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tce<£¤`nmn¥cwsx��½���c�cws~6�6��`Q��wye®�0~�dK�%��wse<�Q£�x´qy`'qs`c~6oye®~�¥cqs��x�tceL�'u%o�x�tc�°qs`ce�§	f?k'���%�cwy~|����`À¯±~�w
qr£+~
�px´Å:e<wye<t|qE��wsx���wse<oy~���upqyx�~�t%o<Ç��0~�dK�%��wsx{o�~6t%o�£�x¶qs`�e�Èp�:e0wsx´dKe0t|q����%�c��qs��x�tKqy`ce��´x´q�qse0w���qyu%wye���wye����{oy~
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¶ Û����©ÛÉâªæ�íÂúÂú�ü��©ãÂéLðHÞ���Þrä�	néLÿ�ÖØãÂÙØÞrä�æ�
AîpÚ�ýÂûLæ�úÂëÂýÂúÂí
�<ãÂ×Lô�Öáà��ÉâBÜ�ðHÖØ×�ãÂÙØÖØä�æ�þ�ßHà�Ü�ÿrÞ



������������

�������.� )+�
,�-¾/��

#� �����������! �²"c$'&(�
��� ���
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δ
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Re ' 104 ¬#"c~�w�qs`cx{o8wyeL��oy~�t©·�qyucws¥cuc��e0t%�0ead�~p�pe<�´x�tc��x{o8��tce<�0e<osoy��wymo�qye<��¯±~�w�qs`ce�tnucdKe0wsx��<����oyx´d²uc�{��qyx�~�t�~�¯�Ã%~�£�oa~�¯Be<tc��x�tce<e0wsx´tc�Kx�t|qye0wse<o�q<¬�$ºt�qy`cx{o��0~�t|qye0È|qL·pqy`%e�d�~|orq

