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1 Introduction

When z is a path of finite p-variation (for example, a 1/p-Holder continu-
ous path) with values in a Banach space V' (of finite or infinite dimension),
integrals of type [ f(xs)dxs or solutions of controlled differential equations
of type dy; = A(y:)dx; can be constructed using the theory of rough paths
[Lyo98, LQ02, Lej03a]. In order to do so, one needs to know a path x,
called a p-rough path, of finite p-variation with values in the space TP}(V) =
1oV eV g...a Vel and such that the projection on V of x is z (we
then say that x lies above x). This path x encodes the equivalent of the
iterated integrals of x, and extends the notion of Chen series for irregular
paths [Che58]. To consider [ f(x)dx, the hypotheses on the smoothness of f
is connected to the roughness of x: if x is of finite p-variation, then f must
be at least |p| -times differentiable, with the derivative of order |p| which is
(p — |p] + €)-Holder continuous, € > 0.

In this article, we deal with (p,q)-rough paths, that is a pair (x,h),
where x is a p-rough path and h a ¢ -rough path lying respectively above
some paths x and h. This is generally not sufficient to properly define
[ f(xz,h)d(x,h), unless the cross-iterated integrals of z against h (and h
against x) are specified. However, if 1/p + 1/q > 1, with say p > ¢, these
cross-iterated integrals can be canonically constructed as Young integrals,
and there is a “natural” p-rough path z lying above (x,h). Thus, the inte-
gral [ f(z,h)d(x,h) can be defined as [ f(z)dz without ambiguity. Using
this approach, one needs f to be at least |p|-times differentiable, with the
derivative of order |p| being (p — |p| + ¢)-Holder continuous, £ > 0.

In the case of (p, g)-rough paths with p € [2,3) and 1/¢+1/p > 1, we prove
the existence of integrals of type [ f(x,h)d(x,h) under weaker regularity
conditions on h +— f(z, h) than on x — f(z, h), which appears to be natural
when one considers the way integrals are constructed in the theory of rough
paths. The continuity and local Lipschitzness of (x,h) — [ f(x,h)d(x,h) is
also proved. This serves as a basis for considering the solution of a system
of differential equation of type

_ (1)
dk't = B(yt, k’t)dht

{dyt = A(ys, k)dx; + C(ys, ki) dhy,
Stochastic differential equations with a drift offer the canonical example of
such a system. We will prove that the map (x,h) — (y,k) is continuous
from the space of (p, ¢)-rough paths into itself, using the p-variation topology
or some modulus type topology (e.g. the 1/p-Hélder topology). Besides,
the uniqueness and the continuity of this map, called the 1t6 map, follows
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from the same argument as the local Lipschitzness of the integral. This new
understanding allows us to present a conceptually simplified proof of the
continuity of the It6 map. With our construction of integrals or solutions
of differential equations, (p, q)-rough paths are transformed into (p, ¢)-rough
paths by integrating one-forms or solving differential equations. The notion
of (p,q)-rough path appears as a natural extension of the notion of p-rough
paths.

A martingale lifted to a p-rough path together with a bounded variation
process is a natural example of a (p, ¢)-rough path (¢ = 1 here), that cor-
responds to a semi-martingale. When the bounded variation process is just
the time, we see that we can consider differential equations with a drift term.
Another example of a (p, ¢)-rough path is two fractional Brownian motions,
with different Hurst indices.

One of our motivations to introduce the notion of (p, ¢)-rough paths is to
see non-geometric rough path as a (p, p/2)-geometric rough path. When x is
a smooth path in V| a rough path x with value in 7?(V') can be easily con-
structed by defining the projection of x on V®* as the k-th iterated integral
Jdr®---®dr. A geometric p-rough path is, by definition, an element of the
closure of the space of such path in T?(V') with respect to a p-variation metric
on T?(V). If we define a weak geometric p-rough path to be a G?(V')-valued
path of finite p-variation, we see that a geometric p-rough path is a weak
geometric p-rough path, while a weak geometric p-rough path is geometric
g-rough path for all ¢ > p [FV04]. If x is a weak geometric p-rough path and
1 is a path of finite p/2-variation with values in the symmetric part of V®2
then x +1 is a p-rough path. We will establish that this map (x,1) — x+
is actually a bijection from the space of p-rough paths onto the space of weak
geometric (p,p/2)-rough paths, i.e. the space of pairs of p and p/2 weak
geometric rough paths.

We express the integral along the non-geometric rough path x+1 in term
of an integral along a geometric rough path. This provides an alternative view
of the It6 formula, even for processes that are not semi-martingales, which in
this context shall be understood not as coming from the fact that we integrate
irregular paths, but from the choice of a rough path which is not a geometric
one. As a straightforward consequence, any integral of type [, f(z)dx, for x
geometric or not, can be approximated by standard integrals in which the
first level is

|| fatdat + [ v,

where " is a smooth approximation of x on V, and 9" is a smooth ap-
proximation of ¢. Of course, a similar result holds for differential equations.
Besides, this also means that the distinction between geometric rough paths
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and non-geometric rough paths (for p < 3) is not as important as it seems.
Usually, an integral of type [ f(z)dx against a geometric rough path is
seen as a Stratonovich integral by analogy to the Wong-Zakai theorem, be-
cause x — [ f(z)dx is continuous and the fact that x may be approximated
by piecewise smooth paths. Conversely, for a semi-martingale x, an It6 inte-
gral may be constructed using the theory of rough paths using p-rough paths
that are not geometric p-rough paths. In this case, the p/2-rough path v
in the decomposition x + ¢ is given by —3(z, z) ({z,z) being the quadratic
variation process of the semi-martingale z), and results of type Wong-Zakai
can be given by exploiting the particular structure of this bracket [CLO05].

2 Preliminaries

2.1 A bit of Algebra
When (V| -|) is a separable Banach space, we equip V ® V with a norm

also denoted | - |, such that for all v,v" € V, [v®@v'| < |v| - |[v| and such
that |> ;v ® vl = |X; v, @ v;|. When V; and V, are two Banach spaces,
Vi @ Vs is again a Banach space with the norm |(vq,v2)| = max(|vy], |ve]).

We again equip V; ® Vj}, i # j, with a norm also denoted |- |, such that for all
v, v € V;®V;, v @ vj| < || -|vj]. We then put on (V; & V5)®? the following
norm: If z = Z?,j:l x;; with z; ; € V; ® V;, then |z| = max; j |z, | .

2.1.1 Some Lie Groups
We define on T?(V) = V @ V2 a product
(Ul, 1}2) X (U}l,w2) = (’01 + w1, Vg +we+ v ® ’LUl).

It makes (T?%(V),®) into a connected nilpotent Lie group, with (0,0) as
neutral element, and (—vy, v; ® v; —vy) as inverse of (vy, v). The Lie algebra
of (T*(V),®) is also V & V®? with its Lie bracket given by

[(v1,v2), (w1, ws)] = (0,01 ® Wy — Wy @ vq).
The map
exp: (Ve V[ ]) — (TU(V),®)
(v,v9) — (vl, vy + ;v?2>

defines a global isomorphism between the Lie algebra and the Lie group
[Jac79a].
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We denote by Anti(V®?) (resp. Sym(V®?)) the set of elements of V2
which are antisymmetric (resp. symmetric). Then (V @ Anti(V®?),[-,-]) is a
Lie subalgebra of (V & V®2 [. -]), which makes

GQ(V) = exp (V D Anti(V®2))
1
= {(v1,v2) € T*(V), v2 — 52&@2 € Anti(V®%)}
into a Lie subgroup of 7%(V'). The space G*(V) is actually the free nilpotent

group of step 2 generated by V' [Reu93].
On T2(V) (and hence G*(V)), we define a dilation operator

(S)\(Ul, 'UQ) = ()\Ul, )\21)2).

The space T?(V') obviously also enjoys a Banach space structure, with the
norm |(vy, va)| = max {|v1|, |va|} .

2.1.2 Homogeneous Norms on These Groups

A homogeneous norm [Ste70] on a Lie group G equipped with a dilation §)
isamap ||| : G — RY which satisfies

(i)  |lgll = 0 if and only if g = exp(0),
(ii) for all g € G(R?) and ¢ € R, ||0,g]| = |¢] ||g]| -

If moreover, for all g,h € G, ||g ® h|| < |lg]| + ||1]|, this homogeneous norm
is said to be sub-additive. If for all g € G, ||g|| = ||¢g™"|, this norm is said to
be symmetric.

We define on T?(V) the following sub-additive homogeneous norm:

|- :T*(V) — R*
(v, v9) — max{|v1|,\/2|v2|}.

