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THE EXPECTED NUMBER OF 3D VISIBILITY EVENTS IS LINEAR

OLIVIER DEVILLERS', VIDA DUJMOVIC!, HAZEL EVERETTS, XAVIER GOAOCS,
SYLVAIN LAZARD!, HYEON-SUK NAY, AND SYLVAIN PETITJEANS

Abstract. In this paper, we show that, amongst n uniformly distributed unit balls in R3, the
expected number of maximal non-occluded line segments tangent to four balls is linear. Using our
techniques we show a linear bound on the expected size of the visibility complex, a data structure
encoding the visibility information of a scene, providing evidence that the storage requirement for this
data structure is not necessarily prohibitive. These results significantly improve the best previously
known bounds of O(n?/3) [11].

Our results generalize in various directions. We show that the linear bound on the expected
number of maximal non-occluded line segments that are not too close to the boundary of the scene
and tangent to four unit balls extends to balls of various but bounded radii, to polyhedra of bounded
aspect ratio, and even to non-fat 3D objects such as polygons of bounded aspect ratio. We also prove
that our results extend to other distributions such as the Poisson distribution. Finally, we indicate
how our probabilistic analysis provides new insight on the expected size of other global visibility data
structures, notably the aspect graph.

Key words. computational geometry, 3D visibility, visual events, visibility complex, probabilis-
tic analysis, expected complexity.

AMS subject classifications. 68U05, 60D05

1. Introduction. Visibility computations are central in computer graphics ap-
plications. Computing the limits of the umbra and penumbra cast by an area light
source, identifying the set of blockers between any two polygons and determining the
view from a given point are examples of visibility queries that are essential for the
realistic rendering of 3D scenes. In global illumination algorithms, where the flow
of light in a scene is simulated according to the laws of geometrical optics, visibility
computations are excessively costly. In fact, more than half of the overall computation
time can routinely be spent on visibility queries in radiosity simulations [13].

One approach to speeding up rendering is to store global visibility information
in a data structure which can then be efficiently queried. The visibility complex, a
partition of the set of maximal free line segments, has been proposed as a unified
data structure encoding the visibility information of a scene [23] and has been used
for rendering purposes [11]. Other related data structures include Pellegrini’s ray-
shooting structure [20], the aspect graph [22] and the visual hull [14]; see [8] for a
recent survey.

One problem with these types of data structures which may prevent their applica-
tion in practice is their potentially enormous size; the size of the visibility complex of
a set of n triangles in R® is ©(n?) in the worst case [11], which is prohibitive even for
scenes of relatively modest size. Worst-case examples are somewhat artificial and in-
deed Durand, Drettakis and Puech [9] provide empirical evidence indicating that these
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worst-case upper bounds are largely pessimistic in practical situations; they observe
a quadratic growth rate, albeit for rather small scenes. In 2D, while the worst-case
complexity of the visibility complex is quadratic, experimental results strongly sug-
gest that the size of the visibility complex of a scene consisting of scattered triangles
is linear [4].

Our goal is to provide theoretical evidence to support these observations. To
this end we investigate the ezpected size of the visibility complex, or equivalently, the
expected number of visibility events, occurring in scenes in R®. A visibility event is
a combinatorial change in the view of a moving observer; such an event occurs when
the viewing direction becomes tangent to some objects. For sets of convex objects in
general position in R?, the viewing direction can be tangent to at most four objects.
Visibility events thus correspond to maximal non-occluded line segments tangent to
at most four objects; combinatorially different visibility events correspond to the faces
of the visibility complex.

In this paper we prove that the expected number of maximal non-occluded line
segments tangent to four balls, amongst n uniformly distributed unit balls in R?, is
linear. This improves the previously known upper bound of O(ns/ %) by Durand et al.
who proved the more general result that the expected number of (possibly occluded)
lines tangent to four balls is O(n®/?) for the same model [11]. The intuition behind
our proof is that, given a line segment tangent to four balls, the probability that
this segment is not occluded by any other ball is the probability that a cylinder-like
volume of radius 1 about the segment is free from the centers of the other balls.
This probability decays roughly exponentially fast with the length of the segment,
yielding the result. Using our techniques we then show a linear bound on the expected
size of the visibility complex of n uniformly distributed unit balls in R*. A simple
computation then provides us with the same result for the Poisson distribution.

Our results generalize in the following ways. We show that, for certain types
of visibility events, the linear bound also applies to balls of various but bounded
radii, to polyhedral objects enclosed between two concentric balls of fixed radius, and
even to non-fat objects such as polygons, enclosed between two concentric circles of
fixed radius, whose centers and normals are uniformly distributed. For the remaining
types of visibility events (namely those occurring close to the boundary of the scene
— see Section 7.3 for the details), we prove only an O(n?) bound, which is still an
improvement over the bound by Durand et al. [11].

Of course objects in graphics scenes are seldom distributed uniformly or according
to a Poisson point process. We chose this model because it allows tractable proofs
of theoretical results. This is important in a context where there are few rigorous
results either theoretical or experimental. The same model, albeit with significant
simplifying assumptions, has also been used to study the average complexity of ray
shooting [25, 26] and occlusion culling for 2D urban scenes [18]. It is interesting to note
that Szirmay-Kalos et al. [25], after establishing bounds on the average complexity of
ray shooting in scenes consisting of unit balls distributed according to a Poisson point
process, tested their algorithms on a small number of realistic scenes. The results they
obtain are consistent with those predicted by the theoretical results thus providing
some evidence that the model is helpful. No other model has been widely accepted by
the graphics community and, in fact, generating meaningful random scenes usable for
testing algorithms is a major problem. (Note that rather than attempting to generate
random scenes, an alternative approach, which has been used to study the average
complexity of ray shooting, is to fix the scene and randomly distribute the rays; see,
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| Worst-case | Expected |
possibly occluded lines amongst unit balls O(nt) O(n5) [11]
free lines amongst unit balls Qn?) [+, O(m3T) [1] | O(n) [#]
free lines amongst disjoint homothetic polytopes Q(n?) 3] ?
free segments amongst unit balls Q(n?) [#], O(n*) O(n)[%]
free segments amongst arbitrary sized balls Q(n3) [6], O(n?) ?
visibility complex of unit balls Q(n?) [#], O(n*) O(n) [#]

Table 1.1. Known bounds on the complexity of the set of lines, free lines or maximal free line
segments tangent to 4 amongst n objects. The expected complexities are calculated for the uniform
distribution. The results referenced by % are established in this paper.

for example, [2].)

Previous results on this topic include those that bound the number of lines and
the number of free (i.e., non-occluded) lines amongst different sets of objects. They
are summarized in Table 1.1. Agarwal, Aronov and Sharir [1] showed an upper bound
of O(n3*¢) on the complexity of the space of line transversals of n balls by studying
the lower envelope of a set of functions. A study of the upper envelope of the same
set of functions yields the same upper bound on the number of free lines tangent to
four balls [6]. Agarwal et al. [1] also showed a lower bound on the complexity of the
space of line transversals of n balls of Q(n?) for arbitrarily sized balls and Q(n?) for
unit sized balls. De Berg, Everett and Guibas [3] showed a Q(n?) lower bound on
the number of free lines (and thus free segments) tangent to four amongst n disjoint
homothetic convex polyhedra. Recently, Devillers and Ramos [6] presented a simple
Q(n?) lower bound on the number of free segments tangent to 4 amongst n arbitrarily
sized balls, which also holds for non-intersecting balls. We also present a simple Q(n?)
lower bound on the number of free segments tangent to 4 amongst n unit balls.

In the next section we carefully define the problem and state our main results. In
Section 3 and Section 4 we prove the expected upper and lower linear bounds on the
number of free segments tangent to four balls. In Section 5 we extend this result to
the visibility complex. We present in Section 6 a €(n?) worst-case lower bound. In
Section 7 we discuss extensions of our results to some other models. We conclude in
Section 8.

2. Our model and results. We first describe our objects and their distribution.
Let n € N and p be a positive constant. A sample scene consists of n unit radius
balls By, ..., B, whose centers pi,...,p, are independently chosen from the uniform
distribution over a universal ball I/ of radius R centered at O. Since we distribute
the centers p; over U, the balls B; may intersect each other and are contained in the
ball, denoted U*, whose radius is R + 1 and whose center is that of U.

We define the radius R of the universal ball &/ to be a function of n satisfying

(2.1) R® =n/p.

The constant u reflects the density of the balls in the sense that the expected number
of centers lying in any given solid of volume V' in the universe is %MV. (The model
is interesting only if n is asymptotically proportional to R3. Indeed, if &= tends to
infinity when n tends to infinity, then the universe gets entirely filled up with balls
and visibility events only occur in U \ U. Conversely, if %5 tends to zero when n
tends to infinity, then the balls get scattered so far apart that the probability that
any four (or three) balls have a common tangent goes to zero.)
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We now define the visibility complex of a set of objects [23]. A free or non-occluded
segment is a line segment that does not intersect the interior of any object. A free
segment is maximal if it is not properly contained in another one. Thus, the endpoints
of a maximal free segment are either on an object or at infinity. We say that two
maximal free segments are similar if their endpoints lie on the same objects (possibly
at infinity). The visibility complex of a collection of objects is roughly defined as
the partition of the space of maximal free segments into connected components of
similar segments®. Its faces have dimension between 0 and 4; when the objects are
in adequate general position, a k-dimensional face corresponds to a connected set of
similar maximal non-occluded line segments tangent to 4 — k objects.

In order to bound the total number of faces of the visibility complex, we first
bound the number of 0-faces. To do this, we count the T'4-segments, which are the
free segments tangent to 4 balls with endpoints on two of those balls. Since there is a
one-to-one correspondence between 0-faces and 7'4-segments when the objects are in
adequate general position, this yields a bound on the expected number of vertices of
the visibility complex. Note that since the balls are contained in &, the T'4-segments
are also contained in /.

Our main result is the following.

THEOREM 2.1. The expected number of T4-segments amongst n uniformly dis-
tributed unit balls is ©(n).

We extend this result to the higher dimensional faces of the complex.

THEOREM 2.2. The expected size of the wvisibility complex of n uniformly dis-
tributed unit balls is O(n).

