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Characters and conjugacy classes
of the symmetric group

or On some conjectures of J. Katriel

Alain Goupil*! Dominique Poulalhon! and Gilles Schaeffer$
December 21, 1999

Résumé

Nous démontrons plusieurs conjectures dues & Jacob Katriel qui portent
sur les classes de conjugaisons de &, vues comme opérateurs agissant par
multiplication. La premiére conjecture exprime, pour une partition fixée p de
la forme r1™~", les valeurs propres (ou caractéres centraux) w;‘ en terme des
contenus de A. Tandis que Katriel a conjecturé une forme générique et un
algorithme pour calculer les coefficients indéterminés, nous fournissons une
formule explicite. La seconde conjecture (présentée au SFCA’98 & Toronto)
donne une forme générale pour I’expression d'une classe de conjugaison en
terme d’opérateurs élémentaires. Nous la prouvons en utilisant une descrip-
tion en termes d’opérateurs différentiels sur les polynémes symétriques. Fi-
nalement nous étendons partiellement nos résultats sur w;,\ a des partitions p
quelconques.

Abstract

This article addresses several conjectures due to Jacob Katriel concerning
conjugacy classes of &, viewed as operators acting by multiplication. The
first conjecture expresses, for a fixed partition p of the form 1"~ ", the eigen-
values (or central characters) w; in terms of contents of \. While Katriel
conjectured a generic form and an algorithm to compute missing coefficients,
we provide an explicit expression. The second conjecture (presented at FP-
SAC’98 in Toronto) gives a general form for the expression of a conjugacy class
in terms of elementary operators. We prove it using a convenient description
by differential operators acting on symmetric polynomials. To conclude, we
partially extend our results on w;\ to arbitrary partitions p.
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1 Introduction

Although our aim is to prove Katriel’s conjectures, we do not use his notations
through this text: instead we keep closer to Macdonald’s textbook [12] and provide
translations when necessary.

1.1 Notations

Let A = (A1, As,..., ;) be a partition of weight n and length £(\) = k i.e. a
finite non increasing sequence of positive integers A\; > Ay > ... > Ay > 0 such that
A +A2+-+Ap =n. Wewrite A - nor |[\| =n and A = 142¢ ...t when ¢; parts
of Aareequal toi ( = 1...n). (We shall consistently use greek letters for partitions
and their parts and corresponding latin letters for the multiplicity notation.) We
denote by C) the conjugacy class indexed by partition A and by A(c) the cycle-
type of a permutation o. Following [12], we let 2y = 114,12%4,!---nf ¢!, so that
|Cx| = nl/za.

Let Q[S,] be the group algebra of the symmetric group over the rational num-
bers field Q and let C[S,] be the center of this group algebra. The formal sum
of the permutations in a conjugacy class C belongs to C[6,] and we abuse the
notation and also denote it Cy. The set {Cx}arn of these formal sums forms a
linear basis for the center C[&,]. Similarly the irreducible characters of the sym-
metric group &,, are indexed by partitions of weight n and can be considered as
elements of C[&,], in which the family {x*}rn also forms a linear basis. For A and
p two partitions of n we denote by x) the evaluation of the character x* on any
permutation of the class C,,. In particular x» = n!/hy where h) is the hook-length
product of A. The character table [X;)] gives natural formulae for changes of basis
in C[6,]: x* = Ep,l—n Xﬁcu and C), = E,\I—H(Xz/z/\)x)‘-

Partitions are usually represented by their Ferrers’ diagrams. The content of a
cell z = (i,5) € Mis ¢(xz) = i—j. In order to state his conjectures, Katriel introduces
the content power-sum o}, defined for k > 0 by o (A) = Y, ¢, c(2)*.

A partition is reduced if it contains no part 1. For A = 1612 ... k% we denote
X the reduced partition 2 ... k% . The reduced cycle-type of a permutation or of a
conjugacy class is defined accordingly.

