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�W¡s�/6 Å 5 Å 7	��9 Á �°¡!6 5   Á ��
�¬�<� :
; ¸ ; ��w@t�zv�s�sx1�·tv{¥�;w>¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1
; ¸ý� ²1f�pqwde5��ws¨�³3���Pr�f�e-{¥�;z��;xd�1rN´s��w1��r���e-f3���d�1®¥{}����t�{��w���zvfN��r2¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ �
; ¸ 1 k¾f<��w�½1fN®��{¥w@t�fNzv�;�·t�{wd�-�1��z�t�{}� ®f%e-�s�sf�®}r ¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ <
; ¸ � ~K��z�t�{}� ®f%©d®�s�v¶��s{r¯t�zv{©dxst�{��wHr�¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ =
; ¸ý� ²1��zvfNr¯t$©1�;r¯f<�]f�µs�1��w1r�{��w]«¬��zve(xd®}��ro¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ �
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1 ¸P<RQB{¥®©Sf�z�t�r�f�zv{fNr�e-f�t�bd�s��«¬��z$«¬�;z�f<rut�r�fNw@xde-f�z���tv{¥�;w ¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ ���
1 ¸ = nq�;egf%«¬��zvfNr¯tvr$f µs�1��wHr¯{��w1r�¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1 �
1 ¸ � � ¤ {}�v¶]�dzv�s�sxH�·t$«¬��zve(xd®}�g��w�«¬��zvfNr¯tvr ¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1 �

SRT A � Á 5 �/6 Å 5 � ÅUC ¡s�/9 Ã � C ¡d¢ Á � Å Æ Á �¬� :�:
�1¸ ; �º�;®¥�;z�f<�5tvz�fNfNr�´s«ã�;z�f<rut�r�´d��w1�(�uxdwd�;®¥f<rj¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1-1
�1¸ý� �Bxst��;eg�;z��1bd{r�e �;z��;xd�1r���w�����®��zvfN���uxdwd��®fNr$¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1 �
�1¸ 1 ²1f�pqwde5��ws¨�³3���Pr�f�e-{¥�;z��;xd�1r ¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1 �
�1¸ � iBwdwd��zve5��®{�VNfN�]�H��z�t�{}� ®fPe-f<��r�xdz�f<r3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸ 1 <
�1¸ý� ~�zv���H���;��t�{��w1rº��«"�vbH���;r�t�pq�Sf3f µs�1��w1r¯{��wHr ¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸%¸3¸&�;�
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f�¼���®xstv{¥�;w1r�´j¹ºf�{��b@t�f<� ©qp r���e-f��S��t�fNw;t�{}��®P«¬x1w1�·tv{¥�;w1r�¸&a$bdf±e-�s�df�®}r�¹�f � ��w1r�{}�sf�z�©SfN®¥�;wd�°t��¦tvbdf±�;f�wdfNzv��®P��®�;r�r���«
©dzv��w1��bd{¥wd����w1�5{w;tvf�z����·tv{wd���1��z¯tv{��®¥fjr�pqr¯t�fNe5r�¸�~K��z�t�{}� ®fNr�f µs�d®��zvf	t�b1fjr¯tv��t�fjr��1����fB�;r��3«¬zvf�fjk>��z�¶���¼�f�¼��;®¥xstv{��wsrq�sxdzv{wd�
t�bdfN{¥z5f µs�d®��z���t�{��w �H��z�t�{}� ®fNr�¹	{¥t�b ®¥��¹ �S��t�fNw;t�{}��®���zvf�¶@{®®¥f<�»´�¹	bd{®¥f�t�bdf���w1fNrg¹	{ tvb¦bd{��b¦�S��t�f�w@t�{}��®$¼���®xdf��dxd�d®{�N��t�f;¸
²dzv��e&�5eg�;z�f3�dzv��©1��©d{®¥{}rutv{}�P�S��{w;tB��«"¼q{¥fN¹3´dt�bdf<r¯f�f�¼��;®¥xstv{¥�;w1��zvp/��fNwdf tv{�%t�pq�Sf��1��z�t�{}� ®f3e-�s�sf�®}r��N��w�©Sf�{w;t�fNz��dzvf tvfN���;r
rutv�s�vbH��r¯t�{}�j®{¥wdf<��zv{�V<��tv{¥�;w_´q��z���r	r����dbd{}r¯t�{}����t�fN��{w;t�fNzv�;�·tv{¥wd�5���N� f��dtv��tv{��ws¨ªz�f¯�ufN�·tv{¥�;w/tupq�Sf3r�{¥e(x1®��t�{��w�t�f<�vb1wd{|@xdf<r�¸

tjxdz�{wd�]t�bdfg®�;rutBtu¹º���sfN�N���sf<r�´Htvbdfg�;r¯pqe-�st���t�{}�(��w1��®¥psr�{rB��«KtvbdfNr�f�eg�d�sf�®}rBb1�;rB©Sf�fNw��sf�¼�fN®¥�;�SfN�¾{¥w§¼���zv{¥�;x1rB�s{z�fN� ¨
t�{��w1rN´d{¥wH� ®x1�s{wd�5�dzv���1���@��t�{��w���«K�vb1���;r	��w1��®¥psr�{rN´

Lp
¨ªegf<��w�fNz�zv��z$fNr¯t�{e5��tvfNr�´1��f�w;tvzv��®»®{¥e-{¥t	tupq�Sf%t�bdfN��zvf�e5rN´d��w1��®}��zv��f

�sf�¼q{}��t�{��w±�dzv{w1� {�d®fNrN¸/a$bdf5�dx1z��S�@r¯f-��«�t�bdf/�dz�f<r¯fNw;t�¹º��zv¶>{r%tv�¾�sfN¼�f�®��� ��®¥�;f�©dz���{}�(t�zvf�f ¨ª©1��r�fN�§«¬xdw1�·tv{¥�;w1��®�z�f��1z�f<r¯fNws¨
tv��tv{¥�;w1r���«K�1��z¯tv{��®¥f�©1®¥�s��¶��d{r¯t�zv{¥©1xst�{��w1rN´Sr¯t�zv{�d�SfN�¾��«���®¥®���w1��®¥p@tv{�N��®�r¯xd�SfNzvr¯t�zvx1�·tvxdzvf�´H��w1���dzv��©H��©d{®¥{}r¯t�{}�%{z�zvf�®f�¼���w1��{¥f<r�¸
a$bdfNr�f%¹�fN��¶]f�µq�H��w1r�{¥�;w1r$z�fN®¥p]��w¾��w���zv{��{w1��®»����e(©d{w1��t���zv{}��®9´s��w1���SfNz�e(xdtv��tv{¥�;w��;z��;xd����w1��®psr¯{}r$��w¾�-r��SfN��{��®_��®�;r�r$��«
� ®}��rvr¯{}����®H��w1�/����®��zvfN�g«¬��zvfNr¯tvr�t�bH��t��1��z���e-f�t�zv{�VNf	w1��t�xdz���®®p�t�bdfBtvzv���ufN� t��;z�{fNr���«_{¥w@t�fNzv�;�·t�{wd�(�1��z¯tv{��®¥fjr�psrutvf�e5r�¸���w]�;zv�sfNz
t��3eg�d�sf�®{�VNf	��w1�g����e-�dxstvf$t�bdf�����zvz�f<r¯�S��w1�d{¥wd�P�1��t�b-{¥w@t�f��;zv��®rN´�¹ºf��sf�¼�fN®¥�;�-��wg�;z�{��{w1��®s�s{�uSf�zvf�w@t�{}��®1��w1�g����e(©d{w1��t���zv{}��®
����®}� x1®¥x1rN´H��w1��tv��¶�f��;�s¼���w;t�����f3��«"t�bdf(w1��t�xdz���®��Sf�zve(xstv��t�{��w¾��zv��xd�¾��� t�{��w¾��w¾�1��z�t�{}� ®f�����ws½H��xdz���tv{¥�;w1r�t��/bH��w1�s®f3tvbdf
� ��e(©1{¥w1��t��;z�{}��®�� �;eg�1®¥f�µq{¥tup���«Ktvbdf��dzv��©d®f�e�¸ ¤ z�f<��t�b>�dzv�s�sxH�·tvrB��«��Sf�zve(xstv��t�{��w>��zv��xd�Hr����d�SfN��zB{w¾t�b1f(�1z��s��fNrvr�´S��wH�
wdf�¹ � ®�;r�fN�¦��®¥�;f�©dz���{}�/«¬��zve(xd®}��f�«¬�;z-®}��©SfN®¥®fN�°«¬��zvfNr¯tvrgfNw@xde-fNzv��t�{��w ��zvf���©dtv��{wdf<�»¸ ¤ f¾��®r��±�d{rv� x1rvr)Q�{®¥©SfNz¯t]r¯fNz�{fNr
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t�fN��bdwd{}|@xdfNr�«¬�;zj� �;xdw;tv{¥wd�/t�bdf�«¬�;z�f<rut�r�z�fN®¥fN¼���w@t	tv�/�;xdzj��w1��®¥psr�{rN´stvb1��tj{}rB¹	{ tvb>�dzvfNr���z�{©SfN��w@xde(©Sf�zj��«K¼�fNz¯tv{��fNrB��tjfN����b
®¥fN¼�f�®9´s�;z$¹	{¥t�b���{¼�f�w����;��®fNrv� fNw1� f%�sf��;z�fNfNrN¸

�_f�t$x1r�e-f�w;tv{��w]t�b1��t�«¬��zvfNr¯tvrN´q����®��zvfN�5��z����1b1rº��w1�5tvbdf�{z	� ��e(©1{¥w1��t��;z�{}��r�b1�G¼�fP���d�SfN��z�f<�5z�f<� fNw;t�®p5{¥w�¼���z�{��xHr�½1f�®}�dr
r¯x1��b �;r%{¥w±tvbdf��;z�f�t�{}����®K�dbqpqr�{}��r3��w1���@��x1rvr¯{}��w�e5��t�zv{¥µ§{w;t�fN��z���®Ke-�s�sf�®}r,o ��p9´�zvf�wd�;z�e5��®{ VN��t�{��w>tvbdf��;z�p§{¥w bd{��bs¨ªf�wdfNz��;p
�db@psr�{�Nr���zº��xdwd��f�¨ª³%xst�tv��egf�t�bd�d�dr�´@t�¹º�(½1f�®}�dr�¹	b1f�zvf	tvbdfPrutvz�x1� t�xdzvfj��w1�/� �;e-�d®¥f�µs{ tupg��«_�SfNz¯tvxdz�©H��t�{¼�f�f�µs�1��w1r�{��w1r�b1�;r
z�f<|;x1{¥zvfN�gtvbdfP�sfN¼�f�®���de-f�w@t���«_wdfN¹ tv�q��®}r o ; ´ 1 p9¸Ka���tvbdfj©SfNr¯t���«_�;xdzº¶qwd�G¹	®fN�d��f�´;t�bdfN{¥z�{w;t�zv�s�sxH�·t�{��w/{w/t�bdfP��w1��®psr¯{}r���«
²df�pqwde5��ws¨ª³3�;�(��w1�§{¥w@t�fNzv�;�·t�{wd���1��z¯tv{��®¥f�e-�s�sfN®rP{rPwdfN¹3¸�a$b1f�����xdzvf�w@tjtup@�Sfg{w;tvf���z���®�zvf��dzvfNr�f�w@tv��tv{¥�;w1rB�dzvfNr�f�w;tvfN�>{w
t�bd{}r$��z¯tv{}� ®fP�s�gwd��t$�;wd®p-zvf�¼;fN��®Htvbdf%����e(©d{w1��tv��zv{��®Hf<r�r�f�w1��fj��«�{w;t�fNzv�;�·tv{¥wd�g�1��z�t�{}� ®fP�s{}r¯t�zv{¥©1xst�{��w1rN¸Ka$bdfNp/��®}r��(�dzv��¼@{}�sf
z�f�½1wdfN� wd�;w°�;r¯pqe-�stv��t�{}�/�1z��;�1���@��t�{��w!��«j�vb1���;r�tupq�Sf��dzv���SfNz¯tv{¥f<r�´K�;r(¹�f�®®$��r�f µs�d®{}� {¥t�«¬��zve(xd®}��f/«¬�;z
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a$bdf���z¯tv{��®¥f%{}r��s{¼q{�sf<��{¥w@t��-«¬�;xdz�e-��{¥w��1��z¯t�r�´1�sf�¼���t�fN��z�f<r¯�Sf<�·tv{¥¼�fN®¥p5tv�-t�bdf��dz�f<� {}r¯f3�dfNrv� zv{¥�stv{¥�;w���«K²dfNp@w1e-��ws¨�³3���
�1��z�t�{}� ®f5e-�s�sfN®r(��w1�±t�zvf�f ¨ª©1�;r¯f<��{w;t�fN��z���®�f�µs�1��w1r�{��w1rN´�t��¾tvbdf/�1z��q��«���«$t�bdfNr�f5«¬�;z�e(xd®}��f;´�tv�¾t�bdf�� �;e(©d{w1��tv��zv{��®���wH�
��zv��xd�s¨9t�bdfN��zvf t�{}�%��w1��®psr¯{}rN´1��w1��t��/t�bdf(f µqtvf�w1r�{¥�;w�t��/�1��t�b§r¯�1�;� f�e-�s�sf�®}r�¹	{¥t�b§���d�d®¥{}����t�{��wHr$t��]�dz��;�1���@��t�{��w���«��vb1���;r
t�pq�Sf3�dz��;�Sf�z�t�{fNrP¸

��w!r¯f<�·tv{¥�;w ; ¸ý�s´�¹ºf/�sfNrv� zv{©Sf5����fNwdf�z���®�� ®}��rvrP��«$²1f�pqwde5��ws¨�³3���gr�f�e-{��zv��xd�Hr%��rvr¯�d� {}��t�f<�>¹	{¥t�b r¯�;egfg«¬zvf�f/k>��z�¶���¼
f�¼���®xstv{¥�;w_´H��w1��¹	{ tvb>�/����®®¥f<�·t�{��w¾��«K�S��tvf�w@t�{}��®_«¬x1w1�·tv{¥�;w1r�¸ ¤ f(eg��t�{¼���t�f3t�bdf<r¯f���©1r¯t�z���� t�e-��t�bdfNe-��t�{}����®�eg�d�sf�®}r�¹	{ tvb
��©1z�{f «"�s{}rv� x1rvr¯{��w��;w����H��z�t�{}� ®f%��©1r¯�;z��dt�{��w]e-�s�sfN®_��z�{}r¯{wd�g{¥w�t�bdf�r��SfN�·tvz���®»��w1��®psr¯{}r���«Kns��bdzv¿s�s{wd��fNz��;�Sf�z���t��;zvr�¸"a$bdf
egf<��w ½1f�®}� �H��z�t�{}� ®f5e-�s�sfN®r(��z�f5�1z�fNr�f�w@t�f<�±{w r�fN� t�{��w ; ¸ 1 ¸¾nqf<�·t�{��w ; ¸ �>{r�� ��w1��f�zvwdfN�±¹	{¥t�b!t�b1f]�sf<r���z�{�stv{¥�;w ��«$tvbdf
� ��zvzvfNr��H�;w1�s{¥w1���1��z�t�{}� ®f%©d®�s�v¶��s{r¯t�zv{©dxst�{�;w1r�¸�a$bdf%e5��{¥w�z�fNr�xd®¥tvr$��«�t�bdf���z¯tv{��®¥f3��zvfPbd�;x1r¯f<��{¥w¾r¯f<�·tv{¥�;w ; ¸ �d¸

nqf<�·t�{��w��	{r�f<r�r�f�w@t�{}��®®¥p%� �;w1� f�zvwdf<�P¹	{¥t�b�t�bdfº�dzv�q��«s��«st�bdf�t�zvf�f ¨ª©1�;r¯f<� ����xdz�fNw;t�f µs�1��wHr¯{��w1r_�dzvfNr�f�w;tvfN�3{¥w(r�fN� t�{��w ; ¸ý�s¸
nqf<�·t�{��w 1 {}rB�sf�¼���t�f<��tv�5t�bdf�� �;e(©d{¥wH��t��;z�{}��®���w1��®¥psr�{r	��«"tvbdf(��®�;r�r���«"«¬��zvfNr¯tvr	{w@¼��;®¥¼�f<��{w�t�b1f3tvz�fNf ¨ª©1��r�fN� ����xdzvf�w@t

f µs�1��wHr¯{��w1rN¸�a$bdfB��w1��®psr¯{}rK{¥w1��®¥xH�sfNrºr¯�;egf�f µs��tv{�	�d®}��w1��zK«¬��zvfNr¯tvrN´�t�b1f�©1zv��w1�vb1r���«»¹	bd{}�vb]��zvf���®®¥��¹ºfN��tv�(� zv�;rvr�´�zvf «¬f�zvz�f<�
t��-{w�tvbdfP«¬�;®¥®��¹	{¥wd�5��r��uxdwd��®fNrN¸�a$bdfP½1z�r¯t�r¯xd©1r�fN� t�{��w_´dr�fN� t�{��w 1 ¸ ; ´drut���z�tvr$¹	{ tvb��-r�bd��z�t$zvf�¼q{¥fN¹[��w�t�bdf3¼��s�N��©dxd®}��zvp-��«
t�zvf�fNr���w1�g«¬��zvfNr¯tvrN¸���w/r�fN� t�{��w 1 ¸ �d´;��w1�5r¯f<�·tv{¥�;w 1 ¸ 1 ´�¹�f	�1z���¼q{�sf���w5��®¥�;f�©dz���{}�ºzvf��1z�f<r¯f�w@tv��t�{��wg��«S«¬��zvfNr¯tvr���w1�P�uxdwd��®fNr�{w
t�f�zve5r"��«Er�fN|@xdf�wH� fNr"�;wge5���1rN¸"nsfN�·tv{¥�;w1r 1 ¸ �1´ 1 ¸ý�P��w1� 1 ¸ �j{w;tvz��s�dx1� f�tvbdf���®¥�;f�©dz���{}��tv�q��®}r"z�fN®¥fN¼���w@t"t��%t�bdf�����e(©d{w1��t���zv{}��®
��w1��®¥psr�{rN¸�~�f�zve(xst���t�{��w��;z��;xd�����·tv{��w1r���wB�uxdwd��®fNrK��zvfº{¥w@t�zv�s�sx1��fN�»¸�²1zv��eÇt�b1f$²1f�pqwde5��wd¨ª³3�;��e-�s�sfN®¥®{¥w1�j�S�;{¥w@t"��«1¼q{f�¹3´
t�bdfNp±� �;z�zvfNr��S��w1�§t���tvbdf]�;�·t�{��w ��«�t�b1f/�Sf�zve(xstv��t�{��w ��zv��x1� ��� t�{wd�¾w1��tvxdz���®®¥p§�;w �1��z�t�{}� ®f/r¯psr¯t�fNe-rN¸�a$bd{}r��;�·tv{¥�;w {r
rutvx1�s{fN�]{w��sf�tv��{¥®9¸K²1��z$f µd��e-�d®f�´s��¹	zvfN��tvb]�dzv�s�sx1� t�zvf��dzvfNr�f�w@tv��t�{��w/��«_tvbdf3rut���©d{®¥{ V�fNzvrº{}r��;©stv��{¥wdf<�»¸��º®�;r�fN�/{w1�sx1� t�{¼�f
«¬��zve(xd®�;r%«¬�;z�{w;tvf�z���� t�{wd�¾�1��z¯tv{}� ®f5e-�s�sfN®r��1��t�b!fNw@xde-fNzv��t�{��w!��z�f/�df�z�{¼�f<�±{w r�fN�·tv{��w 1 ¸ý�s¸�²�{¥wH��®®¥p;´�{w r�fN� t�{��w 1 ¸P<q´
¹ºf5�sfNr�{��w±��w Q�{®©Sf�z�t�r¯fNz�{fNrPe-f�t�bd�s�§«¬�;z3����xdw@t�{wd��«¬�;z�f<rut�r%��wH�>tvbdf-��t�bdfNzP«W��e-{®¥®{fNr%��«ºzvf�®f�¼���w;t3����e(©d{w1��tv��zv{��®"��wH�
��f��;e-f t�zv{}����®"�;©q�uf<�·t�r�¸]�Br���w ���d�1®¥{}����t�{��w±��«ºtvbdfNr�f5z�f<r¯xd®¥t�r%��w�tvz�fNfNr3��w1�§«¬�;z�f<rut�r�´�r¯�;e-f-f µs�d®{��{ t(�N��®}� xd®}��tv{¥�;w1rP��«ºtvbdf
½1zvr¯t���z��sfNz�tvf�zve5rK��«St�b1f	f�µs�1��w1r�{��w1r"��©dtv��{wdf<��{w5r�fN� t�{��w/�%��zvf$��{¼�f�w-{¥w/r¯f<�·t�{��w 1 ¸ =d´;��wH�-�P�;f�wdfNzv��®¥{ V�f<� ¤ {}�v¶(«¬�;z�e(xd®}�
«¬��z$«¬��zvfNr¯tvr${}r$�;©stv��{¥wdf<��{¥w¾r�fN�·tv{¥�;w 1 ¸ �1¸

nqf<�·t�{��w��j{}r�f<r�r�f�w@t�{}��®®¥p3����w1��f�zvwdfN�3¹	{¥tvb(t�bdf�f�µ@tvf�w1r�{��w(��«dtvbdf��dzvf�¼q{��x1r���w1��®¥psr�{r_tv�P²1f�pqwde5��ws¨�³3�����1��z¯tv{}� ®f�e-�s�df�®}r
��w��1��tvb�r��1��� f<r�¸Ka$bdf%����zvz�f<r¯�S��w1�d{¥wd��tvz�fNf ¨ª©1��r�fN�/f µs�1��w1r¯{��wHrº{¥wq¼���®¼�fP��wdf�¹D��®�;r�r���«�«¬��zvfNr¯tvrN´q¹	{ tvb]tu¹º�-�d{r¯t�{wd��x1{r�bdfN�
� ��®��zvfN�>¼�fNz¯tv{��fNrN¸ga$bdf5����e(©d{w1��t���zv{}��®"��w1��®psr¯{}rj��«�tvbdfNr�f-��©s�ufN� tvr%{}r3r�®¥{��b@t�®p>eg�;z�fg{w@¼��;®¥¼;fN�»´_©dxst�f<r�r�f�w@t�{}��®®¥p¾«¬��®®¥��¹�r
t�bdf%r���egfj®¥{wdfj��«��sfN¼�f�®���de-f�w@t$��rº©Sf «¬��zvf�¸Ka$bd{r�r¯t�xH�sp-{}r�r¯x1ege5��z�{ V�f<�5{¥w�r�fN� t�{��w/�H¸ ; ´@��w1�/r�fN� t�{��w/�H¸ý�s¸"a$bdfjwdf�µ@t�t�¹º�
r¯f<�·t�{��wHr�´�r¯f<�·t�{��w��1¸ 1 ´G��w1��r¯f<�·t�{��w��1¸ �1´G��z�f��sfN¼���tvfN�3z�f<r¯�Sf<�·t�{¼�f�®pBtv�Bxdwdwd�;z�e5��®{ V�fN�3²1f�pqwde5��ws¨�³3����r¯fNe-{¥�;z��;xd�1r»�;w3�1��t�b
r¯�1�;� fNrN´���w1��tv�jt�b1f$����zvz�f<r¯�S��w1�s{wd��tvz�fNf ¨ª©1��r�fN� ����xdz�fNw;t�t�pq�Sf$f µs�1��wHr¯{��w1rN¸���w(tvbdf�½1w1��®dr¯f<�·t�{��w�´�r�fN�·tv{��w(�H¸ý�s´�¹ºf�x1r�fºtvbdf
�s{ uEf�zvf�w@t�{}��®�«¬��zvfNr¯t�f µs�1��w1r�{¥�;w%e5����bd{¥w1f�zvpP�sf�¼�fN®¥�;�SfN�%�dzvf�¼q{��x1r�®¥pj{w%tvbd{}r���z�t�{}� ®fKt��j�sf�zv{¥¼�f��1z�f<� {}r¯f��dzv���1���;��tv{¥��wHrE��«d�vb1���;r
t�pq�Sf/�dz��;�Sf�z�t�{fNr%��«${¥w@t�fNzv�;�·t�{wd�¾�1��z¯tv{��®¥f5e-�s�sf�®}rN´�{¥wH� ®x1�s{¥w1�>r¯t�zv��w1��f µs�1��w1r�{��w1r%��«�t�bdf/�H��z�t�{}� ®f-©1®¥�s��¶��s{}r¯t�zv{¥©dxdt�{��w1r
¹	{ tvb zvfNr��SfN�·t5t����E��®��tv��z�fN¼ t�pq�Sf§r¯fNeg{wd�;z�e5rN´�r�b1��zv�

Lp
¨ªe-fN��w f�zvz��;z-fNr¯t�{e-��t�f<r�´$��w1� �±®}�G¹&��«%®}��zv��f�w@xde(©Sf�z�r-«¬�;z

U
¨�r¯tv��tv{r¯tv{�Nr$�;r�r��s� {}��tvfN�5tv�-{w;tvf�z����·tv{¥w1�g�1��z¯tv{��®¥f%e-�s�sfN®rN¸

Z\[�� ����� _����\_�� �!�\i#"$�	� k&%�c!dmg�'("*)(�\_he+"Bd,���!�-'�'/.]k�i0�LaNk]dm_1�Gc2���3"
a��>�G¼���{}�±��w@p�r¯tv��t�f]r¯�1�;� f5z�f<rutvz�{}�·tv{¥�;w1rN´���w1� ��w@p§x1wdwdfN��fNrvr���z�p¾tv���S�;®¥�;��{}����®���rvr¯x1eg�dt�{��w1rN´_tvbd{}r(��z�t�{}� ®f-{}r(� ��wH� f�zvwdfN�
¹	{ tvb°��©1r¯t�z���� t�e5��tvbdf�e5��t�{}����®ºe-�s�sf�®}r�{w ��fNwdf�z���®�egf<��r�xdzv��©d®f/rut���tvf]r��1����fNrN¸¾a$bdf]e5��{w°���s¼���w;t�����f5��«$t�bd{}r(�;f�wdfNzv��®
r¯f�t¯¨ªxd� ����e-fNr�«¬z��;emtvbdf/«W�;�·t(tvb1��t�{¥tg���d�d®{¥f<r�¹	{¥t�b1��xst�«¬xdz¯tvbdf�z�¹º�;z�¶§tv�>t�bdf���w1��®psr�{r���«	�H��t�b°r��1����f]²dfNp@w1e-��ws¨�³3���
eg�d�sf�®}r�´1��w1�]tvbdf�{z	�;f�wdf<��®���;{�N��®St�zvf�f%©1�;r¯f<��{¥w@t�f�zv�dzvf tv��t�{��wHr�¸

4�f «¬�;z�fB¹ºfP� �;w;t�{w@x1fj¹	{ tvb/t�bdfj©S�d�spg��«»tvbdfj{w;tvz��s�dx1�·t�{�;w_´@¹ºfP��®z�f<���spg�dz�f<r¯fNw;t$�(r�f�z�{fNr���«��sf ½Hwd{ tv{¥�;w1rN´;tvbdfj©SfNwdf ½dt�r
��«"¹	bd{}��b¾��z�f3z�f<���SfN��{¥w�t�b1f(r¯xd©Hr¯f<|;x1f�w;tjr�fN�·tv{¥�;w1r�¸ ¤ f3®f t

(En, En)n≥0
©Sf(�5� �;®¥®fN� t�{��w���«"e-f<��r�xdzv��©d®f%r¯tv��t�f(r¯�1�;� fNrN¸

¤ f5�sfNwd��tvfgzvfNr��SfN�·tv{¥¼;f�®p�©qp M(En)
´ P(En)

´���w1� Bb(En)
´»tvbdf5r¯f�t%��«���®®�½1w1{ tvf5r¯{��w1fN�§e-fN��r�xdzvfNrj�;w

(En, En)
´»tvbdf

� ��wq¼�f µ]r�xd©1r�f t	��«���®®E�1z��;©1��©d{®{ tup5e-fN��r�xdzvfNrN´q��wH�/t�bdf54$��w1����b�r¯�H��� fP��«���®¥®»©S��xdw1�dfN����w1�]e-fN�;r¯x1zv��©d®¥fB«¬xdwH�·t�{��wHr
f

�;w
En

´�fN|@xd{�d�SfN��¹	{ tvb§tvbdf-xdwd{¥«¬��zve wd��zve ‖f‖ = supxn∈En
|f(xn)| ¸ ¤ fg®f t

µn(fn) =
∫

En
µn(dxn) fn(xn)

´�©Hfgtvbdf
�_f�©Sf<r¯�;xdf�{¥w@t�fN��z���®���«��-«¬xdw1� t�{��w

fn ∈ Bb(En)
´S¹	{ tvb>zvfNr��SfN�·tBt����5e-fN�;r¯xdzvf

µn ∈ M(En)
¸ ¤ f�fN|@xd{� M(En)

¹	{ tvb
t�bdf�t���tv��®�¼���zv{}��t�{��w>wd��zve ‖µn‖tv = supf∈Bb(En):‖f‖≤1 |µn(f)| ¸ ¤ fgz�f<����®®�tvb1��t3�]©S��xdw1�dfN�>{w;tvf���z���®����SfNzv��t���z

Qn

)¬Ù�Ú()ãØ
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«¬z��;e
En−1

{w;t��
En

´1r¯x1��b�tvb1��t<´s«¬��z���w@p
fn ∈ Bb(En)

´st�bdf%«¬xdw1� t�{��w1r

Qn(fn) : xn−1 ∈ En−1 7→ Qn(fn)(xn−1) =

∫

En−1

Qn(xn−1, dxn) fn(xn) ∈ R

��zvf En−1
¨ªegf<��r�xdz���©d®f�´_��w1��©S��xdwH�sfN�»´���fNwdf�z���tvfNrP���sx1��®K���Sf�z���tv��z

µn−1 7→ µn−1Qn
«¬zv��e M(En−1)

{w;tv� M(En)
´

��w1���sf�½1wdf<��©qp
(µn−1Qn)(fn) := µn−1(Qn(fn))

¸
²1��z%�]©S��xdw1�sf<�>{w;tvf��;zv��®����SfNzv��t��;z

Q1
«¬zv��e

E0
{w;tv�

E1
´_��wH�§��w§���SfNzv��t���z

Q2
«¬zv��e

E1
{w;t��

E2
´»¹ºfg�df�wd��t�f�©qp

Q1Q2
tvbdf-����e-�S�;r�{ tv{��w§���Sf�z���tv��zB«¬z��;e

E0
{¥w@t��

E2
´_�sf�½1wdfN�§«¬��z3��w@p

f2 ∈ Bb(E2)
©@p

(Q1Q2)(f2) := Q1(Q2(f2))
¸

a$bdfPtvf�w1r���z	�S��¹ºf�z
Q⊗q

n

zvf��dzvfNr�f�w;t�rºtvbdf3©S��xdw1�dfN��{w@t�f��;zv��®E�;�Sf�z���t��;z���w
Eq

n

´1�sf ½HwdfN��«¬��z���w@p
F ∈ Bb(E

q
n)

©qp

Q⊗q
n (F )(x1

n, . . . , x
q
n) =

∫

Eq
n

[
Qn(x1

n, dy
1
n) . . . Qn(xq

n, dy
q
n)
]
F (y1

n, . . . , y
q
n)

¤ f�� ��wHr¯{}�sf�zg���s{}rutvz�{©dxstv{¥�;w
η0

�;w
E0

´���� �;®¥®fN� t�{��w ��«jk>��z�¶���¼§tvzv��w1r¯{¥t�{��wHr
Mn(xn−1, dxn)

«¬zv��e
En−1

{¥w@t��
En

´
��w1� �>� �;®¥®fN� t�{��w ��« En ¨ªe-fN��r�xdz���©d®f�´���wH�±©S��xdwH�sfN� �S��tvf�w;tv{��®�«¬xdw1�·tv{¥�;w1r

Gn
�;w±t�bdf�rut���t�f]r¯�H��� f<r

En
¸�a��>r¯{e-�d®{ «¬p

t�bdf��dz�f<r¯fNw;tv��t�{��w�´d��w1���G¼���{}�]xdw1wdfN��fNrvr���z�p5t�f<�vbdwd{}����®��s{}r���x1r�r�{��w_´d¹ºf�r¯bH��®®_r�xd�d�S�;r�fPtvb1��t�t�bdf��S��t�fNw;tv{��®»«¬xdw1�·tv{¥�;w1r���z�f
�vbd�@r¯fNw�r�x1��b�t�bH��t

0 < inf
xn∈En

Gn(xn) ≤ sup
xn∈En

Gn(xn) <∞ � ; ¸ ;��

¤ fj��rvr��s� {}��t�f$t��3tvbdfNr�f���©s�ufN� tvr�t�bdfj²1f�pqwde5��ws¨�³3���$e-fN��r�xdzvfNr��sf�½1wdfN�-«¬��zº��w@p(«¬xdwH�·t�{��w
fn ∈ Bb(En)

©@p�t�bdf�«¬�;®¥®�G¹	{wd�
«¬��zve(xd®��f

ηn(fn) = γn(fn)/γn(1)
¹	{¥t�b

γn(fn) = E[fn(Xn)
∏

0≤k<nGk(Xk)] � ; ¸ � �
��w � ; ¸ý� � ´ (Xn)n≥0

zvf��dzvfNr�f�w;t�r��3k§��zv¶��G¼��vb1��{¥w�´�tv��¶@{wd�3¼���®xdfNrK{w-tvbdfBr¯tv��t�fBr��1����fNr
(En)n≥0

´@¹	{ tvb5{wd{¥t�{}��®S�s{r¯t�zv{©dxst�{��w
η0

��w
E0

´1��w1��f�®f�e-f�w@tv��z�p5tvzv��w1r¯{¥t�{��wHr
Mn

«¬z��;e
En−1

{w;tv�
En

¸�a$bdf3��bd�;{��fP��«�wd��w�bd�;e-����fNwdf��;x1r�r¯tv��t�f3r��1�;� fNr
En{r	wd��t�{¥w1wd�s� fNw;tN¸K��w¾r�f�¼�f�z���®»���d�d®{�N��t�{�;w���zvfN�;r�tvbdf3xdw1�sfNz�®pq{¥w1�-k>��z�¶;�G¼5e-�s�sfN®»{}r	�g�1��t�bs¨�r��1����f%k>��zv¶���¼/�vb1��{¥w

Xn = (X ′
0, . . . , X

′
n) ∈ En = (E′

0 × . . .× E′
n) � ; ¸ 1 �

a$bdf-f�®f�e-fNw;tv��z�p>�dzv{¥e-f-¼���z�{}��©1®¥f<r
X ′

n

zvf��dzvfNr�f�w@t3��w±f�®f�e-f�w@tv��z�p§k>��zv¶���¼¾��b1��{w�tv��¶@{wd��¼���®xdfNr%{¥w!r¯�;egf-e-fN��r�xdz���©d®f
r¯�1�;� fNr

(E′
n, E ′n)

¸�²d�;z_{¥wHrut���w1��f�´<{¥w3e5����z���¨9e-��®fN��xd®��z»��w1��®psr¯{}rN´ t�b1f�f�®f�e-f�w@tv��z�pB¼���zv{��©d®fNr
X ′

n

z�fN�dzvfNr�f�w;t�rStvbdf�e-��wd�;e-f�z�r
{¥w ���s{zvfN�·tvfN�±�vb1��{¥w

Xn
´�¹	{¥t�b±�S��®pqe-f�zv{�V<��t�{��w��sfN��zvf�f

n
¸g��w�t�bd{}r3����w;tvf µqtN´»tvbdf-�S��t�fNw;t�{}��®"«¬xdw1� t�{��w1r

Gn
z�f�n1fN� tPtvbdf

{¥w@t�f�zve-��®fN��xd®��z���t�t�z����·tv{¥�;w���z�z�fN�dxd®}r¯{��w�«¬��z�� fNr�©Sf tu¹ºf�fNw�tvbdf�eg�;wd��e-fNzvrN´���w1�3tvbdf$� ��zvzvfNr��S��wH�s{¥w1�B²dfNpqwde-��ws¨�³3����eg�d�sf�®
z�fN�dz�f<r¯fNw;tvr_tvbdf$�s{r¯t�zv{©dxst�{�;w���«stvbdf��S��®p@e-fNz�� �;ws½1��xdz���tv{��w1r_{w��jr¯�;®¥¼�fNw;tN¸���w�r�{¥�;w1��®;�1z��s��fNrvr¯{wd�1´G��w1��e-��zvf��1��z�t�{}� xd®}��zv®p
{¥w�½1®¥t�fNz�{wd�g�dzv��©1®¥fNe-rN´@tvbdf3�vbH��{w

Xn
zvf��dzvfNr�f�w@tºtvbdf%�1��t�b1r$��«��g��{¼�f�w�r�{¥�;w1��®9´s��w1�]t�bdf%�S��t�f�w@t�{}��®E«¬xdw1� t�{��w1r

Gn
z�f�n1fN�·t

t�bdfB®{¥¶�fN®¥{bd�q�s�g��«Et�bdf�{z�tvf�zve-{¥w1��®1¼���®¥xdf<r
X ′

n

´;¹	{¥tvb5zvfNr��SfN�·t�t��3tvbdfjr¯f<|;x1f�w1��f	��«E�;©1r¯fNz�¼���tv{¥��wHrK�sf�®{¥¼�fNz�f<�g©qp(tvbdfjr¯fNw1r¯�;zvrN¸
��w�t�bd{}r�� ��w@t�f µqt<´»tvbdf5����zvz�f<r¯�S��w1�d{¥wd��²1f�pqwde5��ws¨�³3����e-�s�sf�®Kzvf��dzvfNr�f�w@tvrjtvbdf5����w1�s{¥t�{��wH��®K�d{r¯t�zv{©dxst�{��w±��«�tvbdf-�1��t�b±��«
t�bdf>r�{��w1��®Y´º�;{¥¼�fNw¦t�bdf>r�fN|@xdfNw1� f���«P��©Hr¯fNz�¼���t�{��w1rN¸ a�� e-��tv{¥¼���t�f�t�bd{}r/��z�t�{}� ®f�´�®¥f�t/x1r/��®}r��±e-f�w@t�{��w ��w {e-�S��z�tv��w;tN´
��w1� e-��zvf/� ®}��rvr¯{}����®K�1b@psr¯{}����®�{w;tvf�zv�dzvf tv��t�{��w ��«�tvbdfNr�f]²1f�pqwde5��ws¨�³3��� n1�G¹�rN¸���w tvbdf��;z�f�t�{}����®��1��z�t�{}� ®f5�dbqpsr¯{}��rN´�t�bdf<r¯f
eg�d�sf�®}rgz�fN�dz�f<r¯fNw;t�r(t�bdf¾�s{}r¯t�zv{¥©dxdt�{��w¦��«j���1��z¯tv{��®¥f�f�¼��;®¥¼q{wd��{w ��w ��©1r¯�;z�©1{¥wd��egf<�s{xde�´º¹	{ tvb¦�;©1r¯tv����®¥f<r�z�fN®��t�f<�!t��
�S��t�fNw;tv{��®s«¬x1w1�·tv{¥�;w1r

Gn
´�tv��¶q{¥wd�3¼���®xdfNrK{w

[0, 1]
¸���w-t�b1{rº� ��w@t�f µqt<´�t�bdf��H��z�t�{}� ®f

Xc
n

fN¼���®¼�fNr���������z��s{wd�jtv�%tu¹º�(r�f��1��zv��t�f
egf<�vbH��wd{}r¯e5rN¸"²�{z�rutv®¥p;´�{¥t�e-��¼�fNr"«¬zv��e ��r�{ tvf

xn−1 ∈ En−1
´�tv�(��wd��t�bdf�z

xn ∈ En
���N� ��z��s{wd�Pt���f�®f�e-fNw;tv��z�p(t�z���w1r�{¥t�{��w1r

Mn(xn−1, dxn)
¸�a$bdfNw_´d{¥t�{}r���©1r���zv©SfN�]¹	{¥t�b¾�-�dz��;©1��©1{¥®{¥t�p

1−Gn(xn)
´H��w1���d®}��� f<��{w¾��w���xsµs{¥®{��z�p]� f�e-f�t�f�zvp�rut���t�f

Xc
n = c

r@��t�bdfNz�¹	{}r�f	{ tºzvf�e5��{¥w1r�{¥w5tvbdfjr���egfBr�{ tvf�¸"�ª«»¹ºfB®¥f�t
T

©Sf	tvbdfBzv��w1�s�;e ��©1r¯�;z��dt�{��w�tv{egf;´;t�bdfNw/{ tº{}r�wd��tº�s{��/� xd®¥t
t��5��bdfN��¶/t�b1��t

γn(fn) = E[fn(Xc
n) 1T≥n]

