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 	 ��� tv¾�me��~ztL��tLmztvw�m�¾�wac w�tv¾a®vcF¢y¢�c2�X�a�a~qtnr�^ac���tv¾a~(c�¤<oq~q�vxy~qc�¢ycYme^atv¾��a�ax�c!~�me��� �v~z�a~qc
�
���v~¼oqxy~P��� x�b��vuvcFm
�vc!~qxycFwawacFm
r�tLwLozcFw��XwAo
¾�w(rF�Xw��v¢<�a~qtnrq^acÀx�wn{£~q���­~qtv¾�uvcv¬ � tv¾�m
~��Fmztv¢�®vtvw�m�¢yc_�a~qtv�a¢�`!b�c
r!tvb�b�cC¾aw³�a~qtv�a¢�`!b�c��ac m¼cFuvb�c!wAoq�Xozx�tvw c!w ¾noqx�¢yx¶mz�vwLo(¾awac�b�tn���!¢�x�mq��oqxytLwKb©�v~z²vt�®<xycFwawacC���Xw�m4¾aw
r!tvwLoqc�¤<ozc-»_�¦lvcFmzxycFw\¬��\c)b�tn�n`F¢yc-�(�a~qx�tv~qx§r�tLw�m¼x¶m¼ozc)c!w2¾�w r�^��Xb�� r�tL¾a�a¢�c-����¿´wax\���v~_¾aw:r�^��Xb�� �nc
°¸�v~z²vt�®�� oz~qtvx¶m���o���o�m!ª
�Lmzmztnr�x��Fm-�v¾�{£tLw��§ª�� ¢¶� ®��Fu���o���oqxytLw�c!oe�X¾ r�cFwLoz~qc��ncFm4�v~z��~zcFmFª�c!o4���v~�¾aw
r�^��Xb��¸�nc����Xoz~qtvw�m�~qc!�a~��Fmzc!wLo��XwAo�¢¶��{£tv~qb(c4�ncFm��v~z��~zcYm!¬ ��c4rq^��vb��:�v¢!�Y��oqtvx�~zc-�nc����Xoz~qtvw�m���cF~zb�c�o
��� �vmqmztnr�x�c!~V¾awNb�tn�n`!¢�cecF¢y¢�x��nozx#"A¾ac$� r�^���"A¾ace^atL¾a�a�ax�c!~-����oqcFrÁo��v¬%�\c(b�tn�n`F¢yc(cFmpo)tL�nozx�b�x�m&�e�´�X~Â¾aw
~qcFr�¾�x o�m¼x�b4¾a¢��Â{£tLw����-mz¾a~�¾aw�c-�alAw´�Xb�x�"A¾ac-�ac-°:c!oz~qtv��tv¢�x¶m!¬ � tL¾�m_b�tvwAoz~qtvw�m��ncFm�~&�Ym¼¾a¢yo���oqm�mz¾a~s�ncFm
x�b©�XuvcYmÀ~��!c!¢�¢�cFm��nc-�a¢��vwLo���ozx�tvw´m_c�o��nc){£tv~�'�oqm_w��Xoz¾a~qc!¢�¢�cFmF¬
(�É �F� Ç �*) 	 � � ����oqcFrÁoqxytLw �nc-^atL¾a�a�ax�c!~�m!ªar�^��Xb���ms�nc�°¸�X~q²vt¦®Iªnrq^´�Xb�� r�tL¾a�a¢�cvªa����oq~ztLw
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]�~zcFc�r�tv¾�wLozx�wau��Xw��)r!¢��Lmzmzxy¿´r!�Xozx�tvwÂ�a~zt�®<x��acPmztvb�cP���X~��Xb�c!ozc!~�mI¡�^ax¶rq^��X~qc
tv{<���v~q�vb(tL¾awLo\xyb���tv~zoq�vw�r�c
{£tL~�b©�Xw´�Xuvx�wau oz^acC{£tv~qcFm¼o�~qcFmztv¾a~�r�cYm!¬2�sw³�vr!r!¾a~q�XozcCrq^´�X~��vrÁoqc!~qxyÃY��ozx�tvw�tX{_oz^acCoz~qc!cC��tL�a¾a¢¶��ozx�tvw x�m
wacYr�cFmqmq�X~qlÂozt)cF®��v¢y¾��Xozc¥oq^ac_cF®vtv¢�¾nozx�tvw(tX{´oz^ac���tv�a¾�¢��Xozx�tvwetL~�oz^�c_c���cYrÁo�tX{�cFr!tv¢�tvuvx¶r!�X¢n�nx�mq�vm¼oqc!~qm
mz¾�r�^
�Lm�^<¾a~z~qx¶r!�Xw�cFm�tv~¥c!�ax¶�ncFb(x¶r!mF¬P��cFb(tvozcF¢yl©m¼cFw�m¼cY�C�a��o��-��¢��¦l���¢�cF�v�axywau4~qtv¢�csx�w©oq^ax�mÀ�v~zcY�-�Lm��4r�^acF�v�
�vw���{|�LmpoÀ¡À�¦l(tv{\x�wA®vcYmpoqxyuA��ozx�tLwCr�tLb����X~qcF�(oqte�vwCcF®��X¢�¾���oqx�tvw©tLw©oz^�cVuv~qtv¾aw´�§¬
�s¾noqtvb©��oqx�rV�vw��X¢�lnm¼x¶m
tv{�~qc!b�tvozc!¢�lKm¼cFw�m¼cY� xyb©�XuLcFm�x¶me�vwatXoq^ac!~exyb��a~qt¦®vcFb�c!wLo(�Lm�xyo�mz�¦®vcFm�c!¤n��c!~zo�oqxyb�c x�w b©�X²<x�wau:oq^ac
cF®��X¢�¾���oqx�tvw\¬����X~q¢�l(¡¥tL~z²nm�x�wCoq^ax�m_�X~qcF��r!tvw�r�cF~zw�cF�©cFmqm¼cFwLozx¶�X¢�¢�leoz^�cÂ�nc�oqcFr�ozx�tvw�tX{\oz^acVoz~qc!cV��tLmzx oqxytLw\¬
�Vm
oq^acsxyb©�vuvc�~zcYm¼tL¢y¾noqxytLw(xyw´r�~qcF�vmzcFmFªXwac!¡½�X¢�uvtv~qxyoz^ab©mPr!�vw©�X¢¶m¼t)��~zt�®<x��ncs�Xw�x�w��nx�®<x��n¾´�X¢´�nc!¢�x�wacF�Xozx�tvw
tv{�oz~qc!cFmF¬

