supports mintersectd1; in at least two distinct points,
thusm is the only line inlM; whose set of supports contaiasFor allt € (t*,t1), sinceuis a
(R, Q)-tuple there exists a line ii; whose set of supports is Hence the set of supports of
myisuforallt € (t*,t1). 0

LEMMA 2.14. The set of supports ofnis invariant for t ranging in any sufficiently
small open neighborhoo@( of t*.

Proof. Firstif m=Ilcthenm =l for allt € A’ becaus& containan=l¢ (by Lemma2.11)
andl; containsle for all t (by definition). Thus the set of supportsiof is invariant for all
t € AL. We now assume that # le.

Line mis tangent to polygo- along an edge by Lemma 2.10. Thmgs tangent td°
in at least two points. Hence, sinBe ¥ is a face ofP andm lies in W, eitherm properly
intersect® "W or mis tangent td® N ¥ along one of its edges. In the later case, the edge
does not lie ide sincem# |, thusmis tangent t®NW at some point not oh, contradicting
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our assumptions. Henee properly intersects the face Bfin W.

It follows that, if m contains a vertex oP, then this vertex is an endpoint of a support
edge ofm for all t in any sufficiently small open neighborhoodtéf(indeedm, lies in W
and tends ton whent tends tot*). By Lemma 2.13, the set of supportsrof is u for some
t in any sufficiently small open neighborhoodtéf Hence, ifm contains a vertex d®, this
vertex is an endpoint of a support edgelirBy assumptiom contains no edge with endpoint
on M\ lg, thusm contains no vertex dP except possibly of (sincem lies in IM;+). It thus
follows that the set of supports at in P is invariant fort ranging in any sufficiently small
open neighborhood df (sincem C W tends tomwhent tends ta* and all supports aofnlie
in Y).

Now consider the case whemeproperly intersect® N'W which is a face or an edge of
Q. Similarly as forP, m contains no vertex of) except possibly o and thus the set of
supports ofn in Q is invariant fort ranging in any sufficiently small open neighborhood of
t*.

Finally, consider the case whemeis tangent taQ "W only onle. Then, as in the proof
of Lemma 2.13, the set of supportsraf in Q is invariant for allt ranging in any sufficiently
small open neighborhood 6f, which concludes the prodil

2.5. Non-generic tangent lines.We count here the number of non-generic tangent
lines. Note that, as mentioned before, there are no suck linder some adequate general
position assumption.

PROPOSITION2.15. There are at most b+ q+r) isolated non-generic tangent lines
except possibly for those that lie in planes that containe:ane tangent to all four polytopes.

Proof. An isolated non-generic tangent line lies in pldhefor somet and contains (at
least) two distinct points, each of which is a vertex®%iQ, R, or S, or a point of tangency
between the line and one of the polygdhisQ;, andR;; indeed, otherwise the line can be
moved inlM; while keeping the same supports.

We count first the isolated non-generic tangent lines thatato two distinct points of
tangency with two of the polygong, Q;, andR; in IN; for somet. Consider such a liné
tangent to, say®; andQ; in ;. Line £ is non-generic and thus properly intersects a face of
Sor a face or an edge & lying in M. If ¢ properly intersects a face &or a face or an
edge ofR lying in M; but not entirely contained ik, thenl; is one of the at most four planes
tangent tR or S. There aréD(p+q) lines tangent t& andQ; in two distinct points in each
of these planes and th@{ p-+ g) such lines in total. Otherwisél; intersects each d® and
Sin an edge contained iR. The supports of are thus the union of RQ-tuple, and of, in
each ofR andS, the edge lying ile or one (or both) of its endpoint. It follows that at most a
constant number of such isolated non-generic tangentdioiesin a giverPQ-tuple in its set
of supports. Hence the number of such lines is at most the auoflPQ-tuples, which is in
O(p-+q) by Corollary 2.6. It follows that there are at m@tp+ g+r) isolated non-generic
tangent lines that contain two distinct points of tangendf iwo of the polygon$, Q;, and
R; in IM; for somet. We obtain similarly that there are at md3¢p+ q+r) isolated non-
generic tangent lines that contain two distinct points afjency with only one the polygons
R, Q;, andR.