��wH�
ηn(fn) = E[fn(Xc

n) | T ≥ n] � ; ¸ � �
��w�tv{¥e-f3bd�;eg�;��f�w1f���xHr�r�f t�t�{wd�;r � Gn = G

��wH�
Mn = M

� ´1¹ºf%b1�G¼�f

γn(1) = P (T ≥ n) ∼ e−λ n

a$bdf��S�@r¯{¥tv{¥¼�f¾����w1r¯tv��w;t
λ

{r/�±e-fN�;r¯x1z�f���«jtvbdf>r¯t�zvf�wd��tvb ��w1�¦t�z����d�d{wd� f
uEfN� tvr5��«jt�b1f¾��©1r¯tv�;� ®f�¸ 4�p¦�±®f�e-e5�±��«
����z����sb1��w � r�´

λ
� ��{w1� {}�sf�¹	{¥t�b[tvbdf±®���;��z�{¥t�b1eg{}� �_p;���dxdwd��¼ f�µs�S��wdfNw;t

λ0
��«�t�b1f�t�z���w1r�{ tv{¥�;w �;�HfNzv��t��;z

Q(x, dy) =
G(x) M(x, dy)

¸ ¤ bdfNwdf�¼�fNzB{ tjf µs{r¯t�r�´dtvbdf(����zvz�f<r¯�S��w1�s{wd�-f�{��fNws«¬xdw1� t�{��w
h

��«
Q

zvf��dzvfNr�f�w@tvr$t�bdf(��zv��xdwH��r¯tv��t�f���«�tvbdf
���Sf�z���tv��z

Q
¸

a$bdf<r¯f-²1f�pqwde5��ws¨�³3���(e-�s�sf�®}r%����w���®}r���©Hf-z�fN�;��zv�sf<�>��r%�]w1��t�xdz���®�t�{e-f-�d{rv� zvf tv{�V<��t�{��w§��«º����w;tv{w@xd��xHrjt�{egf-�1��z¯¨
t�{}� ®f/��©1r���zv�st�{��w±eg�d�sf�®}r���rvr¯�d� {}��t�f<�§¹	{¥t�b r¯�;e-f/ns��bdzv¿s�s{wd��fNz3���Sf�z���tv��zN¸]a���©Sf/e-��zvf-�dzvfN��{r�f�´�®¥f�t(x1r�r�xd�d�S�@r¯f-t�bH��t
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M(x, dy) = M∆(x, dy)
zvf��1z�f<r¯fNw;t$tvbdf3t�z���wHr¯{¥t�{��wHr$��«��5� ��w@t�{w@xd�;x1r$tv{¥e-f(k>��z�¶���¼/�dzv�s� f<r�r$¹	{¥t�b¾{ws½1wd{¥t�f<r¯{e5��®��;f�wdfNz¯¨

��t��;z
L
´1�sxdzv{¥w1�-�-r�bd�;z¯t	�Sf�zv{¥�d�]��«�tv{¥e-f

∆
rd{w�tvbdf�r¯fNw1r�fjtvb1��t

L(f)(x) = lim
∆→0

1

∆

[
M∆(f)(x)− f(x)

]

«¬��z�r¯x �/��{¥fNw;t�®p z�fN��xd®}��z]«¬xdw1�·tv{¥�;w1r
f

��w
E

¸ �_f�t�x1r���®r��¦r¯x1�d�S�;r�f>t�bH��t�tvbdf±�S��t�fNw;tv{��®j«¬xdw1�·tv{¥�;w1r�b1�G¼�f>t�b1f§«¬�;z�e
G(x) = G∆(x) = e−V (x)∆ ´q«¬�;z	r���e-fPwd�;w�wdfN�;��tv{¼�fjfNwdf�zv��p-«¬xdw1� t�{��w

V
¸"��w�tvbd{}r	���;r¯f;´q{¥t	{}r$z�fN�;�s{®¥p/��bdfN��¶�fN�]t�bH��t$t�b1f

{¥ws½Hwd{ tvfNr�{¥e5��®_��f�w1f�z���t��;z���«�tvbdf3�1��z�t�{}� ®f3��©1r���zv�st�{�;w/t�z���wHr¯{¥t�{��w1r

Q∆(x, dy) = e−V (x)∆ M∆(x, dy)

{r	��{¼�f�w�©@p/tvbdf(ns�vb1z��s�d{¥wd�;f�z$���SfNzv��t��;z

L(f)(x)− V (x)f(x) = lim
∆→0

1

∆

[
Q∆(f)(x)− f(x)

]

i�w1�sfNz]zvfN��r���w1��©d®¥p ¹�fN��¶ ��rvr�xde-�st�{��w1rN´�t�bdf>�H��{z
(λ, h)

� ��{w1��{�sf>zvfNr��SfN�·tv{¥¼�fN®¥p¦¹	{ tvb t�bdf>t��;� fN{¥�;f�wq¼���®xdf�´	��w1� t�b1f
��zv��xdw1�]r¯tv��tvfj��«_tvbdf�ns�vbdzv�s�s{wd�;f�zº�;�Sf�z���tv��z

LV = L− V ¸�a$bdfPfNr¯t�{e5��tv{¥�;w]��«�t�bdf<r¯f%r��SfN� t�z���®E|@x1��w;tv{ tv{¥f<r�b1��r�z�f<� fNw;t�®p
z�f<� f�{¼�fN���g®¥��t	��«"��t¯tvf�w@t�{��w�{w�eg�d�sf�zvw�wqxde-f�zv{�N��®»�dbqpqr�{}��rN´d��wH��|;xH��w;tvxde&��bdf�e-{}rutvz�p;¸

� wH��t�x1zv��®Y´H��w1�¾� ��e-e-��w�¶�fNp�{�sf<�-{w¾e-�;r¯t���«�tvbdf(k¾�;w;t�f�¨ ����z�®�5���d�dzv�Gµq{e5��tv{¥�;w�e-�s�df�®}r	{}r	t��]r¯{e(xd®}��tvf��5�S���dxs¨
®��t�{��w���«"¹���®¶�fNzvr��;z	�1��z�t�{}� ®fNr$e-{e-{��¶q{¥wd�-t�b1f3f�¼��;®¥xdt�{��w���«K�g�1��z¯tv{��®¥f%{w¾��w���©1r���zv©d{¥w1��e-f<�s{¥xde�¸ºa$bdfNr�f%e-�s�df�®}r	����w
©Sf({¥w@t�f�zv�dzvf tvfN�¾�;rB�/w1��tvxdzv��®�e-fN��w�½1fN®�¾�1��z¯tv{}� ®f(���d�dzv�Gµs{¥e5��tv{¥�;w���«"tvbdf��d{r¯t�zv{¥©1xst�{��w n1��¹

ηn
¸ ¤ f(f�w1��tvbd{}rjr�fN�·tv{��w

¹	{ tvb¾�g�dzvfN��{r�f3�sfNrv� zv{�st�{��w���«�tvbdfNr�f3wd��wd®{wdfN��z$e-�s�df�®}r�¸,4�p5tvbdf�k>��z�¶���¼5�1z��;�Sf�z�t�p]��w1�]tvbdf3e(xd®¥t�{�d®{�N��tv{¥¼�f(rutvz�x1� t�xdzvf
��« � ; ¸ý� � ´d{ t�{}r$f<��r�{¥®p]�vb1fN��¶�fN�]tvb1��t	t�bdf nH�G¹

(ηn)n≥0
r���t�{}ru½1f<rºtvbdf%«¬��®®�G¹	{wd�gf<|@x1��tv{¥�;w

ηn+1 = Φn+1(ηn) � ; ¸ � �
a$bdfgt�z���w1r¯«¬��zve5��tv{¥��wHr

Φn+1 : P(En) → P(En+1)
��z�f-�sf ½HwdfN�§«¬�;z3��wqp>�1��{z

(ηn, fn+1) ∈ (P(En) × Bb(En+1))
�;r

«¬��®®¥��¹�r

Φn+1(ηn)(fn+1) =
ηn(Qn+1(fn+1))

ηn(Qn+1(1))

¹	{¥t�b
Qn+1(xn, dxn+1) = Gn(xn)×Mn+1(xn, dxn+1)

h���tv{��fPtvb1��t	t�b1f3f�¼���®xstv{¥�;w�r�f�e-{��zv��xd�
(Qp,n)0≤p≤n

��«�tvbdf3xdwdwd�;z�e5��®¥{ V�f<���s{}rutvz�{©dxstv{¥�;w n1��¹[{}r	��{¼�f�w�©@p

∀0 ≤ p < n γn = γpQp,n
¹	{ tvb

Qp,n = Qp,n−1Qn � ; ¸ � �
��w1�!tvbdf�xdwdwd�;z�e5��®{ V�fN�°²dfNpqwde-��ws¨�³3���/e-fN��r�xdzvfNr

γn
rv��tv{ «¬p

γn(fn) = γn−1(Qn(fn))
¸���|@xd{¼���®f�w@t�®p�´Ktvbdf�p �N��w°©Sf

f µs�dzvfNrvr¯fN�]{w�t�f�zve5r$��«�t�bdf n1��¹
(ηp)0≤p≤n

¹	{¥t�b�tvbdf%«¬��zve(xd®}��f

γn(fn) = ηn(fn) × γn(1)
¹	{¥t�b

γn(1) =
∏

0≤p<n

ηp(Gp) � ; ¸0< �

«¬��zB��w@p
fn ∈ Bb(En)

¸$�	f�t�xdzvwd{wd�-tv�5t�bdf(�db@psr�{�N��®_{w;tvf�zv�dz�f�tv��t�{��w_´dt�bd{}r��1z��s�dx1�·t�«¬��zve(xd®�5r�bd��¹�r$t�b1��t�tvbdf �_p;���dxdwd��¼
f µs�S��wdfNw;t

λ
{r(zvf�®}��tvfN�±tv�¾tvbdf���r�p@e-�stv��tv{�5e-f<��w ®¥�;�;��zv{¥t�bde+¼���®¥x1f/��«	t�bdf��S��tvf�w;tv{��®

Gn = G
¹	{ tvb zvfNr��SfN�·t(t��>t�b1f

egf<��r�xdzvfNr
ηn

1

n

∑

0≤p≤n

log ηp(G) ' −λ � ; ¸ = �

k¾x1��b5e-��zvf	{}rKtvzvxdf�¸���w5t�bdfj�N��r�f	¹	bdfNz�f	t�b1f�b1��e-���;f�wdf��;x1r"t�z���w1r�{ tv{¥�;w1r
Mn = M

��zvf	z�fN¼�f�z�r¯{©d®f	¹	{ tvb5zvfNr��SfN� tKtv�(r���e-f
egf<��r�xdzvf

µ
´;t�b1fB�;z��;xdw1�5r¯tv��t�fBzvf��dzvfNr�f�w;t�rKtvbdfj®¥{e-{ tv{¥w1��½dµsf<�5�S��{w;t�e-fN��r�xdzvf���«»tvbdfP�s{r¯t�zv{©dxst�{��w�n1�G¹

ηn
rq{¥w/t�bdfPr�f�w1r�f

t�b1��t$«¬�;z���wqp/©S��xdwH�sfN��egf<��r�xdz���©d®fj«¬xdw1�·tv{¥�;w
f
´d¹ºf3b1�<¼;fjtvb1��t

1

n

∑

0≤p≤n

ηp(Gf)/ηp(G) ' µ(hf)/µ(h) � ; ¸ � �

)¬Ù�Ú()ãØ
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� wH��t�x1zv��®ºe-f<��w ½1fN®�°�1��z�t�{}� ®f�e-�s�sf�®	��rvr��s� {}��t�f<� ¹	{¥t�b°tvbdf�wd��wd®{wdfN��zg²1f�pqe5��ws¨�³3���)n1��¹ � ; ¸ý� � {}r(tvbdf
EN

n

¨9¼���®xdfN�
k>��zv¶��G¼/��b1��{w

ξ
(N)
n = (ξi,N

n )1≤i≤N
¹	{¥t�b�fN®¥fNegfNw;t���zvp-tvzv��w1r�{ tv{¥�;w1r$�df ½1wdf<�]«¬�;z���wqp

FN
n ∈ Bb(E

N
n )

©qp

E

(

FN
n (ξ(N)

n ) | ξ(N)
n−1

)

= Φn

(

m
(

ξ
(N)
n−1

))⊗N

(FN
n )

¹	{¥t�b
m
(

ξ
(N)
n−1

)

=
1

N

N∑

i=1

δξi,N

n−1
� ; ¸ ; � �

��w���tvbdf�z	t�fNz�e5rN´d��{¼�f�w�t�bdf(� �;ws½1��x1zv��t�{��w
ξ
(N)
n−1

��t�z���wd¶
(n− 1)

´dtvbdf3�1��z¯tv{}� ®f3r�pqr¯t�fNe
ξ
(N)
n

��t�zv��wd¶
n
´H� �;w1r¯{}r¯tvr$��«

N{¥w1�df��Sf�w1�df�w;tK��wH�3{�sfNw;tv{�N��®®¥p3�s{}rutvz�{©dxstvfN��z���w1�s�;eD¼���zv{��©d®¥f<r»¹	{¥t�b�����e-e-��w(�s{r¯t�zv{©dxst�{��w
Φn

(

m
(

ξ
(N)
n−1

)) ¸�a$bdfº{wd{ tv{��®
� ��wd½1��xdz���tv{¥�;w

ξ
(N)
0

� �;w1r¯{}r¯tvrº��«
N

{w1�sf��SfNw1�sf�w@t	��w1�/{�sfNw;tv{�N��®®¥p/�s{}rutvz�{©dxstvfN�]zv��w1�s��e ¼���z�{}��©1®¥f<r�¹	{¥t�b��s{r¯tvz�{©dxstv{¥�;w
η0

¸
��®¥t�bd�;xd��bgt�b1f��sfN�Sf�w1�sfNw1� p���«St�bdf�e-�s�sf�®d�;w

N
{}r�rutvz��;wd�1´��sxdf	t��%t�b1f	e-fN��ws¨Y½Hf�®}��w1��t�xdzvf$��«Htvbdf	e-�s�sfN®Y´;¹ºf���©d©dzvf�¼q{}��tvf

(ξi,N
n )1≤i≤N

tv�
(ξi

n)1≤i≤N
¹	bdfNw

N
{}r�½dµsfN�»´qf µd� fN�st�f<�5¹	b1f�w]¹ºfj¹���w@tºt���f�e-�db1�;r¯{ V�fjf µs�d®{��{ tvf�®pgt�bdf%�sf��SfNw1�sf�w1��p-�;w

N
��«�tvbdf3e-�s�sf�®9´sf;¸ �H¸K��r${w�t�bdf3f�wH����«�t�bdf3�dzvfNr�f�w@t�r¯f<�·tv{¥�;w_¸
hB��t�{}� f%t�b1��t

Φn

(

m
(

ξ
(N)
n−1

))

(dxn) =
1

∑N
j=1Gn−1(ξ

j
n−1)

(
N∑

i=1

Gn−1(ξ
i
n−1) Mn(ξi

n−1, dxn)

)

r¯�jtvb1��tKt�bdf	�1��z�t�{}� ®f�e-�s�sfN®sf�¼��;®¥¼�f<r��;r"�P��f�w1f t�{}�ºt�pq�Sf$e-�s�sfN®s¹	{¥t�bg�dzv���S�;z¯tv{¥�;w1��®qr�f�®fN�·tv{¥�;w1rN´���w1�(e(xdtv��tv{��w�t�z���w1r�{¥t�{��w1r
�s{� tv��t�fN�>©@p�t�b1f(�H��{zB��«��S��t�fNw;tv{��® ¨9t�z���w1r�{¥t�{��w

(Gn−1,Mn)
¸B��w§w@xde-f�zv{}����®��dbqpsr¯{}��rN´Ht�bdfgr�f�®fN�·tv{¥�;w�tvzv��w1r�{ tv{¥�;w¾{rj��«ãtvf�w

����®®fN�-zvfN����ws½H��xdz���t�{��w-��«»tvbdfB�S�;�dxd®}��tv{¥�;w5��«_¹���®¥¶�fNzvrN¸���w5tvbdfj����w@t�f µqtº��«»�H��t�b�r¯�1�;� fBk§��zv¶��G¼g�vbH��{w5e-�s�df�® � ; ¸ 1 � ´@{¥t�{r
{¥e-�S��z�tv��w;t$tv�-wd��t�{}� fPtvb1��t	tvbdf3�1��z�t�{}� ®f%{¥w@t�fNz��dzvf t���tv{¥�;w�e-�s�sf�®_{}r	���;��{w��g�1��tvb��1��z¯tv{��®¥f%e-�s�sfN®Y¸�tjxdzv{¥wd�-t�bdf�r�f�®fN� t�{��w
rut�����f;´�¹ºf�r�f�®fN�·t��%�1��tvbg�1��z¯tv{}� ®f	���N� ��z��s{wd�jt��3{ t�r"½dtvwdfNrvr�´@��w1��t�bdf�e(xstv��t�{��w5r¯tv����f	� ��wHr¯{}rut�r"{¥w-f�µqt�f�wH�s{¥w1�Ptvbdf�r�f�®fN� t�f<�
�1��tvb¾¹	{¥t�b§��w¾f�®f�e-f�w@tv��z�p]tvzv��w1r�{ tv{¥�;w¾�s{}�·t���tvfN�¾©@p�tvbdf�k>��z�¶���¼/t�z���wHr¯{¥t�{��w1r���«Kt�bdf(fN®¥fNe-f�w;t���zvp��dzv{¥e-f��vb1��{¥w�¸	��w�tvbd{}r
� ��w@t�f�µ@t<´qtvbdf3�1��z�tv{��®¥f%e-�s�sf�®�����w�©Hf3{w;tvf�z��1z�f�t�fN����r	�g��fNwdfN��®¥�;��{�N��®S�1��z¯tv{��®¥f%fN¼���®xst�{��w�eg�d�sf�®9¸

a$bdf����d�dzv�<µs{e-��t�{��wPe-fN�;r¯xdzvfNr
(ηN

n , γ
N
n )

�;r�r��s��{��tvfN�j¹	{¥t�b%tvbdf��H��{z_��«d²dfNp@w1e-��ws¨ª³�����e-fN�;r¯xdzvfNr
(ηn, γn)

��zvf��sf ½1wdf<�
©@p/t�b1f%fNe-�d{¥zv{}����®»�d��� xd�H��t�{��w�e-fN��r�xdzvfNr

ηN
n = m

(

ξ(N)
n

)

��w1�]tvbdf3xdwdwd�;z�e5��®¥{ V�f<�]�1��z�t�{}� ®f3�s{}rutvz�{©dxstv{¥�;w1r
γN

n

��zvf%�sf�½1wdf<�]«¬�;z���wqp
fn ∈ Bb(En)

©@p

γN
n (fn) = ηN

n (fn) × γN
n (1)

¹	{¥tvb
γN

n (1) =
∏

0≤p<n

ηN
p (Gp) � ; ¸ ;`; �

²d�;z(��z���tvbdf�z(����e-�d®f t�f]�;r¯pqe-�stv��t�{}�5��w1��®psr¯{}r%��«�tvbdfNr�f/e-fN��r�xdzvfNr3¹ºf]���@��{w±zvf «¬f�z�t�bdf]z�f<���sfNz%tv� o ��pª´"��w1� zvf «¬f�zvf�wH� fNr
t�bdfNz�fN{¥w_¸K��w��1��z�t�{}� xd®}��z<´@«¬�;z���w@p

fn ∈ Bb(En)
´d¹ºf3b1�<¼;fjtvbdf%«¬��®®¥��¹	{wd�-��®¥e-�@rut�� �;w@¼�f�zv��fNw1� fPz�f<r¯x1® t�r

lim
N→∞

ηN
n (fn) = ηn(fn)

��w1�
lim

N→∞
γN

n (fn) = γn(fn)

a$bdf�zvf «¬��zvf�´_t�b1f5�1��z¯tv{��®¥f-{w;tvf�zv�dzvf tv��t�{��w1r%��«ºtvbdf5�1��{¥z���©s�ufN� tvr
(λ, h)

{w;t�zv�s�sxH� fN�±{¥w � ; ¸ = � ��w1� � ; ¸ � � ´���zvf5�sf ½1wdf<�±©@p
r¯{e-�d®¥p§¹	{¥t�b z�fN�d®�;� {wd�

ηn
©qp¾tvbdf5�1��z�t�{}� ®fg�s�N� xd�1��t�{��w�e-fN�;r¯x1z�f

ηN
n

¸-�ªt3{}r3��®r���¹ºf�®®K¶qwd��¹	w�t�b1��t
γN

n

{r3��w�x1w@©d{}��r
���d�dzv�Gµq{e5��tv{¥�;w]e-fN��r�xdzvfP��«

γn
´d{w�tvbdf�r�f�w1r�fPt�b1��t

E(γN
n (fn)) = γn(fn)

Q���¹ºf�¼�fNzN´s{ t	tvxdzvw1r$�;xst$tvb1��t	«¬��zB��w@p
n ≥ 1

E(ηN
n (fn)) = E(fn(ξ1,N

n )) 6= ηn(fn)

a$bd{rBe-fN��w1r	tvb1��tBt�bdf(e-fN��w�½1fN®�¾�1��z�t�{}� ®f3{w;tvf�zv�dz�f�tv��t�{��w�e-�s�sfN®�{rBwd��tj��w�f�µd���·tjr���e-�d®¥{wd�]��®����zv{¥t�bde ��«�tvbdf��s{r¯t�zv{¥¨
©dxst�{��wHr

ηn
¸K��w��dz����·tv{��f�´s{¥t�{}r	��®¥f<��zv®¥p/{¥e-�S�;z¯t���w;t$tv�5��w1��®p V�fjtvbdfNr�f3|@x1��w;tv{ tv{¥f<r�´1��wH��e-��zvfP�;f�wdfNzv��®¥®p-t�b1f��s{r¯t�zv{©dxst�{��w

��«��1��z¯tv{��®¥f%©d®�s��¶qr$��«"��w@p�r¯{ V�f
q ≤ N

PN
n,q =

���G¹ (
ξ1,N
n , . . . , ξq,N

n

)
∈ P(Eq

n)

Ú�Ú Î�v5à����	�
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²d�;z$��w@p5�1��{¥z$��«�{w;tvf���fNzvr
(l,m) ∈ (N?)2

´s¹�f%r¯f�t
[l] = {1, . . . , l} ´d��w1� [l][m] t�bdf3r�f t$��«�e-���d�d{wd�;r

a
«¬z��;e

[m]
{w;t��

[l]
¸

4ºp |a| ´d¹ºf3�df�wd��tvfPtvbdf�����zv�s{w1��®¥{¥t�p/��«�t�bdf�r�f t
a([m])

´1��w1�]«¬��z���w@p
1 ≤ p ≤ l ¹ºf3r�f t

[l][m]
p = {a ∈ [l][m] : |a| = p}

a$bdf	w@xde(©SfNz
m−|a| ¹	{¥®®d©Sf	zvf «¬f�zvfN�(tv�3��r"t�bdfB� �;��®¥f<r���f�w1��f�w@xde(©Sf�z���«

a
¸"a��3r�{¥e-�d®{ «¬p(tvbdf	�dzvfNr�f�w@tv��tv{¥�;w_´�¹	bdfNw

l > m
´

¹ºf3��®r��-�sfNwd��tvf%©@p 〈m, l〉
(

= [l]
[m]
m

) t�b1f�r¯f t���«"��®¥®

(l)m :=
l!

(l −m)!

��wdfPtv�-��w1f%e-���d�d{wd�;r�«¬zv��e
[m]

{¥w@t��
[l]

´d��w1��©qp Gl = 〈l, l〉 tvbdf�r�p@e-e-f tvz�{}�P��zv��x1�]��«"��®®»�SfNz�e(xst���tv{¥�;w1r$��«
[l]

¸
²1z��;e t�b1f��dxdzvfºe5��tvbdf�e5��t�{}����®q�S��{w;t"��«H¼q{¥fN¹3´Gt�bdf$egf<��r�xdz�f<r

PN
n,q

��z�fº©Sf t�t�fNz"xdw1�sf�z�r¯t��q�s��¹	bdf�w(t�b1f�p���z�f�� �;wdwdfN� t�f<�
¹	{ tvb�tvbdf

q
¨9t�fNw1r¯�;z$�dzv�s�sx1� t$�s�N� xd�H��t�{��w�e-fN�;r¯x1z�f<r � z�f<r¯��¸�t�bdf3zvfNr¯t�zv{� t�fN�

q
¨9t�fNw1r���z$�dzv�s�sx1� t$�d��� x1�1��tv{¥�;w]e-f<��r�xdz�f<r � �;w

Eq
n

�sf ½1wdf<��©@p

(ηN
n )⊗q =

1

Nq

∑

a∈[N ][q]

δ
(ξ

a(1)
n ,...,ξ

a(q)
n )

��w1�
(ηN

n )¯q =
1

(N)q

∑

a∈〈q,N〉

δ
(ξ

a(1)
n ,...,ξ

a(q)
n )

hB��t�{}� f%t�b1��t$tvbdfNr�f3egf<��r�xdzvfNr$��zvf�´s©@p�����w1r¯t�zvx1�·tv{¥�;w_´dr¯pqe-e-f tvz�p@¨ª{¥wq¼���zv{��w@tN¸"a$b1��t	{}r�´s«¬��zB��w@p
F ∈ Bb(E

q
n)

(
ηN

n

)⊗q
(F ) =

(
ηN

n

)⊗q
((F )sym)

��w1� (
ηN

n

)¯q
(F ) =

(
ηN

n

)¯q
((F )sym)

¹	{ tvb�tvbdf�r�p@e-e-f tvz�{ VN��t�{��w��;�Sf�z���t��;z

∀q ≥ 1 F ∈ Bb(E
q
n) 7→ (F )sym :=

1

p!

∑

σ∈Gq

DσF

��w3t�bdf���©S��¼�f��s{}r¯�1®�Gp�fN���sf ½1w1{ tv{¥�;w_´Gt�bdfº���SfNzv��t���z
Db

rut���w1�dr_«¬�;z_tvbdf�k>��zv¶���¼�tvzv��w1r¯{¥t�{��w%«¬zv��e
Eq

n

{w;tv�B{¥tvr�f�®¥«u´��;r�r��s��{��tvfN�
¹	{ tvb��ge5���d�d{wd�

b ∈ [q][q]
´1��w1���sf ½1wdf<��©@p

Db(F )(x1
n, . . . , x

q
n) = F (xb(1)

n , . . . , xb(q)
n )

«¬��z3��w@p
F ∈ Bb(E

q
n)

´���w1�
(x1, . . . , xq) ∈ Eq

n

¸g��w±�1��z�t�{}� xd®}��z<´»¹ºf-e5�<p§�;r�r�xde-f�´_¹	{¥t�bd�;xst3zvfNr¯t�zv{� t�{��w_´_{¥w±�;xdzP«¬��z�t�bd¨
� ��e-{wd������e-�dxst���tv{¥�;w1rj�;w

q
¨9t�fNw1r¯�;zP�dz��d�sx1�·t%�s�N� xd�1��t�{��w§e-fN�;r¯xdzvfNrN´St�bH��t

F
{}r%��r¯pqe-e-f t�zv{}��«¬xdw1� t�{��w_¸ga$b1��t%{rN´E«¬�;z

��®®
s ∈ Gq

´
DsF = F

¸ ¤ f3¹	z�{¥t�fP«¬zv��e wd��¹[�;w_´ Bsym
b (Eq

n)
«¬��z$t�b1f�r¯f�t	��«"��®®_r¯pqe-e-f tvz�{}�j«¬xdw1� t�{��w1r	{w Bb(E

q
n)

¸
hB��t�{}� f���®}r��-t�b1f�«¬��®®¥��¹	{wd�]r¯pqe-e-f t�zvp��1z��;�Sf�z�t�p;´1fNrvr�f�w;tv{��®�{w¾¼q{f�¹Ç��«���®®�t�bdf�«¬�;z¯tvb1� �;e-{¥wd�]� �;e-�dxstv��t�{��w1rN¸Bnq{w1� f;´

� ��wH�s{ tv{¥�;w1��®Etv�
ξ
(N)
n−1

´st�bdf
ξi
n

��z�fP{9¸ {Y¸ �»¸´s«¬��z���w@p
F ∈ Bb(E

q
n)

��wH����wqp
a, b ∈ 〈q,N〉2 ´d¹ºf%bH�<¼�f

E

[

F (ξa(1)
n , . . . , ξa(q)

n )
]

= E

[

F (ξb(1)
n , . . . , ξb(q)

n )
]

.

²d�;z${w1r¯tv��w1� f�´d¹ºf3b1�<¼�fPtvb1��t

E

((
ηN

n

)¯q
(F )
)

= E
(
F
(
ξ1n, . . . , ξ

q
n

))
= PN

n,q(F ) � ; ¸ ; � �
�Br${w]tvbdf3���;r¯fP��«�f�®f�e-f�w@tv��zvp5�1��z¯tv{��®¥fP©d®�s��¶srº��«�r�{�VNfP��w1f�´@tvbdf%�dzvfN��{r�f%��w1��®¥psr�{rº��«�t�b1fNr�f

q
¨9t�fNw1r¯�;z��dzv�s�sxH�·t$e-fN�;r¯x1z�f<r

{r�{w;tv{¥e5��tvf�®p�zvf�®}��tvfN��tv�-tvbdf�xdw1wd��zve5��®{�VNfN���1��{z��1��z¯tv{��®¥f3e-f<��r�xdz�f<r
((γN

n )¯q, (γN
n )⊗q)

�df ½1wdf<��«¬��zj��wqp
F ∈ Bb(E

q
n)©@p

(γN
n )¯q(F ) = (ηN

n )¯q(F )× (γN
n (1))q ��w1�

(γN
n )⊗q(F ) = (ηN

n )⊗q(F )× (γN
n (1))q

¤ f5� ��wHr¯{}�sf�z%wd��¹ tvbdf-wd�;wdwdf��@��t�{¼�f�e-fN�;r¯x1z�f
QN

n,q

´_{w1�sf µsf<�§©@p¾tvbdf-�1��z¯tv{��®¥fg©d®�s��¶>r�{�VNfNr�´_��w§tvbdf-�dzv�s�sx1� t3rut���tvf
r¯�1�;� fNr

Eq
n

´1��w1���df ½1wdf<�]«¬�;z���wqp
F ∈ Bb(E

q
n)

©@p

QN
n,q(F ) := E((γN

n )⊗q(F ))

��w�tvbdf%«¬xdz¯tvbdf�zB�sf�¼;f�®���de-f�w@t	��«�t�bd{}r���z�t�{}� ®f�´s¹ºf�r¯bH��®®»�dz���¼�fjtvbdf%«¬��®®�G¹	{wd��«¬�;z�e(x1®� � �d¸ � �

E((γN
n )¯q(F )) = E((γN

n−1)
¯qQ⊗q

n (F )) = QN
n−1,q(Q

⊗q
n (F ))

)¬Ù�Ú()ãØ
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a$bd{r-r�{¥e-�d®f���©1r�f�zv¼���t�{��w!{w1�s{}����tvfNr�t�b1��tgt�bdf��d{r¯t�zv{¥©1xst�{��w n1�G¹
(QN

n,q)n≥0
b1��rg�§®{wdfN��zgf�¼���®xstv{¥�;w°r�f�e-{��zv��xd�_´"«¬�;z

��w@p �1��z¯tv{��®¥f]©1®¥�s��¶!r¯{ V�f
q ≤ N

¸ k¾x1��b°e-��zvf]{r(t�zvxdf;¸±�jrg��w1��t�b1f�zg� �;w1r¯f<|@xdf�w1��f/��«	tvbdf�zvfNr�xd®¥tvr(�1z�f<r¯f�w@t�f<�!{w o ��pª´
t�bdf�r�fN|@xdfNw1� f%��«"�s{}rutvz�{©dxstv{¥�;w1r

QN
n,q

����w@¼�fNz��;fNrN´q�;r
N

tvf�w1�dr	t��-{ws½1w1{ tup�´dtv�gt�b1f��s{}rutvz�{©dxstv{¥�;w���«
q
wd�;w���©Hr¯�;z�©SfN�_´s��wH�

{¥w1�df��Sf�w1�df�w;tB�1��z¯tv{��®¥f<r
(Xc,i

n )1≤i≤q
fN¼���®¼@{wd�g{w�tvbdf3��zv{��{w1��®»��©1r���zv©d{wd�gegf<�s{¥x1e�¸�a$b1��t	{}r�´d¹ºf3b1�<¼�fPtvb1��t

lim
N→∞

QN
n,q(F ) = γ⊗q

n (F ) = E
(
F (Xc,1

n , . . . , Xc,q
n ) 1T 1≥n . . . 1T q≥n

)

«¬��zº��w@p
F ∈ Bb(E

q
n)

´q��w1�-¹	b1f�z�f
T i rut���w1�dr�«¬��z�t�bdfjzv��w1�s��e ��©1r���zv�st�{��wgtv{¥e-fjr�fN|@xdfNw1� fB��«Etvbdfj��b1��{¥w

(Xc,i
k )k≥0

´@¹	{ tvb
1 ≤ i ≤ q ¸a$bd{}r(��z¯tv{��®¥f5{}r�e5��{wd®p±����w1� fNz�w1fN�±¹	{¥t�b!f�µs�d®¥{}� {¥t�«¬x1w1�·tv{¥�;w1��®ºf µs�1��w1r¯{��w1r3��«�tvbdf��sf tvf�zveg{wd{}rutv{�/e-fN��r�xdzvfNr

PN
n,q ∈

P(Eq
n)

´$��w1�
QN

n,q ∈ M(Eq
n)

´�¹	{¥t�b zvfNr��SfN�·t-tv�±tvbdf¾�dzvfN��{r�{¥�;w¦�1��zv��egf�t�fNz
N

¸ a$bdf<r¯f � ����xdzvf�w;t5t�pq�Sf � f µs�1��w1r¯{��wHr
z�f�n1fN�·t�t�bdfB����e-�d®f t�f�{¥w@t�fNzv�;�·t�{��w5r¯t�zvx1�·tvxdz�f	��«Et�bdf��1��z¯tv{��®¥f	e-�s�sfN®Y¸"�	�;xd��bd®p�r��SfN��¶@{wd�H´�t�b1f

k
¨9t�b5��z��sf�zKt�f�zve5rK��«St�bdf<r¯f

{¥w@t�f��;zv��®Kzvf��dzvfNr�f�w;t���tv{¥�;w1rPzvf��dzvfNr�f�w@t%t�b1f
1/Nk ¨�� ��w@t�zv{©dxst�{��w1r3��«$e-fN��w�½1fN®� �1��z�t�{}� ®f5rv� fNw1��zv{�;rP¹	{¥t�b ��w {¥w@t�f�z���� t�{��w

�sf��;z�f�f
k � r�f�f�a$bde�¸ ; ¸ý� � ¸

a��]�sf<r���z�{©Sf�e-��zvf��dzvfN� {}r¯fN®¥p�t�bdf<r¯f�«¬xdwH�·t�{��wH��®�zvf��dzvfNr�f�w@tv��t�{��w1rN´1{ tP{rj����w@¼�fNwd{f�w;tBtv�/{w;tvz��d�sx1� f�t�bdfg��©1r¯t�z���� tB�df ½d¨
wd{ tv{¥�;w���«�t�bdf��df�z�{¼���t�{¼�fP��«"�5r¯f<|;x1f�w1� f%��«�½1wd{¥t�f�r�{��wdfN��e-fN�;r¯x1z�f<r�¸
��Á�� 5 6W��6 Å 5 2�� 2���� �)�����

(ΘN )N≥1 ∈ M(E)N
�j��� � � (� "
��� '��P&K��� � ��-��� 	
��� � �� ��� �l" 	��
	-���� ',���q	 � ��� 	��� � ',����*

	 � ���`�
���,	��(�-���
(E, E) ���  ���(� 	
��(	
�,���(���

supN≥1 ‖ΘN‖tv < ∞
� � ��	 � �`�!�q	��)���(���

ΘN 	 �������	-�P& ����������	`�
	 ��� 	
��',�
',���q	 � ���

Θ ∈M(E)
� �q	

N ↑ ∞ ��� K� �!� 	���!	�� � �!���

∀F ∈ Bb(E) lim
N↑∞

ΘN (F ) = Θ(F )

� �(� ��� 	
��������� �`��� ���q���������,�]" � �!� 	���� � �
 ���
(ΘN )N≥1

� 	 � �!� 	
��� � �
 �����]" ',���q	 � ��� 	
(∂ΘN )N≥1

�-��� ��� ��&

∂ΘN := N
[
ΘN −Θ

]

� �,	���& � �!���
ΘN

� 	 ��� �h������(� � �-����� � � "
∂ΘN

� 	 � (� "
��� ' �P&K��� �  �-��� � �� � � ",� �h	�� �����	�� & ��������
�	B�
	)��� 	
��',� ',���q	 � ���
∂Θ ∈ M(E)

� �q	
N ↑ ∞ ��� �!����� 	��
���������`�
� ������� ����� �l",� ��� 	������
�����-��� ���q���������

∂ΘN � �]" � ��� �j�
����(� � �-�����,	���� � �������� � 	
����� ����� ���(� 	������� � ��� 	��
�������,�-��� ���q���������)�� �)� �b� 	.�`�
 ������� ��&

∂2ΘN = N
[
∂ΘN − ∂Θ

]

� �(� ��� 	��
������� �-��� ������� ���q�
∂ΘN �]"j����� �h�����
���� �`�
���$	���� � �
 ��� ���� � ��	��
� "j��� ��� �h�����
���� �`�
� � ���  � � � 	 	�� � � ��� � �� �I� �!� �-��� ������*

���������]" ���(����� 	������
��� �`�
� ������� ������� 	.����� � ��� � �!� 	��������� �-��� ������� ���q�)�� �)� � � 	.�-���������� �
&
∂2Θ = ∂ (∂Θ)

�b����)	
� �� �
��t	t�bd{}r$�S�;{¥w@tN´d{ t�{}r	� �;w@¼�f�wd{f�w@t$t��-e5��¶�f3r¯�;e-f%� �;e-egfNw;t�r�¸�²�{¥z�rutv®¥p;´qt�b1f3r¯t�zv��wd��«¬��zve ��«�t�b1f%¹ºf<��¶]� �;w@¼�f�zv��fNw1� fj��«

egf<��r�xdzvfNr�����w1r�{�df�z�f<����©S��¼�fº����zvz�f<r¯�S��w1�dr_t��jt�bdf$r¯¨9t����S�;®¥�;��pP��w�t�b1f$r¯f�t���«Hegf<��r�xdzvfNrN´G�df ½1wdf<����r�t�b1f$� �;��zvr�fNr¯t_tv���S��®���;p
«¬��z%¹	bd{}�vb±��®¥®"«¬xdw1�·tv{¥�;w1��®}r

µ ∈ M(E) 7→ µ(ϕ) ∈ R
´
ϕ ∈ Bb(E)

´_��z�fg����w@t�{w@xd�;x1r�¸�²d�;z%��e-��zvfg�sf�tv��{¥®fN���s{}r���x1rvr¯{��w
��w>t�bdf-ru¨9t��;�S��®����p�{w>tvbdf-� ��w@t�f�µ@tP��«��dz��;©1��©d{®{ tup�egf<��r�xdz�f<r�´S¹ºfgz�f�«ãfNzBtvbdfgz�f<���sfNz�tv�]t�bdf-��z�t�{}� ®f o ��p9¸3� r¯f<|@xdf�w1��f(��«
z�f<��®�w@xde(©Sf�z�rB�N��w¾©Sf({¥w@t�f�zv�dzvf tvfN�¾��rB�/r�fN|@xdf�wH� f���«Ke-fN�;r¯xdzvfNr�¹	{ tvb>�/����w1r¯tv��w;tB¼���®¥x1f�´Hr��5t�b1��t�tvbdf���©S��¼�f��sf�½1wd{¥t�{��w
���d�d®{fNr%t��§��w@p±r¯f<|;x1f�w1� f5��«$z�f<��®Kwqxde(©Sf�z�r�¸ ¤ f/��®r���wd��tv{��f-t�bH��t�t�bdf ��xd®f�z � r��sfNz�{¼���t�{��w±���SfNzv��t���z�r

∂k rv��tv{r¯«¬p>tvbdf
x1r¯xH��®_®¥{wdf<��zv{ tup]�dz��;�Sf�z�t�{fNrN¸�²�{¥w1��®¥®p;´d¹ºf3wd��t�{}� f%t�b1��tB�5r¯f<|@xdf�w1��f

ΘN t�bH��t�{}r��s{�uEf�zvf�w;tv{��©d®f3xd��tv�-�;zv�df�z
(k + 1)

´1b1��r
t�bdf%«¬��®®�G¹	{wd�-{¥w@t�fN��z���®Ezvf��1z�f<r¯f�w@tv��t�{��w

ΘN =
∑

0≤l≤k

1

N l
∂lΘ +

1

Nk+1
∂k+1ΘN

¹	{ tvb
supN≥1 ‖∂k+1ΘN‖tv <∞

´1��wH�]t�bdf�����w@¼�fNw;tv{¥�;w
∂0Θ = Θ

´s«¬��z
l = 0

¸

Z\[� �fd�c2�	"`a ���3"$�%e ����'��\_�" k]dm_���d�c � g(. �3"

