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Abstract: Hoang-Reed conjecture asserts that every digraph D has a collection C of circuits
Cy,...,Cs+, where 07 is the minimum outdegree of D, such that the circuits of C have a
forest-like structure. Formally, |[V(C;) N (V(C1)U...UV(Ci—1))| <1, foralli=2,...,6".
We verify this conjecture for the class of tournaments.
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La conjecture de Hoang-Reed est vraie pour les tournois

Résumé : La conjecture de Hoang-Reed dit que chaque digraphe D admet une collection
C de circuits C1, ..., Cs+, ot 0T est le degré sortant minimum de D, telle que les circuits de
C ont structure de forét. Formellement, |V(C;) N (V(Cy) U...UV(Ci—1))| < 1, pour tout
i=2,...,0". Nous vérifions cette conjecture pour la classe des tournois.

Mots-clés : tournoi, structure de forét, circuit
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1 Introduction.

One of the most celebrated problems concerning digraphs is the Caccetta-Haggkvist conjec-
ture (see [1]) asserting that every digraph D on n vertices and with minimum outdegree n/k
has a circuit of length at most k. Little is known about this problem, and, more generally,
questions concerning digraphs and involving the minimum outdegree tend to be intractable.
As a consequence, many open problems flourished in this area, see [4] for a survey. The
Hoang-Reed conjecture [3] is one of these.

A circuit-tree is either a singleton or consists of a set of circuits Cj,...,C) such that
[V(C)N(V(C1)U...UV(Ci—1))| = 1foralli =2,..., k, where V(C}) is the set of vertices of
Cj. A less explicit, yet concise, definition is simply that a circuit-tree is a digraph in which
there exists a unique xy-directed path for every distinct vertices x and y. A vertex-disjoint
union of circuit-trees is a circuit-forest. When all circuits have length three, we speak of a
triangle-tree. For short, a k-circuit-forest is a circuit-forest consisting of k circuits.

Conjecture 1 (Hoang and Reed [3]) Fvery digraph has a 87 -circuit-forest.

This conjecture is not even known to be true for 6T = 3. In the case §7 = 2, C.
Thomassen proved in [5] that every digraph with minimum outdegree two has two circuits
intersecting on a vertex (i.e. contains a circuit-tree with two circuits). The motivation
of the Hoang-Reed conjecture is that it would imply the Caccetta-Haggkvist conjecture,
as the reader can easily check. Our goal in this paper is to show Conjecture [l for the
class of tournaments, i.e. orientations of complete graphs. Since this class is notoriously
much simpler than general digraphs, our result is by no means a first step toward a better
understanding of the problem. However, it gives a little bit of insight in the triangle-structure
of a tournament 7', that is the 3-uniform hypergraph on vertex set V' which edges are the
3-circuits of T

Indeed, if a tournament T has a §T-circuit-forest, by the fact that every circuit contains
a directed triangle, T’ also has a d*-triangle-forest. Observe that a JT-triangle-forest spans
exactly 20T + ¢ vertices, where ¢ is the number of connected components of the triangle-
forest. When T is a regular tournament with outdegree %, hence with 267 + 1 vertices,
a dT-triangle-forest of T is necessarily a spanning §'-triangle-tree. The main result of this
paper establish the existence of such a tree for every tournament.

Theorem 1 Every tournament has a 6 -triangle-tree.

2 Components in bipartite graphs.

We first need two lemmas in order to get lower bounds on the largest component of a
bipartite graph in terms of the number of edges.

Lemma 1 Let k > 1 and let ay,a9,...,ai and by, ba, ..., bx be two sequences of positive
reals. Let A = Z?Zl a; and B = 25:1 bj. If Zle ab; = ATB + q, where q¢ > 0, then there
is an i such that a; + b; > A"’TB +2q.
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4 Havet, Thomassé & Yeo

Proof. If £ = 1, then the lemma follows immediately as ¢ = ATB and A+ B > A%B +VAB.
So assume that k > 1. Without loss of generality, we may assume that (a1,b1) > (az,bs) >
. > (ag, by) in the lexicographical order. Let r be the minimum value such that b, > b; for
all i =1,2,...,r. Note that a; > |A|/2, since otherwise Zle a;b; < Zle Ab;/2 = AB/2.
Analogously b, > |B|/2. Define o’ and b so that a; = A/2+a' and b, = B/2+ V.
If r # 1, then the following holds:

Zf:l ab; < aiby + Zfzg a;by
< a1(B—=b)+(A—a1)b,
= A+a)(E-H)+ (R a)E+b)
= 4B oy
< AB

2

As ¢ > 0, this implies we have equality everywhere above, which means that by = B —b,..
As B = by +b,, we must have k = 2. As there was equality everywhere above we have b’ = 0
or ¢’ = 0 which implies that a; = as = A/2 or by = by = B/2. In both cases we would have
r = 1, a contradiction.

