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Abstract. We prove that four spheres &3 have infinitely many real common
tangents if and only if they have aligned centers and at least one reahi@om
tangent.

1 Introduction

A major issue in geometric computing is to handle degenémptés properly in order to
design robust algorithms. This often requires recogniginth an input to begin with. In
3D visibility problems, which are ubiquitous in computeaghics and image synthesis,
objects with a set of common tangents of improper dimens@rstitute degenerate
configurations, as detailed in the survey of Durand [3]. lis thaper, we determine
all degenerate configurations of four distinct sphereg,ithall configurations of four
spheres with infinitely many common tangents.

The study of real lines tangent to basic geometric objectsblegn very active in
recent years. This topic includes two closely related dimes of research, namely the
characterization of degenerate configurations and the eraiion of lines satisfying
geometric constraints. Usually, these problems are appezhby studying the degen-
eracies and counting the number of solutions of some spgafjmomial system. The
difficulty often resides in eliminating imaginary solutgnsolutions at infinity, and
components of positive dimension of solutions in order taireonly real affine so-
lutions.

The case of lines tangent to spheres has been persisterghtigated. Macdonald
et al.[4] proved that four unit spheres have at most 12 common tatege general, and
infinitely many common tangents if and only if the centersaligned. The bound of
12 was independently obtained by Devilletsal.[2]. Examples show that, in the finite
case, this bound is tight [2, 4], yet, according to Megyesi ifsdrops to 8 in the case
of unit spheres with coplanar but non-collinear centersveéier, the upper bound of
12 remains valid when the spheres have arbitrary radiiilSattd Theobald [8] proved
that there are 32"~! complex common tangent lines to 2 2 general spheres R",
and that there exists a choice of spheres with all commoretasgeal.

Recently, progress has also been made in understandingtigties of common
tangents to spheres and transversals to lines. Theobali@$@libed the configurations
of three lines and a sphere having infinitely many commoneatsjtransversals. Next,
Megyesiet al. [7] characterized the families of two lines and two quadoé®3(C)
with infinitely many tangents/transversals, and appliesirttesults to the case of two
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lines and two spheres &°. Last, Megyesi and Sottile [6] classified the families of one
line and three spheres Bf with infinitely many tangents/transversals.

The question of characterizing the positions of four sph@fevarious radii with
infinitely many common tangents remained open. Quoting Bbalkeb[9]: “We conjec-
ture that there does not exist any configuration with foulsaf arbitrary radii, non-
collinear centers and infinitely many common tangent lihksthis paper, we confirm
this expectation and prove

Theorem 1. Four distinct spheres ii®® have infinitely many real common tangent lines
if and only if they have aligned centers and at least one reairmon tangent.

More precisely we prove that four spheres with infinitely mmaommon real tan-
gents either intersect in a circle, possibly degeneratirayppoint, or each sphere has a
circle of tangency with one and the same quadric of revatutidth symmetry axis the
line through all centers (see Figure 1); such a quadrimigueand can be a cone, a
cylinder or a hyperboloid of one sheet. Furthermore, thernomtangents to the four
spheres are exactly the common tangents to any three of them.

‘/“') @O

Fig. 1. Two examples of quadruples of spheres with infinitely many common rasge

After introducing some notations and preliminaries in 8ec®, we treat the case of
four spheres with affinely independent centers in Sectidfelt, we handle in Section 4
the more intricate case of spheres with coplanar centetbree aligned. Section 5 ends
the proof of Theorem 1 with the case of three aligned cenWesobtain, at the same
time, the algebraic and semi-algebraic conditions on eadiimutual distances between
centers, which characterize four spheres with infinitelpyneommon real tangents.

2 Preliminaries

Notations. Our proofs use points and vectors frd&&fA and from the real and complex
projective spaces of dimensionP"(R) andP"(C). We make no distinction between a
point p and the vector from the origin of the frame poFor more clarity, we denote an
element ofR" by (a,...,an), and an element &"(R) or P"(C) by (ag : ... : @nt1).

For any two vectors, b of R", P"(R), orP"(C), we denote by- b their dot product,
by a x b their cross product, and bg|? the dot product - a (note that/al? is not the
square of the norm af whena has imaginary coordinates).



