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a L IAFA , CNRS - Université Paris 7 - Case 7014 - 2, place Jussieu - 75251 Paris Cedex 05 - France.
E-mail:{bouillard, mairesse}@liafa.jussieu.fr
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Abstract. A trace group (monoid) is the quotient of a free group (monoid) by relations of commutation
between some pairs of generators. We prove an analog for the trace group of the Möbius
inversion formula for the trace monoid (Cartier and Foata, 1969). c© 200? Académie des
sciences/́Editions scientifiques et médicales Elsevier SAS

Une formule d’inversion de M̈obius pour le groupe de traces

Résum é. Un groupe (monoı̈de) de traces est le quotient d’un groupe (monoı̈de) libre par des relations
de commutation entre certaines paires de générateurs. Onmontre un analogue pour le
groupe de traces de la formule d’inversion de Möbius pour lemonoı̈de de trace (Cartier et
Foata, 1969). c© 200? Académie des sciences/Éditions scientifiques et médicales Elsevier
SAS

Version française abr égée

Un groupe (monöıde) de tracesest le quotient d’un groupe (monoı̈de) libre par des relations de commuta-
tion entre certaines paires de générateurs (lettres). Les monoı̈des de traces sont classiquement utilisés pour
modéliser les exécutions dans les systèmes concurrents, voir [5] et les références qui s’y trouvent. Entre
autres intérêts, les groupes de traces permettent d’“approximer” les groupes de tresses [16].

Un élémentm d’un monoı̈de de tracesM est unecliquesi chaque lettre le composant apparaı̂t au plus
une fois, et si toutes ces lettres commutent. On noteC l’ensemble des cliques deM . Soit |m| la longueur de
m ∈M définie en (3). SoitµM ∈ Z〈M〉 le polynôme défini parµM =

∑
c∈C

(−1)|c|c. Dans [3, Théorème
2.4], il est prouvé queµM est l’inverse formel dansZ〈〈M〉〉 de la série caractéristique deM , c’est-à-dire
que l’on a l’identité (4). On appelle cette identité la ‘formule d’inversion de Möbius pour le monoı̈de de
traces’. Elle est au cœur de l’étude combinatoire du monoı̈de de traces [4, 5].

On obtient dans cette note une ‘formule d’inversion de Möbius pour le groupe de traces’. SoitF un
groupe de traces sur l’alphabetΣ∪Σ (a ∈ Σ est l’inverse dea ∈ Σ). SoitM le monoı̈de de traces surΣ∪Σ
dont la présentation de monoı̈de est obtenue à partir de laprésentation de monoı̈de deF en supprimant les
relationsaā = āa = 1, a ∈ Σ. Soitφ l’injection canonique deF dansM . (Plus précisément,φ(t), t ∈ F,
est la projection dansM d’un représentant de longueur minimale det dans(Σ ∪ Σ)∗.) SoitD = T (C) où
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T : M → P(M) est la fonction définie parT (a) = a(āa)∗(1 + ā), a ∈ Σ ∪ Σ, et étendue par morphisme.
On démontre que

(∑
d∈D

(−1)|d|d
)

est l’inverse formel dansZ〈〈M〉〉 de la série caractéristique deφ(F ),
c’est-à-dire que l’on a l’identité (7). Une conséquencede cette identité est que la série de croissance deF

s’exprime comme :
∑

t∈F x
|t| =

∑
t∈M x|t|/(1 + x)|t| =

(∑
c∈C

(−1)|c|x|c|/(1 + x)|c|
)−1

. Ceci permet
d’exporter vers le groupe de traces les résultats prouvésdans [10, 12] pour le monoı̈de de traces.

1. Introduction

A decompositionof an elementm of a monoidM is an-uple(m1, . . . ,mn) satisfyingm1 · · ·mn = m
with mi ∈M\{1} (where1 is the unit of the monoid). The decomposition iseven(odd) if n is even (odd).
Assume any element ofM has a finite number of decompositions and set(µM |m) to be the number of even
decompositions ofm minus the number of odd decompositions. ViewµM as a formal series ofZ〈〈M〉〉
and call it theMöbius series ofM . A one line computation shows thatµM is the formal inverse of the
characteristic series ofM : in Z〈〈M〉〉, (

∑
m∈M m) · µM = 1. This identity is called aMöbius inversion

formula, see Cartier and Foata [3], Lallement [13], or Rota [15] in a different setting. The classical Möbius
inversion principle in number theory (see [11], Chapter XVI) is a special instance of the identity. It is
generally difficult to effectively compute the Möbius series.