We now count the isolated non-generic tangent lines thatago@a unique vertex oP,

Q, R, or Sand a unique point of tangency with the polygdhsQ;, andR; in I1; for somet.
Each vertew of P, Q, R, or Sthat does not lie ol is contained in a unique plarig and
there are, in that plane, at most six lines througimd tangent t&, Q;, or R.. There are thus
O(p+q+r) such lines in total. Consider now a lii¢hrough a vertex onle and tangent to
R atw # vin I for somet. We can suppose that each@fandR; is either tangent té atw
or is properly intersected b indeed otherwisé is tangent to two polygons in two distinct
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points. IfQ; (or R) is a face ofQ (resp.R) or an edge not contained igthenll; is one of

the at most two planes tangent@o(resp.R) and, in each of these planes, there are at most
two lines throughv and tangent t&. If Q; (or R) is tangent toZ atw such that the support
edges off in P and inQ (resp.R) are not collinear thed goes through a vertex ¢, Q, R,

or Sthat lies onle, and through a vertex of the intersection of two of these tjoplgs. There
are at most eight vertices Bf Q, R, andSonle andO(p+q+r) vertices on the intersection

of two of these polytopes. There are tf@& -+ g+ r) such lines in total. Otherwis€ (and

R) is an edge contained Ig or is tangent td& atw such that the support edgeséah P and

in Q (resp.R) are collinear; therd is not isolated.

We finally bound the number of isolated non-generic tangasslthat contain no point
of tangency with the polygong, Q;, andR; in I, for anyt (and thus contain at least two
vertices ofP, Q, R, andS). Consider such a linéthat lies in pland1; for somet. Line ¢ is
tangent tdP, Q, andR and thus properly interseBt, Q;, andR; in planell; which is tangent
to P, Q, andR. If planell; is not tangent t&, ¢ goes through an endpoint ef(since/ is
tangent toS) and there ar®©(p+ q+r) such line< that go through an endpoint efand at
least another vertex &, Q, or R. If planell; is tangent td5, line / lies in a pland; tangent
to P, Q, R, andS, which concludes the proail

Note that there can b&(n?) isolated non-generic tangent lines that lie in a plane tange
to all four polytopes. Consider, for instance, four polyephat admit a common tangent
plane containing edgg an edgee of P, and two faces o andR of linear complexity such
that all the lines through a vertex of each face intersentde’. All these lines are isolated
non-generic tangent lines.

2.6. Proof of the Main Lemma. Proposition 2.7, which handles the isolated generic
tangent lines, and Proposition 2.15, which handles thetedlnon-generic tangent lines,
directly yield the Main Lemma.

3. Upper bounds. We prove in this section the upper bounds of Theorems 1.1lah®
1.3. The lower bounds are proved in Section 4. Condigeirwise distinct polytopeBy,.. .,

Py with ny,. .., nx edges, respectively, amdedges in total.

LEMMA 3.1. For any edge e oP;, there are @n; +n + nm) sets of open edges, chosen
fromP;, Pj, P, andPy, that admit an isolated transversal that intersects e artamgent to
these four polytopes.

Proof. Any isolated transversal to a set of edges is isolated wipect to the set of all its
supports. Itis thus sufficient to bound the number of setpehaedges, chosen frof, Pj,

P, andPp, that are intersected by an isolated line that interseatsl is tangent to these four
polytopes. The Main Lemma states that there@(e; + n + ny,) isolated lines intersecting
e and tangent t®;, Pj, P;, andPr, excluding those that lie in planes that contaiand are
tangent to all four polytopes. Any of the€¥n; + n + nm) isolated lines intersects at most
two open edges in any polytope. Thus there@fe; + n + ny) sets of open edges (chosen
from Py, Pj, P;, andPp,) that are intersected by one of these isolated lines. Nowidenany
isolated line that lies in a plane that conta@end is tangent to all four polytopes. This plane
contains all the open edges that are intersected by thadaddiae. Thus these edges (and
any subset of them) admit no isolated transveisal.

LEmMMA 3.2. A minimal set of open edges and vertices that admit an isblaa@sversal
consists of (i) two vertices, (ii) one vertex and one or twgesq or (iii) two, three, or four
edges.

Proof. Consider a minimal set of open edges and vertices that admisolated transver-
sal. The elements are necessarily distinct because the s@timal. If the set contains two
vertices, it contains no other element since the two vestamhmit a unique transversal.
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Suppose now that the set contains one vertex. None of theegfzgss contain the vertex
because otherwise such an edge would be redundant. Thusertiex and any segment
define either a line, and thus admit an isolated transveosdhey define a plane. If none
of the other edges intersect that plane in a unique pointvéhtex and all open edges admit
zero or infinitely many common transversals, a contradictithus there exists an edge that
intersects the plane in a unigue point. Hence, the vertexwoapen edges admit a unique
transversal, and the minimal set contains no other element.

Suppose finally that the set only contains open edges. Thiaatiaization of the transver-
sals to a set of line segments [9] shows that either two, tbrdeur of these line segments
admit at most two transversals, or that the set of commors¥sasals to all the open line
segments can be parameterized by an open set of parameR&sknor R/TZ. In the lat-
ter case, the edges admit no isolated transversal, a canitoad Hence, the minimal set of
edges consists of two, three or four edges. (Note that twareetedges may admit an isolated
transversal if that transversal contains one or two of thgeedd

We can now prove the upper bound of Theorem 1.3.