Note that when restricted to G?(V) it is actually symmetric, and that the
symmetric sub-additive homogeneous norm g € T*(V) — |g|l + g~ is
equivalent to || - || (See [FV04]).

The norm || - || induces a left-invariant metric d on T%*(V) defined by
d(z,y) = [z~ @ yl|.

2.2 Chen Series and p-Rough Paths

We denote by CP¥(]0,T], E) the set of continuous function x from [0, 7]
with values in a metric space (E,d) such that sup Y7~ d(zy,, 24,,, )P < 00,

>
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where the supremum is taken over all subdivision (0 =ty < --- <, <T).
This is the set of continuous E-valued functions of finite p-variation.

Let « : [0,7] — V be a continuous path of bounded variation. For such
a path, we construct x = (x!, x?) € T?(V) by

x!, =z —z,and X%, = / dx,, ® dz,,. (2)
’ ’ s<r1<ro<t

It follows from the results of K.T. Chen (See for example [Cheb8, Reu93))
that xo; = Xos ® Xs¢. In particular, x,; = xg; ® Xo¢, which shows that
(Xs¢)o<s<t<1 is easily obtained from the (T%(V),d)-valued path (Xot)sefo,r]-
We then set xg = (20,0) and x; = X¢ ® Xo;. Nonetheless, we keep using the
notation x,; for the element x;! ® x;. Another result of Chen is that for all
t €0, T, x; belongs to G*(V') C T*(V'). We denote by Cv*([0, T], G*(V))
the set of paths (x;)¢co,r) lying above a continuous path of bounded variation
and constructed by (2). It coincides with the set of paths of bounded variation

with values in G*(V), by Theorem 1 in [Lyo98]; that justifies our notation.
A continuous path x : [0, 7] — T?(V) is said to be of finite p-variation if

n—1 » 1/p
1% var. 7 = SUD (Z thi7ti+1 ) < 00,
i=0
where the supremum is taken over all subdivision (0 =ty < --- < t, <T).

We also define a p-variation distance, as in [Lyo98, LQO2]:

1/p
)

Note that from [F'V04], d}.var induces the same topology than

n—1
dp—var<X7 Y> = sup (Z Hyti,ti+1 — Xtitiga
=0

n—1

1/p
dp-var<X7 Y) = sup (Z th_i,lti+1 ® Ytiti1 ”p) :
=0

In the latter distance, the group structure of 72(V) is used, while in the first
one, we use the vector space structure of T?(V). We can now define the
notion of p-rough path, using slightly different words than in [L.QO2].

Definition 1. Let p € [2,3). The set of geometric p-rough paths, denoted
by COPar(10, T], G*(V)), is the d,yar-closure of C7([0, T], G*(V)). The set
of weak geometric p-rough paths is denoted by C*V ([0, T, G*(V)) while the
set of p-rough paths is denoted by CP¥** ([0, T], T*(V)).



A. Lejay and N. Victoir / On (p, g¢)-rough paths

For p < ¢, we observe that
corer([0, T, G*(V) € ([0, T], G*(V)) € ([0, T],G*(V)),

and these inclusions are strict [FV04]. In particular, a p-rough path which
takes its values in G*(V) is not necessarily a geometric p-rough path, but is
a weak geometric p-rough path.

We say that w is a control if
(i) w:{(s,t),0<s<t <1} — R" is continuous.
(ii) w is super-additive, i.e. V s <t < u, w(s,t) + w(t,u) < w(t,u).
(iii) w(t,t) = 0 for all t € [0, 1].

A path z is of finite p-variation if and only if there exists a control w
such that ||zs.]|” < w(s,t) for all s < ¢. For a given control w, we define
following [F05],

15,1
sup

X A
I o<s<t<T W(s,t)1/P’

pyw, T’

1 1 2 2
ys,t - Xs,t ys,t - Xs,t

d w 5 = ) .
(X, Y) 0<i1<1£)<TmaX{ w(s, )P 7 w(s, t)2/p }

We will exclusively work with the distance d, . 7, being more general that
the p-variation distance. We introduce the following sets:

Cr([0. T, GA(V)) = {x:[0,7) = GA(V), Il < 00}
Cr((0,7),T2(V)) = {x:[0,T] = T*(V), ||, < oo}
CP«([0,T],T*(V)) is the set of p-rough path whose p-variation controlled

by w.
Finally, we say that a rough path x lies above a path z if x} = x;. By

convention, rough paths are denoted by bold letters and the corresponding
italic letters are used to denote the paths they lie above.

3 Integrating Signals made of p-Rough Paths
and ¢-rough Paths

3.1 Lipschitz Functions, Differential Forms

When VW are two vector spaces, we define by L(V, W) the set of linear
maps from V into W. Let (X, |- |) be a Banach vector space. For v > 0, we
set [Y] =y —1if v € Nand [y] = |7v], the integer part of v, if v ¢ N.

7
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Definition 2. For v > 0, f belongs to Lip(vy,V — X) if and only if

1. f:V — X is [y|-times differentiable. By definition, this means that
there exists &/f : V — L(V® X), 7 = 0,---,[y] (with d°f = f by
convention) such that for all j =0,--- ,[y] =1, z,y € V,

&) o)~ E ) w) = [ty — o)y — ) @)

2. d’ f is bounded by K, for all j =0,--- . [7].

3. dP1f is (4 —[y])-Hélder, with Holder constant K, i.e. forallz #y € V,

A7 f () — dY f (y)|

|x —_ y|’Y‘['Y]

< K.

The smallest constant K for which these equations are satisfied is called
the Lipschitz norm of f and is denoted by || f|Lip(y,v—x) Or || f||Lip When the
context is clear.

In particular, when X = L(V, W), we have a notion of 4-Lipschitz one-
form from V' to L(V,W).

Example 1. If g : RY — RM belongs to Lip(1 + v,RY — RM), then dg
belongs to Lip(y,RY — L(RN RM)).

We extend now this definition to mixed (v, n)-Lipschitz norms, where ~y
and 7 are positive reals.

Definition 3. For v,n > 0, f belongs to Lip((v,n),V; x Vo — X) if and
only if

1. There exists d"f : V — LIVE @V, X), 0<i < [y], 0 < j
(with d*°f = f by convention) such that for all 0 < i < [4]
0<j<[n—1 2,y € Vi, T2,52 € Va, (15, v25) € V& x V37,

< [n]
-1

)

d™ f (a1, y10) (V1,0 va5) — d f(21,92) (V13, 02)

1
= /O A7 (g1 + tye — 11)) (V14, (2 — Y1) @ va5)dt,

d™ f (a1, y0) (U, va,5) — d™ f (@2, 1) (014, v2,5)

1 .
:/O AV (21 4 Has — 21), 11) (22 — 1) © V14, v2.5) .
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2. d" f are bounded by K, 0 <i<[y],0<j <[]
3. dPIf 0 <4 <[n]is (v — [y])-Hélder, with Holder constant K.
4. d"f 0 <i<[y]is (np— [n])-Holder, with Holder constant K.

The smallest constant K for which these equations are satisfied is called
the Lipschitz norm of f and is denoted by || f||Lip((y,m),v1 xva—x) O || f]|Lip Wwhen
the context is clear.

We will be particularly interested to the cases X = L(Vi,W), X =
L(Vo,W) or X = L(V; & Vo, W), and we restrict ourselves to the case
p € [2,3).

To integrate a one-form f € Lip(y — 1,V — L(V,W)), v > p, along a
p-rough path x, the differential form is “lifted” into

f:V — L(T*(V), T*(W))

such that f()(v1, v2) = (f(2)(v1) +d' f(2)(v2)) + (f(z) @ f(2))(v2).
Given x € CP¥ ([0, T], T*(V')) with p < 7, it is now possible to construct

fg f(zs)dx, as the limit

M(2)os = (lsi_)r% Zyp s D Zyogs @00 @ Loy 5 ® Loy s (3)
where {t) < ... <} is a partition of [0,¢] whose mesh decreases to 0 as
0 — 0 and

Zst = T(xs)Xs 4.

The element z is not a rough path, but it is called an almost rough path, since
for any 0 < s <u <t, (254 — Zsu @ Zyy| < Cuw(s,t)’

for some constant # > 1 and some constant C', if x is of finite p-variation
controlled by w. Here, | - | is the vector space norm on T?(V) given by
|v1 + vo| = max {|v1],|ve|} or any other equivalent norm. The existence of
the limit in (3) follows from an adaptation due to T. Lyons [Lyo98| of the
arguments used by L.C. Young in [You36] to construct its integral.