Common Tangents to SpheresRA 3

Let S denote the sphere & with centerc; and radiug; > 0, fori =1,...,4, and
(e1,€2,€3) be an orthonormal frame 3. Without loss of generalitywe assume that
¢, is the origin of our frame. Theaxis of a set of spheres with aligned centers is the
line going through these centers.

Tangents to four spheres. We begin by reviewing the description of the common
tangent lines to four spheres as solutions of a polynomsiksy, as in [4]. We represent
aline inR3 by its closest point to the origip € R and its direction vectov € P?(R).

Let M denote the matrifcy, c3, 4] and®y and®,(v) be the vectors

|Cof> 15 15 (c2-v)?
®g = |c3|2+rffr§ s CDz(V) = — (C?,~V)2 .
|Cal?+ri—r} (ca-v)?

Lemma 1. The lines tangent to the four spherés..., 54 are the common solutions
(p,v) in R® x P?(R) of the equations

p'V: 07 (1)
pf?=r, (2)
2|v[2Mp = D, (V) + |v|?dy. (3)

Proof. A couple (p,v) € R3 x P?(R) represents a line if and only if Equation (1) is
satisfied. A line(p,v) is tangent to spher§ if and only if its squared distance tpis
r2 that is, if and only if
(i —p) x V> = rfv)*.
Expanding this equation yields
|6 x VI + [P x V2 = 2(ci x V) - (p x V) = v (4)

Applying to (¢ x v) - (p x V) the scalar triple product identity- (b x ¢) =b- (cx a),
then the vector triple product identityx (b x ¢) = (a- ¢)b— (a-b)c and finally using
Equation (1) we get

(Px V) (G x V) =G (vx (pPxV)) =G~ ((v-V) p— (V- P)V) = [V*G - p.
Sincep andv are orthogonallp x v|? = | p|?|v|? and thus Equation (4) becomes
2IvPci - p = [oi x VI + [VI*(|p* = 1f).
As |c; x V> + (¢ - V)% = [ci|?|v|?, we finally get that
2P - p=—(ci-v)? + V* (|a P+ pl =) 5)

Equation (5) foii = 1 is equivalent to Equation (2) sincgis the origin of the frame. It
follows that the four equations (5) foe= 1,...,4 are equivalent to the two equations (2)
and (3). O
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The approach used to show that infinitely many tangent linespheres can only
happen when the centers of the spheres are aligned is aggoll¢e eliminatgp among
the equations (1)-(3), giving two curveis the 2D projective space of directions, whose
intersection contains all directions along which a commamgéent line to the four
spheres is observed. We then prove that, when the centeroareollinear, the two
curves intersect in a finite number of points.

The key idea behind the proofs of Section 3 (affinely indepabaenters) and
Section 4 (coplanar centers) is that if the two curves, @ggd as complex projec-
tive curves, had a common component of positive dimenshia,domponent would
intersect the imaginary conig|?> = 0 and we show that this is not the case. Intersect-
ing the curve withjv|> = 0 is inspired by the relation of the Grassmannian of lines in
P3(C) with the (p,v) coordinate system, well adapted to the representatiomes lin
the affine parR® c P3(R).

It should be stressed that any solution to the problem ofacherizing sets of four
spheres with infinitely many tangent lines must be compantatito some extent, be-
cause while we are interested in real lines, the “nativetesysof equations is ovet.
Any understanding of the system should involve sensititétgomplex degeneracies.
In our proof, computations flow towards revealing such camplegeneracies, but are
short-circuited by use of reality assumptions.

3 Affinely independent centers

We first investigate the case of spheres with affinely inddpenhcenters.

Proposition 1. Four spheres with affinely independent centers have at masié
common tangent lines.

Proof. First note that matrid is invertible since the spheres have affinely independent
centers. Consideringp,v) in R3 x P2(R), we havelv|? # 0 and thus Equations (1)-(3)
are equivalent to the three equations

p=m-t (G +3%). ©
(M~ (2(v) + V[ Pp)) V=0, 7)
ML (@5(v) + V2 o) | = 4rZ|v|*. 8)

Equation (6) expresses the pomin terms of the direction vectar, proving that there

is at most one line tangent to the four spheres with a giveection. The remaining
equations are a cubic (7) and a quartic (8Vjrand their intersection represents the
directionsv € P?(R) along which there is a tangent to the four spheres. We want to
prove that the cubic and the quartic intersect in at most i8tpdn P?(R). For that
purpose we prove this property #%(C), by contradiction.