We also present an Q(n?) worst-case lower bound on the number of T'4-segments
amongst n unit balls in R® (see Proposition 6.1). In fact the lower bound holds for
the number of k-faces of the visibility complex, for all k£ between 0 and 4.

3. The expected number of T4-segments is at most linear. The general
idea behind the proof of the upper bound of Theorem 2.1 is the following. For any
ordered choice of four balls, we bound from above the probability that a line is tangent
to these balls in the given order and is not occluded in between its contact points with
the balls. Then we sum these probabilities over all ordered quadruples of balls and
all potential tangent lines to these balls.

For any two points p and ¢, and positive real number «, let H(p, ¢, «) denote the
union of all the balls of radius & centered on the line segment pq (see Figure 3.1). We
first show that a line is tangent to four balls B;, B;, By and B; in that order only if p;
and py, are in H (p;, pi,2). Thus the volume of H (p;, p,2) NU gives an upper bound
on the probability that a line tangent to the four balls, in the given order, exists.

We next show that a segment tangent to four balls B;, B;, By and B; in that
order, at points ¢;, ¢, t and ¢;, respectively, is not occluded if and only if the centers
of all remaining balls are outside or on the boundary of # (¢;,%;,1). The volume of
U\ H (t;,t;,1) gives an upper bound on the probability that the tangent segment
is not occluded. Thus, to get an upper bound on that probability, we need a lower
bound on the volume of H (¢;,¢,1) NU.

To bound the probability that a T'4-segment exists, we integrate over the distance
between p; and p;, and over the distance from p; to the boundary of the universe U.

IFormally, we consider the space of free segments quotiented by the equivalence relation that is
the transitive and reflexive closure of the inclusion. In other words, two free segments are identified
if they are both contained in the same maximal free segment. This allows the cells of the partition
to be connected.
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This integral is split into three parts covering the cases where

(i) B; and By are close to one another,

(ii) at least one of B; and B is entirely inside the universe,

(ili) B; and B; are not close to one another and both are partially outside the

universe.
In each case we over-estimate the volume of H (p;, pi,2) NU and under-estimate the
volume of H (t;,¢,1) NU. We apply the same general proof technique in each of
the three cases. While Case (ii) illustrates the main idea behind the proof (Case (i)
being a simplified version), extending this idea to Case (iii) is technically challenging
because of the difficulties caused by the boundary of the universe.

3.1. Definitions. Let N be the set of ordered 4-tuples (i, 7, k,I) chosen from
{1,2,...,n} such that i,j,k,l are pairwise distinct. In our model, the probability
that four centers are collinear is zero, so we may assume that any set of four balls
admits at most 12 real common tangent lines [5, 15]. Moreover, the real common
tangent lines correspond to the real solutions of a degree 12 system of equations. For
any set of four balls we order arbitrarily the 12 solutions of the associated system.

Given four balls B, Bj, By and By, we denote by L7, ;, for w in {1,...,12}, the
event that the w'” solution of the system is real, that the corresponding real tangent
line is tangent to the four balls B;, Bj, By and B; in that order, and that p; is not
closer than p; to the boundary of &/. Whenever E“J .k, occurs, we denote the points
of tangency of that line on B;, B;, By, B; by t;, t], tk, t, respectlvely Let 6¢; ikl be
the event that £, ; occurs and the line segment #;¢; is not occluded. Notlce that
if 6% ik oceurs, the balls B;, Bj, By, By define a T'4-segment, and that a T'4-segment
corresponds to a unique 6;"’j’k’l.

Let x;; be the random variable representing the distance from p; to p;, and y;
(resp. y;) be the random variable denoting the distance from p; (resp. p;) to the
boundary of the universe.

In the sequel, a random point p denotes a point chosen from the uniform distri-
bution over U.

3.2. The Proof. There is a one-to-one correspondence between the T'4-segments
and the events 0y , ; that occur. We thus have the following straightforward lemma.

LeMMA 3.1, The expected number of T4-segments amongst n uniformly dis-
tributed unit balls is

12
Z Z Pr(0%; 11)-

(i,j:k ) EN w=1

We bound the probability Pr(d¥;, ;) by integrating over the distance = between
p; and py, and over the distance y from p; to the boundary of the universe I/. The
integral is split into three parts covering the cases where (i) the balls B; and B; are
close to one another, (ii) p; is at distance at least 1 from the boundary of &, and (iii)
the balls B; and B, are not close to one another and p; is at distance less than 1 from
the boundary of ¢/. Note that in the last case, if §;’; ; ; occurs, then both ball centers
p; and p; are within distance 1 from the boundary of U. Two balls are considered
close to one another if their centers are closer than some sufficiently large constant;
for technical reasons which are embedded in the proof of Proposition A.1, we actually
define close to mean distance at most 6.
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B;

(a) H(pi,p1,2)

(b) H(ti ti,1)

Fig. 3.1. H (pi,p1,2) and H (t;,t;,1) are shown shaded.

LEMMA 3.2. Pr((S” k, l) < Iw<6 + Iy>1 + Ips6,y<ts where

6

//\
Il
—

Pr(8 Cik | xi; =) Pr(z < x4y < z +dz),
=0
R

Iy Pr(67; ki | xig =2, yi 2 1) -Pr(z <xjy <z +dzx|y; 2 1),

| |
\

=0

2R 1
Lisey<1 = / Pr(é ,,,k,l | Xig =2, yi =¥y, Y1 <Yi)
=06 =0

Pri(z <xjpy<z+de)N(yi <yi) |yi =v)
-Pr(y <yi <y+dy).

Proof. By the Total Probability Theorem (see [19]),
2R
Pr(&;—‘:j,k,l) = / Pr(&;—‘:j,k,l | Xi,l = .’I}) PI‘( le <z + dl‘)
z=0

The integral can be split at x = 6, giving I, <. Then applying the Total Probability
Theorem on what remains, we get

(3.1) / / Pr(07; vy | Xip =2, yi=y) - Pr((z < xiy <2 +dx) |yi =y)
r=
-Pr

(y <yi<y+dy)
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which can be split at y = 1. The part corresponding to y between 1 and R is equal to

/ / PI‘ zglcl|xll_aj Yl_yaYz/l)
=

Pr((z <xiy <z+de)|yi=y, yi=> 1) -Pr(y <y; <y+dy)

2R R
< / / Pr(07; N <xiy <z +dz) |yi=y, yi>21)-Prly <yi <y+dy).
z=6 Jy=0

Applying the Total Probability Theorem again, we get

2R
/ Pr(5;‘7’j7k7l Nz <xiy<z+dr)|y, >1)
=6

which is less than I,>;. Consider now the part of (3.1) for y between 0 and 1. If
yi >yi then 67, ; ; does not occur (by definition of £, ; ;), thus we have

Pr(5§fj7k7l | Xil =T, Yi = y) - Pr((z < X < x+ dz) |y =y)
= Pr(égfj,k,l Nz <xy<z+dr) |y =y)
=Pr(6i; Nz <xig <z+de)N(yi <yi) |yi =y)
_Pr((szjkl|xll_x Yi=1Y, YISYZ)

Pr((z <xiy <z +dr) N (yi <yi) | yi =)

Thus, the part of (3.1) for y between 0 and 1 is equal to I;56,y<1. O

Let = denote any of the following events: (x;; = ), (x;y =z, y; = 1), (x;; =
z, ¥i = Y, y1 < Yyi). The next three lemmas are used to bound Pr(5;‘,’j’k’l | 2)
appearing in the three integrals I,<e, Iy>1 and I;>6 y<1.

LEMMA 3.3. If a line is tangent to four balls B;, Bj, By, By in that order at
ti,tj,tr, b1, respectively, then p;j,pr € H (pi,p1,2). Also, the segment t;t; is not oc-
cluded if and only if the interior of H (t;,t;,1) does not contain the center of any other
ball.

Proof. Segment t;t; is contained in H (p;,pi,1). Since t; and t; belong to that
segment, t; and ¢, are also in H (p;, pr,1). Thus pj;,py are both in H (p;, pr,2). See
Figure 3.1 (a).

The segment ¢;t; is occluded if and only if some ball By, v # ¢,7,k,, properly
intersects it, that is the center of B, lies in the interior of # (¢;,%;,1). See Figure 3.1
(b). O

LeEmMA 3.4. Pr(p € H(pi,p1,2) | E) <
Proof.

3z + 8)
R3

Volume of H(p;,p1,2) NU < Volume of H(p;,pi,2)

P iy 72 E)= =3
r(p € H(pi,p,2) | E) Volume of U | Volume of U |

(1]

When = occurs, x;; = = and the volumes of H (p;,pi,2) and U are “* (3z + 8) and

3
4% R3, respectively. Thus

3x +8

Pr(p € H(pi,m,2) | ) < R3
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. _ (3z +8)?
LEMMA 3.5. Pr(6¢, ;| E) < s

w w H
Proof. If 6, ., occurs, then £, ; necessarily occurs, thus

PI‘(p g H(tiatla 1) | E;'dj,k,la E)n_4'

)

Pr(0y 0 | 2) = Pr(08 i OV L3 | B) = Pr(Ly 0 [ E) - Pr(67 6, | L3000 B)-

By Lemma 3.3, Pr(£{,,, | £) is bounded by the probability that p; and py belong

to H(pi,p,2) given =, and Pr(d7; ., | £f; ;) is equal to the probability that for
all v # i4,j,k,1, point p, is outside H(t;,t;,1) given E. Since all the points are
independently and identically drawn from the uniform distribution over U, Lemma 3.4
yields the result. O

We consider the three integrals I,<s, Iy>1 and I;¢,y<1 in the following subsec-
tions, and prove that each is bounded by O (%) This will complete the proof of the
upper bound of Theorem 2.1 since, by Lemmas 3.1 and 3.2, the expected number of
T4-segments is less than 12(7}) (In<e + Iy>1 + Ins6,y<1)-

3.2.1. B; and B, are close to one another. We prove here that I,¢g is
0] (%) When B; and B; are close to one another, the probability that there exist
two other balls, B; and By, defining a line tangent to B;, B;, By, B; in that order, is
small enough that we do not need to consider occlusions in order to get the bound we
want.

