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�uZCsfexm�y3ZCc�z}sxZ�m��*y3ku�b�uZ3¤@|~kAcgmnegm�ku�7z}���egVXZ4�bqXY.i~Z3s�ku¢ %�m�|�c��ukbZCc��dk��'�	egk

O(k)
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U�VXZ������ 4�02-3���6�|XsxZC�dmpy3z}egZ�m�c egV�Z"iSzucgm�yP|XsgZh�dmpy3z�exZ�qScfZh��'VXZC�	m���cfZCsfexmn���.kus�sxZ3Y@k��bmn���.z.|~kum��>e�m��*z§��Z3lpz}qX��z�a§exsgmpz}�X�Aqd¥
lpz�exmnkA�M«
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p0, p1, p2, p3
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����� 4�02-3�����
(p0, p1, p2, p3, p4)
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m ¢

p4

mpc�kuqXexcgm��dZ
= 0
m ¢

p4

mpc�ku�*egV�ZiSkAqX���Xzusgaku¢
< 0
m ¢

p4

mpc�m���cfmp�dZ







exVXZi�z}l�lMy�m�s�y�qXYªcxy�sxmniXm��X�
p0, p1, p2, p3.

?�kusjzOsgZC�uqXlpz}s4exsgmpz}�X�AqXlpz�egm�ku�� �zu���
s0, s1, s2, s3, s4
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mpc'cvexsgmpy¨exlna�cfqXiX¥9kAsfexVXku�Aku��zul
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< 0
m ¢

s4

mpc'cvexsgmpy¨exlna*k��uZ3sg¥RkusgegVXkA�uku�Sz}l
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exk�iSZ�y�ku�Scfmp�dZ3sxZC�jVXZCsgZI[��'VXZC�ªmn�ScfZCsfexmn�X�z��Z3� cfmnegZ

s4
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WRe�mpc�� ZClnl��>��k��'�egVSz�e'egV�Z8	����A-2	6�I	��C���,��� <	egZCcfePy3zu�*i~Z�y�kAY@|XqdegZh��mn��egV�Z4¢¼kul�lnk��'m��X�§��z�a;[
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(s0, s1, s2, s3, s4) =

4��,��� Det(s0, s1, s2, s3, s4)	����
��� �
(p0,1 , p2, p3)

�'VXZCsgZA dm ¢�cgm exZ
si

VSzuc'y�ZC�>egZ3s
pi = (xi, yi, zi)
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ri

¢¼kAs'ZCzAy�V
i
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(p0, p1, p2, p3) =

∣

∣

∣
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∣
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∣

∣
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∣

∣

∣

∣

∣

∣
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∣
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U�VXZl4��,���
Det(s0, s1, s2, s3, s4)

|�sgZh�dm�yCz�exZªmn�
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y3z}��i~Z	cgZ3Z3��zAc�z}��kusxm�Z3�>exz}egm�ku�1|XsgZh�dmpy3z�exZ@mn�

R
4
 �m ¢'ZCzAy�V1cgmnegZ

s = ((x, y, z), r)
k}¢

R
3
m�c�Yªz}|�|SZh�*kA�>egkªz§|SkAmn�>e

π(s) = (x, y, z, t)
ku¢

R
4
�'mnegV

t = x2 + y2 + z2 − r2
���u�}  4$�9«

º¼»�½�º¿¾



�����������
	�����������������������������
������������� �
	�� �

?�m��uZ�cgm exZCc2m��
R

3
V�z��AZ�z4y3kuY@Y@ku�@kusgegVXkA�ukA��z}lbcf|�VXZ3sxZ'm ¢Çz}�S�jkA�Xl�a.mn¢SexVXZ3m�sFm�Y@zu�uZhc2i>a

π
lnm�Z'mn�§exVXZPcxz}Y@Z�V>ab|~Z3sx|Xlpz}�XZ

ku¢
R

4
«ªU�VXZªcfabY.i~kul�mpy.|~Z3sgegqXsxi�z}egm�ku��ku¢£exVXZ�	����A-2	6�I	��C���R��� <OegZCcfe.y�kA��cgm�cfexc"m��1zA�X�dm��X�7sgZhcf|~ZCy�egm��uZ3l�aOcgkuY@Zj��zulnqXZ§exk*exVXZ