PrROPOSITION3.3. There are @n?k?) minimal sets of open edges and vertices, chosen
from some polytopes, that admit an isolated transversdlithi@ngent to these polytopes.

Proof. We bound the number of minimal sets depending of their tygmming to
Lemma 3.2. First, there a®(n?) pairs of vertices, pairs of edges, and sets of one vertex
and one edge. Hence, at m@in?) such pairs admit an isolated transversal.

Consider a minimal set of one vertex and two open edges, nHom® some polytopes,
that admit an isolated transversal that is tangent to thesgopes. The open edges do not
contain the vertex because otherwise they admit no isoteaedversal. Thus the vertex and
each edge define a plane. For each of@e?) planes defined by a vertex and an open edge
not containing it, there ar®(k) lines in that plane that are tangent to one of the polytopes
at some point other than the vertex. Hence thereQ(r#k) sets of one vertex and two
edges, chosen from some polytopes, that admit an isolaesMersal that is tangent to these
polytopes.

It is straightforward to show that three open edges admitalaied transversal only if
the line containing one of the edges intersects the two @itiges. Since any line intersects
at most two open edges in any of th@olytopes, there ar®(nk?) sets of three open edges
that admit an isolated transversal.

Consider now the case of four edges, chosen from at mostpoigmpes, that admit an
isolated transversal that is tangent to these polytopes.tWh edges chosen from the same
polytope belong to the same face, and the isolated trare\iEsin the plane containing that
face. Each of the two other open edges intersects that ptameei point, because otherwise
the four open edges admit zero or infinitely many transvergabr each of th©(n) planes
containing a face of one of the polytopes, and each ofxfrg edges intersecting that plane
in exactly one point, there are at modt lthes in that plane that contain this point and are
tangent to one of thi polytopes at some other point. Hence there@fe?k) sets of four
open edges, chosen from at most three polytopes, that adnsbkated transversal that is
tangent to these polytopes.

We finally bound the number of sets of four edges, no two chfreen the same poly-
tope. By Lemma 3.1 and by summing over mkdgese of the polytopes, the numbér of
sets of four open edges, chosen from four polytopes, thaitea@m isolated transversal that
is tangent to these four polytopes satisfies

T<n Z C(nj+n +nm),
j<I<m
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whereC is some constant. Since eaghl <i <Kk, appear{kgl) times in the sum, it follows

that
T<Cn ni (k_1>:Cn2(k_1>
1<i<k 2 2

soT is in O(n?k?) as claimedd

The above result implies the following upper bounds and ini@dar those of Theo-
rem1.1.

PROPOSITION3.4. There are @n’k?) connected components of maximal free line seg-
ments tangent to at least four of the polytopes. This bousal lablds for connected compo-
nents of possibly occluded lines tangent to at least fouhefolytopes. Furthermore, the
same bound holds for isolated such segments or lines.

Proof. We prove the proposition for possibly occluded lines tami¢e at least four of the
polytopes; the proof is similar for maximal free line segntseBy Proposition 3.3, there are
O(n?k?) minimal sets of open edges and vertices, chosen from somtopes, that admit an
isolated transversal that is tangent to these polytopesbdhnd on the number of connected
components thus follows from the fact that any connectedoaorant of lines tangent to four
polytopes contains an isolated line. Indeed, any non4tisdline can be moved while keeping
the same set of supports until (at the limit) the line intetsa new edge or vertex. During the
motion, the line remains tangent to all four polytopes sibkeeps the same supports (except
at the limit); if the line has more than one degree of freedtins, can be repeated until the
line becomes isolatedl

We now prove the upper bound of Theorem 1.2. We start by twiingirery lemmas.

LEmMMA 3.5. Four possibly intersecting convex polygongiifiadmit at most a constant
number of connected components of line transversals.

Proof. Consider the usual geometric transform where a lin&3rwith equationy =
ax+ bis mapped to the poirft-a,b) in the dual space (see e.g. [24, §8.2.1]). The transversals
to a convex polygon are mapped to a region bounded from abpe@edonvexx-monotone
curve and from below by a concaxanonotone curve; such aregion is called stabbing region,
and the curves are referred to as the upper and lower boesdzrthe stabbing region. The
transversals to four polygons are mapped to the interseofifour stabbing regions. There
exists no transversal of a given slope if and only if the lolweundary of a stabbing region
lies above the upper boundary of another stabbing regidmastope. Two such boundaries
intersect in at most two points, and thus the transversafeuo polygons form at most a
constant number of connected components of transveltals.