Suppose now that » = 1. Then

AB A B A B
—4qg<abh+(A—a)(B-b)=(5+d)(5+V)+ (5 —d) (5 —b)
2 2 2 2 2
This implies that ¢ < 2a’t’. The minimum value of a’ + b’ is obtained when o’ = b’ =
v/q/2. Therefore the minimum value of a; 4+ by is A/2+ B/2 + 24/¢/2. This completes the
proof of the lemma. |

Corollary 1 Let G be a bipartite graph with partite sets A and B. If |E(G)| = % +q,
where ¢ > 0, then there is a connected component in G of size at least |V (G)|/2 + /2q.

Proof. Let Q1,Q2,...,Q be the connected components of G. Let a; = |A N Q;| and
b; =|BNQ;| for all i =1,2,..., k. We note that Zle a;b; > % +¢q. By Lemma we
have a; + b; > A“LTB + +/2q for some i. This completes the proof. |

Lemma 2 Let T be a triangle-tree in a digraph D, and let X C V(T) and Y C V(T) be
such that | X|+ Y| > |V(T)| + 2. Then there exists a triangle C in T such that the three
disjoint triangle-trees in T — E(C) can be named T1,Ta,T5 such that Y intersects both Ty
and Ty and X intersects both Ty and Tj.

Proof. We show this by induction. As |X|+ Y| > |V(T)| + 2, we note that T contains at
least one triangle. If T only contains one triangle then the lemma holds as either X or Y
equals V(T'), and the other has at least two vertices. Assume now that the lemma holds for
all smaller triangle-trees and that T" contains at least two triangles. Let T' = Ty U C, where
C is a triangle and T; is a triangle-tree. If | X NT1|+ |Y NTy| > |V(T1)] + 2, then we are
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done by induction. So assume that this is not the case. As |V (T1)| = |[V(T)| — 2 this implies
that [X \ V/(T})| + Y \ V(T})| > 3.

Without loss of generality assume that | X \ V(T1)| > 2 and |Y \ V(T1)| > 1. Let Ty
be the singleton-tree consisting of a vertex in Y \ V(T1) and let T3 be the singleton-tree
X\ (V(T1) UV (T3)). Note that T — E(C) consists of the triangle-trees T1, T and T3. By
definition, X intersects both Ty and T3 and Y intersects T5. If Y also intersects T3, we have
our conclusion. If not, since |X| + Y| > |V(T)| + 2, we have Y = To UT5 and X = V(T),
and free to rename 17,715, T3, we have our conclusion. |

3 Proof of Theorem [1l

We will need the following result:

Theorem 2 (Guo and Volkmann [2]) Let D be a strong p-partite tournament. For every
partite set V; in D there exists a vertex x € V; which belongs to a k-cycle for all 3 < k <p.

Now, we assume that D is a strong tournament as otherwise we just consider the terminal
strong component. Let T' be a maximum size triangle-tree in D, and assume for the sake of
contradiction that |V (T)| < 267 (D) +1. Let DMT be the multipartite tournament obtained
from D by deleting all the arcs with both endpoints in V(7). Let V1, Va, ...,V be the partite
sets in DMT such that V3 = V(T) and |V;| = 1 for all i > 1.

Let Q1,Q2, ..., Qx be a partition of V(DMT) such that each Q; induces an independent
set or a strong component and there are no arcs from @Q; to @; for all j > i (such a
partition exists as we may take a topological ordering of its strong components and merge
neighbouring components as long as there are no arcs between them). Furthermore assume
that if @); is an independent set then it is maximum possible. This implies that there is an
arc from Q; to Q;41 foralli=1,2,... . k— 1.