We now want to generalise this argument to integrate one-forms with
respect to product of a p-rough path and a g-rough path, for 1/p+1/q > 1.
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3.2 Integration along a One-form, Introduction

Still in the case p € [2,3), we now consider ¢ > 1 such that 1/p+ 1/¢ > 1
(which implies ¢ < 2). Let (x,h) be an element of CPVar([0,T],T?%(V;))x
Crvar(10,T], Vo), for two Banach spaces Vi, V,. We will call such an element a

(p, ¢)-rough path. We simplify the notation and denote by C®@-var ([0, T], T?(V;) x
V5) this set, and also

CwD (10, T], T*(Vy) x V3) = CP*([0,T], T*(V1)) x C**([0,T], V3)

which we equip with the norm [|(x, h)||(p.q)w,r = max{||x|[pw,r, [|P]lgwr} As
2/g>1and 1/p+1/q > 1, [dh @ dh, [dx' @ dh and [dh ® dx' are well
defined Young integrals.

Lemma 1 ([LQ97, LQO2]). For any control w, the map

I1: CPO([0,T],T* (V1) x Vo) — CP*([0,7], T*(V; & V2))
(x,h) — II(x,h)

where II(x, h); = x; + hy and II(x, h)] = X7 + [ycpeper A(hy ® dhy, + dx} &
dhy + dh, ® dx)) is well defined and continuous.

One can then integrate one forms Vi & Vo, — L(V; @ Vo, W) which are
smooth enough along (x, k) (by integrating along II(x, h)). Nonetheless, as
we will see, doing it this way, we are imposing stronger smoothness conditions
on the one-form than needed.

One of the most important result of [Lyo98] is to give a procedure, which
we denote here as a map 9 defined in (3), to construct a rough path from
an almost multiplicative functional.

Lemma 2. If X (resp. ?L) is an almost multiplicative functional of finite

p-variation (resp. q-variation), such that M(X) = x and M(h) = h, then
M(X' + h,x2) = [(x, h).

Proof. By Young’s estimates, M(x' + h,x*) = II(x, h); Moreover, |x;, +
hoy — XL, — hgy|+[x2, —%2,| is by assumption bounded by Cw(s, t)?, where w
controls the p-variation of X and and g¢-variation of y, and 6 > 1. Therefore,
by Theorem 3.3.1 in [Lyo98], we obtain our result. i

3.3 Construction and Continuity

In this Section, we still consider that p € [2,3),¢ > 1and 1/p+1/q > 1.

We are now going to construct a notion of integral (x,h) — [ f(z, h)dx,
where f is a map from Vj x V5, into linear functionals from V; into W and z
is the path lying below x, that is the projection of x on V;.

10
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Proposition 1. Let (x,h) be in CPD<([0,T],T*(V}) x Vi) and f be a
Lip((y = 1,k = 1), Vi x Vo — L(Vi,W)) one-form with

7>pcmdm>w. (4)
p
Then z = (2zs+)o<s<t<T given by
Zi,t = f(Xiv hS)Xi,t + dLOf(X;v hS)Xg,tv (5)

Z?,t = f(X; hs) ® f(X;v hS)Xit

is an almost multiplicative functional. Let [ f(x,h)dx = 9(z) be the corre-
sponding rough path. Then the map (x,h) — [ f(x,h)dx is continuous from
CPD«([0,T], T*(V1) x V3) into CP*([0,T], T*>(W)). Moreover,

< Kmax{||XprT7HthwT} (6)

H/f(x,h)dx ’

pyw, T’

where K depends only on ||f||Llp, v, k, p, q, C,, where C,, is any constant

bounding above maX{||X||pr, ||h||qu} (0, 7).

Proof. We first need to check that for all 0 < s < u < t < T, one
has |z}, — 2z, —z{,| < Cuw(s,t)? for some C > 0, § > 1. We define
o= max{HprwT,||h||g7w7T}w, so that for all s < t, ||xs.]|” and |hss|? are
bounded by @(s,t). Forall 0 <s <u<t<T,

Zi,u - Zi,t - Z%,u = (f(xt; hs) - f(th, ht>>xt1,u + dl’of(xi7 hé‘)Xi,t ® X%,u
(M f(xg, ) - dl’of(thv he)) Xz

1
— { ; (d" Of dl’of(x + axS o h ))da} (x;t ® thu)

+(f(xt7 ) (Xt7 ht>>xiu
H(dMOf (x5, hs) — dYOF(x1, h))XE - (7)

We therefore see that, if f # 0,
Z; u Z; - Zlu o' r—1 Kk—1
: LT ‘ < 20(s,u)r —I—G)(s,u)TJr% +J)(s,u)7+%
£l Lip

< O, k,p,¢,C)a(s,u)?,

where # = min {1 Tl + %} > 1, and C,, is any constant bounding above

11
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@(0,T). Let us deal with the second level:

22, — (250 @ 200) = (f(x5,h)%? = F(x;, h)*H)X7,
+F(x5 he) © (F(x5, he) — F(x), )Xy, © x4,
+(f (x5, he) @ M f(x1, hy) %L, @ X7,
‘*’(dl’of(xia hs) ® f(X;v hs))xg,t ® X%,u
+(d"0f (x5, hs) @ dYOF (%), he))x3, @ X7,

Bounding line by line, we easily obtain that

1 1

250 = 2oy — 2| |22, — (Zos @ 200)?| < Clmax{||x[[} . 121150 r Y (s, w))”,

where C' depends on ||f||Lip .7, K, p,q and C,,. Moreover,

lzsall < I f i 1%, (s, 6)77
< i max{ il . I1A11G oz Y (s, ).

Therefore, by Corollary 3.1.1 in [Lyo98], we obtain the bound (6).
The continuity follows as a corollary of Theorem 3.2.2 in [LQ02]. i

The following proposition has a similar and easier proof, that we omit.

Proposition 2. Let (x, h) in C®PD«([0,T],T?(Vi) x V3) and g be a Lip((a —
1,6—-1),Vi x Vo — L(V,,W)) one-form with

q+q—p

a>p and 3 > q.

Then zsy = g(Xs, hs)hst is an almost multiplicative functional. Let [ g(x,h)dh =

M(z) be the corresponding rough path. Then (x,h) — [ g(x,h)dh is contin-
uous from CPD< ([0, T), T?(Vy) x Vi) into C¥*([0,T], W). Moreover,

H/g(x, n)dh

q
S KrnaX {||X||§’w7Ta ||h||g,w,T}
q,w, T’

where K depends only on ||g||Lip, a, B, p, q, C, where C,, is any constant
bounding above max{||x||p | R]|2 }w(O,T).

pyw, T q,w,T’

In particular, we can integrate one forms from Vi x V5 to L(Vy & Vo, Wi @
W3) along a (p, g)-rough path, to obtain a new (p, g)-rough path. The next
proposition shows that the integrals that we have introduced coincide with
the one in [Lyo98, LQO02], when one lifts these (p, ¢)-rough paths to p-rough
paths with the map II.

12
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Proposition 3. Let ¢ be a Lip(y — 1,V} x Vo — L(V} @ Vo, W)) one-form
with v > p, and (x, k) in CPD<([0,T), T>(Vy) x V3). The map o induces a
Lip((y —1,1),V; x Vo — L(V4,W)) one-form

o1 VixVy — L(V,W)
(vi,v2)  —  (dvy — @(v1,v2)(dvy,0))

and a Lip((y — 1,1), V4 x Vo — L(Va, W)) one-form

o VixVy — L(VZ?W)
(vi,v2) —  (dve — p(v1,v2)(0, dvs)).
Then, T1(f @1, h)dx, [ @al, h)dh) = [ o(T1(x, h))dTI(x, h).
Proof. By Lemma 2 and the previous two propositions, I ([ 1 (z, h)dx, [ @o(z, h)dh)
is the unique rough path associated to the almost multiplicative functional
Zi,t = QD(Xi, h8>(xi,t + hsy) + dLOQO(XL hS)Xg,t’
Z?,t = gp(xi, hs) ® QO(X;? hs)Xf,t-

On the other hand, if we let y =II(x, h),

/
Zi,t = go(ys)y;t + dl’OSO@S)yg,t?

2

!
22, = o(Ys) @ e(ys)ys,,

is the almost multiplicative functional which constructs [ ¢(Il(x, h))dII(x, h).