£�x{�pe<�´m�u%oye<�®���c�cws~6����`�¯±~6wEqy`%e?oyx´d²uc����qyx�~�t�~�¯I`%x´�6`p³Á��e0mntc~��{�coNt|u%d#¥:e0wEqsucws¥cuc��e0t|qNÃ%~�£�oNx�oEqy`ce?~�tce
¥O��oye<�.~�t.qy`ce
��e<mntc~��{�co�³ ¢ µ�e<ws����e<��f?��µnx´e<w�³rk|qy~6­�eLoNeLz6uO��qyx�~�tOo�»Æ� ¢ f?kc¼�¬%$ºt�qy`ce
� ¢ f?k����c�cws~6����`�·
qsx´dKe���µ�e<ws����x�tc��x{o+���c�c��x´eL��qs~²qs`ce�f���µnx´e<w�³rk|qs~�­�eLoEeLz6uO��qyx�~�tOo+��t%�®~6tc��mKqy`ce¸qyx�dKe�³º��µ�e<ws����e<�²Ã%~�£ x�o
oyx�d#uc�{��qse<�A¬&$ºt�qy`%x�oN£+��m���tc~�qsx��0e<��¥c�´e�oyx�d��%�´x('O�0��qyx�~�t�~�¯:qs`ce��%wy~6¥c�´e<d x{oE~6¥pqs��x´tceL�A·n��~�dK�cucqs��qsx´~6t%���
�0~6o�qsoª��wse��pw���o�qyx{�0������m#wse<�pu%�0e<����t%��¥:e<��~6dKe?����dK~6o�qNx�t%�pe0�:e0tO�pe0t|qª~�¯Aqy`ce¸��e0mntc~6���%oEtnucd#¥:e0w+£�`ce<t
qs`cx{oªx{o�oyu*)®��x�e0t|qy��m�����wy�6e�¬ Ñ ~�£+e0µ6e0wL·|� ¢ f?k�dK~n�ce0�{oªuOo�u%���´��m�`%��µ6e?�px()®��uc�´qyx�e<oax�t.�%wy~�µnx{�px´t%�²���<��up³
w���qse?�%wyeL�px���qyx�~�t%oª¯±~6wªÃO~�£�oN£�x´qy`�d���oso�x�µ�e�o�e<�%��w���qsx´~6t%o<·6��oª¯±~6w+x�t%o�qs��t%��e¸¯±~�w+qs`ce¸Ã%~�£ ��ws~�u%t%��¥c��upÅ
¥:~p�px�e<o<·O¯±~6w?£�`%x���`«qy`ce<m4��wse�qy~n~.�cx�oso�x��%��qyx�µ�e
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¢ t ���´qye<wyt%��qyx�µ�e®���c�cws~6����`Qx{o�qy`%e.§���wy�6e�³Á¨N�c�pmÀo�x�d#uc�{��qsx´~6t]»Æ§�¨ªkc¼Â·Bx�t £�`cx{��` �4o��O��qyx{���+'%�¶qse0w
x{o#���c�c��x´eL�Qqy~°qs`ce�eLz|u%��qsx´~6t%o
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��wye�qy`nu%oadK~p�pe0��e<�©·c��t%�®qy`ce�wse0d���x�tcx�tc�#ÃO~�£ oy�<����e<oa��wse?�cx´wse<��qy��m®o�x�d#uc�{��qse<�A¬Nkpx´t%�0e�qs`ce��pmnt%��dKx{�0o
~�¯+�{��ws��eKos�0����e<o�x{o��px�wyeL�Âqs�´mQo�x�d#uc�{��qse<�'��tO�4qs`cwye<e�³º�px�d�e<t%oyx´~6t%����x¶qrmÀ��t%�Àuct%o�qyeL���px�tce<oso�~�¯Nqy`%e�Ã%~�£
��wye.t%��qsucw������´mQqs��­�e<t x´t|qs~Q�6�0��~6uct|q<·�qs`ce°§©¨ªk ���c�cws~6�6��`½x�o��6e0tce<ws���´��mÀdK~6wye¾���<��ucw���qse�·�¥cupq®���{oy~
�0~�dK�cupq���qsx´~6t%�����´m¸dK~�wseEe�Èp�:e0t%oyx�µ�e�·Lqs`%��t#qy`ce+� ¢ f¸k�~�t%e�¬	h4~�wse0~�µ�e<w<·0qy`ce+��~|orqB~�¯%§©¨+k
oyx´d²uc����qyx�~�t%o
x�t%�0wyeL��oye<oB��oBqy`%eaÃ%~�£ ��e<m|t%~��{�co�tnucd#¥:e0w8x{o�x´tO��wse<��oye<�©¬,$ºt%�pe<e<�A·�qy`ce��6wyx{�#`O��o	qy~�¥:e-'%tce�e0t%~�uc�6`
qy~
wse<oy~���µ�e��#o�x���tcx('O�<��t|qN�%��w�qN~�¯Aqy`ce�qyucws¥cuc��e0t|qaoy�<����e<o<·6��tO�®o��O��qyx{���OwyeLo�~6�´ucqyx�~�tK¥OeL��~6d�eLoE�%��w�qsx��0uc�{��ws�´m
�0wyx´qyx{�0���Ax´t�qs`ce�tce<��w�³Á£+���´�Iwse0�6x´~6t%o0¬

¢ t%e0£(���{��osoa~�¯8dK~n�ce0�{o�`%��o�¥Oe<e0t¾wyeL��e<t6qs�´m.�cws~��:~6oye<�.x´t�qy`%e
�´x´qye<ws��qyucwse�x´t°£�`%x���`°� ¢ f?k¾��tO�
§�¨ªk����c�%wy~|����`ceLoª��wye���~6d#¥cx�tceL�®qs~���e0qy`ce<w�x´t¾~6ws�pe<w+qy~�~�¥cqs��x�t¾o�x�d#uc�{��qsx´~6t%o���o��6�0�0ucws��qye���oax�t�qy`ce
§�¨ªkÀ�0��oye�¥cupq
��q�wyeL��oy~�t%��¥c��e²��~6dK�cupqs��qyx�~�t%���8��~6o�qso<¬ ¢ d�~6tc�¾�px¶ÅIe0wse0t|q
o�qyw���qye<��x�e<o?~�¯a��~�d²¥cx�tcx´t%�
qs`ce�qr£+~4���c�%wy~|����`ceLo0·©£+e®��~6t%oyx��pe<w
`ce<wyeKqs`ce.�0/(1�23	4�527698�:;�=<4:>1?6@��·Bx�t½£�`cx���` � ¢ f?k'��t%�½§©¨+k'��wse
¥%�´e<t%�pe<�²qs~���e0qy`ce<w�x´t�����~6t6qsx´tnuc~6u%o�£a��m�qy`cws~�uc�6`c~�ucqBqs`ce���~6dK�cupqs��qyx�~�t%���c�p~�d���x´t©¬B_a`cx{oE���c�%wy~|����`
��e<�6�co+qy~�qs`ce
o�~�³Á�<�����´eL�9A*2��5BC10�D80<4/,EGFH	�10/I8Â¬

