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N × N

�Mmwikip[1f
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§¨jpotW
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mwo"m

(u, v)
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Du,v
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Du,v =
1

N2

N
∑

i=1

N
∑
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Particles density

u

i

Subspace
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Diagnostic
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= {DuL+k,vL+l}

§¨jpotW
(k, l) ∈ [1, SL]

mwq!f
(uL, vL) ∈ [1, N − SL + 1].
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SL

Height map
Average density
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(2) Visualization support

(4)

(5)

(1) Interval defined by the lens

(3)
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(3) Average value

(1) Position inside the subspace

(2) Selectioned value
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644

dS�x[M{
40
otjkZ�[\lzot[&�:l&r®§¨WYj ��WÇ{n[&�Y{n[Mlt[&q6o�l

128
`Ç¸E£±d3{�mFlzjkqY�xik[vfYjkmx�xqYd6lIonjk�x

V
dÅlzjkZ\�YikjÌ£±y¹otWY[e�:mw{�mwZ\[�on[&{njp¯1mSotjkdxq¹dw£�otWY[Ç�&dxZ\�Y{n[Mlnlzjkdxq'rP§�[Çmwik§�m;yglv«Y¢©onWY[eonWY{t[M[�otWY{n[MltWYdxi fYl\ond�otWY[8lnmwZ\[ �SmwikuY[
¶
ε0 = ε1 = ε2 = ε

»� 6>¢g�G[&{njpZ\[&q6o�mwikipy3r
§�[\dx�!lt[&{n�x[�otW:mSo�otW![¬{t[1lzuYipotjkqY�Çmx�!lzd3ipuYot[\[&{n{td3{"{t[MZ\mxjpq:l"ip[1ltl"onW!mwq�onWY[
ε
§�[

«Y¢g[1f�£±d3{�otWY[��&dxZ\�Y{n[Mlnlzjkdxq'
V�WY[��Y{n[�°³�Y{tdg�&[MlnlzjkqY��lIon[&�¬o�mw¿3[MlKmx�:d3ugo

2− 3
l�otd���d3Z��!{t[1ltlKm�lzjkqY�xik[_fgj mw�3qYd3lzotj ��£±d3{µm��!mx{zonjk�&uYi mw{P�!{tdx~I[M�Èonjpd3qsr3ltd�onWY[

§¨WYd3ip[�ltjkZ�uYi mSonjpd3qF��d3Z\�Y{t[1ltltjkdxqF�Mmwq �G["�&dxZ\�Yugon[Mf�jkq�ik[Mlnl�otW:mwq
6
Z\jkq�£±d3{�otWY["£±d3uY{Ufgj�/G[M{t[Mq3oU�!{tdx~I[M�Èonjpd3q!lM

�Éq�Æ�jk�xuY{n[��1��m��&dxZ\�Y{n[Mlnlzjkdxq\{�mSotjkd��3{t[1mSot[M{>otW:mwq
90 � jklµdx�go�mwjkqY[Mf\[M�x[Mq¬£±dx{µ�x[&{ny�ipdS§º[&{n{ndx{>ondxik[&{�mwq!�&[Ml_¶ ε = 10−8

»�
V�WY[v{t[1lzu!iÌonjpqY�Flzjk¯&[vdw£Km�ltjpq!�xik[�fgj mw�xq!d3lzotj �"jkl��:[&oI§µ[M[&q

3
`Ç¸ ¶

ε = 1
»Umwq!f

11
`Ç¸ ¶

ε = 10−8
»Èr/§¨WYj ��We[&q!mx�Yip[1l¨ond�ikd3mxf

�G[�oI§�[&[Mq¡{n[Mlt�:[1�Èonjp�3[&iky
5
mxq!f

25
onjpZ\[¬lIon[&�!l"�G[&{�lt[M�&dxq!f¡mx�&�&dx{�fgjkqY�¦ond m

50
`Ç¸��Sl�W!mw{�f8fgj lt¿Ç�!mwq:fg§¨jkfgotWs\V�WY[�otjkZ\[

lt�:[Mq6o¨otd¦fg[1��dxZ\�Y{n[MlnlµotWY[�u!qYjÌ«:[Mf fgj �Èotjkdxq:mw{ny¬jklUmwo¨Z�d6lIo
11− 12µs