A trace group(monoid) is the quotient of a free group (monoid) by relations of commutation between
some pairs of generators (letters). Observe that in a trace monoid, the traces all have a finite number of
decomposions. A classical result of Cartier and Foata [3, Theorem 2.4] states that the Möbius series of
a trace monoid is a polynomial which is explicitly computable, see§3. This is the starting point of the
combinatorial study of the trace monoid [4, 5]. In a trace group as in any non-trivial group, the elements do
not have a finite number of decompositions and the Möbius series is not defined. However, we prove in this
note an identity which has the flavor of a Möbius inversion formula, see Theorem 4.1. As a by-product we
express the growth series of a trace group in fonction of the growth series of a canonically associated trace
monoid, see Corollary 4.2.

Trace monoids are often used to model the occurrence of events in concurrent systems, see [5] and the
references therein. Roughly speaking, a letter corresponds to an event and two letters commute when the
corresponding events can occur simultaneously. Trace groups have been studied from several viewpoints
(and under various names likegraph groupsor right angled Artin groups) [6, 8, 16]. An important motiva-
tion is that trace groups can ‘approximate’ braid groups [16].

2. Trace monoids and trace groups

Let Σ be a non-empty finite set and denote byΣ∗ the free monoid overΣ. The empty word is denoted by
1. The monoid presented byΣ andR ⊂ Σ∗ × Σ∗ is denoted by〈 Σ | u = v, (u, v) ∈ R 〉. Let I ⊂ Σ × Σ
be an anti-reflexive and symmetric relation, called anindependence(or commutation) relation. Thetrace
monoid(or free partially commutative monoid) M(Σ, I) is defined by the monoid presentation

M(Σ, I) = 〈 Σ | ab = ba, ∀(a, b) ∈ I 〉 . (1)

The elements ofM(Σ, I) are calledtraces.
Let Σ be a copy ofΣ, that is a set which is in bijection withΣ and disjoint fromΣ; to each lettera ∈ Σ

corresponds the lettera in Σ. SetΣ̃ = Σ ∪ Σ. We extend the bar notation tõΣ, by settinga = a. Denote
by F(Σ) the free group overΣ, with Σ as the set of inverses of the generators. LetF(Σ, I) be defined by
the monoid presentation

F(Σ, I) = 〈 Σ̃ | aa = aa = 1, ∀a ∈ Σ; ab = ba, ∀(a, b) ∈ I 〉 . (2)
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Möbius inversion formula for the trace group

It is easily checked thatF(Σ, I) is a group, called thetrace group(or free partially commutative group). A
group presentationof the trace group isF(Σ, I) = 〈 Σ | ab = ba, ∀(a, b) ∈ I 〉. The elements ofF(Σ, I)
are also called traces.

WhenI = ∅, the corresponding trace monoid is the free monoidΣ∗ and the corresponding trace group
is the free groupF(Σ). WhenI = Σ × Σ\{(a, a), a ∈ Σ}, the corresponding trace monoid is the free
commutative monoidNΣ and the corresponding trace group is the free commutative groupZ

Σ.
Defineι : Σ̃ −→ Σ by: ∀a ∈ Σ, ι(a) = ι(a) = a . The relationĨ ⊂ Σ̃ × Σ̃ is defined by

(u, v) ∈ Ĩ ⇐⇒ (ι(u), ι(v)) ∈ I .

The diagram below, where the applications are the canonicalsurjective morphisms, is commutative.

Σ̃∗

��

πF

$$H

H

H

H

H

H

H

H

H

H

πM
//
M(Σ̃, Ĩ)

ϕ

��

F(Σ) // F(Σ, I)

The notations are shortened toπ andϕ when there is no possible confusion. It is convenient to denote a
trace by any of its word representatives, that is to identifyw andπ(w). For instance, 1 denotes the empty
trace. Given a wordw ∈ Σ∗ and a lettera ∈ Σ, denote by|w|a ∈ N the number of occurrences of the letter
in the word. We now give several definitions which are stated in order to hold both in a trace monoid and
in a trace group. For the trace monoid only, the same definitions take a simpler form. LetS be the set of
generators (including the inverses for the group). Thelength(with respect toS) of a tracet is:

|t| = min{k | t = g1 · · · gk, gi ∈ S} . (3)

Observe that|t| = min{|x|, x ∈ π−1(t)}. Given a tracet and a lettera, define|t|a = min{|x|a, x ∈
π−1(t)}, and define thealphabetof t by alph(t) = {a ∈ S | |t|a > 0}. A tracet is a clique if: ∀a ∈
alph(t), |t|a = 1 and∀a, b ∈ alph(t), ab = ba. We denote the set of cliques byC. Observe that1 ∈ C.

