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Abstra
t: This arti
le introdu
es preliminary results on the 
ontrol of gene networks, in the 
ontext ofpie
ewise-a�ne models. We propose an extension of this well-do
umented 
lass of models, where some in-put variables 
an a�e
t the main terms of the equations, with a spe
ial fo
us on the 
ase of a�ne dependen
eon inputs. This 
lass is illustrated with the example of two genes inhibiting ea
h other. This example has beenobserved on real biologi
al systems, and is known to present a bistable swit
h for some parameter values. Here,the parameters 
an be 
ontrolled. Some generi
 
ontrol problems are proposed, whi
h are qualitative, respe
tingthe 
oarse-grained nature of pie
ewise-a�ne models. Pie
ewise 
onstant feedba
k laws that solve these 
ontrolproblems are 
hara
terized in terms of a�ne inequalities, and 
an even be 
omputed expli
itly for a sub
lass ofinputs. The latter is 
hara
terized by the 
ondition that ea
h state variable of the system is a�e
ted by at mostone input variable. These general feedba
k laws are then applied to the two dimensional example, showing howto 
ontrol this system toward various behaviours, in
luding the usual bi-stability, as well as situations involvinga unique global equilibrium.Key-words: gene regulatory networks, pie
ewise-linear, 
ontrol
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Contr�ler un interrupteur biologique.Un 
adre mathématique pour le 
ontr�le des modèles a�nes parmor
eaux de réseaux de régulation génétiqueRésumé : Cet arti
le présente 
ertains résultats préliminaires sur le 
ontr�le des réseaux génétiques, dansle 
ontexte des modèles a�nes par mor
eaux. Une extension de 
ette 
lasse de modèles est proposée, danslaquelle 
ertaines variables d'entrée peuvent a�e
ter, en parti
ulier de manière a�ne, les prin
ipaux termesdes équations. Cette nouvelle 
lasse est illustrée au moyen d'un exemple impliquant deux gènes s'inhibantmutuellement. Un tel exemple a été observé biologiquement, et présente deux points d'équilibres stables pour
ertaines valeurs des paramètres, jouant un r�le d'interrupteur biologique. Quelques problèmes génériques de
ontr�le sont proposés, formulés de façon qualitative. Ce
i en a

ord ave
 le 
ara
tère qualitatif sous-ja
entaux modèles a�nes par mor
eaux. Des solutions à 
es problèmes génériques sous forme de lois de 
ontr�leretro-a
tives et 
onstantes par mor
eaux sont 
ara
térisées, au moyen de systèmes d'inéquations a�nes. Pour
ertaines sous-
lasses d'entrées, les solutions de 
es inéquations sont dé
rites expli
itement. Ces sous-
lassesd'entrées sont telles que 
haque variable d'entrée agit sur une variable d'état au plus. Ces lois de 
ontr�le sontillustrées sur l'exemple des deux gènes en mutuelle inhibition, montrant 
omment 
onduire 
e système vers des
omportements désirés, 
omme la bi-stabilité, ou l'équivalen
e de 
omportement ave
 un quotient dis
ret.Mots-
lés : réseaux génétiques, linéaire par mor
eaux, 
ontr�le



Control of pie
ewise a�ne gene network models 31 Introdu
tionThis work deals with 
ontrol theoreti
 aspe
t of a 
lass of pie
ewise-a�ne systems of di�erential equations.This parti
ular 
lass has been introdu
ed in the 1970's by Leon Glass [16℄ to model geneti
 and bio
hemi
alintera
tion networks. It has led to a long series of works by di�erent authors, dealing with various aspe
ts ofthese equations, e.g. [6, 11, 13, 16, 17℄. Besides theoreti
al aspe
ts, they have been used also as models of
on
rete biologi
al systems [8, 22℄. This proves their possible use as models guiding experimental resear
hes ongene regulatory networks. Su
h experiments have been 
arried out extensively during the re
ent years, oftenon large s
ale systems, thanks to the extraordinary developments of large throughput methods used in theinvestigation of bio
hemi
al systems.Furthermore, re
ent advan
es in this domain have shown that su
h networks may not only be studied andanalyzed on existing biologi
al spe
ies, but also synthesized [2, 12, 15, 21℄, leading to arti�
ial networks with adesired behaviour. This latter aspe
t espe
ially motivates the elaboration of a theory for the 
ontrol of thesesystems. This work is an attempt in this dire
tion: pie
ewise a�ne models are treated in the 
ase where pro-du
tion and degradation terms are possibly modi�ed by an experimentalist, a fa
t we model by introdu
ing
ontinuous input variables u ∈ U ⊂ R
p.The biologi
al interpretation of inputs for systems of the form (1) is that an additional bio
hemi
al 
ompound isadded to the system, or some physi
al parameter is 
hanged. Su
h a modi�
ation may then supposedly a
tivate,or inhibit the produ
tion of spe
ies involved in the system without input. They might also have an e�e
t on thedegradation rates of some spe
ies. The latter may be of the same nature as the e�e
t on produ
tion rates, or
onsist in a simultaneous s
aling of all degradation rates, in 
ase of a dilution of the growth medium. Among
on
rete realizations, one may mention the use of spe
i�
 known inhibitors or a
tivators, that 
ould be intro-du
ed in a 
hosen quantity. Other te
hniques, su
h as dire
ted mutagenesis, the use of interfering RNA (siRNAand miRNA) [20℄, 
ould be used to modify produ
tion or degradation rates. More radi
ally, gene kno
k-in orkno
k-out te
hniques 
ould be handled within this framework, their on/o� nature being des
ribed by restri
tingthe input values to a dis
rete set. In se
tion 3 we will present the formalization of models with inputs, whi
hare suited to des
ribe all above situations.Other works have dealt with 
ontrol problems involving models of bio
hemi
al networks. Espe
ially, a series ofpapers 
onsider 
ontrol problems on multi-a�ne dynami
al systems de�ned on re
tangles [3, 4, 18℄. The startingpoint of the di�erent methods and algorithms presented in these works is the 
ontrol of all traje
tories of amulti-a�ne dynami
al system toward a spe
i�ed fa
et of a full dimensional re
tangle in state spa
e. The inputvalues have to satisfy a system of 2n−1 inequalities (one for ea
h vertex of the exit fa
et). Sin
e the systems
onsidered in the present paper are pie
ewise-a�ne, and more pre
isely a�ne in re
tangular regions of statespa
e, they are a spe
ial 
ase of multi-a�ne system on ea
h su
h re
tangle. Hen
e, the mentioned pro
edures
ould be applied dire
tly, and allow for the 
ontrol of all traje
tories toward a 
hosen fa
et. However, takinginto a

ount the spe
i�
ity of our systems with respe
t to more general 
lasses permits several improvements.First, we are not only able to 
ontrol traje
tories so that they es
ape a re
tangle via a desired fa
et, but also to
hara
terize inputs for
ing all traje
tories to stay in a re
tangle for all times, and 
onverge toward an asymp-toti
ally stable equilibrium point. Moreover, from an algorithmi
 point of view, it is worth mentioning that wepropose a set of 2n inequalities to be 
he
ked for an input be valid, improving drasti
ally the 
omplexity of ablind appli
ation of general te
hniques designed for multi-a�ne systems.In a more general perspe
tive, the underlying motivation of this work is thus to provide some 
ontrol-theoreti
tools that are dedi
ated to the 
lass of pie
ewise a�ne models. As already mentioned, the need for su
h theoret-i
al tools is urged by re
ent advan
es in the design and analysis of elaborate biologi
al systems, involving bothsyntheti
 and natural regulatory networks [19, 21℄. Among these syntheti
 networks, some small sub-modulesare often 
onsidered as important building blo
ks, to be plugged to larger systems. One of these blo
ks involvestwo genes inhibiting ea
h other, and behaves as a toggle swit
h [15℄, for appropriate parameter values. A modelof this simple system will serve us as an example.The paper is organized in three main se
tions, all of whi
h are illustrated using the toggle swit
h example.Hen
e, a �rst reading of the paper may rely on this sole example, and skip the more abstra
t material presentedin the text, ex
ept maybe se
tion 2. In the latter, the autonomous pie
ewise a�ne models of gene networksare introdu
ed. Their main properties and some notations we use afterwards are presented. Then, in se
tion3, pie
ewise a�ne models with inputs are de�ned. The inputs are presented as pie
ewise 
onstant feedba
klaws. The most obvious properties of systems with inputs are stated, and two sub
lasses are introdu
ed. Theseare de�ned by spe
ial forms of dependen
e of the variables on the inputs: one 
lass 
orresponds to produ
tionand de
ay terms being a�ne fun
tions of the input u, the other 
lass relies on the additional assumption thatRR n° 0123456789



4 Far
ot & Gouzéea
h state variable may be 
ontrolled by at most one input variable. Then, in se
tion 4, we formulate generi

ontrol problems. These problems are essentially qualitative, and 
on
ern the 
ontrol of traje
tories through apres
ribed sequen
e of re
tangular regions in phase spa
e. As an elementary problem, we fo
us on the 
ontrol ofa single transition at a �xed re
tangular domain, where the autonomous dynami
s is a�ne. In a given domain
D, it is possible to provide ne
essary and su�
ient 
onditions, so that a 
onstant input u for
es all traje
toriesto stay inside D for all subsequent times. Similar 
onditions are given, under whi
h all traje
tories es
ape D,notably through a single pres
ribed fa
et. A �nal se
tion dis
usses the results, and the possible out
omes ofthis work.These methods permit, in the toggle swit
h example, to 
ontrol a system toward bi-stability, when autonomousparameters only allow a single stable equilibrium. Also, it is possible to ensure that the behaviour of this systemis entirely known from its most natural dis
rete abstra
tion. These two goals are a
hieved via a feedba
k 
ontrolon degradation rates of the system.2 Pie
ewise a�ne models: the autonomous 
ase2.1 Formal des
ription of the modelThe general form of the autonomous pie
ewise a�ne models we 
onsider may be written as:

dx

dt
= κ(x) − Γ(x)x (1)