2 g = dY(xl k) ( [ dh@dn, +dxk @ dhy +dhy dx}j) ,
’ ’ s<u<v<t

22, — 72, = @(x} he)® (/ dhy, @ dh, + dx., ®@ dh, + dh, ® dxi)
’ s<u<v<t

the Young estimates implies that |z}, — z;’t/‘ + |22, — zat" < C(w(s, t)¥1+
w(s, t)Y/a+1/P) The proof is then finished by Theorem 3.3.1 in [Lyo98].

3.4 A Remark on the Continuity

It is now well known that a family of rough paths x° in C?*([0,T]; V') whose
p-norm ||x°||, .7 is uniformly bounded in ¢ has a convergent subsequence in
C¥([0,T]; V') provided that (z§).~o is bounded.

The generalisation of this result to (p, ¢)-rough paths is immediate.

13
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Proposition 4. Let (X%, h)cso be a sequence of (p,q)-rough paths in the
space CPDw([0,T];T*(V}y) x Vi) such that the sequences (z5)eso, (R§)eso,
(1xNpw.1)es0 and (||¢]|gw,r)es0 are bounded. Then there exists a (p, q)-rough

path (x, k) which is limit of a a subsequence of (X¢, h)eso in CP-0) ([0, T); T?(V;) x
Va) for any p' > p, ¢ > q.

Yet it may happens that a sequence (x°, h¢).~o does not satisfy the con-
ditions of the Proposition 4, while (II(x, h))eso is uniformly bounded in
p-variation and then has a convergent subsequence in p’-variation for any
p’ > p. It has to be noted that in this case, any possible limit of (IT(x¢, h¢))o
lies above a limit of (z¢, h).s. In this case, one has then to carefully study
the limit behavior of TI(x¢, h¢) at the second level, and not only the one of x¢,
and thus the limit of the terms [ dx® ® h¢, [ dh® @ dz and [ dh® @ dh°.

The homogenisation theory provides a non-trivial example of such a phe-
nomena, as shown in [Lej02, LL03|. A semi-martingale M + V represents the
canonical example of a path lying below of (p, ¢)-rough paths (M, V'), with
p>2and ¢ = 1. Let us consider some functions ¢ and b defined on R? that
are periodic and smooth enough, where b(z) € R? and o takes its value in the
space of symmetric matrix of size d x d and is uniformly elliptic. Let X be the
solution of the stochastic differential equation X; = [ o0(X,)dBs+ f§ b(X,)ds,
where B is a d-dimensional Brownian motion. Indeed, it is classical that un-
der some averaging condition on b [BLP78], X¢ = €X./» converges to some
process X = 7B, in the space of continuous functions, where B is a Brow-
nian motion, & is a constant matrix. In addition, as shown in [LLO03], the
convergence holds also in p-variation for any p > 2. Yet this convergence
does not hold in the sense of (p, ¢)-rough paths, since the drift term of X,

which is € fd/ ¢ b(X;)ds, converges to a martingale and cannot be bounded in
g-variation for ¢ < 2. If A;(X°¢) is the Lévy area of X up to time ¢, it was
proved in [Lej02, LLO03] that for all p > 1, A;(X€) converges in p-variation
to A;(X) + ct where ¢ is an antisymmetric matrix, as one can expect. This
means that in this case, knowing only the limit X of (X¢).¢ is not sufficient
to know the limits of [ f(X¢)dX* and of SDE driven by X¢.

Finally, let us note that Proposition 4 has its counterpart in the semi-
martingale context with the condition UCV (Uniformly Controlled Variation)
(see [KP96a| for a review on the subject). Roughly speaking, a tight family
semi-martingales with canonical decomposition M€+ V¢ whose local martin-
gales M€ have uniformly bounded brackets in probability and the 1-variation
of V¢ are uniformly bounded in probability, converges along a subsequence
to a semi-martingale with canonical decomposition M + V', where (M, V) is
the limit of (M€, V¢). In this case, stochastic integrals as well as SDE driven
by M€+ V¢ also converge to stochastic integrals and SDE driven by the limit

14
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M+ V. Indeed, if (M€ + V) satisfies the condition UCV, then (M) 5 is
also bounded in p-variation for any p > 2, and the conditions of Proposition 4
are also satisfied, as shown in [CLO05].

This result may be generalised to processes generated by divergence form
operators, that belongs to the class of Dirichlet processes, which is more
general than semi-martingales. Loosely speaking, a Dirichlet process is the
sum of a local martingale and a process with zero quadratic variation (yet
several definitions exists for this type of process). For processes generated by
divergence-form operators, we proved in [Lej03b, Lej03c] (see also [BHLOZ2]
on the application of the theory of rough paths to these processes) that the
condition UTD (which is in some sense the equivalent of the condition UCV
for semi-martingales) is sufficient to ensure the convergence of the Lévy areas
to the Lévy area of the limit, and give then the possibility to interchange
limits and integrals.

3.5 Lipschitzness of the Integral Map

By considering one-forms which are a bit smoother, we will show that the
maps (x,h) — [ f(x,h)dx and (x,h) — [ g(x, h)dh are actually locally Lip-
schitz, again in the case p € [2,3), ¢ > 1and 1/p+1/q > 1.

Proposition 5. Let f be a Lip((v, k), Vi X Vo — L(Vi,W)) one-form with

Qp+p—4q
b

v >p, and Kk >

Then the map (x,h) — [ f(x,h)dx is locally Lipschitz continuous from
(CP([0,T], T*(Vi) x Vo), || [ aywir) into (CP2([0, T), T*(W)), || - lperr)-

We start with a technical lemma.

Lemma 3. Let (x,h) and (%, 1) be in C@D<([0,T), T2(Vy) x V4),

R > max {[|x[pwr, | Bllgw s (R llpwr [Bllgwr}

and € = max {dp,w,T(X,ﬁ),dpMT(h,fAz)}.
W€ deﬁne Z = (ZS,t)OSSStST (md /Z\ = (2s,t)0§s§t§T by
Z;,t = f(Xi, hé’)X;,t + dl’of(xia hé’)Xg,ta
Zg,t = f(Xia hs) ® f(Xi, hS)Xg,ta
{ /Z\i,t = f(iia Bs>ii,t + dl’of(iia ’Als)ii,t,

~

ig,t = f(ii’ hS) ® f(iijﬁ8>i§,tv

15
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so that [ f(x,h)dx =DM(z) and [ f(Z, ?L)dfc:im(i) Then, for all 0 < s <
t<u<T, we have
(2, — (2, +20,)) — (2, — (2, +7,))| < Kew(s,u)’,
where § > 1 and K depends only on R,w(0,T),p,q,7,k and || f||Lip-

Proof. In this proof and the next one, K%, i > 0 will denote some constants
which may depend on R,w(0,T),p,q,7, x and ||f||Lip. We have already ob-
served for all s <wu <t,

1
o=l =l = [ (M0 ) — d O (x taxl, h))dal, © X,
+(d1’0f(xi7 hS) - d1’0f<X%, hs»xiu
+<f(xia hs) - f(X%a ht))xi,u
H(dY f(xp, he) — AV f(xp, he))XE

Therefore, (2}, — z,, — 2;,) — (2., — 2, — 2;,,) can be decomposed as the

sum of the following eight terms

AIZ/WWﬂ o) = d 1+, h)da), @,

[ (@A R — SR+ Rl )0, @ =,

= { [ @O ) — SR 4 R )R, @ L

~{ [ >—dWﬂx+namh»mn;®ﬁa}

Ay = {(@°f(xt he) = dOf(x) b)), |
—{(@ (&L ) — d O F (R 0K

Ay o= {(dOF&he) = dOf(R),h))RT, )
—{(@ (&L he) = A F (%1, 00)RE

A5 = {((xt he) = FOxt h))xt b = {(F (&) = F(RE )R
Do = {(f& he) = FRE )R} = {(F&E ) = FRE PR

16
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Ar = {(d"0F(xf, he) = A" F(xt h))xE, b= {(d 0 F(RY, hs) — A0 F(RE, h))RE,

Ag = {(dl Of<xt>A hs) — d" Of(xta ))Xtu} {(dl Of(xtv s) — d" Of<xta ))X?u

Let us show how to bound |Aq|,|Ay4| and |As]. The other bound will follow
with similar methods. We decompose once again A; into Ay + Ay 5, where

1
A1,1 :/0 {dLof(Xiv hs) - d1’0f<Xi + aX;,ta hs)} X;,t ® X%,uda
1
= [ O = O+ 0% ) 0] da
:A1,1,1 - A1,1,2 - A1,1,3
with
1 1
Aiaa= [ [ dOF + bt =) h,)
0 0
X (x5 — %) © %, ©%y,) dadb,
1 1
Apg= /0 / POF(RY 4 axL, + b(x! — %!+ a(x], —=L,), h),
X ((xy —X,) @ %, ®x,;,)dadb
1
A1,1,3 :/ / d270f(§3 + a’szst + b(Xs - is + CL(X;t - ﬁit))? hS)’
0 Jo ’ ’ ’
X (Q(X;t - )A(it) ® X;,t ® Xiu) da db
and
Ay = / {dOF (R h) = dYOF (%) + axiy b (x4, @ X7, — %, © %), )da.

