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Chapter 1
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{dupont,Iazard,petitjea}@loria.fr
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Abstract  We are interested in efficiently and robustly computing a parametric
form of the intersection of two implicit quadrics with rational coeffi-
cients. Our method is similar in spirit to the general method introduced
by J. Levin for computing an explicit representation of the intersection
of two quadrics, but extends it in several directions. Combining results
from the theory of quadratic forms, a projective formalism and new
theorems characterizing the intersection of two quadratic surfaces, we
show how to obtain parametric representations that are both “simple”
(the size of the coefficients is small) and “as rational as possible”.

Keywords: Robustness of geometric computations, quadric surface intersection.

1. Introduction

Computing the intersection of quadric surfaces is an important step
in the boundary evaluation of second-order CSG solids [13] and in the
determination of the convex hull of quadric surface patches [7].

In solid modeling, the two most widely used types of object repre-
sentation are constructive solid geometry (CSG) and boundary repre-
sentation (B-Rep). Since both representations have their own respec-



2

tive advantages (modeling is more flexible and intuitive with primitive
solids, but rendering on graphical display systems is easier with B-Reps),
solid modeling kernels often need an efficient and reliable way to switch
from CSG to B-Rep representation. Boundary evaluation, also known
as CSG-to-B-Rep conversion, is a well understood problem. However,
past approaches have often put more emphasis on efficiency than on ro-
bustness and accuracy. Most current modelers use only finite-precision
arithmetic for CSG-to-B-Rep conversion. The topological consistency
of the computed B-Rep can easily be jeopardized by small amounts of
error in the data introduced by finite-precision computations. For many
applications in design and automated manufacturing, where topological
consistency and possibly accuracy are critical, this may be unacceptable.

Designing reliable, accurate and robust algorithms is currently a ma-
jor interest of the computational geometry and solid modeling research
communities (see, e.g., [2, 14]). A number of approaches have been
proposed for the robust and accurate boundary evaluation of polyhe-
dral models [1, 4]. Most rely heavily on numerical computation, with
varying dependence on exact and floating-point arithmetic. Comput-
ing the topological structure of a B-Rep involves accurate evaluation of
signs of arithmetic expressions. Assuming the input data has a bounded
precision and allowing whatever bit-length is necessary for number rep-
resentation, these signs can be computed exactly.

By contrast, there has been much less work on robust CSG-to-B-Rep
conversion algorithms for curved primitives. A major reason is that out-
side the linear realm, exact arithmetic computations require algebraic
numbers which cannot in general be represented explicitly with a finite
number of bits. In addition, computation with algebraic numbers is ex-
tremely slow. One notable exception is the work of Keyser et al. [8, 9]
on the boundary evaluation of low-degree CSG solids specified with ra-
tional parametric surfaces. The authors use exact arithmetic, present
compact data structures for representing the boundary curves as alge-
braic curves and the boundary vertices as algebraic numbers and use
efficient algorithms for computing the intersection curves of parametric
surfaces.

The quadratic nature of the equations defining quadric surfaces per-
mits an explicit representation of the intersection curves. In other words,
it is theoretically possible to compute a fully parametric representation
of the boundary of quadric-based solids. The general method for com-
puting an explicit parametric representation of the intersection between
two quadrics is due to J. Levin [11, 12]. This seminal work has been ex-
tended in many different directions. For instance, arguing that Levin’s
method does not yield explicit information on the morphological type
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of the intersection curve, Farouki et al. [3] made a complete theoretical
study, for general quadric surfaces, of degenerate cases. Goldman and
Miller [6] took a different path and developed a special-case solution for
each of the possible pairs of natural quadrics (i.e., planes, right cones,
circular cylinders and spheres).

Most of these methods were motivated by the belief that general meth-
ods for intersecting implicit quadric surfaces may not be numerically
robust and may fail in degenerate configurations. Indeed, no one has
reported thus far an algorithm for robustly computing the intersection
between two general quadric surfaces. Recently, however, Geismann et
al. [5] have shown how to exactly compute a cell in an arrangement of
three quadrics.