κ : R
n
+ → R

n
+ is a pie
ewise 
onstant produ
tion term and Γ : R

n
+ → R

n×n
+ is a diagonal matrix whose diagonalentries Γii = γi, are pie
ewise 
onstant fun
tions of x, and represent degradation rates of variables in the system.The fa
t that κ and the γi's are pie
ewise 
onstant is due to the swit
h-like nature of the feedba
k regulationin gene networks. The variable xi is a 
on
entration (of mRNA or of protein), representing the expression levelof the ith gene among n. As su
h, it ranges in some interval of nonnegative values noted [0,maxi]. When this
on
entration xi rea
hes a threshold value, some other gene in the network, say gene number j, is suddenlyprodu
ed (resp. degraded) with a di�erent produ
tion rate : the value of κj (resp. γj) 
hanges. For ea
h

i ∈ {1 · · ·n} there is thus a �nite set of threshold values :
Θi = {θ1

i < · · · < θqi−1
i } ⊂ ]0,maxi[ (2)The extreme values 0 and maxi are not thresholds, sin
e they bound the values of xi, and thus may not be
rossed. However, a 
onventional notation will be : θ0

i = 0, and θqi

i = maxi.Now, at a time t su
h that xi(t) ∈ Θi, there is some j ∈ {1 · · ·n} su
h that κj(x(t+)) 6= κj(x(t−)), or
γj(x(t+)) 6= γj(x(t−)).It follows that ea
h axis of the state spa
e will be usefully partitioned into open segments between thresholds.Sin
e the extreme values will not be 
rossed by the �ow (see later), the �rst and last segments in
lude one oftheir endpoints :

Di ∈
{

[θ0
i , θ1

i [, ]θqi−1
i , θqi

i ]
}
∪

{
]θj

i , θj+1
i [ | j ∈ {1 · · · qi − 2}

}
∪ Θi (3)Ea
h produ
t D =

∏n
i=1 Di de�nes a re
tangular domain, whose dimension is the number of Di that are notsingletons. When dimD = n, one usually says that it is a regulatory domain, or regular domain, and thosedomain with lower dimension are 
alled swit
hing domains, or singular domains, see [9℄. We use the notation

D to represent the set of all domains of the form above. Then, Dr will denote the set of all regulatory domains,and Ds the set of all swit
hing domains. The underlying sets are respe
tively denoted |D |, |Dr| and |Ds|, i.e.for example |D | =
⋃

D∈D
D is the whole state spa
e, while |Dr| =

⋃
D∈Dr

D is the same set with all thresholdhyperplanes removed.The dynami
s on regular domains, 
alled here regular dynami
s 
an be de�ned quite simply, due to thesimple expression of the �ow in ea
h D ∈ Dr. On sets of Ds on the other hand, the �ow is in general notuniquely de�ned. It is anyway possible to de�ne solutions in a rigorous way, yielding what will be mentionedas the singular dynami
s. Let us des
ribe these two parts of the dynami
s su

essively.
INRIA



Control of pie
ewise a�ne gene network models 52.1.1 Regular dynami
sRegulatory domains are of parti
ular importan
e. They form the main part of state spa
e, and the dynami
son them 
an be expressed quite simply. A
tually, on su
h a domain D, the produ
tion and degradation rates κand γ are 
onstant, and thus equation (1) is a�ne. Its solution is expli
itly known, for ea
h 
oordinate i :
ϕi(x, t) = xi(t) =

κi

γi

− e−γit

(
xi(0) −

κi

γi

)
, (4)and is valid for all t ∈ R+ su
h that x(t) ∈ D. It follows immediately that

φ(D) = (φ1 · · ·φn) =

(
κ1

γ1
· · ·

κn

γn

)is an attra
tive equilibrium point for the �ow (4). If it does not belong to D, it is not a real equilibrium forthe system (1), sin
e the �ow will rea
h the boundary ∂D in �nite time. At that time, the value of κ or Γwill 
hange, and that of φ a

ordingly. The point φ(D) is often 
alled fo
al point of the domain D. Then,the 
ontinuous �ow 
an be redu
ed to a dis
rete-time dynami
al system, with a state spa
e supported by theboundaries of boxes in Dr. This system will be pre
ised in se
tion 2.2.2.1.2 Singular dynami
sOn singular domains, the pie
ewise 
onstant fun
tions κ and γi are not de�ned, and there is thus no 
han
eto apply standard theorems about existen
e and uni
ity of solutions of (1). As a remedy, one has to 
onsidera set-valued version of the regular dynami
s, applying the general notion of solution of a di�erential equationwith dis
ontinuous right-hand side introdu
ed by Filippov [14℄. Solutions, in this sense, that stay in a singulardomain for a while are often 
alled sliding modes. This te
hnique was �rst applied to systems of the form (1)by Gouzé and Sari, in [17℄, and has been used in several studies sin
e this �rst work, for example [8, 9, 22, 6℄.We refer the interested reader to the mentioned literature for more thorough treatments of singular solutions.What will be needed in this paper is the fa
t that solutions 
an be rigorously de�ned on Ds.2.2 Dis
rete representationsSin
e models of the form (1) are essentially qualitative, it is 
ommon to 
onsider a dis
rete � both in timeand spa
e � analogue, whi
h only yields a 
oarse grained des
ription of the dynami
s. In the 
ontext of generegulation network models, this qualitative representative is usually seen using a transition graph TG = (V,E),where V is in bije
tive 
orresponden
e with the �nite set of regulatory domains, Dr, des
ribed in the previousse
tion. In other words, this graph only bears the regular the dynami
s. Some information about the singulardynami
s may however be retrieved from this graph.A 
onvenient notation for V will be the following: the domain D ∈ Dr, with 
losure of the form cℓ(D) =∏n

i=1[θ
ai−1
i , θai

i ], is represented in V by the integer ve
tor a = (a1, . . . , an). For sake of brevity, su
h ve
torswill often be denoted as strings : a = a1 . . . an. Hen
e, V =
∏n

i=1{1 · · · qi}. We note c : Dr → V the bije
tive
oding appli
ation, whi
h maps a domain to its 
orresponding vertex in V. We sometimes write the 
ode of aregular domain as a subs
ript : Da = c−1(a).Then, E ⊂ V × V is a set of transitions, de�ned informally by the existen
e of a 
ontinuous traje
tory betweentheir initial and terminal verti
es. A pre
ise de�nition will be given later on. Observe that ea
h vertex in TGmay usually have several outgoing edges, i.e. this is a non deterministi
 graph. Adopting a global point of view,full traje
tories of the original system (1) are represented by in�nite paths in TG. This qualitative version ofthe dynami
s indu
es of 
ourse a loss of information : ea
h regular 
ontinuous traje
tory admits a well-de�nedqualitative representative � under mild assumptions, given later � but in general many paths in TG do notrepresent any 
ontinuous traje
tory.Sin
e the �nite sets Dr and V are in bije
tive 
orresponden
e via c, we indi�erently 
onsider φ as a map withone or the other of these two sets as domain of de�nition, i.e. one identi�es φ and φ ◦ c−1. Let us introdu
eanother useful mapping, namely the dis
retizing mapping d = (d1 . . . dn) : |Dr| → V, whi
h asso
iates to a pointlying inside a regular domain the dis
rete representative of this domain. This is similar to c, ex
ept that it a
tson points in state spa
e, whereas c a
ts on the set of regular domains.The transitions of E 
an be des
ribed more pre
isely. A
tually, it 
an be shown that a transition a → a′ mayRR n° 0123456789



6 Far
ot & Gouzéo

ur if and only if φ(a) has the same position as a′ with respe
t to a. By this we mean that a′
i − ai and

φi(a) − ai have the same sign, for all i. Hen
e, E 
an be des
ribed in a purely 
ombinatorial manner, i.e. interms of di ◦ φ, whi
h is a �nite map V → V. Then, regular traje
tories 
orrespond to transitions a → a′su
h that a − a′ = ±ei, for some ve
tor ei of the 
anoni
al basis of R
n. For more details we refer to [13℄, andreferen
es therein. Sin
e traje
tories hitting some 
odimension 2 or more singular domain are rare, and involvete
hni
alities in their de�nition, see se
tion 2.1.2, we ignore them in the following.To summarize this dis
ussion, we may now provide a more expli
it de�nition of TG.De�nition 1 (transition graph). TG = (V,E), where:� V =