1.2 Multiplication by a conjugacy class

Let A be a partition of n. We are interested in the element w* of C[&,,] which is
defined ([12, p126]) by

Vpkn, wh(p) =w) = =X

These elements are called central characters or eigenvalues by J. Katriel'. Because
the family {x*/hx}-n forms a basis of orthogonal idempotents in C[&,,], we have

XIJ/
Vpa/\Fna Cp'XA:Zf(X“'XA)ZMSXAa
pEn s

explaining why the evaluation w;} may be called the eigenvalue of the conjugacy

class C, associated to the eigenvector x*. Here we consider C, as an operator
acting on C[6,] by multiplication. The multiplicative structure of C[G&,] has been
largely studied in terms of connezion coefficients [2, and ref. therein], also called

1For a partition p - n and an irreducible representation I', indexed by the partition  F n, our
wj is denoted A} in [8].



structure constants [3, 4, and ref. therein]. These coefficients are defined for all
triples of partitions (A, u, ) of n by

Cx-Cu=) a§,Ch.

The first set of conjectures that we consider are [8, Conj.1-2] (see also [5]). In
these articles, Katriel suggests that for a fixed integer r, the eigenvalues wi‘ln_r are
given by evaluations of a polynomial of Q[n][o1,... ,0,-1] on the contents power-
sums o (A). In [6] an algorithm is given, which is used in [7] to produce numerical
expressions supporting these conjectures up to r = 18. In Section 2 we give an
explicit expression (Theorem 1) for the polynomials considered by Katriel and prove
some of their conjectured properties.

In a second set of conjectures, which we consider in Section 3, Katriel looks
for expressions of the conjugacy classes as sums of more elementary operators.
He requires that these expressions depend only on the reduced cycle-type. These
conjectures where presented in Toronto at FPSAC’98 [11] and derive from previous
weaker conjectures [9, 10, and ref. therein]. In order to state more easily Katriel’s
formulae we use a representation of the action of conjugacy classes on C[&,] by
an action of some differential operators on the space of symmetric functions. Once
correctly stated in this form (Theorem 3), these conjectures are relatively easy to
prove. Our approach is reminiscent of that of I.P. Goulden and D.M. Jackson (see
[2] and reference therein).

Finally in Section 4, we consider a last set of conjectures [8, Conj.3-6], which
are the natural extensions of the first ones, from partitions of the form r1™~" to
arbitrary partitions p. As opposed to the case r1™ ", we have not found for all p
an explicit expression of w, for arbitrary p in terms of the o;. However we prove a
weak version of [8, Conj.4] on the general form of w,, which implies [8, Conj.5].

Numerous examples of decompositions of w, or C, for small p can be found
e.g. in [8]. Thus we have not included many examples. Instead we provide Maple
procedures based on our theorems at http://www.loria.fr/"schaeffe.

Acknowledgements. We would like to thank Mike Zabrocki for his contribution
through several discussions that have enriched our understanding of the subject.
We also thank Jacob Katriel for explaining some of his conjectures to us.

2 Central characters for partitions r1"™"

Throughout this section let r denote a fixed integer. We define the content weight of
a partition v to be w(v) = |v|+2{(v). Given a family of indeterminate o = {0 }i>1,
we use the notation oy = [[, o, for any partition A. Given a polynomial P(c¢) in
Qe], by P(c(\)) we mean P(o) in which o; is substituted for the ith content
power-sum o;(A).

Let €2, be the following polynomial of Q[n][o1,... ,0._1]:

—1)¥l
ama)= Y TS e, m),
kv v i+i=k
k+w(v)=r+1
where ¢j (n) and ¢;, ;(n) are polynomials from Q[n] with respective degrees i — 1
and ¢ that are explicitly given in the proof. They are respectively the coefficients
of Y in Q"(Y,n) (Formula (5)) and of Y2/(")*% in ¢" (Y, n) (Formula (8)).



Theorem 1 (Part of [8, Conj.1]) The eigenvalue w; belongs to Q[n][o].
More precisely, for n > r, and for all partitions X of n,

Whn=r = Qe(n, ().
Moreover, for n < r, and all partitions X of n, Q.(n,a(\)) =0.
Corollary 1 ([8, Conj.2]) The coefficient of or_1 in Q, is 1.

Conjecture 1 (Remaining from [8, Conj.1]) In the definition of 2., the inner
sum, which is a polynomial from Q[n] of degree at most k, is in fact

e null if k is odd,

e of degree k/2 if k is even.

Although we have an explicit form for the inner sum, we have been unable to prove
these cancellations.