As in Section 2, leP, Q, R, andS be four polytopes ifR3, with p, g, r, ands > 1 edges,
respectively, and let be a closed edge &

LEMMA 3.6. There are @p+q+r) connected components of lines intersecting e and
tangent toP, Q, R andS.

Proof. As in the proof of Proposition 3.4, any connected compongélihes intersecting
e and tangent t®, Q, R, andS contains an isolated line. The Main Lemma thus yields that
there areO(p+ g+r) connected components of lines intersecérand tangent t®, Q, R
andS except for the components that only contain isolated lihaslie in planes that contain
eand are tangent to all four polytopes.

We show that there are at most a constant number of connecotedoments of lines
intersectinge and tangent t®, Q, R andSthat lie in planes that contamand are tangent
to all four polytopes. There may be infinitely many such pfatiet intersecP, Q, R and
Sonly onle but all the lines tangent to the four polytopes in all thessnpt belong to the
same connected component. Besides these planes therenawstatvo planes containing
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FIG. 4.1.Lower bound examples for Lemmas 4.1 and 4.2.

and tangent to all four polytopes. In any such plane, thesltaegent to the four polytopes
are the transversals to the four polygons that are the fadggs, or vertices #¥, Q, R, and
Slying in the plane. Lemma 3.5 thus yields the redllit.

We can now prove the upper bound of Theorem 1.2.

PROPOSITION3.7. Given3 polytopes with n edges in total and one polytope with m
edges, there are @n) connected components of lines tangent to the four polytopes

Proof. Let S denote the polytope witm edges. First, ifS consists of a single point, it
is straightforward to show that there a@¢n) connected components of lines tangent to the
four polytopes. Otherwise, by summing over all the edgeS, dfroposition 3.6 yields that
the number of connected components of lines tangent to thegpfdytopes iO(mn). O

4. Lower bounds. We provide in this section the lower-bound examples needed f
Theorems 1.1, 1.2, and 1.3. The following proposition psotfee lower bound of Theo-
rem1.2.

LEMMA 4.1. There exist four disjoint polytopes of complexity n such tha number
of common tangent lines is finite a@{n?). There also exist two polytopes of complexity n
and two polytopes of complexity m such that the number of contamgent lines is finite and
Q(mn).

Proof. We consider four planar regular polygoRsQ, R, andS, each withn vertices,
embedded ifR3. P is centered at the origin and parallel to §f&plane,Q is obtained fronP
by a rotation of angl€ about thex-axis, andR andSare obtained fron® andQ, respectively,
by a translation of length 1 in the positivedirection (see Figure 4.1). We transform the
polygonsP and Q into the polytopes® andQ by adding a vertex at coordinatés,0,0).
Similarly, we transform the polygori@ andSinto the polytope®RR andS by adding a vertex
at coordinate$l+¢,0,0).

For ¢ sufficiently small, the lines tangent B Q, R andS are the lines through a vertex
of PNQ and a vertex oRN'S. SincePNQ andRN S have 2 vertices each, there are%
tangent lines. Now, moving andS by 2t in the x direction ensures the disjointness of the
polytopes while preserving the existence of the tangertssitmall enough.

ReplacingR and S in the above construction by regular polygons each withertices
yields theQ(mn) lower bound in the case of two polytopes of complexignd two polytopes
of complexitym. O

We now prove the lower bounds of Theorems 1.1 and 1.3. Thewolly proposition
directly yields these bounds since the number of isolategisats to any four of the polytopes
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is less or equal to the number of sets of open edges and \&irtie¢ most four polytopes that
admit an isolated transversal that is tangent to these gt

LEMMA 4.2. There exist k disjoint polytopes of total complexity n sinett the number
of maximal free line segments tangent to four of them is fanitkQ (n?k?). Moreover these
segments lie in pairwise distinct lines.

Proof. The lower bound example is similar to the one with four pelgta. For simplicity
suppose that andk are such thaf and;‘; are integers. We first takegregular polygor;
in the planex = 0. Next we consider a copfag, of A1 scaled by a factor ofl+¢€), and on
each edge 0By we place'g points. PolygorB;, 1 <i < %, is constructed by taking th&’
point on each edge &. If € is small enough, the intersection pointsfgfandB; are outside
the other polygon8; for 1 < j < % andi # j. Now theA;, for 2 <i < 'ﬁ, are constructed as
copies ofA; scaled by a factor + iks (see Figure 4.1). For the moment, all polygons lie in
planex = 0. We now construct 4 families (ﬁf polygons each:
- B is a copy ofA; translated bye in the negativex direction
- Q is a copy ofB; translated bye in the positivex direction
- R is a copy ofB; translated by % i€ in the positivex direction
- S is a copy ofA; translated by ¥ i€ in the positivex direction

Any choice of four polygons, one in each fami®, Q;, R and Sy, reproduces the
quadratic example of Lemma 4.1 with polygons of sfzend thus with total number of

tangents larger thah§)44(g)2 = %“2. Furthermore the lines tangent® Q;, R andSy
are only occluded by, and S, for i’ > i andm’ > m, that is, beyond the portion of the
tangents containing the contact points. Thpolygons can be transformed inkoconvex
polyhedra as in Lemma 4.0.