²d�;zjt�z���w1r��1��z�f�wH� p;´S¹ºfg¹	{¥®®"��«ãt�f�w�xHr¯f�t�fNz�e5r%��rvr��s� {}��t�f<�¾¹	{ tvb�©S��t���wd{}����®Y´»��w1�§��f�w1fN��®���;{�N��®�tvz�fNfNrN¸�a$bdf�«¬�;z¯tvb1� �;eg{wd�
egf<��r�xdzvfNr�f µs�1��w1r�{¥�;w1r�¹	{®¥®E©Sfjt�b1f�zvf «¬��zvfB�;{¥¼�fNw]{¥w]t�fNz�e5rº��«�r�{¥�;wdfN�/e-fN��r�xdzvfNr�{w1�sf�µsfN�/©qp/� �;®¥®fN� t�{��w1rº��«_tvz�fNfNrN´q����®��zvfN�
«¬��zvfNr¯tvr/��w1� ��t�b1f�z]��w1��®���;��x1r-����e(©d{w1��tv��zv{��®���w1� ��f��;e-f t�zv{}����®	�;©q�uf<�·t�r�¸ k>��zvf��;f�wdfNzv��®¥®p�´�eg�@rut�� �;eg�1xstv��t�{��w1r5�;w
�1��z�t�{}� ®fge-fN��r�xdzvfNrj¹	{®®K©Sfgzvf��db1zv�;r¯f<�¾{w�t�bdf5����xdz�r¯fg��«�tvbdf5��z�t�{}� ®fg{¥w�t�fNz�e5rP��«ºf�wqxde-f�z���tv{¥¼�fg�dzv��©d®f�e5rP�;w§t�zvf�f ¨ª®{¥¶�f
��©s�ufN�·t�r�¸"��w]�;zv�df�z�tv�g�<¼��;{�5®f�wd�;b;t�fNwd{wd�(t�bdfP�dz�f<r¯fNw;t�{¥w@t�zv�s�sx1� t�{��w_´@t�bdfN{¥z$�df ½1wd{¥t�{��w���w1�]rutvx1�sp/��zvf��S�@rutv�S��wdf<�-t��(tvbdf
wdf µqtBr¯f<�·t�{��wHr�´d��w1��¹ºf%�1z�f<r¯fNw;t	bdfNz�f%�;xdz	e-��{¥w�z�f<r¯xd®¥tvr${w¾�-� ®}��rvr¯{}����®»r¯f t�¨Ytvbdf��;z�f�t�{}�j®}��wd�@���;f�¸
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; � ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

�_f�t An,q = ������� ([q][q])n+1 ©SfPtvbdf�r¯f�t	��«
(n+ 1)

¨�r¯f<|@xdf�w1��fNr$��«�e5���d�d{wd�@r
a = (ap)0≤p≤n

«¬z��;e
[q]

{¥w@t��-{¥t�r¯fN® «u¸

[q]
a0←− [q]

a1←− · · · ←− [q]
an−1←− [q]

an←− [q]

h���tv{��fPtvb1��t�¹ºf3¹	z�{¥t�f%{w�©S��®}�]t�bdf�r�pqe(©S��®}rº«¬�;z�r�fN|@xdf�w1��fNr � ��«�e5���Hr�´s{w;tvf��;f�z�r�¸¸¥¸ � r�x1�vb¾��r
a
¸

¤ f3®¥f�t
∆n,q

©Hf%tvbdf3wd��wdw1f��;��t�{¼�fPe-fN�;r¯xdzvfP¼���®xdfN�]«¬xdw1� t�{��w1��®»�;w An,q
�df ½1wdf<��©qp

∆n,q : a ∈ An,q 7→ ∆a
n,q =

(
η⊗q
0 Da0

Q⊗q
1 Da1

. . . Q⊗q
n Dan

)
∈M(Eq

n) � ; ¸ ; 1 �
a$bdf�k>��z�¶���¼5�;�Sf�z���t��;z

Db
����w�©Sf�r�f�fNw��;r	�5� �@��®fNrv� f�w@tN´s�;z��5r¯fN®¥f<�·t�{��w�t�pq�Sf3t�z���w1r�{ tv{¥�;w_¸���w�t�bd{}r�{¥w@t�f�zv�dzvf t���t�{��w�´qtvbdf

�S���dxd®}��tv{¥�;w
(x

b(1)
n , . . . , x

b(q)
n )

z�f<r¯xd®¥tvr�«¬zv��e&�-r¯fN®¥f<�·tv{¥�;w���«�t�bdf3{w1�s{¼q{�sxH��®}r$¹	{¥t�b�®��©Sf�®}r${¥w�t�b1f�r¯f�t
b([q])

¸K��w¾���1�s{ tv{¥�;w_´
��zv��xd{wd�]��rB{w � ; ¸ � � ´Htvbdf�wd�;w>wdf��@��tv{¥¼�f({w;t�fN��z���®�t�fNw1r¯�;zj�dzv�s�sx1�·tP���Sf�z���tv��z�r

Q⊗q
n

�N��w>©Sfgr�f�f�w���r�tvbdf��G¼�fNz�®}���1�d{¥w1�5��«
��w>��©1r¯�;z��dt�{��w�t�z���w1r�{¥t�{��w�«¬z��;e

(En−1 ∪ {c})q {¥w@t��]{¥tvr�f�®¥«u´E��w1�>��w¾f�µs�d®¥�;zv��t�{��w�t�z���w1r�{¥t�{��w�«¬z��;e
(En−1 ∪ {c})q {¥w@t��

(En ∪ {c})q ¸ ¤ f%t�bdfNw�b1�<¼�fPtvb1��t

∆a
n,q(F ) = E

(
F (Xa,c,1

n , . . . , Xa,c,q
n ) 1Ta,1≥n . . . 1Ta,q≥n

) � ; ¸ ; � �
��w]t�bdf3��©S��¼�fP�s{r��d®}�<p;´

(Xa,c,1
n , . . . , Xa,c,q

n )
z�f��1z�f<r¯fNw;tvr�tvbdf%��©1r���zv©Hf<�/k>��z�¶���¼-��b1��{w���w

(En ∪ {c})q ¹	{¥t�b�t�z���w1r�{¥t�{��w1r
Q⊗q

n Dan

´1��wH��{¥wd{¥tv{��®_�d{r¯t�zv{¥©1xst�{��w
η⊗q
0 Da0

¸
hB��t�{}� fBtvb1��t�tvbdfPegf<��r�xdz�f<r

∆a
n,q

{¥w1bdf�zv{ t	�(z�fNe-��zv|@x1��©d®f�{¥wq¼���z�{}��w1��f��dzv���SfNz¯tup�«¬zv��e t�bdfN{¥z	r¯f�t¯¨9t�bdfN��zvf t�{}�B�sf�½1wd{¥t�{��w_¸
hB��e-fN®¥p;´"®f tgx1r({w;tvz��d�sx1� f/t�b1f]w1��t�xdz���®º®¥f�«ãt-��� t�{��w!��«	t�bdf���zv��x1� Gn+2

q

�;w An,q
�sf ½HwdfN�!«¬��zg��®®

a ∈ An,q
��w1� ��®¥®

s = (s0, ..., sn+1) ∈ Gn+2
q

©qp
s(a) := (s0a0s

−1
1 , s1a1s

−1
2 , ..., snans

−1
n+1)a$bdf�w_´s«¬�;z���wqp

F ∈ Bsym
b (Eq

n)
¹ºf%b1�G¼�f

∆b
n,q(F ) = ∆s(b)

n,q (F ) � ; ¸ ; � �
a$bdf3{�sfNw;t�{¥tup�¹º��xd®}�sw � t�bd�;®��{ «

F
¹���r�w � t��-r�pqege-f�t�zv{�j«¬xdwH�·t�{��w�¸mQ���¹ºf�¼�fNzN´d�;r	��®z�f<���sp/egfNw;tv{¥�;wdfN��{w¾nsfN�·t<¸ ; ¸ �1´qtvbd{}r

{rjw1��t%��r¯fNz�{��x1rBzvfNr¯t�zv{� t�{��w§��r�«W��zP�;r�tvbdfg�df t�fNz�e-{w1��tv{¥�;w>��«Ktvbdf
q
¨9t�fNw1r¯�;zj�s����xd�1��tv{¥�;w>egf<��r�xdzvfNrB{rP����w1��f�zvwdfN�»¸%a$bdf

���·tv{¥�;w°��« Gn+2
q

��w An,q
{w1�sx1��fNr5���1��z�t�{¥t�{��w¦��« An,q

{w;tv�±�;z�©d{¥tvrg��z<´�fN|@xd{¼���®¥fNw;tv®¥p;´����1��z¯tv{ tv{¥�;w°{w;tv�±fN|@xd{¼���®¥fNw1� f
� ®}��rvr¯f<r�´q¹	b1f�zvf

a
��w1�

b
��zvfPf<|;x1{¥¼���®f�w;t<´

a ≈ b
´d{¥«"��w1����w1®¥p]{ «�t�b1f�zvf%f µs{}rut�r

s ∈ Gn+2
q

r¯xH�vb�tvb1��t
a = s(b)

¸ ¤ f3¹	z�{¥t�f
Fn,q

«¬��zPtvbdf-r�f t%��«º��zv©d{ t�rj�;zPfN|@xd{¼���®¥fNw1� fg��®�;r�r�fNrN¸��jrP¹ºf-r�b1��®®Kr�f�fg®��t�f�z<´ Fn,q
{}rPwd��t�bd{wd��©dxst � xd��t���������wd�;wd{}����®

{r���e-��zv�dbd{}r�e � ��z�fNe-��zv|@x1��©d®fgr¯xd©1r�f t3��«�tvbdf5��®�;r�r�{}����®Kr�f t3��«º«¬��zvfNr¯tvrN¸��ª«
a ∈ An,q

´»tvbdf5����zvz�f<r¯�S��w1�d{¥wd��fN|@xd{¼���®¥fNw1� f
� ®}��rvrj{}r%¹	z�{¥t¯tvf�w

a
¸ ¤ f5��®}r���¹	zv{ tvf

Stab(a)
«¬��zPtvbdf5r¯tv��©d{®¥{ V�fNzP��«

a
{w Gn+2

q

¸-�	��� �;zv�d{¥wd��t���t�b1f5� ®}��rvrB«¬�;z�e(x1®�1´Etvbdf
w@xde(©Sf�z���«�f�®f�e-f�w@tvr	{w�tvbdf3fN|@xd{¼���®f�wH� f%��®�;r�r

a
´d¹	z�{¥t¯tvf�w

#(a)
��z

#(a)
{r	��{¼�f�w�©@p��

#(a) =
(q!)n+2

|Stab(a)| ,

¹	bdf�zvf%¹ºf%¹	zv{¥t�f |Stab(a)| «¬��z$tvbdf�����z��s{w1��®»��«
Stab(a)

��w1�»´de-��zvfP�;f�wdfNzv��®¥®p�´ |S| «¬�;z$t�bdf��N��z��s{w1��®E��«"��wqp]r�f t
S
¸

�Kµs�d®{}� {¥tK«¬��zve(xd®}��r�«¬�;z
#(a)

��w1�(«¬�;z�tvbdf	¼���z�{��x1r"|@x1��w@t�{¥t�{fNrK�;r�r��s��{��tvfN��t��Ptvbdf	�;�·tv{¥�;w���« Gn+2
q

��w An,q
r¯x1��b-��r�tvbdf

w@xde(©Sf�zP��«K�;z�©d{¥tvr � ��w1�¾e(x1��b>e-��zvf � ¹	{®¥®�©Sf(�;{¥¼�fNw¾®��t�f�z<´S��w1��«¬��zve�´1«¬zv��e&tvbdf�� �;e(©d{¥wH��t��;z�{}��®_�S�;{¥w@tj��«K¼q{f�¹3´H�;wdf���«
t�bdf%� �;z�f<r���«_t�bdf%��z¯tv{��®¥f;¸"�Br�{¥t�¹	{®®E���d�SfN��zN´q�sxdfjt���{¥tvr��;f�wdf�z���®1«¬�;z�e�´q��xdz$��w1��®¥psr�{r��H�<¼�f<r�tvbdfj¹$�<pg«¬�;z$�(r�psrutvf�e5��tv{�N��®
� ��e(©1{¥w1��t��;z�{}��®�tvz�f<��tvegfNw;t/��«%��®¥®�e-fN��w ½1fN®� �1��t�b �sfN�Sf�w1�sfNw;t����1�dz��Gµs{¥e5��t�{��w1r�¨ªf�¸ �1¸ ¹	{¥t�b1��xst]z�f<rutvz�{}�·tv{¥�;w1rg�;w¦tvbdf
w@xde(©Sf�z���«��1��z�t�{}� ®fNr	��t�fN����b�rutvf�����«�t�b1f����d�dzv�Gµq{e5��tv{¥�;w]�dzv�s� f<r�rN¸

¤ f5��zvfgwd��¹�wdfN��z�®p¾{w ���S�@r¯{¥t�{��w§tv����{¼�fg��xdz3e-��{¥w±zvfNr�xd® t�rP�;w±²1f�pqwde5��ws¨�³3�����1��z�t�{}� ®fge-�s�sfN®rN´_©dxst3½1z�rutv®¥p;´»t��
r¯{e-�d®¥{¥«¬p�t�bdf(�dzvfNr¯fNw;t���t�{�;w_´dwdfNfN��t��/{w;t�zv�s�sxH� f��5�1��{z���«K�sf�½1wd{ tv{��w1rN¸ ¤ f(rut���z�t�¹	{¥t�b>r���e-f3e-��zvf3��z�®fNrvr$tvzv�;�s{¥t�{��w1��®Y´
��w1�5r¯{e-�d®{ «¬pq{wd��e(xd®¥t�{S{¥w1�df µ-wd��t���t�{��w�¸�²1��zº��w@pgr�fN|@xdfNw1� f<rK��«E{w;tvf���fNzvr

p = (pk)0≤k≤n
´q��w1�

l = (lk)0≤k≤n
´@¹ºf�¹	z�{¥tvf

p ≤ l
{¥«���w1�]��wd®p5{ «

pk ≤ lk
«¬�;z$��®¥®

0 ≤ k ≤ n ¸ ¤ f%¹	z�{¥t�f |p| «¬��z (p0 + ...+ pn)
¸��Brvr¯xde-{wd�gwd��¹ t�bH��t

p ≤ l
´s¹ºfPx1r�f

t�bdf3e(xd®¥t�{¥¨ª{¥w1�df µ�wd��tv��t�{��w

(l)p =
∏

0≤k≤n

(lk)pk
, p! =

∏

0≤k≤n

pk! ,
��w1�

s(l,p) =

n∏

k=0

s(lk, pk)

¹	bdf�zvf%tvbdf
s(lk, pk)

��z�f(n@tv{¥zv®¥{wd�/w@xde(©SfNzvr���«�tvbdf3½Hzvr¯tB¶@{w1�»¸	a$bdf(�s{�uEf�zvf�w1� f
(p− l)

´S��w1��z�f<r¯�Sf<�·t�{¼�fN®¥p/tvbdf(�;�d�s{¥t�{��w
(p+ l)

��«Htu¹º�3r¯f<|@xdf�w1��fNr"{r"t�bdf�r�fN|@xdfNw1� f
(pk− lk)0≤k≤n

´;��w1��z�f<r¯�Sf<�·tv{¥¼�fN®¥p
(pk + lk)0≤k≤n

¸ ¤ bdf�w-wd�3����ws«¬xHr¯{��w1rK����w
��zv{r�f�´;¹ºfj¹	z�{¥t�f

N
´s��w1�

q
´;«¬�;z�t�b1fP� ��w1r¯tv��w;t�r�fN|@xdfNw1� fNr

(N)0≤i≤n
´s��wH�

(q)0≤i≤n
¸ ¤ fj��®r���¹	zv{ tvf

1
´s��w1�/z�f<r¯�SfN� t�{¼�f�®p

0
´�«¬��zKt�bdfBr�fN|@xdfNw1� f	��«Ex1wd{ t�{w;tvf��;f�z�r�´;��w1�gzvfNr��SfN� t�{¼�f�®p�wqxd®®1{¥w@t�fN��f�z�rN¸�a$bdf���©S�G¼�f	�sf�½1wd{¥t�{��w1r���z�f$f�µqt�f�w1�dfN��tv�3{ws½1wd{¥t�f

r¯f<|;x1f�w1� f	��«E{w;t�fN��f�z�r
p = (pk)k≥0 ∈ NN

´;¹	{ tvb/�P½1wd{¥t�f�wqxde(©Sf�z�rK��«»r¯t�zv{� t�®p(�S�;r�{¥t�{¼�f$t�f�zve5r�¸"�Bw@p(«¬xdwH�·t�{��w
α : N 7→ N��w�t�b1f3r�f t���«�{w;tvf��;f�z�r�{w;tv�-{¥tvr�f�®¥«u´d{}r$f�µ@tvf�w1�dfN��t��-{w;tvf���fNz�r¯f<|@xdf�w1��fNr

p ∈ NN
´d©@p�r¯f�t¯tv{¥wd�

α(p) = (α(pk))k≥0
¸

)¬Ù�Ú()ãØ
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	��
�������� ��!	�"
���$#%��&�(')���* +,�-�.',�/�-���0	 ;-;

²1��z
a ∈ An,q

´q¹ºfj¹	zv{ tvf |a| t�b1fPr�fN|@xdfNw1� f
(|ai|)0≤i≤n

¸�a$bdfP���;��®fNrv� fNw1� fjr¯f<|@xdf�w1��fB��«
a

{}r�tvbdf%r¯f<|@xdf�w1��f
q− |a| ��«t�bdf�� �@��®fNrv� fNw1� fPw@xde(©SfNzvr	��«�tvbdf

ai
r�¸�a$bdf�� �;��®¥f<r���f�w1��fP�df���zvf�fP��«

a
{r

coal(a) := (|q| − |a|) =

n∑

i=0

(q − |ai|)

a$bdf�r¯x1©1r¯f�t���« An,q
��«Kr¯f<|@xdf�w1��fNr

a
r¯xH�vb�t�bH��t |a| ≥ q− p

{r	¹	zv{¥t¯t�fNw An,q(p)
¸ºh���t�{}� f%t�bH��tN´1{¥«

a ≈ b
´ |a| = |b| ´Hr¯�t�b1��tºt�bdfjwd��t�{��w1r���«�� �@��®fNrv� f�wH� fB�sf��;z�fNfB��w1�]� �;��®¥f<r���f�w1��f�r�fN|@xdfNw1� fB�;����¼�f�z�t���tvbdfPr�f t Fn,q

��«»«¬��zvfNr¯tvrN¸���w/�1��z¯tv{��xd®}��z<´
wd��t���t�{��w¾r¯x1��b¾��r |a| �;z coal(a)

{}r	¹ºf�®®¥¨ª�sf�½1wdfN�_¸���w�¼q{¥fN¹D��«InH� ; ¸ ; �d´q«ã�;zB��w@p���bd��{}� f
(a0, ..., an)

��«K�gzvf��1z�f<r¯fNw;tv��t�{¼�f
��«"��«¬��zvfNr¯t

f
{¥w Fn,q

´s¹�f3r�f t
∆f

n,q = ∆a
n,q

��w1� |f | = |a|
a$bdf3r�xd©1r�f t���« Fn,q

��rvr��s� {}��t�f<�5tv� An,q(p)
{}r	¹	z�{¥t¯tvf�w Fn,q(p)

¸
� 9 ÁqÅ   Á � 2 � >�� � �!�����K�� 	`����������',���q	 � ���

QN
n,q

���������
	
���� 	 � �!� ��� 	 � � � � � � � �� �l" � �!� ���������
	�����(������ �����U�-�
	����������
� �����-� � � �!���  � (� ����� � �����.�  ��� � ��� � ���q	�	������ ���������\� � � � 	���� � ������

A = (Ak)0≤k≤n
�l"f�  �-���!����-��(�G���� �-��' ')���`��� �	�	

"��]��'
[q]

� (���.� ��	
��� " �	�\� � � ����'�')�� ��� 	 ��� � � � � � �� 1
Nq

∑

a∈[q][q]

(N)|a|

(q)|a|
δa

� � �!���\� 	 �N"
��� ��� �
F ∈ Bsym

b (Eq
n)

�
�m���(� ���$� �!���

QN
n,q(F ) = ∆A

n,q(F ) = E
(
F (XA,c,1

n , . . . , XA,c,q
n ) 1TA,1≥n . . . 1TA,q≥n

)

� U�-�-��� ��� �� ��"
�������&
1 ≤ q ≤ N ���m� �!� �������(���!���P&����'�� ���\���
�!��!	 � ��

QN
n,q = γ⊗q

n +
∑

1≤k≤(q−1)(n+1)

1

Nk
∂kQn,q

�\� ��� � �!������� ��������� �� �l" 	 �
	� ��� � �� ��m����� �`��� ���q����������')����	 � ��� 	
∂kQn,q

	-���q�� �
&����(�m"
��� ' � ���

∂kQn,q =
∑

r<q:|r|=k

∑

f∈Fn,q(r)

s(|f |,q− r) #(f)

(q)|f |
∆f

n,q

¤ f(r�b1��®¥®��dzvfNr�f�w@tjr¯fN¼�f�z���®�� �;w1r¯f<|@xdf�w1��fNr	��«"t�bd{}r�t�bdfN��zvf�e�´1{w1� ®x1�s{wd�]f µs�d®{��{ tP�sfNrv� zv{�st�{��w1r���«"tvbdf�½1zvr¯t�tu¹º�/�;zv�sfNz
t�f�zve5r${w�tvbdf3�S��®pqwd��e-{}��®Ef�µs�1��w1r�{��w_´d��w1���gw1f�¹Df�µ@tvf�w1r�{��w���«�t�b1f ¤ {��¶]�dzv�s�sx1� t$«¬��zve(xd®��tv�g«¬��zvfNr¯tvrN¸

a$bdfP«¬x1w1�·t�{�;w1��®_f µs�1��wHr¯{��w1r���«�tvbdf3�d{r¯t�zv{©dxst�{��w1r
PN

n,q

zvf�®p5�;w]tvbdf���w1��®¥psr�{r���«�t�fNw1r���z$�dzv�s�sxH�·t	�1��z�t�{}� ®fPe-fN�;r¯x1z�f<r
��w!�1��t�b°r��1����fNrN¸¾a$b1fNr�f/e-�s�sfN®r�����w!©Sf�rutvx1�s{fN� «¬�;®¥®�G¹	{wd�¾t�b1f�rv��e-f/®{¥wdf]��«���z��;xde-f�w;t�r(��r3tvbdf]�;wdfNr�¹�f/xHr¯f<�±«¬�;z
t�bdf]�s{r¯t�zv{©dxst�{��wHr

QN
n,q

¸]�Br����1��z�f�w@t�bdf<r¯{}rN´_¹�f-�;©1r�f�zv¼�f�t�b1��t3t�b1fNr�f-t�¹º�¾e-fN�;r¯xdzvfNr3� �;{¥w1��{�dfg«¬�;z�� �;w1r¯tv��w@t3�S��t�f�w@t�{}��®
«¬xdw1�·tv{¥�;w1r

(∀n ≥ 0 ∀xn ∈ En Gn(xn) = 1) =⇒
(
∀n ≥ 0 ∀q ≤ N PN

n,q = QN
n,q

)

a��]�sf<��®�¹	{¥t�b>��f�w1f�z���®_�S��tvf�w;tv{��®_«¬xdwH�·t�{��wHr�´S¹ºf�wdf�f<��tv�/z�f�¨9wd�;z�e5��®{ V�fPt�b1f��1��z¯tv{}� ®f��s{}rutvz�{©dxstv{¥�;w1r
γN

n

´S��wH��tv�/f µqtvf�w1�
t�bdf(�dz�fN¼q{¥�;x1r�«¬x1w1�·tv{¥�;w1��®���w1��®psr¯{}r�tv�5t�bdf(�1��tvbs¨ªr��1�;� f��s{r¯t�zv{©dxst�{��w¾��«�t�b1f��1��z¯tv{��®¥f3e-f<��r�xdz�f<r	�sf�½1wdfN��«¬��zj��w@p�{w;tvf���fNz
r¯f<|;x1f�w1� f

l = (lk)0≤k≤n
´d©@p/t�b1f%«ã�;®®¥��¹	{¥w1��«¬��zve(xd®}�

γl,N
n = (γN

0 )⊗l0 ⊗ (γN
1 )⊗l1 ⊗ · · · ⊗ (γN

n )⊗ln

a$bdf>��w1��®¥p@tv{��«¬xdwH�·t�{��wH��®Br¯t�zvx1�·tvxdzvf���«Pt�bdf<r¯f¾�H��t�b r��1����f�e-�s�sf�®}r5z�fN®¥{fNr-�;w w1��t�xdz���®B� ��e(©1{¥w1��t��;z�{}��®�tvfN��bdwd{}|@xdfNr5�;w
� ��®��zvfN�]zv�q��tvfN�/t�zvf�f<r�´d��w1�]«¬��zvfNr¯tvrN¸mOjxdz	z�f<r¯x1® t	©1�;r¯{}����®¥®p5zvfN�;���;rº«¬�;®¥®��¹�r�¸
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q
�����(��	
��� � �
 ���)�l" �����-���-��� � � � & ')����	 � ���
	

(PN
n+1,q)N≥q

� 	,��� �j�
����(� � �-����� � � ��� ���& �����-��� �
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PN
n+1,q = η⊗q

n+1 +
∑

1≤k<b(N−q)/2c

1

Nk
∂kPn+1,q +

1

Nb(N−q)/2c
∂b(N−q)/2cPN

n+1,q

"
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�jr	©Sf «¬�;z�f;´d¹ºf�r�b1��®®��sfNz�{¼�f3r�f�¼�fNzv��®»����w1r�fN|@xdfNw1� f<r$��«�t�b1fNr�f3f µs�1��w1r¯{�;w1r�´s{w1��®¥x1�d{¥wd�]��w�f µs�d®{}� {¥tB�sf<r���z�{�st�{�;w���«�tvbdf
½1zvr¯t��;zv�sfNz�t�fNz�e�´���w1�(� ¤ {��¶3�dzv�s�sx1� t�«¬��zve(xd®}���;w�� ��®��zvfN�%«¬��zvfNr¯tvrN¸�a$bdf�®��t¯tvf�z��dzv��¼@{}�sf<r�r�b1��zv��fNr¯t�{e5��t�f<r�«¬��z

Lq
¨9e-f<��w

f�zvz��;zvr�©Sf�t�¹�f�f�w�tvbdf��1��z¯tv{��®¥f3�s�N� xd�1��t�{��w�e-fN��r�xdzvfNr
ηN

n

��w1��tvbdf�®{¥e-{¥t�{wd�]²1f�pqwde5��ws¨�³3���Pe-fN�;r¯x1z�f<r
ηn

¸º��w1��{�df�w;t���®®¥p;´
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; � ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

� ��e(©1{¥wd{wd�¾tvbd{}r ¤ {��¶±�dzv�s�sx1� t�«¬��zve(xd®}�¾¹	{ tvb!t�bdf 4��;z�fN® ¨ ����w;tvf�®®¥{�®¥fNege5�>¹ºf/�;©stv��{¥w tvbdf���®e-�;r¯t�r¯xdzvf]� �;w@¼�f�zv��fNw1� f
z�f<r¯xd®¥t

lim
N→∞

(ηN
n )¯q(Fn,q) = 0

«¬��z"��w@p3©S��x1w1�sfN��r�pqege-f�t�zv{��«¬xdw1�·tv{��w
F

��w
Eq

n

´�¹	{¥t�b ∫
En
F (x1

n, . . . , x
q
n)ηn(dxq

n) = 0
¸"a$bd{}r�z�f<r¯xd®¥t"{r"��w(f�µ@tvf�w1r�{��w(��«

t�bdfº®}�G¹ ��«d®��z��;f�w@xde(©SfNzvr�«¬��z
U
¨�rut���tv{r¯t�{}��r��;©stv��{¥wdf<�3©@p ¤ ¸�Q��qf�uE�s{wd��o0</p@«¬�;z�{¥wH�sf��Sf�wH�sf�w@t"��w1�3{}�sf�w@t�{}����®¥®p3�s{}rutvz�{©dxstvfN�

zv��w1�s��e ¼���z�{}��©1®¥f<r�tv�-{¥w@t�fNzv�;�·t�{wd�-�1��z¯tv{��®¥f%e-�s�sf�®}rN¸

� � �3����� 
�� �4')�	�����]�"�	�����-#������� �(�� ������3�"�	�»���

��[]Z � 'jc2�	.]k � k]_ �Gc �1"`aNdfi�� �3"`a!k]i a �%_�"Bd�c 'jc!dfehgji�a ��d�c � g(. �

a$bdfj®{wd¶5©Sf tu¹ºfNf�w]t�bdfjtu¹º�H´qx1r�x1��®E��w1�/zvfNr¯t�zv{}�·t�f<�»´;tvf�w1r���z��dzv�s�sx1� tvrºe-fN�;r¯x1z�fNrN´
(ηN

n )⊗q ��w1�
(ηN

n )¯q zvf�®{¥f<rº{¥w]t�b1fPf�w1�
��w]�(r�{eg�1®¥fj��©1r�f�zv¼���t�{��w_´�t�b1��t�¹	{¥®®E���d�Sf<��z�tv�(©SfB«¬xdw1�1��e-f�w@tv��®S«¬��z���®¥®S��xdz�«¬�;z¯tvb1� �;e-{¥wd��� �;e-�dxstv��t�{��w1rN¸"a$bdzv��xd�;bd��xdt
t�bd{}r�r¯f<�·tv{¥�;w_´s{w;tvf���fNzvr

N ≥ q ≥ 1
��w1���ge-fNr�xdzv��©d®f%r¯tv��t�f3r��1����f

E
��zvfj½dµsfN����w1��fP«¬��z���®®9¸

�º��wHr¯{}�sf�z$½1z�rut$tvbdf�r�xdzW�uf<�·t�{�;w
π : [q][q] × 〈q,N〉 −→ [N ][q]

(s, a) 7−→ as := a ◦ s
��Á � �!¡ > � 2��	� ���

b ∈ [N ][q]
�h���(�
 � �!� ���������  ��� |π−1({b})| �]"

π−1({b}) ����P&K�-���!�
 �q	 �� � �!� ��������� ���� |b| �l",� �!�
� ',� 	`�,�l"

b
� � �b� 	 	-���q�� �
&

|π−1({b})| = (N − |b|)q−|b|(q)|b|
� �����l" � Oj©1r�f�z�¼;fP{¥w1�df�fN��tvb1��t<´d¹	{¥t�b�tvbdf�rv��e-f%wd��t���tv{¥�;w1r	��r	��©S�G¼�f;´@«¬�;z

b
��w1�

a
½1µqf<�»´stvbdf3fN|@x1��t�{��w

b = as
����w�b1�G¼�f

��r���®xstv{¥�;w]�;wd®¥p/{ «�t�bdf%{e5����fP��«
b
{}r$� �;w;tv��{¥w1fN�]{¥w�t�bdf%{e5����fP��«

a
¸ ��f t	x1r$����w1r�{�df�z$r�x1��b��

a
¸�nq{w1� f

a
{r${¥w��uf<�·t�{¼�f�´d{¥t

b1��r��P®f «ãt�{w@¼�fNzvr�f
a′

«¬�;z"tvbdfB� ��e-�S�;r�{¥t�{��wg��«Ee5���1r�r�x1�vbgtvb1��t�eg�;z�fN�G¼;f�z
a′a

��� tvr���r�tvbdf�{�sfNw;tv{ tup��;w
[q]

¸Ka$bdf	fN|@x1��t�{��w
b1��r�tvbdf�zvf «¬�;z�f��/xdwd{}|@xdf�r���®xstv{¥�;w

s = a′b
¸%ns{¥w1��f�tvbdf�w@x1e(©Sf�z

np
��«�{w��uf<�·t�{��wHr�«¬zv��e

[q]
t��

[N ]
t�bdf�{e5���;f���«�¹	bd{��b

� ��w@tv��{¥w1r	��½dµsf<��r�xd©1r�f t	��«
[N ]

��«"����z��s{w1��®
p < q

{r

np = (q)p(N − p)q−p,
t�bdf3®f�e-e5��«¬��®®�G¹�rN¸

a$bdfg®¥fNege5�/tvzv��w1r�®��t�fNrj��®¥e-�@rutP{¥e-e-fN�d{��t�f�®p¾{¥w@t����5«¬x1w1�·tv{¥�;w1��®"zvf�®}��t�{��w>©Sf�t�¹ºfNf�w§t�bdf�tu¹º�]tvf�w1r���zP�dz��d�sx1�·tPe-fN��¨
r¯xdzvfNrN¸Kh���t�{}� fP½1z�r¯t$t�bdf3{}�sfNw;t�{¥tup

DaDb = Dabt�b1��tKbd��®}�dr�«¬��z���w@p��1��{¥z"��«He5���d�1{¥wd�@r
(a, b) ∈ ([q][q])2

¸��_f t
u, v

©Sf	��wqp3®{wdfN��zK� ��e(©1{¥w1��t�{��w1r ∑
i∈I

αiai
´ � zvfNr��_¸ ∑

j∈J

βibi
�

��«Sf�®f�e-fNw;tvrK��«
[q][q]

´��;zN´�{wg��t�bdfNz"t�fNz�e5rN´�f�®f�e-fNw;tvrK��«Ht�bdf	e-��w1��{}����®¥�;f�©dz��B��«
[q][q]

¸ ¤ f	f µqt�fNw1��®{wdfN��z�®p3t�bdf��sf�½1wd{¥t�{��w
��«
D

´1r���tvb1��t �
Du :=

∑

i∈I

αiDai

��w1�
DuDv = Duv =

∑

i∈I,j∈J

αiβjDaibj

¤ f��sf�wd��t�f3wd�G¹D©@p
m(x)

t�bdf3fNe-�d{¥zv{}����®»e-f<��r�xdz�f3��rvr¯�s��{��t�fN�]¹	{ tvb¾��w
N

¨9x1�d®¥f
x = (xi)1≤i≤N ∈ EN

m (x) =
1

N

N∑

i=1

δxi

²d�;z	��w@p/{w;tvf��;f�z
q ≤ N ´d¹ºf3��®r��-� �;w1r¯{}�sfNz�tvbdf3f�e-�d{z�{}����®»egf<��r�xdz�f<r���w

Eq �sf ½HwdfN��©@p

m(x)⊗q =
1

Nq

∑

a∈[N ][q]

δ(xa(1),...,xa(q))

m(x)¯q =
1

(N)q

∑

a∈〈q,N〉

δ(xa(1),...,xa(q))

��®¥t�bd�;xd��b�tvbdf$w1��tv��t�{��w�{}rKr�f�®¥«ã¨9f�µs�d®��w1��tv��zvp�´�wd��tv{��f�t�b1��tN´�{w�t�bdf�r�fN|@xdf�®9´�¹�f$¹	{¥®®d¹	z�{¥t�f	r�{¥e-�d®p
xa «¬��z

(xa(1), . . . , xa(q))��w1�
δxa

«¬��z
δ(xa(1),...,xa(q))

¸
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E Å   Å � �W¡s  Â >�� >�� � �/�!� �q�
m(x)⊗q = m(x)¯qDLN

q� �!���]�

LN
q =

1

Nq

∑

a∈[q][q]

(N)|a|

(q)|a|
a

� �����l" �j��w�¼q{f�¹D��«�tvbdf%«¬��®®¥��¹	{wd�g{}�sfNw;t�{¥tup�´dt�b1��t	b1��®}�dr�«¬��zB��w@p/«¬xdw1�·tv{¥�;w
F ∈ Bsym

b (Eq)
´d¹	{ tvb

q ≤ N ´

δxaDb(F ) = Db(F )(xa(1), ..., xa(n)) = F (xab(1), ..., xab(n)) = δxab(F )

t�bdf�� �;z��;®®��zvpg«¬��®®�G¹�r�«¬z��;e ®f�e-e5�5�d¸ ; ��w1�]tvbdf3{}�sf�w@t�{¥t�p

1

(N)q
(N)p(N − p)q−p = 1

¹	bdf�zvf
N ≥ q ≥ p

E Å   Å � �W¡s  Â >�� : � � �!�.����!	���� ������� � �
� ')����	 � ���
m(x)⊗q �!��	.� � � � ����(����� �(��!	 � ����

m(x)⊗q = m(x)¯q ·
∑

0≤k<q

1

Nk
D∂kLq

� �!���]�

LN
q =

∑

0≤k<q

1

Nk
∂kLq

����

∂kLq =
∑

q−k≤p≤q

s(p, q − k) 1

(q)p

∑

a∈[q]
[q]
p

a

hB��t�{}� f�t�b1��tN´º{w°tvbdf�f µs�1��wHr¯{��w°��«
∂kLq

´�t�bdf¾�s�;xd©d®f�r�xde4{¥wq¼���®¼�fNrg��wd®p!fN®¥fNe-f�w;t�r
a ∈ [q][q]

tvbdf¾� �@��®fNrv� fNw1� f
w@xde(©Sf�z���«�¹	bd{}�vb�{r	®fNr�r	��z	fN|@x1��®Etv�

k
¸

a$bdf�� �;z��;®¥®}��z�p-«¬��®®¥��¹�r�«¬z��;e � �;z��;®¥®}��z�p]�s¸ý����w1�]«¬zv��e�tvbdf(n@tv{¥zv®¥{wd�g«¬�;z�e(x1®�

(N)p =
∑

1≤k≤p

s(p, k)Nk

²1��z
q > 1

´1��w1��z�f<����®¥®{¥w1��t�b1��t
s(q, q − 1) = −

(
q
2

) ´d¹ºf%�;f t

∂0Lq =
1

q!

∑

a∈〈q,q〉

a

∂1Lq = −q(q − 1)

2

1

q!

∑

a∈〈q,q〉

a+
1

q!

∑

a∈[q]
[q]
q−1

a

∂2Lq = s(q, q − 2)
1

q!

∑

a∈〈q,q〉

a− (q − 1)(q − 2)

2

1

q!