Proof. Let us borrow the following result from [12, p118]. Let p = 1™ ", X be
a partition of n, u be its shifted partition y; = A\; +n —i for 1 < i < n and
H(X) =TI, (X — p;). Then

P

A
Woin—r =
Zpin—r

is equal to

1~ o Oli=)
— D milps = 1) (i =7+ 1) PTPARE

i=1
which is also the coefficient of X ~! in the expansion of
(X —r)
P(X)

in descending powers of X. Changing the sign of X, the latter formula can be
explicitly written as

;—jX(X—1)...(X—r+1)

r—1 n n .
-1)" X ; X —
(=1) (X +n+i) b +n—i
z.:1X+r+n—zz,:1 X+ p;

(2)

Recall now that the content polynomial ¢y (X) of the partition A is the polyno-
mial in the indeterminate X defined ([12, p15]) by

er(X) = [ (X + e(a)).

TEA

From [12, p15], for & = \; +m — i, 1 < i < m, we have

ex(X+m) o X+ &

ex(X +m—1) iZlX—}—m—i'

On one hand, if we take m = n, we get & = u; for 1 <i <n. On the other hand, if
m=mn+r,then §; =r+p; for 1 <i<nand&,4; =r—1for 0 <i < r. Therefore
Formula (2) can be rewritten into

_17,7'—1 . X+n+ X+n-1
(72) g(X+n+z)c)\c(f‘X§+niTi)l)CXC(A(XZTL)) (3)



In view of setting X = 1/Y in this formula, let us introduce the reciprocal content
polynomials &y(Y) = [[ e (1+¢(x)Y). We obtain w) ., as the coefficient of Y7+
in the Taylor expansion of

where
N G Vi = o (A DY)+ (- 1Y)\
o =S Ta+eeom (RS @
and
< Y ~ Y
Ci(Y,n) = c*(1+<"+T>Y) c*(1+<n71>Y)' (6)

T Y ~ Y

Cx (1+(n+r—1)Y) Cx (1+nY)
In terms of A-rings the following development of C (Y, n) in power-sums is immedi-
ate:

rm =3 " gy, (")
where ¢7(Y,n) =[], #}.(Y,n) and
i(¥,n) = (A+nY)7+(1+@m+r-1)Y)"
—A+m+r)Y)7 —Q+®n-1)Y). (8)

Let us compute the coefficient of Y in ¢5(Y,n): from (8),

P5(Y,n) = Z(j—i_i__l) (n*+(n+r—1)7"—=(n+r)—(n—1))(-Y)"

i>0

We see that terms of degree 0 and 1 in Y cancels, and for Y? we obtain —2r (j;rl).

Therefore ¢},(Y,n) has a lowest degree term of degree 2{(v). Let ¢} ;(n) be the

coefficient of Y2“*)*% in ¢7(Y,n). The polynomial ¢} ; has degree i in n, so that
v.i(n) has degree i.

Let us turn now to the coefficient 7 (n) of Y% in Q7(Y,n). Expansions using the
binomial theorem show that ¢! (n) is a polynomial of degree 4 — 1 without constant
term.

Finally, from (4) and (7) we have w

N n—» as the coefficient of Y"*! in

5 0

This gives the expected result

—D)Ylg, (A
D =3 A S g ).
kv v i+ji=k
k+w(v)=r+1

For the second part of the theorem, observe that, starting from Formula (1), all
manipulations are valid even when n < r. But in Formula (1), the nullity for n < r
is easily proven: in the summand, either m; < r, and the falling power does the
job, or there exists j such that m; = m; +r.

For the corollary, notice that the constant term of Q" (Y,n) is (—1)"/r? by (5)
while that of ¢,_; has been said to be —2r(}). With z;_;y = — 1 the coefficient
1 is found. O



3 Elementary operators

3.1 Symmetric functions

Let x={x1,22,...} be a set of indeterminates and let A = Ag[x] be the ring of
symmetric functions on {z1,2,. ..} over the field of rational numbers Q. The ring
A is the direct sum of its homogeneous components of degree n: A = ®,>A".
Following [12], we denote by py = px(x) the power sum symmetric functions. The
family {py} forms a linear basis of A. The usual scalar product < ,> on A satisfies

Yn VYA pu <P, Pu >= 220 -

We need also the following differential operators known in the litterature as Ham-
mond’s operators (see [13] or [12]):

Definition 1 For each partition A = (A1, X2, ..., k), let pxt be the adjoint oper-
ator to the multiplication by px(x) with respect to the usual scalar product <,> on

A:

VigeA <praf,g>=<f,prTg>.