Let us first bound |Aqs|. As

X;,t ® X%,u - ii,t ® iw},u‘ = ‘(Xiu - }/Eg,u) - (Xit - ii,t)‘

< 2eR%*w(s,u)¥?,

|0 F (R8s he) = ™ f(RL+ aRl . h)

we obtain that |Aj 5| < Klw(s,u)?, for § > 1 small enough. To bound Ay,
observe that Ay 3 is bounded by || F[|; R*w(s, u)®/P. Then, it is easy to see

that ‘(xi -x)ex!, @x;,| < Rew(0,u)Pw(s,u)??, and

< HFHLip CLR&“W(S, u)l/p7

1l B 2w (s,w) 07277 > |20 F(R) + b(xt — %1), hs)
—d*0 f (% + aXg, + (%, — Xy + axg, — Xyy)), he)| -

17
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This implies that |[A; 11 — Ay 12| is bounded by
1F s B w(s, u)Pew(0,u)'/? = K'w(s,u)’.

Let us move on to A4, which is the integral from a = 0 to 1 of

~

{d" F(R), ho + alhy = ho)) = d* f(R], he + alhe = ho)) } (he — he) @ %2,

Therefore, it is bounded by [|F|| ;) Rw(s, u)"/Pew(0,u)'/? < K2ew(s, u)’.
Finally, A5 is the sum of A5 ;4 Ajs 9, where As; is the integral from a = 0
to 1 of

{d0F (ot +a(&) = x1),he) = A0 F(x} +al(X) —x1), )} (%) —x) @,

Hence, A5 is bounded by [[Fl|y;, RPw (s, u)PT 2w (0,u)/? < K3w(s,u)’.
The other term Aj 5 is

Dsp = (f(%,h) = (X0 he)) (R — X1)

is bounded by || F||y;, R%w(s, u)/PT/1e < K3ew(s,u)’.
Similarly to bound all the other A;’s, we find that
1

‘(Z;,u - Zi,t - Zt,u) - (/Z\i,u - /Z\i,t - /Z\%,u)’ < K4€w(57 u)e'

To simplify the computation in bounding ‘(z?u —z2,—2;,) — (22, — 22, —%;,)|

we will assume that f(x,h) does not depend on h. The general case would
be done using techniques similar as the one just used, i.e. by separating
the problems due to x and the one due to h. So, with this simplification,
—z2, + 122, + 2, is equal to

/ d' f22(x) + axl,)x), ® X} da (line 1)
+ / )@ d' f(xL+ ax),))(xb, ® %), ®x;,)da (line 2)
+ f(x )®d1f(xt>xst®xtu (line 3)
+d'f(x;) @ f(Xt>Xst ® Xtu (line 4)
+d' f(x,) ® dlf(xt)xst ® X; e (line 5)

Hence, [(z2, — (2s¢ ® 2¢u)®) — (22, — (Zsy ® Zgw)®)| can be bounded by
A+ -+ Ay, where A, is the difference of the i" line in the above expression

18
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with the same expression replacing y and x by 7 and X.

1
o= [ st vad) = d (= + axl )b, 5 da

1

+ /0 dlf(xi + CLX;,t)(X;t ® X?,u - )A(i,t ® i?,u)da’
17| £0(0, 1) P, w)P + || |, ew(s, u)*?
< KPsw(s,u)’.

IN

1
By = | [ (e @d s+ axd ), @ xt, 9 x,)da

1
- [ (&) @ d R+ axl) (xl, © x}, ©x),)da

[ GERD @ d =+ axl))(0d)7 @6, - (1) @ %1,)da
Pl 00 ol 9+ Pl 2,0
< K56w(s,u)9.

Bounding As 4+ Ay + Ay is even easier, and we get that
(22, — (200 © 20)?) — (22, — (200 © 70)?)| < KO (s, 0)".
That finishes the proof of the lemma. |
We can now prove Proposition 5.
Proof of Proposition 5. For a fixed 0 < s <t < T, it is easy to see that
zh, — 24, < Kew(s,t)Y? and 22, — 22| < K®ew(s, )2/,

From this inequality, the previous lemma and Theorem 6 in the appendix,
we therefore obtain that

dy o ( / F(x, h)dx, / (3, B)dfc) < Ke,

which concludes the proof. |
Proposition 6. Let g be a Lip((a—1,8—1), Vi x Vo — L(Va, W)) one-form
with g

> paTa—p and 3 > q.

Then the map (x, h) +— [ g(x, h)dh is locally Lipschitz continuous from C P9 ([0, T, T?(V})x
Vo) into C ([0, T], W).

The proof is very similar, and somewhat easier, to the one of Proposi-
tion 5, so we leave it to the reader.
We now switch to the construction of solutions of differential equations.
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4 Solving a Differential Equation

We denote by Vi, Vo, Wi, W5 some separable Banach spaces. We define V' =
‘/1@‘/2 anszWl@W2.

Let (x,h) be a (p, q)-rough path in C®2«([0, T], T?(V}) x V3), with p €
[2,3),¢g>1and p~'+¢7! > 1. Asin [Lyo98, LQ02], we now want to use our
integral to define solutions of differential equations driven by the (p, ¢)-rough
path (x, h).

4.1 Notion of a Solution

Let A be a linear map from V; into functions from W into Wy, i.e. (dvy,w) —
A(w)(dvy) is linear in dvy, and for a fixed dvy, A(.)dv; is a function from W
into W;. We also consider a linear map B from V5 into functions from W
into Ws.

Example 2. A typical example is given by d functions A, --- , Ay from W; @
Wy into Wy, where d = dim V;. Then if e, ..., ey is a basis of V;, we can set
Aly, k)(zzdzl e dz’) = ?:1 Ai(y, k)dz".

We want to solve integral equations of the type:

0,t — fo ( k )dxsa
{ Tor = N Bl k) (8)

The class of differential equations that we consider is actually more general
than it looks.

Example 3. The following integral equation

Yot = fO A(ys, ks)dxs + fo C (s, ks)dhs, (9)
kot = fo B(ys, ks)dhs.

are actually a special case of the equation of the type (8). Indeed, consider
the following system of equations:

gO,t - fg %(g& és’ ks)dxsa
EO,t = fg CN@& £57 ks)dhsa
kO,t = fg B(gjsa €S7 ks)dh‘sa

where A(y,0,k) = A(y + (,k), B(y,{,k) = By + {,k), and C(y,(,k) =
C(y + ¢, k). Then (y; + 44, ki) solves the differential equation (9).

When one thinks to the case of semi-martingales, it is natural to think
of equations such as the first one in (9). The second line of (9) is given at
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no real supplementary cost. This term is also added, if B = C, to keep
the spirit of a “stability” theorem: a (p, ¢)-rough path is transformed into a
(p, g¢)-rough path in the same way that a semi-martingale is transformed into
a semi-martingale when one solves SDEs.

What is important in our approach is that we need less regularity for C
and B than for A. As we will see below, this allows us to consider differential
equations driven by rough path that are not geometric without strengthening
the regularity assumptions on A, B and C.

From the maps A and B, we define a map F4 from Vi & W; & W, to
L(Vi @ Wy, Vi@ Wy) and Fp from Vi @ Wy & Wy to L(Vy, Vo @ Wa) by

FA<’01, w1, wg)(dvl, d’l,U1> = (dUl, A(wl, wg)dvl),
Fg(vy, w1, wy)(dvy) = (dvy, B(wy, ws)dvy).

We then define a map F' from X =V, @ W, & Vo & W, to L(X, X), by
F(Ul,UJhUQ,UJQ)(dUl,dU)hdUQ,dwz)
= (FA(Uhw17w2)(d017dw1)>FB(U1,w1,w2)d02)-

Note that f3 F(zu, hus ku)d(Zu, huy ku) = (5 Fa(zu, ku)dz, 3 Fo(z0, ku)dh,).
We now define, in the same spirit as in the classical rough path theory, the
meaning of solution of a differential equation with rough driving signals.