¢¼kAqXsfexV y�kbkAsx�dm���z}egZªk}¢
π(s0), π(s1), π(s2), π(s3), π(s4)

cfkOegV�z}e.egV�ZCcgZ|SkAmn�>e�cjzusgZª�Xkuejm���egVXZ�cgzuY@ZVba>|~Z3sx|Xlpz}�XZ*z}�ba
Y@kusxZ4mn�

R
4
«FU�VXZC�	exVXZ|XsxZC�dmpy3z}egZz}��cg��Z3s�c |~kAcgmnegm��uZ4kus'�XZC�Az}egm��uZ"mn��cfegZhzu��k}¢ &3ZCsgkS«

��Z�e
S
iSZ4exVXZ�cfZ3e'k}¢

n
cfmnegZhc

{s0, s1, . . . , sn−1}
mn�

R
3
«�¬ Zzu���*V�Z3sxZ

εn−i
egk§egVXZ4¢¼kAqXsgegV7y�kbkus��dm���z�exZ�ku¢�egV�Z|SkAmn�>e

π(si)
k}¢

R
4
«.U�V�Z§o>q�zu�Aexm eva�Zhzuy�VO|~kum��>em�c"|~Z3sgegqXsxiSZh�O�'mnegV��dZ3|~Z3�S�Xc4ku� m e�c�m����dZ3¤Ç«.U�VXZ§��z�a�egV�Z@cgmnegZCc4zusgZjmn���XZ�¤dZC�

�'m�lnl�iSZ��dmpcxy�q�cxcfZh�	m��O[bZCy�egm�ku�_vd«Å�d«
Det(si, sj , sk, sl, sm)

mpc�|~Z3sgegqXsxiSZh��mn�>egk

Detε(si, sj , sk, sl, sm) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 1 1
xi xj xk xl xm

yi yj yk yl ym

zi zj zk zl zm

ti+εn−i tj +εn−j tk+εn−k tl+εn−l tm+εn−m

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣�'VXZCsgZ
t? = x2

? + y2

? + z2

? − r2

?

¢¼kus
? = i, j, k, l, m

��Z3�AZ3l�ku|Xm��X�@�'m exV7sgZhcf|~ZCy�e�exk@egVXZlpzucfe'sxz��Ha>m�Z3lp�Xc�z§|~kul�ab�XkuY@mpz}lÇm��
ε

Detε(si, sj , sk, sl, sm) = Det(si, sj , sk, sl, sm) +
	����
�+�3�

(pi, pj , pk, pl)ε
n−m −

	����
��� �
(pi, pj , pk, pm)εn−l

+
	����
�+�3�

(pi, pj , pl, pm)εn−k −
	����
�+�3�

(pi, pk, pl, pm)εn−j +
	����
�+�3�

(pj , pk, pl, pm)εn−i

?�sgkAY ��k���ku�M �exVXZ£®S�uZ�|SkAmn�>exc
pi, pj , pk, pl, pm

�'m�lnlbi~Z�zAcgcgqXY@ZC�4exkPi~Z��Xku�.y3ku|Xlpz}�Sz}sh« MPc��Xkuegmpy�ZC�jz�e�egVXZ�iSZC�um��X�Xm��X�
ku¢MegVXmpc�cfZhy¨exmnkA�M uexVXmpc�zAcgcgqXY@|dexmnkA�Yªz}�uZhcF�Xk§sxZCcfegsxm�y�egm�ku�ªm��	|Xs�zuy�egmpy�Z�cgm���y�ZPegVXmpc�m�c�z}l���z�adcFegVXZ4y3zAcfZ��'VXZ3�	�����-3	��B	��;���R����<
mpc'q�cgZC�Ç«
¬ VXZC�

si, sj , sk, sl, sm

V�z��AZ7z�y3kuY@Y@ku� kusgegVXkA�ukA��z}l'cg|XVXZ3sxZu £egVXZ y�ku�Scve�z}�>e@egZ3sxY
Det(si, sj , sk, sl, sm)

k}¢"egVXmpc
|~kul�ab�XkuY@mpz}l£��zu�Xm�cgVXZhc4egk&3Z3sxk�«7U�VXZªexZCcfegZh��egZ3egs�z}VXZh�dsgkA��k}¢�egVXZ*sgZC�uqXlpz}s4exsgmpz}���uqXlpz�exmnkA�1mpc���ku� %Sz}eC �z}����kA�XZku¢�exVXZ
y3k>Z+Vy�m�Z3�>exc�k}¢begVXZ |SkAlnab�XkAY@m�zul}m�cMegVXZ 	����
�+�3�

()
�dZ3egZCsgY@m���z}�>e�kA�m e�cM�uZCsfexm�y3ZCcC hcgk� CegV�ZF|SkAlnab�XkAY@m�zul

Detε
m�c��Xk}e�m��XZ3�>egmpy3zulnl�a

&CZ3sxk�«�W¦� exVXZy3zAcfZ§k}¢�z7�PZCl�zuqX��z�a�exsgmpz}�X�AqXlpz�egm�ku�� Mz�eY@kAcfe4kA�XZ@k}¢ egVXZy3k>Z+Vy�m�Z3�>excS	����
��� �
()
yCz}�1iSZO&CZ3sxk� Çk}exVXZ3sx�'mpcfZ

ev��k�cfqXiScfZ3exc�'mnegV1¢¼kuq�s|SkAmn�>exc4��kuq�l���y�kA��cgm�cfek}¢£¢¼kAqXs.y3ku|Xlpz}��zus�|~kum��>excQ[Z3mnegVXZCsegV�Z@®��uZ@|~kum��Ae�c��kuqXlp��i~Zy�kA|Xlpz}��zusC 
�'VXmpy�V y3ku�>egs�zu�Xm�y�exc'kAqXs�Vbab|~k}egV�ZCcgm�cC SkAsPexVXZjegVXsxZ3Z§y�kuY@Y@ku��|~kum��>exc�k}¢FexVXZ�ev��k*cgqXi�cgZ�e�cP��kuq�l���i~Zjy3kul�lnm��XZhz}sh S�'VXmpy�VOmpc
m�Y@|Sk>cgcgmni�lnZ�cgmn�Sy�Z"egVXZhcfZ4exVXsxZ3Z4|SkAmn�>e�c'z}sxZ4y3kAcg|XVXZCsgmpy3zul;«
U�VXZªy3k>Z+Vy�m�Z3�>exc4ku¢