∑

a∈[q]
[q]
q−1

a+
1

(q)q−2

∑

a∈[q]
[q]
q−2

a

hB��t�{}� f3{¥w��1��z�tv{��xd®��z�t�b1��tN´1r�{¥wH� fPtvbdf�� ��e-�S�@r¯{¥t�{��w�e5���

〈q, q〉 × 〈q,N〉 −→ 〈q,N〉
{r��-r¯x1zW�ufN� t�{��w�¹	{¥t�b¾��®®E½H©HfNzvr	��«"����zv�s{w1��®

q!
´d¹ºf%b1�G¼�f

m(x)¯qD∂0Lq
= m(x)¯q

r¯�gt�b1��tN´1�;r¯pqe-�stv��t�{}����®¥®p5{w
N

m(x)⊗q ∼ m(x)¯q

k¾��zvfP�dzvfN��{r�f�®p�´s¹ºf3b1�G¼�f�´d��rvr�xde-{¥wd�g«¬z��;e wd��¹D��w�tvb1��t
x

{}r	��f�w1f�zv{� � t�b1��t�{}r�´
xi 6= xj

{¥«
i 6= j

� �

Ú�Ú Î�v5à����	�



; � ����� �����K���������G# �	� ��� ���q	�
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����(�������

E Å   Å � �W¡s  Â >�� S � � �!�b"
��� ��� �\� �	$"
��� ' � ����	(�!�����j"
��� ���(�����
�!��(	 � �� �l"
m(x)⊗q

N ||m(x)⊗q −m(x)¯q||tv = 2
Nq − (N)q

Nq−1
−→

N→+∞
q(q − 1)

||m(x)¯qD∂kLq
||tv =

q
∑

p=q−k

|s(p, q − k)| S(q, p)

QBf�z�f;´ || ||tv rut���w1�1r�«¬��z�t$tvbdf%t���t���®»¼���zv{��t�{��w_´@tvb1��t�{}r�´s«¬��z���w@p/®{wdfN��z$�;�Sf�z���tv��z
Q

��w Bb(E
q)

´

||Q||tv := sup
||f ||∞=1

|Q(f)|

�	fN����®®�t�bH��tjt�b1f-n@t�{zv®¥{wd�]wqxde(©Sf�zP��«Kt�b1fgr¯f<� ��wH��¶q{w1�
S(q, p)

{rBtvbdf�w@xde(©SfNzP��«��H��z�t�{¥t�{��w1rB��«
[q]

{¥w@t��
p

w1��ws¨ªf�e-�stup
r¯xd©Hr¯f t�rN´dr���tvb1��t

|[q][q]p | = S(q, p)(q)p

Nq =
∑

1≤k≤q

S(q, k)(N)k

a$bdf3����zv��®®��z�pg«¬�;®¥®�G¹�r�tvbdf�w�«¬zv��e �;xdz	�dzvf�¼q{¥�;x1r$����e-�dxst���t�{�;w1r	��w1�]«¬zv��e t�bdf%«¬�;®¥®�G¹	{wd�-®¥fNe-e-�1¸
��Á � �!¡ >������ � ���

Q =
∑

0≤p≤q

up

∑

a∈[N ]
[q]
p

δxa

��� �(�
�������(�
up

����� �����
� � ����� &��������L���/��� �
� ���� 	 �m� �!�� �m�/�(� ���

||Q||tv =
∑

0≤p≤q

|up| (N)p S(q, p)

� �����l" �j��w1�sf�f<�»´q¹ºfBbH�<¼�f ||Q||tv ≤ ∑

0≤p≤q

|up| (N)p S(q, p)
©qp5�s{¥zvfN� tº{w1r��SfN�·tv{¥�;w_´qr�{¥wH� f ||δxa ||tv = 1

«¬��z���®¥®
a ∈ [q][q]

¸
�_f t�x1r	¹	z�{¥tvf

sgn(k)
«¬��z$t�b1f�r¯{��w���«

uk
´1��w1��®f t�x1r	{w;t�zv�s�sxH� fPt�b1fP«¬x1w1�·tv{¥�;w

φ ∈ Bb(E
q)

�sf�½1wdfN��©qp �

φ(y1, ..., yq) =
∑

0≤k≤q

sgn(k)δk
λ(y1,...,yq)

¹	bdf�zvf
λ(y1, ..., yq) := |{y1, . . . , yq}|

��w1�
δk
λ(y1,...,yq)

rut���w1�drE«¬�;z»t�bdfmtj{zv�;��«¬x1w1�·t�{�;w_¸�a$b1f�w_´
Q(φ) =

∑

0≤p≤q

|up| (N)p S(q, p)
´

��w1�]tvbdf3®¥fNe-e-�g«¬��®®¥��¹�rN¸

��[�� � �\g c �%_ma ����'(�G_(" kldm_("

a$bdfK�;�;��®���«@t�bd{}r�r�fN�·tv{¥�;wP{}r»t����sfNz�{¼�f�� ����x1z�fNw;t_f µs�1��w1r¯{��wP��«@t�bdf�e-fN�;r¯x1z�fNr
QN

n,q ∈M(Eq
n)

´
QN

n,q(F ) := E((γN
n )⊗q(F ))

´
F ∈ Bb(E

q
n)

´�¹	{¥t�b-zvfNr��SfN�·t"tv�Ptvbdf	�S���1xd®��t�{��w-r�{�VNf$�1��z���e-f�t�f�z
N

¸"a$b1f�«¬�;®¥®��¹	{¥wd�%�dzv���S�;r�{¥t�{��w�{r"«¬xdw1�1��e-f�w@tv��®9¸"��fN����®¥®
«¬z��;e nqf<�·t<¸ ; ¸ý��t�b1��t	¹ºf%¹	z�{¥t�f Fn,q

«¬�;z�tvbdf3r¯f�t	��«�f<|;x1{¥¼���®f�w1� f%� ®}��rvr�fNrº{w An,q
xdw1�sf�z$tvbdf3��� t�{��w���«�t�bdf3�HfNz�e(xdtv��tv{��w

��zv��xd� Gn+2
q

¸
?   Å�C�Å �/6¬�/6 Å 5 > � M � #%��� ��(& � (��� 	B����	

q ≤ N
�$��(& � � ',� �!������',�������

n ∈ N
���� ���&

F ∈ Bsym
b (Eq

n)
�m� �!� ��� ���(�

� � � ����(�����
�!��!	 � ��

QN
n,q(F ) =

1

Nq(n+1)

∑

f∈Fn,q

(N)|f |

(q)|f |
#(f) ∆f

n,q(F )

�\� ��� � �!� ')���`��� �	�	
∆n,q

� (� ����� � ����� �  � � � ��� � �
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T
{r���®}r¯��tvbdf-zv�q��t%��«

T ′ ¸-��w ��e-��zvfg�SfN�d��w;tv{�g¹$�<p;´���r¯xd©stvzvf�f-��«$�]tvz�fNfg{}r3��� �;wdwdfN� t�f<�
r¯xd©1��z����db§��«

T ′ � �;w;tv��{¥w1{¥wd��t�bdf-zv�q��t<¸�� r¯x1©s«¬��zvfNr¯t
f ⊂ f ′

��«��/«¬�;z�f<rut
f ′

{}r%�df ½1wdf<���;��� �;zv�s{wd�;®¥p;´E�;rP��� �;®¥®fN� t�{��w§��«
�1��{z�¹	{}r�f%�s{}r¬�u�;{¥w@t�r�xd©stvz�fNfNr$��«�t�bdf%tvz�fNfNr${w

f ′
¸

a$bdfg�s{}r¯tv��wH� f(©Sf�t�¹�f�f�w>tu¹º��¼�f�z�t�{}� f<rB{¥w��/t�zvf�f�{rBtvbdf�e-{¥w1{¥e5��®"w@xde(©SfNzP��«�fN�s�;fNrB��«��/�H��t�b/�u��{�;wd{¥wd�]t�bdf�e�¸3a$bdf
bdf�{��b@tj��«��/¼�f�z�t�f µ�{}rj{ t�rP�s{r¯tv��w1� f(t��/tvbdf�z��s��tN¸ ¤ f���®r��]rv�<p�tvb1��t%�/¼�fNz¯tvf µ�¹	{¥t�b§bdf�{��b@t

k
{rP�/¼�f�z�t�f�µ¾��tj®f�¼�fN®

k
{w

t�bdf(t�zvf�f;¸Ba$bdf(bdfN{¥�;b;t
ht(T )

��«��5t�zvf�f
T

{rBt�bdf�e-��µs{¥e5��®��s{}rut���w1��f(©Sf tu¹ºf�fNw§�5®fN��«���w1��t�bdf�zv�q��t<¸�a$bdf(bdfN{¥�;b;t
ht(f)��«"��«¬��zvfNr¯t

f
{r$t�b1f3e-��µs{¥e5��®»bdfN{¥�;b;t

ht(T )
��«�tvbdf%t�zvf�fNr

T ⊂ f
{w�tvbdf%«¬��zvfNr¯t

ht(f) = sup
T⊂f

ht(T )

²d�;z�tvbdf3xdwd{¥t�f�e-�stup/tvzvf�f�´d¹ºf3��®r���tv��¶�fPt�bdf�����w@¼;f�w;tv{¥�;w
ht(∅) = −1

¸
¤ f�¹	zv{ tvf

vk(f)
«¬�;z	tvbdf�w@x1e(©Sf�zB��«"¼�f�z�t�{}� f<r	{w¾�-«¬��zvfNr¯t

f
��t�®f�¼;f�®

k ≥ 0
¸$a$bdf�w@x1e(©Sf�zB��«"¼�f�z�t�{}� f<r���tBfN�;�vb¾®¥fN¼�f�®

{¥w¾��«¬��zvfNr¯t	{r	f�w1���s�sfN��{w�tvbdf3e5���d�1{¥wd� �

v : f ∈ F 7→ v(f) = (vk(f))k≥0

hB��t�{}� f%t�b1��t$«¬�;z���wqp/�1��{¥z	��«�«¬��zvfNrut�r
(f ,g) ∈ F ´d¹ºf3b1�<¼�fPtvb1��t

v(fg) = v(f) + v(g)

¤ fº¹	zv{¥t�f
V

«¬�;z
v(F)

´�¹	bd{}�vb�� �;{w1� {}�sfNr�¹	{¥tvb�t�bdf$r¯f�t���«1����wdwdf<�·t�f<�3{wd{¥t�{}��®@{w;tvf��;f�z�r�fN|@xdfNw1� fNrN´<t�bH��t�{}r�{¥w@t�f��;f�z�r�fN|@xdfNw1� f<r
p = (pk)k≥0 ∈ NN

rv��t�{}r¯«¬p@{wd�gt�bdf%«¬�;®¥®��¹	{¥wd�-�dzv���Sf�z�tup

∃ht(p) ∈ N
rN¸ tN¸

inf
k≤ht(p)

pk > 0
��w1�

sup
k>ht(p)

pk = 0

²1��z$t�bdf3xdw1{ tBf�e-�stup/t�zvf�f
T0 = ∅ ´d¹ºf%x1r�fPtvbdf�� �;w@¼�f�w@t�{��w1r

v(∅) = 0 = (0, 0, . . .)
��wH�

ht(0) = −1

²1��z$��w@p
p ∈ V

´q¹�fj¹	z�{¥t�f Fp

«¬�;zºt�bdf%r�f t$��«_«¬��zvfNr¯tvr
f
r¯x1��b/tvb1��t

v(f) = p
¸bOjxdzºw1��tv��t�{��w]{r$� �;w1r¯{}r¯t�f�w@tN´sr�{¥w1��fBt�bdf

bdf�{��b@t
ht(f)

��«º�5«¬�;z�f<rut
f ∈ Fp

��®¥f<��zv®¥p�����{w1� {}�sfNrj¹	{¥t�b>tvbdf�b1f�{��b;t
ht(p)

��«Ktvbdf�{w;tvf��;f�zPr�fN|@xdfNw1� f
p
¸3²d�;zBt�b1f�w@x1®¥®

r¯f<|;x1f�w1� f
0
´d¹ºf%b1�G¼�fPt�b1��t F0 = {∅} ¸

Ú�Ú Î�v5à����	�



; = ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

¤ bdfNw
p ∈ V

{}rj��bd�;r�f�w>r��5tvb1��t
p0 = 1

´Ht�b1f�r�f t Fp

z�f<�sx1��fNr	tv�/t�bdfgr�f t Tp ��«���®¥®�tvz�fNfNr
T

r�x1��b¾t�b1��t
v(T ) = p

¸
a$bdf(wd��tv��tv{¥�;w¾��w¾tvz�fNfNr�´E��w1��«¬�;z�f<rut�r����qf<r��G¼�fNz�t��]�d®}��w1��z�t�zvf�f<r�´E��w1�¾�d®}��w1��z�«¬��zvfNr¯tvr�{w§�]r�f�®¥«ã¨9f µs�d®}��wH��t��;z�p�¹��<p;¸B²d�;z
f µd��e-�d®f�´q«¬�;z���wqp]r�fN|@xdf�w1��f

p ∈ V
´ PFp

{r$t�bdf�r�f t���«��d®}��wH��z�«¬�;z�f<rut�r
f
´d¹	{¥t�b

vk(f) = pk
¼�f�z�t�{}� f<r$��t	®f�¼�f�®

k ≥ 0
¸

²1��z���w@p
n ∈ (N ∪ {−1}) ´s¹�f3�sf�w1��t�f3©@p

Vn ⊂ V
tvbdf�r¯x1©1r¯f�t	��«"r�fN|@xdfNw1� f<r

p
r�x1�vb�t�b1��t

ht(p) = n
¸�h���t�{}� fPtvb1��t

V−1 = {0} ¸K��w�tvbd{r	w1��tv��t�{��w_´qtvbdf�r�f tvr	��«"��®¥®»«ã�;z�f<rut�r�´d��w1�]t�zvf�f<r$¹	{ tvb�b1f�{��b;t
n

��zvfP�;{¥¼�fNw�©qp/t�bdf�r�f t�r

F(n) :=
∐

p∈Vn

Fp, T (n) :=
∐

p∈Vn,p0=1

Tp

a$bdf�r¯b1{ «ãt��;�Sf�z���tv��z
B : p = (pk)k≥0 ∈ V 7→ B(p) = (ql)l≥0 ∈ V, ql := pl+1{¥w1�dx1� fNr(���N��wd�;wd{}����®K©d{ �ufN� t�{��w_´"rutv{¥®®��sfNwd��tvfN�±©@p

B
´�©Sf�t�¹�f�f�w t�bdf]r¯f�t���«�t�zvf�fNr Tp � z�fNr��_¸/�d®}��wH��z%t�zvf�f<r PTp � ´�¹	{ tvb

p ∈ Vn+1
��wH�5t�bdf%r�f t$��«_«¬�;z�f<rut�r FB(p) � z�f<r¯�_¸"�d®}��w1��z�«¬�;z�f<rut�r PFB(p)

� ´q�;©stv��{¥w1fN�/©@p5zvf�e-��¼@{wd��tvbdfPz��s��tº��«_t�bdfjtvz�fNf

B : T ∈ Tp (
zvfNr��_¸ PTp) 7→ B(T ) ∈ FB(p)

( zvfNr��_¸ PFB(p)

)

²1z��;emt�bdf���z����dbs¨9t�bdfN��z�f�t�{}�g�S�;{¥w@t���«	¼q{f�¹3´�t�bdf]wqxde(©Sf�z���«B� �;��®¥f<r���f�w1��fNr
ck(f)

��t(f<����b ®f�¼�fN®
k ≥ 0

{w°��«¬��zvfNr¯t
f ∈ F {r��sf�½1wdfN��©@p/tvbdf3e5���d�d{wd�

c : f ∈ F 7→ c(f) = B(v(f))− |f |
a$bdfgr�fN|@xdfNw1� f

c(f)
{}rP�N��®®¥f<�¾t�bdf-���;��®fNrv� fNw1� f�r�fN|@xdf�w1��f���«

f
¸3��w§tvbdf-��©S��¼�f��s{}r��d®�Gp�fN�¾«¬�;z�e(xd®}�d´Stvbdf-r�fN|@xdf�wH� f |f | =

(|f |k)k≥0
z�fN�dzvfNr¯fNw;t�rºtvbdf3w@x1e(©Sf�z���«"¼�f�z�t�{}� fNr	��t	®f�¼�fN®

k ≥ 0
e-{w@x1r	t�bdf3wqxde(©Sf�z���«�®fN�G¼�fNr	��t	t�bdf(r���egf%®f�¼�fN®Y´stvb1��t�{}r

t�bdfgw@xde(©SfNzP��«�¼�fNz¯tv{��fNrB¹	{¥t�b±��w§{¥wd�;��{w1�¾f<�s��f;´S¹	b1f�z�f<��r
B(v(f))k

r¯tv��w1�dr�´E©qp¾�sf�½1wd{¥t�{��w_´E«¬��zjtvbdf�wqxde(©Sf�z%��«�fN�s��f<r
©Sf tu¹ºf�fNw�tvbdf3®¥fN¼�f�®}r

k + 1
��w1�

k
¸�²�{¥wH��®®¥p]��©Hr¯fNz�¼�fjt�bH��t	«¬��z���w@p/�1��{z$��«�«¬��zvfNr¯tvr

(f ,g) ∈ F ´d¹ºf3b1�G¼�f

( |fg| = |f |+ |g| ��w1�
B(v(f) + v(g)) = B(v(f)) +B(v(g)) )⇒ c(fg) = c(f) + c(g)

¤ f%��®r���r��Gpgt�bH��t�t�bdf%���;��®¥f<r���f�w1� fB��z��sfNzº��«��(¼�fNz¯tvf µ5{w���tvz�fNfj��z$��«¬��zvfNr¯t�{r�{ t�r�w@xde(©Sf�z$��«�{¥wH� ��e-{wd��fN�s�;fNrºe-{¥wqx1r ; ¸
a$bdfj���;��®¥f<r���f�w1� fB�sfN��zvf�f���«��3t�zvf�fB�;zº�3«¬��zvfNr¯t

f
{r�t�b1fPr¯xde ��«»t�bdf

ck(f)
��z<´;f<|;x1{¥¼���®f�w;tv®¥p;´;t�bdfPr�xde ��«»tvbdfP� �@��®fNrv� f�wH� f

��z��sf�z�r���«�{¥tvr	¼�f�z�t�{}� f<r�¸ ¤ f�r��Gp5t�b1��tB�(tvzvf�f%{}r � � ����� ��� {¥«�{¥t�r	���;��®¥f<r�� fNw1� f%�sfN��zvf�fP{}r	�1¸

��[�� � _ a ���#�-.&% � �jc2�\k]i "`a c�ghi�a!g c � d ��aNc2���	" �G_je���d�c2�	"`a2"
��w ���d®}��wH��zP«¬��zvfNr¯t

f ′
´�¼�f�z�t�{}� f<r%��t%tvbdf5rv��e-fg®f�¼;f�®

k ≥ 0
´���zvfgw1��tvxdzv��®¥®p¾�;zv�df�zvfN�¾«¬zv��e ®f «ãt3tv��zv{��b;t<´���wH�>tvbdf�zvf «¬��zvf

{¥w�©d{ �ufN�·tv{¥�;w�¹	{ tvb
[vk(f ′)]

¸�~�®}��w1��zj«ã�;z�f<rut�r � zvfNr��_¸3�d®��w1��zjt�zvf�fNr �
f ′ ∈ PF ��«�b1f�{��b;t

ht(f ′) = (n + 1)
��zvf�t�b1f�z�f�«¬��zvf

����w1��wd{}����®®p3{w-©d{ �ufN�·tv{¥�;w-¹	{ tvb5r�fN|@xdf�w1��fNr"��«Se5���1r
a = (a0, ..., an)

´�¹	bdfNz�f
ak

{r��P¹ºf<��¶q®p�{¥wH� zvfN��r�{wd�Pe5����«¬zv��e
[pk+1]t��

[pk]
´d¹	{ tvb

k = 0, ..., n
´1��wH�

p ∈ Vn+1 � zvfNr¯��¸K��wH�
p0 = 1

� ¸
a��%� ®}��z�{¥«¬p%tvbdf$�dzvfNr�f�w@tv��tv{¥�;w_´�¹�f$¹	z�{¥t�f

a ↑ tv�%{¥w1�s{}����t�f�tvb1��t��P��{¼�f�w�e5���d�d{wd�
a
©Hf�t�¹�f�f�w5r¯f t�r"��«S{¥w@t�f��;f�z�r�{r"¹ºf<��¶q®p

{¥w1��z�f<��r�{¥w1�1¸���w�t�bd{}r	wd��t���tv{¥�;w_´q«¬��z���w@p
p ∈ Vn+1

¹ºf%b1�G¼�fPt�bH��t

PFp ' IAp :=
{

(a0, ..., an) ∈
(

[p0]
[p1] × . . .× [pn][pn+1]

)

: ∀0 ≤ k ≤ n ak ↑
}

¤ f�¹	zv{ tvf
PF (a) � z�f<r¯�_¸ PT (a)

� «¬��z(tvbdf��d®}��w1��z�«¬�;z�f<rutg�;r�r��s� {}��tvfN��tv���§r�fN|@xdfNw1� f]{w IAp � z�f<r¯��¸§¹	{¥t�b
p0 = 1

� ¸
��w±t�bd{}r3{w;tvf�zv�dz�f�tv��t�{��w_´�¹	bdf�w

f ′ ∈ PFp

{}r%zvf��1z�f<r¯fNw;t�f<�§©qp��¾r¯f<|;x1f�w1��f-��«$e-���d�d{wd�;r
a = (a0, ..., an) ∈ IAp

´�tvbdf
w@xde(©Sf�z���«"� �@��®fNrv� f�w@t$¼�f�z�t�{}� f<r$��t	®f�¼�f�®

k
{}r$�;{¥¼�fNw�©qp

ck(f ′) = vk+1(f
′)− |ak|

h���tv{��fºt�b1��t�tvbdf$�df ½1wd{¥t�{��wg{rK� ��b1f�z�fNw;t"¹	{ tvb(tvbdf$�df ½1wd{¥t�{��wg��«1t�bdf	� �@��®fNrv� f�wH� fºr�fN|@xdfNw1� f$��rvr¯�s��{��t�fN�3t��
a
¸���wg�;�d�s{¥t�{��w_´

¹	bdf�w±t�bdf/{¥w@t�f��;f�z�r�fN|@xdfNw1� f
p ∈ Vn+1

{r���bd�;r�f�w r�x1��b�t�bH��t
p0 = 1

´�t�bdf/e-���d�d{wd�
B

{w;tvz��d�sx1� f<��{¥w±tvbdf5�dzvf�¼q{��x1r
nqfN�·tv{��w��N��w�©Sf%zvf�¹	zv{¥t¯t�fNw���r�«¬��®®¥��¹�r �

B : PT (a) ∈ PT p 7→ B(PT (a)) := PF (B(a)) ∈ PFB(p)

¹	{ tvb t�bdf�r�bd{ «ãt����SfNzv��t���z
B(a0, . . . , an) := (a1, . . . , an)

¸�a$bdfNr�f§�sf ½Hwd{ tv{¥�;w1r���w1� wd��t���t�{��wHr/�N��w ©Sf§f µqt�fNw1�sfN� t��
��zv©d{ tvzv��z�p/r¯f<|@xdf�w1��fNr$��«�e5���Hr	��w1����zv©d{ tvzv��z�p-t�zvf�fNr	��w1�]«¬�;z�f<rut�r$�;rº«¬�;®¥®��¹�r�¸
��Á�� 5 6W��6 Å 5 : � : �	� �
�

a = (a0, a1, ..., an)
��� ��(& 	���� � ������ �l",',����	

ak : [pk+1] → [pk]
� �G� � �

k = 0, . . . , n
� � �K�

	
��� � �� ���
a

� 	. ��� � ����� �P& �q	�	������ ������� �j"
����� 	 �
F (a)

� � �!�)�� ���\� � �U�� � ����� ����� "
���,���-� � �
����')�
�� �l" ∐n+1
k=0 [pk]

�f�� � �
��� 	B�h"
�������-� � �!��� �

(i, ak(i)), i ∈ [pk+1]
� � �!�)	���� � �
 ��� ���� ���0	�� ���)����� ��� 	���(����� 	-����� � � ����� � & � �� � � ���P& ��& ��� ���� ���

	������2�
J(a)

��� �!�����5�!� �m� �����.���(� ��� 	`�
	������ �m���� �q��� ��� ���
	.��� ��� �����
k + 1

�� �
k

�����,��� ��� �m��� ��� �����q	�	 � � � ����� �%	 � � �K�
���������� 	-����� �$� � �!�����f�(��� �B	.����� �m���
 ����� ��� ��� 	������ �
������	-����� � ��� � �	�� � � � �(� 	������l"�� � �	-���
	 � 	 �\� � � ���� J �

)¬Ù�Ú()ãØ
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	 � ����� � a$bdf�f�w@tv��w1��®fN�!��z����db!zvf��dzvfNr�f�w@tv��t�{��w!��«B�5�uxdwd�;®¥f�¹	{¥t�b t�bdf�rv��e-f]xdw1�sfNz�®pq{¥w1�>�;zv���db ��r�tvbdf��d®��w1��z
«¬��zvfNr¯t${w¾²�{�1¸ ; ¸

hB��t�{}� fPtvb1��t	�d®}��wH��z�«¬��zvfNr¯tvr$��z�fP�1��z¯tv{��xd®��z�f�µs��e-�d®¥f<r���«H�uxdwd��®fNrN´dr���t�bH��tN´s«¬��z���wqp/r�fN|@xdfNw1� f%��«�¹�fN��¶q®p5{w1� zvfN�;r¯{wd�
e-���1r

a
¹�f/b1�<¼�f

PF (a) = J(a)
¸¾hB��tv��t�{��w!r�x1��b ��r Fp

´�¹	{¥t�b
p ∈ Vn+1

´�f�µqt�f�wH�dr3«¬zv��em«¬��zvfNr¯tvr3t��5�uxdwd�;®¥f<r�{w �
r¯fN® «ã¨ªf µs�d®}��w1��t��;z�p]¹��<p;¸��;xdwd��®fNr

j ∈ Jp

��«Kbdf�{��b@t
(n + 1)

��zvf%tvbdf�zvf «¬�;z�f(����wd�;wd{}����®®p]{w¾©d{ �ufN� t�{��w>¹	{¥t�b§r¯f<|@xdf�w1��fNr���«
e-���1r

(a0, ..., an)
´d¹	b1f�z�f

ak
{}r	�ge5����«¬z��;e

[pk+1]
t��

[pk]
´d¹	{ tvb

k = 0, ..., n
¸�k¾�;z�fP«¬��zve5��®®¥p;´q¹�f%b1�G¼�fPt�b1��t

Jp ' Ap :=
(

[p0]
[p1] × . . .× [pn][pn+1]

)

a��¦e5��¶�f§t�bdf<r¯f ��®��fN©dz���{}�¾z�fN�dzvfNr�f�w;t���tv{¥�;w1r/��«(�d®}��w1��z]«¬��zvfNr¯tvr���w1�!�uxdwd�;®¥f<r�e-��zvf��dz�f<� {}r¯f;´B{ t�{}r�����wq¼�f�wd{f�w@t�t��
{¥w@t�zv�s�sx1��f$��wd��tvbdf�z"zv��xdwH�(��«Swd��t���tv{¥�;w_¸�²d�;zK��w@p�{w;t�fN��fNzvr

p, q, r, s ≥ 1
´;��w1�g��w@p��H��{z"��«Se5���1r

(α, β) ∈
(
[q][p] × [s][r]

) ´
¹ºf%®f t

(α ∨ β)
©Sf%t�bdf3¹ºf<��¶q®¥p/{w1� zvfN�;r¯{wd�ge5����«¬zv��e

[p+ r]
{¥w@t��

[q + s]
�df ½1wdf<��©qp

(α ∨ β)(i) =

{
α(i)

{¥«
i ∈ [p]

q + β(i)
{¥«

i = p+ j
¹	{ tvb

j ∈ [r]
�ª«
α

��w1�
β

��zvf-¹ºfN��¶@®p>{w1��z�fN�;r¯{wd�H´�r¯�¾{r
α ∨ β ¸]²1��z�w@xd®®�{¥w@t�f��;f�z�r

p = 0
´��;z

p = 0 = q
¹ºf5x1r�f-t�bdf]� ��wq¼�f�w@t�{��w1r

[q][p] = {∅} ´;��w1�(tvbdf	����e-�S�;r�{ tv{¥�;w(zvxd®fNr
(∅∨∅) = ∅ ´ (α∨∅) = α = (∅∨α)

¸�Oj©Hr¯fNz�¼�fºt�b1��t"«¬��z���wqp
(σ, τ) ∈ (Gq × Gs)

´
��w@p

(α, β) ∈
(
[q][p] × [s][r]

) ��w1����wqp
(ρ, θ) ∈ (Gp × Gr)

¹ºf%b1�G¼�fPt�bdf�����e-�S�;r�{¥t�{��w]«¬��zve(xd®}�

(σ ∨ τ) ◦ (α ∨ β) ◦ (ρ ∨ θ) = (σ ◦ α ◦ ρ) ∨ (τ ◦ β ◦ θ) � 1 ¸ ;��
²d�;z	��w@p

ρ ∈ Gp+r
¹	{ tvb

α
��w1�

β
��r	��©S�G¼�f;´q¹ºf���®}r��-|;x1��t�f%t�bdf%«¬��®®�G¹	{wd�g«W���·tv��zv{�V<��tv{¥�;w]zvxd®f

(α ∨ β) ◦ ρ ∈
(

[q][p] ∨ [s][r]
)

=⇒ ρ ∈ (Gp ∨ Gr)

a�����bdfN��¶�t�bd{}rB½1w1��®"��rvr¯fNz¯tv{¥�;w_´H¹ºf�r�xd�d�S�@r¯f�t�b1f�zvf(f µs{}rut�rjr���e-f
i ∈ [p]

r¯xH�vb>t�b1��t
ρ(i) = p + j

´S«¬�;zPr¯�;egf
j ∈ [r]

¸j��w
t�bd{}r����;r¯f;´q¹�f%¹º�;xd®�]½Hw1��t�bdf%«¬�;®¥®�G¹	{wd�5� ��w@t�z����s{}�·tv{��w

(α ∨ β)(ρ(i)) = (α ∨ β)(p+ j) = q + β(j) 6∈ [q]

4ºp��-r¯{e-�d®f%{w1�sx1� t�{��w¾��zv��x1egfNw;t<´@«¬�;z���wqp
αi ∈ [qi]

[pi], i = 1, ...,m
´d¹ºf���®}r¯�-b1�<¼�fPtvb1��t

(α1 ∨ . . . ∨ αm) ◦ ρ ∈
(

[q1]
[p1] ∨ . . . ∨ [qm][pm]

)

=⇒ ρ ∈ (Gp1
∨ . . . ∨ Gpm

) � 1 ¸ � �
«¬��z���wqp/�Sf�zve(xst���tv{¥�;w

ρ ∈ Gp1+...+pm

´1��w1�
m ≥ 1

¸
k¾�;z�f%��fNwdf�z���®®¥p;´@«¬�;z���wqp]r�fN|@xdfNw1� f<r$��«�{w;tvf��;f�z�r

p ∈ V
´1��w1�

r ∈ V
´1��w1����w@p�r¯f<|;x1f�w1� f<r$��«"e-���1r

α = (αk)k≥0 ∈
Ap

´1��wH�
β = (βk)k≥0 ∈ Ar

¹ºf3�df�wd��t�f%©qp
(α ∨ β)

t�bdf�r�fN|@xdf�wH� f%��«�e5���1r

α ∨ β := (αk ∨ βk)k≥0 ∈ Ap+r

h���tv{��f%t�b1��tN´1{ «
α ∈ IAp

��w1�
β ∈ IAq

´stvbdf�w
α ∨ β ∈ IAp+q

¸���w�tvbdf���©S�G¼�f3�s{}r¯�d®}�Gp�fN�]«¬�;z�e(xd®}�d´d¹ºf3b1�G¼�f%x1r�fN��tvbdf
� ��wq¼�f�w@t�{��w1r

αk = ∅ ´1��wH� βl = ∅ ´s«¬�;z���w@p
k > ht(p)

´1��w1�
l > ht(r)

¸
�	f<����®®_t�b1��tjr�fN|@xdf�wH� fNr���«"¹�fN��¶q®p]{w1� zvfN�;r¯{wd�-e5���1r

α ∈ IAp

´S��w1�
β ∈ IAr

����w¾©Sf�z�fN�dz�f<r¯fNw;tvfN����z����db1{�N��®®¥p/©qp
t�bdfg�1®��w1��zj«¬��zvfNr¯tvr

PF (α) ∈ PFp

´_��w1�
PF (β) ∈ PFr

¸���w>tvbd{}rP{¥w@t�fNz��dzvf t���tv{¥�;w_´St�b1f-� �;eg�S�@r¯{¥t�{��w>«¬��zve(xd®}�]��w>tvbdf
wd��w1����e-e(xst���t�{¼�f%e-��wd�;{� PF {}r$w1�G¹D��{¼�f�w�©@p

PF (α)PF (β) = PF (α ∨ β) ∈ PFp+r � 1 ¸ 1 �
a$bdfgr���egf�� �;w1r¯t�zvx1�·tv{¥�;w1r�bd�;®��«¬�;zjwd��w>wdf<� fNrvrv��zv{¥®p�{¥w1��z�f<��r�{¥w1�5e5���1rN¸B��w>t�bd{}rPr¯{¥t�x1��t�{��w_´Htvbdfgr¯f<|@xdf�w1��fNrB��«�e5���1r

α ∈ Ap

´d��w1�
β ∈ Ar

�N��w�©Sf%zvf��dzvfNr�f�w@t�f<�/�;zv���dbd{}����®®p-©@p5tvbdf��uxdw1��®fNr
J(α) ∈ Jp

´d��w1�
J(β) ∈ Jr

´d��wH�]¹ºf%b1�G¼�fjtvbdf
� wd�;w1� �;ege(xdtv��tv{¥¼�f � �1z��s�sxH�·t$«¬��zve(xd®}�g��w�t�b1f3r�f t J

J(α)J(β) = J(α ∨ β) ∈ Jp+r � 1 ¸ � �

Ú�Ú Î�v5à����	�



��� ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

��[�� � gfaNd,� d�c2' �hk " � %mc!dmg�'(" dm_�� gh_�%,. �	"

²d�;z	��w@p/�;{¥¼�fNw�r¯fN|@xdfNw1� f%��«�{¥w@t�fN��f�z�r
p ∈ Vn+1

´st�bdf3�dzv�s�sx1� t	�Sf�zve(xstv��t�{��w��;z��;xd�

Gp :=
(
Gp0
× Gp1

× ...× Gpn+1

)

���·t�r�w1��t�xdz���®®p5��w�r�fN|@xdfNw1� fNr$��«�e5���Hr
a = (a0, a1, ..., an) ∈ Ap

´d��w1�]�;w(�uxdwd��®fNr
J(a)

{¥w Jp

©qp/�Sf�zve(xstv��t�{��w���«�tvbdf
¼�f�z�t�{}� fNr	��t	fN�;�vb�®f�¼�f�®9¸�k¾��zvfj«¬�;z�e5��®®p�´q«¬��z���wqp

s = (s0, ..., sn+1) ∈ Gp
t�bd{}r	�1��{¥z	��«"�;�·tv{¥�;w1r${r	��{¼�f�w�©@p

s(a) := (s0a0s
−1
1 , ..., snans

−1
n+1)

��w1�
sJ(a) := J(s(a))

��w>��xst��;eg�;z��db1{r�e
s ∈ Gp

��«��-��{¼�f�wg�uxdwd�;®f
J(a) ∈ Jp

{rB�5r�fN|@xdfNw1� f���«"�SfNz�e(xst���tv{¥�;w1r$t�bH��tB�dzvfNr�f�zv¼�fNr�tvbdf	�uxdwd�;®¥f;´
{¥w t�b1f�r¯fNw1r�f/t�b1��t

sJ(a) = J(a)
¸±a$b1f�r�f tg��«j��xstv��e-��zv�dbd{}r¯e5r���«B�>�;{¥¼�fNw¾�uxdwd��®f

J(a) ∈ Jp

� �;{¥w1��{�dfNr(¹	{¥t�b tvbdf
rut���©d{®¥{ V�fNz	��«

J(a)
¹	{¥t�b�z�f<r¯�Sf<�·t$t��-t�bdf3�;z��;xd�����·tv{��w_¸

Stab(J(a)) = {s ∈ Gp : sJ(a) = J(a)}
4ºp/t�b1f3�df ½1wd{¥t�{��w���«"�j�uxdwd��®f�´d¹ºf���®}r��gb1�<¼;fjtvb1��t

J(a) = J(b)⇐⇒ a = b

«¬z��;e ¹	bd{��b]¹ºfB½1w1�
Stab(J(a))

� �;{¥w1��{�dfB¹	{¥t�b]t�bdf%rut���©d{®¥{ V�fNzº��«
a

¹	{¥t�b�z�f<r¯�Sf<�·t�tv��tvbdfj�;z��;xd�/�;�·tv{¥�;w_¸"a$bdfPr¯tv��©d{®¥{ V�fNz
t�bdfN��zvf�e ��®r��g�dzv�G¼q{}�sfNr	�g��wdfPtv�-��w1f3� ��zvzvfNr��S��wH�sf�w1��f

ϕa

©Sf�t�¹�f�f�w�t�b1f3��zv©d{ t�r�f t

Orb(J(a)) := {sJ(a) : s ∈ Gp} ⊂ Jp

��w1�]tvbdf�|@xd��tv{¥fNw;t Gp/Stab(J(a))

ϕa : J(b) ∈ Orb(J(a)) 7→ s(a,b)Stab(J(a)) ∈ Gp/Stab(J(a))

«¬��z���wqp]��bd��{}� f%��«
s(a,b) ∈ Gp

r�x1�vb�t�b1��t
s(a,b)(a) = b

¸
hB��t�{}� fBt�bH��t�{¥«_t�¹º�gr�fN|@xdf�w1��fNr

a
��w1�

b
�d{ uEf�z��;wd®¥p-©@p-t�bdfj�;zv�df�z���«»t�b1fj¼�f�z�t�{}� f<r�{¥w

J(a)
��w1�

J(b)
´@t�b1��t�{rº©@p-t�bdf

���·tv{¥�;w>��«º��w>fN®¥fNegfNw;t%��« Gp ´Et�bdfNw>tvbdfg�;r�r��s��{��tvfN��«¬�;z�f<rut�rj��zvf({}�sf�w;tv{}����® �
F (a) = F (b)

¸3k¾��zvf���¼�f�z<´1t�bdf-� �;w@¼�fNzvr�f�{}r
t�zvxdf ��{¥«

F (a) = F (b)
´1t�bdfNw

J(a)
��w1�

J(b)
�d{ uEf�zB��w1®¥p�©@p]tvbdf���z��sf�zv{¥w1�g��«�t�bdf�¼�fNz¯tv{��fNrN´1r¯{w1��f%t�b1f�p�b1�G¼�f%t�bdf(rv��e-f

xdw1�sf�zv®pq{¥wd��wd��w��d®}��w1��zP�;zv���db_¸3��w§t�b1{r3r¯{¥t�x1��t�{��w�´
a

��w1�
b

©Sf�®�;wd�]t���t�b1f-rv��e-f��;z�©d{¥tPxdwH�sf�zPtvbdf-�;�·t�{�;w>��« Gp ¸���w
�1��z�t�{}� xd®}��z<´q¹ºf3��f tB�gz�f<r¯xd®¥t���®¥zvfN�;�sp5e-f�w;tv{¥�;wdfN��{w�tvbdf3��w;tvz��s�dx1�·tv{¥�;w
��Á � �!¡ : ��S � � �(� 	������l".��� � ������� �
 ���,������	�	��
	��l"�� � �	-���
	 �  Jp

� ��`�
� � �!� �-����� �� �l" � �!�f�!��� ' � ������� �� 	-��� � ��	 Gp
� 	

�  �
� �����
� � �� �\� ���K� �!�.	����f�]"m"
����� 	 � 	 Fp

� �  �!��� � � � � � ��� � � � � ��� ���(�,��� � ���������� ��������� �m���
U� �!� � �m�  ��� � ��!	 �l" � � �	-���
	
���� 	���� � �
 ���
	 �l"$')����	 �\� ��"
��� ��� �G	 � �!�������(�$	��
� Fn,q

�l" ��� � ��������������.������	�	��
	$�  An,q
� ��`�
�$���(� ���� � �����D�-��� � �� �l" Gq� 	.���� ���� ����� �P& � U��� ������� � �� �\� � � � �!� 	��
���]"\"
���]�
	 � 	 �G� � �

q
�q��� ��� ��� 	��������-� � � � ���
�

0 ≤ k ≤ n+ 1
�

QBf�z�f;´
q

�sf�w1��t�f<r�´d��w1��f3���;��{¥w�´@t�bdf
q
¨�� �;w1r¯tv��w@t	r�fN|@xdfNw1� f%��«�®¥fNwd��b@t

n+ 1
¸

nq{w1� f¾t�b1f¾zv�q��t5e-���d�d{wd�
a0

��«3� �d®}��w1��z-t�zvf�f¾{}r/����w1r¯tv��w;t]��w1� f<|@x1��®	tv�
1
´	¹ºf�½1w1��®¥®p¦��©1r�f�zv¼�f�tvb1��t/«¬�;z]��w@p

a = (a0, . . . , an) ∈ IAp

´d¹ºf3b1�G¼�f

Stab(J(a) = Stab(PT (a)) = {11} × Stab(B(PT (a)))

��[�� � c��jkla "$�Da2" d � '(. �\_��Lc ��d�c2�	"`a2"
²dzv��e�t�b1fB²1f�pqwde5��ws¨�³3���$e-fN��wd¨Y½1fN®�5���d�1z��Gµs{¥e5��t�{��wg�S��{w;tº��«»¼q{¥fN¹3´��uxdwd��®fNr�{¥w An,q

�sfNrv� zv{©Sf$t�z����ufN�·tv��zv{fNrK��«E«W��e-{¥®{fNr
��«��H��z�t�{}� ®fNr(¹	{¥t�b°�dzvfNrv� zv{©SfN�!���;��®¥f<r�� fNw1� f/�1z��;�Sf�z�t�{fNrN¸§��w°�1��z�t�{}� x1®��zN´�tu¹º�§t�z��G�uf<�·tv��zv{¥f<r3t�b1��t-��zvf]fN|@xd{¼���®f�w@t�xdwH�sf�z
t�bdf]�;�·t�{��w ��« Gq b1�<¼�f-tvbdf]rv��e-f/rut���t�{}r¯t�{}����®��1z��;�Sf�z¯tv{fNrN¸/��w t�bdf/�dzvfNr�f�w@t(r¯f<�·tv{¥�;w_´�¹ºf5«W��� f5t�bdf/�;f�wdf�z���®��dz��;©d®f�em��«
� ��e-�dxstv{wd��t�bdfP����zv�s{w1��®r

#(f)
´q�sf�½1wdfN�]��r�t�bdfjw@x1e(©HfNzº��«q�ux1wd��®fNr�{w

f ∈ Fp

´;«¬��z�r���e-f�{w;tvf���fNzºr�fN|@xdfNw1� f
p ∈ Vn+1

´
¹	bdf�w

f
{}r�¼q{¥fN¹ºfN����r$��w�fN|@xd{¼���®f�wH� fP� ®}��rvr��;��� �;zv�s{wd��tv��t�bdf%�dz�fN¼q{¥�;x1rº®¥fNe-e-�1¸ �_f�t$x1r$¹	z�{¥t�f

f
{¥w�w1��zve-��®H«¬��zve � ¹	{¥t�b

t�bdf
Ti

r	��®®_�d{r¯t�{w1�·t�r � ��r	�-� �;ege(xdtv��tv{¥¼;f%e-��wd�;eg{}��®»��«�tvz�fNfNr �

f = Tm1
1 ...Tmk

k , m1 + ...+mk = p0

�_f t%x1rP��®r����vbd�q�@r¯f���z�©d{¥t�z���zvp�zvf��dzvfNr�f�w;t���tv{¥�;w1r
T ′

i ∈ PT
��«�t�bdf

Ti
rP��rj�d®��w1��zBtvz�fNfNrN´Er��/tvb1��t%¹ºfg����w>¼q{f�¹

f
�;r�tvbdf

«¬��zvfNr¯t	�;r�r��s��{��tvfN�/t��gtvbdf3�d®}��w1��z�«¬��zvfNr¯t
f ′ = (T ′

1)
m1 ...(T ′

k)mk

)¬Ù�Ú()ãØ
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���
���������������	
�������������
	��
�������� ��!	�"
���$#%��&�(')���* +,�-�.',�/�-���0	 � ;

��©st���{wdfN�(©@p�®¥f�«ãt¯¨9t���¨9zv{¥�;b;tK� ��wH����tvf�w1��t�{��w(��«
m1

� �;�d{¥f<r���«
T ′

1

´
m2

�����d{fNr���«
T ′

2

´¸¥¸¸´
mk

�����d{fNr���«
T ′

k

¸ ¤ f$¹	z�{¥tvf
T ′′

1 ...T
′′
p0«¬��z$t�b1f3f µs�1��wHr¯{��w���«�t�bdf3wd�;w1� �;ege(xdtv��tv{¼�fPe-�;wd��e-{}��®

f ′ = (T ′
1)

m1 ...(T ′
k)mk = T ′′

1 ...T
′′
p0

��r	�g�dzv�s�sx1� t	��«��d®}��wH��z�tvz�fNfNr � ¹	{¥tvbd��xstBf µs�S��wdfNw;tvr � ¸
²1z��;e �dzvf�¼q{¥�;x1r$����w1r�{�df�z���t�{��wHr�´q¹ºf%bH�<¼�fPt�bH��t

#(f) = #Orb(f ′) = # {g ∈ Jp : ∃s ∈ Gp
rN¸ tN¸

g = sf ′}
tBxdf%tv�gtvbdf�� ®}��rvrº«¬�;z�e(xd®}�d´s¹�f3��®}r��g¶qwd�G¹[t�b1��t

#(f) = #Orb(f ′) =
|Gp|

Stab(f ′)
=

p!