1 A cubic and a quartic when the centers are affinely independent, a cahi sextic when the
centers are coplanar with no three aligned.
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If the cubic and the quartic have Bf(C) a common component of positive dimen-
sion, this component intersects the comié = 0; this is a property of any two curves in
IP2(C) which does not dispute the fact that the real solutions ofliqas (6)-(8) satisfy
[v|? # 0. We now prove that the intersection(C) of the cubic (7), the quartic (8)
and the conigv|? = 0 is empty. This system simplifies to

VIZ=0,
(M~1dy(v)) v
IM~tDa(v)[? =

= 07
0.

The first two equations express the fact that'd,(v) is on the tangent at to the
smooth conidv|? = 0, and the last thal ~1®d,(v) is itself on that conic. It follows that
M~1d,(v) andv are one and the same projective point. Thus there epigt® in C
such that

M~1d,(v) = py, that is®,(v) = pMv.

Expanding this last equality yields(c; - V)2 = pug -v, for i = 2,...,4, which implies
that every ternt; - vis 0 or—p. This leads to

ap
Mv=—p| as 9)
ay

where eacly; is equal to 0 or 1. Le& denote the vector of the. Pluggingv = pM~1a
in the equation of the coniw|? = 0 yields

W [Mta® = 0.

The vectoM'ais real, thugi= 0 ora= 0. In both cases, Equation (9) implies- 0.
Thus there is no common solution#%(C) for the system of the conic, the cubic and
the quartic, hence the cubic (7) and quartic (8) cannotseterin a curve. By Bezout’s
Theorem, they intersect in at most 12 points, and since thetemost one line tangent
to the four spheres with a given direction by Equation (6% tliompletes the proof. O

4 Coplanar centers

We now treat the more intricate case of four spheres whosterseare coplanar but
such that no three centers are aligned.

Proposition 2. Four spheres with coplanar centers, no three aligned, havenest
twelve common tangents.

Let (p,v) € R® x P?(R) represent a line tangent to the four spheses. ., Ss. By
Lemma 1,(p,V) is solution of Equations (1)-(3). As in Section 3, we starelgjracting
from these equations two equationsvin
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Without loss of generality, we may assume that the sphergiceapan the plane

(e1,€2):
C1C220
M=]c31c30].
C41C42 0

Let M12 be the 2x 2 upper left sub-matrix oM, which is invertible since no three
centers are aligned. For any vectyilet a;» be the vector that consists of the first two
rows ofa andag be its third row.

Let us first assume thag # 0. It follows from p-v = 0 that

-V
pa— — P22 (10)
V3

andps2 is characterized using Equation (3):
2v[Zp12 = M1z ((D2(V)) 15+ IVI* (P0)15) -

Let Wa(v) = M5 (P2(v))1, andWo = M5 (Pg);,. As D2 (v) andWp(v) do not depend
onvs, we may write them a®,(vi2) andWz(vi2). Then

22 pr2 = Wa(v12) + |V|*Wo. (11)

Substituting the expression p§ from Equation (10) in Equation (2) gives
P12-Vi2 2
p12f® + () —r?2=o.
V3

Then multiplying by 4v|*v§ and substituting [®|2p12 by its expression from Equa-
tion (11) gives the following sextic equationvn

V3| Wa(vi2) + [V2Wol? + ((Wa(viz) + [VI?Wo) -vi2)® —4MN3ri = 0. (12)
For anyp,qin P3(C), we have, by transposition:
(Mp)-q=p-(M"q).

Let w be a non-zero kernel vector MT. Then(Mp) -w = p- (MTw) = 0. Substituting
the expression oM p from Equation (3), we obtain that must be on the following
conic:

®(V12) - @+ [V[°Po- w=0. (13)

Notice that Equations (12) and (13), obtainedvg~ 0, are still valid forvs = 0 by
continuity. We thus get the following lemma.