¢ d�~6tc��qs`ceJA*2%�5B410�D8�<@/,EGFK	L1�/M8��ce<os��wsx´¥:e<��x�t°qy`ce#�´x´qye<ws��qyucwse�·pqs`ceN!?e�q�����`ceL�¾¨N�c�pm°knx�d#uc�{��qsx´~6t
»�!�¨+kc¼�`%�6o�wyeL��e<x´µ6e<�°qs`ce®�{��ws��eLorq���qyqye0t|qsx´~6t©¬®_a`cx{o
���c�%wy~|����`©·O'Owso�q
�pe<os��wsx´¥:e<�Qx�t½��e�¯r¬«»QP �6�HR±¼Â·Bx�o
¥O��oye<��~�t�qy`%e
~�tce0³[eLz|u%��qsx´~6t¾kn�O���{��wyq�³ ¢ ���´d���w���o�� ¢ f?k�dK~p�pe<�H·Ox´t°£�`cx{��`¾qy`%e
�´e<tc��qs`°oy�<����e�~�¯�qy`ce
qsucws¥cuc��e0t|q?­nx�tce�qsx��²e0tce<wy�6m.�peLorqswyuO�Âqyx�~�t4qye0wsd�x�o?dK~p�pxS'Oe<�°qs~�¥:e
qs`ce²dKx�tcx�d#ucd!~6tce#¥:e�qr£+e0e<t°qy`ce
�cx�o�qs��t%��e�qy~4qs`ce�£a�����a��t%� �«�´e<tc��qs` �cws~��:~�wyqyx�~�t%���Eqs~4qy`%e���~n�<���+��wsx��'wse<oy~���upqsx´~6t©¬À_a`nu%o<·8x´t qy`ce
t%e<��wy³Á£+���´�pwse0�6x´~6t���t%�K£�x¶qs`®� ¢ f¸k|³Á�´x�­�e��6wyx{�co�qs`ce?kn�O���{��wyq�³ ¢ ���´d���w���o8� ¢ f?k�dK~p�pe<�%x{oEu%oye<�A·|£�`cx��´e
¯Æ��wE¯±ws~�d¤qy`%e�£a�����cqy`%e¸oyx´d²uc�{��qyx�~�t®oy£�x´qs��`ceLoEqs~�qy`ce�§©¨+kKdK~n�ce�£�x´qy`.�
~�tce0³[eLz6uO��qyx�~�t�k%Ô�k�����~6oyucwse
»[kcÔ�k ¿ oyuc¥p³Á��wsx{�.os�0���´e�¼Â¬¢ tc~�qs`ce0wK`nmn¥cwyx{� ���c�cws~6����`�·�qs`ce�§�x´dKx´qyeL� f�u%d�e<wyx{�0���akc�0����eÀ»H§�f¸kc¼²~�tce6·8`%��o²¥Oe<e0t>wyeL��e0t|qs�´m
�%wy~6�O~|o�eL�Kx´t���e�¯r¬TPVU�R[¬#$ºt�qy`cx{oª���c�cws~6�6��`©·�qs`ce�¥c��e0tO�px´t%�#�%��ws��d�e0qye<wª�pe<�Oe<t%�coª~�t�qs`ce?µ����´uceLoN~�¯Aqy`ce
eL�c�pm|³Áµ|x{os��~6oyx´qrm���x�µ�e0tK¥nm²��� ¢ f?k�d�~p�pe<�H·

µt
·|��t%��~�¯:qy`ce?k%Ô�k�µ|x{os��~6oyx´qrm
��x�µ�e<t�¥nm���§©¨ªkK�0�´~|o�ucwse�·

µs
¬�$ºt°�cws�6�Âqsx��0e�·cqs`ce#dKx�tcx�d#ucd�~�¯8qs`ce�qr£+~®e<�%�pm|³[µnx{oy�0~6oyx¶qsx´eLo�x�o�u%oye<�A¬�_a`cx{o¸o�`c~6uc�{�¾e0t%oyucwse�qy`%��q<·