Stab(f ′)

¹	bdf�zvf%¹ºf%zvf�e-{w1�]t�bH��t
Stab(f ′)

rut���w1�dr$«¬��z$t�b1f�rut���©d{®¥{ V�fNz$��«�t�b1f��ux1wd��®f
f ′ ∈ Jp

¸
a$bdf�� �;eg�dxdtv��tv{��w���«

#(f)
¹	{®®_©Sf3�s�;wdf%©@p]{w1�sx1� t�{��w���w

(n+ 1) := ht(f)
¸ ��f t�x1r���rvr¯xde-fPt�b1��t�¹ºf%¶qwd��¹

#(g)«¬��zj��w@p�«¬��zvfNr¯tB��«KbdfN{¥�;b;tj®fNrvr��;zBfN|@x1��®
n
¸BhB��t�{}� f�tvb1��t<´Ht�bdfNw_´S¹�f���®}r¯�/¶qwd�G¹

#(t)
«¬��zP��w@p�tvz�fNf

t
��«Kb1f�{��b;t

(n + 1)
´

�sxdf�tv�5tvbdf��N��wd�;wd{�N��®�©d{ �ufN�·tv{¥�;w
B

©Sf tu¹ºfNf�w¾tvz�f�f<rB��w1��«¬�;z�f<rut�r �
#(t) = #(Bt)

¸B²1z��;e tvbdf(�1z�fN¼@{��xHr��s{}rv� x1rvr¯{��w�´dtvbdf
�dz��;©d®f�e ��eg�;xdw;t�r�t��±� �;eg�1xst�f]t�bdf��N��z��s{w1��®}r���«	tvbdf�rut���©d{®{�VNf�z�r

Stab(f ′)
{¥wH�sx1�·tv{¥¼�fN®¥p!¹	{ tvb°z�f<r¯�SfN� t(t��>tvbdf�bdfN{¥�;b;t

�1��z���e-f tvf�z<¸"a$bdfP«¬�;®¥®��¹	{¥w1��t�f<�vb1wd{�N��®_®¥fNe-e-�-{r	{w1rutvz�x1egfNw;t���®9¸
��Á � �!¡ : ����� � �!���]��� 	.������ � �����s� 	���')��� �2�N� 	 '

Stab(T ′′
1 ...T

′′
p0

) ∩
(
{1p0
} × G(p1,...,pn+1)

)
∼ Stab(T ′′

1 ) ∨ . . . ∨ Stab(T ′′
p0

)

� �!���]�
1p0

	 �������	\"
��� � �!�.� �-��(� � ��&��  Gp0

�

� �����l" � ¤ f�®f t
ai = (ai

0, . . . , a
i
n)

©Sf���r�fN|@xdf�wH� f���«s¹ºf<��¶q®pB{w1��z�fN�;r¯{wd�	e5���1r�r�x1��b%t�bH��t
T ′′

i = PT (ai)
´<¹	{¥t�b

1 ≤ i ≤ p0
¸

��w�tvbd{r	w1��tv��t�{��w_´s¹�f%b1�G¼�fPt�b1��t

f ′ = T ′′
1 ...T

′′
p0

= PT (a1) . . . PT (ap0) = PF (a)

¹	bdf�zvf
PF (a)

rut���w1�dr�«¬�;z$t�b1f%�1®��w1��z$«¬��zvfNr¯t	�;r�r��s��{��tvfN�]¹	{ tvb�tvbdf�r�fN|@xdf�wH� f%��«�¹ºf<��¶q®p5{w1��z�f<��r�{¥wd�ge5���Hr

a = (a1 ∨ . . . ∨ ap0) = (a0, . . . , an)
¹	{¥t�b ∀0 ≤ l ≤ n al = a1

l ∨ . . . ∨ ap0

l

h���tv{��fPtvb1��t	t�b1f�rut���©d{®¥{ V�fNz$��«�t�b1f%�1®��w1��z$«¬��zvfNr¯t
PF (a)

{}r$�;{¥¼;f�w�©qp

Stab(PF (a)) = {s ∈ Gp : s(a) = a}
��w1�]«¬�;z���wqp

s = (s0, . . . , sn+1) ∈ Gp
¹ºf3b1�G¼�fPt�b1��t

s(a) = a⇔
(
∀0 ≤ l ≤ n sl ◦ (a1

l ∨ . . . ∨ ap0

l ) ◦ s−1
l+1 = a1

l ∨ . . . ∨ ap0

l

)

a$bdfNz�f�«¬��zvf�´�xHr¯{wd�¾tvbdf�� �;eg�S�@r¯{¥t�{��w «¬��zve(xd®� � 1 ¸ ; � ��w1�±t�b1f/«W���·tv��zv{�V<��tv{¥�;w±zvxd®f5«¬��®®�G¹	{wd�¾t�bdf/«¬�;z�e(xd®}�1´�{ t�{}r(wd��t
�s{ �/��xd® t�t��/�vbdf<�v¶/t�bH��tB��w@p�r¯f<|@xdf�w1��f

s = (1p0
, s1, . . . , sn+1) ∈ Stab(f ′)

����w�©Sf3z�fN�dz�f<r¯fNw;tvfN�]{w���w�xdwd{}|@xdf3¹��<p
s =

(
s(1) ∨ . . . ∨ s(p0)

) ´d{w�tvf�zve-r	��«"r���e-f%�Sf�zve(xstv��t�{��w�r¯f<|@xdf�w1��fNr

s(i) = (11, s
(i)
1 , . . . , s

(i)
n+1)

©Sf tu¹ºf�fNw�tvbdf(¼�f�z�t�{}� f<rB��tBf<����b¾®¥fN¼�f�®���«"tvbdf(�d®}��w1��z	tvz�fNf
PT (ai)

´S¹	{ tvb
1 ≤ i ≤ p0

¸���w�tvf�zve5r���«Kt�bdf(®f�¼�fN®��1��zv��e-f t�fNz
1 ≤ l ≤ (n+ 1)

´d¹ºf���®}r¯�gw1��t�{}� f%t�b1��t
sl = s

(1)
l ∨ . . . ∨ s

(p0)
la��gt���¶�fPt�b1f%½1w1��®�r¯t�f���´s¹�f%��©Hr¯fNz�¼�fjt�bH��t

slals
−1
l+1 =

(

s
(1)
l ∨ . . . ∨ s

(p0)
l

)

◦ (a1
l ∨ . . . ∨ ap0

l ) ◦
(

(s
(1)
l+1)

−1 ∨ . . . ∨ (s
(p0)
l+1 )−1

)

= (s
(1)
l ◦ a1

l ◦ (s
(1)
l+1)

−1) ∨ . . . ∨ (s
(p0)
l ◦ ap0

l ◦ (s
(p0)
l+1 )−1)
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a$bd{r	{eg�1®¥{fNr$tvb1��t

s(a) =
(

s(1) ∨ . . . ∨ s(p0)
)

(a1 ∨ . . . ∨ ap0) = (s(1)(a1) ∨ . . . ∨ s(p0)(ap0))

«¬z��;e ¹	bd{}�vb�¹ºf%½1w1��t�b1��t
sJ(a) = J(a)

{¥«u´1��w1����w1®¥p]{ «u´1¹ºf%b1�G¼�f

J(s(1)(a1)) . . . J(s(p0)(ap0)) = J(a1) . . . J(ap0)

a$bd{r	{}r	��®¥f<��zv®¥p/fN|@xd{¼���®f�w@t$t��-t�bdf%«W��� t$tvb1��t

J(s(i)(ai)) = s(i)J(ai) = J(ai)

«¬��z���wqp
1 ≤ i ≤ p0

¸�a$bd{}r$pq{f�®}�dr�tvb1��t	«¬��z���w@p
1 ≤ i ≤ p0

´d¹ºf3b1�<¼;f

s(i) = (11, s
(i)
1 , . . . , s

(i)
n+1) ∈ Stab(PT (ai))

«¬z��;e ¹	bd{}�vb�¹ºf�� ��wH� ®x1�sfPtvb1��t	t�bdf3e5���d�d{wd�

s ∈ Stab(PT (a1) . . . PT (ap0)) ∩
(
{1p0
} × G(p1,...,pn+1)

)

↓
(
s(1) ∨ . . . ∨ s(p0)

)
∈ Stab(T (a1)) ∨ . . . ∨ Stab(T (ap0))

{r���w�{}r¯�;e-��zv�dbd{r�e�¸"a$bd{}r	f�w1�dr$t�b1f3�dz��s��«���«�tvbdf3®f�e-e-�1¸
a$bdfP½Hzvr¯t�� �q�;zv�d{¥w1��t�fPe5���d�d{wd�

π : s = (s0, . . . , sn+1) ∈ Stab((T ′
1)

m1 ...(T ′
k)mk) 7→ π(s) = s0 ∈ (Gm1

∨ . . . ∨ Gmk
)

{r���r�xdzY�ufN�·tv{¥¼;f�e5��� � {¥t�f�¼�f�w/bH��rº��w1��tvxdzv��®Hr�fN� t�{��w_´;t�b1fj����w1r¯t�zvx1�·tv{¥�;w5��«_¹	bd{}�vb]{}r���e-{¥t¯tvfN� � ¸ ¤ f�tvbdf�zvf «¬�;z�f�bH�<¼�f�t�bH��t

Ker(π) = π−1(1p0
) ∼ Stab(T ′′

1 ) ∨ . . . ∨ Stab(T ′′
p0

) ∼ Stab(T ′
1)

m1 × . . .× Stab(T ′
k)mk

a$bd{r	pq{¥fN®�1r�t�b1f3{r���e-��zv�dbd{}r�e «¬��zve(xd®}�

Stab((T ′
1)

m1 ...(T ′
k)mk)/ (Stab(T ′

1)
m1 × . . .× Stab(T ′

k)mk) ∼ (Gm1
∨ . . . ∨ Gmk

)

«¬z��;e ¹	bd{}�vb�¹ºf3z�f<���s{®¥p]�sf<�sx1� f%tvbdf%«¬��®®¥��¹	{wd�gzvfN��xdzvr�{¼�fB«¬�;z�e(xd®}��«¬��z$tvbdf�� �;eg�1xstv��t�{��w���«
#(f)

¸
?   Å�C�Å �/6¬�/6 Å 5 : � M � � �/�(� ���

|Stab((T ′
1)

m1 ...(T ′
k)mk)| =

k∏

i=1

(mi! |Stab (B(T ′
i ))|mi)

��[� � _ k]_jehgji�aNk��,�!���Da � dfe ��d�c i dmgj_ma!k�_ % � gh_�%,. � "

¤ fg����w1� ®x1�sf(t�bd{}rPr¯f<�·tv{¥�;w¾©qp���{¼q{¥wd���]� ®�;r�fN��«¬��zve(xd®�5«¬�;z
#(f)

¸ �_f tPx1rj{w;t�zv�s�sxH� f�«¬��zBtvb1��tP�dx1z��S�;r�f�r¯�;egf�«¬xdz�t�b1f�z
wd��t���t�{��wHr�¸
��Á�� 5 6W��6 Å 5 : � � �	� ���

f
��� � "
�����
	�� �\� � � ���� �  ���� ',���("
��� '

f = Tm1
1 ...Tmk

k

� �  ���N� 	 	 � � � ��� � �� � �m�)	���& � �!���j���(�
� ������`�
�����

k
* � �������

(m1, ...,mk)
� 	 � �!� 	 &�' ',��� � &,' � �P� � 	
�����l" ���(� � �����

T = B−1(f)
���� �\� � ���

s(T ) = s(B−1(Tm1
1 ...Tmk

k )) = (m1, ...,mk)

� �(� 	 &�'�')����� & ' � �P� � 	��
� �]")� �!�j"
���]�
	 �
s(f) = Tm1

1 ...Tmk

k

� 	����(� ��� 	 ����� (� � �� �� �]")� �!��	 &�' ',����� & ' � � ��� 	���� 	��]")� ��	
������� 	

s(Tm1
1 ...Tmk

k ) =




s(T1), . . . , s(T1)
︸ ︷︷ ︸

m1

tvf�zve5r
, . . . , s(Tk), . . . , s(Tk)

︸ ︷︷ ︸

mk

t�fNz�e5r
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���
���������������	
�������������
	��
�������� ��!	�"
���$#%��&�(')���* +,�-�.',�/�-���0	 � 1

²1��zKf µd��e-�d®f�´�t�bdf�r�pqege-f�t�zvp�e(xd®¥t�{}r¯f�t���«Htvbdf$½1z�rut"tvz�fNf$��«Htvbdf$«¬��zvfNr¯t
f
�s{r��d®}�<p�f<��{¥w5²�{�H¸ ; {}r

(1, 1)
r�tvbdf�r¯pqe-e-f tvz�p

e(xd® tv{r�f tB��«
B−1(f)

{}r
(2, 1)

r1��w1�]t�b1f�r¯pqe-e-f t�zvp/e(xd®¥t�{}r�f t���«
f
{r

(1, 1, 3, 1, 1)
¸

¤ f3��®r��gf µqtvf�w1�]tvbdf3e-���
B

«¬zv��e�tvz�fNfNr�t��g«¬�;z�f<rut�rºtv�5��e5����©Sf tu¹ºf�f�w�«¬��zvfNr¯tvr	��w1�»´d{ «
f = Tm1

1 ...Tmk

k

{r��(«¬�;z�f<rut<´
r¯f�t

B(f) = B(T1)
m1 ...B(Tk)mk

²dzv��e t�bdfP�S�;{¥w@t���«�¼q{¥fN¹ ��«��;zv���db1rN´�tvbdfP���SfNzv��t�{��w1rº��eg�;xdw;t�r�t��gzvf�e-�G¼q{wd����®®HtvbdfPzv�q��t�rº��w1����®®HtvbdfPfN�s�;fNr�tvb1��t$b1�G¼�f
t�bdf]zv�q��t(��r�t�f�zve-{¥wH��®�¼;f�z¯tvf µ±«¬z��;emtvbdf]�;zv���db!�sf ½Hwd{¥w1�

f
¸§a$bdf��sf�½1wd{ tv{��w f µqt�fNw1�dr(w1��t�xdz���®®p§t��§�d®��w1��z�t�zvf�f<r(��wH�

�d®��w1��z$«¬��zvfNr¯tvrN¸"��w��1��z¯tv{��xd®��zN´s{ «
f ′

{r��g�d®}��w1��z�«¬�;z�f<rut	¹	{ tvb
f
��r${¥tvr	xdw1�df�z�®pq{wd��«¬�;z�f<rut<´s¹ºf�r¯f�t

s(f ′) := s(f)
¸

� 9 ÁqÅ   Á � : � � � � �(�  � ')�����.�]" � � �	-���
	 � ��� ����� � ����������(� �P& �f�]"$#%��&�(')��(* +,�`��',�����* �b����� ��&��!� ����� ����������� � � 	��\� ���K���(�
	
��',� 	 ������� 	 � � � 	 �)� 

f ∈ Fp

���\� � �
p ∈ Vn+1

��� 	 	-���q�� �
&

#(f) =
p!

n∏

i=−1

s(Bi(f))!

� �!���]���m� � 	
� � �!� � 	 � ���D' � �P� � *�� ��-��� ���������� ��K��� �-��� �
s(Bi(f))!

�

� �����l" �j�ªtB� ®fN��zv®p/r�x �/� fNr$t��-�1z���¼�fjtvb1��t

|Stab(f ′)| =
n∏

i=−1

s(Bi(f ′))!

«¬��z���wqp/�d®��w1��z$«¬��zvfNr¯t
f ′

��«�bdfN{¥�;b;t
(n+ 1)

¸ ¤ f3��bdfN��¶5tvbd{}r	�;r�r�f�z�t�{��w]©qp]{¥w1�dx1�·tv{¥�;w���w�t�b1f%b1f�{��b;t��1��z���e-f tvf�z<¸"²�{¥z�rut<´
¹ºf%�;©1r¯fNz�¼�fjtvb1��tB�g�d®}��w1��z�«¬�;z�f<rut

f ′
��«�b1f�{��b;t

1
����w�©Sf3zvf��dzvfNr�f�w;tvfN����r	�gwd��wH� ��e-e(xst���tv{¥¼�f%e-��w1��e-{��®

f ′ = (T ′
1)

m1 ...(T ′
k)mk

¹	{ tvb �s{�uSfNz�fNw;t��d®��w1��zPtvz�fNfNr
T ′

i

��«ºb1f�{��b;t
1
´���wH��r���e-f-r�fN|@xdfNw1� f-��«�{¥w@t�f��;f�z�r

mi
¸g��w�tvb1��t(����r�f�´»t�b1f-�d®}��w1��zP«¬��zvfNr¯tvr

B(T ′
i )

zvfN�sx1��f$t��3fN®¥fNe-f�w;t���zvp(�d®}��w1��z"«¬��zvfNr¯tvrK¹	{¥t�b5wqxd®¥®Hbdf�{��b@tN´;¹	{¥t�b
S(T ′

i )
fN®¥fNe-f�w;t���zvp(�d®}��w1��z"tvz�fNfNrK¹	{¥t�b5w@xd®®1b1f�{��b;t<¸

a$bd{r	pq{¥fN®�1r�t�bH��t
ht(Ti) = 1 =⇒ |Stab(B(T ′

i ))| = s(T ′
i )!

4ºp]�dzv���S�;r�{¥t�{��w 1 ¸ �d´s¹ºf3����w1��®¥xH�sfPt�bH��t

|Stab(f ′)| =
k∏

j=1

(
mj ! (s(T ′

j)!)
mj
)

= s(B−1(f ′))! s(f ′)!

a$bd{r�fNw1�dr	tvbdf��dzv�q��«���«"t�bdf�«¬��zve(xd®}�5��tBzv��wd¶
1
¸	nqxd�1�S�;r�f3wd��¹Dt�bH��t�tvbdf(�;r�r�f�z�t�{��w�{}rBr���t�{}ru½1f<��«¬��zj��wqp]�1®��w1��z	«¬��zvfNr¯t

¹	{ tvb�bdf�{��b@t
n
¸,4�p]�dzv���S�@r¯{¥t�{��w 1 ¸ �1´q«¬��zB��w@p]�d®}��wH��z$«¬��zvfNr¯t

f ′ = (T ′
1)

m1 ...(T ′
k)mk

´d¹	{¥t�b�bdfN{¥�;b;t
(n+ 1)

´1��w1��¹	z�{¥t¯tvf�w
{¥w�t�fNz�e5r$��«"�s{}rutv{¥w1� t��d®}��w1��z�tvz�fNfNr

Ti
´d¹ºf3b1�G¼�f

|Stab(f ′)| = s(B−1(f ′))!

k∏

i=1

|Stab(B(T ′
i ))|mi

nq{¥wH� f%t�bdf3�d®}��wH��z�«¬�;z�f<rut�r
B(T ′

i )
b1�<¼�f%bdfN{¥�;b;t

n
´qtvbdf3{w1�sx1�·tv{¥�;w�b@pq�S��tvbdfNr�{r${e-�d®{¥f<r$t�b1��t

|Stab(B(T ′
i ))| =

n−1∏

j=−1

s(Bj(B(T ′
i ))) =

n∏

j=0

s(Bj(T ′
i ))!

a$bd{r	pq{¥fN®�1r�t�bH��t

|Stab(f ′)| = s(B−1(f ′))!

k∏

i=1





n∏

j=0

s(Bj(T ′
i ))!





mi

= s(B−1(f ′))!

n∏

j=0

(
k∏

i=1

s(Bj(T ′
i ))!

)mi

�	fN����®®¥{wd�gt�b1��t
Bj(f ′) = Bj(T ′

1)
m1 ...Bj(T ′

k)mk
´d¹ºf���®}r¯��½Hw1��t�b1��t

s(Bj(f ′)) = (s(Bj(T ′
1)), . . . , s(B

j(T ′
1))

︸ ︷︷ ︸

m1

t�f�zve5r
, . . . , s(Bj(T ′

k)), . . . , s(Bj(T ′
k))

︸ ︷︷ ︸

mk

tvf�zve5r
)
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¤ f�����w1� ®x1�sf%t�b1��t

|Stab(f ′)| = s(B−1(f ′))!
n∏

j=0

s(Bj(f ′))!

a$bd{r-r¯b1�G¹�r(t�b1��t�tvbdf]«¬�;z�e(x1®�§{r-��®}r¯�>t�zvxdf]«¬�;z��1®��w1��z(«¬�;z�f<rut�r(¹	{¥t�b¦bdf�{��b@t
(n + 1)

¸!a$bdf�{w1�sx1� t�{¼�f��dz��s��«���«�t�bdf
t�bdfN��zvf�e {}r$w1�G¹ � �;eg�1®¥f�t�fN�_¸

��[�� � c2���La � 'hc(dfehghi�a c2��'jc2�	"$�%_ba �Ia!k]dm_
a$bd{rjr¯f<�·t�{��w¾{rB����w1� fNz�w1fN��¹	{ tvb>��w���zv{��{w1��®»¹	zvfN��t�b��dzv�s�sx1� t�{w;tvf�zv�dzvf tv��t�{��w���«"t�b1f(r¯tv��©1{¥®{�VNf�z���«"�d®}��wH��z	«¬��zvfNr¯tvrN¸�a��
©Sf�r�f�®¥«ã¨ª����w;t���{wdfN�»´S®f tPx1rBzvfN�N��®® � r�f�f�f�¸ �1¸.o =�p � tvb1��tjtvbdf(¹	zvfN��t�b>�dz��d�sx1�·t<´S¹	z�{¥t¯tvf�w Gk < G >

��«���w§��zv©d{¥t�z���zvp]��zv��x1�
G

¹	{ tvb�t�b1f�r�p@e-e-f tvz�{}�%��zv��xd����«"��z��sf�z
k
´ Gk

´d{}r$t�b1f3��zv��x1�]tvb1��t�{}�sfNw;t�{¥½1f<r�´H�;r	�-r�f t<´d¹	{¥t�b Gk ×Gk ´1��w1��¹	bdf�zvfPtvbdf
�dz��d�sx1�·t	{}r��sf ½1wdf<��©@p��

(s, g1, ..., gk)¯ (s′, g′1, ..., g
′
k) := (ss′, g1g

′
s−1(1), ..., gkg

′
s−1(k))

��w§�;�d�s{¥t�{��w_´E{¥«��]��zv��xd�
G

��� tvrB�;w§�]r�f t
S
´»��w1�>{ « Gk

��� tvrB©qp��Sf�zve(xstv��t�{��w>�;w
Sk ´St�b1��tP{rN´E{ «�«¬��z%��wqp

s ∈ Gk
��wH�

��w@p
(x1, ..., xk) ∈ Sk tvbdf���� t�{��w���«

s
��w

(x1, ..., xk)
{}r$�;{¥¼�fNw�©qp

s(x1, ..., xk) = (xs−1(1), ..., xs−1(k))

¹ºfPtvbdf�w�b1�G¼�f�´q«¬�;z���wqp
(g1, ..., gk) ∈ Gk

s(g1, ..., gk)s−1(x1, ..., xk) = s(g1, ..., gk)(xs(1), ..., xs(k))

= s(g1xs(1), ..., gkxs(k))

= (gs−1(1)x1, ..., gs−1(k)xk)
¤ f���z�fPw1�G¹D{w��S�;r�{¥t�{��w�t��5r¯t���t�f3��w1���dzv��¼�fjt�bdf3e5��{¥w�zvfNr�xd®¥t	��«�tvbd{rBr¯f<�·t�{��w�¸
� 9 ÁqÅ   Á � : ��� � #%������(& ���������� "
�����
	��

(T ′
1)

m1 ...(T ′
k)mk ∈ PFp

���\� � � �!���
	 � �
(n+ 1)

�\� � � ���� �  ���
� '�	.�]".��� 	 ���  �
�
���������� � �����
	

T ′
i

�("
��� 	
��',� 	���� � ��������l" � (��� 	B����	
p ∈ Vn+1

�m���(�
���.� 	.�) ��� � �����s� 	
��',��� �2�N� 	 '

Stab((T ′
1)

m1 ...(T ′
k)mk) ∼ (Gm1

< Stab(T ′
1) >) ∨ . . . ∨ (Gmk

< Stab(T ′
k) >)

	
�j���(����� � h�!��� � � � � ����� �s���(�m	 ���`�
� � ���������l" ���& � � �	-���b�  � �!�f��� � ���q�����
 ��� �����q	�	 �l"
f

� 	 ���� � � 	B�������$�  Gp
���

(Gm1
< Stab(T ′

1) >)∨
. . . ∨ (Gmk

< Stab(T ′
k) >)

�

� �����l" � ¤ f�¹	z�{¥t�f
T ′′

1 ...T
′′
p0

«¬�;z$t�b1f3f µs�1��w1r¯{��w���«�tvbdf3wd�;w�����e-e(xstv��t�{¼�f%e-�;wd��e-{}��®
(T ′

1)
m1 ...(T ′

k)mk
�;r	�g�dzv�s�sxH�·t	��«

�d®��w1��z$t�zvf�fNr � ¹	{¥t�bd�;xst�f µs�S�;wdf�w;t�r � ¸ �_f t�x1r���®}r¯�5�vbd�s�;r�f%��w���zv©d{¥t�z���zvp

s = (s0, ..., sn+1) ∈ Stab(f ′)
a$bd{r	{eg�1®¥{fNr	{w��H��z�t�{}� xd®}��z�tvb1��t	t�b1f3z��q��t$�Sf�zve(xstv��t�{��w

s0 ∈ Gp0

{r	��«�tvbdf%«¬��zve

s0 = (s
(1)
0 ∨ . . . ∨ s

(k)
0 ) ∈ (Gm1

∨ . . . ∨ Gmk
)

��®}r¯�-�;©1r¯fNz�¼�fjtvb1��t
s0

���·t�r$��w�tvbdf3�d®}��w1��z�«¬��zvfNr¯t
T ′′

1 ...T
′′
p0

©@p]�SfNz�e(xst���tv{¥�;w���«�t�b1f3�d®��w1��z$t�zvf�fNr �

s0[T
′′
1 ...T

′′
p0

] := (T ′′
s−1
0 (1)

...T ′′
s−1
0 (p0)

)

a$bd{r3�;�·tv{¥�;w�©@p>�SfNz�e(xdtv��tv{¥�;w±����w�©Sf-¼q{¥fN¹ºfN�±��r3���Sf�zve(xst���t�{��w � ©@p§©d®�s��¶sr�´���������z��s{wd�]t���t�bdf5�Sf�zve(xstv��t�{��w���«�tvbdf
�d®��w1��z�t�zvf�f<r � ��«�tvbdf%¼�f�z�t�{}� f<r���«�tvbdf%�d®}��w1��zº«¬�;z�f<rut<´s��wH�/t�b1{r	�;�·tv{¥�;w��N��w]tvbdf�zvf «¬��zvfP©SfPzvf�¹	zv{¥t¯t�fNw�xdwd{}|@xdf�®p/xdw1�sfNz�tvbd{}r
�dz��d� fNrvr$��r�tvbdf����·tv{¥�;w���«"��w�fN®¥fNegfNw;t

s0 := (s0, s0,1, . . . , s0,n+1) ∈ Gp
��w�t�b1f%¼�fNz¯tv{}� fNr$��«�tvbdf3�d®}��w1��z$��z����1b���«

T ′′
1 ...T

′′
p0

s0[T
′′
1 ...T

′′
p0

] = s0(T
′′
1 ...T

′′
p0

)

)¬Ù�Ú()ãØ



���������
	
���
���������������	
�������������
	��
�������� ��!	�"
���$#%��&�(')���* +,�-�.',�/�-���0	 ���

h���tv{��f�t�b1��t
s0

�df��Sf�wH�drB�;w�t�bdf��d®}��w1��z	«¬�;z�f<rut
T ′′

1 ...T
′′
p0

´Er¯{w1� f({¥tP�;�·tvrBwd�;w�tvz�{¼q{��®¥®p���w¾t�b1f(¼�f�z�t�{}� f<rB��tj®f�¼�f�®}r
i ≥ 1

¸
��w[�;f�wdfNzv��®Y´�t�bdf f�e(©SfN�1�s{¥w1�

s0 ∈ Gp0
↪→ s0 ∈ Gp

{}r��s{ uEf�zvf�w@t�«¬zv��e)t�bdf!����w1��wd{}����®jfNe(©SfN�d�s{wd�
s0 ∈ Gp0

↪→
(s0, 1p1

, ..., 1pn+1
) ∈ Gp

¸
¤ f�� ��wHr¯{}�sf�z$t�bdfNw�t�bdf3e5��� � ��«Kr¯f�tvr �

µ : Stab(f ′) 7→ (Gm1
∨ . . . ∨ Gmk

)×
(
Stab(f ′) ∩

(
{1p0
} × G(p1,...,pn+1)

))

s = (s0, ..., sn+1) 7→ µ(s) = (s0, ss
−1
0 )

��w¾®f�e-e5� 1 ¸ý�s´1¹�f�b1�G¼�f��dzv�G¼;fN��tvb1��t (
Stab(T ′′

1 ...T
′′
p0

) ∩
(
{1p0
} × G(p1,...,pn+1)

)) {rB{}r¯�;e-��zv�dbd{}�Pt��/t�bdf��HfNz�e(xdtv��tv{��w
��zv��xd�

Stab(T ′′
1 ) ∨ . . . ∨ Stab(T ′′

p0
)
¸�a$bdfNz�f�«¬��zvf�´@tvbdf3�Sf�zve(xstv��t�{��w�r�fN|@xdf�wH� f

ss−1
0 = (1p0

, s1s
−1
0,1, . . . , sn+1s

−1
0,n+1)

����w�©Sf���®¥t�fNz�w1��t�{¼�f�®p5zvf��dzvfNr�f�w@t�f<����r

ss−1
0 =

(

s(1) ∨ . . . ∨ s(p0)
)

∈ Stab(T ′′
1 ) ∨ . . . ∨ Stab(T ′′

p0
)

iBr�{¥wd�-t�bdf<r¯f3z�fN�dz�f<r¯fNw;t���t�{��wHr�´q¹ºf3b1�<¼�fPtvb1��t

µ(s) =
(

(s
(1)
0 ∨ . . . ∨ s

(k)
0 ),

(

s(1) ∨ . . . ∨ s(p0)
))

=
(

s
(1)
0 ,
(

s(1) ∨ . . . ∨ s(m1)
))

∨
(

s
(2)
0 ,
(

s(m1+1) ∨ . . . ∨ s(m1+m2)
))

∨ . . . ∨
(

s
(k)
0 ,
(

s(m1+...+mk−1+1) ∨ . . . ∨ s(m1+...+mk−1+mk)
))

Ojw�t�bdf3��t�bdfNz$bH��w1�»´d¹ºf3b1�G¼�f

µ(st) = (s0t0, st(s0t0)
−1)

= (s0t0, stt
−1
0 s−1

0 ) = (s0t0, (ss
−1
0 )s0(tt

−1
0 )s−1

0 )

��w1�]«¬�;z���wqp/®¥fN¼�f�®_{¥wH�sf µ
1 ≤ l ≤ n ¹ºf%½1w1��t�b1��t

s0,l(tlt
−1
0,l )s

−1
0,l = s0,l(t

(1)
l ∨ . . . ∨ t

(p0)
l )s−1

0,l

= (t
((s

(1)
0 )−1(1))

l ∨ . . . ∨ t((s
(1)
0 )−1(m1))

l )

∨(t((s
(2)
0 )−1(m1+1))

l ∨ . . . ∨ t((s
(2)
0 )−1(m1+m2))

l )

∨ . . . ∨ (t
((s

(k)
0 )−1(m1+...+mk−1+1))

l ∨ . . . ∨ t((s
(k)
0 )−1(m1+...+mk−1+mk))

l )

a$bd{r	{eg�1®¥{fNr$tvb1��t
s0(tt

−1
0 )s−1

0 = (1p0
, r1, . . . , rn+1)¹	{ tvb��-r�fN|@xdfNw1� f%��«�e-���d�d{wd�;r

(1p0
, r1, . . . , rn+1) =

(

r(1) ∨ . . . ∨ r(p0)
)

∈ Stab(T ′′
1 ) ∨ . . . ∨ Stab(T ′′

p0
)

��{¼�f�w�©@p






r(1) ∨ . . . ∨ r(m1) = t((s
(1)
0 )−1(1)) ∨ . . . ∨ t((s

(1)
0 )−1(m1))

r(m1+1) ∨ . . . ∨ r(m1+m2) = t((s
(2)
0 )−1(m1+1)) ∨ . . . ∨ t((s

(2)
0 )−1(m1+m2))¸¸¸

r(m1+...+mk−1+1) ∨ . . . ∨ r(m1+...+mk) = t((s
(k)
0 )−1(m1+...+mk−1+1)) ∨ . . . ∨ t((s

(k)
0 )−1(m1+...+mk))

a$bd{r	pq{¥fN®�1r�t�bH��t

(ss−1
0 ) ◦

(
s0(tt

−1
0 )s−1

0

)
=

(

s(1) ∨ . . . ∨ s(p0)
)

◦
(

r(1) ∨ . . . ∨ r(p0)
)

=
(

(s(1) ◦ r(1)) ∨ . . . ∨ (s(p0) ◦ r(p0))
)

Ú�Ú Î�v5à����	�



��� ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

¤ f%½1w1��®¥®p]��©st���{w�t�bdf%«¬��®®�G¹	{wd�g«¬��zve(xd®�

µ(st) =
(

s
(1)
0 ◦ t

(1)
0 ,
(

(s(1) ◦ t((s
(1)
0 )−1(1))) ∨ . . . ∨ (s(m1) ◦ t((s

(1)
0 )−1(m1)))

))

∨
(

s
(2)
0 ◦ t

(2)
0 ,
(

(s(m1+1) ◦ t((s
(2)
0 )−1(m1+1))) ∨ . . . ∨ (s(m1+m2) ◦ t((s

(2)
0 )−1(m1+m2)))

))

∨ . . .
=

{(

s
(1)
0 ,
(

s(1) ∨ . . . ∨ s(m1)
))

¯
(

t
(1)
0 ,
(

t(1) ∨ . . . ∨ t(m1)
))}

∨
{(

s
(2)
0 ,
(

s(m1+1) ∨ . . . ∨ s(m1+m2)
))

¯
(

t
(2)
0 ,
(

t(m1+1) ∨ . . . ∨ t(m1+m2)
))}

∨ . . .
��w1�]tvbdf�a$bdf��;z�fNe�«¬��®®¥��¹�r�¸

��[�� � k .��5�sc!a " �%c(k �	" ���Da �hdfe ��d�c ��d�c �	"`a " �%_�g����sc �Ia!k]dm_
��w(tvbdf$�dz�f<r¯fNw;tKr�xd©1r�fN� t�{��w_´�¹ºf�«¬�;� f�t�bdf$�dzv��©d®f�e���«S����e-�dxst�{wd�%��t�b1f�zK����zv�d{¥w1��®r�zvf�®f�¼���w;t�t��Pt�bdf	��w1��®psr¯{}r���«S²1f�pqwde5��wd¨
³3���$e-fN��wg½Hf�®}�-�1��z¯tv{��®¥f�e-�s�sf�®}r�´@�;������z��s{¥wd�%t�����x1z�a$bdfN��zvf�e ; ¸ý�s¸"²d��z�f µd��eg�1®¥f;´�¹�f�¹���w@t�tv��©SfB��©d®f	t��(����e-�dxstvf	tvbdf
w@xde(©Sf�zj��«"«¬�;z�f<rut�r	{w>��wqp Fp

r1tvbdf(�N��z��s{w1��®}r |Fn,q(r)|
rS��z	tvbdf(w@xde(©Sf�zj��«�«¬�;z�f<rut�r	{w Fn,q

¹	{ tvb>�5�;{¥¼�fNw¾� �@��®fNrv� fNw1� f
�sf��;z�f�f;¸"hB��t�{}� f;´s©@p5tvbdf%¹��Gp�´@tvb1��t$tvbdf%wd��tv{¥�;w1r���«����;��®¥f<r���f�w1��fjr�fN|@xdfNw1� f%��wH���sf��;z�fNf�´s��r$�sf�½1wdfN��{w�t�bdf%��w@t�zv�s�sx1�·tv{��w
«¬��z�r�fN|@xdf�wH� fNr$��«�e-���1r${w An,q

´1��w1�]«¬�;z�f<rut�r�{w Fn,q
´d���-�G¼�fNz�tv�5��zv©d{¥t�z���zvpg«¬��zvfNr¯tvr	��wH�]t�zvf�fNrN¸

¤ f3®¥f�t 〈S〉 ©SfPtvbdf�� �;e-e(xstv��t�{¼�f%e-��wd�;{����fNwdf�z���tvfN�]©@p��-r�xd©1r�f t���«�«¬�;z�fNr¯t�r S ∈ F
〈S〉 = {fm1

1 . . . fmk

k : k ≥ 0,
��w1� ∀1 ≤ i ≤ k mi ≥ 0

��w1�
fi ∈ S}

¹	{ tvb¾t�bdf�����wq¼�f�w;tv{¥�;w
fm1
1 . . . fmk

k = ∅ ´1«¬�;z k = 0
¸�hB��tv{��f3tvb1��tBtvbdf�zvf�{}rj�/����w1��wd{}����®_e5���¾«¬z��;e 〈S〉 t�� F ´S¹	bd{}�vb>{}r

��w�f�e(©Sf<�d�s{wd�1´1f;¸ �H¸�{¥« S {}rB�5r¯f�t���« � �s{}rutv{¥wH�·t � tvz�fNfNrN¸ ¤ f(��®r��5� �;w1r�{�sfNz��5r�f tB��«"¼���z�{}��©1®¥f<r
χ(T )

{w1�sf�µqf<��©qp]t�bdf(r�f t
��«�tvz�f�f<r

T ∈ T ´1��w1��¹ºf%®f t
M [T ]

©Hf%tvbdf�r¯f�t	��«�eg�;wd��e-{}��®}r$�sf�½1wdfN���;r�«ã�;®®¥��¹�r

M [T ] = {χ(T1)
m1 . . . χ(Tk)mk : k ≥ 0,

��w1� ∀1 ≤ i ≤ k mi ≥ 0
��w1�

Ti ∈ T }
²d�;z	��w@p/e5���d�d{wd�

χ
��w�t�bdf�r�f t���«�«¬�;z�f<rut�r

χ : f ∈ F 7→ χ(f) ∈M [T ]
r�x1�vb�t�b1��t ∀(f ,g) ∈ F2 χ(fg) = χ(f) χ(g)

¹ºf%b1�G¼�fPt�bdf QB{¥®©Sf�z�tBr¯fNz�{fNr$f µs�1��w1r¯{��wHr

1

1− χ(f)
=
∑

g∈〈f〉

χ(g)
��w1� ∏

f∈S

1

1− χ(f)
=
∑

g∈〈S〉

χ(g) � 1 ¸ý� �

¤ f3®¥f�t
V?

n

©Sf%t�b1f�r¯xd©Hr¯f t���«K��®®»e(xd®¥t�{¥¨9{w1�s{}� f<r
p ∈ V

´d¹	{¥t�b�bdf�{��b@t
ht(p) ≤ n

V?
n := ∪−1≤k≤nVk

��Á�� 5 6W��6 Å 5 : ��2�� � � �(� � ' � �P� � �-� 	-��������� � ������� �.	
��� � �
	 �]" "
�����
	���	 �
Hn

F (x)
� � 	 � �!��� � � ����� �.	
��� � �
	 ��	�	
�/�
� ������� ��� ���(�

�!��� � � ��� �� �l"����(��	��
�h�l" "
�����
	���	,�l"5�!���
	 �N� ���
	�	 ���,��� � ���L� �!��
n

� (��� 	 � �
	���� 	��`����������� �	 ��� ���(�  � ')����� �l" �q��� ��� ��� 	,���
���-� � ��� ����� �m� �!��� � 	 �

Hn
F (x) :=

∑

p∈V?
n

|Fp| xp = Hn−1
F (x) +

∑

p∈Vn

|Fp| xp

� �!���]���m� �G�
� ���
xp

�q	.�)	 �!��� � �!����j"
���
xp0

0 x
p1

1 . . .
�

¤ f3®¥f�t
∂p = ∂p0

x0
∂p1

x1
. . .