We first bound the term Pr(z < x;; < 2 + dz) appearing in the integral I, <.
2

3
LEMMA 3.6. Pr(z < x4y <z +dzx) < %dm.

Proof. When p; is given, p; must belong to a spherical shell between two spheres
of center p; and radii  and z + dz. The probability Pr(z < x;; < z + dz), if p; is
known, is exactly the volume of the part of the spherical shell inside ¢/ divided by the
volume of ¢. The volume of the part of the spherical shell inside ¢/ is bounded from
above by the volume of the spherical shell which is 4rz2dz. Since the volume of U is
27 R* we get the claimed bound. (The exact value of Pr(z < x;; < = +dz) is actually
given in [17, 24] but the above approximate bound is enough for our purposes.) O

PROPOSITION 3.7. I,¢6 is O (%)

Proof. Recall that (see Lemma 3.2)

6
I¢s = / Pr(égfj,k,l | xip =) Pr(z < x4y < z+dz).
o

By Lemma 3.5,
w 3z +8 2 w n—
P07 | %00 = 2) < O Pt 1, 1) |00 = 7, L8007
< (3z + 8)2 ‘
RG

It thus follows from Lemma 3.6 that

6 2 2 3 6
3z +8)* 3z I 5 5 1
[x<6</x:07'ﬁd$=§/x:03w(3£L'+8)dCUZO ﬁ .
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3.2.2. B, is entirely inside Y. For the integral I,>1, occlusions must be taken
into account. To this aim, we bound from below the volume of #(¢;,%;,1) NU in the
following lemma.

LEMMA 3.8. When L, occurs and y; > 1, the volume of H(t;,t;,1) NU is
greater than {5%; ;.

Proof. Let K be the ball having diameter p;t;. Note that K and p; are both
contained in U and in H(¢;,t;,1). The convex hull of p; and K is thus contained
in H(t;,t;,1) NU, and its volume is larger than half the volume of the ball K, T,
plus the volume of a cone of apex p;, of base a disk whose boundary is a great
circle of K, and of height greater than x;; — 1. The volume of that cone is at least
%%(Xu — 1) = 17T_2Xi7l — % 0

We now bound the probability that a tangent line segment ¢;¢; is not occluded by
any of the other n — 4 balls, given that the line segment #;t; exists and the ball B; is

entirely contained in U.

LEMMA 3.9. Pr (p g%(ti,tl, ].) | Xil =T, Yi >1, E;ﬁj7k7l)n74 < dbexp (—%)

Proof. First notice that

Pr (p g H(tiatla 1) | Xil =T, Yi 2 17 L;ij,k,l)
_ Volume of H (t;,t;,1) NU
Volume of U

=1

xi=z, yizl, L, *

By Lemma 3.8, the volume of H (t;,#;,1) N is bounded from below by {5 z. Since
the volume of U is $7R®, we get

w 4 €T n—4
Pr (p gH(tlatlal) | Xil = T,Yi 2 17 £i,]’7k7l)n < (1 - ﬁ) .

For any 0 < t < 1, we have (1 —t) < e~? thus
(1 _ t)n—4 < 6—t(n—4) — g tnght < ete™tn < 55 e tn.

Now 0 € # < 2R and R > 1 since B; is entirely inside /. Thus 0 € —%5 < = < 1

T6R? X 3R
and
w n—4 nr
Pr (p & H(ts,t,1) | % =2, y; > 1, £i7j7k7l) < 55exp (— 16R3)
_ _ﬂ)
—-55exp( =)
O

The following proposition now bounds the integral Iy>;.
1
PRroPOSITION 3.10. I3 is O <—3>
n
Proof. Recall that

2R
Iy = / Pr(67; il xii=2, yi 2 1) Pr(zr <xyy <z +dr|y; > 1)
=0
By Lemmas 3.5 and 3.9 we have

w (3z +8)° p
Pr(5i7j7k7l |xii=2,y; 21) < R 55 exp (——) .
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Similarly as in Lemma 3.6 we have

32
Priz <xjyy <z+dr|y; >21) < ﬁdaz.

Thus we get

2R 2 2
3 8 3
Iyt </ Br 8" e (£2) 2

=0 RS 16/ R®
+o0
[ 2 2 i
< el 32°(3z + 8)° - 55exp (—1—6) dz.

Changing 45 by z we get integrals of the kind

/ 2" exp(—2z)dz
0

which is bounded by a constant and thus I,>; is O (#) o

3.2.3. B; and B; are not close to one another and B; is partially out-
side U. The only remaining task is to bound the integral I~ y<1. As in the previous
case, we need to bound from below the volume of H(t;,#;,1) NU. Here, however, the
tangent t;£; can be entirely outside U, so the bound of Lemma 3.8 does not apply and
a more intricate proof is needed. We need to distinguish two cases depending on the
distance of segment t;¢; from O, the center of U.

To this aim, we introduce two new types of events. For any s € R, let F° ik, ,(s)
(vesp. N (s )) be the event that £, occurs and the line segment #;t; is at
distance greater (resp. less) than R + 1 — s from O For reasons that will become
clear in the proof of Lemma 3.13, we consider s = yS.

The next five lemmas are used to bound the first term of the integral I;~6 ,<1-

LEMMA 3.11. For any random point p inU, Pr(6¢; ., | Xiy = 2, yi =y, Y1 < Vi)
is equal to

2
Pr (fi“,];kz( 8) | xig =, yi=y, y1 < y)
w 2 n—4
-Pr (p ¢ H(ti, t, 1) | xip =2, yi =y, 1 <Y, -7:1',]'7k7l(y3))

2
+ Pr (A/;Lf)j,kz( )| xiy=x, yi =y, Y1 < Yi)
y 2 n—4
-Pr (p g H(ti, t1,1) | X0 =2, yi =y, Y1 <Y, -/\/i,j7k7l(y3))

Proof. §¢;, , implies £, ; which can be split into F}’; ;. W3), NEik ,(y%), and

l7 vy
the event that ,C;‘jj,w occurs and the line segment ¢;¢; is at distance exactly R+ 1 —yg
from O. This later event occurs with probability 0, thus
Pr(6; pi | g =2, yi =y, y1 <yi) =
2
Pr(6¢ 1 NV Fi kW) | X =2, yi =y, y1 <¥i)
2
+Pr (6,]klmN,]kl( ) xig =2z, ¥yi =Y, Y1 <Vi)s
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which can be expanded into

2
Pr(FeipaWe) | xip =2, yi =y, y1 < ¥i)
2
Pr(07 ks 1 Xig =2, yi =y, i <¥i, Fijr1y?))
2
+ Pr(NVE W) | xip =2, yi =y, y1 < yi)

ol

))-

Pr(07 s | Xig =2, yi =y, y1 <¥i, Njpi(y
When f;’j’k,l(yg) occurs, the probability

2
Pr(07; pi | Xiu =2, yi =y, y1 <¥i, Fijri(?))

is the probability that the tangent is not occluded, that is, p, does not belong to
H(ti, t;,1) for all the n — 4 values of v # i,j,k,I. The same argument holds for
-/\/ff}j,k,l(y%)- Since the p, are independent, we get the result. O

In order to bound the two terms in Lemma 3.11,

2 n—4

Pr (p ¢ H(ti,t,1) | Xy =2, yi=y, Y1 <¥i, le’fj,k,l(y3)) and
2 n—4

Pr (p ¢ H(ti,t1,1) | xip =2, yi =y, y1 < Yi, J\C»“fj,k,l(w)) ,

we need to bound the volume of H(t;,t;,1) NU from below.

LEMMA 3.12. Whenx;; 26, y1 <y: <1, L;J’j’k’l occurs and segment t;t; is at
distance less than R+ 1 — s, 0 < s < 1, from the center of U, then the volume of
H(ti, t1,1) NU is larger than ﬁi (xi1 — 5) $/5.

Proof. We give here the idea of the proof; full details can be found in Appendix A.
Let ¢ be the closest point on segment t;¢; from O, and D be a unit radius disk centered
at t in a plane containing O, the center of /. We define a quadrilateral with vertices
a,b,a’,b’ such that a and a’ are the closest and the farthest points, respectively, in
DNU from O, and b and b’ are the points of intersection of D and the perpendicular
bisector of segment aa’ (see Figure 3.2). Let v be equal to R + 1 minus the distance
from O to segment t;t;. We prove that the convex hull of a,b,a’,b' and p;, which is
included in H(t;,;,1) NU, has volume greater than ﬁi (xi; —5) min(2v/2,v /). Tt
follows that, for any 0 < s < 1, if segment ¢;#; is at distance less than R+ 1 — s from
O, then v > s and the volume of #(t;,#;,1) N1 is greater than ﬁ (xiy —5)s+/5. 0

LeEMMA 3.13. For any random point p inlU, x >6 and 0 <y < 1,

n—4
Pr (p g H(ti, t1, 1) | X0 =2, yi =y, Y1 <Y, fﬁj,k,z(yg))
p(z —5) y2>
< 5hexp | ———————
p( 8v2nw
and
0 2 n—4
Pr (p ¢ H(ti,t, 1) | Xy =2, yi =¥y, Y1 <Yi, M,j,k,l(yg))
< 55exp (_w)
821
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Fig. 3.2. For the sketch of the proof of Lemma 3.12 (v € (0, 1)).
Furthermore, if x > 6V R then

2 n—4
Pr (p ¢ H(ti, t1,1) | Xy =2, yi=y, y1 <¥i, M’Ufj,k,l(y3))

< S3exp (_M> |

821

Proof. Let x;; = x, y; = y and suppose first that event fffﬁm(y%) occurs. Since
p; is at distance R — y from O, the segment #;t; is at distance less than R+ 1 — y
from O, and thus, by Lemma 3.12, the volume of H (¢;,t;,1) N U is greater than
#5 (x —5) y \/y, which is bigger than ﬁ (z —5)y? since 0 < y < 1 (we bound y,/y
from below by y? only so that we can actually compute the integral Z; in the proof of
Proposition 3.18). We now follow the proof of Lemma 3.9, except that the volume of

M (t;,t;,1) N U is now bounded from below by ﬁ (z —5)y? instead of % z. We get

2 n—4
Pr (P gHti,t1,1) | X0 =2, yi =y, Y1 <¥is féfj7k7z(yg))

When ./\/f]kl(y%) occurs, the segment ¢;#; is at distance less than R+1—y3 from
O, and thus, by Lemma 3.12, the volume of # (¢;,#;,1) NU is bounded from below by

#ﬁ (x—5) y% \/y% = ﬁ (z —5)y. Then, as before, we get

n—4

2
Pr (p g Hti,t, 1) | %0 =2, yi =y, Y1 <¥i, /\[{f]’7k7l(y3))

< 55exp <—%> .