∏n

i=1{1 · · · qi}.� (a, b) ∈ E if and only if b = a and φ(a) = a, or
b ∈ {a + ei | i ∈ di(φ(a)) > ai} ∪ {a − ei | i ∈ di(φ(a)) < ai}.Sin
e the transitions between adja
ent regular domains are determined by the position of fo
al points, thefollowing hypothesis will be useful in the rest of the paper :H1. ∀D ∈ Dr, φ(D) ∈ |Dr|.Hypothesis H1 means that the fo
al points all lie inside the domain |D |, and that none of them is on theboundary of a box. The �rst aspe
t implies that |D | is positively invariant, and thus 
an be 
onsidered as theonly region where relevant dynami
s take pla
e. The se
ond one ex
ludes a (rare) 
ase whi
h would otherwise
ause te
hni
al 
ompli
ations without improving the model.Before 
on
luding this se
tion with an example, it remains to say that TG, as a support of a dis
rete dy-nami
al system, indu
es spurious traje
tories in general. The proportion of those in�nite paths in TG thathave a 
ounterpart in a 
ontinuous system of the form (1), 
alled admissible traje
tories, 
an even be negligible,asymptoti
ally [13℄. One possible 
onsequen
e � though not a major purpose � of the 
ontrol theoreti
 aspe
tswe deal with in the next se
tion, 
ould be to redu
e the dis
repan
y between the regular part of a pie
ewisea�ne system and its symboli
 representation.Example. Let us introdu
e a well-known example with two variables, that will serve as a guide for intuitionthroughout this paper. It 
onsists in two genes whi
h inhibit ea
h other, and behaves as a swit
h between twostable equilibria. This simple loop has been investigated both mathemati
ally [7℄, using a model with smoothsigmoids as a
tivation fun
tions, and experimentally [15℄. In the latter, this network has been synthesized,showing that its real-life behaviour is in a

ordan
e with mathemati
al analysis. The latter predi
ts a phaseportrait (for a large set of parameter values) presenting two stable steady states, and a saddle point whoseunstable manifold forms the boundary between the attra
ting basins of the two other equilibria. The biologi
alfun
tion of su
h a system is that of a swit
h between two steady states: ea
h of these is a long-term, permanentresponse to some transient indu
tion, whi
h may lead to one or the other of the steady states. This is the toggleswit
h mentioned in the introdu
tion, and serving as a building blo
k for larger biologi
al 
ir
uits [19, 21℄.In the 
ontext of pie
ewise-a�ne models of the form (1), the intera
tion graph and system of di�erential equationsdes
ribing su
h a system are thus the following:

1 2





dx1

dt
= κ0

1 + κ1
1s

−(x2, θ
1
2) − γ1x1

dx2

dt
= κ0

2 + κ1
2s

−(x1, θ
1
1) − γ2x2

, (5)where s−(x, θ) is the de
reasing Heaviside (or step) fun
tion, whi
h is one when x < θ, and zero when x > θ.A usual notation for the intera
tion graph uses to denote inhibition, and to denote a
tivation.The two 
onstants κ0
i represent the lowest level of produ
tion rates of the two spe
ies in intera
tion. It will bezero in general, but may also be a very low positive 
onstant, in some 
ases where a gene needs to be expressedpermanently. Remark that in this example, gene intera
tions only a�e
ts produ
tion terms, and thus degradationrates γi are positive 
onstants. INRIA
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φ(22)
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θ1
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κ
0
1

γ1

κ
0
1+κ

1
1

γ1

κ
0
2

γ2

κ
0
2+κ

1
2

γ2

Figure 1: The dashed lines represent threshold hyperplanes, and the dotted lines indi
ate the 
oordinate of the fo
alpoints in the four regular domains. Arrows represent s
hemati
 �ow lines, pointed toward fo
al points. This phasespa
e is 
onsistent with the transition graph : domains 11 and 22 both es
ape towards 12 and 21, and ea
h of these
ontains an asymptoti
ally stable equilibrium point, namely its own fo
al point. Note that pie
es of traje
tories aredepi
ted as straight lines above, whi
h is the 
ase when all degradation rates γi 
oin
ide. However, this only aimsat simplifying the pi
ture, and the γi are not supposed uniform in the present study.Then, the transition graph of (5) is easily found to be
�

�

�

�
12 �

�

�

�
22

�

�

�

�
11TG =

�

�

�

�
21 (6)

provided the parameters are 
onsistent with the intera
tion graph of the system. The 
onstraints that must beful�lled to ensure this 
onsisten
y are the following:
{κ0

1

γ1
< θ1

1,
κ0

2

γ2
< θ1

2,
κ0

1 + κ1
1

γ1
> θ1

1,
κ0

2 + κ1
2

γ2
> θ1

2

} (7)A
tually, the Heaviside fun
tion s− is de
reasing, always denoting an inhibition e�e
t. But if the above 
on-ditions are not satis�ed, the inhibition is not e�e
tive, in the sense that it does not lead to a 
hange of statein TG. Geometri
ally, the 
onditions ensure that fo
al points belong to the half-spa
es they ought to, and thatthe system presents bi-stability. They might be 
alled stru
tural 
onstraints on parameters. The phase spa
e ofsystem (5) may be depi
ted, see �gure 1.3 Control of pie
ewise a�ne systemsIn this se
tion the models with inputs are de�ned, and their main properties are introdu
ed. Starting with ageneral form of systems with inputs, we provide a more and more parti
ular formulation, in order to obtainproperties that are not expressible for the most general systems, but hold in the spe
i�
 
ases we exhibit.3.1 Some plausible types of 
ontrolsThe biologi
al interpretation of inputs for systems of the form (1) is that an additional bio
hemi
al 
ompound isadded to the system, or some physi
al parameter is 
hanged. Su
h a modi�
ation may then supposedly a
tivate,or inhibit the produ
tion of spe
ies involved in the system without input. They might also have an e�e
t ofdilution, thus in
reasing the degradation rates of some spe
ies. In order to take all these plausible e�e
ts intoRR n° 0123456789
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ount in a single model, we propose the following general form of systems with inputs:
dx

dt
= κ(x, u) − Γ(x, u)x (8)where u ∈ U is an input variable that 
an be 
hosen in its domain U ⊂ R

p
+, meaning that p additional bio
hemi
alspe
ies 
an be introdu
ed in the system by an experimentalist, or a robot. It may also represent stimuli thatare not of 
hemi
al nature, su
h as for example modi�
ations of the light intensity or temperature. In any 
ase,we shall only deal with bounded input variables. We denote the upper bounds of ea
h input 
oordinate by ppositive real numbers Uj , providing us with an input domain of the form

U =

p∏

j=1

[0, Uj ].It seems reasonable that p 6 n, a fa
t we assume in the sequel. This 
ontinuous set of inputs will always beused hereafter. If dis
rete variables are better suited to des
ribe some input quantities (for example if a geneis 
ompletely turned on, or o�), it will su�
e to 
onsider �nite subsets of the intervals [0, Uj ], and restri
t allthe treatments that we propose to these subsets. For example, if the input uj takes values in some �nite set
Uj = {u1

j , . . . u
k
j }, with ordered ui

j 's, one shall set Uj = uk
j , so that Uj ⊂ [0, Uj ]. Then, one may solve the
orresponding 
ontinuous problem, and 
he
k afterwards whether at least one of the dis
rete values in Uj is alsoa solution or not.In the present work, we fo
us on pie
ewise 
onstant feedba
k 
ontrol laws. In other words u = u(x), and moreoverthe restri
tion u|D is 
onstant for ea
h D ∈ Dr. This relies on the assumption that threshold 
rossings, i.e.swit
hings, 
an be dete
ted a

urately, and with no signi�
ant time delay. A 
onsequen
e of this 
hoi
e is thatthe input may be unambiguously seen as a fun
tion V → U, see se
tions 2.1, 2.2 for general notations and 4.1for more detail on the de�nition of u.The pre
ise form of κ(x, ·) and Γ(x, ·), seen as fun
tions of the input u, may not be arbitrary, and should berealizable in real systems. More pre
ise forms of these fun
tions will be assumed later on, but we �rst providethe basi
 fa
ts that do not depend dire
tly of this spe
i�
 form.The 
hoi
e of a feedba
k loop depending on the regulatory domain of the 
urrent state, rather than on itspre
ise quantitative value, has ni
e 
onsequen
es on the dynami
s. A
tually, the behaviour of the system isexa
tly similar to what is des
ribed in se
tion 2, ex
ept that fo
al points depend on the input u. The latterbeing 
onstant in ea
h regulatory domain Da, the �ow of (8) 
learly takes the same form as in the autonomous
ase, the fo
al point of su
h a domain being now of the form :

φ(a, u) =

(
κ1(a, u)

γ1(a, u)
· · ·

κn(a, u)

γn(a, u)

)
, (9)where the ve
tor u has a �xed value, that 
an be 
hosen a

ording to some spe
i�ed purpose.The 
ontrollable fo
al set is the whole set in whi
h fo
al points 
an be 
hosen, i.e. the set of all fo
al pointsobtained by varying the input in its whole domain : φ(a,U). Although the term fo
al set is often employedwhen using Filippov solutions [17℄, with a quite di�erent meaning, we shall sometimes use it as an abbreviation,omitting 
ontrollable. This will never be ambiguous in the present study.Sin
e U will most often be a 
ompa
t subspa
e of R

p
+, and φ(a, ·) a 
ontinuous map, the fo
al set will generallybe a p-dimensional 
ompa
t subspa
e of R

n
+. The possible su

essors of the domain Da will then be given bythe regular domains with subs
ript in the following set:

S(a) = {a + sign(b − a) | b ∈ V, Db ∩ φ(a,U) 6= ∅} . (10)where sign : R → {−1, 0, 1} gives the sign of its argument.The use of sign(b − a) is intended to de�ne su

essors only among regular domains that are adja
ent to Da,even in the 
ase when Db is not.This fo
al set is 
onstrained by the spe
i�
 
hoi
e of inputs. Let �rst assume that both produ
tion anddegradation terms are a�ne fun
tions of u, in ea
h regular domain. Then, φ(a, ·) will be a fra
tional linearmap and 
omputing S(a), 
an be understood as 
omputing the interse
tion of an algebrai
 manifold and a
n-re
tangle, as will be detailed in se
tions 3.2 and 4.2. INRIA



Control of pie
ewise a�ne gene network models 9The following notation will be used in 
ase of a�ne dependen
e on inputs:




κi(x, u) =

p∑

j=1

κj
i (x)uj + κ0

i (x)

γi(x, u) =

p∑

j=1

γj
i (x)uj + γ0

i (x),

(11)with pie
ewise 
onstant fun
tions κj
i and γj

i . This 
an be interpreted as follows, 
onsidering produ
tion rates,the 
ase of degradation rates being identi
al. For ea
h i ∈ {1 · · ·n}, and for a �xed x, κi(x, ·) is a fun
tionof u, and has the biologi
al meaning of a produ
tion rate. Then, the κj
i fun
tions 
an be understood as the
oe�
ients of κi, on
e it is assumed that the latter is a�ne in u. Thus, these κj

i fun
tions may not always havea de�nite biologi
al meaning. They may be interpreted as the relative strengths of the di�erent inputs, in theirin�uen
e on κi. In some sense, this 
hoi
e is mostly relevant in the 
ase when there is no intera
tion amongstthe inputs.Now, for bio
hemi
al inputs, the autonomous 
ase must 
orrespond to an absen
e of input, i.e. to ui = 0. Forphysi
al inputs the autonomous 
ase may in general 
orrespond to a nonzero input value, whi
h 
ould thenbe de
reased or in
reased by the user. Thus, in order to allow a de
rease of produ
tion or degradation rateswhen the input is varied, the 
oe�
ients in (11) 
an possibly be negative. However, it is required that, for all
i, γi(x, u) > 0 be
ause bio
hemi
al 
ompounds always degrade. It is also important that κi(x, u) > 0, sin
eotherwise the 
on
entration xi 
ould rea
h negative values. These requirements 
an be satis�ed by imposingsimple restri
tions on the parameters in (11).H2. For all i ∈ {1 · · ·n}, and all a ∈ V, γ0

i (a) > 0, κ0
i (a) > 0. Moreover





∑

j ∈ {1 · · · p}

γ
j
i
(a) < 0

γj
i (a)Uj > −γ0

i (a)

∑

j ∈ {1 · · · p}

κ
j
i
(a) < 0

κj
i (a)Uj > −κ0

i (a)A
tually, the left-hand sides above are easily seen to be the in�mum, among all inputs, of the linear partsof a�ne fun
tions κi and γi. Remark that sin
e we 
onsider feedba
k 
ontrol in this work, the inputs aboveshould be written uj(x), but this has no in�uen
e on the expression of κi and γi as fun
tions of the inputs, andwould harden the reading of (11).For any x in a �xed regulatory domain Da, all κj
i (x) and γj

i (x) are 
onstant, and we shall write κj
i (a) and

κi(a, u), as well as γj
i (a) and γi(a, u).The 
oe�
ients in equation (11) may be put in matrix form: let κ(x) = (κj

i (x))i,j ∈ R
n×p, κ0(x) = (κ0

i (x))i ∈

R
n×1
+ , Γ(x) = (γj

i (x))i,j ∈ R
n×p and γ0(x) = (γ0

i (x))i ∈ R
n×1
+ . Then, equation (11) 
an also be written as:

Γ(x, u) = diag
(
Γ(x)u + γ0(x)

) and κ(x, u) = κ(x)u + κ0(x). (12)Geometri
ally, H2 imposes that matri
es κ(a) and Γ(a) belong to polyhedral sets in R
n×p, whi
h are de�ned interms of the maximal input values Uj . Identifying R

n×p and R
np, these polyhedral sets 
ontain the nonnegativeorthant and for ea
h other orthant, a simplex de�ned by the inequalities above (and those de�ning the orthant'sboundary).3.2 Classes of systems with inputsIn our 
hase for spe
i�
 inputs, we may further assume that at most one input variable is a
ting on ea
h statevariable. Then, either the in�uen
e of u appears on the produ
tion term, or on the de
ay rate of ea
h xi. This
an be formulated using two fun
tions σ, ς : {1 · · ·n} → {1 · · · p}, su
h that for ea
h i in {1 · · ·n}, all 
oe�
ientsin the matri
es κ(x) and Γ(x) are zero, ex
ept maybe κ

σ(i)
i and γ

ς(i)
i .

{
κi(x, u) = κ

σ(i)
i (x)uσ(i) + κ0

i (x)

γi(x, u) = γ
ς(i)
i (x)uς(i) + γ0

i (x).
(13)RR n° 0123456789



10 Far
ot & Gouzéand moreover
∀i ∈ {1 · · ·n},∀a ∈ V, either κ

σ(i)
i (a) = 0 or γ

ς(i)
i (a) = 0. (14)Note that both may still be zero.In order to 
larify further dis
ussions, we now give a name to the two 
lasses of inputs we have presented. Theseare the only 
lasses of systems that we shall 
onsider in the following.C1 (a�ne dependan
e on inputs).Refers to systems of the form (8), where produ
tion and degradation terms are all a�ne fun
tions of u, of theform (11).C2 (single input per variable).Refers to systems of the 
lass C1, where at most one input a�e
ts ea
h variable xi, i.e. (13) and (14) aresatis�ed.Let us investigate more pre
isely the shape of the fo
al set φ(a,U), when the system belongs to the 
lass C1.By de�nition, this set 
onsists of those points ϕ ∈ R

n su
h that ϕ = φ(a, u) � also noted φ(u) in this dis
ussion� for some u ∈ U. Sin
e a is �xed, one also abbreviates κj
i (a) and γj

i (a) into κj
i and γj

i , respe
tively. We shalldo so in the rest of the paper, as soon as no 
onfusion is possible. For C1 systems, this writes
∀i ∈ {1 · · ·n},

∑p
j=1 κj

iuj + κ0
i∑p

j=1 γj
i uj + γ0

i

= ϕi,where the denominator is nonzero, thanks to H2. Thus, the above may also be written as
∀i ∈ {1 · · ·n},

p∑

j=1

(
κj

i − γj
i ϕi

)
uj = γ0

i ϕi − κ0
i .This is apparently an a�ne system of equations in u1, . . . , up. This system de�nes a manifold in R

n, whi
his parameterized by the inputs ui. Let us des
ribe further properties of this manifold, without boundednessassumption on the ui's. Hen
e, the 
ontrollable fo
al set φ(U) will be a bounded subset of the manifold wedes
ribe hereafter.The solution of su
h a system, if it exists, may be expressed formally using Cramer formulas. Let us reasonfurther in a formal way, ignoring problems related to degenerate systems or domains of de�nition, espe
iallywhen dealing with rational fun
tions. Sin
e the 
oordinates ϕ1, . . . , ϕn appear (linearly) in the 
oe�
ients ofthis system, Cramer formulas will lead to express ea
h uj as a (multivariate) rational fun
tion of ϕ's 
oordinates,say uj = Rj(ϕ1, . . . , ϕn). Then, for ea
h i ∈ {1 · · ·n}, one is led to ϕi = φi (R1(ϕ), . . . ,Rp(ϕ)). Sin
e ea
h φi isa linear rational fun
tion of u1, . . . , up, the right hand side in the last equality is a multivariate rational fun
tionof ϕ1, . . . , ϕn. On a suitable domain, this may also be expressed as a vanishing 
ondition on a multivariatepolynomial in ϕ1, . . . , ϕn. Su
h a 
ondition de�nes an algebrai
 manifold M , of whi
h φ(U) is thus a subset.Although we do not detail further this dis
ussion, the 
omputations mentioned above may lead to pra
ti
alimplementations, be they symboli
 or numeri
. This might be a topi
 for later resear
h. Let us only mentionthe fa
t that additional 
onditions, su
h as for instan
e symmetries on parameter values, may lead to M beingmore tra
table, from an algorithmi
 point of view, e.g. M may be polyhedral.Remark 1. It may happen that some inputs be ine�e
tive in pra
ti
e, due to hidden relations between κi and
γi for some i, whi
h make the ratio de�ning φi vanish into a 
onstant. Avoiding this may be guaranteed for the
lass C1, in expli
it terms:H3. For all i ∈ {1 · · · p},∃j ∈ {1 · · · p} γ0

i κj
i 6= γj

i κ0
i .A
tually, some φi(a, ·) does not depend on u if whatever the latter is, κi(a, u) = Cγi(a, u), for some 
onstant