Lemma 2. The direction ve ]P’Z(R) of a line tangent to the four sphereg,..., 54
satisfies the sextic (12) and the conic (13).
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Lemma 3. If the sextic (12) and the conic (13) admit a component oftpmesdimen-
sion of common solutions i?(C), then it intersects the conjg|> = 0 and any point v
in the intersection satisfies

I\ e (C, Lpz(Vlz) = )\V]_z (14)
Py(v12) - w=0. (15)

Proof. If Equations (12) and (13) share a component of positive dgiza inP?(C),
then this component, seen as a curvéP8fC), intersects the coniy|?2 = 0. Letv €
IP?(C) be in this intersection. Then Equation (13) becomes Equdfi6). Now, it fol-
lows from |v|2 = 0 thatv3 = —|v12|2, and thus Equation (12) becomes

— V122 Wa(v12) > + (Wa(v12) -v12)2 = 0.

Since |x2|y|> — (x-y)? = det(x,y)? for any x,y € C?, the equation is equivalent to
det(vi2, W2(v12)) = 0 which is equivalent to Equation (14)i6 on|v|? = 0 so we cannot
havevi, = 0). a

In the following we consider the centezs= 0, C,, c3, ¢4 as 2D points (i.e., we forget
the third coordinate, which is 0). For any vector R? we denote by its orthogonall
vector obtained by a rotation of angi&2.

Lemma 4. If Equations (14) and (15) have a common solutigp in P1(C), it must
satisfy > = ¢ and wz- (cj — ck) = 0, with {i, j,k} = {2,3,4} (which implies that ¢,
Co2, C3, C4 are the vertices of a trapezoid).

Proof. FromMTw = 0 we get

MT 05 — M, s\ (w2 _ [ M{012+ w3Cs ~0
“\ 00 w3 ) 0 e

Thuswyo = —wg(MIZ)*lczl andwg # 0 (otherwisews» = 0 thusw = 0 contradicting
its definition). Now, we can write Equation (15) @B, (V12))12- W12 — (C4-Vi2)203 =0,
and substituting our expression©f; yields

2003203

—033 (P2(V12))12- (M)~ 'ca) — (Ca- Vi2)
which simplifies, by transposition, into
(M13(®2(V12))12) - Ca + (€a-V12)* = 0.
Hence, an equivalent expression for Equation (15) is:
W,(V12) - G4+ (C4 - Vi2)? = 0. (16)
SubstitutingWz(v12) = Avi2 from Equation (14) into (16) leads to

(C4-V12)? = —AC4-V12.
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By a similar reasoning, we can express the conic (15) usjngr ¢z in expressions
similar to Equation (16), and the above argument yields that

(Gi-vi2)? = —ACi-vip, =234 (17)

If ¢i-vip £ 0fori =23, and 4 theric, — c3) - vi2 = (C2 — €4) - vi2 = 0 @and, sincey, c3
andc, are not alignedy;» = 0 contradicting/;» € P1(C). Hencey;, must be orthogonal
to somec;, i € {2,3,4}. Sincevyz € ]P’1(<C), we can assume thet, = ciL. Since no three
centers are alignedt;» is orthogonal to neither; norcy, with {i, j,k} = {2,3,4}. Thus
Equation (17) yields

~A=¢j-¢ =c-¢", andso ¢ -(cj—c) =0.
This means that the segmemtss; and cjck are parallel and thus the centers of the
spheres are the vertices of a trapezoid. d

Lemma 5. If the sextic (12) and the conic (13) have a common comporigrusitive
dimension inP?(C), Equations (14) and (15) have at least two distinct solugiam
PY(C).

Proof. Assume that the sextic (12) and the conic (13) share a compafgositive
dimension. Then by Lemmas 3 and 4, Equations (14) and (15t adrmommon solution
vip = ¢ fori =23, or 4. By relabeling if necessary, we can asswiae- c; . Suppose,
for a contradiction, that; is the unique common solution of Equations (14) and (15).

By Lemma 3, any point in the intersection of the cohiZ = 0 and the common
component of the sextic (12) and the conic (13) satisfies tans(14) and (15). Thus
any such point satisfieg, = ¢ and|v|?> = 0, and is equal to one of the two points of
coordinategc; : +i|c4|). Hence the common component contains at least one of these
two points.

The common component of the sextic (12) and the conic (13itherethe conic
itself or a line. In the latter case, the equation of the lingdal because otherwise
its conjugate is also contained in the conic and in the sésiice their equations are
real); the sextic then contains the conic, which correspdodthe first case. Hence
the equation of the common component is real in both casess, Bnce the common
component contains one of the two poilty : +i|ca|), it also contains its conjugate,
hence the two points.