Definition 4. We fix some T} € (0,7]. By a solution of (8) on [0,7}], we
mean a rough path (z, h, k) in CPD<([0, T1], T*(V; & W;) x (Vo @ Wy)) such
that for ¢ € [0,T1],
t t
(01, o kod) = ([ Palauki)dz, [ Falakdn,),  (10)
(20, ho, ko) = ((0, Y0), o, ko)

and such that z projects onto x € CP# ([0, Ty], T?(V1)).

For Ty € (0, T), we define the map Uy, from C®9«([0, T1], T*(V, @ W) x
(Vo @ Ws)) into itself by

Wa (2,1, 8) = [ F (s b, k)20, s o).

A solution of the differential equation (11) therefore corresponds to a fixed
point of our application W7, which projects onto (x,h) € T?(V;) x V5. The
space C P2 ([0, 1], T*(Vy & Wy) x (Vo @ Wy)) is equipped with the topology
defined by the distance d,, (,.q)7,, where

Qs tpug) 1 (2, B, K), (7, 1, ) = max {dy 7, (2,2), dus gy (B, D), dus g (k, B)

We also define [|(z, b, B)ll, g7, = max{ 2l - (5l g - [y, -
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4.2 Existence

We first give a compactness result.
In this section, (x,h) is a fixed element of (p, ¢)-rough path in the space
CPD«([0,T), T?(V;) x V), and of course, that fixes ||x||,w7, ||hllpwr. For

R > 0 and Ty € (0,7T], we denote by B((;’qf;),w’Tl(O,R) the set of elements

(z, h, k) in the space CPD< ([0, T1], T?(Vy @ W;) x (Vo @ Wy)) that projects
onto (x,h) and such that [|(z, h, k)|, 0 < B
Lemma 4. For all R > Ry = ma { [ B 115 | A1y x50}, there
erists 0 < Ty < T, such that

U, (BN (0, R)) € B (0, R).

(p7 w,Th (PJI)#%Tl

Proof. Let (E,h,D) be the almost multiplicative functional with values in
T%(Vy @ Wy) defined by

By = Fays, ks)x,, + d""Falys, ks)z2
E32,t = Fa(ys, ks) ® Fa(ys, ks)Xit,

hst = hspt,

Dyt = Fp(Ys, ks)hs

so that Ur(z, h, k) is the (p, ¢)-rough path constructed from to E, h, D. More
precisely, z (resp. E), the projection of Wr(z, h, k) onto T?*(V; & W) (resp.
onto Wa) is M(E) (resp. M(D)). There exists a constant K depending
(only) on p, g, 6, (0, T), [Xlpaos [ lpesirs I Allips 1B lip and R such that
forall 0 < s <t <T,

U1, (2, b, k)sp = (Eop, Do)l < Kw(0,T1)? with 6 > 1.
Let us remark that
14" Fa(ys, k)22, || < [|AllLip R Pw(s, )7,
Thus, for all 0 < s <t <Tj,
1E5 4l < 1Al (s, )P (x| pewr + BP0 (0, T7) 7).
On the other hand,
12N < AN I 0w (s, 1) 7.

Thus,

12 ,lI < wis, )P (Kw(0, 7)Y + | Alluip (I lpwir + BP0 (0, T1)'7)) (1)
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and
123 < w(s, )P (Kw(0,T0)" 7 + | Al Ix[l} 0 70(0, 1)*P). (12)
In a similar way,
roall < w(s, 89K w(0, 7)Y + || Blluip | ollpor)-

For any R > Ry, as limg, _ow(0,77) = 0, there exists a choice of T} small
enough such that

Kw(0,11)" ¢ + || Blluipll Allpw,r,
max { Kw(0, 1) Y? + | Alluip (Ix]|pw.r + BPw(0, T1)"7), & < R?.
VEW(0,T0)0=27 4 | AR 1x]12. 70(0, 1)/

Thus, when R and T} are fixed,
||‘IJT1 (Zv h> k>‘|w7(P7Q)7T1 <R.

which concludes the proof. |

Theorem 1. Let us assume that the dimensions of Wy and Wy are finite.
Let (x, h) in CPD<([0,T], T?(V}) x V5). Under the assumptions of Lemma 4,
there exists at least one solution to (10) in CPD«([0,T), T>(V, @ W1) x (Vo @
W3)) on [0,T].

Ideally, we would apply just a fixed point theorem to W,. Unfortunately,
there are no fixed point theorem that we know we can apply here directly.
Nevertheless, by a trick, we are able to apply Schauder’s fixed point theorem.
The element (x, k) in C®D<([0, T], T?(V}) x V) is fixed.

We first define By to be the space of continuous maps (y, y*) from {0 <
s <t <T}into Wy & (W, ® V), such that forall 0 <s <t < T,

(1) Yst = Yot — Yo,s,
(i) Yo = U5t — Yos + Yo.s ® s,
1/2
(iii) |ys.| + y;g < Kw(s,t)"/? for a constant K.
The space Br is then clearly a vector space, and with the norm

105 = sup maxd il [
) Br 0<s<t<T w(s’t)l/p7 W(S,t)z/p ’

it is easy to see that By becomes a Banach space.
Let 7 be the canonical projection from G*(V; @ W) onto V; @ (W) ®
V1). Then, if z and z' are elements in CP*([0,T],T?(Vy & W1)) that both
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project onto x and such that n(z) =n(z'), then Yy (z, h, k) = U (Z, h, k).
Indeed, the multiplicative functional used to construct ¥ only uses m(z) and
k (this being true as (x,h) is given). One can then define ¥y from By x
C%([0, T), Wy) into C®D« ([0, T1], T*>(Vi @ W1) x (Vo ®Ws)), such that for all
z cCP+([0,T], T*(Vy & Wh)), Uy (n(z), k) = ¥(z, h, k). Moreover, working as
in Lemma 4, there exists Ry such that for all R > R, there exists 0 < T} < T,
such that the projection of Wy, onto By, x C9¥([0,T1], Ws) sends the ball
of radius R (for ||.|| BT1> into itself. If the spaces W; and W, are of finite
dimension, then this ball is compact. By Schauder’s fixed point theorem,
there exists an element ((y,4*), k) such that the projection of U, ((y,y"), k)
onto BxC4([0,T], W) is equal to ((y, "), k). In other words, U1, ((y,y"), k)
is a solution (up to time 77) of our rough differential equation. The solution
up to time 7' is then obtained by concatenation, as in [LQ02]. i

4.3 Uniqueness and Continuity

The signal (x,h) in CPD«([0,T], T?(V;) x V3) is once again fixed. We fix
stronger assumptions on the differential forms we integrate, and we can then
prove the existence of a solution to (8) using a contraction fixed point theo-
rem, which allows to drop the hypotheses of the finiteness of the dimensions
of Wi and Wj. A continuity result with respect to the path (x,h) is also
deduced.

Lemma 5. We assume that A is a linear map from Vi into Lip((vy, k), W1 @&
Wy — Wh)-functions with
qgp+p—q

p 7

and that B is a linear map from Vy into Lip((«, B), W1 ®Wy — Wy)-functions
with

v >pand Kk >

_|_ —_
a>wandﬁ>q.

Then, for all R > 0, there exists Ty > 0 such that Y, restricted to B((;’q]l){%TQ (0, R)

s a contraction of parameter %

Proof. We fix a R > 0, some time T3 € [0,7] (to be determined later) and
two elements (z, k, k) and (Z, h, k) in B((;’qh))’w%(07 R), and we define

€= d(PvQ)M,TQ((/Z\? h7 %)7 (Z7 h7 k))

We denote by K*(T3) some functions of time 75 (which might depend on
Al Lips 1By w(0,T), R, p, ¢, 7, £, B), which decrease to 0 when T3 goes
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to 0.
We recall that

t t
W, (2, B k) s — (/ Fa(z, ko), | FB(zu,k;u)dhu>,

We will write y (resp. ) for the path which is the projection of z (resp. z)
onto Wj.

E;,t = Fa(ys, kS)Z;,t + dLOFA(ym kS)Zi,m
E?,t = (Fa(ys, ks) @ Fa(ys, ks»zi,t’
is the almost multiplicative functional used to construct [ Fa(z,, k. )dz,, and

we define similarly E&t to be the almost multiplicative functional used to
construct [ Fa(zy, ky,)dz,. By Lemma 3, for all 0 < s <t < u < Ty,

|(E51,u - Eslt Etlu) (Esl,u - E‘;,t - E’tl,u)| S KZ‘:(U(S, U’)ea
’(ESZu — (Bsy ® Eyu)?) — (Egu - (ES,t ® Etu)2)| < Kew(s, u)g.