We show in this paper that the method of Levin can be improved
in several ways in order to remove most of the sources of numerical in-
stabilities in the original algorithm. Using a combination of projective
formalism, reduction of quadratic forms and new theorems character-
izing the intersection of some quadric surfaces, we show, in particular,
how to avoid the appearance of nested radicals (high-degree algebraic
numbers).

We present in Section 2 basic definitions and notation. We recall
in Section 3 Levin’s method for intersecting two quadric surfaces, and
present our method in Section 4.

2. Preliminaries

In the rest of this paper, we assume that each quadric surface P
is given as the zero-set in R? of a quadratic implicit equation P with
rational coefficients in the variables (z1,z9, z3), i.e.,

oqx% + 0421‘% + 043113% + 20410 + 205123 + 2062223
+ 2a7z1 + 20872 + 20973 + a9 = 0, (1.1)

with a; € Q4 = 1,...,10 and some «a; # 0. Eq. (1.1) can be rewritten
in matrix form as X7PX = 0, with X = (z1,29,73,1)7 and P the
symmetric 4 X 4 matrix

ap a4 a5 ay
Gy ay g Qg
a5 g a3 Qg
Qr ag Qg (o

We use the same notation P for a quadratic implicit equation and its
associated matrix; the corresponding quadric surface is denoted P.



A quadric is said to be given in canonical form if its equation in some
coordinate frame is of the form

P r
g a;z? — g aixi +&=0 or
i=1

i=p+1 V4 r
2 2
g a;T; — g a;z; —zry1 =0, (1.2)
i=1 i=p+1

with a; > 0,Vi,€ € {0,1} and p < r.

The signature of P is an ordered pair (p, q) where p and ¢ are the num-
bers of positive and negative eigenvalues of P, respectively (the number
of null eigenvalues thus follows from the signature). If P has signature
(p,q) then —P has signature (g, p), however, the quadric surfaces asso-
ciated with P and —P are identical. We thus define here the signature
of a quadric surface P as the couple (p,q), p > ¢, where p and ¢ are the
numbers of positive and negative eigenvalues of P (non-respectively).

We will refer to the 3 x 3 upper left submatrix of P, denoted P,, as
the principal submatriz of P. The determinant of this matrix is called
the principal subdeterminant.

Given two quadrics P and Q, the pencil generated by P and Q is the
set of quadrics R(\, 1) of equation AP + uQ where (A, 1) € R? \ {0,0}.
For simplicity of notation, we will consider instead the pencil generated
by P and Q as the set of quadrics R(A) of equation P — A@Q,\ € R,
augmented by the matrix Q. For simplicity of presentation, we will
write that the quadric R(X) is equal to P —AQ. Finally, recall the well-
known result that the intersection between two distinct quadric surfaces
in a pencil does not depend on the choice of the two quadrics.

3. Levin’s method

We describe in this section the method presented by J. Levinin [11, 12]
for computing a parameterized expression for the intersection of two
quadric surfaces given by their implicit equations.

Assume that P and Q are two distinct quadric surfaces. Levin’s
method is based on his following key result.

Theorem 1 ([11]) The pencil generated by two distinct quadric sur-
faces contains at least one simple ruled quadric, i.e., the empty set or a
quadric listed in Table 1.1.