 �w�oz^�x�m����v��c!~YªL¡¥cs�a~qtv��tAm¼cs�XwC�v�a�a~qtL�Lrq^eoqt��ptLxywAoz¢�l(cFm¼ozx�b©��oqc�oz^�c�oq~qc!cs��tLmzxyozx�tvwC�Xw��©�ncF¢yx�wacY��ozc
oq^ac!x�~�r!~zt�¡�w\¬   c�r�tvw�mzx¶�nc!~Poz^a~qc!csr�^��vwawac!¢�xyb©�vuvcFm��vmPx�wa�a¾noFªAtvw�c�tX{�oz^�c!b ��cFxyw�u)oz^acswacY�X~�xywa{£~q�v~zcY�
r�^��Xwaw�c!¢­¬! �w¸oq^ax¶m)r�tLwLoqc�¤<oFª\mzc!®vcF~q�v¢��v�a�a~qtL�vr�^acFm�^��¦®vce��cFc!wN�a~qtv��tLmzcF�:{«tL~Voq^���o-�a¾a~q��tLmzcv¬�� ¿�~�m¼o
r!¢��Lmzm
tv{§�X�a�a~qtL�Lrq^�cFm�x¶mP���Lm¼cY�etLw��-�ac�ozcYrÁozx�tLw�tX{§mzc!cF��ms·£~qc!�a~qcFmzc!wLoqx�wau-r!�vw��nx¶�a��oqcFm
{£tv~�~qc!�a~qcFmzc!wAozx�wau
�)oz~qc!cY¹
¡�^ax¶r�^C�nc!~qxy®vcYm
{£~qtvb oz^acV�nc�oqcFrÁoqx�tvw©tX{§¢ytar!�X¢ab©��¤nx�b4¾ab �X��t�®vc�mztvb�c_oq^a~zcYm¼^�tv¢¶�(xyw�oq^acswacY�X~
x�wn{£~��X~qcF�Crq^´�XwawacF¢?¬P]_^ac)�nc!¢�x�wacF�Xozx�tvw�tX{�cF�vr�^Cx�w��nx�®<x¶�n¾��X¢�oz~qc!cÂr!�vw©oq^ac!w ��cVtL�noq�vxywacY�©�<l©�er�tLwLoqtv¾a~
�v�a�a~ztA�vr�^©���Lm¼cY�©tLw �4®��X¢�¢�c!l({£tv¢�¢�t¦¡�x�wau4��~ztnr!cF�n¾a~qc#"��%$§tL~À�4~qc!uLxytLw©uL~zt�¡�x�wau4�v¢yuLtv~qx oq^ab&"Ð�'$­¬�]_^acFmzc
�v�a�a~ztA�vr�^acFmV�v~zce���vmzcF�¸tLw¸oz^ac�uv~��Yl ¢ycF®vc!¢
xywn{£tL~zb©�Xozx�tvw¯·«oq~zcFcFmVx�w��n¾´r�cFmÂ¢�x�uv^AoÂuL~q�¦l2¢�c!®vcF¢�mÂxywNwacY�X~
x�wn{£~��X~qcF�¸xyb©�vuvcFm�¹��vw��±mz¾a�a��tAm¼ceoz^��Xo-� mz^��L�nt¦¡ ·|���X~q² uL~q�¦l2¢�c!®vcF¢�m�¹�x¶mÂ®Ax¶mzxy�a¢�c��X~qtv¾aw´� oq^aceoq~zcFcFmF¬
]_^ax¶m�¢��LmpoV�Lmzmz¾ab��noqxytLw:r!�vw:��c��´�X~zozx¶�X¢�¢yl x�uvwatv~qcF�2�<l �X�a��¢yl<x�wauC��tLm¼o �­oz~qcF��oqb�c!wLosozt m¼��¢yxyoÂr�tvb��a¢�c�¤
r!tvwawacYrÁozcY�±r�tLb(��tLwac!wAoqmF¬-]_^ac(mzcFr!tvw��±r�¢¶�vmqm�tv{¥�X�a�a~qtL�Lrq^acYm�r!tvw�mzx�m¼oqmVtX{¥�ac�¿�wax�wau2�Coqc!b��a¢¶��oqcv¬��
oq~zcFc�x�m��nc�oqcFrÁoqcF��x {aoq^ac¥xyb©�XuLc�mzxyuLw��X¢L¢ytar!�X¢�¢�lVb©��o�rq^�oz^acÀ�nc!¿�wacF�-ozcFb��a¢��Xozc(" �nªY��$ö¬) �w�oz^�x�m��X���a~ztA�vr�^\ª
oq^acs�nc�oqcFrÁoqx�tvw�x�mPwatXo����Lm¼cF�etLweoz^ac���x ¤nc!¢a¢�c!®vcF¢n�a¾ao�tvw��)¢ytnrF�X¢nb©�vmz²�¬�]_^�x�m��X���a~ztA�vr�^4x¶m
oz^acFw�b(tL~zc
~qtv�a¾�m¼o�xy{�oq^ac-~qcF�v¢\m¼^��v��c)tX{�oz^�c)oq~zcFc-r�~qt�¡�w ¡Àc!¢�¢§¿aosoz^ac-ozcFb(�a¢¶�Xozcv¬¥]�t�c�¤<oqc!w�� oq^ac-uLc!wacF~q�v¢yxyopl©tv{
oq^ax�ms�X�a�a~qtL�Lrq^\ªn�(m¼c!o�tX{��nx*�Ic!~qc!wLo�ozc!b��a¢¶��oqcFm�r!�vw ��c-r�tvw´m¼x¶�nc!~qcF�§¬P]_^ac-�ncFr!x�mzx�tvw x�mÀoz^�c!w o��X²vc!w tLw
�-®vtXoqxywau��a~qxyw�r!xy��¢yc!"Ð�'$­¬+�P¤<ozcFw��nx�wau�oz^ac�uvcFwac!~��X¢�xyo�l4tv{�oq^acsozc!b��a¢¶��oqcFm��Al��v�a�nx�wau4m¼tLb�c����v~q�vb(c!ozcF~qm
b©�¦l �X¢¶m¼tN¢�cF�L� oqt�^ax�uv^6r�tLb��a¾noq�Xozx�tvw��v¢¥oqxyb�cv¬6��b(tLwauNoz^ax¶m©m¼cYr�tLw��³r�¢¶�LmzmFª��Nuv¢�tv���v¢Àb(ta�nc!¢_tLw
oq^ac)¡�^�tv¢�cÂx�b©�Xuvc)rF�Xw2��c-�nc�¿´wacF�2�Al�xyw�r!tv~q��tv~���ozx�wau(m¼tLb�cÂx�wn{£tv~qb©��ozx�tvw tLw�oq^ac�m¼���Xozx¶�X¢\mpoq~z¾�r�oz¾a~qc
tv{¥oq^ac©��tL�a¾a¢¶��ozx�tvw�¬�jntvb�c©~zcFuv¾a¢¶�X~qx opl¸�a~ztL��c!~zozx�cFm)tvw�oz^ac©oz~qc!c©¢�tnr!�v¢yx�ÃF�Xozx�tvw�r!�vw���c©b�tn�ncF¢ycY�N�<l
x�wLoqc!~��vrÁoqxytLw�m-��c!o�¡Àc!c!w wac!x�uv^<��tv~qxyw�u2oq~zcFcFmF¬ ��uLc!wacF~q�v¢Pb�tn�ac!¢­ª����Lm¼cY��tvw b©�v~z²vcY����tvx�wLoe�a~ztar�cFmqm
^��Lm©��c!cFw½~zcYr�c!wAoz¢�l³��~ztL��tLmzcF�," �'$ö¬i]_^ac±mztv¢�¾nozx�tvw�x¶mCtv�no��Xx�wacF�6�<l6�Xw½tv�noqxyb�x�ÃF��oqx�tvw6ozcYrq^�wax�"A¾acLª
���Lm¼cY� tvw¯�Nmzx�b4¾a¢��XozcY�³�vwawacF�v¢yx�wau�mzr�^ac!b�c�".-/$ö¬0 �w oq^ax¶m(���X��cF~Fª�¡¥c r�tLb4�axyw�c�oq^ac op¡¥tN��~zcF®Ax�tv¾´m