´1��w1��¹ºf�� �;w1r¯{}�sfNz�t�b1f3e-���d�d{wd�
B−1 «¬z��;e

V
{¥w@t��5{ t�r¯fN® «K�sf�½1wdfN��«¬��zB��w@p

k ≥ 0
©qp

B−1 : p ∈ Vk 7→ B−1(p) = (1,p) = (1, p0, p1, . . .) ∈ Vk+1

nq{¥wH� f%«¬��zvfNr¯tvr
f
��«�bdfN{¥�;b;t

0
��zvf%��b1��z���� t�f�zv{ V�fN�/©qp/t�bdf3wqxde(©Sf�z���«�zv�q��tvr�{w

f
´d¹ºf�� ®fN��zv®p5b1�G¼�fPt�bdf%«¬�;z�e(xd®}�

(∀p ∈ V0 |Fp| = 1) =⇒ H0
F (x0) =

1

1− x0
=
∑

p≥0

xp
0

)¬Ù�Ú()ãØ
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?   Å�C�Å �/6¬�/6 Å 5 : ��2�2��

∀n ≥ 1 Hn
F (x) =

∏

p∈V?
n−1

(
1

1− xB−1(p)

)|Fp|

= Hn−1
F (x)×

∏

p∈Vn−1

(
1

1− xB−1(p)

)∂pH
n−1
F (0)

�  �-�`��� � � ��2�h� �!� 	B������������ �	 " � ���� � �� ��	�	
�/�
� ������� �\� ���U� �!�) � ',���
�)�l"�"
�����
	 � 	 �\� ��� ' � �P� � �-� 	������
p ∈ Vn

�h���� � � � �P�
�\� ��� � �]���
	 �\� ��� �(�
�
	 � �

n
� 	 	-���q�� �
&

∀n ≥ 1
∑

p∈Vn

|〈T (n)〉 ∩ Fp| xp =
∏

p∈Vn−1

(
1

1− xB−1(p)

)∂pH
n−1
F (0)

4�f «¬�;z�f��;f t�t�{wd�!{¥w@t��!t�bdf>�dzv�q��«P��«jtvbd{}r5zvfNr�xd®¥tN´$¹ºf¾wd��t�{}� f�t�bH��t/t�bdf¾«¬��zve(xd®}� r¯tv��t�f<� {¥w t�bdf§��©S��¼�f��dzv���S�;r�{¥t�{��w
e-��¶�fNrKt�bdfjQB{¥®©Sf�z�t�r¯fNz�{fNr�� ��e-�dxst���©d®fB��tº��wqp(½1wd{¥t�fj¼�f�z�t�f µg�;zv�sfNzN´;��w1�5��t���w@pgbdf�{��b@t�x1r�{wd�(��wqp(«¬��zve5��®H� ��e-�dxdtv��tv{��w
r¯��«ãt�¹���z�f;¸"a$bdf%½1z�rut	t�¹º�5��z��sf�z�r$����w�©Sf3b1��wH�s®¥p�� �;e-�dxst�f<�»¸�²1��z

n = 0
´d¹ºf%bH�<¼�f3��®¥zvfN�;�sp/r¯fNf�w�tvb1��t

H0
F (x) =

1

1− x0
=
∑

p≥0

xp
0 ⇒ ∀p ∈ V0 ∂pH0

F (0) = |Fp| = 1

4ºp/t�b1f%zvfN��xdz�r¯{��w]«¬��zve(xd®�g¹ºf%½1w1��t�bH��t

H1
F (x) =

1

1− x0
×
∏

n≥1

1

1− x0xn
1

=
∏

n≥0




∑

kn≥0

(x0 x
n
1 )kn



 =
∑

(kn)n≥0∈NN

x
P

n≥0 kn

0 x
P

n≥0 nkn

1

=
∑

p0≥0

xp0

0 +
∑

p∈V1

|Fp| xp0

0 x
p1

1

a$bd{r	zvfN���d{¥®p/p@{f�®}�dr�tvb1��t	«¬�;z���wqp
p ∈ V1

´d¹ºf%b1�G¼�f

|Fp| = #






(kn)n≥0 ∈ NN :

∑

n≥0

kn = p0
��wH� ∑

n≥0

n kn = p1







k¾��zvfP�;f�wdf�z���®®p�´@tvbdf
(n+ 1)

¨9t�b���z��sf�zfQB{¥®©Sf�z�tBr¯fNz�{fNr	��zvfP��{¼�f�w�©@p/tvbdf%«¬��zve(xd®}�

Hn+1
F (x) =

∏

p∈V?
n

(
1

1− xB−1(p)

)|Fp|

�	fN����®®¥{wd�gt�b1��t$«¬�;z���wqp
m ≥ 1

´d¹ºf%bH�<¼�fPtvbdf%«¬��®®¥��¹	{wd��«¬�;z�e5��®_r�f�zv{¥f<r�f µs�1��w1r�{¥�;w
(

1

1− u

)m

=
∑

k≥0

(m− 1 + k)!

(m− 1)! k!
uk

¹ºfP½1wH�]tvb1��t

Hn+1
F (x) =

∏

p∈V?
n

∑

kp≥0

(|Fp| − 1 + kp)!

(|Fp| − 1)! kp!
xkp B−1(p)

=
∑

k∈N
V?

n




∏

p∈V?
n

(|Fp| − 1 + k(p))!

(|Fp| − 1)! k(p)!



 x
P

p∈V?
n

k(p) B−1(p)

a$bd{r	{eg�1®¥{fNr$tvb1��t	t�bH��t	«¬��z���w@p
p ∈ Vn+1

´d¹�f%b1�G¼�f

|Fp| =
∑

k:q∈V?
n 7→k(q)∈N

P

q∈V?
n

k(q) B−1(q)=p




∏

q∈V?
n

(|Fq| − 1 + k(q))!

(|Fq| − 1)! k(q)!



 � 1 ¸ � �
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��= ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

h���¹3´s¹ºf�� �;egfPtv�gt�b1f3�dz��s��«���«��1z��;�S�;r�{ tv{¥�;w 1 ¸ ;`; ¸
?   Å_Å 7 Å 7 C   Å(C�Å ��6W��6 Å 5 : � 2�2 £º¤ f�����w1r�{�df�z�tvbdf�r�f t S(n)

��«"��®®Etvz�fNfNr$¹	{¥t�b�bdfN{¥�;b;t�®¥f<r�r$�;z$f<|;xH��®Etv�
n

S(n) = T ?(n) := ∪−1≤k≤nT (k) = {∅} ∪
(
∪p∈V?

n:p0=1Tp
)

= {∅} ∪ (∪0≤k≤n ∪p∈Vk:p0=1 Tp)

a$bdf(r�f tj��«K«¬��zvfNrut�r���f�w1f�z���t�f<��©@p S(n)
����{w1� {}�sf�¹	{¥t�b¾tvbdf�r�f t F?(n)

��«���®®_tvbdf�«¬��zvfNr¯tvr�¹	{¥t�b>bdfN{¥�;b;tj®fNr�rB��zBfN|@x1��®_t��
n
¸�a$b1��t	{}rN´s¹ºf3b1�<¼;fjtvb1��t

〈S(n)〉 = F?(n) := ∪−1≤k≤nF(k) = ∪−1≤k≤n ∪p∈Vk
Fp

a��gt���¶�fPt�b1f%½1w1��®�r¯t�f���´s¹�f3� �;w1r�{�sfNz�tvbdf3e5���d�d{wd�

∀p ∈ Vn ∀f ∈ Fp χ(f) = xv(f) = xp0

0 x
p1

1 . . . xpn
n

²dzv��e �dzvf�¼q{��x1r	�sfN����e-�S�;r�{¥t�{��w1rN´s��wH��x1r¯{wd�gtvbdf Q�{®©Sf�z¯tBr�f�zv{¥f<r�f�µq�H��w1r�{¥�;w1r � 1 ¸ý� � ´d¹ºfP½Hw1��t�b1��t
∑

f∈〈S(n)〉

xv(f) =
∑

−1≤k≤n

∑

p∈Vk

|Fp| xp =
∑

p∈V?
n

|Fp| xp

�	fN����®®¥{wd�gt�b1��t
B : p ∈ Vk → B(p) ∈ Vk−1

��w1� |Tp| = |B(Tp)| = |FB(p)|¹ºf3��®r��gb1�G¼�fPt�b1��t

∏

f∈S(n)

1

1− xv(f)
=

1

1− x0

∏

p∈V?
n:p0=1

(
1

1− xp

)|Tp|

=
1

1− x0

∏

0≤k≤n

∏

p∈Vk:p0=1

(
1

1− xp

)|Tp|

=
1

1− x0

∏

0≤k≤n

∏

p∈Vk:p0=1

(
1

1− x0 B(x)B(p)

)|B(Tp)|

¹	{ tvb�tvbdf�r�bd{ «ãtB���Sf�z���tv��z
B((xk)k≥0) = (xk+1)k≥0

¸�a$bd{}r${e-�d®{¥f<r�tvb1��t

∏

f∈S(n)

1

1− xv(f)
=

∏

0≤k≤n

∏

p∈Vk−1

(
1

1− xB−1(p)

)|Fp|

=
∏

p∈V?
n−1

(
1

1− xB−1(p)

)|Fp|

a$bdf%fNw1����«�t�b1f%�1z��q��«�«¬��®®¥��¹�r�t�bdfNw�«¬z��;e�tvbdf Q�{®¥©SfNz¯tBr�f�zv{¥f<rº«¬��zve(xd®}� � 1 ¸ý� � ¸

�	f<����®®_wd��¹[t�bH��t	tvbdf(r¯{��wdf<��e-fN�;r¯xdzvfNr${w�t�b1f ����xdzvf�w@t	f µs�1��w1r�{¥�;w���«�tvbdf��d{r¯t�zv{¥©1xst�{��w1r
QN

n,q

��zvf%{¥w1�df µsfN��©qp/tvbdf
� �;��®¥f<r���f�w1��fg�sfN��zvf�fNrP��«º«¬��zvfNr¯tvrN¸-a��¾� �;eg�1xst�f5��z3fNr¯t�{e-��t�fgtvbdfNr�f ����xdzvf�w@t3f µs�1��w1r�{��w1rN´»¹�f5��zvf�tvbdf�zvf «¬��zvfg{w;tvf�zvfNr¯t�f<�
{¥w§�/e-��zvf��dzvfN��{r�f.QB{¥®©Sf�z�tPr�f�zv{fNr�´HwH��e-f�®p�t�b1f(�;wdf�tv��¶q{wd�/{w;tv�����N� �;xdw;t<´H©SfNr�{}�sfNr�tvbdf(e(x1® tv{�sfN��zvf�f<r���«"«¬�;z�f<rut�r�´Ht�bdf�{z
� �;��®¥f<r���f�w1��fjwqxde(©Sf�z�r�¸
��Á�� 5 6W��6 Å 5 : � 2!>�� � � �-�������� �
& Fp[q] := Fp ∩ c−1(q)

� �!��	���� �]" "
�����
	 � 	��  Fp

�\� � � �)����� 	���� � ����� ���/�����
	���������
	
��� � �� ���

q � �m� ���0	�� � 	�� � �!������ �q��(� � �� F0[0] = {∅} � �� �.�����
Cn

F (x,y)
���.� �!� � ' � �P��� �`� 	-����� � � � � ����� �b	��
� � �
	��l"m"
�����
	���	��q	�	������ ������� �������(�f�!��� � � � � �� �l" ���(� 	��
�f�l"m"
�����
	���	

�l" �!���
	 �N�h���
	�	)���)��� � ���G� �!��
n
�h����������
	��
� � ����� ���������
	
���
 ����	
��� � �� ���
	�� (��� 	 � �
	
����	f�!������')�
� � ���/��� �
& ' � �P� � �-� 	������ 	 �

���(���b� 	
Cn

F (x,y) :=
∑

p∈V?
n

∑

q∈C(p)

|Fp[q]| xp yq

� K���(���-��� ���,��� 	 ��� ��& �
C(p)

	 ������q	�"
��� ���(� 	������l".���������
	
�������� ' � � ��� �`� 	-�����
	

∀p ∈ V C(p) := c(Fp) =
{
q ∈ NN :

��w1�
q ≤ (B(p)− 1)+

}

�\� ���
(B(p)− 1)+ = ((pk − 1)+)k≥1

�("
�������&
p = (pk)k≥0 ∈ V

�

)¬Ù�Ú()ãØ



���������
	
���
���������������	
�������������
	��
�������� ��!	�"
���$#%��&�(')���* +,�-�.',�/�-���0	 ���

?   Å�C�Å �/6¬�/6 Å 5 : � 2 : � � �(�j' � �P��� �`� 	-����� � � ������� �I	���� � � 	j�]"h������� � 	�������N"
�����
	���	
Cn

F (x,y)
	������ 	 �b�
	f� �!�j����� � ��	������L"
��� ' � ���-�

Cn
F (x,y) = Cn−1

F (x,y)
∏

p∈Vn−1

∏

q∈C(B−1(p))

(
1

1− xB−1(p) yq

)|∂p∂B(q)C
n−1
F (0,0)|

ijr¯{wd�gt�bdf�rv��e-fP®{wdfNr$��«"��zv��xde-f�w@tvr$�;r�©Sf�«¬��zvf�´qt�bd{}r	�dz��;�S�;r�{ tv{��w��N��w�xHr¯f<�]t��5�sfNz�{¼�f%�gzvfN� x1zvr�{¥¼�fj«¬��zve(xd®}�(«¬��z$tvbdf
f µs�d®{��{ t-����e(©d{w1��tv��zv{��®º����®��xd®��t�{��w ��«	tvbdf�wqxde(©Sf�zg��«	«¬��zvfNr¯tvr(�dzvfNrv� zv{©Hf<� bdfN{¥�;b;t�r�´���w1� ���;��®fNrv� fNw1� f/e(xd®¥t�{¥¨ª{¥w1�d{��fNrN¸
h���tv{��fPtvb1��t	t�b1f%½1zvr¯t$tu¹º�-�;zv�sfNzvr$��z�fP�;{¥¼;f�w�©@p

C0
F (x,y) =

1

1− x0

��w1�
C1

F (x,y) =
∏

p0≥0

1

(1− x0x
p0

1 y
(p0−1)+
0 )

h���¹3´s¹ºf�� �;egfPtv�gt�b1f3�dz��s��«���«��1z��;�S�;r�{ tv{¥�;w 1 ¸ ; 1 ¸

� �����l" � ¤ f%x1r�fjt�bdf3r���e-fjwd��tv��tv{¥�;w���rºt�b1fP�;wdfjxHr¯f<�]{¥w]tvbdf%�dz��s��«���«��dz��;�S�;r�{ tv{¥�;w 1 ¸ ;-; ¸"²�{z�rutv®¥p;´q¹ºfPwd��t�{}� fjtvb1��t Fp =
∪q∈C(p)Fp[q]

´d��wH�
ht(q) ≤ (ht(p)− 1)

´q«¬�;z	��w@p
q ∈ C(p)

´d��w1�]¹	bdfNz�f
ht(q) := inf {n ≥ 0 : supm>n qm = 0} ´q«¬��z��w@p

q = (qm)m≥0
¸��B®r��-��©Hr¯f�zv¼�fjt�bH��t

FB−1(p) = T(1,p) =⇒ C(B−1(p)) = c(T(1,p)) = {p0 − 1} × C(p)

¤ f3wdf�µ@tB����w1r�{�df�z�tvbdf3e5���d�d{wd�
χ

∀p ∈ Vn ∀f ∈ Fp[q] χ(f) = xv(f) yc(f) = (xp0

0 x
p1

1 . . . xpn
n ) (yq0

0 y
q1

1 . . . yqn−1
n )

iBr�{¥wd�-t�bdf QB{¥®©Sf�z�t�r�f�zv{fNr�f�µs�1��w1r�{��w1r � 1 ¸ý� � ´s¹ºf3z�f<���s{®¥p]��bdfN��¶5tvb1��t

∏

f∈S(n)

1

1− xv(f) yc(f)
=

∏

f∈S(n)




∑

g∈〈f〉

xv(g) yc(g)



 =
∑

g∈〈S(n)〉

xv(g) yc(g)

��zv��xd{wd�-�;r${¥w�t�b1f%�1z��q��«���«��dzv���S�@r¯{¥t�{��w 1 ¸ ;-; ´q¹ºf%½1w1��t�b1��t

∑

g∈〈S(n)〉

xv(g) yc(g) = 1 +
∑

p∈V0

|Fp| xp +
n∑

k=1

∑

p∈Vk

∑

q∈C(p)

|Fp[q]| xp yq

=
∑

p∈V?
n

∑

q∈C(p)

|Fp[q]| xp yq

��w�e(x1��b�t�bdf�rv��e-f%¹��Gp�´s¹ºf3b1�G¼�fjtvb1��t

∏

f∈S(n)

1

1− xv(f) yc(f)
=

1

1− x0

n∏

k=1

∏

p∈Vk:p0=1

∏

q∈C(p)

(
1

1− xp yq

)|Fp[q]|

a$bdf�zvf «¬��zvf�´
∏

f∈S(n)
1

1−xv(f) yc(f)

=
∏n

k=0

∏

p∈Vk:p0=1

∏

q∈C(p)

(

1

1−x0B(x)B(p) y
(p1−1)
0 B(y)B(q)

)|F(1,B(p))[(p1−1,B(q))]|

a$bd{r	pq{¥fN®�1r�t�bH��t

∏

f∈S(n)

1

1− xv(f) yc(f)
=

n∏

k=0

∏

p∈Vk−1

∏

q∈C(B−1(p))

(
1

1− xB−1(p) yq

)|FB−1(p)[q]|

=
∏

p∈V?
n−1

∏

q∈C(B−1(p))

(
1

1− xB−1(p) yq

)|Fp[B(q)]|
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1 � ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

a$bdf%�1z��;�H�@r¯{¥tv{¥�;w/«¬��®®�G¹�rN¸

hB��t�{}� fPt�bH��t$tvbdf QB{¥®©Sf�z�t�r¯fNz�{fNrºtvfN��bdwd{|@xdf�����w�©Sf3�sf�¼�f�®���Sf<�/t��5��wqp/��z��sf�z���«�zvf ½1w1f�e-f�w@tN¸�²d�;z$f µd��eg�d®f�´s{¥t�� �;xd®}�
©SfBxHr¯f<�-t��(tv��¶�fB{w;tv���;��� �;xdw;t<´@©SfNr�{�sf<r�tvbdfjw@x1e(©Sf�z���«�¼�f�z�t�{}� fNr��;zº��«����;��®fNrv� fNw1� f<r���tºf<����b/®¥fN¼�f�®9´;tvbdfP����zv�s{w1��®r

#(f)
´

r¯��tvb1��t3tvbdf/���qf �/� {f�w@tvr3��«ºtvbdf ����xdzvf�w@t3f µs�1��w1r¯{��w±��«ºtvbdf5e-fN�;r¯x1z�f<r
QN

n,q

� �;xd®}��©Sf5z�f<���»´�{w±t�bdf5fNw1�»´�f�w@t�{zvf�®p>�;w
t�bdfP����zvz�f<r¯�S��wH�s{¥w1� Q�{®©Sf�z�t$r¯fNz�{fNrN¸ ¤ fj®fN�G¼�f�t�bdfjtv��r�¶-��«_f�µq�1z�f<r�r�{¥w1�3t�bdfjzvfN��xdz�r¯{¼�f	«¬��zve(xd®}�3t��(t�bdfP{¥w@t�f�zvfNr¯t�f<�5zvfN���df�z<´
��w1�/r¯{e-�d®pg�S�;{¥w@tº��xstºt�b1��t�t�b1f�tvfN�vb1wd{|@xdfP��®®�G¹�r���w5fN�;r¯p;´@r�pqr¯t�fNe5��t�{}��´@z�f<� xdz�r¯{¼�f�´@� ��e-�dxdtv��tv{¥�;w5��«EtvbdfP� �qf �5��{¥fNw;tvr���«
t�bdfPf�µq�H��w1r�{¥�;w/��«_tvbdfPe-fN�;r¯xdzvfNr

QN
n,q

��t$��wqp-�;zv�df�zN´@©S��tvb]{w
n

��w1�
q
¸�a$bdfP��©1r�f�zv¼���tv{¥�;w/����w]©Sfjx1r�f «¬xd®®9´sfNr¯�Sf<� {}��®®¥p-{w

¼@{f�¹¦��«1tvbdf	r�psrutvf�e5��tv{���df�¼�f�®���1egfNw;tK��«Sw@xde-f�zv{}����®drv�vbdfNegf<r"��w1�(wqxde-f�zv{�N��®d���d�dzv�<µs{e5��tv{¥�;w1r�©1��r�fN�(��w-²dfNp@w1e-��ws¨�³3���
�1��z�t�{}� ®f%eg�d�sf�®}r�¸

��[�� 	 d � � ��d�c2�	"`a2" ����'��\_�" k]dm_�"

��w§t�bdf-�dzvfNr�f�w@t%r�fN� t�{��w_´���w1�>t�b1f�«¬�;z¯tvb1� �;eg{wd���;wdf�´_¹ºf�tv��¶�fg�;�s¼���w;t�����f���«�t�bdf-®}��wd�@����f(��«�t�zvf�fNr%��w1�>��«�t�bdf-z�f<r¯x1® t�r
��©st���{wdfN�±��w±t�bdfN{¥z(r¯tv��t�{}rutv{}��r%t��>� �;e-�dxst�f-tvbdf5½1zvr¯t���z��sf�z�rP��«ºtvbdf ����xdzvf�w@t%«¬xdw1� t�{��w1��®�zvf��dzvfNr�f�w@tv��t�{��w���«

QN
n,q

��w1�»´
z�f<r¯�SfN� t�{¼�f�®p;´Ht����df�zv{¥¼�fg�]w1��tvxdzv��®���f�wdfNzv��®¥{ VN��t�{��w�t���²1f�pqwde5��ws¨ª³3�;�3�1��z¯tv{}� ®f(e-�s�sfN®rj��«�t�bdf-� ®}��rvr�{�N��® ¤ {��¶¾�dzv�s�sx1� t
«¬��zve(xd®�1¸

�_f�t5xHrg½dµ
n

��w1�
q ≥ 4

´$r¯�±t�bH��t5t�bdf¾wd��tv��tv{¥�;w
q

�sf�wd��t�f<r�´º�;w1� f¾���;��{w_´�tvbdf>� ��wHrut���w;t/r�fN|@xdf�wH� f���«P®f�wd�;b;t
n��rvr¯�s��{��t�fN��t��

q
¸��BrP¹ºfgb1�G¼�fg��®z�f<���sp��S�;{¥w@t�f<�>�;xstN´Et�b1f�zvf�{}rj�;wd®¥p¾��wdf�«ã�;z�f<rutP{w Fq

¹	{¥t�bd�;xst3� �@��®fNrv� fNw1� f�´E¹	bd{��b�{r
t�bdf��dzv�s�sx1� tj��«

q
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(ϕi)1≤i≤q ∈ Bb(En)q ©SfP������®®¥f<�·t�{��w]��«_«¬xdwH�·t�{��wHr$r¯xH�vb]t�b1��t

γn(ϕi) = 0
´q«¬��z$��w@p

1 ≤ i ≤ q ¸K²1��zºt�b1fjt�f�wHr¯�;z
�dz��d�sx1�·t$«¬xdwH�·t�{��w

F = 1
q!

∑

σ∈Gq
(ϕσ(1) ⊗ . . .⊗ ϕσ(q))

´d�;wdf3����w��vbdf<�v¶/t�bH��t

∆fr
n,q(F ) =

2q/2r!

q!

∑

I∈I

∏

0≤k≤n

∑

Jk∈Ik






γk(1)rk

∏

(i,j)∈Jk

γk(Qk,n(ϕi)Qk,n(ϕj))







��w]t�bdf3��©S�G¼�fP�s{}r��d®�Gp�fN�/«¬��zve(xd®}�d´@tvbdfP½1zvr¯t	r�xde {r$�G¼�fNzºt�bdf3r�f t I ��«���®®E�1��z¯tv{ tv{¥�;w1r
I = (Ik)0≤k≤n

��«
[q]

{¥w@t��
(n+ 1)©d®¥�d�v¶sr�¹	{¥t�b§�N��z��s{¥wH��®{ tup |Ik| = (2rk)

´E��w1��t�bdfgr¯f<� ��wH�¾r¯xde zv��wd��f<r	�G¼�fNz	tvbdf�r�f t Ik
��«���®®��H��z�t�{¥t�{��w1r

Jk
��«"t�b1f�r�f tvr

Ik
{w;tv���1��{¥z�rN´E¹	{¥t�b

0 ≤ k ≤ n
¸�4�p>�sf�½1wd{ tv{��w���«�t�bdf-�;��x1rvr¯{}��w¾½1fN®�1r

(Wk)0≤k≤n
´_��w1���sxdfgt���tvbdf5� ®}��rvr¯{}����® ¤ {}��¶

«¬��zve(xd®�1´s¹ºfP½Hw1��t�b1��t

q!

2q/2r!
∆fr

n,q(Fn) =
∑

I∈I

∏

0≤k≤n

E

(
∏

i∈Ik

√

γk(1) Wk(Qk,n(ϕi))

)

= E




∑

I∈I

∏

0≤k≤n

∏

i∈Ik

√

γk(1) Wk(Qk,n(ϕi))





«¬z��;e ¹	bd{}�vb�¹ºf���zvz�{¼�fP��t$tvbdf%«¬��®®¥��¹	{wd��«¬�;z�e(xd®}�

∑

r<q,|r|= q

2

q!

2q/2 r!
∆fr

n,q(Fn) = E




∑

r:|2r|=q

∑

I

∏

0≤k≤n

∏

i∈Ik

√

γk(1) Wk(Qk,n(ϕi
n))





�	fN����®®¥{wd�gt�b1��t���®¥®_�;��x1r�r�{}��w/½1fN®�1r
(Wk)0≤k≤n

��zvfP{w1�sf��SfNw1�sf�w@tB��w1��� fNw;tvf�zvfN�»´d¹ºf%�dzv��¼�fjt�bH��t

∂q/2Qn,q(Fn) = E




∏

1≤i≤q




∑

0≤k≤n

√

γk(1) Wk(Qk,n(ϕi
n))







 = E




∏

1≤i≤q

Vn(ϕi
n)





¤ zv{¥t¯t�fNw�{¥w¾�ge-��zvf%r�pqw;t�b1f t�{}�%¹��Gp�´s¹ºf3b1�G¼�fP�dzv��¼�fN�/tvbdf%«¬��®®¥��¹	{wd��«¬�;z�e(x1®�

∂q/2Qn,q(Fn) = E
(
V ⊗q

n (Fn)
)

a$bd{r"zvfNr�xd®¥tK����wg��®¥t�fNz�w1��t�{¼�f�®p%©Sf	�sfNz�{¼�fN������e(©d{wd{wd�jtvbdf
Lq

¨ªe-fN��w�fNz�zv��z�fNr¯t�{e5��t�f<r��dzvfNr�f�w@t�f<�({¥w o �1´�a$bde�¸P<q¸ �1¸ý�qpª´�¹	{ tvb
t�bdf�e(xd®¥t�{}�s{egfNw1r¯{��wH��®s� f�w@t�z���®@®¥{e-{ t�tvbdf��;z�fNe-r��dzvfNr�f�w;tvfN��{w o �1´�~�z��;�_¸ �d¸ �1¸ ; pª¸�k¾��zvf��dzvfN��{r�f�®p�´<tvbdf

q
¨��s{e-f�w1r�{¥�;w1��®@�1��z�t�{¥¨

� ®fjzv��w1�s��e ½1f�®}�dr (
V N

n (ϕi
n)
)

1≤i≤q
:=
(√

NγN
n (ϕi

n)
)

1≤i≤q

´s� �;w@¼�fNz��;f	{w]®}�<¹ t��
(Vn(ϕi

n))1≤i≤q
¸34�pgt�b1fP����w;tv{¥wqxd��x1r

e-���d�d{wd�gtvbdf���zvf�e�´d����e(©d{wdfN��¹	{ tvb¾r¯{e-�d®¥f3xdwd{¥«¬��zve {w;t�fN��z���©d{®{ tup]��zv��xde-fNw;tvrN´s��wdf3��bdfN��¶sr�t�b1��t

Nq/2 QN
n,q(Fn) = E

(
(V N

n )⊗q(Fn)
) N↑∞−→ ∂q/2Qn,q(Fn) = E

(
V ⊗q

n (Fn)
)

)¬Ù�Ú()ãØ
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n1f<�·t�tvbdf%��f��;e-f t�zvp-��«��1��tvb1r � ¸Ka$b1fNr�f
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	 � ��� � ��� � �;®¥�;z�f<�5«¬�;z�f<rut

hB��t�{}� fjt�bH��t	�g� ��®��zvfN�-«¬�;z�f<rut$�N��w���®r���©Sfj¼q{f�¹�fN�]�;r�������e-e(xst���t�{¼�fPeg�;wd��e-{}��®S��¼�f�zºt�b1f%r¯f�t$��«�� ��®��zvfN�-tvz�fNfNrN¸���w
t�bd{}rj{w@t�f�zv�dzvf tv��t�{��w�´Ht�b1f��;f�wdf�z���tv{wd�]r�f�zv{¥f<r�t�f<�vbdw1{|@xdf<rBt�bH��t%¹ºf�b1�G¼�f��sfN¼�f�®���d�Sf<��tv���sfN��®�¹	{ tvb>tvbdfgf�w@xde-fNzv��t�{��w>��«
«¬��zvfNr¯tvrK¹	{®¥®H���d�d®p�tv������®��zvfN�(«¬��zvfNr¯tvrN¸�a$bdfB����e-�dxst���t�{��w5��«StvbdfB� �;z�zvfNr��S��w1�s{wd�3r¯f�zv{fNrK{r�®f «ãt�t��3t�bdf�{w@t�f�zvfNr¯t�f<�gzvfN���df�z<¸

k¾�@rutj��«Kt�bdf�wd��t�{��w1rj��rvr��s� {}��tvfN��tv�/t�zvf�f<rj��w1��«¬�;z�fNr¯t�r��;�/�G¼�fNzB{w§�]r¯t�z���{��b;t�«¬��zv¹���zv��¹��Gp�tv��� �;®¥�;z�f<��«¬��zvfNr¯tvrj��wH�
� ��®��zvfN��t�zvf�fNrN¸"�Br��3��fNwdf�z���®dz�x1®¥f;´�¹�f�¹	{¥®®1¹	zv{ tvfB�%®{¥w1f���¼�f�z�r¯pqe(©S�;®r���rvr¯�s��{��t�fN�(tv�(� ��®��zvfN��t�zvf�fNr���w1�5� �;®¥�;z�f<�(«¬��zvfNr¯tvrN¸
²d�;z${¥w1r¯tv��w1� f;´s¹ºfP¹	zv{¥t�f

vk(T ) = (vk(T ), v′k(T ))
«¬�;z�t�b1f%w@xde(©SfNz

vk(T )
´dz�f<r¯�_¸

v′k(T )
´s��«�¹	bd{¥t�f;´szvfNr��_¸"©d®}����¶5¼�f�z�tv{��fNr

{¥w�t�bdf�����®��zvfN�/t�zvf�f
T
´1��t�fN�;�vb�®¥fN¼�f�®

k ≥ 0
¸

¤ f/��®}r���®f t
V

©Sf-t�bdf]r�f t���«	��®®�r¯f<|@xdf�w1��fNr%��«��H��{z3��«${w;t�fN��f�z�r
p = (pk)k≥0 ∈ (N2)N

´�¹	{¥t�b
pk = (pk, p

′
k)

«¬�;z
f�¼�f�zvp

k ≥ 0
´1rv��tv{r¯«¬pq{¥wd�gt�bdf%«¬�;®¥®��¹	{¥wd�-�dzv���Sf�z�tup

∃ht(p) ∈ N
r�¸ tN¸

inf
k≤ht(p)

pk + p′k > 0
��w1�

sup
k>ht(p)

pk + p′k = 0

²d�;z$��w@p
n ∈ N

´s¹ºf%�sfNwd��tvfP©@p
Vn ⊂ V

t�b1f%r�xd©1r�f t	��«�r�fN|@xdf�wH� fNr
p

r¯xH�vb]tvb1��t$t�b1fPb1f�{��b;t	��«
p
´
ht(p)

´s{}r�f<|;xH��®St��
n
¸

²�{w1��®¥®p�´1¹ºf3®f t T p

©Sf%t�b1f�r�f tB��«K� �;®¥�;z�f<�/t�zvf�f<r
T

¹	{ tvb
vk(T ) = pk

¹	bd{¥t�f�¼�f�z�t�{}� fNrN´1��w1�
v′k(T ) = p′k

©d®�;�v¶]¼;f�z�t�{}� fNrN´
��tPf<����b>®f�¼�fN®

k ≥ 0
¸(nq{w1� f

T
{}rP��� �;®¥�;z�f<��tvz�fNf�´Stvbd{rP{e-�d®¥{fNrjtvb1��t

p0 = 0
��w1�

p′0 = 1
´»f µd��f��stvfN�>{¥«

ht(p) = 0
¸3��w

t�b1��t��N��r�f�´
p0

e5�Gp]��®r��g©Sf3fN|@x1��®Et�� ; � ��w1�]tvbdf�w
p′0 = 0

� ¸�hB��t�{}� f%t�bH��t	t�bdf(r¯f�t	��«�©d®}����¶]��w1��¹	bd{ tvf3¼�f�z�t�{}� f<r	��t	f<����b
®¥fN¼�f�®

k
{r	{¥w�©d{ �ufN� t�{��w�¹	{ tvb�t�bdf��s{}rW�u��{w;t�xdwd{��w

[pk] = [(pk, p
′
k)] := [pk]

‘

[p′k]

��«�tvbdf�r¯f�tvr
[pk]

��wH�
[p′k]

¸
²1��z

p ∈ Vn+1
´@®¥f�t�xHr�����®¥®9´;©@p-��wH��®����p(¹	{ tvb-tvbdfBxdw1� �;®¥�;z�f<�-����r�f�´;�d®��w1��zº� ��®��zvfN��t�zvf�fNr

T
��«Stupq�Sf

p
��wqpgr¯f<|@xdf�w1��f

��«�e5���1r
(α0, . . . , αn)

´s¹	b1f�zvf

αk = (αk
‘α′

k) ∈ [p′k][pk+1]‘[p′k][p
′
k+1] =: [p′k][(pk+1,p′

k+1)]

{r$t�bdf��s{}rW�u��{w;t�xdwd{��w���«�tvbdf3�1��{z	��«�¹ºf<��¶q®p5{w1� zvfN�;r¯{wd�ge5���1r
αk ∈ [p′k][pk+1]

´1��w1�
αk ∈ [p′k][p

′
k+1]

¸
��wgt�b1f���©S�G¼�f	�sf ½Hwd{ tv{��w_´�t�b1f	�1��zv��egf�t�fNz"®f�¼�f�®

k
zvxdw1r"«¬z��;e

0
´�tv�

n
´@��w1�g¹ºf	b1�G¼�f$x1r�fN��tvbdf�����wq¼�f�w;tv{¥�;w1r

(∅‘∅) = ∅ ´��w1�
(α‘∅) = α

¸ ¤ z�{¥t�{wd� PT «¬��zBt�b1f�r�f tj��«K�d®}��wH��zj� �;®¥�;z�f<��t�zvf�f<rB��w1� PT p

«¬��zBt�bdfgr�f tj��«K�d®}��wH��zj� �;®¥�;z�f<��t�zvf�f<r���«
t�pq�Sf

p
´s«¬zv��e t�bdf3�dzvf�¼q{��x1r	�s{rv� xHr�r�{¥�;w_´q«¬��z���w@p

p ∈ Vn+1
¹	{¥t�b

p0 = 0, p′0 = 1
´d¹�f%b1�G¼�fPt�b1��t

PT p

'
{
(α0, . . . , αn) ∈ [1][p1] × [p′1]

[p2] × . . .× [p′n][pn+1] : αk = (αk
‘α′

k)
¹	{¥t�b

αk ↑
��wH�

α′
k ↑
}

Ú�Ú Î�v5à����	�



1 � ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

� �d®}��wH��z�� ��®��zvfN��«¬�;z�f<rut({}rN´"©@p �sf�½1wd{¥t�{��w_´��>r�fN|@xdfNw1� f � ��z��>wd��w°� ��e-e(xst���tv{¥¼�f]e-��wd�;eg{}��® � ��«	�d®}��w1��z(����®��zvfN�
t�zvf�fNrN¸

nq{w1� f°t��D��w@pÇr�fN|@xdfNw1� f
(α1

k, ..., α
n
k )

´
αi

k = (αi
k

∐
αi′

k ) ∈ [pi′

k ][(p
i
k+1,pi′

k+1)]
{}r§�;r�r��s��{��t�fN�Ç� xdwd{}|;x1f°f�®f�e-f�w@t

(α1
k

∐
...
∐
αn

k ;α1′

k

∐
...
∐
αn′

k )
��«

[p1′

k ]
∐
...
∐

[pn′

k ]
(

n
‘

i=1
[pi

k+1])
‘

(
n
‘

i=1
[pi′

k+1]) ´B�d®��w1��z�� ��®��zvfN� «¬��zvfNr¯tvr���zvf>{w ©d{ �ufN�·tv{��w
¹	{ tvb�r�fN|@xdfNw1� f<r$��«"�s{}r¬�u�;{¥w@t�xdwd{��w���«�¹ºfN��¶q®¥p/{w1� zvfN�;r¯{wd�ge-���1rN´s{w�tvbdf�r¯fNw1r¯fPtvb1��t � ¹	{ tvb¾r¯fN® «ã¨ªf µs�d®}��{wd{wd�gwd��tv��t�{��w1r �

PFp ' IAp :=
{
(a0, . . . , an) ∈ Ap : ak = (ak

‘a′k)
¹	{ tvb

ak ↑
��w1�

a′k ↑
}

«¬��z���wqp
p ∈ Vn+1

´d¹	{ tvb
Ap :=

(

[p′0]
[p1] × [p′1]

[p2] × . . .× [p′n][pn+1]
)

��Á�� 5 6W��6 Å 5 S � > � � ����	�	������ ����� �\� ��� � 	
��� � �
 �����l" ',���-��� �	�	
a = (a0, . . . , an) ∈ Ap

� �\� ���
p ∈ Vn+1

�h� �������������
"
����� 	 �

F (a)
�]" �!���
	 �N�

(n + 1)
� � �!� �q��� ����� 	����)�l" � �!� ���������]��� "
����� 	 �

F (a)
� 	 	-�����
 ��& � �!� ��� 	 ����� �� � �� �� 	����

(
∐n+1

k=0 [pk]
)
∐
(
∐n+1

k=0 [p′k]
) � � �!�)��� 	B� 	 ����� ���
	 �!�� � ��� ���(� �!��� ��	

(i, ak(i))
������

(i′, a′k(i′))
� �\� � � � �!� �(��� �,�l" � � � ���

����,�
� �-� �,������������� �q��� � � ���
	
(i, i′) ∈

(
[pk+1]