¶
ε = 10−8

»È
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Æ�jk�xuY{n[e�M�)4��µdxZ\�Y{n[Mlnlzjkdxq�{�mSotjkdÇmwq:f�ltjk¯&[¦dx£�mÇltjkqY�xik[¦fgj mw�xq!d3lzotj �vjkqÅ`Ç¸ mS£¾on[&{��&dxZ\�Y{n[Mlnlzjkdxqªmx�M��dx{�fgjkqY��otd
ε
£±dx{�onWY[

jkq6ot[&�3{nmwotjkdxq�lz�!m3��[
(x, y)



�ÉqeÆ�jp�3uY{n[��3��§�[��Y{n[Mlt[&q6o�otWY["onjpZ\[�lt�:[Mq3oUjkq�otWY[�jkqQ�x[M{nlt[ ��mxmx{�ot{�mwq!lz£±dx{nZ £±dx{Ult[&�3[&{�mwi/{t[1lzd3ipuYotjkdxq!l�mx�M��d3{nfgjkqY�votd
ε


V�WYj l5onjpZ\[xrQ��d3q!lzonmwq6o5£±dx{KotWY[Ufgj�//[&{n[&q6o>otWY{n[MltWYd3ikfYlMrwj l>�G[�oI§�[&[&q
426µs

¶
64×64

{t[1lzd3ipuYotjkdxq:»�mwq:f
2µs

¶
4×4

{n[Mltdxikugotjkdxq:»�

Æ�jk�xuY{n[_�;�UltWYdS§UlsonWY[�Z¬mS¢gjpZ¬mxixonjpZ\[¨lz�G[&q6o�£±dx{5ikd3mxfYjpqY��lzu!�!lz�:mx��[1l
lt[&ik[M��ot[1f��Qy�m_ik[&q!l�dx£:lzjk¯&[
8×8

mwq!f�otWY[�Z¬mS¢gjkZ\mxi
onjpZ\[�lz�G[&q6o�otd��YuYjkikf¦otWY[�WY[Mjp�3W3o�Z¬mw�!lµjkq�onWY[��Mmxlt[_dx£'Z¬mS¢gjpZ¬mxi:{n[Mltdxikugotjkdxq¡¶

H′(Du,v)
{n[M�&dxq!lzot{nu!��otjkdxqF´EjkqQ�x[&{�lt[S�_m3mw{

on{nmxq!lI£±d3{tZ¦»�5V�W!["otWYjk{nf��Yikdwo�¶-lzuYZ dw£�otWY["oI§�dv«!{nlzo�»��&dx{n{t[1lz�Gdxq:fYlµotd�otWY["ondwo�mwi/otjkZ\[�lz�G[&q6oU§¨WY[Mq�otWY[�ik[&q!l�j l¨Z\dS�x[1f®

V
d���d3q!��iku!fg[3r:d3q!��[�otWY[��!{t[&°B�Y{ndg��[1ltltjpq!�\lzot[M�Çj l¨«!qYj ltWY[Mf®r/d3uY{UZ\[�onWYdgfe[&q!mx�Yik[MlUu:l¨otdF�Qjkltu!mwikjk¯&[�mSo�{t[1mwip°-onjpZ\[�{�mSon[Ml
onWY[Ç²w°ÉaÍfYmwonm

f(x, y, vx, vy)
�&dxZ\�Yugon[Mf �QyÅotW![Ç�Yi mxltZ\mªltjpZvuYi mSotjkdxq'Ë�

8 × 8
ip[Mq!l¬j l¦��d3q!lzj fg[M{t[1fÅ£±d3{¬£±{nmxZ\[&{�mSot[1l

[M�;mxipu:mSotjkdxq'5V�W![_{n[Mltdxikugotjkdxq\j lPWYjk�xW![Mlzo�¶
64× 64

»>mSoPotWY["��[Mq3on[&{1r3�3{nm3fgu!mxipikyvfg[1��{n[Mm3lzjkqY�"otdS§�mw{�fYl5onWY[_�Gdx{�fg[M{�¶
16× 16

»È
¼�[¨Z\[MmxltuY{n[Mf�otWY[�£±d3ipikdS§¨jkqY��£±{nmxZ�[M{nmwot[1l�4

15−20
£±�!l
§¨WY[MqvonWY[�otjkZ\[UlIon[&�\j l>��W!mwqY�3[Mf®r

15−20
£±�!l
§¨WY[MqvonWY[¨�Y{ndw~I[1�Èotjkdxq

lt�!mx�&["jklU��W:mwqY�3[Mf�mxq!f
25 − 34

£±�!l�§¨WY[Mq�otWY[�ik[&q!l�j l�Z\dS�x[1f®
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�M² �µÂ�� ��� �����8Â � �xÁ���Á��kÁ	��
KÂ��1��	�,���gÂ ���8Â�� �'����� �kÁ��
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lz�G[&q6o_jkq otWY[vjpqQ�3[&{�lz[Q�_m3mw{¨on{nmxq!lz£±dx{nZ £±dx{�lz[M�x[&{�mwi®{n[Mltdxikugonjpd3q!l
(64, 32, 16, 8, 4)