For any partition X\, let mpn = A1A2---A; be the product of its parts A\;. Then
the operator pat is conveniently described as a differential operator on the basis

{pa(x)}a:
ak
- ™ 6]))\16]))\2 - 6p)\k ’

pAL

The use of such operators in relation with connexion coefficients is not new and can
be found for instance in [2]. We are interested in representing the multiplication
by a conjugacy class as an action of an operator on a basis of symmetric functions:
more precisely we look for operators G, satisfying

Vﬂ:’% Ga"]ﬁ'q., = Ca'Cﬁlc’.,-
There is a trivial way to do this:

Definition 2 Let A = (A1, \2,... ,\x) be a partition of n. For any permutation
p € Cy, define the operator G : A™ — A™ by

1

Gy, = — Z PA(po)PA(o) - =

1 D 1
Zn Z E Py PvPu ( )

ceG, v,ubn

From this definition and the orthogonality relation pf;p,\ = z)0x,, for partitions of
the same weight, it is immediate that for any partitions A,u of n

Gqu, = Z aK,quJ

yHEn

where {gx = £}, is an orthonormal basis of A.

The operators G\ are not interesting because their definition uses the structure
constants ay which they are meant to produce; however they provide an easy
introduction to what we mean by representing the multiplication by the action of
an operator on symmetric functions.

Our aim is to define a more interesting family H of such operators, satisfying
for all partitions «

vﬂa’Y; H&'qﬂ|q~, = Ca'Cﬁlc’,y-
Observe here that we require that, in some loose sense, the H are defined in terms
of & and not of a.



3.2 Restricted permutations

In order to define our operators we need some elementary results on restricted
permutations. For a subset S of [n] = {1,...,n}, and a permutation o € &,, let
o|s be the permutation of the elements of S such that, for all i € S, o|5(i) = % (4)
where k is the least positive integer such that o*(i) is in S.

The idea rests on the following remark: let p and ¢ be permutations in &,,, and
consider the product 7 = po. Then, if [n] \ S contains only fixed points of p, we
have 7|5 = p s0|s, and conversely 7 can be obtained from 75 by inserting after each
i € S the block that separates i and o|5(i) in the decomposition of o into disjoint
cycles.

Ezample. If p|3 = (1 2 3) and 0 = (1 aaa 2 bbd) (3 ccc), then o3 = (1 2) (3),
73 = (13) (2) and 7 = (1 aaa 3 ccc) (2 bbb).

Given a permutation o¢ of &, and n > p, the permutation oy can be extended
naturally to a permutation of &, by adding fixed points. Therefore any oy € &,
acts by left multiplication on &,,. We need one last definition: given a partition
a = (ay, ... ,qp), the canonical permutation of type « is the permutation of cycle
type a whose k-th cycle is (a; + ...+ ap_1+1,...,01 + ...+ ag).

3.3 The operator H; and Katriel’s notations

We give two equivalent definitions of H. The first one uses usual notations.

Definition 3 Let & be a reduced partition of weight p. Let pg be the canonical
permutation of cycle type a. Then the operator Hg : A — A is defined by:

H; = iz > pvepg (10)

00EG, i1y ,ip>l

where (' is the cycle type of any permutation T obtained from oo by inserting i; — 1
elements after each j € {1,...,p}, and ' is the cycle type poT.

The fact that the cycle type 4" depends only on the integers i1, ... ,ip, and not
on the elements that we choose to insert in ¢y is a consequence of the previous
discussion on restricted permutations.

This operator is closely related to Katriel’s bracket operators (which are not
completely rigorously defined). A simple variation on his notation is:

{(i1 + 2343 [ 41502 +13))  stands for Z Plis+iz,is)Pliy io+is)
1,42,i3 21

where the brackets [,] denote multisets of integers (i.e. partitions). A further
simplification of this notation (even closer to Katriel’s) is to replace each variable
by its index and write sums as cycles:

€(1,2)(3) [ (1)(2,3)) stands for (i1 +da;3 | 91592 + i3))
Let us rewrite Definition 3 with this notation

Definition 4 Let & be a reduced partition of weight p. Let py be the canonical
permutation of cycle type &. Then

Hy = Z {pooo | ao)- (11)

0'0661,

&=



Finally, Katriel conjectured a symmetry in the coefficients, which allows to introduce
a last notation:

(P|Q) stands for (P |Q)+(Q|P)

Ezxamples. We keep with the intermediate notation, which we find more descriptive,
even though we used Formula 11 to get quickly all terms.