5. Algorithm. Using the sweep-plane algorithm outlined in Section 2.1 cam com-
pute inO(n?k?logn) time all minimal sets of open edges and vertices, chosen &ome
of the polytopes, that admit a possibly occluded isolatadgversal that is tangent to these
polytopes. Now, for some of these lines, the segment joitlirgontact points with the poly-
topes is free. We can use standard, but complicated, ragtingadata structures in order to
determine which of thes®(n?k?) segments are free; this can be don®itog? n)-time per
query usingO((nk)?+¢) preprocessing time and storage [3].

We present in this section a solution that u§§a2k?logn) time andO(nk?) space. We
adapt the algorithm outlined in Section 2.1 to directly comezthe minimal sets of edges and
vertices admitting an isolated line transversal that dosta free segment tangent to their re-
spective polytopes. Our algorithm has better time and spagplexities than the previously
mentioned approach, and is readily implementable. Mometive space complexity drops to
O(nk) if no occlusion is taken into account. Precisely, we proeeftilowing theorem which
is more powerful, though more technical, than Theorem 1dAdarectly yields it.

THEOREM 5.1. Given k polytopes ilR® with n edges in total, we can compute in
O(n’k?logn) time and @nk) space all the minimal sets of open edges and vertices, cho-
sen from some of the polytopes, that admit an isolated, plgssccluded, line transversal
tangent to these polytopes. We can also compute(imdkBlogn) time and @nk?) space, all
the minimal sets of open edges and vertices that admit aatesbline transversal containing
a maximal free segment that is tangent to these polytopethdfmore, the algorithm reports
which of the transversals contains such a free line segment.

For ease of presentation, we describe a simplified versidheo&lgorithm in which we
assume that the polytopes are in generic position; seecBee for details. Using the same
techniques as in Section 2, it is straightforward thouglhotesito generalize the algorithm
for arbitrary situations. We also only detail the algoritfion the case of minimal sets of
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four edges, no two chosen from the same polytope; the otteosat most four edges and
vertices can be computed similarly.

5.1. Algorithm overview and data structures. The input to our algorithm is a set of
possibly intersecting polytopes structured in a standay $o that classic incidence queries
can be performed in constant time (see, for instance, [1]89.

We consider each polytope edgeijn turn and sweep a plane around it between its two
incident faces. During the sweep we create and maintairofteing objects.

Combinatorial polygons.The sweep plane intersects each polytope in a (possiblyygmpt
convex polygon whose vertices correspond to polytope edgeseach of these polygons,

we maintain the set of vertices, each represented by itegoonding polytope edge, in a

data structure that admits logarithmic-time vertex irieartdeletion and look-up operations,

as well as ray-shooting queries. This can be done with a bathbinary search tree (see [21,
§7.9.1)).

Combinatorial bitangents.The algorithm keeps track of the lines contained in the sweep
plane and tangent to two polygons. The polytopes propetrsected by such a bitangent
between its two supports are kockers A bitangent is represented by (pointers to) its two
supports and a set of its blockers, ordered by polytope instexed in a balanced binary
search tree.

Polytope edgesWe associate with each polytope edge a list of pointers tadhgbinatorial
bitangents it supports in the current sweep plane.

Critical events.The sweep stops at critical events at which time combiratpolygons and
bitangents are updated. In addition to the V- and F-criteadnts defined in Section 2.3,
we introduce the following two new types of events at whiclk #et of blockers of some
combinatorial bitangents may change.TAcritical event occurs whenever three bitangents,
supported by &PQR-tuple, become aligned (see Figure 5.1b). lAgritical event occurs
when the sweep plane contains a point of intersection behaeeedge and a face of two
(distinct) polytopes (see Figure 5.2).

Each event is represented by a data structure providinggreito the primitives that
define it: a vertex for a V-event, a bitangent and a face foreadt, three bitangents for a
T-event, and a face and an edge for a I-event. In additionafbrevent, we store a bit of
information specifying which of the line transversalddand the three support edges defines
the T-event. Note that the critical value of each criticadrtvcan be computed in constant
time from the information associated with the event; it thlogs not need to be explicitly
stored.

Finally, critical events are sorted in the order in whichytappear during the sweep and
stored in arevent queusupporting insertion and deletion in logarithmic time.