£�`%e0wseaqy`ce?��wsx���x{oW'%tce�e0tc~6uc��`Kqs~
wyeLo�~6�´µ6e���o�x���tcx('O�<��t|qN�%��w�qE~�¯:qs`ce�qsucws¥cuc��e0t%�0e�oy�<����e<o<·�qy`%e�dK~p�pe0�
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£+~�ws­po�x�t qy`%e�§�¨ªk½dK~p�pe�·8£�`%x´��e�e<��oye0£�`ce<wye�qy`ce�� ¢ f¸k �0�´~|o�u%wye®x{o²wyeL��~�µ�e<wyeL�A¬ ¢ t>e�Èc��dK�c��e�~�¯
µ����´x{�c��qsx´~6t.~�¯�qs`cx�o�`|mn¥cwsx{��dK~p�pe0�©¯±~�waqy`%e
o�x�d#uc�{��qsx´~6t.~�¯	¥c��upÅ:³[¥:~p�pm.Ã%~�£�o+x�o��6x´µ6e0t.x´t°��e0¯r¬�P	�CR[¬

$ºt�qs`ce��%wyeLo�e<t6qª£ª~6wy­I·���t%e0£]o�qyw���qye<��m²x�oN�cwy~6�O~|o�eL�²¯±~�wN¥%�´e<t%�px�tc�²� ¢ f?k���t%��§©¨+k����c�%wy~|����`ceLo
x�t �«`|mn¥cwsx{�½dK~n�ce0�[¬À_	~4qy`%x�o²�cucws�O~|o�e6·E��o#�cwy~6�O~|o�eL�'x´tÒ��e�¯r¬ PVU<�CRÁ·�qy`ce.Ã%~�£ µ���wsx���¥c��e<o#��wye.�pe�³
�0~�dK�:~6oye<�4x�t½�¾� ¢ f¸k«�O��wyqK»ÆxH¬ e�¬Kqs`ce���µ�e0w����6e<�¾ÃO~�£ '%e0�{�%¼�·	�¾��~6wywse<��qyx�~�t«�O��wyq?qs`%��q�q���­�eLo¸x´t|qy~
�6�0�0~�uct|q�qs`ce�qyucws¥cuc��e0t|q��{��ws��e�³ºos�0����e�Ã%u%��qyu%��qyx�~�t%o<·���t%�«��qy`cx�w��«�%��w�q�d����pe�~�¯Nqy`ceKuctcwse<oy~���µ�eL�°~�w
k%Ô�k�Ã%u%��qyu%��qyx�~�t%o<¬	_a`%eª¥%�6o�x{�ªx��peL��~�¯cqy`ce+�cws~��:~6oye<�
���c�cws~6�6��`�x�o	qy~¸o�~6�´µ6eEqs`ce+� ¢ f?k#e<z|u%��qyx�~�t%o	x�t
qs`ce¸£�`c~���e¸�0~�dK�cupq���qsx´~6t%���I�p~�d���x´t���t%�®qy~K��~�wswse<�Âqªqy`ce¸~�¥cqs��x�tceL����µ�e<ws����eL��Ã%~�£ '%e0�{�.¥|m��6�c�px�tc�%·
£�`%e0wse®qy`%e.�6wyx{�½x{o²�6�pe<z|u%��qye0��m'wye0'%tceL�A·�qy`ce�wse0d���x�tcx�tc�«wse<oy~���µ�eL�QÃ%u%�Âqsu%��qsx´~6t%o<¬Q_a`ce�e<z|u%��qyx�~�t%o
�6~�µ�e<wytcx�tc��qs`ce?wse<oy~���µ�eL�²Ã%u%�Âqsu%��qsx´~6t%oa��wse��pe<wyx�µ�eL�K¯±wy~6d¤qy`ce¸� ¢ f¸k���t%�®§©¨+k�e<z|u%��qyx�~�t%o<¬&$ºt%orqse<�6�
~�¯BuOo�x�tc�®��
0~6t%���	���c�cws~6�6��`©·px�t°£�`cx���`¾wse0�6x´~6t%o+qy~�¥:e�qywse<��qyeL�.¥nm���� ¢ f¸k¾~�w�§�¨ªk¾���c�%wy~|����`¾��wse
��³[�%wyx�~�wsx��pe0'%tce<�©·I�6o�x�t«��e0¯r¬ PVU<�CRÁ·I�9A*2%�5B410�D8�<@/%`nmn¥cwsx��¾dK~p�pe0�Bx{o��cws~��:~6oye<�¾`%e0wse�¬�_	~®qs`cx�o¸��x�d¾·:�
¥%�´e<t%�px�tc��¯±uct%��qyx�~�t°x{o�x�t6qswy~p�puO��e<�©·