Detε
z}sxZjZ3¤dzuY@mn�XZh��m��1kus��dZ3s4k}¢ egVXZªZ3¤d|SkA�XZ3�>exc"ku¢

ε
 MqX�>exmnl2exVXZ@®�s�cve�XkA� �bqXl�lFy�kbZ�Vy3mnZC�Aempc

¢¼kAqX���Ç X�'V�m�y�V��dZ3egZ3sxY@mn��ZCc�egV�Z�cfm��u��k}¢
Detε(si, sj , sk, sl, sm)
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U�VXZ1m����dZ�¤dm��X� ku¢jcgm exZCc*Y§ZC�>egm�ku�XZh��m�� [bZhy¨egm�ku� � «Å��mpcexVXZ kAsx�XZ3s�k}¢�m���cfZCsfexmnkA��m���egV�Z�exsgmpz}�X�AqXlpz�egm�ku��«©U�VXmpc�y�VXkumpy�Z
y3kusxsgZhcf|~ku����c�egkªexVXZ.m�Y@|Xl�m�y3m e"|SZCsfexqXsgiSz�egm�ku��qScfZh�7¢¼kusPegVXZjmn��cgZ3sgegm�ku� [�z}ePZCzAy�VOcvexZ3|M SegVXZjl�zAcve�|SkAmn�>e�mpc�Y@kAsgZ�|~Z3sgegq�sgi~ZC�
exV�z}��z}l�lJegV�Z"|�sgZC�>m�kuqSc kA�XZCcC Xcgk� b�'VXZ3�7mne'V�zuc'z@y�kAY@Y§kA�	kAsfexVXku�Aku��zul~cg|XVXZCsgZ4�'mnegV*egVXZ4¢¼kAqXs�cfmnegZhc'�dZ�®S�Xmn���@zu��zulnsxZCzA�da
Z3¤bmpcfegm��X�§egZ�exsxzuVXZC�XsgkA�M dm e�mpc'y�kA��cgm��dZCsgZh�*zAc�iSZCmn���@cgqXid¥RkusgegV�ku�ukA��z}lSegk@exVXZ�cg|XVXZ3sxZ4k}¢�egVXZ4exZ�egs�z}V�ZC�dsxku�M«
U�VXmpc���zuc�®Ssxcfe�egV�Z.y�VXkumpy�ZYªzA�dZ�m�� ¯~°�±�²ª¢¼kus'exVXZ.��Z3lpz}qX��z�a	egsxm�zu�X�uq�l�z}egm�ku�M«�[bkuY@Z�q�cgZ3s�c'sxZ3|~kusgegZh�	exVXmpcPy�VXkAm�y3Z�zuc

i~Z3m��X�	zu�X�Xk�abmn���j¢¼kAs'egV�Z3m�sPz}|X|�lnmpy3z}egm�ku� � � �9«hW¦�7¢Ðzuy�eC �zu�ba	k}exVXZ3sP��z�aku¢�mn���XZ�¤dmn���@egVXZ.cgmnegZCc�y3zu��i~Z�q�cgZC�M«£¬1Z.y�V�z}���uZC�
exVXZPm����dZ3¤bm��X�m��@egVXZP¢¼kul�lnk��'m��X�sxZ3l�ZCzAcfZ'z}�S�ªy�VXkAcgZ�egVXZPlnZ3¤bmpy�kA�us�z}|XV�m�yCz}lbkus��dZ3s£ku�§egVXZ�|SkAmn�>e�c3 Akus£zu�>ajk}exVXZ3s ' cgq�y�Vzuc2exVXZ
y3kuY@|�z}sxmpcfkA�*ku¢�Y@Z3Y@kAsga	zA�X�dsxZCcxcfZhc65�«£U�VXmpc�y�V�zu�X�uZ4��zuc'cfegs�z}m��uV>ef¢¼kAsg��z}s��m���egVXZ��AZ3sgegZ3¤	sgZCY@k���zulMcfm���y3Zm e���zuc�zulnsxZCzA�da
y3kb�XZC��q�cgm��X��egV�Z	|~Z3sgegqXsxi�z�exmnkA�Ücgy�V�Z3Y@Zu 2iXqde§m e§sgZho>qXmnsxZC��z y�V�z}�X�AZªmn�ÜegVXZ*mn��cgZ3sgegm�ku� [.exVXZ	|~Z3sgegqXsxi�z}egm�ku��V�zA�1egk�i~Z
Yªzu�XZ§Z3¤d|Xlnmpy�mneC«@U�VXZªcxz}Y@Z§y�V�kumpy�Z§��zAc�YªzA�dZ@sgZhy�Z3�>exlna��'VXZC��exVXZ@�uZCsfexZ�¤OsxZ3Y@k���z}l�mn� egVXZªsxZ3�AqXlpz}s�egsxm�zu�X�uqXlpz�exmnkA�O��zuc
m�Y@|XlnZCY@Z3�>egZh�Ç«