5.2. Generic position assumption.Our generic position assumption is thia¢ ordered
set of events does not change under any arbitrarily smatijpleation of the input polytopes
This assumption corresponds to (i) the events are generit(if no two events occur in
the same sweep plane, except for F- and I-critical eventscied by the same pair of edge
and face. The genericity of the events is ensured by (buthmiacterized by) the following
geometric conditions:

V-critical events:no vertex lies on a line containing another edge,

F-critical events:no two edges in two distinct polytopes are coplanar,

I-critical events:if an edge intersects a face of another polytope, it does coeply and
not on a line containing another edge,

T-critical events:any four lines containing polytope edges admit zero or twogversals.
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FIG. 5.1. (a) The sweep plane in which the combinatorial bitangenh witpport edges;eand e is created.
(b) The sweep plane at a T-critical event induced by the thi@agents with support edges in, &, and g. (c-d)
A line ¢ that defines an F-critical event. (d) The F-event defined dgcurs simultaneously with an I-critical event.

5.3. Initialization. For each new sweep, we initialize the event queue and cah e
combinatorial polygons and combinatorial bitangents Hevits.

Combinatorial polygonsComputing the combinatorial polygons in the initial swedgpne
can easily be done i@®(n) time.

Combinatorial bitangentsThe bitangent lines to two polygoisandQ in the initial sweep
plane through a given vertex Bfcan be computed by a binary search@m O(logn) time.
The blockers of a given bitangent can be found using one magting query per combina-
torial polygon, for a total time oD(klogn). Altogether, theD(nk) combinatorial bitangents
can thus be computed @(nk?logn) time.

Event queueThere areO(n) V-critical events an@®(nk) I-critical events, since an edge inter-
sects a polytope in at most two faces. T@k) edge-face intersection points are computed
and stored once before the beginning of the first sweep; dhigatation can be done by using
brute force inO(n?) time, and withO(nk) space, since it is done once for all the sweeps. For
each sweep, all the V- and I-critical events can then be tedén O(nklogn) time. For each

of the O(nk) combinatorial bitangents, we also insert F- and T-criteaénts inO(klogn)
time as explained in Section 5.4 (Lemma 5.2). In total, aliting the event queue takes
O(nk?logn) time per sweep.

Thus, initializing all the combinatorial polygons, bitargs, and the event queue can be
done inO(nk?logn) time per sweep plu®(n?) time overhead for a total dd(n’k?logn)
time as announced in Theorem 5.1.

5.4. Updating the event queue Every time a new combinatorial bitangent is created,
we compute and insert into the queue new F- and T-events aslukxtbelow. Lek; andey
denote the two support edges of a new combinatorial bitandesi M;, denote the critical
plane at which the new combinatorial bitangent is created.

New T-critical eventsSee Figure 5.1a-b. Consider all the bitangents hagings support
edge and compute the set of support edges (distinct &oande,) of all these bitangents.
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Compute the intersection of this set with the similar seggtthis can be done i@(klogk)
time by ordering the edges by their indices. For each egge that set, insert a T-event for
each line transversal 1g, e;,e, andes if the transversal is tangent to the three polytopes
containinges, &, andes; this test can be done in constant time. Each of the at kivster-
tions into the event queue tak€glogn). Thus computing and inserting the new T-critical
events take®(klogn) time per new bitangent.

New F-critical events.Consider in turn each of the four faces incident to one of e t
support edges. Lay and f denote the considered edge and face. We compute a candidate
F-event, in constant time, as follows. Compute the lin@ any) that lies in the plan&
containingf and goes through, ande, (see Figure 5.1c). If is tangent to the polytope
containingey, ¢ defines an F-event. We reject this F-evertdfoes not intersea; (in such a
case, the edgey does not intersect the sweep plane at the F-event and thaertitgnatorial
bitangent tee; ande, would have been deleted at some V-event before the F-eWfatilso
discard this F-event if it occurs at the critical valigewhere the (considered) bitangent is
created (that i§l, contains?); we discard such F-events because when a bitangent iedreat
at an F-event, we do not re-insert the same F-event into theeyuNe thus retain at most four
F-events, at most one for each of the four faces incident éoobrthe two support edges. If
no F-event is retained, the bitangent will be deleted at ati€al event and no new F-critical
event is created. If more than one F-event is retained, we oely keep the first one, since,
as we shall see in Section 5.5.2, the combinatorial bitangéhbe deleted at the first of
these events.

Again, let f denote the face incident to edggthat induces that F-critical event. If the
other support edge, intersects facd (see Figure 5.1d), then this event will be treated as
an I-critical event and again we create no new F-event. @iker we insert the F-event into
the queue iO(logn) time. We thus get the following lemma.