We visualize traces using Viennot’s representation as heaps of pieces [17, 16]. In the trace monoid, a
trace corresponds to aheap. In the trace group, a trace corresponds to acolored heap(letters ofΣ are
associated with light gray pieces, letters ofΣ with dark gray pieces, and, in the colored heap, consecutive
pieces of typea anda cancel each other).

Example1. – TheBasic Exampleto be used as illustration throughout the paper consists ofΣ = {a, b, c}
andI = {(a, b), (b, a)}. We have represented in Figure 1, the traces inM(Σ̃, Ĩ) andF(Σ, I) corresponding

a b
a

b

a

c

c

a

a
c
c

a

b

b

a

b

a

c

c

a

b

b
ba

Figure 1: A heap inM(Σ̃, Ĩ) (left) and a colored heap inF(Σ, I) (right).

to the wordu = aab̄c̄cāb̄. We have|πM(u)| = 7 and|πF(u)| = 3.
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The heap representation enables to define theCartier-Foata normal formfor traces by reading a trace
‘slice by slice’ in the associated heap [3]. A corollary is that the word problem is solvable in polynomial time
and that trace groups (monoids) are automatic in the sense of[9]. Another consequence is the following,
see [7, Prop. 2.4.7] for a formal proof. Givenu, v ∈ Σ̃∗ such thatπF(u) = πF(v) and|u| = |v| = |πF(u)|,
then we haveπM(u) = πM(v). In other words, a trace ofF(Σ, I) admits a unique representative of minimal
length inM(Σ̃, Ĩ). We denote byφ : F(Σ, I) −→ M(Σ̃, Ĩ) the corresponding map. Using the language of
heaps, ift is a colored heap thenφ(t) is the corresponding (non-colored) heap obtained by forgetting the
colors.

LetM be a trace monoid or a trace group. Thegrowth seriesofM is the series GrM ∈ Z[[x]] defined by
GrM =

∑
m∈M x|m| =

∑
n∈N

#{m ∈M | |m| = n} xn. Setan = #{m ∈M | |m| = n}. Thegrowth

rate ofM is ρM = limn a
1/n
n > 1 (the limit exists by sub-additivity of the sequence(log an)n).

3. Möbius formula for the trace monoid

The results recalled here are classical and due to Cartier and Foata [3, Theorem 2.4]. LetM(Σ, I) be a
trace monoid. Denote byZ〈〈M(Σ, I)〉〉 the ring of formal power series overM(Σ, I) with coefficients inZ.
This ring is cancellative, in particular a right or left inverse is an inverse. WhenM(Σ, I) = {x}∗, we write
Z[[x]] for Z〈〈M(Σ, I)〉〉. The following identity holds inZ〈〈M(Σ, I)〉〉:

( ∑

t∈M(Σ,I)

t
)
·
(∑

c∈C

(−1)|c|c
)

= 1 . (4)

Using the teminology of the Introduction, the Möbius series of M(Σ, I) is µM(Σ,I) =
∑

c∈C
(−1)|c|c.

DefineµM(Σ,I)(x) ∈ Z[[x]] byµM(Σ,I)(x) =
∑

c∈C
(−1)|c|x|c|. An easy consequence of (4) is the following

identity inZ[[x]]:
GrM(Σ, I) · µM(Σ,I)(x) = 1 . (5)

So, the growth series of the trace monoid is the formal inverse ofµM(Σ,I)(x). The objective is to get analogs
of (4) and (5) for trace groups.

4. Möbius formula for the trace group

Define the set ofalternate tracesas the subsetD of M(Σ̃, Ĩ) given by the regular expression

D =
∑

c∈C

[
∏

x∈alph(c)

x(x̄x)∗(1 + x̄) ] , (6)

whereC is the set of cliques ofM(Σ̃, Ĩ). Figure 2 shows some alternate traces for the Basic Example.

a b
b

c
c
cb

a
a

Figure 2: Examples of elements ofD.

THEOREM 4.1. – In Z〈〈M(Σ̃, Ĩ)〉〉, we have the following identity:
( ∑

t∈φ(F(Σ,I))

t
)
·
(∑

d∈D

(−1)|d|d
)

= 1 . (7)
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Möbius inversion formula for the trace group

Proof . – We are going to use the same type ofbijectiveargument as in [17, Remark 5.2]. For a trace
t ∈ M(Σ̃, Ĩ), define Top(t) = {a ∈ alph(t) | ∃u, t = ua}. The set Top(t) contains all the pieces which are
fully visible when the heapt is viewed from above. Givent ∈ M(Σ̃, Ĩ) andh ∈ D, defineM(t, h) ⊂ Σ

byM(t, h) = ι(Top(h) ∪ {a ∈ Top(t) | ∀b ∈ Top(h), aĨb}). Observe thatM(t, h) = ∅ if and only if
(t, h) = (1, 1). We now define an application

ψ : φ(F(Σ, I)) × D −→ φ(F(Σ, I)) × D .