θ
·O£�`cx���`4oydK~n~�qy`%�´m.µ���wyx�e<o�¥Oe0qr£ªe<e0t°�®��tO�.U6¬+_a`%e#��~6wywse<��qyx�~�t

qse0wsd £�`cx{��`²x{o8���%�pe<�#qy~¸qy`%e���µ�e0w����6e<�¸Ã%~�£ '%e0�{�²x�oBqs`|uOoE�c��dK�:e<�²¥nm#�?¯Æ���Âqs~�w
(1−θ)

·�~6¥pqs��x´t%x´tc���
dK~p�pe<�%£�`cx{��`®��~6x´t%�0x��ce<o8£�x´qy`Kqs`ce�� ¢ f?k����c�cws~6����`�£�`ce<t

θ = 1
��t%�Kwse<�0~�µ�e<wso	qy`%e�§©¨ªk®���c�cws~6�6��`

x�tÀqy`ceK��x´dKx´q�~�¯
θ → 0

¬²_a`%wye<e��px´ÅIe0wse0t|q
�pe�'%t%x¶qsx´~6t%o¸~�¯Nqs`ceK¥c��e0t%�px�tc�.¯±uct%��qyx�~�t
θ
��wse��cwy~6�O~|o�eL�A·

¥O��oye<��~6t®qy`%e?w���qsx´~|oN¥:e�qr£+e0e<tÀ»±xÉ¼Eqy`ce¸qr£+~#e<�%�pm�µnx�os��~|o�x´qyx�e<o<·:»Æx´xÉ¼Nqr£ª~���`%��w�����qye<wyx{orqsx����´e<tc��qs`.os�0����e<o
��t%��»±x�x´xÉ¼Bqr£+~���`O��w����Âqse0wsx�o�qyx{�8qsx´dKe�os�0���´eLo���x�µ�e0t�¥nm�qy`%e�� ¢ f¸kK��t%�#qy`ce�§�¨ªk²dK~n�ce0�{o0·6wyeLo��:e<��qyx�µ�e0��m�¬
_a`%e¸� ¢ f?k®d�~p�pe<�Iu%o�eL�®x�t®qs`ce��cwy~6�O~|o�eL�K`nm|¥%wyx{�®dK~p�pe0�Ix{oªqy`ce�orq���t%�%��w��

k − ε
d�~p�pe<�A��e�¯r¬TPVU
�CR[·

£�`%x´��e�¯±~�w�qy`%e®§©¨ªkÀ�%��w�q�qy`%e�¹E��wsx���qyx�~�t%����h4uc�¶qsx¶³rkp�<����e®���c�cws~6�6��` »±¹¸h«kc¼���e�¯r¬ PVU�U�RNx{o����c~��pqse<�A¬
_a`%e.¹¸h«k ���c�cws~6�6��` �0��t ¥:e¾�0~�dK�%��wyeL�½x´t>qye<wyd�o�~�¯����<��ucw����0m«qs~Àqs`ce°�pmnt%��dKx{��kpdK����~6wyx�t%oy­|m
dK~p�pe<�H·:¥cupq�x¶q�o?�0~�dK�cupq���qsx´~6t%���B��~6o�q�x{o?�ce�'%tcx´qye<�´m°��~�£+e0w���t%�4��~6dK�%��w���¥c��e�qy~�qy`%��q?~�¯8qy`ce�o�x�dK�c�´e
kpdK����~6wyx�t%oy­|mKdK~p�pe0�[·%�6o�o�`c~�£�t�x�t¾��e�¯r¬TPVUL�HRÁ¬

