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Optimality

meanshereoptimalityintermof

thenumberofradicalsinvolved
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Quadricsofrank1or2

Gauss-Jordanreductionleadstoequations:

Rank1:x2

Rationalparameterization�noradicals

Clearlyoptimal

Rank2:x2�ay2

Rationalparameterizationin���a�
Optimal:Thereareregularrationalpointsiff�aisrational.
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Quadricsofrank3

Gauss-Jordanreductionleadstoequation:

ax2

�by2�cz2

Parameterization:

x�2uv�y�u2�abv2

b�z�u2�abv2

� �bc�t�w

��Atmostonesquareroot

Thereexistsaparameterizationrationalover�

�Theconicax2

�by2�cz2hasarationalpointover�

�Gauss-Jordangivesequationx2

�y2�z2whenstartingfromthis
point

Examplewhereasquarerootisneeded:

x2

�y2�3z2hasnorationalpoint(Proofover �	4 �)
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Quadricsofsignature(2,2)

Gauss-Jordanreductionleadstoequation:

ax2

�by2�cz2�dt2

Parameterization:

x�uv ��au�v
a�y�uv�bu�v �

b�z�uv ��au�v

�ac�t�uv�bu�v �

�bd
2squareroots

δ:�abcd�discriminantofthequadric.

Invariantuptoasquarebychangeofcoordinates

Weclaim:

�δalwaysneeded

Anothersquarerootisneedediffthequadrichasnorationalpoint.
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Quadricsofsignature(2,2)(continued)

Qadmitsarationalparameterizationover�,linearinoneparameter

�Qcontainsalinewhichisrationalover�

�Qhasarationalpointover�andδisasquarein�

�Qhasequationx2

�y2�z2�t2,insomerationalframeover�

��Thefieldofarationalparameterizationcontains�� �δ�

Qhasarationalpointover��δ

�Ithasarationalpointover�andequationx2
�y2�z2�δt2insome

rationalframe.
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x2y2�3z2�11t2

hasnorationalpointover�

andnorationalparameterizationover�33�

Proofover �	4 �and�	8 �
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Intersectionsofquadrics

PandQquadrics

TheintersectioniscontainedinanyquadricofthepencilλP�µQ

Thereisexactlyonequadricofthepencilpassingthroughapointoutside

oftheintersection(linearequationtosolve)

Iftheintersectionisnotemptynorsingular

(i.edet�λP�µQ�hasnomultiple(projective)root),

thepencilcontainsaquadricofsignature�2�2�witharationalpoint

Parameterizationthroughthisquadricinvolves2�δ:

Aconstantone,�δ,thediscriminantofthequadric

Onedependingontheparameter,�∆
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Iftheintersectionisnonsingular,∆isneeded

PuttingtheparameterizationofthequadricinPgivesanequation

betweentheparameters.

Isomorphismoftheintersection

withacurvein�1� �1,thespacesofparameters

De-homogenizingandre-homogenizing:

bi-rationalequivalencewithacurvein�2

ofdegree4with2ordinarysingularpointsatinfinity.

��Nonsingularintersectionhasgenus1

��Norationalparameterizationover�
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δisnotneeded
iff

asurfaceofdegree8hasarationalpoint
If�δisnotneeded,

theintersectioncontainspairofconjugatepointsofdegree2

thequadricpassingthroughapointonarationalline

definedbysuchapairhasasquarediscriminant

�Thesurface

z2�det�Q�x�y�1�0�P�P�x�y�1�0�Q�

hasarationalpoint.

Thissurfacehasnorationalpointinthecase:

P�5y2

�6xy�2z2�t2

�6zt;

Q�3x2

�y2�z2�t2
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Singularintersections
0isamultiplerootofdet�P�λQ�

�Phasrank�2(pairofplans)or

Pisaconeandallquadricsofthepencilaretangentatitsvertex

�Theintersectionhasasingular(complex)pointwhichisalsoa

singularpointofP

Uptoarealprojectivetransformation,

thereare28singularintersectionscorrespondingto46pencils.
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AlgorithmsketchedbySylvainLazard

managedthroughthenumberofmultiplerootsofdet�λP�µQ�

��

Iftheintersectiondoesnotconsistsin4lines

atmost2�∆forparameterizingallcomponents

atmost1�∆maybeunnecessary

itmayberemovedbyfindingarationalpointonaconic

Iftheintersectionconsistsin4noncoplanarlines(skewquadrilateral)

atmost2�∆foreachline

possibilityof3�∆foralllinestogether

alwaysoptimalforeachlineandforalllinestogether.

Inthecaseof4concurrentlines

generaldegree4equation
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Singularquartic
det�λP�µQ�hasasinglemultipleroot

Parameterizetheconecorrespondingtothisroot:1or0�∆
PlugitintheequationofP

��equationwhichislinearinoneoftheparameter.

One�∆,zeroifonefindsarationalpointonthecone

Cubicanline
det�λP�µQ�has2doubleroots,realornot

Parameterizethrougha�2�2�quartic:no�∆

��Equationintheparametersfactors(GCDcomputation)in

aunivariatefactor(theline)

andafactorlinearinthatvariable(thecubic)

Totallyrationalparameterization
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Twoconics
det�λP�µQ�has1(rational)doubleroot

Thecorrespondingquadricisapairofplans

Computetheseplans:1or0�∆

Parameterizethrougha�2�2�quarticandplugtheparametersinthe

equationsoftheplans:1or0�∆

��Linearequationsintheparameters

First�∆isneedediftheplansarenotrational

Second�∆maybeavoidedforeachconicwitharationalpointonthe

fieldoftheplans
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Conicand2lines
det�λP�µQ�has2(rational)doubleroots

Thecorrespondingquadricsareaconeandapairofplans

Parameterizethrougha�2�2�quadric:one�∆iffthelinesareirrational

��Equationintheparametersfactors(GCDcomputation)in

2univariatefactors(thelines)

andabilinearone(theconic)

Atmost1�∆

Itmaybeavoideedfortheconiciffithasarationalpoint
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4lines
det�λP�µQ�has2doubleroots

Thecorrespondingquadricsarepairsofplans

Iftherootsarerational

Computetheplansandtheirintersection:0,1or2�∆,unavoidable

Else

Parameterizethrougha�2�2�quadric:one�δ

��Equationintheparametersfactors(GCDcomputation)

in2univariatefactorsofdegree2.

Eachlinearfactorparameterizesonelinewithatmost2�∆
(alltogether3�∆)

Iftherootsofdet�λP�µQ�generatesthesamefieldas�δ
Plugtheparametrizationofthequadricineachplanofapair:

2�∆alltogetherAlwaysoptimal
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