We haveψ(1, 1) = (1, 1). For (t, h) ∈ φ(F(Σ, I)) × D with (t, h) 6= (1, 1), we distinguish between four
cases. EquipΣ with a total order and leta be the smallest letter ofM(t, h).

1. If we havet = t1a1 with a1 ∈ {a, a} anda, a 6∈ alph(h), thenψ(t, h) = (t1, a1h).

2. If we haveh = a1h1 with a1 ∈ {a, a} anda, a 6∈ Top(t), thenψ(t, h) = (ta1, h1).

3. If we havet = t1a1 with a1 ∈ {a, a} andh = a1h1, thenψ(t, h) = (ta1, h1).

4. If we havet = t1a1 with a1 ∈ {a, a} andh = a1h1, thenψ(t, h) = (t1, a1h).

The dynamics ofψ for the Basic Example is illustrated in Figure 3. Here the order isa < b < c.

a

FΦ(   (Σ,Ι)) 

D
a
a

a
a

a a

a

Figure 3: The involutionψ. From left to right, the cases are 1,2,4, and 3.

Observe that the configurations of typeaa are allowed inφ(F(Σ, I)) but not inD, and the other way
round the configurations of typeaā are allowed inD but not inφ(F(Σ, I)). Notice also that the smallest
letters ofM(t, h) andMψ(t, h) are the same. It follows easily from these two points thatψ2 = Id. It is
also clear that the only fixed point ofψ is (1, 1). Furthermore, if(t, h) 6= (1, 1) andψ(t, h) = (t′, h′), then
we haveth = t′h′ and|h′| = |h| ± 1. So, we have

(−1)|h|th = −(−1)|h
′|t′h′ .

SetS = φ(F(Σ, I)) × D. By decomposing the sum over the orbits ofψ, we get

(
∑

t∈φ(F(Σ,I))

t ) · (
∑

h∈D

(−1)|h|h ) = 1 +
∑

(t,h)∈S\{(1,1)}

(−1)|h|th = 1 .

�
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COROLLARY 4.2. – In Z[[x]], the following identity holds:

GrF(Σ, I) · µ
M(eΣ,eI)(x/(1 + x)) = 1 . (8)

Corollary 4.2 appears in Lewin [14], with a quite different proof from which the stronger statement in
Theorem 4.1 cannot be deduced. So the growth series is a rational series with a simple combinatorial
definition. Observe thatµ

M(eΣ,eI)(x) = µM(Σ,I)(2x). Since the growth rate is the inverse of the modulus of
a dominant singularity, we obtain:ρF(Σ,I) = ρ

M(eΣ,eI) −1 = 2ρM(Σ,I) −1. A consequence is that the results
originally proved forρM(Σ,I) in [10, 12] can be directly transferred toρF(Σ,I). For instance, GrF(Σ, I) has
a unique dominant singularity which is positive real. If(Σ, (Σ × Σ)\I) is a connected graph, then this
dominant singularity is of order 1 and consequently#{t ∈ F(Σ, I), |t| = n} ∼ cρn

F(Σ,I).
We conclude by listing some complementary results, for details see [1, 2]. The identity (7) can be lifted to

the free monoid under some conditions on(Σ, I) (this is a consequence of [4, Theorem 4.4.2]). Theheight
h(t) of a tracet is the height of the corresponding heap. More formally, the height is the length defined in
(3) with respect to the set of generatorsC\{1}. Theaverage heightλ = limn n

−1(
∑

|t|=n h(t))/(
∑

|t|=n 1)
is an explicitly computable algebraic number. The proof uses Corollary 4.2 in a preeminent way.

Example2. – Consider the Basic Example. Applying Theorem 4.1, the characteristic series ofφ(F(Σ, I))
is the formal inverse of1 − ∑

x∈eΣ x(xx)
∗(x − 1) +

∑
ι(x)=a,ι(y)=b x(xx)

∗(x − 1)y(yy)∗(y − 1). Us-

ing (5), we have GrM(Σ̃, Ĩ) = (1 − 6x + 4x2)−1. Applying Corollary 4.2, we get the growth series
GrF(Σ, I) = (1 + x)2/(1 − 4x− x2). The growth rate of the trace group is(

√
5 + 2). The average height

is λ = (25 − 3
√

5)/20.
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