_a`cea�cws~��:~6oye<�#dK~n�ce0�p`%�6o	¥:e0e<t²x�dK�c��e0dKe0t|qyeL�#x�tK�?tnucdKe<wyx{�0���noy~���µ�e<w+» ¢ ¨N����¼�¯±~�wBqs`ce�f���µnx´e<w�³
knqy~�­6e<o+e<z|u%��qyx�~�t%oax�t.qy`ce
�<��oye?~�¯B��~6dK�cwyeLoyoyx�¥c�´e¸Ã%~�£�oa��t%���:e0wy¯±e<��q�f�e<£aqy~�t%x���t.�|��oye<o<·|¥O��oye<�®~6t��
dKx´Èpe<� '%t%x¶qse�³Áe0��e0dKe0t|qÂ¦C'%tcx´qye0³[µ6~���ucdKe?os��`ce0dKe�¯±~6wyd²uc�{��qyeL�K¯±~�w+uct%o�qywsu%��qyucwse<���6wyx{�coªd����pe?~�¯©qse�qyw���³
`%e<�pw����ce<�´e<dKe0t|qso<¬W"	x�tcx´qye?e0��e0dKe0t|qso?»±} U�qrmn�Oe�¼8��t%�G'%tcx´qye�µ6~���ucdKe<oN��wye�uOo�eL��qy~�qswyeL��qEqs`ce?�px´ÅIu%o�x�µ�e
��t%���0~�tnµ�eL�Âqsx´µ6e�Ã%upÈpeLo0·pwse<oy�OeL�Âqsx´µ6e0��m�¬NÓª~�t%�0e0wstcx�tc�
qs`ce�¹?h«k.���c�%wy~|����`©·6qy`ce�µ6e0w�o�x�~�t®�%wy~6�O~|o�eL�®x�t
��e�¯r¬-P(U��HRc¯±~6wN��~6d��%wyeLoyoyx´¥%�´e+Ã%~�£�o8��t%�²¯±~�w8qs`ce��%��wyqyx{��u%����w8t|u%d�e<wyx{�0���pdKe�qy`%~n�Ke<dK�c�´~�m6e<�²x´t ¢ ¨N���
`O��oa¥:e0e0t¾u%oye<�.`ce<wye6¬

¢ ��oy~®qs`ce²§	f?k°���c�cws~6����`¾`%�6o�¥:e0e<t4x�d��%�´e<d�e<t|qye<�4x´t ¢ ¨N���¤��o?�pe<os��wsx�¥OeL�¾x´tQ�pe�q���x���o�x´t«��e�¯r¬
P��KRÁ·cu%oyx´t%�#qs`ce
orq���t%�%��w��

k − ε
dK~n�ce0�©��tO�®qs`ce
knd�����~6wyx�tc­nm�kcÔ�k�dK~n�ce0�©��oªqs`ce
� ¢ f¸k���t%�.§©¨ªk

�O��wyq<·pwse<oy�OeL�Âqyx�µ�e<�´m6¬
_a`ce¸�0���%��¥cx���x¶qsx´eLoE~�¯A¥:~�qs`�qy`ce¸§�f¸k����c�%wy~|����`���t%��qs`ce��%wy~6�O~|o�eL�K`|mn¥cwsx{�����c�cws~6�6��`²`O��µ�e�¥:e0e<t

���c�cw���x{o�eL��x´t
qy`ceao�x�d#u%����qyx�~�t
~�¯pqy`ceªÃ%~�£½��ws~�uctO����osz6uO��wseN��mn��x´t%�ce0w���qB�?��e0mntc~6���%o�tnucd²¥Oe<w<·�¥%�6o�eL�
~6t«qs`ce�¯Æ��wy³�'Oe0�{�«µ6e0��~n�0x¶qrm4��t%�À~�tÀqy`ce®oyx��ce���e0t%��qy`'~�¯Nqy`%eK�0mn�´x�t%�pe<w<·©eLz|u%����qs~

Re = 22000
¬�"c~6w

qs`cx{oªµ����´uce¸~�¯�qy`ce���e0mntc~6���%oªtnucd²¥Oe<w<·poye0µ6e0w����%e0Èp�Oe<wyx�dKe0t|qs���I��t%�®tnucdKe<wyx{�0���Owse<oyuc�´qso+��wse?��µ���x�����¥c��e
x�t.qy`ce���x¶qse0w���qsucwyeK»Æoye0e6·n¯±~�w�x�t%o�qs��tO��e�·c��e�¯r¬TPVU<�CRÁ·(P �CRÁ·(PØ�CR±¼Â¬+!?x´Å:e<wye<t6q�oyx�d#uc�{��qsx´~6t%o+`%��µ�e¸¥Oe<e0t¾�0��wywsx´eL�
~6upq�¥nm½µ���wymnx�tc�Àqy`ce¾��wsx{� wse�'%tce<dKe0t|q<·Nqy`ce¾x�tpÃ%~�£ µ�����uce¾~�¯�qy`ce¾qsucwy¥%uc�´e<t|qK­nx�tce�qsx���e<tce0ws��m½��tO�
qs`ce²¯±wye<e#�%��ws��d�e0qye<w