Taking 1 < 6 = ITJFQ < 0, we see that we can write

|(Esl,u - Esl,t - Etl,u) - (Esl,u - E;,t - Etl,u)| KI(T2)€(,U(8, u)e(l?))

(B2, = (Bor © Eo)’) = (B2, — (Byy ® Eru)?)| < K (Th)ew(s,u)’(14)

IA

Moreover, E;; = Fa(ys, ks)xy, + d"°Fa(ys, ks)z2,. Hence

BL = L < [Falyks) = FalG k)] - x), (15)
Hd" O Fa(ys, ko)z2, — d"°Fa(5s, k)72,
+|d1’OFA(37Sa ES)<Z§¢ - 2§t>|

We therefore see that

BL = Bl < [Py, R2emax {w(0, T5)"/7, w(0, T2) Y} w(s, )7
+ 11 F N i R?c max {w((] To)YP w(0, Ty) Y } (s,t)%P

+ (| Fllyp Roew(s, )*7

K2(Ty)ew(s, t)'/7.

IN

Similarly, R
B2, — E2,| < K3 (Th)ew(s,t)'/?. (16)
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From inequalities (13)—(16), and Theorem 6 in the appendix, we obtain that

dp,w,Tg </ FA(2u7 %u)d/z\uv / FA(Zua ku)dzu> S K4(T2)d(p,q),w,T2((/Z\7 h7 %)a (Za h; k))

An analogous argument shows that

dp,w,Tg (/ FB(ZM /k\;u>d?lU7 / FB(Zu; ku)dhu> < K5(T2)d(p,q),w,T2((/Z\7 h7 7{\)7 (Za h7 k))
This implies that
dip.g) o1V, (2, by k), Uy (2, b, k) < KO(Ty)d gy o (2, b, ), (2, h, k).

In particular, taking 75 > 0 small enough, we obtain that
P 1 -
d(PvQ),w,T2<\IIT2 (Z7 h7 k)v \IITz (Zv h7 k)) < id(P7(I)vw7T2((Z> h7 k)v <Z> h? k))

This proves the Lemma. i

Theorem 2. Let (x,h) in CPD«([0,Ty], T*(V}) x V3). We assume that A
is a linear map from Vi into Lip((vy, k), W1 & Wy — W1)-functions with

gp+p—q

v >p, and K >
p

and that B is a linear map from Vy into Lip((«, 5), W1 ®Wy — Wy)-functions
with

_|_ —_
a>wandﬁ>q.

Then, there exists a unique solution to (10) in CPD« ([0, T], T?(Vy @ W) x
(Vo & Wh)). We denote by 14 g(x,h) this solution.

Proof. We have already seen the existence!. If (z, h, k) and (Z, h, k) are two
solutions, then we have that for T, small enough,

. 1 L
d(p,q),w,T2(<Z7 h7 k)a (Z7 h7 k)) < d(p,q),w,T<<Z7 h‘7 k)? (Z7 h? k))a

=2

i.e. (Z,h,k) = (2, h, k) up to time Ty. We obtain uniqueness over the whole
interval by, once again, concatenation. |

!'Note that the extra smoothness assumption is a trivial corollary of the previous lemma
and the contraction fixed point theorem.
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Theorem 3. Under the assumptions of Lemma 5, the map

CPDL(0,Ty], TH(Vi) x Vo) — C@D<((0,T], T*(V; @ W1) x (Vo © Wa))
(x,h) — Iap(x,h)

18 continuous.

Proof. Let (zo, h, ko)st = (Xaz, hsg,0) be in CPD< ([0, T), T (Vi W;) x (Vo ®
W3)). We define a Picard iteration by:

(Zn—l—la h7 kn+1) = qu(Zna h, kn)
- \IJ;“(n+1) (Z07 h7 kO)

By Lemma 4, there exists R such that for all n > 0,

H (ZTL) h’a kn)”(p,q),w,T S R.

Then, by Lemma 5, there exists 0 < T, < T' such that

Aip.g)w 1 (La,B(X, ), (Zn, by kn)) < 27" ) 0 (21, 1, k1), (20, Ry ko).

Moreover, for all n, the map W7lis continuous, being the composition of
n continuous (and even locally Lipschitz) functions. Hence, by a 3e-type
argument, we obtain the continuity of the map I g. |

4.4 A Corollary

A special case of the above is the following corollary.

Corollary 1. We fit p > 1 and € > 0. Let Ay be a linear map from V
into Lip(p + &, W — W) functions, and Ay a Lip(1 + e, W — W) function
from W into itself. Given a V -valued smooth path x, consider the differential
equation

dyr = Ao(ye)dt + A1 (yr)dxy.

Then the map Iag.a,) @ © — (x,y) extends uniquely to a continuous map
from (CP([0, T, T2(V)), || - lpur) imto (C7([0,T), T2(V & W), | - llpwr),
whenever the w(s,t) > K(t — s), i.e. if the 1-variation of the map t — t is
controlled by w.
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5 General 1to6 Formula

5.1 p-Rough Paths as a Pair of Geometric Rough Paths

We start with a simple result on T%(V'), which will lead us see that non-
geometric rough paths can be interpreted as a pair of geometric ones. Obvi-
ously, (Sym(V®?),+) is a group (a commutative one) and is a subgroup of
T?*(V). In this Section, we assume only that p > 2, but this result concerns
only paths with values in 7%(V), which is then not sufficient to consider
integrating differential forms if p > 3.

Proposition 7. Let

T GA(V) x Sym(V®?2) — T2(V)
(gw) — g+w=gRuw,

T, :T*(V) — G*V)
(v1,v9) — exp(v1 + Anti(vs)),

and

Ty : T?(V) — Sym(V®?)
1
(v1,v9) — Sym(vy) — Jur
Then Y1 is a group isomorphism from the product group G*(V') x Sym(V ®?)
onto T*(V'), with inverse given by (Y1,Ys). Moreover, || - | and ||T1(-)|] +
IT5(:)|/? are equivalent homogeneous norm on T*(V).

Proof. First note that Sym(V®?) is actually a subgroup of the center of
T?(V). Therefore,

T (1 ® g, w1 +w2)) = g1 g2 @wy @wy
= 01 QW & ge @ ws
T (g1, w1) @ Y7 (go, w2),
which proves that T~! is a group homomorphism. It is easy to check that
T 1o (T, Ty) (resp. (Y1, Ts) o Y1) is the identity map of T?(V) (resp.
G*(V) x Sym(V®?)). Finally, observing that for all g € T*(V), g = T1(9) ®
T5(g), we see that
lgll < [T(g)ll + T2(g)]

= Tl + I T2(g)]
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For vy € V®2 our symmetry assumption on | - | tells us that there exists ¢
such that
[v2] < [Sym(v2)] + [Anti(vy)] < cfvg].

In particular,

1
2

1
HTz(Ul,UZ)HZ = Sym(v2)—§v{@2

IN

1 1
|Sym(va)] + 5 vi|* < elva| + 3 v |
< d[(v1,v2)|
Similarly,

|71 (v, v2) || < € [[(v1, v2)]] 4

which ends up the proof of equivalence of homogeneous norm. |

This immediately gives a one-to-one correspondence between C*¥**([0, T'], T2(V'))
and the product space CPV¥ ([0, T, G2(V)) x CP/*var ([0, T], Sym(V ®?)).

Corollary 2. Let x € CP*([0,T],T*(V)), i.e. x is a p-rough path controlled
by w. Then,

Ti(x):[0,1] — G*(V)

t — Ti(xy),
belongs to CP+([0,T], G*(V)), i.e. is a weak geometric p-rough path, and

Ty(x):[0,1] — Sym(V*?)
t — Tg(Xt>

belongs to CP/%< ([0, T], Sym(V®2)), i.e. is a weak geometric p/2-rough path.
Reciprocally, if (y,) € CP<([0,T],G*(V)) x CP/?>%([0, T], Sym(V®?)) then
x; =y + U = Ty, 0y) € CP([0,T],T%(V)), i.e. it is a p-rough path
controlled by w.

The rough path T;(x) is the geometric rough path constructed from the
area of x (that is the antisymmetric part of x?). We therefore see that we can
identify C*¥2* ([0, T, T%(V)) with CP¥ ([0, T], GZ(V))x CP/>¥2* ([0, T], Sym(V ©?))
thanks to the map

x —(T1(x),To(x)).