C. In other words, and for the 
lass C1,
p∑

j=1

(
κj

i − Cγj
i

)
uj + κ0

i − Cγ0
i = 0, INRIA



Control of pie
ewise a�ne gene network models 11for all u, and omitting a. It appears that the left-hand side above, seen as a fun
tion of u, is an a�ne mapping,whose linear part either has rank 1, or it is identi
ally zero. In the �rst 
ase, the above equation 
annot standfor all u. Hen
e all 
oe�
ients κj
i −Cγj

i , for j ∈ {0 · · · p}, must be zero for a degenera
y to o

ur, in whi
h 
aseall ratios κj
i/γj

i are equal (to C). When
e the formulation of H3. This hypothesis will always be done whendealing with C1, and thus C2, systems.Note that H3 only ex
ludes very strong degenera
ies. In parti
ular, it is still possible when this hypothesisis satis�ed, that φ is 
onstant on a full subspa
e of U. Anyway this subspa
e will be of dimension at most p− 1and thus of measure zero in U.Even if κ and Γ depend nonlinearly on u, it is relevant to des
ribe the dis
rete representative of a system withinput like (8). This is the theme of the next se
tion. Before this, let us return to our example.Example (
ontinued 1). Let us 
arry on with the already introdu
ed example, involving two genes inhibitingea
h other. We suppose now that the stru
tural 
onstraints (7) are not satis�ed, so that the autonomous systemdoes not present bi-stability. We assume moreover that there is a way to 
ontrol the degradation rates of thetwo genes, and only them. Hen
e we deal with a system in the 
lass C2. Sin
e, in the autonomous 
ase, thedegradation rates were 
onstant, i.e. independent of the state ve
tor x, one is here in a parti
ular of equations (8)belonging to C2. The system of di�erential equations des
ribing su
h a system are of the following form:




dx1

dt
= λ1

1s
−(x2, θ

1
2) + λ0

1 − (γ1
1u1 + γ0

1)x1

dx2

dt
= λ1

2s
−(x1, θ

1
1) + λ0

2 − (γ1
2u2 + γ0

2)x2

, (15)in the 
ase of two inputs. If there is a s
alar input u, one obtains a system of the form above, but where
u1 = u2 = u. Sin
e the inputs do not in�uen
e produ
tion rates in this parti
ular example, the matrix-valuedfun
tion κ(x) is zero, see equation (12). In other words, and a

ording to previous notations, one has here :

κ0
1(x) = λ1

1s
−(x2, θ

1
2) + λ0

1, and κ0
2(x) = λ1

2s
−(x1, θ

1
1) + λ0

2.Now, the transition graph of the autonomous 
ase is given for the spe
ial input value u0, a

ording to H2. The
onstraints that we suppose are ful�lled now take the following form :
{ λ0

1

γ0
1 + γ1

1u0
1

< θ1
1,

λ0
2

γ0
2 + γ1

2u0
2

< θ1
2,

λ0
1 + λ1

1

γ0
1 + γ1

1u0
1

< θ1
1,

λ0
2 + λ1

2

γ0
2 + γ1

2u0
2

> θ1
2

}
. (16)The only di�eren
e with (7) appears in the third term above. It is not hard to show that this leads to the followingtransition graph:

�

�

�

�
12 �

�

�

�
22

�

�

�

�
11TG(u0) =

�

�

�

�
21The left-hand sides of the four inequalities (16) are the 
oordinate values of fo
al points, at the autonomous level

u0 of inputs. If, instead, u varies, these ratios 
hange a

ordingly, yielding the fo
al set. Let us draw a pi
tureof the phase spa
e of system (15), in the 
ases when u is two dimensional, and s
alar.First, we treat the two-inputs 
ase (15). With previous notations, one has ς = id, sin
e ea
h ui in�uen
es xi,and whatever σ is it has no e�e
t sin
e κ(x) = 0. Here, the polynomial equations de�ning the manifold Msupporting the 
ontrollable fo
al set are always satis�ed. In other words, M is the whole plane, and fo
al setsare full-dimensional (i.e. two-dimensional) re
tangles in phase spa
e.Observe that if λ0
i = 0, meaning that genes 1 and 2 are not expressed at all when turned o�, M 
an be ofdimension less than 2. A
tually, κ0

1(x) = λ1
1s

−(x2, θ
1
2) equals zero whenever x2 > θ1

2, and similarly for κ2(x)with respe
t to x1. Sin
e κ0
i (x) is the numerator of φi(x), the latter is zero, whatever the input is. Hen
e, inthe domains where at least one xi is greater than its threshold, the 
orresponding fo
al set in 
onstrained on a
oordinate axis. This dis
ussion is summarized in �gure 2.Now, suppose the input is a s
alar, whi
h we retrieve from (15) by setting u1 = u2 = u, as mentioned above.This gives: 




dx1

dt
= λ1

1s
−(x2, θ

1
2) + λ0

1 − (γ1
1u + γ0

1)x1

dx2

dt
= λ1

2s
−(x1, θ

1
1) + λ0

2 − (γ1
2u + γ0

2)x2RR n° 0123456789
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φ(22, u0)
κ1
1

γ0
1+γ1

1U1

φ(12, u0)

κ1
1

γ0
1

κ1
1

γ0
2+γ1

2U2

κ1
1

γ0
2

φ(12,U)

φ(11,U)

φ(21,U)

φ(21, u0)

φ(11, u0)

Figure 2: A system of the form (15), with the additional hypothesis that λ0
1 = λ0

2 = 0. As in �gure 1, thresholdlines are dashed. Fo
al sets are 
oloured in red. The autonomous 
ase (i.e. u = u0) leads to fo
al points that aresituated in a

ordan
e with 
onditions (16). The arrows sket
h pie
es of traje
tories of this autonomous 
ase.
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φ(12, u0)

φ(22, u0)

φ(12,U)

κ1
1

γ0
2+γ1

2U

κ1
1

γ0
1+γ1

1U
κ1
1

γ0
1

κ1
1

γ0
2

φ(11,U)

φ(21,U)

φ(11, u0)

φ(21, u0)Figure 3: A system of the form (15), with one single input u = u1 = u2. We still suppose λ0
1 = λ0

2 = 0. Fo
al setsare 
oloured in red. Observe that in the 
ase with two inputs, �gure 2, fo
al sets are the re
tangular envelope (i.e.smallest re
tangle 
ontaining them) of those here depi
ted. Here again, the arrows represent pie
es of traje
toriesof this autonomous 
ase.One has now the following:
φi(a) =

κ0
i (a)

γ0
i + γ1

i u
, so that u =

κ0
i (a) − γ0

i φi(a)

γ1
i φi(a)for i ∈ {1, 2}, and any value of the qualitative state a. From this, the following 
onstraint is derived, omitting

a: (
γ1
1γ0

2 − γ1
2γ0

1

)
φ1φ2 + κ0

1γ
1
2φ2 − κ0

2γ
1
1φ1 = 0, (17)whi
h is the polynomial equation in φ1, φ2 de�ning the manifold we 
all M . Su
h an equation, using theadditional fa
t that u belongs to the bounded set [0, U ], de�nes for instan
e φ(U) to be a pie
e of hyperbola, asdepi
ted s
hemati
ally in �gure 3.What 
an be foreseen is that even if the autonomous 
ase presents a single global, stable equilibrium, some inputvalues may lead to a bistable phase portrait. This guess will be 
on�rmed later.Next se
tion deals with elementary 
ases of su
h lo
al problems, whi
h 
an be thought of as the requiredsteps toward solving global problems of the form 1. INRIA



Control of pie
ewise a�ne gene network models 134 Spe
i�
 
ontrol problemsDue to the intrinsi
ally qualitative nature of pie
ewise a�ne models, it is possible here to formulate 
ontrolproblems in qualitative terms. This will be done with the aid of a dis
rete version of the 
ontrol systems weinvestigate. We �rst present su
h dis
rete systems, and then more spe
i�
 
ontrol problems will be 
onsidered.4.1 Dis
rete mapping of systems with inputOn
e a feedba
k law is 
hosen, a system of the form (8) is equivalent to an autonomous system of the form (1).Then, a dis
rete system 
an be 
onstru
ted, as des
ribed in se
tion 2.2. Re
all that the input laws we arelooking for are assumed to be pie
ewise 
onstant. In the form given at the beginning of the previous se
tion,
u is then a map u : |Dr| → U. Sin
e this map is supposed 
onstant on ea
h regular domain D ∈ Dr, there isa well-de�ned map from the set of regulatory domains to the set of input values, namely Dr → U, D 7→ u|D.The latter will be identi�ed with u in the following. Sin
e c : Dr → V is a bije
tion, we 
an also identify u and
u ◦ c−1, when dealing with the verti
es of a transition graph instead of the domains in a 
ontinuous state spa
e.Now, varying u may lead to 
hanges of the dis
rete representative of the system under 
onsideration. Re�ningthe de�nition of dis
rete su

essors provided in (10), the following arises naturally: for u ∈ U,

S(a, u) = a + sign
(
d
(
φ(a, u)

)
− a

)
. (18)A
tually, for a �xed u, and in a �xed domain Da, the 
orresponding fo
al point is φ (a, u). Under H1, there is asingle domain Db 
ontaining this fo
al point, whose subs
ript is given by d

(
φ(a, u)

). Then, varying a feedba
klaw u amounts to varying u(a) in the whole set U, for all a. From this one gets an alternative de�nition for a'ssu

essors (10):
S(a) =

⋃

u∈U

S(a, u)Similarly, it is natural to de�ne TG(u) = (V,E(u)), where V is the same as in the autonomous 
ase and, followingde�nition 1 :
E(u) =

⋃

a∈V

{a} ×
{

a + εiei | i ∈ {1 · · ·n}, εi = sign (Si(a, u) − ai)
}

, (19)Then, a generi
 
ontrol problem 
an be formulated in global terms, involving a desirable transition graph :Problem 1 (global 
ontrol problem). Let TG
⋆ be a transition graph. Find a feedba
k law u : V → U su
h that