1, . . 1 . . 1. ..
Hy, = 5«11;12 | i1 +d2)) + 5«11 +ig | d1;i0) = §<Z1 +io | i1;12)
1 1 1
- 5 Z pilai2pi1+i2 + Z pi1+i2pi1,i2
i1,i22>1 i1,i22>1
1 1
= gPaPii + GPuDy +Papyi + P2ps +Papii
1 1
+ps1pi + 51041025 + 51022104% +--
1 1 1
H; = §<<i1+i2+i3|i1,i2,i3» + §<<i1,i2,i3|i1+i2+i3» + §<<i1+i2+i3\i1+i2+i3»
1 1 1
+§«i1+i2,i3\i1,i2+is» + §<<i1+i3,i2|i2,i1+is» + g«i2+i3,i1|i3,i1+i2»
1 1
= «i1+i2,i3\i1,i2+i3» + g(i1+i2+is\i1,i2,is) + §<<i1+i2+is\i1+i2+i3»
1 1 1 1 1
= 3 Z (pnp(il,ig,is) + D(iy i iz)Pn + PPy + 3p(i1+i3,i2)P(i1+i2,,~3))
(i1,i2,i3) >1
n=i1+iz2+i3
1 1
Hy = g<i1;i2;i3;i4|i1+i2;i3+i4) + Z<<i1+i2;i3;i4|i1;i2;i3+i4»
1
+Z«i1+i2;i3+i4\i1+i3;i2+i4» + «i1+iz+i3;i4|i1;i2+i3+i4»
1 1
+§<i1+i2+i3+i4\i1+i2;i3;i4) + Z«i1+i2+i3+i4\i1+i2+i3+i4»
Katriel’s global conjecture of [11] is that C,, “=" Hs. More formally, we shall

prove the following theorem.

Theorem 2 (Global Conjecture) Let o, 8 and vy be partitions of n, then
Co - Cglc, = Ha - qgq, -

Observe that applying a permutation of indices in an elementary bracket operator
do not change it. Collecting equivalent terms to form a sum over “distinct contri-
butions” (as we did in the examples), we immediately obtain from (11) a proof of
Katriel’s central conjecture on the resulting coefficients.

Proof. Let p be the weight of &, py the associated canonical permutation, and p
its natural extension in &,,. On one hand,

Cq
Co-Cslc, = ||C || Cs-Cyle, = j—”' Card{(o,7) € Cs x C, | po =7}
Y a
z
= z—”' Z Card{(o,7) € Cy x C, | 0, = 00, T = pooyp}
a 00661,



Our discussion on restricted permutations implies that, for all og € &,

Card{(o,7) € Cy x C, | 01, = 00, T)p = poojp} =

> (ni_op>'("—10—io)!' io!

2R3
(io,...,ip)EC(,B,’Y) A=b

where the sum runs over the compositions (i, . .. ,i,) of n such that inserting i; ele-
ments of {p+1,...,n} after eachj of {1,...,p}in 0y, and 7y, leads to permutations
of respective cycle types 8’ and v With the following properties: Vi, b; < b;, ¢; < ¢;
and ﬂ B' = y—~', where B = 1°* .. .nb~ and so on, and B — /3’ denotes the partition

161=b6%  pbn—bl
This s1mp11ﬁes to:
z 1
Ca-Cslo, = 2 2. 3 —.

2R_n!
FEG, (ioyrsig)EC(By) PP

On the other hand,

r 0
Ha-qui Z Z pv’m b5

2z Opgr
70€Gy i1, ,ip20 s OPp

0
Since Ps _ 0 unless 8 > B, in which case
Opp

Ops (b1 —by)..- (by — )1 PP

we obtain:

Z Z Py +B-p

5€6y (io,.igycc(s) PP

s§f|H

Hs-q5 =

where the sums runs over the compositions of n such that Vi, b < b;. So finally:

Heglhy =2 Y Y ——

& 08, (io,ip)eC(Br) PP

O

An immediate consequence of Theorem 2 is that the operators Hy; are self adjoint

and therefore their expansion Hy = EV, 05, Hp,,pf;, are symmetric in v and p, a fact

that can also be proven directly form their definition. This is also part of Katriel’s
conjecture.