Now, if © > 6V/R, the length of the tangent t;¢; is at least 6v/R — 2. Since
z > 6, R > 3 and a simple computation shows that 6v/R — 2 is bigger than 2v/2R + 1
which is the length of the longest line segment that may entirely lie inside U+ \ U.
Thus dist(O,tit;)) < R = R+ 1— s with s = 1 and, by Lemma 3.12, the volume of
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H(ti, t;,1) NU is greater than —= (z — 5). Then, as before, we get

62
)"

Wi

Pr (p g Htit, 1) [ xig =2, yi=y, i <¥i, N¥jply

. (3a:+8)2_

2
LEMMA 3.14. Pr( i“fj7k7l(y§) |xii=2, yi=y, Y1 <Yi) < 76
Proof. The event Z»“7’].7,€7l(y§) occurs only if £¢, ; ; occurs. The result thus follows
since, by Lemmas 3.3 and 3.4, Pr(L;J’MJ |xii =2, yi=y, yi <Y¥i) < (3“”1%%8)2. O
LemMA 3.15. Ify < 1, then

2,2
Pr (fz)j,k,l(y%) | Xig =2, yi = ?J) <8l ”2%-

Proof. A “far” tangent t;#; is at distance at least R + 1 — y§ from the center O
of U. Such a segment also lies in H(p;,pi,1). Let E be the part of H(p;,pi, 1) lying
outside of the sphere of radius R + 1 — y§ and center O. See Figure 3.3 (a). Now,
both p; and py must be in the region inside ¢/ and within distance 1 from E. Denote
this region by K. Then

Volume of K\ 2
Volume of 4 |

2
Pr (fffj,k,l(y” X =2, yi=y, yi < Yi) < <

By Proposition B.1, which we prove in Appendix B, the volume of K is bounded
from above by 1272 (x+6) y, which yields the result. Here we give the intuition of the
proof. Refer to Figure 3.3. First notice that the “length” of K is at most 2+ 4. Since
K is enclosed in between a sphere of radius R and one of radius R — yé, its “height”
is at most y3. For the “width”, consider Figure 3.3 (b) which shows a cross-section
of K taken with a plane through O and perpendicular to p;p;. The “width” of K
is no more than 2 times the “width” of E. The “height” of E can be bounded by
some constant times y%; thus its “width” can be bounded by some constant times

\/y? = y3. Thus, intuitively, the volume of K is smaller than (z+4)y3y3 = (z+4)y,
up to a constant, and the result follows. 0

We now bound the two last terms of the integral I, y<1-

3d

LEmMA 3.16. Pr(y <y: <y +dy) < 2

Proof. The event (y < y; < y + dy) occurs only if p; lies in the spherical shell
delimited by the two spheres centered at O of radii R—y and R —y — dy whose volume
is smaller than 4 7 R? dy. Dividing by the volume of I/ proves the result. O

LEMMA 3.17. For 6 <z < 2R and y <1, we have

6xydr
R3

Pri(z <xyy <zx+de)N(yi <yi) |yi=y) <

Proof. The probability Pr((z < x;; < z +dz) N (y; <y:) | yi = y) is equal to
the volume of the region (shown in grey in Figure 3.4) which is the intersection of the
region in between the two spheres centered at p; and of radii  and = + dz, and the
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z+2

-
B N\ re1yd

Fig. 3.3. For the sketch of the proof of Lemma 3.15.

region in between the two spheres centered at O and of radii R and R — y, divided
by the volume of /. We prove in Proposition C.1 in Appendix C that the volume of
that region is at most 8 wx y dz. Roughly speaking, the volume bounded by the four
spheres is at most 8 7 x y dx because, its “thickness” is dx, its “height” is y and its
“radius” is . Dividing by the volume of &/ proves the result. O

\\' o

Fig. 3.4. For the proof of Lemma 3.17.

We can now bound the integral I,~¢,y<1 of Lemma 3.2.
1
PROPOSITION 3.18. I,>6,y<1 is O <—

n3
Proof. Recall that

2R 1
Iys6,y<1 = / / Pr(6f; ki | Xig =, yi =y, y1 <¥i)
z=6Jy

Pr((z <xiyy <z4+de)N(yi <yi) | yi =y)
-Pr(y <yi<y+dy).
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By Lemmas 3.16 and 3.17, we get

6rzydr 3dy
Ias6y<1 < Pr (ks | Xi =2, ¥i =y, Vi SVi) —p—

By Lemma, 3.11, Pr( Cikd | X =, ¥i =Y, Y1 <¥i) is equal to

2
Pr(}—i“,)ﬁkl( ) xip=2, yi=Y, Y1 < )
y 2 n—4
-Pr (M—‘H(ti,tz, ) | Xt =2, ¥yi =Y, Y1 <Vi, -7:i,j7k7l(y3))
2
+Pr(A/’iL:)j,kl( ) xiy=x, yi=Y, Y1 <Yi
y 2 n—4
- Pr (pé_"H(ti,tz,l) | Xip =2, yi =y, y1 <VYis -/\/i,j7k7l(y3)) :

We split the integral at = 6v/R. When z > 6v/R, the distance from O to
the tangent t;#; is less than R (see the proof of Lemma 3.13), which is less than

R+1- y§ for any y in (0,1). Thus, for any z > 6V/R and y € (0,1), the proba-
bility Pr ( ;fj7k7l(y§) |xii =2, yi=9y, Y1 < yz) is equal to 0. Tt then follows from
Lemmas 3.13, 3.14 and 3.15 that I;>6y<1 < Z1 + 2o + 73 with

x-|-6) ( u(x—5)y2> 6rydr 3dy
I, = 8172 -55exp | — : S
o / / P8V R® R

/ / 33:—!—8) 55 exp ( u(m—5)y>‘6wydm‘@
= 0 8\/§W R? R’

1
(3z + 8)? p(r—>5)\ 6zydr 3dy
I:/ / 7-556}( (— ) - —.
P Lecovi )0 B P\ svar ) TR R

Changing £ (\/_ ) by z in the three integrals and 32 by y' in Z;, we get

/ / 2"y exp(—zy')dzdy',
z= '=0
/ / 2"y exp(—zy)dz dy,

=
I3 < R0 Z/ / 2"y exp(—z)dzdy,
u=0 " 2=0 Jy=0

where K and ¢ are some positive constants.

Note first that T is bounded from above by 25 ZZig ZO 2" exp(—z) dz. These

integrals are bounded by a constant, thus Z3 is O (ﬁ)
To bound the integrals 7; and Z,, we now compute the integral

Al
(3.2) / / 2"y exp(—zy)dzdy
z=0 Jy=0

for u € {0,...,3} and A > 0, for example with Maple [16]. For u = 0 it is equal to

exp(—A)+A-1
i .

(3.3)
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For u = 1, the integral (3.2) is equal to

(3.4) exp(—A) +InA+ FEi(1,A)+~v -1
where Ei(1, A) denotes the exponential integral [, M dt and v denotes Euler’s
constant. Finally, for u = 2 or 3, the integral (3. 2) is equal to

(3.5) exp(—A) PL(A,u— 1)+ P2(Au—1)

where P;(A,u — 1) denotes a polynomial of degree u — 1 in A.

When A tends to oo, (3.3) tends to 1, (3.4) is equivalent to In A (since Fi(1, A)
tends to 0) and (3.5) is equivalent to the leading monomial of Py(A,u — 1) which
is of degree u — 1 < 2. This guarantees that for A = ¢vVR and u € {0,...,3}, the
integral (3.2) is O(R). It follows that 7, and 7 are O (57)

Since R* = n/p, we get that Iiseyc1 KTt + o+ 23 =0 (%) =0 (%) a

We can now conclude the proof that the expected number of T'4-segments is
O(n), because, by Lemmas 3.1, 3.2, and Propositions 3.7, 3.10, and 3.18, the expected

number of T'4-segments is smaller than

5 B () o) o(@)-on

(4,4, k1) EN w=1

4. The expected number of T4-segments is at least linear. In this section,
we prove that the expected number of T'4-segments amongst n uniformly distributed
unit balls is Q(n). To do this, we bound from below the probability that four given
balls have a given T'4-segment. The key step is to give a condition on the relative
positions of four unit balls that guarantees that they have exactly twelve common
tangent lines. We use here the notation as defined in Section 3.1.

LEMMA 4.1. Let e be a real number satisfying 4*Tﬁ < e <2 and let the radius R
of U be strictly greater than e. There exists an € > 0 such that for any point p € U,
there exist three balls T'1(p), Ta(p), Ts(p) of radius € contained in U and satisfying the
following conditions:

e p and the centers of the T';(p) form a regular tetrahedron with edges of length e, and
e for any triple of points (p1,p2,D3), pi taken from T;(p), the four unit balls centered
at p, p1, p2 and p3 have exactly 12 distinct tangent lines.

Proof. Macdonald, Pach and Theobald proved [15, Lemma 3] that 4 unit balls
centered on the vertices of a regular tetrahedron with edges of length e, % ‘/_ <e<?2,
have exactly 12 distinct real common tangent lines. Moreover, these 12 tangent hnes
correspond to the 12 real roots of a system of equations of degree 12, thus each tangent
line corresponds to a simple root of that system of equations. It thus follows that for
any sufficiently small perturbation of the 4 ball centers, the 4 perturbed balls still
have 12 real common tangent lines. Let € > 0 be such that the 4 ball centers can
move distance € in any direction while keeping 12 distinct common tangents.