TG(u) = TG
⋆.This abstra
t formulation hides a number of arduous sub-problems, in
luding of 
ourse the 
hoi
e of a targettransition graph TG

⋆. It is worth mentioning a fairly e�
ient way to de�ne this graph: it 
onsists in imposingsome global property, expressed as a temporal logi
 formula [5℄. Di�
ulties are due in large part to the globalaspe
t of this formulation, whi
h 
on
erns a whole state spa
e, or transition graph. Anyway, the target tran-sition graph TG
⋆ may di�er from the autonomous graph TG(u0) only on a subset of edges. Hen
e, problem 1in
ludes lo
al versions, where the feedba
k law is only sought on a subset of the verti
es V, see below.Problem 2 (lo
al 
ontrol problem). Let TG

⋆ be a transition graph, and V⋆ ⊂ V the subset of verti
es, whereoutgoing edges of TG
⋆ di�er from that of TG(u0). Find a feedba
k law ũ : V⋆ → U su
h that TG(u) = TG

⋆,where u|V⋆ = ũ and u|V\V⋆ = u0.Now, we �rst elu
idate the most elementary lo
al problem, namely the problem 2 in the 
ase where V⋆ is asingle vertex. Then, semi-global 
ases, involving sets V⋆ with more than one element, are dealt with.4.2 Control of a single boxThe 
ontrol of a one element vertex set V⋆ = {a} 
orresponds, in a 
ontinuous state spa
e, to the 
ontrolof a single regular domain Da. We have seen in se
tions 2 and 3 that the dynami
s in su
h domains is es-sentially determined by a fo
al point φ(a, u(a)), whi
h is an attra
ting equilibrium when it belongs to Da.When φ(a, u(a)) 6∈ Da, on the other hand, all traje
tories es
ape from Da in �nite time. A

ording to this,we �rst treat the 
ase when the only outgoing edge is a self-loop. In a se
ond step, 
ases where at leastone edge es
apes from a are treated. The main observation will be that these two 
ontrol problems are in fa
tof the same nature, and 
an be solved by a 
ommon method, whi
h is des
ribed at the end of the present se
tion.RR n° 0123456789



14 Far
ot & Gouzé4.2.1 Control making a regular region invariantThe �rst problem addressed here is that of 
ontrolling the �ow in a single domain Da, so that no traje
tory 
anes
ape from it. This 
orresponds to a situation where Da represents a bene�
ial situation for the system, or asituation where Da may lead to some dangerous states in the autonomous 
ase. Preventing from su
h dangeris then a
hieved by staying in Da.In any 
ase, if follows from previous dis
ussions that the only possibility to pre
lude a qualitative 
hange inbehaviour at a state a, with a 
onstant input u(a) on Da, is to for
e φ(a, u(a)) to be a stable equilibrium. Inother words one has to �nd a 
onstant u = u(a) su
h that
φ(a, u) ∈ Da. (20)Moreover, H1 implies that φ(a, u) must in fa
t lie in the interior D̊a of Da. Equation (20) is equivalent to alist of inequalities, whi
h must be stri
t, due to the last remark. Namely, one has to satisfy :

∀i ∈ {1 · · ·n}, θai−1
i < φi(a, u) < θai

i (21)Figure 4 illustrates this problem.
φ(U)

φ(u)Figure 4: Among all points in the fo
al set φ(U), one has to �nd one on the form above, a
ting on u.4.2.2 Es
aping from a region through a single fa
etNow, if our wish is to es
ape from a box Da, it is ne
essary and su�
ient to �nd a 
onstant u su
h that
φ(a, u) 6∈ Da, as follows from se
tions 2 and 3. In general however, it will not only be satisfa
tory to es
apefrom Da, but more pre
isely to es
ape through a pres
ribed fa
et.There are several strong arguments in favor of this more parti
ular 
ontrol problem. A simple one is that this
ontrol problem is often a lo
al 
onsequen
e of a more global situation, where a full sequen
e of boxes needs tobe 
rossed su

essively. In su
h a 
ase, when one has to leave a box Da, the next box to be en
ountered � andthus, the es
aping walls � is pres
ribed as well. With a �xed su

essor or not, anyway, it is an important matterto obtain a 
ontrolled system whi
h is properly related to its dis
rete representative, as dis
ussed at the endof se
tion 2.2. A
tually, we have seen that if all 
ontinuous traje
tories have a dis
rete representative in TG,many paths in this graph are not admissible with respe
t to any 
ontinuous system. A spe
ial 
ase when the
orresponden
e between a 
ontinuous and a dis
rete system is a
hieved, is the 
ase when ea
h regular vertex
a ∈ V of the transition graph admits a unique su

essor, i.e. a unique outgoing edge. In this 
ase the transitiongraph bears a deterministi
 �nite-state automaton. Hen
e, given an initial re
tangle, all traje
tories will followa uniquely de�ned sequen
e of re
tangles. In this 
ase it is said, for instan
e in [3℄, that the systems of the form(1) (resp. (8)), and their dis
rete analogue TG (resp. TG(u)), are bisimilar, meaning here that they share thesame rea
hability properties.An illustration of this problem appears in �gure 5.

φ(u)

φ(U)

Figure 5: Here, one has to �nd an input u su
h that φ(u) is situated 'behind' a single fa
et of the box under
onsideration. INRIA



Control of pie
ewise a�ne gene network models 15The problem 
an be now stated as follows: let a ∈ V be a vertex to be 
ontrol-ed, i ∈ {1 · · ·n} a pres
ribedes
aping dire
tion, and ε ∈ {+,−} an orientation. Then, the sought input u must satisfy:
∀j ∈ {1 · · ·n} \ {i}, θ

aj−1
j < φj(a, u) < θ

aj

jIf ε = +, θai

i < φi(a, u) 6 θqi

i ,and if ε = −, θ0
i 6 φi(a, u) < θai−1

i .

(22)Now, the point is that both equations (21) and (22) have the same form. This will be written as follows
∃u ∈ U, ∀i ∈ {1 · · ·n}, θ−i < φi(a, u) < θ+

i , (23)where the thresholds θ±i are generi
 notations, and inequalities shall be weakened when 
on
erning the bound-aries of the whole domain. The remaining work is thus to de�ne an input u su
h that the above system ofinequalities is satis�ed.Remark 2. Although it is not our aim here, it is remarkable that (23) is also a generi
 formulation for targettransition graphs TG
⋆ su
h that vertex a has multiple su

essors. It states a
tually the existen
e of an input usu
h that φi(a, u) ∈ R, where R is any re
tangular union of boxes, written R =

∏
i ]θ−i , θ+

i [.4.2.3 Generi
 
ontrol law for a single boxWe are now seeking a 
ontrol u solving 
ondition (23). Most often the domain a will be 
lear in a given 
ontext,and thus, omitted in any terms depending on it.First, a spe
ial 
ase has to be treated separately. This is the 
ase φi = 0, or equivalently κi = 0, for some i,whi
h appears for example on �gures 2 and 3.Proposition 1. Suppose that φi = 0 for some i ∈ {1 · · ·n}.Then, either θ−i > 0, and the problem (23) admits no solution, or θ−i = 0, and whatever u ∈ U, this problemis solved for the 
oordinate i. Hen
e in this 
ase, problem (23) redu
es to n − 1 pairs of inequalities, involving
oordinates di�erent from i.The proof of this proposition is quite immediate, and does not require further dis
ussion. In the followingpropositions, it is impli
itly assumed that 
oordinates for whi
h φi = 0 have been removed from problem (23),and that none of them 
on
ern an i su
h that θ−i > 0.Now we show how problem (23) 
an be solved.Proposition 2. Consider a system of the 
lass C1.Let us introdu
e the following notation: T± = diag(θ±1 · · · θ±n ) ∈ R
n×n.Then, any u ∈ U satisfying the system below is a solution of problem (23).

{ (
κ − T−Γ

)
u > T− γ0 − κ0

(
κ − T+Γ

)
u < T+ γ0 − κ0Note that the 
ondition u ∈ U 
an also be written as pairs of inequalities on the 
oordinates uj, of the form

0 6 uj 6 Uj.Proof. Start with equation (23). Then, let just repla
e φ by the fra
tional linear form it takes in the 
ase of C1systems:
∃u ∈ U, ∀i ∈ {1 · · ·n}, θ−i <

∑p
j=1 κj

iuj + κ0
i∑p

j=1 γj
i uj + γ0

i

< θ+
iSin
e, by hypothesis H2, the denominator above is positive, one obtains easily

∀i ∈ {1 · · ·n},





p∑

j=1

(κj
i − γj

i θ−i )uj > γ0
i θ−i − κ0

i

p∑

j=1

(κj
i − γj

i θ+
i )uj < γ0

i θ+
i − κ0

i

(24)Whi
h, put in matrix form, is the 
laimed system.RR n° 0123456789



16 Far
ot & GouzéRemark 3. Observe that when θ−i = 0, the 
orresponding inequality in (24) redu
es to
p∑

j=1

κj
iuj > −κ0

i ,whi
h, by H2, is satis�ed by any u su
h that κi(a, u) is stri
tly greater than its in�mum, and in parti
ular byany u in the interior Ů.As far as no ambiguity is possible, we omit the argument a in fun
tions κj
i and γj

i hereafter. For systemsin the 
lass C2, the inequalities 
an be solved by hand, and thus an expli
it input may be expressed. Remindthat, for these systems, there are two fun
tions σ, ς : {1 · · ·n} → {1 · · · p}, de�ning the input a
ting respe
tivelyon the produ
tion and degradation rates of a given variable, see (13) and (14). The last of these two equationsimposes that for ea
h i, at least one of the two 
oe�
ients κ
σ(i)
i and γ