r!¢��LmzmzcFmF¬   c2�a~qtv��tAm¼c �±�ax ¤ncF¢À���Lm¼cY� �v�a�a~qtL�vr�^ ¡�^�xy¢�c x�w�r�tL~z��tL~q��oqxyw�u±m¼tLb�c mz^��X��c x�wn{£tv~qb©��ozx�tvw
�LmÂ¡¥c!¢�¢��vm)mztvb�c(xywAozc!~��vr�ozx�tvw�mÂ��c�op¡¥cFc!wK�nx*��cF~zcFwLo)oq~zc!cYm!¬   c©r�tvw´m¼x¶�nc!~Âoz^ac©»_�¦lvcFmzx¶�Xw¸{£~q�vb(cF¡¥tv~q²
�vw��¯�nc�¿´wac2oz^ac �a~qtv�a¢�c!b �vm���mzc!uvb�cFwLoq�Xozx�tvw³��~ztL�a¢ycFb ¬   c �ac�¿�wac:��°¸�v~z²vt�® �s�Xw´�ntvb µ�x�c!¢¶�
·?°¸�sµP¹��Lm��C�a~qxytL~F¬�°¸�sµ�mÂ�X~qc4�Xw±�X���a~ztL�a~zx¶��oqc)oztntv¢�ozt �v���n~zcYmzmsuL¢ytL���X¢�r!tvw�m¼oz~��Xx�wLo�ms�Al:�nc�¿�wax�wau
¢�tnr!�v¢¥x�wLoqc!~��vrÁoqxytLw�m1" �aªP�'$ö¬ ]_^�c!l ^��Y®vc ��c!cFw³¡�x¶�nc!¢�l ¾�m¼cY� {£tv~(x�b©�Xuvc2m¼cFuvb�c!wAoq��oqx�tvw ��cFrF�X¾�mzc�tv{
oq^ac!x�~ �X�ax�¢yxyopl³ozt xyb���tLmzc:~qc!uL¾a¢��v~zxyopl³r�tLw�mpoq~q�vxywAoqm©¡�^axy¢�c¸�a~qcFmzc!~q®Ax�wau�oz^�c±�nc�o��Xx�¢�mCtX{�m¼^��v��cFm2"��F�'$ö¬
3�c!~qc!x�w\ªv¡Àcsr!tvw�mzx��ac!~�m¼tLb�csm¼^atL~¼o��vw��(b�x����n¢yc�~q�vwauvc_x�wLoqc!~��vr�ozx�tvw�m��nc�¿´wacF���<l(�)~��Xw��ntLb�ozcFb(��¢��Xozc
~qc!�a~qcFmzc!wAozx�wau¸oz^�c m¼^��v��c tX{soq~zcFc2r�~qt¦¡�w´me�Xw��³¢ytLwauN~q�vwauvc�x�wLoqc!~q�LrÁoqxytLw�m(�nc�¿�wax�wauNoz^ac ~zc!uL¾a¢¶�X~qx opl
tv{soq^ac oq~zcFc ¢�tnr!�v¢yx�ÃF�Xozx�tvw\¬ ]_^ac �a�Xoq���X~qcCo��X²vcFw³x�wLoqtK�vr!r!tv¾awAo���o©�N�axy¤nc!¢_¢�c!®vcF¢_�Al �Kg)�X¾´mzmzx��vw
¢�xy²vcF¢yx�^at<ta�§¬4µ�xyw´�X¢�¢ylLªIoq^ac�b�tn�nc!¢Ptv�noqxyb�x�ÃF��oqxytLw±x¶mÂ��cF~¼{£tL~zb�cF�±�Al±�2m¼x�b4¾a¢¶��oqcF�N�Xw�wacF�X¢�x�wau2mqrq^acFb�c
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���Lm¼cY�¯tvw½�K°:c!oz~qtv��tv¢�x¶m��alAw´�Xb�x�rFm!¬¨fVwac:²vc!l³��tvx�wLo�x�m�oq^���o©oq^ac:x�wLoqc!~��vr�ozx�tvw�m©�v~zc:�nc!¿�wacF�6�<l
oqc!b��a¢¶��ozcYmeb�tn�ncF¢yx�wau±oz~qc!cFmetvw³cF�Lrq^³�axy¤<cF¢?¬ ]_^ac2¢��v��c!¢¥¿�c!¢¶�

L
�vr�ozx�®��XozcFmetv~ewatvoeoz^ax¶meozcFb(��¢��Xozc

{£tL~�cF�Lrq^K��x ¤nc!¢­ª�~qc���cFr�ozx�wau:tL~-w�tXo�oz^ac��a~qcFmzc!w�r�c©tv{��2oq~qc!cC�Xo-oq^ax¶m�¢�tnr!�Xozx�tvw\¬2]_^ax�m4¢��v�´cF¢�¿�c!¢¶�Kx�m
watvo_m¼oq�Xozx�tvw��v~zl(x�wCoq^acÂmzc!w´m¼c�oq^���oÀoz^acVoqc!b��a¢¶��ozcYm¥b©�¦l�®��v~zl�xyw2m¼�´�vr�cV~zc���cFr�ozx�wau4oz~qc!cFm¥tv{��nx*��c!~qc!wAo
�nx�b�c!w�mzx�tvw\¬   c oz^acF~zc!{£tv~qc r�tLw�m¼x¶�ncF~©�Km¼cYr�tLw��³~��Xw��atvb ¿�c!¢¶�

T
b�tn�ncF¢yx�wau�oz^�c:�ax�m¼oz~qxy��¾nozx�tvw6tv{

oqc!b��a¢¶��ozcYm�xyw½oq^ac±x�b©�XuvcL¬�]_^acNr�tv¾��a¢yc
(L, T )

x�mCoq^ac!w �³mpo���oqxytLw��X~ql¯r�tL¾a�a¢�c±°¸�v~z²vt�® ¿�cF¢��º�Lm
�nc!¿�wacF�2x�w�"��v��$­¬
]_^aceb�tn�nc!¢
x�mV��~zcYm¼c!wAozcY�:x�wNmzcFrÁoqxytLwN�n¬�j<tvb�ce~qcFmz¾a¢ o�m�tLw¸~qcF�v¢��a�Xoq� �X~qc4mz^at�¡�w¸x�wNmzcFrÁoqxytLw �a¬

µ�x�w��X¢�¢ylLªar!tvw�r!¢y¾´m¼x�tvw�m��X~qc)�n~��Y¡�w2xyw:mzcFrÁoqxytLw2�a¬

� *,	�12��7���
2" ������� �N	 �2�27��)���!	�
 ��� � ��% �����,�\���)������*,����.4	s/
0 �4
 12	43 56����7�1

  c�c�¤<oz~��vr�o_oz^�c)oq~qc!c�r�~qt¦¡�w �Al2m¼cFuvb�c!wAozx�wau�oz^ac�x�b��vuvc-¾�m¼x�wauC�©°¸�v~z²vt�®��s�Xw´�ntvbËµ�x�c!¢¶� ·|°¸�sµP¹
�v�a�a~ztA�vr�^ c!b4��cF���ncF� x�wLoqt��±»_�¦lvcFmzx��vw�{£~��Xb�cF¡¥tv~q²I¬   c ¿�~qm¼o(r!tvw�mzx¶�nc!~(�±mzc�o(tv{V��� ozc!b��a¢¶��oqcFm
�nc!¿�wacF� �AlCop¡¥tCr�tvw´r�c!wAoz~qx�rÂcF¢y¢�x���m¼cYm!ªnoq^ac)¿�~�mpostvwac-~zcF�a~qcFmzc!wLoqxyw�ueoz^�c)oz~qc!c�r�~qt¦¡�w\ª<oq^ac�mzcFr!tvw�� tLwac
�nc!¿�wax�wau(oq^ac-���vr�²<uv~qtv¾aw�� �X~qtv¾aw´�Coz^ac)oq~zcFcv¬ �\c�o

E
�ac!watvozcFm_oz^ac)oqc!b��a¢¶��ozc�mzc�o��

E = {e(a,b,θ), a ∈ [rmin, rmax], b ∈ [rmin, rmax], θ ∈ [0, π/2[},
¡�^ac!~qc

e(a,b,θ) = ein
(a,b,θ) ∪ eout

(a,b,θ)

¡�xyoq^
{

ein
(a,b,θ) = {s = (i, j) ∈ S : (i cos θ+j sin θ)2

a2 + (−i sin θ+j cos θ)2

b2
≤ 1}

eout
(a,b,θ) = {s = (i, j) ∈ S, s /∈ ein

(a,b,θ)

�vw�� (i cos θ+j sin θ)2

(a+2)2 + (−i sin θ+j cos θ)2

(b+2)2 ≤ 1}
·¼�Y¹

  c��nc�¿�w�c��(~q�vw��ntvb ¿�cF¢��
T
tLw oz^ac-¢¶��ozozx¶r�c

S
ª
ts = s + e(s)