In other words, we have establish a bijection between p-rough paths and weak
geometric (p, p/2)-rough paths.
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Ezxample 4. We are given a V-valued semi-martingale M, with quadratic
variation process (M, M) (seen as a path of bounded variation with values in
VeV) Let II" = {0 <t} <--- <t} < T} be a deterministic subdivision
of [0,T], with sup(t}y; —t) —— 0. For any A € [0,1] and any ¢ € [0, 77,
we set

t . .

ist th <t

whenever the the limit (in probability) exists. When the parameter A\ = 1,
we obtain It6’s integral, for A = % the Stratonovich’s integral and finally for
A = 0, the backward Ito’s integral.

It is classical that whenever f is a C* one-form,

/ M,)dyM, — / M,)dy oM, + <—>\) / df (My)dy s (M, M), (17)

We define the A-lift of M to a p-rough path:
t
M — (Mt,/ (M, — My) @ dAM,) .
0

We will use the notation M;/? = M5t and M! = M. The p-rough
path MU is a geometric one, but for all A € [0, 1]\ {%}, M, is not a
geometric p-rough path, but just a p-rough path (2 < p < 3). Moreover, by
equation (17), it is easy to see that, a.s., for all A € [0, 1],

TI(MA) — 1\/[Stran;7
ToMP) = (;—A) (M, M)

5.2 Ito’s Formula

The following generalised It6 formula described how to related the integration
of one-form along a p-rough path x and along its associated geometric p-rough
path. In particular, it relates the integration along M™® and MStat je. is
a generalisation of Ito’s formula. Such a generalisation at the level of rough
paths already appeared in [LQ96, LQO2]. The following form of It6’s formula
at the level of rough path seems to the authors clearer.

Theorem 4. Let x in C?*([0,T],T*(V)), and f a Lip(y—1,V — L(V,W))
one-form, with v > p and p € [2,3). We define the one-forms

fi:VeSym(V®) — LV @ Sym(V®), W)
(v1,v2) — ((dvr,dva) — (f(v1)dvy + df (v1)dvz))
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and
f2: V@ Sym(V®) — L(V @ Sym(V®?), Sym(W®?))
(v1,v2) —  ((dvy,dve) — (f(v1) @ f(v1))dvs).

Then, [ f(z)dx belongs to CP*([0,T], T*(W)) and it decomposes into an ele-
ment of CP<([0,T],G*(W)) x CP/2<([0, T], Sym(V®2)) in the following way:

T ([ f@)x) = [ AT (0. T2, (18)
T, ( / f(x)dx) = [ B@)dts(x). (19)

Such integrals make sense by the result of the first section.

Proof. The rough path [ f(z)dx is the p-rough path associated to the almost
multiplicative functional

Z;,t = f(xS)Xi,t + df(xS)Xg,n
Z?,t = f(zs) ® f(xs)xg,t'

In particular, we obtain that Y, ([ f(z)dx) is the p-geometric rough path
associated to almost multiplicative functional Yq(z,), with

Ti(zse)' = flas)xe, +df(z)x, = fz)xg, + df (2)T1(xs0)* + df (2) To(xs)

Frl(zs,t)2 = f(xs) X f(xs)Tl(Xs,t)2~

As this is precisely the almost multiplicative that we use to construct [ fi(x)d(T;(x),Ta(x)),
we obtain Equation (18). The rough path Yo ([ f(z)dx) is the p/2-rough path

associated to

To(2e1) = f(ﬂfs)®f’(fﬂs)sym(Xit)—;(f(fﬁs)®f(ffﬁs))(Xi,t)@2

_;(f('rs) ® df(xs))xi,’t ® Xi,t - ;(dﬂ%) ® f(l’s))Xit ® Xi,t
() @ df ()2 © %,
= () ® F) o) — () @ df (), ©

() © df (), © X2 — (A () @ ()}, @,

As
df (z5) ® df (xs) Xg,t ® Xg,t + [ (@) ® df () X;,t @ Xit

+ df(xs) ® f(x8> Xit ® Xi,t S Kw(s, t>3/p7 (20)
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with 3/p > 1, we see that the rough path associated to the almost multiplica-
tive functional Y5(zs,) and the one associated to the almost multiplicative
functional f(zs) ® f(xs)Y2(xs:) are the same. The first one is Yo [ f(x)dx),
while the second one is [ fo(x)dYo(x). i

We come back to our Example 4, using the same notations.

Example 5. From the very early development of the rough paths theory
[Sip93], it is known that the rough path mtegral I3 f(M,)dM/? corresponds
at the first level to the Stratonovich integral [I f(M,) o dM, for Holder con-
tinuous martingales. This is usually seen as a consequence of the Wong-Zakai
theorem. This result is also true for all continuous martingales [CL05]. By
Formula (18) projected onto the first level in the first line, the identification
of Stratonovich integration and rough path integration with respect to MStrat
in the second line, and equation (17) in the third line, we obtain that, when

f is a C'* one-form
(romme) — (froume) +(2-3) faouor
= [ f(ayoam, + (2 —A)/df(Ms)d (M, M),

:/fMdM

We have therefore proved that the stochastic d) integration corresponds to
the rough path integration along M*.

Example 6. Let g : V — W a C?*¢ function. Then, looking only at the
W-component of Equation (18) with f = dg, we obtain

g(M,) — ( / dg(M M”O) / d2g(M,)d (M, M),

which is precisely It6’s formula. Equation (19) reads in this semi-martingale
context

(] o) (] samo=)) = [ sonyas o,

which is the well known formula to compute the quadratic variation of an Ito
integral.
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5.3 Approximation of Non-Geometric Rough Paths by
Smooth Paths

The following is a straightforward consequence of the identification of the
space of p-rough path with the space of weak geometric (p, p/2)-rough paths,
and of Theorem 16 in [FV04].

Theorem 5. The rough path'y belongs to CP™**([0,T],T*(V)) with p > 1 if
and only if there exists a sequence of infinitely differentiable V -valued paths

y1(n) and Sym(V®?%)-valued path y,(n) such that

(i) the p-variation of the canonical lift y1(n) of yi(n) to a G*(V)-valued path

and the p/2-variation of y2(n)) are uniformly bounded in n.

(ii) y1(n) converges pointwise to T1(y) and yz(n) converges pointwise to Yo(y).

Note that (i) and (ii) is actually equivalent to the fact that the p-variation
of Y71 (y1(n),y2(n)) is uniformly bounded, and that YT!(y;(n),y2(n)) con-
verges pointwise to y. Moreover, this implies that for all ¢ > p, T (y1(n),y2(n))
converges in the g-variation metric to y.

Moreover, by the continuity of the integration of a one-form, if f is a
Lip(y — 1,V — L(V,W)) one-form with v > p, then

[ £ )d T (v (n), ya(m)

converges in the g-variation metric to [ f(y!)dy,. Note that the above inte-
gral is a Riemann integral, but involves f and its differential df. A similar
continuity statements obviously holds for differential equations.

Remark 1. Define COPv2r ([0, T], T?(V)) to be the set of elements Y in CPVa ([0, T, T*(V))
such that there exists a sequence of infinitely differentiable V-valued paths
y1(n) and Sym(V®?)-valued path y;(n) satisfying
(i) the canonical lift of y;(n) to a G*(V)-valued path converges in the p-
variation metric to T1(Y).
(ii) y2(n) converges in the p/2-variation metric to To(Y).
Then, COPv21([0, T], T%*(V)) is a closed subset of C*¥* ([0, T],T*(V')), and
it is a Polish space [FV04]. Elements of C%Pv?*([0, T'|, T?*(V')) which take their
values in G*(V) form precisely the set of geometric p-rough paths (in V).

A Appendix

Theorem 6. Let X,Y be two almost rough paths of roughness p in TPI(V),
both controlled by a given w, i.e. for all0 <s<t<u<T,i=1,---,|p],

max{](Xss ® Xew)' = Xoul [(Yor ® Vi)' = Yiu[} < Mw(s,w)’,
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for some constant My, My >0 and 0 > 1. We assume moreover that for all
O<s<t<u<T,i=1,---,|pl,

|X§,t - }/;z,t‘ < 8&)(8, t)i/pv
[(Xor ® Xp)' = X1) = ((Yor @ Vi)' = Vi )| < ew(s,u)’.

Let X and Y the rough paths associated to X and Y. Then, there exists a
constant K depending only on 0,p, || X ||pw, |Y |lgw, M,w(0,T) such that

|§(\;t - }A/szt| < KEW(S7t)i/p7
foralli=1,--- |p] and 0 <s<t<T.

Proof. The proof is just as in theorem 3.2.1 in [LQ02]. i
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