δ
x�t4qy`%e����c�cws~�Ènx�d���qse
£+���´�	qywse<��qydKe0t|q¸u%o�eL�°x�t ¢ ¨ª���²·I£�`cx{��`4x{o�¥O��oye<�°~6t

qs`ce#��e<x���`O��w��nq�£a�����¶³Á����£(��e0¯r¬ P(UL�CR[¬T$ºt4qy`ce��0��oye�~�¯�qs`ce#�cws~��:~6oye<��dK~p�pe0�[·I�����©qy`%e
qy`%wye<e#�px´Å:e<wye<t6q

Û����©ÛÉâ
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�%wy~6�O~|oy����o�¯±~�wBqy`%e+¥%�´e<t%�px�tc�¸¯±uct%�Âqsx´~6t
θ
`%��µ6eN¥:e0e0t²qyeLorqse<�A¬NÓª~6d��O��wsx�oy~�t%o�£�x¶qs`²e0Èp�Oe<wyx�dKe0t|qs���n�%��qs�

��t%�.t|u%d�e<wyx{�0���AwyeLo�u%�¶q�oax´t�qy`%e��´x´qye<ws��qyucwse¸��wye�����oy~²�%wy~�µnx{�pe<�A¬

����Ü4X%úLì�íÂû�ü�êÂë�YDZÂý



� � 102%23<4�=F��O
��+
������

� ����� �B� � ���������?$'&(�l)+�
,.-�/0��1.

_a`%e�f?��µ|x�e0wy³rk|qy~6­�e<o
e<z|u%��qsx´~6t%o#¯±~�wK��~�dK�cwse<osoyx´¥c��e®ÃO~�£�o#~�¯#»Æ�0���´~6wyx{�0���´��m'��t%� qy`ce<wyd�������mp¼#�:e0wy¯±e<�Âq
f�e0£aqs~�tcx{��t��|��oye<oN��wye?��~�tOo�x{�pe0wse<�K`%e0wse�·|£�wyx´q�qse0t®x�t���~6t%oye0wsµ���qyx�µ�ea¯±~6wyd x�t�qy`ce�¯±~����´~�£�x�tc�
µ���wyx{��¥c��e<o
»Æu%oyx´tc�«¨Ex´tOorqse0x�t tc~�qs��qsx´~6tO¼ ¿ �pe<t%oyx¶qrmÄ» ρ ¼Â·8dK~6d�e<t|qyucd »

ρui
·
i = 1, 2, 3

¼���t%�'qs~�qs���Ne<tce0ws��mQ�Oe<w
u%tcx¶q�µ6~���ucdKe�»

E = ρe + 1/2ρuiui
·
e
¥:e0x�tc��qy`ce�x�t|qye0wst%���Ae0tce<wy�6mp¼�¬

¢ o�x´t°��e0¯r¬TP(UL�CRÁ·pqy`ce�¯±~6�´��~�£�x�tc���ce<��~6dK�O~|o�x´qyx�~�t�~�¯Bqy`ce�ÃO~�£ µ���wsx���¥c��e<o+x�o��6�p~��cqye<� ¿
wi = < wi >︸ ︷︷ ︸

RANS

+ wc
i︸︷︷︸

correction

+wi
SGS

£�`%e0wse
< wi >

��wse¸qy`ce
Ã%~�£ µ���wsx{��¥c��e<oax�t4� ¢ f¸kI·%~6¥pqs��x´t%e<�.¥|m����c�%�´mnx�tc�®��t°��µ�e<ws����x�tc�#~6�Oe<ws��qy~6w
qs~�qy`ce?f���µnx´e<w�³rk|qs~�­�eLoBe<z|u%��qsx´~6t%o<·

wc
i

��wseaqy`ce�wye<dK��x´t%x´tc��wse<oy~���µ�eL�
Ã%uO�ÂqyuO��qyx�~�tOo�»±x[¬ e6¬
< wi > +wc
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SGS ��wye?qy`%e�uctcwse<oy~���µ�e<��~�w�kcÔ�k�Ã%uO�ÂqyuO��qyx�~�tOo0¬
$Á¯�£ªe�£�wsx´qye¸qy`ce
f?��µnx´e<w�³rk|qy~6­�eLoNeLz6uO��qyx�~�tOoax´t.qy`ce�¯±~6�´��~�£�x�tc����~�dK�%�6�Âq���~6t%oye0wsµ���qyx�µ�e�¯±~�wsd ¿

∂W

∂t
+ ∇ · F (W ) = 0

x�t�£�`cx{��`
F
wye<�cwse<oye0t|qso�¥:~�qs`�qy`ce?µnx�os��~6u%oE��tO��qy`ce¸��~�tnµ6e<�Âqsx´µ6e+Ã%upÈpe<o<·�¯±~6wEqs`ce���µ�e<ws����eL�
Ã%~�£