mx�&�&dx{�fgjkqY��otd
ε
£±dx{�otW![�jpq6ot[M�x{�mSonjpd3qFlt�!mx�&[

(x, y)
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V�WYj l"{n[&�Gdx{to��Y{ndx�Gd3lt[Ml�mwq¡dx{njp�3jpq!mxi'd3ugoz°³dw£¾°É��d3{t[�ot[M��W!qYjk|6uY[votdFonm3��¿Qip[votWY[\fgjp¥¦��uYipo��Y{td3�Yik[&ZÍdw£µ�6j ltu!mwikjp¯Mjpq!�F�3[&{ny�i mw{n�x[
{n[&�3uYikmx{"£±dxuY{t°ÉfgjpZ\[Mq!lzjkdxq:mwiKln�&mwi mw{"«:[&i fYl�[&�3dxik�QjpqY� §¨jpotWªonjpZ\[x V�WY[��&dx{n[¬��dxq6on{tjk�Yugonjpd3q�ikjk[Ml�jkqªotWY[�§�m;yeonWY[�fYmwonmemx{t[
{n[&�Y{n[Mlt[&q6on[Mf®rQ��d3Z��!{t[1ltlt[Mf¦mxq!f¬onWY[&qFWYjk[&{�mw{���WYjk�Mmwikipyv�Qjkltu!mwikjk¯&[Mf�u!ltjpqY��m�§�dx{ni fYlK§¨jpotWYjkq�§µd3{ti fYl>on[M��WYq!jk|6uY[\¶¾onW!mSo�jklMr!�;°Éa
ltuY�!lt�!mx�&[Ml�dxqÀ�;°Éa mw{n{nm;ygl�»È�V�W![�Z\[&otWYdgf¡jkl�ltjpZ\�Yik[¬mwq!f¡ltmwotj lI«:[Ml"§�[&iki
onWY[¬��{nu!��j mwi5{n[MmxiÌ°BotjkZ\[��&dxq!lzot{�mwjkq6o�jkq�lt�Yjpot[\dw£
onWY[���d3q3onjpqQuYd3u!l�ikd3mxf�£±{ndxZ onWY[�Z¬mxlnlI°ÉlIondx{�mw�3[_fg[&�Qj ��[3

¼�[��!mxlt[Mf�otWY[UÄw°³a �Qj lzu!mxipjk¯MmwotjkdxqvdxqvotWY[¨u!lt[�dw£/m�ik[&q:l&rwikdg�&mxipiky�[&q!mx�YikjpqY��onWY[�£±uYipi:fgjklt�Yi m;y�dw£/m�fYjklzot{njp�!ugotjkdxq�£±uYq!��otjkdxq
f(x, y, vx, vy)

�QyeZ\[Mmxq!l�dw£�WY[&jk�xW6o�«![&i fYlMvV�WYj l�ÄS°Éa �6j ltu!mwikjp¯1mSonjpd3qeotuY{nq!l"d3ugo�ond �:[\Z�u:��W8Z\dx{n[v[&¢g�Y{t[1ltltjk�x[�onW!mwqªm
�S°³a�d3qY[xrg§¨W!jk��W�§µd3uYi f�d3qYipyFu!lt[��S°³aEon[�¢Qotu!{t[1l�£±dx{�otW![�lzuY�:lz�!m3��[1l�jpq!lzot[1mxfFdw£5WY[&jk�xW6o¨Z¬mw�!lM