� VXkbk>cfm��X�ÜexVXZ�lnZ3¤dm�y3ku�us�z}|�VXm�yCz}l�kus��dZ3sxmn���Ük}¢§|SkAmn�>exc�V�zAc*egVXZ�zu�X��zu�>exz}�AZOk}¢§�um��bmn�X� z q��Xm�o>qXZ��dZ3®��Xmnegm�ku� k}¢.exVXZ
sxZ3�AqXl�zus�egsxm�zu�X�uqXlpz�exmnkA�M bZ3�AZ3��mn���dZC�uZ3��Z3s�z�egZ4y3zAcfZhc3« > �*egVXZkuegVXZCs'V�z}�S�Ç dm e�Yªz�al�ZCzA�exkªz§cgl�k�� ZCs�y3ku��cfegsxq�y�egm�ku�	ku¢�exVXZ
exsgmpz}�X�AqXlpz�egm�ku�*¢¼kus�cgkuY@Z4�uZCsga�XZ3�uZC�XZ3s�z�exZ�m��X|XqXeC«F¬1ZYªz�aªegVXm��X�*k}¢�l�ZCz��bm��X�jegVXZ�y�VXkAm�y3Z4k}¢�egVXZkAsx�dZCs�egk§egVXZqScfZCsC«

���	� � � + r*o���� ' ����� k + k � � o + � �
U�VXZ	|XsgkAiXl�Z3Yªc4k}¢'cfmnegZhc�'VXk>cfZªy�ZC�>egZ3s�cl�mnZªkA�1egVXZy3ku�b�uZ3¤�VbqXlnl£� ZCsgZ@ku��lna iXsgm�Z�%Sa�Y@Z3�>egm�ku��ZC�1mn�Ü[bZhy¨exmnkA�1l�mnegZ3s�z�exqXsxZ�¥
|~Z3sgegqXsxiM«

W¦��¯J°M±�² egV�Z�q��>i~kuq����dZC� y�ZClnl�mpcªcfq�i~�dm��bm��XZC� mn�>egk egZ3egs�z}VXZh�ds�z�ibaÜy�kA��cgm��dZCsgm��X��egV�z}e@Zhzuy�V y�ku�b�AZ�¤�VbqXlnl�¢ÐzAy�Z3e§mpc
m���y�mp�dZC�Aeexk�z}��m��d®���m exZy�Z3l�l�V�z��bm��X��zAc�¢¼kuqXsgegV1�uZCsfexZ�¤�z}��z}qX¤bm�l�m�zusga7�uZCsfexZ�¤�yCz}l�lnZh�OexVXZl�����N� �����SGH�+���E�
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Zhzuy�V@¢Ðzuy3Z�e£mpcFm���y3m��dZC�>eFegk�Z3¤Xzuy¨exlna.ev� kjy�Z3l�lpc£z}�S�ªcf|~ZCy3m�zul�y3zAcfZhcFz�eFexVXZPi~kuq����Xz}sxa.ku¢JegVXZPy3ku�b�uZ3¤jVbqXl�lSzusgZ�cgmnY@|Xl�Z�exk.�dZhz}l
�'mnegVM« U�VXZ"egsxm�zu�X�uqXlpz�exmnkA��c egV�z}ePz}sxZ4Y@zu�Xm�|XqXlpz�egZh�*zusgZ"exsgmpz}�X�AqXlpz�egm�ku�Sc ku¢�exVXZ�y�kAY.iXm���z�exkusxm�zulÇcf|XV�Z3sxZ
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U�VXZj�dZ�®���m exmnkA��k}¢ ����� 4�02-2�+���jq�cgZC��¢¼kAs'egVXZj�PZCl�zuqX��z�aexsgmpz}���uqXlpz�exmnkA��mpc�exVXZ3��Z3¤>exZ3���XZC��egk	mn�d®S�Xm exZ.y�ZClnlpcC« ?�kus�¢¼kAqXs
|~kum��>exc

p0, p1, p2, p3

�'mnegV7|Sk>cfmnegm��uZ4kAsgm�Z3�>exz}egm�ku�M Xzu����z.®�¢¿egV�|~kum��Ae
p4

 

����� 4�02-2�+���
(p0, p1, p2, p3, p4) =

4��,���
Det(p0, p1, p2, p3, p4).