We now discard the case where the common component is the bygrderiving
a contradiction with our assumption that no three centegscallinear. If the conic
is contained in the sextic, it meeig? = 0 in the two points(c; : +i|cs|), which are
therefore tangency points. This means that Equation (1ijtwis our conic modiv|2 =
0, has a double root &, = ci. Since any degree-two polynomialm, € ]P’l((C) that
hascj as double root is proportional (c4~v12)2, we get that

W (V12) - Ca = Q(Ca- Vi2)?

for somea € C and allvy, € P1(C). Computing de(ll\/llz)Ml‘zl gives the matrix with
columns|—c3 ¢ ], thus our equation becomes
2

Wa(V12) -Cs = det(ll\Alz)[(C% +C4)(C2-V12)® — (G5 - Ca) (3 V12)?] = 01(Ca - V12)*.
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Since the four centers form a trapezoid we haye= v(c; — c3) for somev € RS,
Replacinges by its expression and simplifying by factof - ¢, = —c5 - c3 yields

(C2-V12)% — (C3-V12)® = K((C2 — C3) - V12)?,

for somek € C. Writing vi2 = Xcy +ycy we obtain

(C- 6§ )2y =R —K(x+Y)?) =0

for all (x,y) € P1(C), which forces the proportionality @b andcs and their alignment
with c¢;. Thus, if no three centers are aligned the conic cannot baicad in the sextic.

Now we examine the second alternative, when the common coempof the sextic
(12) and the conic (13) is a line. This line contains the twimsd(c; : +i|ca|) and thus
contains the pointc; : v3) for all vz € C. Thus all the coefficients of the sextic (12)
viewed as an equation iy with coefficients depending ow, = c; must vanish. In
particular the constant and the coefficientvgfminus |c4|* times the coefficient o#5
both vanish and are equal to

W,(ct)-Cf +|cal?Wo-cf =0,
|W2(cz )2+ 2|cal?Wa(cy) - Wo = 0.

From the proof of Lemma 4, we know thé(c; ) = Acy with A = —cp-¢c; = —C3-C;.
Thus, the relations become

|C4|2()\ + W Cﬁ) =0,
Acal2(A+2W-c) =0.

Since no three centers are alignad# 0 and|c,|2 # 0, and these two equations imply
A =0, a contradiction. O

Lemma 6. The sextic (12) and the conic (13) cannot have a componenosifiye
dimension of common solutions.

Proof. Assume that the sextic (12) and the conic (13) have a commmpaoent of
positive dimension. Lemmas 4 and 5 yield that Equationsghd)(15) then have at least
two distinct solutions amongicy, ¢4, c; }. By relabeling the centers, we may assume
these solutions arg andcy. Lemma 4 gives that

(‘%'(04—C3):O and c§~(c4—c2):0,

Thus,c; is proportional tac4 — ¢z, andcs is proportional tac, — ¢p. Thereforeg, +c3 =
¢4 and the centers form a parallelogram. By translating ounér#éo the center of that
parallelogram, we may assume that the centers ae-dia;,a»,0), b= (bs,bp,0), —a
and —b, with corresponding radii;, i = 1,...4. On occasion, we abuse notation, and
allow a andb to stand for(a;,ay), respectivelyby, by).

Subtracting Equation (5) far= 1 from its expression far= 3 leads to

4(a-p)=r5—ri,
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and the same operation foe= 2 andi = 4 yields
4(b-p)=rz—r3.

This shows that the first two coordinatpg, of p are determined by centers and radii
alone, and remain constant. Thus, all the common tangettte four spheres meet the
line perpendicular to the plane of the centerpin.

A theorem in the preprint [6] addresses a situation of thisireaand shows that
the common tangents to three spheres which meet at the sama fixed line cannot
be infinitely many unless their three centers are collind@rgive here an independent
proof which continues the above line of thought.

Recall that (12) and (13) were obtained from (1)-(3) by efiatingp. Operating “in
reverse", it is easy to see that a one-dimensional compafeaiutions for (12) and
(13) would produce a one-dimensional family of solutions (f)-(3). We show now
this cannot happen.