ς(i)
i is zero. A

ordingly, we introdu
e

S : {1 · · ·n} → {0 · · · p}, whi
h is de�ned by S(i) = σ(i) (resp. ς(i)) if κ
σ(i)
i 6= 0 (resp. γ

ς(i)
i 6= 0), and S(i) = 0if κ

σ(i)
i = γ

ς(i)
i = 0.Let us also de�ne some useful quantities: for i ∈ {1 · · ·n}, the bounds of φi(U) are for the 
lass C2,

φ−
i = min

{
φi(0), φi(US(i))

} and φ+
i = max

{
φi(0), φi(US(i))

}
.A
tually, for the 
lass C2, either φi is a fun
tion of uσ(i), or it is a fun
tion of uς(i). These two 
ases 
an bewritten as:

φi =
κ

σ(i)
i uσ(i) + κ0

i

γ0
i

or φi =
κ0

i

γ
ς(i)
i uς(i) + γ0

i

. (25)Although depending on the sign of κ
σ(i)
i and γ

ς(i)
i respe
tively, the sign of their derivative is 
onstant. Hen
eall φi's are monotoni
, and the bounds of their image are the images of their domain's bounds.Clearly, the bounds of φi(U)∩ ]θ−i , θ+

i [ are max
{
φ−

i , θ−i
} and min

{
φ+

i , θ+
i

}. It follows that their preimages by
φi

φ−1
i

(
max

{
φ−

i , θ−i
}) and φ−1

i

(
min

{
φ+

i , θ+
i

})
, (26)bound the possibly empty interval ]m−

i ,m+
i [⊂ [0, US(i)], of input 
oordinates that solve the 
ontrol problemin dire
tion i in the state spa
e. In other words m−

i and m+
i are respe
tively the min and max of the twovalues (26). Conveniently, these numbers may be easily expressed sin
e here, φi is a monotoni
 real fun
tion ofthe form (25).Then, for q ∈ {1 · · · p}, de�ne

µ−
q = max

i∈S−1(q)
m−

i , and µ+
q = min

i∈S−1(q)
m+

i . (27)If µ−
q < µ+

q , any uq between these values is su
h that φi(uq) lies in the desired interval, i.e. ]θ−i , θ+
i [, for all isu
h that S(i) = q. Hen
e we get expli
it input values in this 
ase, as summarized in the following statement.Proposition 3. Consider a system belonging to the 
lass C2.Then, inequalities (23) admit as solution if and only if, for all q ∈ {1 · · · p},

µ−
q < µ+

q ,where these quantities are de�ned as in (27) and above.Moreover, any u in the re
tangle p∏

q=1

]
µ−

q , µ+
q

[ solves these inequalities.Let us illustrate these propositions on our previous example.Example (
ontinued 2). Let us re
all the transition graph of the autonomous system, as we have assumedearlier:
�

�

�

�
12 �

�

�

�
22

�

�

�

�
11TG(u0) =

�

�

�

�
21 INRIA



Control of pie
ewise a�ne gene network models 17One may now 
onsider lo
al problems involving a single vertex in TG. Let for example 
onsider vertex 21, fromwhi
h there is a single transition, to its horizontal neighbour, in the autonomous 
ase: �

�

�

�
11 �

�

�

�
21 . Supposethat our wish is to for
e a self-loop: �

�

�

�
21 .This is exa
tly solving problem 2 at the single vertex a⋆ = 21, for the 
lass C2. Sin
e the latter is a sub
lass ofC1, one may �rst apply proposition 2, as an illustration. The thresholds bounding the desired su

essor stateare

θ−1 = θ1
1, θ+

1 = θ2
1, and θ−2 = θ0

2 = 0, θ+
2 = θ1

2As mentioned previously, the matrix κ(x) of equation (12), is zero here. Only the ve
tor κ0(x) is possiblynonzero : in the 
onsidered state, the 
oordinates κ0
i (a

⋆) are κ0
1(a

⋆) = κ0
1 + κ1

1 and κ0
2(a

⋆) = κ0
2. Thus, thesystem of inequalities to be solved, as stated in proposition 2, is here the following:





−γ1
1θ1

1u1 > γ0
1θ1

1 − κ0
1 − κ1

1

0 < κ0
2

−γ1
1θ2

1u1 < γ0
1θ2

1 − κ0
1 − κ1

1

−γ1
2θ1

2u2 < γ0
2θ1

2 − κ0
2The se
ond inequality is satis�ed if and only if κ0

2 is nonzero, independently of the input u. This is a spe
ial
ase of remark 3.Now, sin
e our system belongs to the 
lass C2, one may pro
eed further, illustrating proposition 3.We assume from now on that the parameters are in a

ordan
e with �gure 6.Let us suppose that γ1
1 > 0 and γ1

2 < 0, whi
h is 
onsistent with the shape of fo
al sets in the one input 
ase, on�gure 6. This implies that φ1 is de
reasing with u1, and φ2 is in
reasing with u2, and of 
ourse their re
ipro
alfun
tion have identi
al monotony. Then, the quantities de�ned above proposition 3 
an be evaluated, step bystep
max

{
φ−

1 , θ−1
}

= θ−1 = θ1
1 and min

{
φ+

1 , θ+
1

}
= φ+

1 = φ1(0)Then,
m−

1 = 0 and m+
1 = φ−1

1 (θ1
1) =

κ0
1 + κ1

1 − γ0
1θ1

1

γ1
1θ1

1

.sin
e the latter is positive. Similarly,
m−

2 = φ−1
2 (max{φ2(0), 0}) = 0sin
e φ2(0) =

κ0
2

γ0
2

> 0, and
m+

2 = φ−1
2 (min{φ2(U2), θ

1
2}) = φ−1

2 (θ1
2) =

κ0
2 − γ0

2θ1
2

γ1
2θ1

2

,based on φ2(U2) = supu φ2(u) > θ1
2, whi
h holds on �gure 6, on whi
h we rest here.Now, one has here S = id, so that µ±

i = m±
i . Hen
e the set of inputs solving our 
ontrol problem at vertex 21in TG is ]

0,
κ0

1 + κ1
1 − γ0

1θ1
1

γ1
1θ1

1

[
×

]
0,

κ0
2 − γ0

2θ1
2

γ1
2θ1

2

[
,whi
h is nonempty in the example of �gure 6: its image by φ(21, ·) is the interse
tion of the red shaded re
tangleover D21 and D21 itself.The resulting transition graph is the following:

�

�

�

�
12 �

�

�

�
22

�

�

�

�
11TG(u) =

�

�

�

�
21 (28)
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ot & Gouzé
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κ1
1+κ0

1

γ0
1

φ(22,U)

κ1
1+κ0

1

γ0
1+γ1

1U

κ0
1

γ0
1

κ0
1

γ0
1+γ1

1U

κ0
2

γ0
2

κ1
2+κ0

2

γ0
2+γ1

2U

κ1
2+κ0

2

γ0
2 φ(11, u0)

κ0
2

γ0
2+γ1

2U

φ(12, u0)

φ(22, u0) φ(21, u0)

φ(21, u)

φ(11,U)φ(12,U)

φ(21,U)

Figure 6: In the 
ase when κ0
i > 0, fo
al sets are not 
onstrained on the boundaries of the positive orthant. In ea
hof the 4 regular domains, the fo
al set is supported by a manifold de�ned as in (17). The one input fo
al sets arered lines, and the two input ones are red shaded re
tangles. In green, the fo
al point of D21, 
ontrolled to be anequilibrium, whereas this domain is not invariant in the autonomous 
ase. Two pie
es of traje
tories are representedfrom a 
ommon initial point: the bla
k one 
orresponds to the autonomous 
ase, and the green one to the previousinput. These orbits 
onverge toward two distin
t equilibria.If one assumes now that there is a single input, this adds the 
onstraint u1 = u2 = u, with u ∈ U = [0, U ].Also, S is the 
onstant fun
tion, sin
e there is only one input 
oordinate. It follows that, noting µ± in pla
e of

µ±
i ,

µ− = max{m−
1 ,m−

2 } = 0.and
µ+ = min

{
m+

1 ,m+
2

}
,where m±

1 ,m±
2 are the same as in the two inputs 
ase. Now, a

ording to proposition 3, any input in ]µ−, µ+[provides a solution to our problem. The latter is nonempty on our graphi
al example. A
tually, in �gure 6, itparameterizes the interse
tion of D21 and the pie
e of red 
urve that represents φ(12,U). The obtained transitiongraph is, as in the two input 
ase, that of (28). One may remark that this graph presents no transition betweenstates 11 and 21. This 
orresponds to a white wall between the 
orresponding domains in phase spa
e. Solvinga se
ond lo
al problem at the state 11 may pre
lude this behaviour, by 
hosing