LEMMA 5.2. Each time a combinatorial bitangent is created, the evemiugucan be
updated in Qklogn) time.

5.5. Processing events.

5.5.1. V-critical events. Let v denote the vertex that induces a V-critical event. As the
sweep plane reachesall edges incident tw start or cease to be swept; we call the former
startingedges and the lattéerminatingedges. Le@Q denote the polytope to whichbelongs
and letly, be the sweep plane containing When processing a V-event, we perform the
following operations.

Create and delete combinatorial bitangenSuppose first that the critical plane through
properly intersect§). Consider in turn each combinatorial bitangent supported termi-
nating edgeg, incident tov and leth denote the other support edge of this bitangent. We
check all starting edges incidentwdo find the edges such that the line iffily ;¢ throughes
andhis tangent tdQ for € > 0 arbitrarily small. We create a new combinatorial bitarigerd
delete the old one; in fact, we simply replageby e in the combinatorial bitangent, create
a pointer from edges to the bitangent, and update the event queue. After hantiimdast
bitangent supported by edge delete all the pointers from to the bitangents.

The critical plane through containsO(k) bitangents through, thus, by continuity, at
mostO(k) combinatorial bitangents are deleted and created. Eaeliaielnd creation takes
linear time in the degree afplusO(klogn) time for updating the event queue (Lemma 5.2).
Hence, since the sum of the degrees of the vertic€%mg, this step take®(nk?logn) time
in total for all non-extremal V-events.

Suppose now that the critical plane througis tangent tdQ and that all edges incident
to v are starting. For each edge not incidenttave can decide in constant time whether
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FiG. 5.2.|-critical event.

it supports a bitangent throughin the critical plane through. If so, we check, for each
edge incident ta, if the line in planelly, ¢ that goes through these two edges is tangent to
Q for € > 0 arbitrarily small. If so, we create a new combinatoriahbgent. By continuity,
O(k) bitangents are created in total tir®¢n+ kd) whered is the degree of. For each of
these newly created bitangents, we compute its set of bis@kébrute force)O(n) time and
update the event queue@iklogn) time (Lemma 5.2). This take3(nklogn) time per event,
henceO(nk?logn) time per sweep since there are at most two sweep planes taogamy
polytope.

Finally, if all edges incident te are terminating, we delete all tii&k) bitangents sup-
ported by these edges; for each bitangent, deleting itkbls@nd the pointer from the edge
not incident tov can be done i®(k) time. Hence, this take®(k?) time per critical event and
O(k3) time per sweep.

Update the combinatorial polygon associated withThis takesO(logn) time per polytope
edge incident tw, thusO(nlogn) time in total for all V-events.

Hence, processing all V-events take@k’logn) time per sweep.

5.5.2. F-critical events. We process an F-critical event as follows. beand f denote
the bitangent and face associated with the eventel ahde, denote the two support edges
of b such that; is the edge that belong to(see Figure 5.1c-d). By construction of F-events
(see Section 5.4, does not intersect fade(see Figure 5.1c¢), thus the bitangérit deleted
and a new combinatorial bitangent is created.

Bitangentb is removed from the lists of bitangents supportecepgnde, in O(k) time.
The support edges of the new bitangenterend the edge) # e; of f that is intersected
by the line in the plan&V (containingf) throughle ande, (see Figure 5.1c). This edgg
is also one of the two edges adjacenetan its combinatorial polygon. Edg€ can thus
be computed i©O(logn) time. As usual, the new bitangent is added to the lists ohgeaits
supported by, ande,. We then compute all the blockers of this new bitangent bjopering
one ray-shooting query per combinatorial polygon, for alttime of O(klogn). We finally
update the event queue@iklogn) time (Lemma 5.2).

There ar€O(k) F-events associated to each polytope face, @{(ak) F-events per sweep.
Hence, the total time complexity for processing all F-esésO(nk?logn) per sweep.

5.5.3. I-critical events. An I-event is associated with a fadeof some polytopd® and
an edges; of some other polytop®. Let p denote the point of intersection betwekande; .
The sweep pland],, that containg intersects the two polytopégsandQ in two polygons
R, andQy,. See Figure 5.2. Poinilies on an edge d&,; the two endpoints of this edge are
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the intersection of two edges Bf sayey ande,. These two polytope edges can be computed
in O(logn) time using the combinatorial polygon associated With

Create or delete combinatorial bitangents.the two polygons?, andQ, are tangent ap
(see Figure 5.2a), the two combinatorial bitangents whags pf support edges afep, e;)
and(eyp, e) are either created or deleted at the I-event. If these bétatsgappear in the list of
bitangents having edgg as support, we remove them from the list and delete themcé#ris
be done brute force i®(k) time. Otherwise we create these two combinatorial bitatsgen
We compute their set of occluders@tklogn) time by intersecting the bitangents with all the
polytopes using their associated combinatorial polyg®irsally, we update the event queue
in O(klogn) time.