One important property of simple ruled quadrics is that the value of
their principal sub-determinants is zero. Levin’s method is as follows.
1 Find a simple ruled quadric in the pencil generated by P and O.
This is achieved by computing the type of Q and of the quadrics
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Table 1.1. Parameterization of canonical simple ruled quadrics

wadric canonical equation parameterization
q a; >0 X = [z1, 22, 23], u,v € R
line a1z +aszy =0 X(u) = 10,0, u]
simple plane 1 =0 X(u,v) = [0, u,v]
double plane aizi=0 X(u,v) = [0, u, v]
X(u,v) = [—=,u,v],
parallel planes az =1 (u,v) X[\/ﬂ _ ] 1
(’ZL,’U) - [_\/_a_lyuy ’U]
. . X(u,v) =%, 2=, v
intersecting planes a1z —asxi =0 (w,v) var’ zQ’ b u
X(U,U) = [\/ﬁz_\/_ajz ]
hyperbolic paraboloid a1z} —asxd —x3 =0 X(u,v) = [zuj%, 2“\;%, uv]
parabolic cylinder a1z} —x2 =0 X (u,v) = [u, a1u>,v]
. . X(u,v) = [32—=(u+ 1
hyperbolic cylinder arz? —asxd =1 (u,0) [Zﬁ (1 w) L
2/as (u + Z): U]

R(\) = P — AQ such that X is solution' of det (R,(\)) = 0. By
Theorem 1, one of these quadric surfaces is simple ruled. Let R be
such a quadric and assume that R and P are distinct (otherwise,
choose Q instead of P).
Compute the orthogonal transformation 7 which sends R into canoni-
cal form. In the orthonormal coordinate frame in which R is canonical,
R has one of the parameterizations X of Table 1.1. Compute the ma-
trix P’ = T~'PT of the quadric surface P in the canonical frame of
R and consider the equation (augment X by a fourth coordinate set
to 1)

XTP'X = a(u)v? + b(u)v + c(u) = 0. (1.3)

The parameterizations of Table 1.1 are such that a(u),b(u) and ¢(u)
are polynomials of degree two in u.

Solve (1.3) for v in terms of v and determine the corresponding domain
of validity of u on which the solutions are defined. This domain can
be computed exactly since it is the set of u for which the polynomial
of degree four A(u) = b*(u) — 4a(u)c(u) > 0. Substituting v by its
expression in terms of v in X, we have a parameterization of PN Q =
P N'R in the orthonormal coordinate system where R is canonical.
Report 7X(u) and the corresponding domain of 4 € R on which the
solution is defined, as the parameterized equation of P N Q in the
global coordinate frame.

Levin’s method is very nice and powerful since it gives an explicit para-
metric expression for the intersection of two quadric surfaces given by
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their implicit equations. However, in terms of precision and robustness,
the method is not ideal because it introduces many irrational numbers.
Thus, if a floating point representation of numbers is used, the result is
imprecise or worse, the implementation crashes if no simple ruled quadric
is found in step one. If an exact arithmetic representation is used, then
the computations are slow because of the high degree of the algebraic
numbers; in practice however, because of the high degree of these alge-
braic numbers, a correct implementation using exact arithmetic seems
fairly impossible.
To be precise, the method introduces irrational numbers (namely
square and cubic roots) at the following different steps:
= In Step 1, X is the root of a degree 3 polynomial in Q[X]; A can thus be
expressed with two levels of nested radicals (cubic and square roots).
m In Step 2, the coefficients of the transformation matrix 7 are expressed
with 4 levels of nested roots; indeed, the eigenvalues of R,, are the roots
of a degree-two polynomial in Q[ X, \] (the degree of the polynomial is
two instead of three because R is a simple ruled quadric); furthermore,
the eigenvectors have to be normalized, introducing a new level in the
nested square roots; the coefficients of the transformation matrix are
thus expressed with 2 levels of nested square roots in Q[A]. Also in
Step 2, some other coefficients expressed with 4 levels of nested roots
appear in the parameterization X. Indeed, these terms appear in X
as the square roots of the eigenvalues of R,, which are solutions of a
degree-two polynomial in Q[ X, A].
s In Step 3, a square root appears when solving the degree 2 equa-
tion (1.3). Note, however, that this radical is the square root of a
polynomial in u, the parameter of the curve of intersection.