¼�[vltdxik�x[1f�otWY[�Z¬mS~Idx{��Y{ndx�Yik[&Z dw£Pfg[1mwikjpq!��§¨jpotWÇ�3[&{nyFi mw{n�x[�f!mSonm3lz[&onl_�6y jkZ\�Yip[MZ\[&q6otjkqY�FmxqÇ[�¥¦�&jp[Mq3o�WYjk[&{�mw{���WYjk�Mmwi
�&dxZ\�Y{n[Mlnlzjkdxq�ln��WY[&Z\[KmwikikdS§¨jpqY��u!lsotdUd3qYiky�ikd3m3f_onWY[KqY[1��[1ltlnmw{ny_fYmwonm�£±d3{sdxuY{ 3�£±dg��u!l5´Å�&dxq6ot[&¢Qo 9>�6j ltu!mwikjp¯1mSonjpd3qs'`ed3{t[MdS�x[&{
jpo¨¿x[&[M�!l�m�WYjk�xW�mx�M��uY{�mx�&y\fY[Mltjp{n[Mf¬�Qy¬�Yi mxltZ¬m�ln��jk[&q6otj lzonl�§¨WYd\mw{n[_u!ltu!mwikiky¬ipdQdx¿QjkqY��£±d3{��YW!mxlt[�lt�!m3��[�{t[M�xjkdxq!lP§¨WY[&{n[_onWY[
onWY[��!mx{zonjk�&ip[1l_fgj lzot{njp�YuYotjkdxqej lUikdS§�¨�Éq!fg[&[1f®r/lzZ¬mwiki'�:mw{totj ��ik[�fg[&q!ltjpotjk[Ml��&mwqeW:m;�x[�m¬i mw{n�x[�jkZ\�!mx��o_dxq onWY[�§¨WYd3ip[��Yikm3lzZ¬m
�G[&W!m;�Qjkdx{1

�ÉqvotWY[�qY[1mw{
£±ugotu!{t[3rxmwq!fv§¨jpotWvotWY[¨��d3q6otjkq6u!dxu!l
jpq:��{n[Mmxlt[�dw£:�&dxZ\�Yugo�mSotjkdxq:mwiQ�:dS§�[&{�jpo>ltWYd3uYikfv�G[µ�Gd3lnlzjk�Yik[�otd"��dxZ\�YuYot[
£±uYikiµ�w°³a lt[&Z\jp°³�
mw�3{nmxqY�xj mwqÇ�!ikm3lzZ¬m lzjkZ�u!ikmwotjkdxq!lM¦V�WY[Mlt[\§¨jpikiK{�mwj lz[¬mxq¡[M�x[&qªZ\dx{n[¬fgjp¥¬�&uYipo��Y{td3�Yik[&ZÊdx£�lzotd3{nmx�x[�mwq!f
�Qj lzu!mxipjk¯Mmwotjkdxqs�¼�[�mw{n[¬�Y{n[Mlt[&q6otiky¡lzonmx{zonjpqY� ondeonm3��¿Qip[\onWY[��Y{ndx�!ip[MZÊdw£Ufg[1mwikjpq!�e§¨jÌonWÅ[&�3[&qªZ\dx{n[¦fYmSo�mYr�jpqÅ�:mw{totj ��uYi mw{
u!ltjkqY�¦m��!mw{�mwikip[Mipjk¯Mmwotjkdxq¦dx£
onWY[���u!{t{n[&q6oUmwik�xd3{tjpotWYZ 
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�1� �µÂ�� ��� �����8Â � �xÁ���Á��kÁ	��
KÂ��1��	�,���gÂ ���8Â�� �'����� �kÁ��

� � �S�����¨)����¨�

0p��2���lzjkZ\dS�/ V�W![8�x{�mwq:f©ondxuY{+4ª�ÍotdQd3iU£±dx{F�Qjp[M§¨jpqY�©Z�ugonipj fgjkZ�[Mq!ltjpd3q!mwi�fYmSo�mY������ � � �YÁ ��	����, ��� 	H��� ���¤Á�, � � ���
� � ��� �'�������(���&�(	�� � ���� ,6Ãxr!�)4p�;��>	�/�&²6ÄYrY�1� >3�Y

0 ��2Q��¨�µW![&{nqYd�/5 V�WY[¡u!lz[¡dw£�£¤m3��[Ml¦otd¹{t[M�Y{t[1lz[Mq6o��:d3jpq6o�l¦jkqË¿6°³fgjkZ\[&q!ltjkdxq!mxi�lt�!mx�&[Ç�x{�mw�YW!jk�Mmwikipy3�� 	����, ��� 	O�<� �!Á
� �¬Á���������,
� � ��� �'������������� �(��	+������� ��	�,!r!�"> 4 Äx�Y���QÄ3� >Yr:�M�Q�SÄY

0 Ä�2��� �/:�µd:rQ��YÆY{njp[1fgZ¬mwqsrYav }�!·�{ndwon[xr�6�KQ�Km;yxrgmxq!f86_g¼¡[1l�¸�[&otWY[Mi-5�Éq6ot[M{nm3�Èotjk�x[�Z\[�otW!dQf!l�£±dx{�[�¢g�Yikdx{njpq!���!mx{zonjk�&ip[
ltjkZ�uYi mSonjpd3q�fYmwonm!�������� $ �'��)������*+��� ��	�,!rG�Yr!�w�3�w²!