If there is a Q; with Q;NV; # 0 and Q; € V; then we obtain the following contradiction.
Note that at least three partite sets intersect Q; as DMT(Q;) would not be strong if there
were only two partite sets since |V;| = 1 for all ¢ > 1. By Theorem [2| there is a 3-circuit in
DMT{(Q;) containing exactly one vertex from V. This contradicts the maximality of T'. So
every set (); is either a subset of V; or is disjoint from V;.

Note that Q1 U Qr C Vi, as otherwise D would not be strong. Let D’ = D(V;). If
there is a vertex = € Qj, with dj, (z) < %, then dj,(z) < %, which implies that
\V(T)| > 267(D) + 1, a contradiction. So d},, (z) > MEL for all # € Qy, as [V is odd.

Let GG denote the bipartite graph with partite sets @ and Vi — Qg, and with E(G;) =
{uv | u € Qp, v € V1 — Qg, uv € A(D)}. Note that the following now holds by the above.

@0 < ¥ apw = (97) 1z )
uEQk

This implies that |E(Gp)| > w + |Qk|, which by Lemma [1|implies that there
is a connected component in Gy of size at least |V1|/2 + 1/2[Qx| > |Vi1]/2 + V2. As the size
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6 Havet, Thomassé & Yeo

of the maximum component in G is an integer it is at least |V1|/2 + 3/2. Two cases can
NOW OCCUr:

o If |Qr—1] > 1 or Qr—2 € V1 (or both). If [Qx—1| > 1 then let Z = {21, 22} be any two
distinct vertices in QQx_1 otherwise let Z be any two distinct vertices in Qr—1 U Qg—o.
By the definition of the @;’s we note that Z N V; = @ and there are all arcs from
(Vi — Q) to Z and from Z to Q. We let X =Y be the vertices of a connected
component in Gy of size at least (|V1|+ 3)/2 and use Lemma[2)to find a triangle C' in
T, such that the three disjoint triangle-trees, Ty, Tz and T3, of T — E(C) all intersect
X (as X =Y). As X are the vertices of a connected component in G; there are edges,
u1v1 and usvs, from G1 such that the following holds. The edge u;v; connects T35 and
T;, where j € {1,2} and ugvs connects T5_; and T; U T3. Without loss of generality
assume that uy,us € Qx and vy,v2 € Vi — Qk. Now T — E(C) U vy z1uiv; Uvezousvg
is a triangle-tree in D with more triangles than 7', a contradiction.

o If |Qr_1] =1 and Qr_2 C Vi. Note that k& > 3, as otherwise |V(D)\ V(T)| =1
and we would be done. This implies that & > 4 as @1 C Vi, which implies that
Q2 € V1. Now let Qr—1 = {21} and let 25 € Qr_3 be arbitrary. Let G5 denote
the bipartite graph with partite sets A = Qr U Qx_2 and B = V; — A, and with
E(Gy) = {uv |u € A, v € B, wv € A(D)}. Recall that d}, (z) > % for all
T € Q. Analogously we get that d}, (y) > % —1forally € Qr—2 (as |Qr—1] = 1).
This implies the following.

AL o, < S <A)+|E<G2> @)

u€A

This implies that |E(G2)| > W + |A| — |Qk—2]|, which by Corollary 1| implies
that there is a connected component in Gy of size at least |V1|/2 + 1/2|Qxl, as |A| —
|Qr—2] = |Qk|- Note that |Qx| > 1, as otherwise the vertex in Qj—_; only has out-
degree one, and we would be done. Therefore there is a connected component in Go
of size at least |V1|/2 + 2.

Let X be the vertices of a connected component in Gy of size at least |V1]/2 + 3/2
and let Y be the vertices in a connected component of Gy of size at least |V1]/2 + 2.
Now use Lemma [2] to find a triangle C' in T, such that the three disjoint triangle-
trees, T1, Ty and T3, of T — E(C) have the following property. The set Y intersects
T, and Ty and the set X intersects 7o and T3. Due to the definition of X and Y
there exists edges, ujv; € E(G1) and ugvy € E(G2), such that the following holds.
The edge uqv1 connects T3 and Tj, where j € {1,2} and usve connects T5_; and
T;UT3. Without loss of generality assume that ui,us € Qj, and vi,v2 € Vi —Qj. Now
T — E(C) Uvrz1uivy Uvazousvs is a triangle-tree in D with more triangles than T, a
contradiction. This completes the proof.

INRIA
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