Update sets of blocker€onsider now each of th@(k) bitangents having; as a support edge
except for the two bitangents that might have just been eded/e update its set of blockers
as follows. First, note that only polytogemay have to be added to, or removed from, the
set of blockers. Two situations occur: either the geoméitangent segment joining the two
support edges ifily, properly intersects polygoR,, or not. In the first case (e.g., segment
pq in Figure 5.2), polytopd® was and remains a blocker of the bitangent. In the second
case (e.g., segmept in Figure 5.2),P has to be either removed from, or added to, the set
of blockers. This can be done @(klogk) time by searching foP in the set (recall that
polytopes are ordered by their index in a binary search.tree)

Processing an I-event thus take&logn) time. Since any polytope edge intersects any
other polytope in at most two points, there &@énk) I-events which can be processed in
O(nk?logn) time in total per sweep.

5.5.4. T-critical events. Suppose that on the line transversa¢ipey, e3 andle (the one
associated to the T-event) edggsey, e3 are met in that order at poingsg, p2, ps. LetQ; be
the polytope containing;, 1 <i < 3.

Update sets of blockeréJpdate the occluder set for the bitangent with support edgasd
e3 by either removind)- (if it appears in the set) or addirg, (if it does not appear in the
set); this can be done @(logn) time.

Output. First determine if the segmepi ps is unoccluded by checking if the set of blockers
of the bitangent with support edges andes is empty or reduced tQ». If so and if the
segment intersects the reference eglghen it is a free segment transversal to the four edges
e e1,e,€e3. In order to report each such transversal exactly once, pertét only if the
reference edgeis smaller thare, for some global ordering of all edges. This can be done in
constant time.

There areD(nk?) T-critical events per sweep (see the proof of Propositi@), 3hus all
the T-events can be processedink?logn) time per sweep.

5.6. Complexity. Note first that we assume a model of computation in which boun-
ded-degree algebraic polynomials may be evaluated in aontie. See [18] for a detailed
description of the predicates concerning line transvertset are used in this algorithm.

In this model of computation, we have describe@l(a’k?logn)-time algorithm for com-
puting all the minimal sets of edges, no two chosen from timeespolytope, that admit an
isolated line transversal containing a free segment thiainigent to all these polytopes. As
mentioned earlier, the sweep-plane algorithm can be easilified to report all types of
minimal support sets.

The space used by the algorithm@¢nk?®) in the worst case. To see this, first notice
that storing the combinatorial polygons and the V-, F- aedtieal events use®(nk) space.
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There are als®(nk) combinatorial bitangents in any sweep plane. Storing tmebioato-
rial bitangents thus requiré®(nk?) space since, in the worst cas@(nk) of them may be
intersected by (k) polytopes. Furthermore, there may®gnk?) T-events in the queue since
each of theéd(nk) bitangents may share a support wakk) other bitangents. This yields the
bounds of Theorem 1.4 for computing minimal free segments.

Notice that, with a slight modification to the algorithm, and increase in the time
complexity, we can reduce the storage requirement of theefite toO(nk). To do this
we maintain the bitangents sorted by polar angle around eaxtbx of the combinatorial
polygons, which can easily be done since the cyclic ordesiranges only at T-critical events
or when a bitangent is created or deleted. Since two bitaedetome aligned only when
they are neighbors in this cyclic ordering, we only need tentaén the T-events for pairs of
consecutive bitangents and there can onlyiek) of these at any one time.

Finally, the bounds of Theorem 1.4 that concern the comjmumtaf potentially occluded
isolated lines tangent to polytopes are obtained by ngfitiat we need not maintain the
sets of blockers of the bitangents which reduces the spgo@eements for the combinatorial
bitangents t@(nk).

6. Conclusion. We have presented a tight bound on thenberof (connected com-
ponents of) lines and maximal free line segments that amgetarto at least four amork
possibly intersecting polytopes in arbitrary position. folpem that we leave open is to
prove that the same bound holds for twmmbinatorial complexityf the set of all maximal
free line segments amorkgpolytopes.

We have also shown how to compute in near-optimal worst-tiase all theminimal
free line segments that are isolated transversals to tbeofssupports and tangent to the
corresponding polytopes. We believe that our algorithmalan be made to report all con-
nected sets of minimal free segments that are transverta game set of edges. A problem
that we have not solved, however, is to compute in the same dind space complexities,
respectively, the polytopes supporting the endpoints efctbrrespondingnaximalfree line
segments.
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