Rewriting (5) for the centera andb gives

(@ =V (Ja+ o2~ 503+13) ). (18)
(b2 =V (1024 [pi2 - 503413 ). (19)

Leta = |a?— 1(r? +r3) andP = |b|? — 3(r3+r%). Subtracting (19) from (18) gives
the conic
((@+b)-viz) (@a—b)-vi2) = [v*(a ). (20)

Multiplying (18), (19), and/3 together and dividing byv|? gives
(a-vi2)?(B+ |pral® + P3)V5 = (b-vi2)*(a + |pral® + PA)V3,
or equivalently, using (10),
(IP12V5+ (P12-V12)?) ((a+b) - vi2) ((a—b) - vi2) = V3(a(b-Vv12)* — B(a-V12)?). (21)

For the conic (20) and the quartic (21) to have a common omeiasional compo-
nent, it is necessary that equality holds for amy< P and some adequate value(s) for
vs. Indeed, the projectiom — vi12 of the common component cannot be constant, for
with fixed v» and (already known) fixe@:2, equations (10) and (18) (or (19)) would
determine only a finite number of solutions

Evaluating (20) and (21) at» = (a+b)*, we find no possible value fog, unless
a = B. Returning this necessary condition into (20) impligs= (a+b)* contradicting
the fact that (20) and (21) holds for all, € PL. a

We now conclude on the case of spheres with coplanar centers.

Proof of Proposition 2.By Lemmas 2 and 6, there are finitely many directions along
which the spheres have a common tangent. For each suchiglirecta line tangent
to the four spheres projects onto a plane orthogonalitdo a point that lies on the
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common intersection of the four circles obtained as the dannof the projection of
each sphere. There are thus at most two lines tangent touhegberes per direction.
Hence there are finitely many lines tangent to the four sghétew, the bound of 12
directly follows from the non-coplanar case (Propositidtoyt continuity. ad

5 Collinear centers

We conclude in this section the proof of Theorem 1. We firsaldith the following
lemma.

Lemma 7. The common tangents to three distinct spheres with collineaters and
no common intersection are, if any, the ruling(s) of a sirgladric of revolution with
symmetry axis the line through all centers. This quadric loara cone, a cylinder or a
hyperboloid of one sheet.

Proof. Suppose that three distinct spheres with collinear ceafdmst a common tan-
gent. Such a tangent is not orthogonal to the axis of the tpheres since they have
no common intersection. Furthermore, such a tangent rentaitgent after a rotation
about this axis. Thus the common tangents to the three spleeethe rulings of a
collectionQ of quadrics of revolution with symmetry axis the line thrbugl centers
(see Figure 1); these quadrics have to be cylinders, conbgperboloids of one sheet.
Assume for a contradiction th& consists of more than one quadric.

We take the line through the centers to beyais in somex, y)-plane. This plane
intersects the quadrics @f into a collectionC of conics symmetric with respect to the
y-axis which have equations of the following form:

X +AP+By+C=0, A<O0, B?>-4AC<O0. (22)

The (x,y)-plane also intersects the three spheres into three cimgléscenters0, q;)
and radiir;, i = 1,...,3, that are tangent to the conics 6f Since these conics and
circles are symmetric with respect to ti¢axis, two of them are tangent if and only
if they intersect in exactly two points with sangecoordinate. Thus a conic (22) and a
circle of center(0,a;) and radius; are tangent if and only if

(X + A +By+C)— (X + (y—a;j)2—r?) =0

has a double solution iy i.e. the discriminant vanishes:
& = (B+2a;)2—4(A—1)(C+r?—a?) =0. (23)

For the three circles, this gives a system of three equatiotige three indeterminates
(A,B,C). This system is linear i€ (with a non-zero coefficient sinc& < 0) and thus
has more than one solution only if the linear systertArB)

{51—52 = ((af —a3)
31— 33 = ((af —af)

(rf—r2))A+ (01 —0z)B+ri—r5=0
(r2—r2))A+ (a1 —03)B+rZ—r3=0
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does, that is only if the determinant of the coefficient®\@ndB, and the determinant
of the constant coefficients and the coefficientBdboth vanish. The sum of these
determinants also vanishes and is equal to

2_ 42
ag—as  Op—0O2| _ _ _
G%—G% 01— 03 = (Gl 02) ((11 Gg) ((12 (13).