¡�^acF~zc
e(s) ∈ E,∀s ∈ S

¬   c-wat�¡
r!tvw�mzx��ncF~À�e~zcY�X¢�xyÃY��ozx�tvwCtX{

T
ª<¡�^ax¶rq^ b�cF�vw�m�oz^´��o_tvw�cY�vr�^��axy¤<cF¢§��ozcFb(�a¢¶�Xozcvªn¡�^ax¶rq^ x¶mÀ�vw�c!¢�c!b�c!wAo

tv{
E
oq~q�vw�mz¢��XozcF��tLw

s
ªnx¶m��ac�¿�wacY��oqt(b�tn�ac!¢\�vw ¾aw´�nc!~q¢yl<x�waueoq~qc!cv¬ �\c�o

L
��c)oz^ac-¢��v��c!¢I¿�cF¢��2¡�^ac!~qc

ls ∈ {0, 1, 2},∀s ∈ S
¬P]_^acÂ¢��v��c!¢

0
~zc!{£c!~�m�oqte���vr�²<uv~qtv¾aw��§ªLoz^acÂ¢��v��c!¢

1
~zc!{£c!~�m�oqte®vc!uvc!oq�Xozx�tvw±·«oq~zcFc

tL~�watXoÁ¹Áª<�Xw��(oq^acs¢¶�v�´cF¢
2
~zc!{£c!~�m
ozt4�)oz~qc!c�r!c!wLoqc!~Y¬
]_^ac�oqc!b��a¢¶��ozc

ts
�Xo��axy¤<cF¢

s
x�m¥�vrÁoqxy®X��oqcF�§ªL¡�^ax¶rq^

b�cF�vw�m�oz^��Xo�¡Àc4r�tLw�m¼x¶�ncF~�oz^��Xosoq^ac!~qc�x¶msx�w��nc!cY�:��oz~qc!c4r!c!wLoqc!~qcF� tvw
s
ª´xy{��Xw´�2tLwa¢�l x {

ls = 2
¬   c

cFb4�´cY�Coz^ac)�a~ztL�a¢�c!b x�wLoqt��e»_�YlvcYm¼x¶�Xw©{£~q�vb�c!¡¥tL~z²��vw��CtL�nozx�b�xyÃFc�oq^acÂ��tAmpoqc!~qxytL~
P (L, T |Y )

¡�^�c!~qc
Y
~qc!�a~qcFmzc!wAoqm¥oq^ac��a�Xoq���

P (L, T |Y ) ∝ P (Y |L, T )P (L, T ) ∝ P (Y |L, T )P (L|T )P (T )
·?�v¹

]_^ac�oqc!b��a¢¶��oqcFme¢�tnr!�XozcY� ��o(cF�Lrq^¯m¼xyozc
s
�X~qc�mz¾a�a��tAm¼cY�KoztN��c x�w��ncF��c!w��ncFwLo©�vw�� ¾awax {£tL~zb�¢�l �nx¶m �

oq~zx��a¾noqcF�2tvw
E
¬   c��X¢¶m¼t©�vmqm¼¾ab�cÂoq^���oYª�r�tLw��nxyozx�tvw��v¢y¢�lCtLw oz^ac�¢��v��c!¢§¿�c!¢¶�§ªaoz^ac�����oq�©�X~qcÂx�w��nc!��cFw��

�ncFwLo�{£~qtvb�oz^ac)oqc!b��a¢¶��ozc)¿�cF¢��\¬   c)oq^ac!w ^��¦®vcÂozt©tv�noqxyb�x�Ã!cÂoq^ac){£tv¢�¢�t¦¡�x�wau�c�¤n�a~qcFmqm¼x�tvw��

P (L, T |Y ) ∝ P (Y |L)P (L|T )
·��L¹

á«ç�ñ\á«ð
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]_^ac-�a~qxytL~
P (L|T )

x�ms��°¸�X~q²vt�®C�s�Xw��ntLb µ�x�c!¢¶�§ª��nc!¿�wacF� �LmÀ{«tL¢�¢yt�¡sm��

P (L|T ) =
1

Z
exp−βt

∑

s∈S

V (lu, u ∈ ts)δ(ls = 2)−βr

∑

(u,v)∈S×S

δ(lu = 2, lv = 2)
∣

∣ein(u) ∩ ein(v)
∣

∣,

·|�A¹
¡�^acF~zc

|A|
�ncFwatXoqcFm�oz^ac2r!�X~��nx�w��X¢�tv{

A
¬ � tvozcCoz^��Xo4oz^�c °¸�v~z²vt�®±�a~qtv��cF~¼oplNx�memq��oqx�m¼¿�cY� �vm4mzt<tLw

�Lm�oq^ac(ozcFb��a¢��XozcYm)�v~zc(��tv¾aw��acF�¯·
rmax < ∞

¹�¬(]_^ac©mzcFr�tLw��:oqc!~qb tX{¥c�"L¾´��ozx�tvw6·£�<¹V~zcF�a~zcYm¼cFwLoqm)�
~qc!�a¾a¢¶mzxy®vcÂozcF~zb ¡�^ax¶rq^ ��c!w´�X¢�xyÃFcFm_t¦®vcF~z¢¶�X���axyw�ue��c�op¡¥cFc!w2ozc!b��a¢¶��oqcFmF¬�]_^acÂ¿´~qm¼o_ozcF~zb�¿ao�m_oz^ac-¢¶�X��cF¢
¿�cF¢��2tvw oq^ac)ozcFb(��¢��XozcFms�Xw´� x�ms�nc�¿´wacF� �vmÀ{£tL¢y¢�t�¡sm��

V (lu, u ∈ ts) =
∑

u∈tin
s

δ(lu = 0) − δ(lu = 1) +
∑

u∈tout
s

δ(lu = 1) − δ(lu = 0).
·­�v¹

]_^ac4oqc!b��a¢¶��oqc4ozcF~zb oq^A¾�mV{|�¦®vtv~�ms®vcFuvc�o���oqxytLw:¢¶�X��c!¢¶m�x�w¸oq^ac4oqc!b��a¢��Xozc��Xw��¸���vr�²<uv~qtv¾aw�� ¢¶�X��c!¢¶mVxyw
oq^ac ��tv¾aw����X~qlv¬N]_^ac ¢yx�²vc!¢�x�^at<tn� x�m(�nc�¿´wacF� �AlKb�tn�ac!¢�xywau¸oq^ac ���vr�²<uv~qtv¾aw�� �Xw´�Koz^ac ®vcFuvc!oq��oqxytLw
¡�xyoz^¸g)�X¾´mzmzx��vw ¢¶�Y¡sm �

P (Y |L, T ) =

exp−

[

∑

s∈S

(

(ys − µt) ∗ C−1
t ∗t (ys − µt)

2
+ 0.5 log(2πDet(Ct))

)

(δ(ls = 1) + δ(ls = 2))

+

(

(ys − µb) ∗ C−1
b ∗t (ys − µb)

2
+ 0.5 log(2πDet(Cb))

)

δ(ls = 0)

] ·?�L¹

¡�^acF~zc
µt, Ct

·£~qcFmz�\¬
µb, Cb

¹_�X~qcVoz^ac-b�cF�vw �Xw���oq^ac�r�t�®��X~qx��Xw´r�cVb©��oq~zxy¤�tX{�oq^ac-®vc!uvc!oq�Xozx�tvw �axy¤<cF¢�m
·|tv~_oz~qc!c-r!c!wLoqc!~Á¹Â·|~zcYm¼��¬�oz^�c)�´�vr�²AuL~ztL¾aw����ax ¤ncF¢�m�¹Á¬

Det(.)
x�m_oz^�c-�ac�ozcF~zb�x�w��XwAoF¬

]�t�tv�noqx�b(x�Ã!csoz^�c�b�tn�nc!¢´¡¥cVr�tvw´m¼x¶�nc!~¥��°NdÀ°Nd6�nl<w��Xb�x¶r�cFb4��cF�a�ncY�©xywAozte��mzxyb4¾a¢¶��oqcF�C�XwawacY�X¢�xyw�u
mqrq^�c!b�cv¬   c�r!tvw�mzx��ac!~Àoq^ac){£tv¢�¢�t¦¡�x�wau©°:c�oz~qtv��tL¢yx¶mÀxyozcF~q�Xozx�®vc)�v¢�uvtv~qxyoz^ab �
�a¬Pd¥tLw�mzx��ncF~��Â~q�vw��ntLb�xywaxyoqx��v¢�r�tLwn¿�uv¾a~���oqxytLw

X(0) = (L(0), T (0))
ªAm¼c�o

Temp = Temp(0)
�Xw��

n = 0�\¬�µatL~�cF�vr�^ m¼xyozc
s ∈ S

ª�r�tLw�m¼x¶�ncF~zcF� xyw:�(¢yc!¤nx�r!tvuv~��X�a^ax¶r�tL~q�ac!~��

�
mzc!¢�cFr�os�(wac!¡¨®��X¢�¾ac

u
�vrFr�tL~q�nx�waueozt©�(¾�wax {£tL~zb ¢¶�Y¡ tvw

{0, 1, 2} × E
ª

�
�Vc�¿�wac�oq^ac r�¾�~z~qc!wLo(r�tLwn¿�uv¾a~���oqx�tvw

X = (x
(n+1)
t , t < s, xs = x

(n)
s , x

(n)
t , t > s)

�Xw´��oz^�c
wacF¡6r�tLwn¿�uL¾a~q�Xozx�tvw

X ′ = (x
(n+1)
t , t < s, xs = u, x

(n)
t , t > s)

�Xw��(r!tvb��a¾noqcÀoq^acs�vrFr�cF�noq�vw�r�c
~���oqxyt

α =
(

P (X′|Y )
P (X|Y )

)
1

T emp(n)

�
mzc�o

x
(n+1)
s = u

¡�xyoz^��a~qtv�´�X�ax�¢yxyopl
min(1, α)

�Xw��
x

(n+1)
s = x

(n)
s

¡�xyoz^��a~qtv�´�X�ax�¢yxyopl
1 −

min(1, α)
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rX¬Px {�oq^ac�mpoqtv�a�ax�wau©r�~qxyozc!~qx�tvw x¶m_watvo�~qcF�Lrq^acY� mzc�o
Temp(n + 1) = f(n + 1)