�

�

�

�
11 as the transitions to be
ontrolled.The proposed lo
al problem su�
es here to ensure a global property of the system: from an autonomous systemwith a single equilibrium, one obtains a bistable system here, only a
ting on degradation rates when the system'sstate ve
tor lies inside D21.In any 
ase, it is important to remark that proposition 2 and its spe
ialization 3 both lead us to 
he
k 2ninequalities. In other words, the 
ontrollability of a single box 
an be 
he
ked using an algorithm that is linearwith respe
t to n. This fa
t must be 
ompared with the already known pro
edure for the 
ontrol of multi-a�nesystems on re
tangles [4, 18℄, whi
h require inequalities at all verti
es of a fa
et to be 
he
ked. The latter being a

n− 1-re
tangle, this leads to 2n−1 inequalities, and the pro
edure has an exponential 
ost. Hen
e, our 
hoi
e toinvestigate pie
ewise-linear dynami
s leads to a spe
i�
 pro
edure, yielding an important gain, when 
omparedto the blind appli
ation of te
hniques devoted to more general systems. Moreover, equilibria for multi-a�nesystems are given by polynomial equations, while they are here given by a�ne equations. This explains why itis possible here to 
ontrol a box so that it has no su

essor, whi
h is not easily done in the more general 
ontextof multi-a�ne models.On
e the 
onditions in propositions 2 or 3 are 
he
ked, the 
hoi
e of a satisfa
tory input 
an be made arbitrarilyin the set they yield. The exa
t 
hoi
e of these inputs may only have 
onsequen
es that 
annot be dete
tedat the level of pre
ision of the transition graph. Hen
e, this proposition allows a fully qualitative treatment ofproblem (23). This 
ould thus lead to in
lude 
ontrol aspe
ts in the existing framework of qualitative analysisof pie
ewise linear gene network models [8, 9, 22℄. INRIA



Control of pie
ewise a�ne gene network models 194.3 Control on a whole regionWe 
onsider the global 
ontrol problem on our guiding example, sin
e its low dimension allows for an exhaustiveexploration of the transition graph.Example (
ontinued 3). Given any vertex in TG, it is possible to 
ompute all the neighbours towards whi
h atransition might be 
ontrolled, thanks to the methods introdu
ed in the previous se
tion. Let us illustrate thiswith our example, whi
h is governed by the equations (15), that we re
all:




dx1

dt
= κ1

1s
−(x2, θ

1
2) + κ0

1 − (γ1
1u1 + γ0

1)x1

dx2

dt
= κ1

2s
−(x1, θ

1
1) + κ0

2 − (γ1
2u2 + γ0

2)x2We suppose that parameter values are 
onsistent with �gure 6. Then, the 
ontrollable transitions at ea
h vertexare the following:
�

�

�

�
12 :

�

�

�

�
12 �

�

�

�
22 :

�

�

�

�
22 or

�

�

�

�
22

�

�

�

�
11 :

�

�

�

�
11 or

�

�

�

�
11 �

�

�

�
21 :

�

�

�

�
21 or

�

�

�

�
21 or

�

�

�

�
21 (29)for a s
alar input, while the 
ase of planar inputs allows furthermore to 
ontrol the following transition:

�

�

�

�
21For ea
h vertex in table (29), the �rst proposed transition 
orresponds to the autonomous 
ase. If the input isa s
alar, fo
al sets in �gure 6 are 
urves and not re
tangles, and the last transition above at vertex 21, towards

22, is not 
ontrollable. Here, the 
ontrollable transitions in (29) are dire
tly read from the �gures. Without su
hgeometri
 hints � for example in higher dimension � they would of 
ourse be 
omputed from proposition 3.Hen
e, the set of all 
ontrollable transitions graphs 
ontains 16 = 1 · 2 · 2 · 4 elements in the two inputs 
ase,and 12 = 1 · 2 · 2 · 3 with a single input. In this 
ase, it is possible, and even easy, to list all the 
ontrollablegraphs. Then, a

ording to a spe
i�
 purpose, those graphs that are satisfying may be 
hosen, and problem 1 besolved with su
h an obje
tive graph. Let just list all the possible transition graphs. To obtain a 
on
ise view ofthis graph, we represent self loops by �lled squares, and omit the labels of verti
es. Their disposition, yet, is ina

ord with the rest of the paper: 12 22

11 21

. With a single input the set of 
ontrollable graphs is:
a) � �

� �

b) � �

� �

c) � �

� �

d) � �

� �

e) � �

� �

f) � �

� �

g) � �

� �

h) � �

� �

i) � �

� �

j) � �

� �

k) � �

� �

l) � �

� �To whi
h the following 
an be added if a se
ond input variable is available:
m) � �

� �

n) � �

� �

o) � �

� �

p) � �

� �RR n° 0123456789



20 Far
ot & GouzéThe doubly oriented arrows 
orrespond to bla
k or white walls in phase-spa
e. Bla
k walls are those towardwhi
h the �ow is dire
ted from both sides, and appear as . White walls, on the other hand, are the un-rea
hable (or unstable) ones, and appear as . Both situations may be handled using Filippov solutions,see se
tion 2.1.2.Let us 
onsider some spe
ial 
ontrol problems, now.As 
ould be seen from (29), vertex 12 is always �xed, whatever the input value. Vertex 21, on the other hand,may be �xed or not, as we also have seen earlier. Here, it appears that bi-stability may be ensured in our system.This happens with four distin
t global transition graphs: d), f), j) and l). Among those, d) is the one we havealready seen in some detail in the example, and f) provides the only bistable 
on�guration without white wall.Note that all solutions of this 
ontrol problem 
an be a
hieved with a single input.Another obje
tive may be to require that the graph be deterministi
, i.e. knowing the initial vertex determinesthe whole series of transitions, see [3℄ for similar requirements. Here, this may be a
hieved by inputs asso
iatedto the graph g), j) or p). The �rst and last present a single global equilibrium, while j) is bistable. All thesegraph present white walls. For that 
ontrol problem, the use of a se
ond input provides an additional solution,namely p).Hen
e, as announ
ed in the introdu
tion, we propose 
ontrol methods that ensure bi-stability in a systemwhose autonomous parameters lead to a single equilibrium.As another solvable problem, the system 
an be made bisimilar to its asso
iated transition graph, see se
tion 4.2.2and [3℄.One may be surprised by the obvious asymmetry of the 
ontrollable graphs above: although equations (15)are symmetri
 in the two state variables, vertex 12 above 
annot be 
ontrolled, while 21 admits three to four
ontrollable su

essors. This asymmetry is in fa
t a 
onsequen
e of the spe
ial set of parameter values we have
onsidered, whi
h we have 
hosen to mat
h with �gure 6.It is 
lear that the exhaustive list presented in the above example 
an only be a
hieved be
ause of the lownumber of states in TG. In a more general setting, even a single transition graph has a number of verti
esthat grows exponentially with the dimension of the state spa
e, and thus 
an not be explored 
ompletely ina reasonable time length. Hen
e global 
ontrol problems are not pra
ti
al, and developing general algorithmsseems of poor pra
ti
al utility. However, on parti
ular examples it is 
ertain that most interesting 
ontrolproblems will involve several verti
es, and that some typi
al stru
tures might be found among those presentin 
on
rete regulatory systems. For example, semi-global problems 
ould be 
onsidered, involving �safe� and�pathologi
al� regions. Then, the input should be su
h that the latter are unrea
hable, and the former invariant,or even attra
ting. The study of semi-global problems should be a major 
on
ern in resear
hes to 
ome on thistopi
.5 Con
lusionAmong modern advan
es in 
ell biology, the synthesis of living systems, or so-
alled syntheti
 biology, is oneof the most striking and promising topi
. We have already mentioned examples published in [2, 12, 15℄, seealso the review [1℄, among a voluminous literature. This emerging dis
ipline is an engineering one, and as su
hrequires some theoreti
al tools [19℄, some of whose are proposed in this arti
le.A
tually, our goal here is to provide a mathemati
al formulation that 
aptures some abstra
t 
hara
teristi
sof these te
hniques. By this, we mean that model (8) is not intended to des
ribe a parti
ular te
hnique, butrather some 
ommon traits, whose most general des
ription might be: �some parameters of the system 
anbe modi�ed by the experimentalist�. Considering the parti
ular 
ase of gene networks, we fo
us on a 
lass ofmodels that have proved their e�
ien
y in the last few years, formulated in (1). Then we put in equations thephrase above, and allow some parameters of the autonomous equations to be fun
tions of an input u. Namely,both produ
tion and degradation 
oe�
ients in (1) are supposed to depend on u, leading to equation (8). Giventhis 
lass of systems, it appears relevant to look for pie
ewise 
onstant feedba
k 
ontrol laws. Indeed, for any
hosen law of this form, equations (8) redu
e to a parti
ular system of the form (1). Moreover, su
h input laws
ould be 
on
retely implemented, provided threshold 
rossings 
an be dete
ted, a fa
t that is not out of rea
htoday [10℄.We then study the most natural 
ontrol problems arising within this framework. Spe
ial attention is givento lo
al 
ontrol problems, whi
h are the ne
essary �rst steps towards solving more global problems. We alsorestri
t this study to the 
ase where the system parameters are a�ne fun
tions of the input, distinguishing alsoINRIA



Control of pie
ewise a�ne gene network models 21the spe
ial 
ase when at most one input in�uen
es ea
h state variable. This results in propositions 2 and 3,whi
h provide expli
it a�ne inequalities on the input, that ensure the solution of generi
 
ontrol problems.All along the paper, a system with two variables is used as an illustrative example, leading in the last se
tion toan exhaustive des
ription of its 
ontrollability properties, for any set of parameters that �ts with �gure 6. Thisexample has been 
on
retely implemented in vivo [15℄, thus providing a link with more 
on
rete, experimentallyoriented works.A
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