0 ² 2���µ�µd3q!lzonmwq6onjpqY[1lt�&u¹mxq!f�:>��µ�Qotdx{n[&{1Å�ÉZ\�Y{ndS�x[1fÀot[1��WYqYj |6uY[Mlv£±dx{¦ltjkqY�xik[�°³�!mxlnl�mxfYmx�gotjk�x[��x[1�Èotd3{�|6u!mxq6otjk¯MmSonjpd3qs
� � 	5��Á�Á( �� ,QÃ�� 	O��� �!Á���������r)>6�Y¶-�3»�4 �xÄ3Ä	�g�xÄx�!r�3uYqY[\�M�3�w²:

0 ��2���¨�µdxq!lzonmxq6otjkqY[Mln��u½mwq:f�!���¨�6otd3{t[M{M % qYikjpqY[¡mxfYmx�gotjk�x[e�3[M�Èondx{�|6u!mxq6otjk¯MmSonjpd3qº§¨jÌonWË�Smw{njkmx�Yip[Çltjk¯&[8�&dQfY[&�Gd6d3¿
[Mq6ot{njp[1l&���,$��Â ��� 	+��Á��(�&Â��<��, �&Ã6ÁMÂkrGÄx�!¶-�3»�4 �S²6���!�w� >YrY�1�x�w²:

0 ��2�a�j mwqYqY[��µdQdx¿Fmwq!fF�Uq!fg{n[Mm3l¨¸�uS~zmY>`Çmxq6u:mwi®��d3q3on{td3iklµ£±d3{�W!jp�3Wg°³fYjpZ\[&q:lzjkdxq!mxi®fYmSo�mv�!{tdx~I[M�Èonjpd3q!lM ��	����, ���&	H�	
 	�� �
� �� ��� ��	�, ���&��,  
� � �(�C� ���(����� � ��� �'���������ÈrY�!¶¤²6»�4 ²6�w²��Q²">3�Yr!�1�x�Q�Q

0 �
2"�ÈYa�mwu!�:[1��WYjp[1l& % {totWYd3�xdxq:mwi!�:mxlt[Ml�dw£5��dxZ\�!m3�Èonipy¦ltuY�Y�Gdx{tot[1f¦§�m;�x[&ik[�o�l&6
 	�� �\Â ����nÁ�� �"� �pÂ��<��� � ��r®�1� 4 �x�3�	�Q�3�x�!r
�1� >">Y

0 >�2���:��:a_[M�xdx{n[xr:¸��3m;§�[&{totWsrYmxq!f ¸��:!�su!�&jp[M{Mµ�ÉZ¬mw�x[��&dxZ\�Y{n[MlnlzjkdxqFotWY{ndxu!�xW�§�m;�3[&ik[�o�ot{�mwq!lz£±dx{nZ �&dQfYjpqY�:��������
� � ��, ��� ��� ��	�, � 	�,���,$��	�����������	�,��&�!Á(	����Sr:Ä">!¶B��¶¤}5mx{zoU�t�z»z»�4 �g�M�	�!�;²6�YrQ`Çmw{���W8�1�x�3�Y

0 ��2��®
���fgd3l��Ymwq6otd6l�mwq!f 3 s¼�5¸�{tdgfgikjk[x���jkltu!mxipjk¯&jkqY�Çmwq:f¡jkqQ�x[1lIonjp�6mSotjkqY� Z�u!iÌonjkfgjkZ\[&q!ltjkdxq!mxiK£±uYq!��otjkdxq!lM��Éq ��� 	��
��Á�Á( �� ,QÃ�� 	O��� �!Á���������� 
;$�� ����� �)	
��� �� 	�, � ��� �%$ �'��)���:�'����� ��	�,! �"#"$ xrG�!mw�3[��S�SÄ!�6KuY{ndx�x{�mw�!WYjk�Ml��_lnlzdg��j mSonjpd3qsr
�x�x�6�g

0k�M��2�`ÅK��>a_u:��W!mwjkqY[Mmxusrµ`Å�¼�dxikjkq!lz¿Qy3rµav 6UP�Qjk�x[�onj-rµ`Àµ��>`ejpikik[&{1r���>�Ui fg{njk��Wsr�mwq!f¹`ÀK¸�>`ejpq![&[&�6°³¼¡[Mjpq:lIon[&jkqs
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