It is interesting to point out that the solutions produced by Levin’s
method tend to be very complicated in practice. Consider the simple
example where P is a hyperbolic paraboloid with equation ax? + bz —
z3+1=0, a,b >0 and Q is anything. Then, R can be chosen equal to
P, which substantially simplifies the solution (A = 0 and the number of
levels of nested radical is 2 instead of 4). Even then, the solution 7X
has the form

b(utv)/V2 bu—v)/V2

+
\/b2+(\/ a2+b27a)2\/\/ a2+b2+a \/b2+(\/ a2+b2+a)2\/\/ a2+b2—a
(Va2+b2—a)(utv)/V2 _ (Va2+b2+a)(u—v)/V2
\/b2+(\/ a2+b27a)2\/\/ a2+b2+a \/b2+(\/ a2+b2+a)2\/\/ a2+b2—a
uv+1

1

where v still has to be replaced by its solution of (1.3) in terms of u.
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4. Our method

As in Levin’s method, we want to compute an explicit parametric
expression for the intersection of two quadric surfaces given by their im-
plicit equations. However, we only report the components of the inter-
section that are of strictly positive dimension. This choice is consistent
with the applications we are interested in, such as CSG-to-B-Rep conver-
sion, because it only means that the primitives defining the CSG models
are considered as open volumes. As Theorem 3 will show, not reporting
components of dimension zero might simplify the computations.

We improve Levin’s method in the following different ways. First
we consider the quadric surfaces in the real projective space of dimen-
sion three, P3. One of the keys to Levin’s method is the existence of
parameterizations of “enough” canonical quadric surfaces (the simple
ruled quadrics) such that after substitution into the implicit equation
of another quadric, we get a second degree equation in one variable
with a discriminant A of degree four in another variable. We generalize
to projective space that aspect of Levin’s method by presenting in Ta-
ble 1.2 parameterizations, with the above property, for of all quadrics,
except those of signature (3,1) (see Theorem 2). (FEuclidean quadrics
of signature (3, 1) are ellipsoids, hyperboloids of two sheets, and elliptic
paraboloids.) Considering quadrics in projective space instead of Eu-
clidean space reduces the number of times a quadric R, distinct from
P, Q, has to be searched for in the pencil; indeed, in projective space, a
search has to be performed if and only if both P and Q are of signature
(3,1), although, in Euclidean space, a search has to be performed if and
only if both P and Q are of signature (3, 1) or amongst the cones, elliptic
cylinders or hyperboloids of one sheet.

Theorem 2 Let P' be a symmetric real 4 X 4 matriz. The parame-
terizations X presented in Table 1.2 are such that XTP'X is equal to
aw?+bwt+ct?, a(wt)?>+bwt+ec, or aw?+bw-+c, for the first, second
and three last parameterizations respectively, where A = b®> — 4dac is a
homogeneous polynomial of degree 4 in the variables u,v.

Our other key result for avoiding the apparition of irrational numbers
is the following;:

Theorem 3 If two quadric surfaces P and Q both have signature (3,1)
and intersect in more than two points (in P3) then there exists a rational
number X such that P — \Q is not of signature (3,1).

This result is of interest because of the following two reasons. First
it ensures that the two quadrics, P and R, we end up intersecting have



Table 1.2. Parameterization of projective quadric surfaces

stgnature canonical equation parameterization
of Q a; >0 X = [z1, x2, 23, x4] € P?
(4,0) a1z + asxs + aszs + asxi =0 9=10
(3,1) a12? + asxl + asz: —asz? =0 det @ <0
(3,0) a1 2T + a2z + aszs =0 Q is a point
. . . . — ut+vw wvw—vt ut—vw wvwdvt
(2,2) a12? + asxl — asz: —asz? =0 X=| Var ' az L Jas \/a]’