Hence at least two centers are equal which implies that dmersps strictly contained
in another. The three spheres thus have no common tangemttradiction. ad

Remark. Actually solving the system (23),= 1,2,3, yields, in terms of radii and
oriented distances between centays= o —q;:

1
A= D (rfdp3+r5ds1 +r3d12),

B?—4AC= (r1dz2z+rad3g+radyz) (ridaa+rodag —radio)

-1
dx3d31d12D
(ridaz—radzg+r3dio) (—ridoz+rodar+radso),

whereD = dy3d31dio+ rf doz+ r§d31+ I’% dio.
We can now prove Theorem 1.

Proof of Theorem 1 Consider four distinct spheres with infinitely many real coom
tangents. By Propositions 1 and 2, the centers of at leas tifrthe spheres are aligned.

If these three spheres intersect in a circle, their commuogeaiats are the tangents to
that circle in its plane. To be tangent to infinitely many c#gk lines, the fourth sphere
has to contain that circle (and, if that circle is degenetate point, the four spheres
must have the same tangent plane at this point). Thus alldpheres have aligned
centers.

If the three spheres with aligned centers do not have a conimersection, then
by Lemma 7 their common tangents are the rulings of a singdédcihaving their axis
as axis of revolution. To be tangent to infinitely many linesitained in this quadric,
the fourth sphere must have its center on the axis of the gqu@rd adequate radius as
determined below), hence the four spheres have alignedrsent

Conversely, four spheres with aligned centers and at le@stommon tangent have
infinitely many common tangents, by symmetry of revolutidhis concludes the proof
of Theorem 1 and provides the finer geometric characteoizatiated in Section 1.0

As shown above, four spheres with collinear centers and nuaan intersection
admit infinitely many real common tangents if and only if thexists a conic (22)
whose coefficient®\, B,C satisfy Equation (23) for all = 1,...,4. These four equa-
tions admit a solution if and only if the relation obtainedddiminating A, B,C is sat-
isfied. One can put the result in the permutation invariarmfin terms of the oriented
distancesl; = a; — aj and the radir:

4 2
Mk

2

& Mizk G B

(24)



Common Tangents to SpheresRA 13

In order to obtain infinitely manyeal common tangents, the coefficiesB,C must
also satisfy the semi-algebraic conditions

A<0, B?>-4AC<0 (25)

noted in (22) A andB2 — 4AC can be obtained in terms of tllg andry by solving the
system of equations, as illustrated after Lemma 7.

The case of four spheres intersecting in a common circlergetat in a common
point is a limit case of the situation above, and therebyextltp the same algebraic
and semi-algebraic conditions.

Remark. When a configuration of four spheres is given in terms of theds@n co-
ordinates of the four centecs = (x,Yi,z) and the corresponding radii, expressing
the collinearity of the centers involves quadratic equetim their coordinates, and, in
view of gﬁ = ;J(:’X‘: = 5[5? = 2:2 andd? = (x; —x)?+ (y; —¥i)?+ (zj — z)?, testing
Conditions (24) and (255 amounts to evaluating polynonméldegree at most five in
the Cartesian coordinates and radii.

6 Conclusion

This paper answers a question left open for several yeartdmacterizing the sets of
four spheres of various radii with infinitely many commongant lines. This completes
the description of degeneracies for common tangents taeplreR3.

Some of our results generalize to the case of quadric swfdnea companion
paper [1] we characterize the families of quadric®#C) whose common tangents
sweep another quadric surface. The result of the preseet p@pears as a particular
case obtained by consideringal tangents taeal spheres. Extending our characteriza-
tion to quadruples of quadrics with infinitely many real coomtangents remains an
open problem.

Results of the kind proved in this paper have applicationisérfield of 3D visibility.
Given a 3D scene, combinatorial changes appearing in tive afi@ moving observer
occur when traversing special surfaces knowwiagal event surfacesSuch surfaces
are swept by lines having prescribed contact with the objefcthe scene. Various data
structures based on visual events, like the visibility ctaxpr the visibility skele-
ton [3], have been proposed to speed up visibility compensti The 0-dimensional
elements of these structures appear as discrete linesitalog®ur objects. Failing to
recognize that four objects admit infinitely many tangene$ leads to errors in the
computations of these types of data structures. Hencegméing configurations of
four objects with infinitely many tangent lines is crucialttee robustness of visibility
computations. Our theorem settles the case of four sphetijects inR3.
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