Now, for any point p € U, consider a regular tetrahedron with edge length e
having p as a vertex and such that the other vertices are at distance at least € from
the boundary of U; for example, we can choose the other three vertices on a plane
perpendicular to the segment Op. Let T'1(p), T'2(p), and T'3(p) be the balls of radius
e centered at the vertices, distinct from p, of that tetrahedron. By the previous
reasoning, for any ¢ € 'y (p), r € T'2(p), and s € ['5(p), the four unit balls centered at
P, q, r and s have exactly twelve tangents. O
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Now, by Lemma 3.1, the expected number of T4-segments is

12
Z Z Pr(62; 5.1)-

(6:4,k,1) EN w=1
Thus we only need to bound from below the probability that the event 6;’; , ; occurs.
) 1
LEMMA 4.2, Pr(6y; 4 ) is © (ﬁ)
Proof. Assume that n > 8u so that the radius R = {/n/u of U is larger than

2 and let T'(p) be the set T'1(p) x T'y(p) x T's(p) where I';(p) and e are defined as in
Lemma, 4.1. First, note that

Pr(6¢; 1.0) = Pr(67; k0 N (i, pj, pr) € T'(pr))
= Pr((pi» pj, pr) € T(pr)) - Pr(67; 41 | (0i, 05, 0k) € T(p1))-

Since 'y (p1), Ta(pr), and T'3(py) are three balls of radius e entirely contained in U, we
have

3
1P
nd

ame
Pr((pi ) € T00) = (755
By Lemmas 3.3 and 4.1, the event (6¢;,; | (pi,pj,pr) € T(p1)) occurs if and only
if the interior of H (t;,t;,1) NU does not contain the center of any ball. Note that
the volume of H (t;,%;,1) NU is at most the volume of H (¢;,t;, 1), which is at most
3m 4+ m(2 + e + 2) since the length of ¢;t; is at most e + 2 + 2e. It follows that

7r(§+2+e+2e)>"‘4

W '\ Dj > 1=
Pr(63; k1 | (Pispjspr) € T(pr)) 2 <1 Volume (i)

Since e < 2, we get, after some elementary calculations, that

(6 + 26)u> o _

(a.1) et | i) € T > (1= 5

We thus have

3.9 n—4
w pie (6 +2€)p
Pr( m,k,z) 2 n3 (1 - n .

n—4
Since (1 — W) tends to e~ (6+294 when n tends to infinity, we get

1
Pr(&;‘:j’k’l) = Q (ﬁ) .

O

This completes the proof of the lower bound of Theorem 2.1 since the expected
number of T'4-segments amongst n uniformly distributed unit balls is, by Lemmas 3.1
and 4.2,

> iPr( )= D iﬂ (%) = Q(n).

(i,3,k, 1) EN w=1 (i:4,k, 1) EN w=1
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5. The expected size of the visibility complex is linear. In this section
we prove Theorem 2.2, that the expected size of the visibility complex of a set of n
uniformly distributed unit balls is linear.

We say that the balls are in general position if any k-dimensional face of the
visibility complex is a connected set of maximal free segments tangent to exactly
4 —k balls. We can assume that the balls are in general position since this occurs with
probability 1. We give a bound on the expected number of k-faces, for &k =0,...,4.

LEMMA 5.1. The expected number of 0-faces is ©(n).

Proof. A 0-face of the visibility complex is a maximal free line segment tangent to
4 balls. Each maximal free line segment tangent to 4 balls contains a T'4-segment and
each T'4-segment is contained in one maximal free line segment. Thus, by Theorem 2.1,
the expected number of 0-faces is linear. O

To deal with the faces of dimension k£ > 1, we divide them into two classes. A k-
face is open if it is incident to at least one (k—1)-face, otherwise it is closed. When the
balls are in general position, the number of k-faces incident to a particular (k—1)-face
is constant. In the proof of the following lemmas, any constant can be used. However,
for completeness, we will use the exact values, but without justifying them.

LEMMA 5.2. The expected number of 1-faces is O(n).

Proof. Note that a 0-face corresponds to a maximal free segment tangent to 4
balls and it is incident to those 1-faces corresponding to free segments tangent to 3
amongst those 4 balls. So, a 0-face is incident to exactly six 1-faces, which implies
that the number of open 1-faces is 6 times the number of 0-faces, and is thus ©(n) by
the previous lemma.

Proving that the expected number of closed 1-faces is O(n) can be done in a way
very similar to the proof of the upper bound in Theorem 2.1. The difference is that
we consider now only three balls and thus in all proofs, we forget ball By. We have
to consider only (’;) triples of balls instead of (Z) quadruples, but we remove from
the integral the probability Pr(py € H(p;i, i, 2)|xi; = «) < 22, Since &% = p, this
amounts to dividing the terms over which we integrate by u(3z + 8) which does not
change the general shape of the integrals (a polynomial multiplied by an exponential)
which are convergent. Notice that B;, Bj, B; and w now define a set of segments
t;t;, rather than just a single segment. However, those segments define a closed 1-face
only if none of them is occluded by one of the n — 3 remaining balls. Any particular
choice of a tangent #;#; in the 1-face will give a relevant cylinder H(¢;,#;,1) to use in
the proofs. O

LEMMA 5.3. The expected number of 2-faces is O(n).

Proof. Since a 1-face has five incident 2-faces, the tight linear bound on the
number of 1-faces gives a tight linear bound on the number of open 2-faces. The
closed case is solved similarly to the proof of the upper bound in Theorem 2.1. We
now consider (3) pairs of balls B;, B; and we remove from the integrals the probability

Pr(pj,px € H(pi,p1,2)|xiy =) < (391”%—";8)2 which gives an O(n) bound on the number
of closed 2-faces. O

LEMMA 5.4. The expected numbers of 3-faces and 4-faces are ©(n).

Proof. A 3-face, corresponding to lines tangent to a ball, can only be closed if
n = 1. The number of open 3-faces is linear by the fact that in general position a
2-face is incident to four 3-faces. The number of 4-faces is linear since a 3-face is
incident to three 4-faces. O

6. Worst-case lower bound. We provide here a Q(n?) lower bound on the
number of k-faces in the visibility complex. Recall that for the case of n arbitrarily
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sized balls, Devillers and Ramos [6] presented a simple Q(n?) lower bound on the
number of free segments tangent to 4 balls, which is also the number of vertices in the
visibility complex. Their lower bound (see Figure 6.1) consists of (i) ¢ balls such that
the view from the origin consists of ¢ disjoint disks centered on a circle, (ii) % balls
such that the view from the origin consists of % disks whose boundaries are concentric
circles intersecting (in projection) all the disks of (i), and (iii) % tiny balls centered
around the origin such that from any point on these 7 tiny balls the view of the balls
in (i) and (ii) is topologically invariant. Note that finding a Q(n?) lower bound on
the number of free segments tangent to 4 balls, amongst n balls of bounded radii, is
to the best of our knowledge, open.

Fig. 6.1. Quadratic view from the origin [6].

PROPOSITION 6.1. The number of k-faces in the visibility complex of n disjoint
unit balls in R® is Q(n?) for all k between 0 and 4.

Proof. We first observe that the size of the visibility complex of n unit balls can
trivially be quadratic by having the balls sparsely distributed in the space such that
any pair of balls defines a closed 2-face.

Getting a quadratic number of free lines tangent to four balls amongst a set of n
unit balls can be done by taking balls B; centered at (2i,0,0) for 1 <¢ < § and balls
Bj centered at (27,10,0) for 1 < j < 5. Then, for any i and j, the line through the
points (2¢ +1,0,1) and (2j + 1,10, 1) is free and can be moved down so that it comes
into contact with the four balls B;, B;11, B}- and B;'+1' This argument proves that
the number of k-faces, for 0 < k£ < 2, can be quadratic.

The free segment (2, 1,0)(24,9,0) belongs to the 4-face consisting of maximal free
segments with endpoints on B; and B}-. Thus there is a quadratic number of 4-faces.
The bound also applies to 3-faces by considering lines tangent to B; and stabbing B}-.

In the above construction, the balls can be pushed together (they will intersect) so
that they fit inside a spherical universe of radius {/n/u without changing the result.
Note also that the above construction can be slightly perturbed to obtain the same
result for a set of n unit balls, disjoint or not, with no 4 centers coplanar. O

7. Generalizations. In this section we provide several generalizations of our
results.
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7.1. Poisson distribution. Consider a set of unit balls whose centers are drawn
by a 3-D Poisson point process of parameter i in the universe /. By a Poisson point
process of parameter p in U [12], we mean that we generate X random points inside
U so that

(p - Volume(U))* - exp(—p - Volume(UA))
k!

(7.1) Pr(X =k) =

and for any disjoint subsets M and M' of U, the number of the points inside M
and the number of points inside M’ are independent random variables. Note that
Equation (7.1) yields that the expected number of points inside U is - Volume(i/) =
.

The following simple argument shows that our results extend to this distribution.
Let X be the random variable representing the number of centers of unit balls gen-
erated by a Poisson point process with parameter p in U, and let Y be the random
variable representing the number of T'4-segments amongst those balls. The expected
number of T'4-segments is

E(Y)=) E(Y|X =k)-Pr(X =k).
k=0
Theorem 2.1 gives E(Y|X = k) = O(k) and

(%ﬂ' n)k -exp(—%ﬂ' n)
k!

Pr(X =k) =

Thus

A L
EY)=0 <§ﬂ' n exp(—im n) Yp, %)
=0(n exp(—éﬂ' n) exp(éﬂ- n)) = O(n).

Therefore the expected number of T4-segments amongst n balls whose centers are
generated by a Poisson point process with parameter p in & is ©(n). Similarly this
bound extends to the expected size of the visibility complex.

We now investigate various models in which we change the shape of the universe
or the nature of the objects.

7.2. Smooth convex universe. Our results can be generalized to the case
where the universe is no longer a ball, but a homothet of a smooth convex set with
homothety factor proportional to &/n. This can be achieved by considering the radius
of curvature of the boundary of the universe, instead of R, in the proofs of the lemmas
dealing with tangents outside the universe.

7.3. Other objects. Let r,,;, and r,,,, be two strictly positive real constants.
In the following, we bound the expected number of T4-segments amongst balls whose
radii vary in the interval [rymin, "maz], amongst polyhedra each enclosed between two
concentric balls of radii 7y, and 7,4, and amongst polygons each enclosed between
two concentric circles of radii 7, and ry... The centers of the concentric balls or
circles are called the centers of the polyhedra or polygons, respectively. In each case
a T4-segment is called outer if the centers of the two extremal objects it is tangent
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to are farther apart than 6r,,,, and are both at distance less than 2r,,,, from the
boundary of /. Otherwise the T'4-segment is called inner.

For these models, the proof of the Q(n) lower bound on the expected number
of T4-segments (Section 4) generalizes directly because, for the kind of objects we
consider, there always exist placements of four of them such that they admit at least
one common tangent line with multiplicity one.