�Xw´� uvteoqt��
]_^acV{£¾aw�rÁoqxytLw

f
x¶m_�e�ncYr�~qcF�vmzx�wau�{£¾aw�r�ozx�tvw\¬�]_^ac)r!tvwA®vcF~zuLc!w�r!c�oqteoz^ac)uv¢�tv���v¢´b©��¤nx�b4¾ab tv{\oq^ac

��tAmpoqc!~qxytL~À�ax�m¼oz~qx��a¾nozx�tvw2x¶mÀoz^acFtv~qc�oqx�rF�X¢�¢yl©tL�noq�vxywacY�C{£tL~
f(n) = Temp(0)

log(n+1)

¬
 �w2�a~��vrÁoqx�r!cvª<ozt©mz��c!cF� ¾a�
oq^ac-�a~ztar�cFmqmFª<¡¥c)¾�mzc

f(n) = anTemp(0)
¡�xyoz^

a
r�¢�tLmzcVoqt

1
ªno�l<�ax¶r!�v¢y¢�l

a = 0.98
¬

� 0 ����� 7Á���

 �w4oz^ax¶m
mzcFr�ozx�tvw\ª�¡ÀcÀmz^at�¡ mztvb�c¥~qcFmz¾a¢ o�m�tv�aoq�Xx�wacY��tvwe�nx*�Ic!~qc!wLoP²<xyw��am�tv{aoz~qc!cÀ��tv�a¾a¢¶��oqxytLw\¬�µ�x�~�mpoYª�¢�c�o
¾�mÀr�tvw´m¼x¶�nc!~À�-b©�XwCb©�L�nc��a¢¶�XwLo���oqxytLw\ªL¡�^�x�r�^�r!tvw�mzx�m¼oqm�tX{\��c!~qxyta�nx�rF�X¢�¢yl(mz���Lr�cF�©��tv�a¢¶�X~�m!¬
]_^acV�a��o��
r!tvw�mzx�m¼oÂtX{¥�Coz^a~qc!c(r�^��vwawac!¢P�Xc!~qx¶�X¢�x�b��vuvce¡�x oq^N�2�v��r�b ~qcFmztv¢�¾nozx�tLw\¬)]_^ax�mV¿�~�mpo)mzx�b(��¢yc(c�¤a�Xb��a¢�c
®��v¢�x��a�XozcYm¥oz^ac��X�a�a~qtL�Lrq^ �Lm¥oq^acÂoq~zcFcFm��X~qc)r�tv~q~qcFrÁoq¢ylC�nc!ozcFr�ozcY�2�vw���¢�tnrF�X¢�xyÃFcF�N·|mzc!cÂ¿�uL¾a~zc��F¹�¬
 ö{�¡¥c
cFwa¢��v~zuLcÀoz^ac��v~zcY�aªX¡ÀcsrF�Xw©mzc!c_oq^���oYªL�Al(�ac�¿�wax�wau4�Âoqc!b��a¢¶��ozcs¡�^�x�r�^Cr�t�®vc!~�m�oz^acstL�<�pcYrÁo��a¾ao¥�X¢¶mzt)xyoqm
wacFxyuL^A��tv~q^at<ta�§ª��Xw��2oq^A¾�m��<l�{|�¦®vtv~qx�wau����Lrq²<uL~ztv¾�w�� �axy¤nc!¢¶msx�w oq^ac�w�c!x�uv^A��tL~z^�t<tn�§ªa¡¥c4�¦®vtLx�� {|�v¢�mzc
�v¢��v~zb©m¥xyw oz^�cV¿´c!¢¶�am!ªn¡�^�c!~qc�oq^ac)~q�L�nx�tvb�c�oq~zl�x¶m_r�¢�tAm¼cVozteoq^���o�tX{�oq^acÂoz~qc!cYm)·|mzc!cV¿�uL¾a~qc)�v¹Á¬
 �w oz^ax¶m
mzcFr�tLw��±c�¤a�Xb��a¢�cvª���{£c!¡ {|�X¢¶mzc��X¢¶�X~qb©mVtnr!r!¾a~ÂtLw±oz^ac�~qx�uv^Lo-^��Xw��amzx¶�nc(tv{�oz^ac���¢��vwLoq�Xozx�tvw\¬(]_^ax¶m)x�m
�n¾acÂozt(��tXoq^�oz^acÂ��~zcYm¼cFw�r�cVtv{���¿´c!¢¶��¡�x oq^2�4~��v�axytLb(c!oz~ql�mzx�b(x�¢¶�X~¥oqt4oq^acVoq~zcFcFmÀ�vw��Cozt�m¼^��L�nt�¡sm�tv{
oq^ac(oz~qc!cYm)��o)oz^ac���tL~q�ncF~Âtv{�oz^ac���¢��vwLo���ozx�tvw�¬ � tXoqceoq^���o-¡¥c©�nt2w�tXo-xywAoz~qtn�n¾�r!c��Xw<l:x�wn{£tv~qb©��ozx�tvw
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