3.4 Families of connexion coefficients

For a reduced partition @, let K5(n) be the sum in C[&,,] of all permutations with
reduced cycle-type a if n > |a|, and 0 otherwise.
Let a, 3 be reduced partitions and define the coefficients a B( n) by

Ka(n) - Kz(n) = 3" a7 (n) K, (n). (12)

In [1] it is proved that the aZ B(n) are polynomials in n. This follows for instance
from Theorem 2: let k (resp. h) be the largest part of 3 (resp. #), then the



elementary operator Hy is applied to dg1m-1815 the terms with non-zero contributions
are of the form
Lo _
PuPxdz1m-13) |qﬂn—w|

where X and p are partitions of length |a|, A\ = 1% ... k% having parts of size at
most k and g = 1™t ... ™" at most h. There are finitely many such partitions and
the contribution of this term is a polynomial of degree m; in n.

Theorem 2 is a generalisation of this result in the sense that it proves that other
families of coefficients are polynomial. For instance, for any reduced partition &
with even weight the coefficient

ba(n) = Ka(2n) . 027l |Czn

is a polynomial in n. The expression of Hy2 presented before gives

1
by2(n) = ZP22p2L2€I2" |q2n =n(n—1).

4 Central characters for general partitions

In view of Section 3.4 we have obtained in Theorem 1 the eigenvalues of K., as a
polynomial of Q[n][o]. We seek now similar results for the eigenvalues of K5 for
any reduced partition a.

Following the suggestion of [8] this can be done as follows. Let @ = (222,... , k%)
be a reduced partition. We prove first by recurrence on |@| that K5(n) can be
expressed as a linear combination of products of the K.(n):

Kal (n) U Kae(n)
[1; a:!

Ka(n) = + > 0P m) [] Ks.(n), (13)
5 i

where the sum is over reduced partitions 3 such that |3| < |@|. Indeed for |a| = 2, &
being reduced is the partition 2 and we are done. Otherwise linearize K, (n) - - - Kq,(n)
to form relations like (12). According to Theorem 2, we obtain

Koy (n) -+ Ko, (n) = [T;ai! - Ka(n) + Y a®(n)Kz(n), (14)
8

where the sum ranges over reduced partitions 3 such that |3| < |&|. Indeed, the
coefficient of K5(n) is given by successive applications of the elementary operators
{a;|1; ... ;1) while other operators result in a lower weight (because some fix point
are not removed). Similarly the partitions § also satisfy |5| + £(3) < |a| + £(a)
because, in the application of an elementary operator, each time a cycle broken
(thus increasing the length by one) it prevent the incorporation of a fix-point (thus
reducing the final weight by one). By induction hypothesis the K(n) can be
linearized and we obtain (13).
Now the wg are eigenvalues of Kj, i.e. for n > |a@|, and A+ n,

Ka(n) - x* = Whinia X
Using Formula (13) we obtain, with n, =n —|a|,

A A
w wwlnal

A _ Pail™a B 5] A
Warre = [1; ai! +Zb (n)HwB,-l"E’
el [

10



so that we are led to define the polynomial Q5 from Q[n][o] by

Qa "'Qa 5
Qs = ll_I'a" ‘ +Zbl3(n)HQﬂu (15)
[ ek ,é i

where the sum ranges over reduced partitions 8 with |3| < |a|. In the each Q,, of
the product, the monomials ¢, satisfy w(v) < a; + 1. Therefore the monomials o,
in this product satisfy w(v) < |a|+£(@). By the same induction as before, it is also
the case of the monomials in the 5. Finally, applying Theorem 1, we obtain the
following theorem.

Theorem 3 (Part of [8, Conj.3]) Let & be a reduced partition. Forn > |a|, and
for all partitions A of n,

wéln-m = Qa(n,a(N),

where Q5 is a polynomial from Q[n][o] involving only monomials o, such that
w(v) < |a| + £(a).

Corollary 2 ([8, Conj.4]) Let a = (2°%,... ,k™) be a reduced partition with k
parts and o' = (1°2,...,(k — 1)®). Then the coefficient of oo in Qg is

1
ga,'

Conjecture 2 (Remaining from [8, Conj.3]) The coefficient of a monomial o,
of Qg, which is a polynomial from Q[n], is in fact

o null if k = |a| + (@) — w(v) is even,
o of degree at most k/2 otherwise.

This conjecture is implied by Conjecture 1 of the present article, using (15).

Conjecture 3 (From [8, Conj.5]) The polynomial Q5 vanishes on too small par-
titions, i.e. for n < |a| and A Fn, Q5(n,o(X)) =0.
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