7.3.1. Balls of various radii. We have considered a model where all the balls
have the same radius. If we allow the radii to vary in the interval [Fy,in, Tmaz], then the
proof of the linear upper bound on the expected number of inner T'4-segments general-
izes almost immediately by considering the volumes H (p;, pr, 2rmaz) and H(t:, t, min)
instead of H(p;, pi,2) and H(t;,;,1).

Section 3.2.1 generalizes immediately to prove that the expected number of T4-
segments tangent to four balls B;, B;, By and B; in that order such that p; and p;
are closer to one another than 67,,,, is O(n). The only difficult task for extending
Section 3.2.2 is the proof of the following analog of Lemma 3.8.

LEMMA 7.1. When xi; 2 6Tmaz, Yi = 2Pmaz ond ,C;.‘jj’k,l occurs, the volume of
H(ti, tr, Tmin) NU is greater than %r?nm(xu — 67maz)-

Proof. The proof is similar to the proof of Lemma 3.8. Refer to Figure 7.1. Let
m be the midpoint of segment ¢;t; and K be the sphere of diameter r,,;, centered on
the point ¢ lying on segment ¢;p; at distance %rmin from ¢;. The sphere K is entirely
inside H(t;,t;, Tmin) NU, m lies in H(t;, 1, rmin) and a straightforward computation
shows that m is in U since t; is in U at distance at least ry,q, from its boundary and
t; is at distance at most 7p,q, from U. Thus H(t;,t;, 7min) NU contains the convex
hull of K and m which contains the cone of apex m, of base a disk whose boundary

is a great circle of K, and of height the distance from m to the center ¢ of K. Now
Xi1 = |pipi] < |picl + |em| 4 |mit;] + |tip]

1
< Pimae + lem| + §|titl| + Pmaz
1
< 2 man + |cm| + i(Xi’l + 27"maz)-

Thus |em| > 1
3rmaz) = 25 oin(Xig — 67mag). O

by

t

Fig. 7.1. For the proof of Lemma 7.1.

The rest of Section 3.2.2 generalizes easily for proving that the expected number
of T'4-segments tangent to four balls B;, Bj, By and B; in that order such that p;
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and p; are farther apart than 6r,,,, and p; is farther than 2r,,,, from the boundary
of U, is O(n). Hence the expected number of inner T'4-segments is O(n).

Our proof cannot be extended to provide a linear upper bound on the expected
number of outer T4-segments. This is because, if balls B; and B; are of radius 7,45
then a line segment ¢;#; tangent to B; and B; might be outside &/ and at distance
greater than r,,;, from its boundary. Then H(t;, t;, "min) does not intersect U and we
cannot bound H (¢, t, 'min) NU from below by a positive constant as in Lemma 3.12,
which is crucial for the proof of Lemma 3.13 and thus for Proposition 3.18.

However, by not taking into account the occlusion in the proof of Proposition 3.18,
we get that the expected number of outer T'4-segments is O(n?). Refer to the proof of
Proposition 3.18 and consider Iys6r,,,.,y<2rma.., the analog of I;~s ,<1 for this case.
The analogs of Lemmas 3.4 and 3.5 yield that

RS '
Lemma 3.16 still holds and we can easily prove the analog of Lemma 3.17. Both
results imply that

Pr(07; ks | Xip =2, yi =y, y1 <¥i) <

, _ /2R /2rmam (3 T T’?nax +8 T’rSnax)2 6x Yy dr 3 dy
>6rmaz,y<2Tmaz ' -
T r Y r X 2=6ras y:[) R6 R3 R

o -0(2)

Hence the expected number of inner T'4-segments is O(n) and the expected num-
ber of outer T'4-segments is O(n?). This still improves the result of Durand et al. [11]
who proved a bound of O(n®/?) for the same model.

In this section we have assumed that the sphere centers are uniformly distributed
but we have made no assumption on the distribution of the radii of the spheres in the
interval [Fmin, "maz], Which are thus assumed to be worst case. The addition of some
hypothesis on the radii distribution may yield better results on the number of outer
T4-segments.

7.3.2. Polyhedra of bounded aspect ratio. Consider polyhedra of constant
complexity, each enclosed between two concentric balls of radii 7y, and ry,., Whose
centers are uniformly distributed in /. In such a case, as for balls of various radii,
the O(n) bound on the expected number of inner T'4-segments immediately applies
as well as the O(n?) bound on the expected number of outer T4-segments.

7.3.3. Polygons of bounded aspect ratio. Our proof technique can also be
generalized to non-fat 3D objects such as polygons. Consider polygons of constant
complexity enclosed between two coplanar concentric circles of radii 7,,;, and rpqz,
and whose centers and normals are independently chosen from the uniform distri-
butions over R* and S2. Let Tj,...,T, be such polygons with respective normals
ni,...,n, and centers pi,...,Py.

Four polygons Tj, T}, T}, and T} have a common tangent line that meet them in
that order only if p; and py lie in H(ps, pr, 2rmas). This implies, as in Section 3.2.1,
that the expected number of T'4-segments tangent to four polygons Tj, T}, Ty and T;
in that order such that p; and p; are closer to one another than some constant, say
67maz, is O(n).

When such a tangent, denoted t;#;, exists, it is not occluded only if, for any
vy # 14,j,k,l, point p, does not lie in the interior of H(t;,t;, rmin cosf,) where 6.,
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Supporting line of ¢;t;

(a) (b)
Fig. 7.2. Illustration for the case of polygons of bounded aspect ratio.

denotes the angle between n, and the supporting line of ¢;¢; (see Figure 7.2 (a) and
Lemma 3.3). Let «y be an integer distinct from i, j, k and I. By the Total Probability
Theorem, the probability that T, does not occlude the tangent line segment #;f; is
bounded from above by

w/2
/ Pr (p, & H(t, b1, Fin c086,) | 65 = 8) - Pr(6 < 6, < 8+ dB).
6=0

Similarly as in Lemma, 7.1, when the tangent ¢;t; exists, X;; > 6rmqr and y; = 2rmaaz,
the volume of H(t;, 1, Pmin) NU is greater than g7 (rmin cos 6)? (X1 — 6rmar). Thus
(Pmin €08 04)2(Xi 1 — 6rmaz)

32R? '
The probability that 6, is in between 8 and 8 + df is sin 6 df, which corresponds to
twice the area of the spherical shell between the latitudes # and 6 + df on the unit
sphere, divided by the area of the unit sphere (see Figure 7.2 (b)). Thus when p; is
at distance greater than 67,,,, from p; and at distance greater than 2r,,,, from the
boundary of U, the probability that 7, does not occlude the tangent line segment ¢;¢;
is bounded from above by

/2 (Pmin c0805)2 (X1 — 6Tmaz) r2 (X1 — 6Tmaz)
1_ min ¥ il mazx infdo =1 _ ‘min il max )
/9 ( 32R° S 96 13

Then, similarly as in Lemma 3.9, the probability that the tangent line segment t;t;
is not occluded, when p; is at distance greater than 67,,,, from p; and at distance
greater than 2r,,,, from the boundary of U/, is at most

:U‘T%nin (Xi 1 = 6rmaz)
96 '

We thus get the analog of Proposition 3.10 for the model considered here which implies
that the expected number of T'4-segments tangent to four polygons T;, T}, T}, and T}
in that order such that p; and p; are farther apart than 67r,,,, and p; is farther than
27 mae from the boundary of U is O(n).

We thus get that the expected number of inner T'4-segments is O(n). Moreover,
as for balls of various radii, the expected number of outer T4-segments is O(n?).

Pr(py & H(ti, t1,"min cos0y) | 6, =6) <1—

=0

55 exp <—
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8. Conclusion. In this paper, we proved that the expected number of T4-
segments amongst n uniformly distributed unit balls in R?® is ©(n). We also proved
that the expected size of the visibility complex of n uniformly distributed unit balls is
©(n). Equivalently the expected number of combinatorially different visibility events
amongst n uniformly distributed unit balls is ©(n). We then proved that ©(n) also
bounds the expected number of T'4-segments occurring not too close to the boundary
of the universe for various other models such as n uniformly distributed polyhedra,
or polygons, of bounded aspect ratio and constant complexity. For these models, we
also provided a O(n?) bound on the expected number of all the T'4-segments.

This paper is an attempt to analyze the average-case behavior of the size of
visibility structures. The distribution models of scene objects investigated here are
theoretical in nature since objects in graphics scenes are seldom distributed uniformly
or by a Poisson process. However, our results are important in a context where there
are few rigorous results either theoretical or experimental. They provide theoreti-
cal ground to support the empirical evidence indicating that the worst-case upper
bound on the number of visibility events is largely pessimistic in practical situations.
As a consequence, there is reason to believe that an output-sensitive algorithm for
computing all visibility events may work in practice.

Practitioners will be concerned about the size of the constant hidden in the ©
notation. We have calculated (in the proofs of Section 3) this constant to be no larger
than 216 y® + 231 iy 4 237 e~ #/3 (2 4 1/p?). Of course this is shocking. We suppose
that the constant is actually much smaller. However estimating it in practice is a
difficult problem which is still to be solved. After solving this problem, an interesting
experiment will be to compare the number of visibility events occurring in a realistic
graphic scene with the theoretical bound for uniformly distributed objects.

The results proved here also provide new insight on the complexity of other visibil-
ity structures. Consider for instance the aspect graph, a partition of viewpoint space
into maximal connected regions by surfaces along which visibility events are observed.
As explained in [21], the complexity of the aspect graph is dominated by 6™, where
0 is the degree of the surface corresponding to lines “tangent” to 3 objects and m
the dimension of the viewpoint space. For a scene composed of n disjoint spheres,
§ is trivially O(n?), so the aspect graph has O(n%) orthographic views and O(n?)
perspective views. However the results of this paper show that the expected value of
0 is ©(n) since the expected number of families of lines tangent to three objects (re-
lated to the 1-faces of the visibility complex) is linear and the degree of each family is
bounded. It would thus be interesting to get a good bound on the expected value of §2
and 6% which is related to bounding the expected value of the square and the cube of
the number of combinatorially different visibility events. Note that the former would
also give the standard deviation of the expected number of combinatorially different
visibility events. Similar observations hold for the polyhedral case.