¬1Z.�dZ3®��XZS������4�03-2�+���
(p0, p1, p2,∞, p4)

zAc�egVXZl�m�Y§mnePku¢�exVXZ.cgmn�A�*ku¢
Det(p0, p1, p2, p3, p4)

�'VXZ3�
p3

�ukbZCc�exkªmn�X®��Xmneva
' cve�z�a>m��X� mn��exVXZ7cgzuY§Z	V�z}ln¢¿¥Rcg|�zAy�Z*�XZ�®��XZh��iba

p0, p1, p2

5¨«�w"Z3kAY§Z3egsxm�yCz}l�lnaA �egVXZ!;viSz}l�l =	y�m�s�y�qXYªcxy�sxmniXm��X�
p0, p1, p2

z}���
∞
mpcPexVXZ§ku|~Z3��VSz}ln¢¿¥Rcg|�zuy3Z.�dZ3®��XZC��iba

p0, p1, p2

egkA�uZ�exVXZ3s"�'mnegVOexVXZ§ku|~Z3� �Xm�cg�Oy�m�sxy3qXYªcgy3sgm�iXm��X�ªexVXZ3Y7«�U�VXZ ;fcg|XVXZCsgZ =
y3mns�y�qXYªcxy�sxmni�mn�X�

p0, p1, p2

mpc�egVbq�c�sxZC�Xq�y�Zh�ªegkjegV�Z4y3mns�y�q�Y@cxy�sxm�iXmn���§y3mns�y�l�Z�ku¢
p0, p1, p2

«FU�VXZzAy¨egqSz}lJmnY@|Xl�Z3Y@ZC�Ae�z�exmnkA�	k}¢
������4�03-2�+���qScfZhc"egVXmpc4�uZCkuY@Z�exsgmpy.m��>egZCsg|XsxZ�e�z�exmnkA�M Ml�k>kA�bmn�X�7z�e4exVXZcfmp�dZ@k}¢

p4

�'mnegV�sxZCcg|SZhy¨e4egk�egV�Zª|Xl�zu�XZ@k}¢
p0, p1, p2

 
zu����m e�c'cfmp�dZ�'mnegV7sgZhcf|~ZCy�e�egk@egV�Z�y�m�sxy3lnZ4m��	exVXZ�y3zAcfZ4k}¢�y�kA|Xlpz}��zusgmnevau«

�Pk}egZ*egVSz�e@m ¢ ����� 4 03-2�+���
(p0, p1, p2,∞, p4)

��zuc.�XZ�®��XZh� zAc�exVXZ�cfm��u�Üku¢'egVXZ7l�mnY@mne ' mn�ScvexZCzu� k}¢�exVXZ�lnm�Y@m e@k}¢�exVXZ
cgmn�A� 5£k}¢

Det(p0, p1, p2, p3, p4)
 >exVXZ<;fcg|XVXZCsgZ =�y3mns�y�q�Y@cxy�sxm�iXmn���

p0, p1, p2

��kuqXlp�zul�cgk.y�kA�>exz}m��	zulnlJ|~kum��Ae�c£ku¢MegV�Z�|Xlpz}��ZPk}¢
p0, p1, p2

 bZC�uZ3�@exVXZ"|SkAmn�>exc£mn�	egVXZ"y�m�sxy3lnZA«2[dk� >mn�	egVXZ�mn��y3sgZCY@Z3�>exzulSz}l��ukAsgmnegV�Y� uegVXZ"m�Y§|�lnmpy�mne |~Z3sgegqXsxi�z}egm�ku�i�zAcfZh�@ku�ªexVXZ
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