(u,v),(w,t)€]P’1
X = [u2+v2 u?—v2 _uv th

(2,1) a1z? + asxl —asz =0 2\/%_1 ’ 2\/)(1_2P; Vas’
u,v,w,t)E
(2,0) az? +awxi=0 X =1[0,0,u,v], (u,v) € P!
X= [Lav Lavvyw]a
(1,1) a1z} — asr; =0 v @—[L — L, w]
’ - a21a Vas’ )
(u,v,w)€EP
(1,0) aizi =0 X = [0, u,v,w], (u,v,w) € P?

rational coefficients. Secondly, the A € @, such that R(A) = P — A\Q
is not of signature (3,1), can be computed, most of the time, with nor-
mal floating-point arithmetic. Indeed, first notice that R(\) is not of
signature (3,1) if and only if det R(\) > 0, and that I\ € R such that
det R(A\) > 0, by Theorem 1. It follows that, in most of the cases, there
exists an interval of A € R on which det R(A) > 0. Thus, we can com-
pute approximatively the roots of det R(\) = 0, then choose a rational
number in each interval induced by these computed roots, and find out
whether one of these rational numbers is such that det R(A) > 0. If we
found such a A we report the quadric R(\) which is not of signature
(3,1); due to the lack of space, we do not discuss here how to compute
A otherwise.

Our last contribution is the introduction of Gauss’ reduction method
for quadratic forms for transforming R into a canonical frame in Step 2.
Using Gauss’ reduction method instead of finding an orthogonal trans-
formation as in Levin’s method, simplifies substantially the form of the
solutions. As an example, using just Gauss’ reduction method on the
example of Section 3 where P is a hyperbolic paraboloid of equation
azr? 4+ brizy — 23 +1 = 0, a,b > 0, gives a solution 7X of the form

(% VG2 o + 1,17

Our algorithm is as follows.

1 Find a quadric surface R with rational coefficients in the pencil gen-
erated by P and Q such that det R > 0, or report that the intersec-
tion of P and QO is of dimension 0. This is achieved as follows. If
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det @ = 0 then choose R = Q. Otherwise, if there exists A € Q such
that det(P — AQ) > 0, then compute such a A and set R = P — \Q.
Otherwise, report that P N Q is of dimension 0 (see Theorem 3).

2 If R has signature (4,0) or (3,0) then report that P N Q is of dimen-
sion 0 (see Table 1.2). Otherwise, using Gauss’ method for reducing
quadratic forms into diagonal forms [10], compute a (non-orthogonal)
transformation 7 which sends R into canonical form. In that coor-
dinate frame, in which 77 RT is diagonal, the quadric surface R has
one of the parameterizations X of Table 1.2 (by Sylvester’s Inertia
Law, the signatures of R and 77 RT are equal). Compute the matrix
P' = TTPT of the quadric surface P in that coordinate frame and
consider the equation X" P'X = 0.

3 Solve XTP'X = 0 as an equation of degree two according to Theo-
rem 2, and determine the domains of (u,v) € P! on which the solutions
are defined. Substitute, depending on the case, (w,t), wt or w in terms
of (u,v) in X. (If a, b, ¢ vanish simultaneously for some values of (u, v),
then replace (u,v) by those values in X and let (w,t) € PL.) We get
a parameterization of PN Q = PN TR in the coordinate system where
‘R is canonical.

4 Report TX(u,v) and the corresponding domain of (u,v) € P! on
which the solution is defined, as the parameterized equation of PN Q
in the global coordinate frame.

The algorithm we presented here produces an explicit parametric rep-
resentation for the intersection of two quadric surfaces P and Q given
by their implicit equations (with rational coefficients), such that all the
coefficients are in Q[/a1, /a2, /a3, /as] where the a; are the coefficients
of R in canonical form through 7 (i.e., the coefficients on the diagonal

of T"RT).

Notes

1. Levin’s method fails if det (R.()\)) = 0 because, then, the type of all the quadrics
R(A), XA € R, have to be computed. However, the method can be easily fixed by considering
the roots of other polynomials, such as det (R())), that naturally appear when considering
the classification of quadric surfaces as in [12].
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