∐
[p′k+1]

) � � �(�j	
��� � �
 ��� ���� ���$����� ��� 	���(����� 	������2� � ����� �P&)��& �� �
������	-�����
���������� 	������2� �\� � � ����� ������� ���
� � � ���
	 � ��� ����� ������� � � �	-��� � �\� � � ����

J(a)
��� ��� � ��� ���(��� ��� 	B�
	 ����� �m���
 � �m�K��� �q���0	 �����

��� � � �m��� ��� �
����	�	 � � �j� 	������� ��� ���
�
k
�j��� ��� � � ��� ����� ��� ��� 	����]� ����� �\ ����"��h��� � �!� �����`�����q��� ��� ���
	 � � �!�)	����j�]")�������������

� � �	-��� 	 � 	 �\� � ������ J �

◦

ÂÂ
@@

@@
@@

@ •

ÄÄÄÄ
ÄÄ
ÄÄ
Ä

•

²²◦

ÂÂ
@@

@@
@@

@ ◦

''O
OO

OO
OO

OO
OO

OO
O •

ÄÄÄÄ
ÄÄ
ÄÄ
Ä

•

²²

•

ttjjj
jjj

jjj
jjj

jjj
jjj

jj

• •
#m�
	 � ��� � ��� � �;®¥�;z�f<�3�uxdw1��®f

Ojw1��fP���@��{w_´;t�b1fPwd��t���tv{¥�;w]¹ºfPx1r¯fP�;w�� �;®¥�;z�f<�-«¬��zvfNrut�rºf µqtvf�w1�drºtv�g����®��zvfN�%�uxdwd�;®¥f<r�{¥w��gr¯fN® «ã¨ªf µs�d®}��wH��t��;z�pg¹��Gp�¸K²d�;z
{¥w1r¯tv��w1� f;´ J p

´
p ∈ Vn+1

´Erut���w1�dr�«¬��zBt�bdfgr¯f�tj��«�����®��zvfN���uxdwd�;®¥f<r
j
¹	{¥t�b

vk(j) = pk
¹	bd{¥t�f�¼�f�z�t�{}� fNrN´S��w1�

v′k(j) = p′k©d®�;�v¶]¼�f�z�t�{}� fNrN´d��t�fN����b�®¥fN¼�f�®
0 ≤ k ≤ (n+ 1)

¸�²1��z���wqp
p ∈ Vn+1

´d¹ºf���®}r��gb1�<¼;fjtvb1��t J p ' Ap

¸
Ojxdz_wdf�µ@t���©s�ufN� t�{¼�fK{}rEtv�	e5��¶�fKe-��zvf"�dzvfN��{r�f�tvbdf���®��fN©dz���{}���d{}�·t�xdzvfK��«@t�bdf<r¯f���©s�ufN� tvrN¸�²d�;z_��w@pB{w;tvf��;f�z�r

p, p′, q, q′, r, s
´

��w1����w@p]�d{rW�u��{w;t�e5���Hr
a = (a‘a′) ∈ [r][(p,p′)] ��w1�

b = (b‘b′) ∈ [s][(q,q′)]

¹ºf%®f t
(a ∨ b) ©SfPtvbdf��s{}r¬�u�;{¥w@t	x1wd{¥�;w���«�e-���1r

(a‘a′) ∨ (b‘b′) = (a ∨ b) ‘ (a′ ∨ b′) ∈ [r + s][(p+p′,q+q′)]

h���tv{��f3tvb1��tjt�bdf(�1z��;�HfNz¯tup���«�©HfN{¥w1�/¹ºf<��¶q®p�{¥w1��z�f<��r�{¥w1�5{rB�dzvfNr�f�zv¼�fN��©@p�t�bd{}rj� �;w1r¯t�zvx1�·tv{¥�;w_¸	k¾�;z�f���fNwdf�z���®®p�´d«¬��zP��w@p
p ∈ V

´1��wH�
q ∈ V

´1��w1����w@p�r¯f<|;x1f�w1��fNr
a = (ak)k≥0 ∈ Ap

´1��wH�
b = (bk)k≥0 ∈ Aq

´d¹ºf�r¯f�t

a ∨ b = (ak ∨ bk)k≥0 ∈ Ap+q � �H¸ ;��
��w/t�bdfP��©S�G¼�fj�s{}r¯�1®�Gp�fN�-«¬�;z�e(x1®�1´;¹�fBbH�<¼�fBxHr¯f<�-tvbdfP����w@¼�fNw;tv{¥�;w1r

p+q = (pk + qk, p
′
k + q′k)k≥0

´
ak = ∅ ´s��w1� bl = ∅ ´«¬��z���wqp

k > ht(p)
´1��w1�

l > ht(q)
¸�hB��tv{��fPt�bH��tN´d{¥«

a ∈ IAp

��w1�
b ∈ IAq

´st�bdfNw
a ∨ b ∈ IAp+q

¸
a$bdf(e5��{w>�;�s¼���w;tv����f3��«Kt�bd{}rj��®¥�;f�©dz���{}�%r¯t�zvx1�·tvxdzvf�®¥{fNrB{w¾t�bdf�«¬�;®¥®��¹	{¥wd�/wd�;w>� �;e-e(xstv��t�{¼�f(����e-�S�;r�{ tv{¥�;w�«¬�;z�e(xd®}�

{¥w�t�bdf�r�f t���«"����®��zvfN���uxdwd��®fNr
J(a)J(b) = J(a ∨ b) ∈ J p+q

h���tv{��f"tvb1��t���wqpB�1��{¥z_��«q�SfNz�e(xst���tv{¥�;w1r
(s, s′) ∈ (Gp × Gp′)

����w%©Sf�r¯fNf�w3��r_�$�1��{¥z_��«qe5���d�d{wd�;r
(s, s′) ∈

(

[p+ p′][p] × [p+ p′][p
′]
) ¸

��w�tvbd{r	{w;tvf�zv�dzvf tv��t�{��w_´qtvbdf��s{rW�u��{w;t�x1wd{¥�;w�e5���

s = (s‘s′) ∈ [p+ p′][(p,p′)]

)¬Ù�Ú()ãØ
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���
���������������	
�������������
	��
�������� ��!	�"
���$#%��&�(')���* +,�-�.',�/�-���0	 1 �

����w ©Sf�r�f�f�w°��r��¾�SfNz�e(xst���tv{¥�;w!e5��� ��«	t�b1f�r�f t
[(p, p′)] = ([p]

∐
[p′])

tvb1��tg�dzvfNr�f�zv¼�fNr%tvbdf�r�f t�r
[p]

´K��w1�
[p′]

¸�a$bdf
z�fN¼�f�z�r¯f%��rvr¯fNz¯tv{¥�;w]{}r	��®r���t�zvxdf;¸Ka$bdf�r�f t���«�t�b1fNr�f%�Sf�zve(xst���t�{��wHr${r��sf�wd��t�f<��©@p

G(p,p′) := Gp
‘Gp′

¤ f�f�wH��t�b1{rBr�fN�·tv{¥�;w�¹	{ tvb¾�gtvfN�vb1wd{�N��®�®¥fNe-e-�-t�b1��t��SfNz�e-{¥tvr$tv�5f µqtvf�w1��{¥w>�gwH��t�x1zv��®»¹��Gp/t�b1f	��x1wd��®f���xst��;e-��zv�dbd{}r¯e
��zv��xd����wH��®psr¯{}r$�sf�¼�fN®¥�;�SfN��{¥w¾r�fN�·tv{¥�;w 1 t��gtvbdf�{z�����®��zvfN����w1��®¥�;��xdf;¸
��Á � �!¡ S � : � #%���U��(& ����� �����
� � �� �l" � ���� 	`����	

p, p′, q, q′, r, r′, s, s′
� "
���U�� � 	���� � ������U�]" �(�
� ' � ����� � �� ')���`��� �	�	

ρ ∈ G(p,p′)

�
θ ∈ G(q,q′)

�
σ ∈ G(r,r′)

�
τ ∈ G(s,s′)

�)���� "
��� ��(& �!��� � �l"K��� 	 ����� �� ')���`��� �	�	
a ∈ [r′][(p,p′)] �)�� �

b ∈ [s′][(q,q′)]
�m�/�(� ���.� �!� ����' �(�q	 � ��� ��,"
��� ' � ���

(σ ∨ τ) ◦
(
a ∨ b

)
◦
(
ρ ∨ θ

)
= (σ ◦ a ◦ ρ) ∨

(
τ ◦ b ◦ θ

)

� U�-�-��� ��� �� ��"
�������&
λ ∈ G(p+q),(p′+q′)

�m�/�(� �������(���

(
a ∨ b

)
◦ λ ∈

(

[r′][(p,p′)] ∨ [s′][(q,q′)]
)

=⇒ λ ∈
(
G(p,p′) ∨ G(q,q′)

)

a$bdf3t�¹º�]��rvr¯fNz¯tv{¥�;w1r$��z�f3�5�s{zvfN�·tj� ��w1r�fN|@xdfNw1� f3��«�t�bdf(�sf�½1wd{¥t�{��w¾��«�tvbdf ∨ �dzv�s�sx1� tN¸���w�tvbdf3½1z�rut�f<|;xH��t�{��w¾��©S��¼�f�´
{ t	r�bd�;xd®�]©HfPxdwH�sf�z�rutv�q�s�-tvb1��t

a ∈ [r′][(p,p′)] {}r�¼q{¥fN¹ºfN�]�;r��(e5����{¥w
a ∈ ([r]

∐
[r′])[(p,p′)] tvbdz��;xd��b/t�bdf%f�e(©SfN�d�d{¥wd�g��«

[r′]
{¥w@t��

[r]
∐

[r′]
¸�a$b1f3rv��e-f%��©1r�f�zv¼���t�{��w]¹	{®¥®_©Sf3x1r¯f<��¹	{¥t�bd�;xst	«¬xdz�t�bdfNz	wd��t�{}� f%{w�t�bdf%«¬�;z¯tvb1� �;eg{wd�-�1��z����;zv���1b_¸

� [�� � gfaNd,� d�c2' �hk " � %mc!dmg�'(" dm_ i d,.]d�c2�%e � gh_�%,.&�	"

�Br�«¬��zºt�bdfPf µs�1��wHr¯{��w/��«_e-fN�;r¯x1z�f<r�{w�r¯fN� t�{��w��d´@¹ºfj¹	{¥®®SwdfNfN�]�(�sf�½1wd{¥t�{��w]��«_fN|@xd{¼���®¥fNw1� fj� ®}��rvr�fNr���«�� �;®¥�;z�f<�P�uxdwd��®fNrN´
�3�H��z���e-f tvz�{ VN��tv{¥�;w-��«»t�b1fj��®�;r�r�fNr���w1�/������e-�dxst���tv{¥�;w5��«Etvbdf�{z��N��z��s{w1��®}r�¸"a$b1��wd¶sr�t���tvbdfP��®��f�©1zv��{�$e-�s�sfN®H��«�����®��zvfN�
t�zvf�fNr��sfNr�{¥�;wdfN� {w°r¯f<�·tv{¥�;w �H¸ ; ´�e-�;r¯t(��«$t�bdf�� ��w1r¯tvz�x1� t�{��w1r�{¥w°r�fN� t�{��w°�s´K��w1� r¯f<�·tv{¥�;w 1 ����w!©Sf/f�µqt�f�wH�sfN�!¹	{¥t�bd�;xst
«¬xdz¯tvbdf�z	¹º��zv¶-t��-����®��zvfN�3�uxdwd��®fNrN¸�nq{w1��f%��®¥®»����w1r¯t�zvx1� t�{��w1r$����w�©Sf%eg{e-{��¶�fN�_´s¹ºfP�;wd®p5��xstv®{¥wdfPt�b1fPe5��{¥w�{}�sfN�;r���«�tvbdf
��f�w1f�zv��®{�V<��t�{��w/«¬zv��e��uxdwd��®fNr$t��/� ��®�;z�fN���uxdwd�;®¥f<r�¸

¤ f(®f t
p ∈ V n+1

©Sfg�/r�fN|@xdfNw1� f(��«
(n + 1)

{¥w@t�fN��f�zj�1��{¥z�r
pk = (pk, p

′
k)

´S¹	{¥t�b
0 ≤ k ≤ (n + 1)

¸ ¤ f��;r�r��s� {}��tvf
¹	{ tvb

p
tvbdf3�dzv�s�sx1�·t��Sf�z�e(xdtv��tv{��w���zv��xd�

Gp = Gp0
× Gp1

× . . .× Gpn+1

a$bd{r]�;z��;xd� �;�·tvr]w1��tvxdz���®®¥p¦�;w r�fN|@xdfNw1� fNr]��«3e5���1r
a = (a0, a1, ..., an) ∈ Ap

´B��w1� �;w �uxdwd�;®¥f<r
J(a)

{w J p

©qp
�Sf�zve(xstv��t�{��w ��«�t�b1f/����®��zvfN�§¼�fNz¯tv{��fNr���t�f<����b±®f�¼�fN®Y¸�k¾�;z�fg«¬�;z�e5��®¥®p�´�«ã�;z(��wqp

s = (s0, ..., sn+1) ∈ Gp

tvbd{}r3�H��{z3��«
���·tv{¥�;w1r${r	��{¼�f�w�©@p

s(a) := (s0a0s
−1
1 , ..., snans

−1
n+1)

��w1�
sJ(a) := J(s(a))

a�¹��B� ��®��zvfN�º�uxdwd�;®¥f<r�{¥w3t�b1fºr���e-f���zv©d{ t�xdw1�sf�z�tvbdfº��� t�{��w3��« Gp

b1�G¼�fKt�b1fºr���e-fKx1w1�sf�zv®p@{wd�B����®��zvfN�j«¬��zvfNr¯tN¸��º��wq¼�f�z�r¯fN®¥p;´
{ «�t�¹��5� ��®��zvfN���uxdwd��®fNr	{¥w J p

b1�<¼;fjt�b1f3rv��e-f%xdw1�sfNz�®pq{¥wd�5� �;®¥�;z�f<�5«¬��zvfNr¯tvrN´qt�bdfNp]�d{ uEf�z���wd®p/©qp]�g�Sf�zve(xst���t�{��w���«�tvbdf
¼�f�z�t�{}� fNr���«$tvbdf�{z�����®��zvfN�±��z����db1r%tvb1��t��dzvfNr�f�zv¼�fNr%t�bdf�����®��z�r%��«�tvbdf]¼�f�z�t�{}� f<r�´"��wH��tvbdf�zvf «¬�;z�f]��zvf5{w tvbdf]rv��e-f/��zv©d{¥t
xdw1�sf�z	tvbdf����·tv{¥�;w���« Gp

¸K��w���t�b1f�z$t�fNz�e5rN´s¹ºf3b1�<¼;fjtvbdf%«¬��®®¥��¹	{wd�g®f�e-e5�d¸
��Á � �!¡ S ��S ��� � � ���q���������� �
����	�	
�
	,�l" ������������� � � �	����
	.�  J p

� ��`�
�.���(�)�-����� �� �l".���(� �(�
� ' � ����� � �� 	-��� � ��	 Gp

�����
� U�
� ��������� �� �\� � �K�������������j"
�����
	 � 	 �  Fp

hB��t�{}� f5tvbdf5«¬�;®¥®�G¹	{wd�>����zv��®®��z�p>��«$t�bdf]®¥fNege5� �({¥«
f ∈ Fp

´�¹	{¥t�b
p ∈ V n+1

´�{r(�>� �;®¥�;z�f<�§«¬��zvfNr¯tN´�t�bdfNw!¹ºf]����w
�sf ½1wdf3xdwH��e(©d{��xd�;x1r�®¥p

|f | = (|f |k)k≥0 = (|a0|, ..., |an|, (0, 0), (0, 0), . . .)
«¬��z���wqp]��bd��{}� f

(a0, ..., an)
��«"�gzvf��dzvfNr�f�w@tv��tv{¥¼;fj��«

f
{¥w J p

¸
�jrg«¬�;z5x1r¯x1��®$t�zvf�f<r5��w1�°«¬�;z�f<rut�r�´º¹ºf¾¹	z�{¥t�f

B
«¬��z-tvbdf¾e5���¦«¬zv��e ����®��zvfN� t�zvf�fNrgtv�!� �;®¥�;z�f<�!«¬�;z�f<rut�r-�sf�½1wdf<�¦©qp

z�fNeg��¼q{¥w1�-tvbdf(zv�q��tB��«��]� ��®��zvfN��t�zvf�f�´E��wH��¹ºf(¹	zv{¥t�f���®}r¯�H´H�;r�{w§r�fN�·tv{¥�;w 1 ¸ 1 ´
B

«¬��zBt�bdf�{¥wH�sx1� f<�¾e5���¾«¬zv��e&t�b1f�r�f t
��«"� �;®¥�;z�f<�5«¬�;z�f<rut�r�{w;tv�-{¥tvr�f�®¥«u¸

�_f�t�x1r�� ��wH� ®x1�sf�tvbd{r�r¯f<�·t�{��wg©qp(f�wqxdegfNzv��t�{wd�Pt�b1f	w@xde(©SfNz
#(f)

��«»� ��®��zvfN���uxdwd�;®¥f<r���rvr¯�s��{��t�fN��t����P��{¼�f�w-� �;®¥�;z�f<�
«¬��zvfNr¯t

f ∈ Fp

´d¹	{ tvb
p ∈ V n+1

¸�a$bdf%�dzv�s� f<r�r�{r	�;r�{w�r�fN�·tv{¥�;w 1 ¸ 1 ´s��w1�]tvbdf%zvfNr�xd®¥t�«¬�;®¥®�G¹�r$xd®¥t�{e5��t�fN®¥p/«¬zv��e�tvbdf3��®�;r�r
«¬��zve(xd®�

#(f) =
p!

|Stab(f)|

Ú�Ú Î�v5à����	�



1 � ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

��w�tvbdf(��©S�G¼�f��s{}r¯�1®�Gp�fN��«¬�;z�e(xd®}�d´
p!

r¯tv��wH�dr$«¬�;z	tvbdf�e(xd®¥t�{¥¨9{w1�sf�µ�«W���·tv��zv{��®
p! =

(
p0!p

′
0!...pn+1!p

′
n+1!

) ´S��wH��¹ºf�b1�G¼�f
¹	z�{¥t¯tvf�w-��©dx1r�{¥¼�fN®¥p |Stab(f)| ´�«¬��z"t�b1f	�N��z��s{w1��®s��«Ht�bdf�r¯tv��©d{¥®{ V�f�zK{w Gp

��«E��w@p�zvf��dzvfNr�f�w@tv��tv{¥¼;f
f
′ ��«

f
´�¹	bdfNz�f

f
{}r"¼q{f�¹ºf<�

��r	��w�f<|;x1{¥¼���®f�w1��f%� ®}��rvr���«"� �;®¥�;z�f<�3�uxdw1��®fNrN¸
�_f�t	xHr	�;r�r�xde-fPt�b1��t

f
�N��w�¹	zv{ t�t�f�w�´d�;r	�ge-��wd�;eg{}��®»��¼�f�z�tvbdf�r¯f�t	��«"� �;®¥�;z�f<�5tvz�fNfNr	��r

f =

k∏

i=1

Ti
mi

¹	bdf�zvf5t�bdf
Ti

r���zvf5�1��{¥zv¹	{}r¯f]�s{r¯t�{w1� tvr���w1�
m1 ≥ ... ≥ mk

¸ ¤ f]¹	z�{¥tvf
Ti

′ «¬��z��§r¯f t���«	zvf��dzvfNr�f�w;t���tv{¥¼�f<r3��«$tvbdf
Ti¼@{f�¹�fN���;r�f<|@xd{¥¼���®f�w1��f%� ®}��rvr�fNr���«K� ��®��zvfN���uxdwd�;®¥f<r�¸

�jrg{¥w r�fN�·tv{��w 1 ¸ �1´�¹ºf�r�b1��®®�¹	zv{¥t�f
S(B−1(f))

«¬��zgt�bdf�xdwd��z��sfNz�f<�
k
¨9x1�d®¥f�t

(m1, ...,mk)
´º����®®fN�!tvbdf�r�p@e-e-f tvz�p

e(xd® tv{r�f t	��«_t�bdf%� �;®¥�;z�f<�gtvz�fNf
B−1(f)

´s��w1�/f µqt�fNw1�5tvbdfjw1��tv��t�{��w/t��g� �;®��zvfN�g«¬�;z�f<rut�rºr���tvb1��t
s(f)

{}r�t�b1fP�s{}rW�u��{w;t$xdwd{��w
��«�t�bdf

S(Ti)
¸ºa$bdf3�dzv�q��«�{w¾r�fN�·tv{¥�;w 1 ¸ �-���sfNr�t�bdfNw���¼�f�z	¹	{¥t�bd�;xstB��b1��w1��fNrN´sf µd��f��stvfN��«¬��z	t�b1f3zvf��d®}����f�e-f�w;t���«�«¬��zvfNr¯tvrN´

�d®��w1��z$«¬��zvfNr¯tvr	��w1���1®��w1��z$t�zvf�fNr$©qp/t�bdfN{¥zB� �;®¥�;z�f<�]��w1��®���;xdfNrN¸�²1��z	{w1rut���w1��f�´d¹ºf%b1�G¼�fPt�b1f%zvfN��xdzvr�{��w]«¬��zve(xd®�

|Stab(f)| =
k∏

i=1

(

mi! |Stab B(T ′
i )|mi

)

�Kµs�d®¥{}� {¥tv{¥wd�gtvbdf%zvfN� x1zvr�{¥�;w/{w�t�bdf%~�zv���S�@r¯{¥t�{��w�´q��w1�/«¬��®®�G¹	{wd��t�bdf%¹	zvfN��t�b��dz��s�dx1�·t	��w1��®psr¯{}r��sf<r¯{��wdf<�]{¥w�r�fN�·tv{¥�;w 1 ¸ �d´
¹ºf3�sf<�sx1� f%tvbdf%«¬��®®¥��¹	{wd��tvbdf��;z�fNe�¸
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���]�
	 �

f ∈ Fp

� �\� � �
p ∈ V n+1

� � 	 	������

�
&

#(f) =
p!

n∏

i=−1

s(Bi(f))!

� �!���]� �m� � 	��U���(� � 	 � ���j' � �P� � *�� ��-��� ���������� �� ��� �`� �m��
s(Bi(f))!

� �  �`�-��� � � ��2� �m� �!� �q� � �!� �\������� � � ����� � ���
�]��� �]�
	��
�������� �� "
��� ' � ���

Stab(f
′
) ∼ Gm1

< Stab B(T
′
1) > ∨ . . . ∨ Gmk

< Stab B(T
′
k) >

� [�� ����� _����\_�� �!�\i#"$�	� k&%�c!dmg�'("

��w tvbd{r¾r¯f<�·t�{��w�´�tvbdf±�1��z���e-f tvf�z
n ≥ 0

z�fN�dzvfNr�f�w;t�r�� ½1µqf<� tv{¥e-f±bd�;z�{ V��;w_¸�²1��z���wqp r�fN|@xdfNw1� f���«�{¥w@t�fN��f�z�r
q =

(q0, . . . , qn) ∈ Nn+1 ´1��wH����w@p −1 ≤ m ≤ n ´d¹ºf3r�f t

q′m := qm+1 + q′m+1 =
∑

m<k≤n

qk � �H¸ � �

h���tv{��fPtvb1��t
q′m = |[qm+1]

‘[q′m+1]|
¸ ¤ f��;r�r��s� {}��tvfj¹	{¥t�b

q
t�bdf3xdw1wd��zve-��®{�VNfN��²1f�pqwde5��ws¨�³3���je-fN�;r¯xdzvfNr

γq
n = γ⊗q0

0 ⊗ · · · ⊗ γ⊗qn
n ∈M(Eq

n)
¹	bdfNz�f

Eq
n = Eq0

0 × · · · × Eqn
n

{r	fN|@xd{�d�SfN��¹	{ tvb�t�bdf%tvf�w1r���z	�dzv�s�sx1� t�r¯{��e5�(½Hf�®}�»¸K~��;{¥w@tvr	{w
Eq

n

��z�fP{w1�sf�µsfN���;r�«¬��®®¥��¹�r
(
(x1

0, . . . , x
q0

0 ), . . . , (x1
n, . . . , x

qn
n )
)
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(γq

p )0≤p≤n
�\�� �

(Qq
p )0≤p≤n

�\���j� �!� ����� �����
� � ��K�]" ')����	 � ��� 	$�� �.� ���� 	������ ���!������������	 �`� �m����
�
&

γq
p =

(

γ⊗q0

0 ⊗ . . .⊗ γ⊗qp−1

p−1

)

⊗ γ⊗(qp+q′
p)

p

(

= γ
(q0,...,qp−1,qp+q′

p)
p

)

Qq
p =

(

D1q0
⊗ · · · ⊗D1qp−2

)

⊗Q(qp−1,q′
p−1)

p

�\� ��� � �!�����!������������	
Q

(qp−1,q′
p−1)

p
"�����'

E
qp−1+q′

p−1

p−1

� (���
E

qp−1

p−1 × E
q′

p−1
p

�`� �m���� ��&)� �!�.����!	���� ������� � �
� "
��� ' � ���

Q
(qp−1,q′

p−1)
p = D1qp−1

⊗Q⊗q′
p−1

p
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���$#%��&�(')���* +,�-�.',�/�-���0	 1 <

hB��t�{}� f%t�b1��tN´s«¬�;z���w@p
0 ≤ p ≤ n ´ γq

p

{}r	�g�S�;r�{¥t�{¼�f%egf<��r�xdzvfP��w�tvbdf3�dz��d�sx1�·t�r��1�;� f

Eq
p = ����� � Eq0

0 × · · · × E
qp−1

p−1 × E
qp+q′

p
p

��w1�
Qq

p

{}r	�g�S�@r¯{¥t�{¼�f%{¥w@t�fN��z���®»���Sf�z���tv��zº«¬zv��e
E

q
p−1

{w;tv�
Eq

p

¸
��Á � �!¡ S ����� #%������(&)	
��� � �� �����]" � ���� 	`����	

q ∈ Nn+1
�b���� ��(&

0 ≤ p ≤ n ���m�/�(� ���

γq
n = γq

p Qq
p,n

�\� ��� � �!� 	���'��
	-��� � �
(Qq

p1,p2
)1≤p1≤p2≤n

�-��� ��� ��&

Qq
p1,p2

= Q
q
p1+1

(
Q

q
p1+1,p2

) (
= Q

q
p1+1 . . .Q

q
p2−1Q

q
p2

)

������ �!� ���� �q������ ��
Qq

p1,p1
= Id

�����(� � �`�
���� � & ���!�
��������� ��"
���
p1 = p2

�

� �����l" � ¤ f�r¯tv��z¯t	¹	{¥t�b���©1r�f�zv¼q{wd�(tvb1��t

γq
n = γ⊗q0

0 ⊗ γ⊗q1

1 ⊗ · · · ⊗ γ⊗qn−1

n−1 ⊗
(
γ⊗qn

n−1Q
⊗qn
n

)

= γ⊗q0

0 ⊗ γ⊗q1

1 ⊗ · · · ⊗ γ⊗qn−2

n−2 ⊗
(

γ
⊗(qn−1+qn)
n−1 (D1qn−1

⊗Q⊗qn
n )

)

a$bdf�zvf «¬��zvf�´s¹ºfP½Hw1��t�b1��t
γq

n = γq
n−1Q

q
n

¸�iBr�{wd�5�-r�{¥e-�d®f%{w1�sxH�·t�{��w�´st�bdf3®f�e-e5��«¬�;®¥®�G¹�rN¸

� [�� �8_j_ d�c ���3.]k����%e '��GcNa!k]i�.&� �����3" g c �	"
��w%tvbd{r�r�fN� t�{��w_´G¹ºf��sfNz�{¼�f��$«¬xdw1� t�{��w1��®�zvf��1z�f<r¯fNw;tv��t�{��w3��w1��������xdzvf�w@t�f µs�1��w1r¯{��w%��«s�1��z�t�{}� ®fKt�fNw1r¯�;z_�1z��s�dx1�·t�e-fN�;r¯x1z�f<r
��w�t�b1f%�H��t�b¾r¯�H��� f3r�{¥e-{®��z�tv�gt�b1f3��wdf<r$��©st���{wdfN��{w¾nqf<�·t�{�;w¾�s¸ý�s¸

��w tvbdf/«¬xdz�t�bdfNz��sfN¼�f�®���de-f�w@t(��«$t�bd{}r�r¯f<�·t�{�;w_´�t�bdf/tv{¥e-f]bd�;z�{ V��;w
n ≥ 0

{}r(��½dµsfN�!�1��z���e-f tvf�z<´���w1� ¹ºf]®¥f�t
q =

(q0, . . . , qn) ∈ Nn+1 ©Sf(�5��{¼�f�w¾r�fN|@xdfNw1� f���«
(n+ 1)

{w;tvf���fNzvrN¸ 4�f�«¬��zvf%¹�f3t�xdzvw�t��5t�b1f(r¯t�x1�dp���«�tvbdf��1��z¯tv{��®¥f3t�fNw1r¯�;z
�dz��d�sx1�·t	e-f<��r�xdz�f<r

γq,N
n = (γN

0 )⊗q0 ⊗ (γN
1 )⊗q1 ⊗ · · · ⊗ (γN

n )⊗qn

��w1�]tvbdf���rvr¯�d� {}��t�f<�/�1��t�b�r��1�;� f%egf<��r�xdzvfNr
Q

N

n,q ∈M(Eq
n)

�sf ½1wdf<��©@p

Q
N

n,q : F ∈ Bb(E
q
n) 7−→ Q

N

n,q(F ) = E
(
γq,N

n (F )
)
∈ R

®¥f�t$xHr�{w;tvz��s�dx1� f%r���e-fPx1r¯f�«¬xd®_�sf�½1wd{¥t�{��w1rN¸ ¤ f3��rvr��s� {}��t�fj¹	{ tvb
q

tvbdf%�1��{z$��«�{w;tvf���fNz	r¯f<|;x1f�w1� f<r
q
´d��w1�

q′ �df ½1wdf<�]©qp

q := (qk, q
′
k)−1≤k≤n

��w1�
q′ := (q′k)−1≤k≤n

¹	{ tvb/tvbdf%� ��wq¼�f�w@t�{��w
q−1 = 0

´s��w1�5t�bdfP{w;tvf���fNz�r�fN|@xdfNw1� f
q′ {¥w@t�zv�s�sx1��fN�/{¥w � �1¸ý� � ¸Kh���tv{��fBt�bH��t

q′n = 0
´ |q| = q0 + q′0

´
ht(q) = (n+ 1)

´1��wH�
|q′| =

∑

−1≤k≤n

q′k =
∑

0≤k≤n

(qk + q′k) =
∑

0≤k≤n

(k + 1)qk
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∆n,q

��� � �!�  ����� 	`��������� ')����	 � �]� ����� � ���h" � ���� � ������I��U������������� � � �	-���
	
J(a) ∈ J q

���\� ���
a = (a0, a1, ..., an) ∈ Aq

�b���� �-������� �
&

∆n,q : J(a) 7−→ ∆a
n,q := η

⊗|q|
0 D

q
0,a0

Q
q
1D

q
1,a1

. . .Qq
nD

q
n,an
∈M(Eq

n)

�\� ��� ���(� �K�����`� �)� ����(	�� � � ��(	
D

q
k,ak

�m��� 	 � �
Dak

���\� � �
ak = (ak

‘a′k) ∈ [q′k−1]
[qk]

‘

[q′
k] ��"��]��'

E
q
k

�m��� 	 � �
E

qk+q′
k

k

�m� (���
� � 	���� " � �� � �`� �m���� ��&

D
q
k,ak

= D1q0
⊗ . . .⊗D1qk−1

⊗Dak

����h"
������(& " � ���� � ��
F ∈ Bb(E

qk+q′
k

k )
�
&

Dak
(F )((x1

k, . . . , x
qk

k ), (y1
k, . . . , y

q′
k

k )) = F ((x
ak(1)
k , . . . , x

ak(qk)
k ), (y

a′
k(1)

k , . . . , y
a′

k(q′
k)

k ))
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b (Eq

n)
"
��� ���(� ������',��(��	

F
�]" Bb(E

q
n)

���!���b���]� 	 &�' ',��� � � � �  � �!� ����	 �
q0

����� � �-�����
	 �
���(� ����`�

q1
�q��� � �-�����
	 � ��� � �f�� �)� �!�.���q	 �

qn
����� � �-�����
	 � � �(��� � 	 �m� �!� �q�����(���

∀(σ0, . . . , σn) ∈ (Gq0
× . . .× Gqn

) F = (Dσ0
⊗ . . .⊗Dσn

)F

� ������!	 � �-��� � �!� 	 � �
	��
� Bsym
0 (Eq

n) ⊂ Bsym
b (Eq

n)
�l".��� �`" �  �
� � ��(	

F
	 � � � � �!���

(

D1q0
⊗ . . .⊗D1qp−1

⊗
(

D1qp−1
⊗ γp

)

⊗D1qp+1
⊗ . . .⊗D1qn

)

F = 0

"
�������&
0 ≤ p ≤ n �

hB��t�{}� f%t�b1��t Bsym
0 (Eq

n)
����w;t���{w1r�t�b1f%t�f�w1r���z	�dzv�s�sx1� t

(Bsym
0 (Eq0

0 )⊗ . . .⊗ Bsym
0 (Eqn

n )) =
{
F0 ⊗ . . .⊗ Fn : ∀0 ≤ p ≤ n Fp ∈ Bsym

0 (Eqp
p )
}

��«Ktvbdfgr�f tvr Bsym
0 (E

qp
p )

{w;t�zv�s�sx1��fN�¾{w>t�bdf�©SfN��{wdwd{wd�]��«�r¯f<�·t�{��w 1 ¸ �d´S¹	{ tvb
0 ≤ p ≤ n

¸P²1��zBtvbdfgr���e-f�zvfN�;r¯�;w1rB��rB{w
fN|@x1��tv{¥�;w ; ¸ ; �s´q¹ºf���®}r¯�-b1�<¼�fPtvbdf�r¯pqe-e-f tvz�p/{w@¼���zv{��w1� fP�dzv���SfNz¯tup

∀F ∈ Bsym
b (Eq

n) ∀s ∈ Gq ∀f ∈ Jq ∆f
n,q(F ) = ∆s(f)

n,q (F )

4ºp�� �;w1rutvz�xH�·t�{��w�´q¹�f3��®}r��gb1�G¼�fjtvb1��t

∀F ∈ Bsym
0 (Eq

n) ∆f
n,q(F ) = 0

��r	r¯�s��w��;rºtvbdf�� �;®¥�;z�f<�5«¬�;z�f<rut
f
� �;w;t���{w1r	��t	®fN�;rut	�;wdfPt�zv{¼@{}��®_����®��zvfN�/t�zvf�f%¹	{¥t�b¾�g¹	bd{¥t�f3®fN��«u¸

�	f<����®®�tvb1��t(�]t�zvf�f;´_��z3��� �;®¥�;z�f<�¾t�zvf�fg{}r3r���{�>tv��©Sfgtvz�{¼q{��®"{ «�{¥tvr3���;��®¥f<r���f�w1� fgr�fN|@xdfNw1� fg{}rPt�bdf5w@xd®®�r�fN|@xdfNw1� fg��«
{¥w@t�f��;f�z�r�¸�hB��t�{}� f(��®r��gtvb1��t�«¬�;zB��w@p

l < q′ ´1t�bdf�r¯f�tB��«K����®��zvfN�]«¬��zvfNr¯tvr	¹	{¥t�b>f µd��� t�®p
lk(∈ [0, q′k−1[)

� �@��®fNrv� fNw;t	f<�s��f<r
��t	®f�¼�fN®

k
´d{}r$�;{¥¼�fNw�©qp

Fq[l] :=
{
f ∈ Fq : |f | = q′ − l

}

a$b@x1rN´s«¬��z���wqp
r < q′ ´qtvbdf�r�f t���«"� �;®¥�;z�f<�5«¬�;z�f<rut�r Fq(r)

¹	{¥t�b�®fNrvr�t�b1��w
rk

���;��®¥f<r���f�w;t	fN�s��f<r	��t	®f�¼�fN®
k

{}r	��{¼�f�w�©@p

Fq(r) := ∪l≤rFq[l]

a$bdf3� �@��®fNrv� f�wH� fP�df���zvf�fP��«��-� �;®¥�;z�f<�5«¬��zvfNr¯t
f ∈ Fq[l]

´d{}r�t�bdf�r�xde |q′ − l| ��«�tvbdf�� �;��®¥f<r���f�w1��fj��z��sfNzvr���«�{ t�r$¼�fNz¯tv{��fNrN¸
hB��t�{}� fjt�b1��t$������®��zvfN�-«¬��zvfNr¯tº¹	{¥t�b����;��®fNrv� fNw1� fj�sf��;z�fNf

d
b1�;r���t�e-�;r¯t

d
wd�;w/t�zv{¼@{}��®E����®��zvfN�gtvz�fNfNrN¸���w����d�s{¥tv{¥�;w_´s�

� ��®��zvfN�(«¬�;z�f<rut�¹	{¥t�b/�3���;��®fNrv� fNw1� f	�sfN��zvf�f
d
´;bH��r���t�e-�;r¯t

(2d)
®¥f<�<¼�f<r"©SfN®¥�;wd��{wd�%t��3w1��wgtvz�{¼q{��®st�zvf�f<r�¸Knq{¥wH� fB�3� �;®¥�;z�f<�

«¬��zvfNr¯tB{¥w Fq

b1�;r�f µd�;�·t�®p |q| ¹	bd{ tvf(®fN�G¼�fNrN´1{¥« |q| > (2d)
´Htvbdf�w>{¥tP����w;t���{w1rB��tB®fN�;rutj��wdf�t�zv{¥¼q{}��®�����®��zvfN��tvz�fNf�¹	{¥t�b§�

¹	bd{ tvf3®¥f<��«u¸
hBf µqtN´@¹ºfB�s{}rv� x1rvr"tvbdfjr¯{¥t�x1��t�{��w5¹	bdf�zvf |q| {}r���w-fN¼�f�w5{¥w@t�fN��f�z<´;��w1�-¹ºfB��b1��z���� t�fNz�{ V�f�t�b1fBr�xd©1r�f t���«E«¬��zvfNr¯tvr � {¥w Fq

� ´
¹	{ tvb!�¾� �;��®¥f<r���f�w1��f-�sfN��zvf�f

d = |q|/2 ´�¹	{ tvbd��xdt(��wqp>t�zv{¥¼q{}��®�� ��®��zvfN�§t�zvf�f5¹	{ tvb!��¹	bd{¥t�f/®¥f<��«u¸]a$b1{r���b1��zv��t�f�zv{ VN��t�{��w
«¬��®®¥��¹�r�tvbdf�rv��e-f%®{¥w1fNr	��«K��zv��xde-fNw;tvr	�;r�tvbdf3�;wdfNr	�dz�f<r¯fNw;tvfN���;w��1����f 1 ; ¸�²1��z���w@p]{¥w@t�fN��f�z�r

0 ≤ k ≤ l ≤ m ≤ n ´1¹ºf
®¥f�t

T k,l,m
©SfPt�b1f%xdwd{}|@xdf3� �;®¥�;z�f<�5t�zvf�f;´q¹	{¥tvb��gr�{¥wd�;®f%� �;��®¥f<r���f�w1��fP��t	®f�¼�f�®

k
´1��w1��¹	bd{ tvf%®fN�G¼�fNr$��t$tvbdf%®f�¼�f�®}r

(l+ 1)
´

��w1�
(m+1)

¸"hB��tv{��f�t�b1��t�� �;®¥�;z�f<��«¬��zvfNr¯tvr�¹	{ tvb
(2rk)

¹	b1{ tvfB®fN�G¼�fNrN´;wd�(©d®}���v¶g®fN�G¼�fNrN´@��w1�/���;��®fNrv� fNw;tº�sf��;z�fNf
rk

´@¹	{ tvb
rk

�s{�uSfNz�f�w@t��1��{z�r���«"� �;��®¥f<r���f�w@t$fN�s�;fNr	��t�®¥fN¼�f�®
k

��zvfPwdf<� fNrvr���z�{®p5��«�tvbdf%«¬��zve

f
(tk)

k =
∏

k≤l≤m≤n

T
tk,l,m

k,l,m

«¬��zBr���e-f%«W��e-{¥®{fNr���«"{w;t�fN��fNzvr
tk = (tk,l,m)k≤l≤m≤n

r�x1�vb�t�b1��t |tk| =
∑

k,l,m

tk,l,m = rk
¸�a$bdfNz�f�«¬��zvf�´1�5� ��®��zvfN�]«¬��zvfNr¯t

{¥w Fq

´s¹	{ tvb����;��®¥f<r���f�w1��fj�sfN��zvf�f |q|/2 ´d�g� �@��®fNrv� fNw1� fPr¯f<|;x1f�w1��f
r
r¯x1��b]tvb1��t |r| = |q|/2 ´s¹	{¥t�bd�;xst��(t�zv{¥¼q{}��®St�zvf�fP¹	{¥t�b

�g¹	bd{ tvf3®¥f<��«u´db1��r$w1fN� f<r�rv��zv{®¥p-t�b1f%«¬��®®¥��¹	{¥w1��«¬��zve

f
(t)

= f
(t0)

0 Ur0
0 . . . f

(tn)

n Urn
n

«¬��z%r¯�;egfgr¯f<|@xdf�w1��fNrB��«�{w;tvf��;f�z�r
t = (tk)0≤k≤n

´»r�x1��b¾tvb1��t |tk| = rk
´S«¬��z%��wqp

0 ≤ k ≤ n
¸P��w>tvbdf-��©S��¼�f(�d{r��d®}�<p�f<�

«¬��zve(xd®�1´
Uk

�sf�wd��t�f<r$tvbdf(xdwd{}|;x1f3t�zv{¼@{}��®_t�zvf�f�¹	{¥t�b>�/r�{¥wd�;®f3©d®}����¶�®¥f<��«���tB®f�¼�f�®
k
´H¹	{¥t�b

0 ≤ k ≤ n
¸ ¤ f�¹	zv{¥t�f

t!
«¬��z

∏

k≤l≤m≤n

tk,l,m!
¸

¤ f���zvf�wd�G¹ÇzvfN�;�sp]t��]f�µ@tvf�w1��tvbdf ����xdzvf�w;tjf µs�1��wHr¯{��w1rN´H��w1��tvbdf ¤ {}�v¶�«¬��zve(xd®}�5�dz�f<r¯fNw;tvfN��{w¾t�b1f���zvf�e2�s¸P<q´S��wH�
t�bdfN��zvf�e 1 ¸ ; �3tv�-�1��z¯tv{��®¥f%e-�s�sfN®r${w��1��tvb�r��1����fNrN¸

)¬Ù�Ú()ãØ
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� 9 ÁqÅ   Á � S ��2�� � #%���f��(&
q = (q0, . . . , qn)

� �\� � � |q| ≤ N �%�� � ��(&
F ∈ Bsym

b (Eq
n)

� �m�,�!� �q� ���(� � � � ����(�I���
�!��!	 � ��

Q
N

n,q(F ) = (γq
n +

∑

1≤k≤|(q′−1)+|

1

Nk
∂kQn,q)(F ) � �1¸ 1 �

�\� ��� � �!� 	 �
	-�����',���q	 � ���
	
∂kQn,q

�`� �m���� ��&

∂kQn,q(F ) =
∑

r<q′, |r|=k

∑

f∈Fq(r)

s(|f |,q′ − r) #(f)

(q′)|f |
∆f

n,q(F )

� U�-�-��� ��� �� ��"
�������& � ���
 � (��� 	B�
� |q| ≤ N �b�� � ��(&,	 &�' ',����� � �b" �  �
� � ��
F ∈ Bsym

0 (Eq
n)

���m�/�(� ���

∀k < |q|/2 ∂kQn,q(F ) = 0
��w1�

∂|q|/2Qn,q(F ) =
∑

r<q′,|r|=|q|/2

∑

‖t‖=r

q!