Appendix A. Volume of the intersection of a 3D hippodrome with a
ball. Recall that I/ is a ball of radius R centered at O. Let B; and B; be two unit balls
whose centers p; and p; are in U, within distance 1 from its boundary, and distance
x > 6 apart. Let ¢;#; be a line segment tangent to B; and B; at its endpoints. The
section is devoted to the proof of the following proposition which leads directly to
Lemma 3.12.

PRrROPOSITION A.1. For any 0 < s < 1 such that segment t;t; is at distance less
than R+ 1— s from O, the volume of H(t;,t;,1) NU is larger than #5 (x —5)s+/5.

We proceed as follows. Let v be such that the distance from O to the segment
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H(ti7 t1, 1)

UCARN
| \ N
e 0O oe
(a) t is not equal to t; or £;; 6 = 0. (b) t is equal to t;.

Fig. A.1. For the definition of ¢ and C (C is shown from the side view).

(a) v € [0,1]

Fig. A.2. For the definition of a,a’,b,b’.

tit; is R+ 1 — v, and let ¢ be the point on segment #;¢; closest to O (see Figure A.1).
Assume without loss of generality that ¢ is closer to ¢; than to #;. Let C' (resp. D) be
the unit radius circle (resp. disk) centered at ¢ in the plane, denoted P, containing
the vectors 51)5 and the cross product of 5% and tl—t; . Let 8 be the angle between the
plane orthogonal to t;¢; and P. We first prove the following lemma.

LEMMA A.2. The volume of H(t;,t;,1) NU is greater than

1 . vy/v (=2
3 min <2,W> - min <T,(a:—2)0050—1>.

Proof. Let a denote the closest point on C from O, a' the farthest point in D N
from O, and b and b’ the two points of intersection of C' and the perpendicular bisector
of segment aa’ (see Figure A.2).

The volume of H(¢;,t;,1) NU is greater than the volume of the convex hull of
a,b,a’, ' and p; because H(t;,t;,1) NU is convex and contains these five points. The
volume of this polyhedron is equal to one third of the area of its base, the quadrilateral
with vertices a, b, a’, b, times its height, the distance from p; to the plane P containing
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a,b,a',b.
We first compute a lower bound on the area of the quadrilateral with vertices
a,b,a',b’. If v < 2 (see Figure A.2 (a) and (b)), then the length of aa’ is equal to v,

and a simple calculation gives that the length of bb’ is equal to 24/v — % > v2v. Thus

v

\/5”. If v > 2 (see Figure A.2
(c)), then C' is entirely contained in I/ and the area of the quadrilateral a,b,a’,b’ is

the area of the quadrilateral a,b,a’,b’ is greater than

equal to 2. Thus, the area of the quadrilateral is at least min(2, ”g)

Fig. A.3. The height from p; to P is greater than |t;;|cosf — 1.

The volume of the polyhedron is thus greater than %min(Q, v\/iv) times the dis-
tance from p; to the plane P. We consider two cases.

First, suppose that ¢ belongs to the interior of the segment ¢;t; (see Figure A.1
(a)). Then, the height is equal to the distance from ¢; to ¢ since p; and a,b,a’, b’
belong, respectively, to the two planes, orthogonal to ¢;t; and passing through ¢; and
t, respectively. Since t; and t; belong to B; and By, they are at least distance x — 2
apart, thus ¢ and ¢; are at least distance xf apart. Thus, the height from p; to P is
at least Z2.

Second, suppose that ¢t = t; (see Figure A.1 (b)); ¢ # t; since we assumed that
t is closer to t; than to ¢;. Refer to Figure A.3. Let A and B be the orthogonal
projections of p; and ¢; onto P, respectively. Note that the lengths of Ap; and Bt; are
the distances from p; and #; to the plane P, respectively.

Considering the triangle A Ap;t; and that the distance between #; and p; is 1, we
obtain that |Ap;| > |At;| — |tipi| = |At;| — 1, where |ab| denotes the length of segment
ab. Since A € P and the length of Bt; is the distance from ¢; to the plane P, the
length of At; is greater than that of Bt;, thus |Ap;| > |Bt;| — 1.

To bound the length of Bt;, we now consider the triangle ABt;t. The angle /Bt;t
is the angle between the normal of the plane P and ¢;t;, that is, by definition, 8. So
the length of Bt; is the length of ¢;t; times cos# and, since |¢;#;] is at least z — 2, | Bt
is greater than (z — 2) cosf. Thus the length of Ap; is greater than (z — 2) cosf — 1.

Hence the distance from p; to the plane P is greater than min(252, (z—2) cos§—1)

and thus the volume of H(t;,;,1) N is greater than § min(2, ”\\//;) -min(%;2, (z —
2)cosf —1). O
The following lemma bounds cos 6.
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or

ou

Fig. B.1. The part E of H(pi,p;, 1) outside F.

LEMMA A.3. The angle 0 is such that cosf > \/T?'

Proof. Note first that this lemma is intuitively obvious. Indeed (see Figure A.1
(b)), if x is sufficiently large and if ¢; is the closest point on segment t;t; to O, then
the angle between the plane supporting C' and the segment ¢;¢; is necessarily close to
/2, which implies that 6 is close to 0. We now prove the lemma.

Refer to Figure A.3 and consider the triangle AOt;t;. Let |ab| denote the length
of segment ab. Then the law of cosines yields

|Otl|2 = |Oti|2 + |titl|2 -2 |Ot,| : |titl| . COS(% + 0)
|Ot;|? + |t:its)? + 2 - |Ot;] - |t:ty] - sin @

which gives that

sinf =

|Ot|?> — |0t 2 — |tits]?
2|0t - |tit]

The centers p; and p; of balls B; and B; are distance x > 6 apart and at distance less
than 1 from the boundary of U, so |t;t;| > 4, |Ot;| > R — 2 and |Ot;| < R+ 1. Hence

(R+1) ( — 2 -
2-(R—-2)-4

sinf <

Using cosf = /1 — (sinf)? proves that cosf > 4. O

We can now conclude the proof of Proposition A.1. For any 0 < s < 1, if
segment t;t; is at distance R+ 1 —v < R+ 1 — s from the center of U, then v > s.
By Lemma A.3, (z —2)cosfl — 1 > 2 which means that min(Z;2, (z — 2) cosf —
1) > 255, Thus Lemma A.2 gives that the volume of H(t;,t;,1) N is greater than

3 (7 =) WV VE) > gl (o= 5) min(2v2s VB) = g8 Vi (r — 5) since

s < 1. Hence the volume of H(#;,#,1) NU is greater than —— ok Vs (x —5).

Appendix B. Volume of K. Recall that I/ is a ball of radius R centered at O
and let p; and p; be two points in I/ within distance 1 of its boundary and distance x
apart. Let y be a real number such that 0 <y < 1. Let F be the open ball with center
O and radius R+ 1 — y3 and OF its frontier. Let E be the part of H(pi,pi, 1) that
is outside F' and K be the intersection of ¢/ with the union of all unit balls centered
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on points in E (see Figure 3.3). This section is devoted to the proof of the following
proposition used in the proof of Lemma 3.15.

PROPOSITION B.1. The volume of K is bounded from above by 1272 (z + 6) y.

LEMMA B.2. If z € U is at distance less than 1 from E, then z is at distance less
than 1 from ENOF.

Proof. Let z € U and w € E be two points at distance less than 1 and refer to
Figure B.1. Let w’ be the point of intersection of F and the ray from O through w.
For any ball B centered in U, B \ F lies in the cone of center O and base B N JF.
Thus E = H(pi,pi, 1) \ F lies in the cone of center O and base ENOF. Hence the ray
from O through w lies in this cone and w’ € ENOF. On the other hand, |zw'| < |zw]
since z € F, w' € OF and w lies outside F on the ray from O through w'. Thus, since
w' € ENJF and |zw| < 1 by hypothesis, the distance from z to ENJF is less than
1.0

The above lemma implies that K is the intersection of &/ with the union of all
unit balls centered on E N JF. To bound the volume of K, we enclose E N JF in a
subset of OF that will be easier to deal with.

Let B(p) denote the ball of unit radius centered at p. Let m(p) be the point that
maximizes (under inclusion) the intersection OF N B(g) for all ¢ on the ray from O
through p. A simple computation yields that the distance between 7(p) and O is

Ry=\/(R+1-y) 1.

Thus 7 is the orthogonal projection onto the sphere centered at O of radius R,. Now
let ©'(p) be the point that maximizes (under inclusion) the intersection dF N B(q) for
all ¢ on the radius of U through p (that is the part inside & of the ray from O through
p). Similarly, 7’ is the orthogonal projection onto the sphere centered at O of radius

R' = min(R, Ry).

Let G be the union of the spherical caps OF N B(x'(p)) for all p on the segment
from p; to p; (see Figure B.2). Let H denote the points of I/ at distance less than or
equal to 1 from G (see Figure B.3).

LemmA B.3. K C H.

Proof. ENOF is the union of 0 FNB(p) for all p on the segment p;p;. Furthermore,
for any such p, 9F N B(p) C 0F N B(n'(p)) by definition of #’ since p € U. Thus
ENOJF is contained in G.

By Lemma B.2, K is the intersection of ¢/ with the union of all unit balls centered
on ENQOF. Thus K is contained in H, the union of all unit balls centered in G. O

oF

Fig. B.2. G, a part of OF enclosing E N JF.
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A plane 11

Fig. B.3. The region H and a plane II.

To bound the volume of H from above, we first bound the area of its section
by planes II that contain O and are orthogonal to the plane, denoted (O,p;,pi),
containing O, p; and p; (see Figures B.3 and B.4).

Y
Lox
o T R+1-yd
U R
e
,,,,,,, s

Fig. B.4. Section of H by a plane II intersecting segment p;p; at p.

LEMMA B.4. The area of IIN H is less than 127y.

Proof. The section of G by a plane II is a circular arc on 0F. If II intersects
the segment p;p;, let p denote the point of intersection, then the circular arc is the
intersection of OF and the disk B(n'(p))NII (refer to Figures B.2 and B.4). Otherwise,
the circular arc is the intersection of OF and the disk B(n'(p;)) NI or B(x'(p;)) NI
(see Figure B.2). The disk has radius 1 in the former case and radius less than one in
the latter case. In both cases the center of the disk is at distance R’ from O. Thus the
length of the circular arc GNII is maximal if and only if IT intersects the segment p;p;.
Thus the area of IIN H is maximal if and only if I intersects the segment p;p;. Hence
we can assume that IT is such a plane. Let p denote its intersection with segment p;p;.