2δ(t)t!
∆f

(t)

n,qF

�\� ��� � �!� � ���� 	B�
�j	���� � ������ ‖t‖ = (|tk|)0≤k≤n
������,���(�$	 � ' �]"j� �!�.��� � 	`������s���
� '�	

δ(t) =
∑

0≤k≤l≤n tk,l,l
� #%��� ���`�

� (��� 	B�
��	 |q| ≤ N ��� �!���!��� ��� ���%')����	 � �]� ����� � ��� �-��� ������� ���q�
	
∂k ����� � �!�  � � �D')����	 � ��� �� Bsym

0 (Eq
n)

� � �U������(& �����`�
�
k ≤ b|q|/2c �

4�f «¬�;z�f(��f�t¯t�{wd��{¥w@t��]t�bdf-�sf tv��{®rj��«Ktvbdf��dzv�q��«u´S¹ºf�e-f�w@t�{��w>t�b1��tjt�bdf ¤ {��¶�«¬��zve(xd®}�]rut���tvfN�>��©S�G¼�f(b1��rP�/w1��tvxdz���®
{¥w@t�f�zv�dzvf t���t�{��wg{¥wgt�fNz�e5r"��«Ht�bdf	�;��x1rvr¯{}��w(½1f�®}�dr

(Vk)0≤k≤n
{w;t�zv�s�sx1��fN��{w-r�fN� t�{��w 1 ¸ �d¸�²d�;®®¥��¹	{¥w1�jt�bdf��s{}rv� x1rvr¯{��wg��{¼�f�w

{¥w�t�b1��tBr¯f<�·t�{��w�´s¹ºf%�;f t$tvb1��t
∂|q|/2Qn,q(F ) = E

((
V ⊗q0

0 ⊗ . . .⊗ V ⊗qn
n

)
(F )
)

«¬��z���w@pjtvf�w1r���z��1z��s�dx1�·t�«¬xdw1�·tv{¥�;w
F

��«st�bdf�«¬��®®�G¹	{wd�	«¬��zve
F = F0,q0

⊗. . .⊗Fn,qn

´G¹	{¥t�b
Fk,qk

= 1
qk!

∑

σk∈Gqk

(ϕ
σk(1)
k ⊗

. . .⊗ ϕσk(qk)
k )

´
ϕi

k ∈ Bb(Ek)
´1��w1�

γk(ϕi
k) = 0

´s«¬��z���w@p
1 ≤ i ≤ qk

´1��wH����w@p
0 ≤ k ≤ n ¸

� �����l" �/4�p]�sf�½1wd{¥t�{��w���«�tvbdf3�1��z�t�{}� ®f%eg�d�sf�®9´d��w1����zv��x1{¥wd�-��r${w�tvbdf3�dzv�q��«���« � �d¸ ;�� ¹ºfP½1wH��t�b1��t

E

([
(γN

n−1)
⊗qn−1 ⊗ (γN

n )⊗qn
]
(ϕ)

∣
∣
∣ ξ

(N)
n−1

)

=
[

(γN
n−1)

⊗qn−1 ⊗
{

(γN
n−1)

⊗qn−1Q⊗qn
n DLN

qn

}]

(ϕ)

=
[

(γN
n−1)

⊗(qn−1+qn)
]

Q(qn−1,qn)
n

(

D1qn−1

‘

LN
qn

)

(ϕ)

=
[

(γN
n−1)

⊗(qn−1+q′
n−1)

]

Q
(qn−1,q′

n−1)
n

(

D1qn−1

‘

LN
qn

)

(ϕ)

«¬��z���wqp
ϕ ∈ Bsym

b (E
qn−1

n−1 × Eqn
n )

¸�a$bd{}r	p@{f�®}�dr�tvb1��t

E

(

γq,N
n (F )

∣
∣
∣ ξ

(N)
n−1

)

= γq,N
n−1Q

q
nD

q

n,LN
qn

(F ) = γq,N
n−1Q

q
nD

q

n,LN
qn+q′n

(F )

«¬z��;e ¹	bd{}�vb�¹ºf3z�f<���s{®¥p]����w1� ®x1�sf%t�b1��t

E
(
γq,N

n (F )
)

= E

(

γq,N
n−1

[

Qq
nD

q

n,LN
qn+q′n

(F )

])

� r¯{e-�d®¥f3{w1�sx1�·tv{¥�;w�p@{f�®}�dr$t�b1��t

E
(
γq,N

n (F )
)

= E

(

η
⊗q0+q′

0
0 D

q

0,LN

q0+q′0

Q
q
1D

q

1,LN

q1+q′1

. . .Qq
nD

q

n,LN
qn+q′n

(F )

)

=
1

N |q′|

∑

a∈Aq

(N)|a|

(q′)|a|
∆a

n,q(F ) =
1

N |q′|

∑

f∈Fq

(N)f
(q′)f

#(f) ∆f
n,q(F )

«¬z��;e ¹	bd{}�vb�¹ºf%½1w1��t�bdf%«¬�;®¥®��¹	{¥wd�g«¬��zve(xd®}�

Q
N

n,q(F ) =
1

N |q′|

∑

1≤p≤q′

(N)|p|

(q′)|p|

∑

f∈Fq:|f |=p

#(f) ∆f
n,q(F )
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�;� ����� �����K���������G# �	� ��� ���q	�
� ����� ���
����(�������

iBr�{¥wd�-t�bdf(n@tv{¥zv®{¥wd�-«¬��zve(xd®� � �d¸ 1 � ´d¹ºf%zvfN�;�s{¥®p]�vb1fN��¶5tvb1��t

Q
N

n,q =
∑

1≤l≤q′

∑

l≤p≤q′

s(p, l)
1

N |q′−l|

1

(q′)|p|

∑

f∈Fq:|f |=p

#(f) ∆f
n,q

²dzv��e �dzvf�¼q{��x1r	� �;eg�1xstv��t�{��w1rN´s¹ºf3����w1��®¥x1�dfPt�b1��t

Q
N

n,q =
∑

r<q′

1

N |r|

∑

f∈Fq(r)

s(|f |,q′ − r)
1

(q′)|f |
#(f) ∆f

n,q

²�{w1��®¥®p�´s¹ºfPwd��tv{��fBtvb1��t Fq(0)
z�f<�sx1� f<r�t���tvbdf%r�{¥wd�;®¥f%� ®}��rvrº��«���®¥®»r�fN|@xdf�wH� fNrº��«�©d{ �ufN� t�{��w1r${¥w Aq

¸�a$bdfPf�wH�5tvbdfP�1z��q��«
��«�t�b1f%½Hzvr¯tB��rvr¯fNz¯tv{��w�{}r	wd��¹Ç� ®fN��z<¸�a��5f�w1��t�bdf��dzv�q��«���«�t�bdf3tvbdf��;z�fNe�´1¹ºf3w1��t�{}� f%tvb1��t � ¹	{ tvb

t
�;r	{¥w�t�bdf�f µs�1��w1r�{¥�;w

��«
∂|q|/2Qn,q(F )

�

#(f
(t)

) =
q!

∏

0≤k≤n

[

rk!
(
∏

k≤l≤m≤n tk,l,m!
) (

∏

k≤l≤n 2tk,l,l

)]

nq{¥wH� f5¹ºf5b1�G¼�f
s(|f (t)|,q′ − r) = 1

´���w1�
(q′)

|f
(t)

|
=
∏

−1≤k<n(q′k)q′
k
−rk+1

´_«¬�;z���wqp
r = (rk)0≤k≤n

´�¹ºf/����w1��®¥x1�df
t�b1��t

s(|f (t)|,q′ − r)

(q′)
|f

(t)
|

#(f
(t)

) =
q!

2δ(t) t!
¹	{ tvb

t! =
∏

0≤k≤l≤m≤n tk,l,m!
¸�a$bdf3f�w1����«�t�b1f3�dz��s��«���«�tvbdf%t�bdfN��zvf�e {r	wd�G¹ r¯t�z���{��b@t¯«¬��zv¹���zv�_¸

� [� �Kc!d,'��-% �La!kldm_(" d � i����Gd," a ��'5�#� ��'(�\_�" kldb_�"

a$bd{r�r�fN� t�{��w�{}r	fNrvr¯fNw;tv{��®¥®p]����w1� fNz�w1fN��¹	{ tvb¾���d�1®¥{}����t�{��w1r$��«�t�b1f��s{�uSfNz�fNw;t�{}��®_«¬��zvfNr¯t	f µs�1��wHr¯{��w�e-�;�vb1{¥wdfNz�p��sf�¼�fN®¥�;�SfN�
fN��zv®{¥fNzgt�� �1z��;�1���@��t�{��w1r���«%��b1���;r-�dzv���Sf�z�t�{fNr-��«P{w;tvf�z����·tv{¥w1�±�H��z�t�{}� ®f�e-�s�df�®}r�¸ ��w �;zv�sfNzgt�� rut���tvf�´$��w1�¦�1z���¼�f�tvbdf
e-��{¥w z�f<r¯xd®¥tvr/��«%t�bd{}r�r�fN�·tv{¥�;w_´	¹ºf>wdfNfN� t�� {w;tvz��s�dx1� f§r���e-f>wd��t���t�{��w�¸ ¤ f�r�b1��®®B¹º�;z�¶°t�bdzv��x1��bd�;xst/¹	{¥t�b[� ½dµsfN�
t�{egf]bd�;z�{ V��;w

n ≥ 0
´"��wH� �>� ��wHrut���w;t(�1��z�t�{}� ®f5©d®�s��¶±r¯{ V�f

q ≤ N
¸ ¤ f/®f t

Nn+1
q

©Sf5t�bdf�r¯f�t(��«	{¥w@t�f��;f�z�r¯f<|;x1f�w1� f<r
p = (pk)0≤k≤n ∈ Nn+1 r¯x1��b>tvb1��t |p| = q

¸ ¤ f-��rvr¯�s��{��t�f�t����]�;{¥¼;f�w
p = (pk)0≤k≤n ∈ Nn+1 t�bdf-�1��{zP��«�{w;tvf���fNz

r¯f<|;x1f�w1� f<r
p′ ��w1�

p + q
�sf ½1w1fN��©@p

∀0 ≤ k ≤ n p′k :=
∑

k<l≤n

pl
��w1�

p + q := (p0, . . . , pn−1, pn + q)

¤ f���®r��-�sf�w1��t�f3©@p
(Gk)0≤k≤n

´1��w1�
G

⊗p

n

t�b1f3����®®fN�·tv{¥�;w���«�«¬xdw1�·tv{¥�;w1r��sf�½1wdfN��©@p

Gk :=
1

γk(Gk)
× (ηk(Gk)−Gk)

��wH�
G

⊗p

n := G
⊗p0

0 ⊗ . . .⊗G⊗pn

n

²�{w1��®¥®p�´B¹ºf�� �;w1r�{�sfNz/tvbdf§{w;tvf��;zv��®B���SfNzv��t��;zvr
S

(p+q)
n

«¬zv��e
Ep+q

n

{w;tv�
Eq

n+1

´B�sf�½1wdfN� «¬�;z���w@p «ãx1w1�·tv{¥�;w
Fn+1 ∈

Bb(E
q
n+1)

©qp/t�bdf%«¬�;®¥®�G¹	{wd�g«¬��zve(xd®}�

S(p+q)
n (Fn+1) := G

⊗p0

0 ⊗ . . .⊗G⊗pn−1

n−1 ⊗
(

G
⊗pn

n ⊗Q⊗q
n+1Fn+1

)

sym

¹	{ tvb
Fn :=

1

γn(1)q

(
Fn − η⊗q

n (Fn)
)

?   Å�C�Å �/6¬�/6 Å 5 S ��2�2�� #%���.���&
q ≤ N �b�� � ��(&

n ≥ 0
���m�/�(� ���.� �!�f�!��� &����' � ���G�`������'h�!�q	 � ��� ��(	

EN
q,n := E

((
1− γN

n (Gn)/γn(Gn)
)q
)

=
∑

q/2≤k≤(n+1)(q−1)

1

Nk
∂kEq,n

� �(� �`�
� ������� ���q�
	 �l".�����`�
�
q/2 ≤ k ≤ (n+ 1)(q − 1)

���]� 	-�����
 ��&)���(�m"
��� ��� �\� �	$"
��� ' � ���

∂kEq,n =
∑

p∈N
n+1
q

∑

k≤|(p′−1)+|

q!

p!
∂kQn,p

(

G
⊗p

n

)

)¬Ù�Ú()ãØ
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�������������
	��
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���$#%��&�(')���* +,�-�.',�/�-���0	 � ;

� �����l" � ¤ f%½1z�r¯t��vb1fN��¶5tvbdf%«¬��®®¥��¹	{wd�-�sf<� �;eg�S�@r¯{¥t�{��w

1− γN
n (Gn)/γn(Gn) =

∑

0≤p≤n

γN
p (Gp) � �H¸ � �

a��-�dzv��¼�fjt�bd{}r$«¬��zve(xd®}�d´s¹ºf�r¯{e-�d®f%wd��t�{}� f%t�b1��t

γN
n (Gn)− γn(Gn) =

∏

0≤p≤n

ηN
p (Gp)−

∏

0≤p≤n

ηp(Gp)

= γN
n (Gn − ηn(Gn)) +

[
γN

n−1(Gn−1)− γn−1(Gn−1)
]
× ηn(Gn)

= . . .

=
∑

0≤p≤n

γN
p (Gp − ηp(Gp))×




∏

p+1≤k≤n

ηk(Gk)





¹	{ tvb�tvbdf�� �;w@¼�fNw;t�{��w ∏
∅ = 1

¸�²�{w1��®®p�´1� ��e(©1{¥wd{wd�gtvbdf3e(xd®¥t�{wd��e-{}��®��sf<� ��e-�S�;r�{¥t�{��w

(
1− γN

n (Gn)/γn(Gn)
)q

=
∑

|p|=q

q!

p!
γp,N

n

(

G
p

n

)

� �H¸ � �

¹	{ tvb�tvbdf ¤ {}�v¶]f�µs�1��w1r�{¥�;w�r¯tv��tvfN��{w�a$b1e�¸ �1¸ ; �g¹ºf3����w1��®¥x1�dfPt�b1��t

EN
q,n =

∑

p∈N
n+1
q

q!

p!
Q

N

n,p

(

G
p

n

)

=
∑

p∈N
n+1
q

∑

q/2≤k≤|(p′−1)+|

1

Nk

q!

p!
∂kQn,p

(

G
p

n

)

a$bd{r�� �;e-�d®¥f�t�f<r�t�bdf3�1z��q��«���«�tvbdf3�dz��;�S�;r�{ tv{¥�;w_¸

� 9 ÁqÅ   Á � S ��2N> � #%�������&
n ≥ 0

� ���!�,	���� � ������ �l"h� �]�`���`�
� �P� ��& ')���q	 � ��� 	
(PN

n+1,q)N≥q
� 	)��� �h������(� � �-����� � � ��� ��(&

�����-��� �\� ���
∂0Pn+1,q = η⊗q

n+1

�b������ �!���(��� � � ���G�-��� ���q���������
	 	-�����
 ��&)���(�m"
��� ��� �\� �	 "
��� ' � ���

∂kPn+1,q =
∑

p∈∪0≤l<2kN
n+1
l

((q − 1) + |p|)!
(q − 1)! p!

∂kQn,p+qS
p+q
n

� � ���& �����-���
N ≥ q ���m�/�(� ���.� �!� ���B�`�
��"
��� ' � � �

PN
n+1,q = η⊗q

n+1 +
∑

1≤k<b(N−q)/2c

1

Nk
∂kPn+1,q +

1

Nb(N−q)/2c
∂b(N−q)/2cPN

n+1,q

� �����l" � ¤ f�®f t
Fn+1

©Sf��¾©S�;xdw1�sfN�!e-f<��r�xdzv��©d®f/r�p@e-e-f tvz�{}�5«¬xdw1�·tv{¥�;w �;w
E

q
n+1

´Kr�x1��b!t�b1��t
η⊗q

n+1(Fn+1) = 0
¸ 4�p

�sf ½1wd{¥tv{¥�;w���«�t�bdf3�1��z¯tv{��®¥f%e-�s�sfN®Y´d¹ºf3b1�<¼�fPtvb1��t

E

((
ηN

n+1

)¯q
(Fn+1) | ξ(N)

n

)

= γN
n (Gn)−q ×

(
γN

n

)⊗q
Q⊗q

n+1 (Fn+1)

=
(
1− uN

n

)−q ×
(
γN

n

)⊗q
Q⊗q

n+1

(
Fn+1

)

¹	{ tvb�tvbdf�r�fN|@xdfNw1� f3��«"zv��w1�s�;e ¼���z�{}��©d®fNr
uN

n :=
(
1− γN

n (Gn)/γn(Gn)
) ¸�Ojw�tvbdf���t�b1f�z�b1��w1�_´s«¬��zB��w@p

u ∈ R− {1} ´��w1�
m ≥ 1

´d¹ºf3b1�G¼�fjtvbdf3e-��zvfP��«�®¥f<r�r$¹�f�®®»¶qwd��¹	w��sfN����e-�S�;r�{ tv{��w

1

(1− u)q+1
=

∑

0≤k≤m

(q + k)k
uk

k!
+ um

∑

1≤k≤q+1

(
(q + 1) +m
k +m

) (
u

1− u

)k

¹	{ tvb
(q + k)k = (q + k)!/q!

¸Ba$bdf(�dzv�q��«"��«"tvbd{}r�«¬��zve(xd®}�5{rBfNrvr�f�w;tv{��®¥®p�©1�;r¯f<����w�tvbdf�«W��� tBt�b1��tB«¬��zP��w@p
n ≥ 0

´S��w1�
u 6= 1

´d¹ºf3b1�<¼�f

f(u) =
1

1− u =
∑

0≤k≤n

uk +
un+1

1− u
��w1� ∂nf

∂un
= n! fn+1

Ú�Ú Î�v5à����	�
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a$bd{r	{eg�1®¥{fNr$tvb1��t	«¬��z���w@p
m > n

´d¹ºf3b1�G¼�f

∂nf

∂un
=

n!

(1− u)n+1
=

∑

n≤k≤m

(k)n uk−n +
∂n

∂un

(
um+1

1− u

)

�	fN����®®¥{wd�gt�bdf �_fN{¥©1wd{�V3©d{wd��e-{}��®��sf�zv{¥¼���tv{¥�;w/«¬�;z�e(x1®�

∂n

∂un
(fg) =

∑

0≤k≤n

(
n
k

)
∂n−k

∂un−k
(f)

∂k

∂uk
(g)

¹ºfP½1wH�]tvb1��t

1

n!

∂n

∂un

(
um+1

1− u

)

=
∑

0≤k≤n

(
n
k

)

(m+ 1)k u
(m+1)−k (n− k)!

n!

1

(1− u)(n−k)+1

= um−n
∑

0≤k≤n

(
m+ 1
k

)
u(n−k)+1

(1− u)(n−k)+1

��w1�
1

n!

∂n

∂un

(
um+1

1− u

)

= um−n
∑

0≤k≤n

(
m+ 1
n− k

)
uk+1

(1− u)k+1

a$b@x1rN´
1

(1− u)n+1
=

∑

0≤k≤(m−n)

(k + n)!

n!

uk

k!
+ um−n

∑

0≤k≤n

(
m+ 1
n− k

)
uk+1

(1− u)k+1

¤ f3�dzv��¼�fjt�b1f��sfNr�{z�f<���sf<� �;eg�S�@r¯{¥t�{��w�¹	{ tvb�z�fN�d®�;� {wd�
m

©@p
(m+ q)

´1��w1�
n

©@p
q
¸�iBr�{wd�gtvbdf���©S��¼�f%�sf<� ��e-�S�@r¯{¥t�{��w

¹ºfP½1wH�]tvb1��t

E

((
ηN

n+1

)¯q
(Fn+1) | ξ(N)

n

)

=
∑

0≤k≤m

((q − 1) + k)k
1

k!

(

1− γN
n (Gn)

γn(Gn)

)k
(
γN

n

)⊗q
(Q⊗q

n+1Fn+1) +Rq,N
m,n(Fn+1)

¹	{ tvb�tvbdf3zvf�e5��{w1�sfNz�t�fNz�e

Rq,N
m,n(Fn+1)

=
(

1− γN
n (Gn)

γn(Gn)

)m+1 (
γN

n

)⊗q
(Q⊗q

n+1Fn+1)
∑

1≤k≤q

(
q +m
k +m

) (

1− γN
n (Gn)

γn(Gn)

)k−1

/
(

γN
n (Gn)

γn(Gn)

)k

¤ f���®r��gb1�G¼�fP«ãzv��e �dzv���S�;r�{¥t�{��w��1¸ ;-;

sup
N≥m+1

√
NE

(∣
∣γN

n (Gn)− γn(Gn)
∣
∣
m+1

) 1
m+1

<∞

²�{w1��®¥®p�´dx1r�{¥wd�-t�bdf3e(xd®¥t�{wd��e-{}��®��sf<� ��e-�S�@r¯{¥t�{��w � �1¸ý� � ´s¹ºf�� ��wH� ®x1�sfPtvb1��t

∑

0≤k≤m

((q − 1) + k)k
1

k!

(

1− γN
n (Gn)

γn(Gn)

)k
(
γN

n

)⊗q
(Q⊗q

n+1Fn+1)

=
∑

0≤k≤m

((q − 1) + k)k

∑

p∈N
n+1
k

1

p!
γ(p+q),N

n

(

S(p+q)
n (Fn+1)

)

a$bd{r	pq{¥fN®�1r�´s«¬��z���wqp
m+ q ≤ N ´st�b1f%«ãx1w1�·tv{¥�;w1��®_f µs�1��w1r�{¥�;w

PN
n+1,q =

∑

|p|≤m

((q − 1) + |p|)!
(q − 1)! p!

Q
N

n,p+qS
p+q
n +R

q,N

m,n

)¬Ù�Ú()ãØ
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¹	{ tvb ��zvf�e5��{w1�sfNzPe-f<��r�xdz�f
R

q,N

m,n

´�r¯x1��b�t�b1��t
supN≥1N

(m+1)/2
∥
∥
∥R

q,N

m,n

∥
∥
∥

tv
< ∞ ¸-a$bdf-®}��r¯t3��rvr�f�z�t�{��w>«¬��®®¥��¹�rj«¬zv��e

t�bdf3zvf���x1®��z�{¥tup-bqpq�S��t�b1fNr�{r ; ¸ ; ��w�t�b1f3�S��t�fNw;tv{��®E«¬xdw1� t�{��w1rN¸�a$bd{}r	{¥e-�d®{fNr$t�b1��t	«¬��z���wqp
k < (m+ 1)/2

¹ºf3b1�<¼�f

∂kPn+1,q =
∑

|p|≤m

((q − 1) + |p|)!
(q − 1)! p!

∂kQn,p+qS
p+q
n

h���tv{��f-tvb1��t
k
¨9t�b!��z��sf�z(�sf�zv{¥¼���tv{¥¼�f5egf<��r�xdz�f

∂kQn,p+q

�;wd®p§{w@¼���®¼�fNr�����®��zvfN�§«¬��zvfNr¯tvr3¹	{¥t�b!®fNr�r3t�b1��w
k

� �;��®¥f<r���f�w;t
©dzv��w1��bdfNrN´s«¬zv��e tvbdf(��zv{¥�;{¥w1��®»zv�q��t<´dxd�¾t��5tvbdf3½1wH��®�®f�¼�fN®Y¸$�ª« |p| ≥ (2k)

´1tvbdf�w¾t�bdf<r¯f(����®��zvfN�]«¬�;z�f<rut�r�� �;w;t���{w¾��tB®fN�;rut
��wdf%fN®¥fNegfNw;t���zvp5t�zvf�f%¹	{¥t�b¾�g¹	bd{¥t�f3®fN��«u¸ 4�p��sf ½1wd{¥t�{��w���«�t�bdf3�;�Sf�zv��t��;z

Sp+q
n

¹ºf%½1w1��t�bH��t

∂kQn,p+qS
p+q
n (Fn+1) = 0

a$bd{r	pq{¥fN®�1r�t�bH��t
PN

n+1,q = η⊗q
n+1 +

∑

1≤k<((N−q)+1)/2

1

Nk
∂kPn+1,q + RN

n+1,q

¹	{ tvb¾�-z�fNe-��{¥wH�sf�z	e-fN�;r¯xdzvf
RN

n+1,q

r�x1��b�t�b1��t
supN≥1N

((N−q)+1)/2
∥
∥RN

n+1,q

∥
∥

tv
<∞ ¸ ¤ f3fNw1����«�t�b1f3�dzv�q��«���«�t�b1f

r¯f<� ��w1����rvr�f�z�t�{��w]��«�t�bdf%tvbdf��;z�fNe x1r�{¥w1�gt�bdf%«W�;�·t	t�b1��t

b(N − q)/2c ≤ (N − q)/2 ≤ ((N − q) + 1)/2

a$bdf3a$b1f���zvf�e�«¬�;®¥®�G¹�rN¸

¤ f3f�w1��t�bd{}r�r�fN�·tv{¥�;w_´s¹	{¥t�b¾�-r�f�zv{¥f<r���«Kr¯�;egf3�s{z�f<�·t�����w1r�fN|@xdfNw1� f<r���«�tvbdf���©S��¼�fjtvbdf��;z�f�e �

�
a$bdfB�s{�uSfNz�fNw;tv{��®d«¬��zvfNr¯t�f�µq�H��w1r�{¥�;w1rK�dz�f<r¯fNw;t�f<�g{w-tvbdf��;z�fNe��H¸ ; �P��®¥®��¹¦x1r�t��(�sfN�dx1� f��1z�f<� {}r¯f�r¯t�zv��wd�3�dzv���1���;��tv{¥�;w
��«"��b1���@r�fNr¯t�{e5��tvfNrN¸K²1��z	{¥wHrut���w1��f�´q«¬�;z���wqp

N ≥ (q + 7) � r��gt�b1��t
(b(N − q)/2c − 1) ≥ 2

� ¹ºf%bH�<¼�f

sup
N≥q+7

N2

∥
∥
∥
∥
PN

n+1,q − η⊗q
n+1 −

1

N
∂1Pn+1,q

∥
∥
∥
∥

tv

<∞

¹	{ tvb¾��½1zvr¯t	�;zv�sfNz$�1��z�t�{}��®_�sfNz�{¼���tv{¼�fP��{¼�f�w�©@p/tvbdf%«¬��zve(xd®�

∂1Pn+1,q(Fn+1) = ∂1Qn,qQ
⊗q
n+1(Fn+1) + q

∑

0≤m≤n

∂1Qn,qm
Sqm

n (Fn+1)

¹	{ tvb¾t�bdfgr¯f<|@xdf�w1��f���«�{¥w@t�f��;f�z�r
qm = (1m(k) + q1n(k))0≤k≤n

¸Ba$bdf�½1z�rutBt�fNz�e {w¾t�b1f(zv{¥�;b;tBb1��w1�>r¯{}�sf({¥w¾tvbdf
��©S��¼�f%�s{}r¯�d®}�Gp�fN�]«¬��zve(xd®}��b1�;r$©Sf�fNw�t�zvfN��t�f<�]{w¾� ��zv��®®}��z�p 1 ¸ ; �1´q�;w��1���;f 1 �1´d��w1��¹ºf3b1�G¼�fPt�b1��t

∂1Qn,qQ
⊗q
n+1(Fn+1)

=
q(q − 1)

2

∑

0≤k≤n

∆
f1,k
n,q Q

⊗q
n+1(Fn+1)

=
q(q − 1)

2

∑

0≤k≤n

γk(1)

∫

Eq−1
k

γ
(q−1)
k (d(x2, . . . , xq)) Q⊗q

k,n+1(Fn+1)(x
2, x2, x3, . . . , xq)

������b���«�t�bdf%tvf�zve-r
∂1Qn,qm

Sqm
n (Fn+1)

�;wd®p/{w@¼���®¼�f<rºtvbdf�� ��®��zvfN�/«¬��zvfNr¯tvr

∀0 ≤ k ≤ m fk,m := UkTk,m,nU
q−1
n+1

��rvr¯�s��{��t�f<��¹	{¥t�b§t�b1f�t�zvf�fNr
Tk,m,n

´_��wH�
Ul

´»{w;tvz��d�sx1� f<�>��w§�1����f 1 =d¸3��«ãt�fNz3r���e-f�f�®f�e-f�w@tv��zvp�e5��wd{�dxd®}��tv{¥�;w1rN´
¹ºfP½1wH�]tvb1��t

∂1Qn,qm
Sqm

n (Fn+1)

= q
∑

0≤k≤m

∆
fk,m

n,qm
Sqm

n (Fn+1)

= q
∑

0≤k≤m

γk(1)

∫

Eq

k

γ⊗q
k (d(x1, . . . , xq)) Qk,m(Gm)(x1) Q⊗q

k,n+1(Fn+1)(x
1, . . . , xq)

Ú�Ú Î�v5à����	�
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�
� ¤ {��¶j«¬�;z�e(x1®���sfNz�{¼�fNr»«¬zv��eDtvbdf��;z�fNeD�1¸ ; �d¸�k¾��zvf��dz�f<� {}r¯fN®¥p;´N«¬��z���w@p

F ∈ Bsym
0 (Eq

n+1)
´<tvbdf��1��z¯tv{��®;�sf�zv{¥¼���t�{¼�f<r

∂kPn+1,q(F )
��z�f%w@xd®®_xd��t��/��w@p]��z��sf�z

k ≤ bq/2c ´1��wH�]«¬��z���wqp/fN¼�f�w�{w;tvf���fNz
q
´s¹�f%b1�G¼�f

∂q/2Pn+1,q(F ) = γn+1(1)
−q ∂q/2Qn,qQ

⊗q
n+1(F )

��rjr��q��w§��r
N ≥ 2(q + 2) � r��/tvb1��t

(b(N − q)/2c − 1) ≥ q/2
� ¸%a����dz���¼�f3tvbd{}rP� ®}��{e�´S¹ºf�wd��t�{}� f(t�b1��tj«¬��zP��w@p

k < q/2
´1��w1����w@p

F ∈ Bsym
0 (Eq

n+1)
´d¹ºf%bH�<¼�f

∀p ∈ ∪0≤l<2kNn+1
l k < q/2 ≤ (|p|+ q)/2

��wH�]t�bdfNz�f�«¬��zvf
∂kQn,p+qS

p+q
n (F ) = 0

a$bd{}r	pq{¥fN®�dr$tvb1��t
∂kPn+1,q(F ) = 0

´d«¬��zB��wqp]f�¼�fNw�{w;tvf���fNz
q
´H��w1����w@p

k < q/2
¸���w�t�b1f��N��r�f

k = q/2
´1¹ºf3b1�G¼�f

k = q/2 = (|p|+ q)/2
{¥«u´1��w1����w1®¥p]{ «u´

p
����{w1� {}�sf%¹	{¥t�b�t�b1f3w@xd®®�r�fN|@xdf�w1��f

0
¸

�
¤ f	®f t ‖µ‖Bsym

0,1
= supF∈Bsym

0,1
|µ(F )| ©Sf�tvbdf(�S��®��t���zvf�¼3r�f�e-{wd��zve���w M(Eq

n+1)
��rvr��s� {}��t�f<��¹	{¥t�bgt�bdf�� �;®¥®fN� t�{��w

��«�«¬xdw1� t�{��w1r
Bsym

0,1 :=
{
F ∈ Bsym

0 (Eq
n+1) : ‖F‖ ≤ 1

}

²d�;z	��w@p]f�¼�f�w�{w;tvf��;f�z
q
r�x1��b�t�b1��t

(q + 2) ≤ N/2 ´d¹ºf3b1�G¼�f

sup
N≥q+7

N1+q/2

∥
∥
∥
∥
PN

n+1,q −
1

Nq/2

1

γn+1(1)q
∂q/2Qn,qQ

⊗q
n+1

∥
∥
∥
∥
Bsym

0,1

<∞

�
�º��e(©d{wd{wd�¾tvbdf ¤ {}�v¶±«¬��zve(xd®�>r¯tv��t�fN� ��©S��¼�f5¹	{¥t�b!tvbdf 4���zvf�®¥¨ ����w;tvf�®®¥{�®f�e-e5�d´"¹�f/�;©stv��{¥w «¬�;z���®®

q ≥ 4
t�b1f

��®e-�;r¯t	r�xdzvf%����w@¼�fNz��;f�w1��fjzvfNr�xd® t
lim

N→∞
(ηN

n )¯q(F ) = 0
��¸ rN¸

«¬��zK��w@p3©S��x1w1�sfN��r�pqege-f�t�zv{��«¬xdw1�·tv{¥�;w
F ∈ Bsym

0 (Eq
n)

¸"a$bd{}r�z�fNr�xd®¥t�{}r"��w�f µqt�fNw1r�{¥�;w(��«dtvbdf�®}�G¹ ��«H®��z��;f�w@xde(©SfNzvr
«¬��z

U
¨�r¯tv��tv{r¯tv{�NrK��©st���{wdfN�-©@p ¤ ¸BQB�qf
u»�s{wd��o0</p1«¬�;z�{w1�sfN�Sf�w1�sfNw;t���w1�g{}�sf�w@t�{}����®¥®pg�s{}r¯t�zv{¥©dxdt�fN�5zv��w1�s��e ¼���zv{}��©d®fNr

t��-{w;tvf�z���� t�{wd�g�H��z�t�{}� ®fPe-�s�df�®}r�¸
�

¤ f�e-f�w@t�{��w¾tvb1��tjt�b1f�rv��e-f(®¥{wdfNrj��«���z��;xdegfNw;t�r�x1r�fN�¾{w¾tvbdf��dz��q��«K��«Kt�bdfN��zvf�e �H¸ ; �-r�bd��¹ t�bH��tjt�bdfgr�fN|@xdf�w1��f
��«��dzv��©1��©d{®¥{¥tup5e-f<��r�xdz�f<r

P̃N
n+1,q : F ∈ Bb(E

q
n+1) 7→ P̃N

n+1,q(F ) := E

((
ηN

n+1

)⊗q
(F )
)

{r��s{�uSfNz�fNw;t�{}��©1®¥f3xd��t��5��z��sf�z b(N − q)/2c ´d¹	{¥t�b
∂0P̃n+1,q = η⊗q

n+1

´1��w1�]t�bdf3�H��z�t�{}��®_�sf�zv{¼���tv{¥¼�f<r���{¼�f�w�«¬��zB��w@p
1 ≤ k < b(N − q)/2c ©@p/tvbdf%«¬��®®�G¹	{wd��«¬�;z�e(x1®�

∂kP̃n+1,q(F ) =
∑

p∈∪0≤l<2kN
n+1
l

((q − 1) + |p|)!
(q − 1)! p!

∂kQn+1,(p,q)

(

G
p

n ⊗ F
)

��w5tvbdfPr���e-f�¹$�<p;´�«¬�;z���wqp
F ∈ Bsym

0 (Eq
n+1)

´s��w1�
N ≥ 2(q+2)

´;tvbdfj�1��z�t�{}��®S�sfNz�{¼���t�{¼�fNr
∂kQn+1,q(F )

��zvf�wqxd®¥®
xd��t��5��w@p/�;zv�df�z

k < q/2
´1��w1�]«¬��z���w@p/fN¼�f�w�{w;tvf���fNz

q
´d¹ºf%bH�<¼�fPt�bH��t

∂q/2P̃n+1,q(F ) = γn+1(1)
−q ∂q/2Qn+1,q(F )

�
²�{¥w1��®¥®p;´Ht�bdf ¤ {}�v¶�«¬��zve(xd®}�/r¯tv��t�f<�>��©S��¼�f(��®®¥��¹�r	tv���sfN�sxH� fgr¯b1��z��

Lq
¨9e-f<��w¾fNz�zv��zB©S��xdw1�_¸ja��]r�f�f�tvbd{}rj��®��{¥e�´

¹ºf3r�{eg�1®¥p]��©Hr¯fNz�¼�fjt�bH��t

F = (f − ηn+1(f))⊗q ¹	{ tvb
f ∈ Bb(En+1) =⇒ P̃N

n+1,q(F ) = E(
[
ηN

n+1(f)− ηn+1(f)
]q

)

��w1�]«¬�;z���wqp/f�¼�fNw�{¥w@t�fN��f�z
q
r¯x1��b�tvb1��t

(q + 2) ≤ N/2 ´d¹ºf%b1�G¼�fPt�bdf3{wdf<|;xH��®{ tup

sup
N≥q+7

N1+q/2

∥
∥
∥
∥
P̃N

n+1,q −
1

Nq/2

1

γn+1(1)q
∂q/2Qn+1,q

∥
∥
∥
∥
Bsym

0,1

<∞

)¬Ù�Ú()ãØ
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o ; p �ºb�¸ 4ºzv��xH�sf�z<¸s�	xdwd�;f ¨�³%xst¯t���e-f tvbd�s�dr���w1��z�fNwd��zve5��®{�V<��t�{��w_¸ � � � ��� � &q	 ��� � � � ; �d´1��� ; ¨�� 1 � � ������� � ¸
oý�qp ��¸ �º�;e�t�f�tN´ � ����P&q	�������')��� �������� ��� ´Sa���e-f3r¯f<� �;w1�»´s~�zvfNrvr¯f<r�x1wd{¥¼�fNzvr�{¥tv��{zvfNr$�sf�²dz���w1��f � ; �B<�� � ¸
o 1 p��(¸ �º��wdwdf<r���w1� t(¸�³%z�fN{¥e-f�z<¸�Q��;�s«1��®��fN©dz���r�´Nzvf�wd�;z�e5��®¥{ VN��tv{¥�;w%��w1�3wd��wH� ��e-e(xst���tv{¥¼�f���fN��e-f tvz�p;¸ �\��'�' �  � �K��� � �
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