Let a and b denote the endpoints of G NII and refer to Figure B.4. Points a and
b are the intersection of F and the circle in II of radius 1 centered at 7'(p). The
lines (Oa) and (Ob) split Il N H into three parts, a left, a central and a right part.
Symmetries with respect to the lines (Oa) and (Ob) send the left and right parts into
the central one. Hence, the area of IIN H is bounded by 3 times the area of its central
part. This part is delimited by the two rays from O through a and b, and the two
circles in IT with center O and radii R and R — yg. So, if a denotes the length of the
circular arc ab, the area A of the central part is
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Fig. B.5. The length of the circular arcs ab.

We now bound the length « of the arc ab. We choose an orthonormal frame
(7'(p), X,Y) in II such that O has coordinates (0, —R’) (see Figure B.4). Recall that
a is one of the intersection points of the circle centered at 7'(p) of radius 1 and the
circle centered at O of radius R + 1 — yg. A simple computation yields that the
coordinates (X,,Y,) of a are equal to

(R+1—-y%)2—1—R"?
Y, = S ;| Xa =112

If R = R, then

Y% +2R—2RyF — 2%

Yo
2R

which implies that

X <1 - (- 2p8)2 = g — gyt <oy

Now if R’ # R, then (R + 1 — y%)2 — 1 < R? by definition. Expanding this inequality
yields

yF + 2R — 2Ry? — 2y3 <0,

[y

y: + 2R R _1
“2R+1) 7T R+17 2

2
3

Y

Thus /2y% > 1 and since | X,| = /T — Y2 < 1 we get |X,| < v2y3. Hence, in both
cases,

Xl < 297,
Thus the length of the circular arc ab is (see Figure B.5)

X, 2%
a:(R+1—y§)-2arcsin <|7|2> S(R-I—l—y%)-Qarcsin LQ .
R+1—ys R+1-y3
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Fig. B.6. For the computing a bound on A#.

A straightforward computation shows that arcsin(z) — 7z < 0 for any « € [0,1]. Thus

Qy%
R+1—y%

W=

a<(R+1—y3) -2r =4rmys.

Since the area A of the middle part is less than or equal to ayg,

AL 47ry% yg =4my.

This implies that the area of II N H is less than or equal to 127 y. O

LEMMA B.5. The volume of H is bounded from above by 1272 (z + 6) y.

Proof. We express the volume of H by an integral using spherical coordinates
(r,6,¢) in an orthogonal frame (O, X,Y, Z) such that the plane (O, X,Y) contains
p; and p; (see Figure B.3). A plane 6 = constant contains the Z-axis and thus is a
plane TI. Let 1g(r,0,¢) denote the indicator function of H; 15(r,0,¢) is equal to 1
if the point of coordinates (7,8, ¢) belongs to H and to 0 otherwise. Then

Volume osz///lg(r,0,¢)-rQSin¢drd0d¢.
¢JrJo

Since H is inside U, r - 1y (r,0,¢) < R-1g(r,0,$). Moreover sin ¢ < 1, thus

Volume ongR/ (//IH(T,0,¢)-rdrd¢> dé.
[4 ¢ Jr

The double integral in parentheses is equal to the area of the section of H by a plane
Iy : 8 = constant. By Lemma B.4, this area is less than 12 7y, which is independent
of §. Moreover the area is equal to 0 when IIy does not intersect H. Let Af denote
the angle between the two extreme planes Iy that intersect H. Thus we have

Volume of H < R- 127y - A6.

We now bound Af. Refer to Figure B.6. Let IIp, and Iy, be the two extreme
planes that intersect H. Let u; and u; be the two points of intersection of H with
[Ty, and IIy,, respectively; u,; and u; lie on OU. Let o; and o; be the two points in G
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at distance 1 from wu; and wuy, respectively. 7'(p;) and #'(p;) are at distance 1 from o;
and o7, respectively.
The angle between the two extreme planes IIy, and IIy, is, as before,

. |ugu] /2 uiug] /2 |
AfG =2 —— 1 <2 = .
arcsin —— = < 2m 0 T

Now we bound |u;u;| by the length of the polygonal line shown in Figure B.6.

lugwi| < Juioi] + oy’ (pi)| + |7 (pi)psl + [pipi] + oo’ (1) + |7 (pr)or] + |orw]
=14+ 147" (p)pil + = + o’ (p)| +1 + 1.

We show that |7/ (p;)p;| and |p7'(pr)| are less than 1. #'(p;) is inside U at distance
less than 1 from OF which lies outside . Thus 7'(p;) is inside U at distance less than
1 from its frontier. Point p; is also inside U at distance less than 1 from its frontier.
Since p; and 7' (p;) are on the same ray starting from O, they are at distance less than
1 apart. Similarly for 7’(p;) and p;. Hence

|usu] z+6
Af < < :
Therefore
Volume of H < R- 127wy - A8 < 1277y ( + 6).
d

Proposition B.1 follows from Lemmas B.3 and B.5.

Appendix C. Volume of the intersection of two spherical shells. We
prove in this section the following proposition used in the proof of Lemma 3.17.

ProprosITION C.1. Let R > 0, = € [6,2R], y € [0,1] and p be a point at distance
R —y from O. The volume of the intersection of the region in between the two spheres
centered at p and of radii x and x + dx, and the region in between the two spheres
centered at O and of radii R and R — y (see Figure C.1) is bounded from above by
8mrydr.

Proof. Define the balls By with center O and radius R, B> with center O and
radius R — y, B3 with center p and radius z and finally B, with center p and radius
x + dx. Let V denote the intersection of (By \ Bs) and (B4 \ Bs). We prove that the
volume of V is less than 8 7 x y dz.

Since dz is infinitesimally small, the volume of V is Adz where A is the area of
the intersection of the sphere 0Bz with B; \ Bs.

Let (p, X,Y, Z) be an orthogonal reference frame whose center is p and whose X-
axis is oriented along Op (see Figure C.1). Notice that all spheres are centered on that
axis. Let C (resp. Cs,C3) denote the circle that is the boundary of the intersection
of B; (resp. Bs,Bs) and the plane (p, X,Y) in which Figure C.1 is drawn. The
equations of these circles are, in the frame (p, X,Y),

Ci: X+R-y)?*+Y?2 = RZ
Co: X+R-y)P+Y> = (R-y)?
Cs: X24+YV2 = 22

Since Cj is centered at a point on Cy and has radius x > 6 > 1 > y, C3 intersects
or encloses C'; and Cs. In fact, C3 intersects or encloses C; and Cs in one of the three
following ways.
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Fig. C.1. For the proof of Proposition C.1.

Case 1: If 6 < < 2R — 2y then Cj intersects both C; and C5 (see Figure C.1 (a)).
Case 2: If 2R—2y < x < 2R—y then Cj3 intersects Cy and encloses C5 (see Figure C.1
(b)).
Case 3: If 2R — y < z then (5 encloses both C; and Cs. In that case, V is empty
and the volume is 0.

In the first case, let X (resp. X2) be the abcissa of the points of intersection of
circles Cy (resp. C2) and C3. Note that X; > X, and their values can be computed
directly from the equations of the circles C,Cy and Cs:

R2—x2—(R—y)2 _1.2
, Xo=———.
2R — 2y 2R — 2y
Using the fact that y <z < 2R — 2y we get
y(2R —y) y
1 2 2R — 2y Yy +2R—2y S 2y,

2 _ _
2 —yRR-y) o T,
2R — 2y 2R — 2y

X, =

X1 —Xo =

We now bound from above the area A of the surface 9B3 N (B; \ Bz2) by the area
of a larger surface which depends on the sign of X;. If X; > 0, the surface consists of
a cylinder of axis the X-axis, of radius z and height X; — X5, and of two annuli in the
planes X = X; and X = X5, of inner radius \/1‘2 — X7 and \/1‘2 — X2, respectively,
and outer radius = (see Figure C.2 (a)). If X; < 0, the surface consists of a cylinder
of axis the X-axis, of radius y/z2 — X2 and height X; — X5, and of an annulus in the
plane X = X, of inner radius /2> — X3 and outer radius \/22 — X? (see Figure C.2
(b)). In both cases that surface is larger than B3 N (By \ B2) by convexity.

If X; >0, the area of the cylinder is 27z(X; — X2) < 4rzy and the area of the
annuli are 7z? — 7(2? — X?) = 7X?, i = 1,2. Since X; > 0, X; <y < = and thus
7X? < mzy. We also have from the expression of X; that R> —2? — (R—y)? > 0 and
thus 22 < y(2R — y). Thus

x> x? T 2R—y

x y
X2 = < = 1 )
T = TR T oy2R —2y S TP2R — 297 2R — 2y ”y2R—2y< +2R—2y>
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Cylinder of radius

X Annulus of outer radi d X I
A nnulus of outer radius z an A 22 —X12 and

" inner radius \Jx? — X2 | .
height X1 — X»

Cylinder of radius

and height X1 — X» B
7777777 Y

— — > Y T NN TN >

|
N : Annulus of outer radius z
|

Annulus of outer
and inner radius /22 — X2 O radius /22 — X2
V i

Yo
(a) (b) and inner radius
a

Vo2 — X2

Fig. C.2. For the proof of Proposition C.1, case 1.

It thus follows from y < z < 2R — 2y that 7X35 < 2wxy. Hence A < Tray.

If X1 <0, the area of the cylinder is 27y/22 — X2(X; — X») < 27z(2y) and the
area of the annulus is m(z? — X2) — m(2? — X2) = 7(X; — Xo)(—= X2 — X;) < 4mzy.
Thus A < 8mzy.

Consider now the second case 2R — 2y < z < 2R — y (see Figure C.1 (b)). For
a fixed value of y, A is the area of a spherical cap whose perimeter and curvature
decreases as z increases. Thus A is a decreasing function of z. Since the bound
A < 8mxy is valid for x = 2R — 2y and 8mzy is an increasing function of z, A < 8wy
for any z > 2R — 2y. O
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