〈W 〉£+e���e0q ¿
∂〈W 〉

∂t
+ ∇ · F (〈W 〉) = −τRANS(〈W 〉)

»QUL¼
£�`%e0wse

τRANS(〈W 〉)
x�o�qy`ce
�0�´~|o�ucwse?qye0wsd��6x´µ6e0t.¥|m��K� ¢ f¸k®qsucws¥cuc��e0t%�0e�d�~p�pe<�H¬

¢ oª£+e0���I­ntc~�£�t©·|¥|m®���c�c��mnx´tc��� '%�´qye<wyx�tc��~��:e0w���qs~�wEqs~
qs`ce�f���µnx´e<w�³rk|qs~�­�eLo8e<z|u%��qyx�~�t%o<·6qy`ce�§©¨ªk
eLz|u%��qsx´~6t%oa��wse¸~6¥pqs��x´t%e<�A·p£�`cx{��`©·cx�t�qy`ce��%wye<µ|x�~�uOo���m�x´t|qswy~p�pu%�0e<�.tc~�q���qsx´~6t%o0·c�<��t�¥Oe�£�wsx´q�qye<t ¿

∂〈W 〉 + W
c

∂t
+ ∇ · F (〈W 〉 + W

c) = −τLES(〈W 〉 + W
c)

»H��¼
£�`%e0wse

τLES x{o+qy`ce#k%Ô�k®qse0wsd¾¬¢ t½e<z|u%��qsx´~6tQ¯±~�w�qs`ce®wse<oy~���µ�e<�«Ã%u%��qyu%��qyx�~�t%o
W

c �0��tÀqs`nu%o
¥:e��pe<wyx�µ�eL�À�6o�¯±~����´~�£�o�»Æoye0e®���{oy~��e�¯r¬TPVU<�CR±¼ ¿
∂W

c

∂t
+ ∇ · F (〈W 〉 + W

c) − ∇ · F (〈W 〉) = τRANS(〈W 〉) − τLES(〈W 〉 + W
c)
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uOo�x�tc��� 
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qs`%��qad#uOorqa¥Oe���~6dK�cupqyeL����wye¸��³Á�cwyx�~�wsxO�ce�'%tceL�A·p£+e�£�x{o�`�qy~K��~�tOorqswyu%��q+� A*2%�5B41��D80<@/�`nmn¥cwyx{�®dK~p�pe<�H¬
_	~²qy`cx{o���x�d¾·p£ªe�x�t6qswy~p�puO��e�� �0/(102 	4�5276��DA*2	��:;�
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θ
·%oydK~|~�qy`c��m�µ���wsmnx´tc��¥:e�qr£+e0e0t

0
��t%�

1
¬�
Ä`ce0t

θ = 1
·�tc~ �0~�wswyeL�Âqyx�~�t>qy~

〈W 〉
x{o���~6dK�cupqyeL�]��tO�A·aqy`nu%o<·aqy`ceQ� ¢ f¸kÄ���%�cwy~|����`Òx�o�wyeL��~�µ6e0wse<�A¬

Óª~6tnµ�e0w�oye0��m�·:£�`ce0wse0µ6e0w
θ < 1

·©���%�px¶qsx´~6t%���8wse<oy~���µ�eL��Ã%u%��qyu%��qyx�~�t%o���wyeK��~6d��%upqyeL�AÇ�x�t«qs`ceK�´x�dKx¶q�~�¯

Û����©ÛÉâ



���������
	���
�������������������� �

θ → 0
£+e�£+��t6q?qy~�wyeL��~�µ6e0w?��¯±uc���E§©¨ªkÀ���%�cwy~|����`©¬�_a`ceK�pe0'%tcx´qyx�~�tQ~�¯Eqs`ceK¥c�´e<t%�px�tc�.¯±uct%�Âqsx´~6tÀx{o

�cx�os��u%osoye<��x´t°�pe0qs��x´�{o�x�t«kne<��¬+�p¬VU�¬a_a`nu%o0·%£�`ce0wse0µ6e0w
θ < 1

·c£+e
���{oy~Koy~���µ�e�qs`ce�¯±~�����~�£�x´tc��eLz|u%��qsx´~6t
¯±~6waqy`ce�ÃOu%�Âqsu%��qsx´~6t%o ¿

∂W
c

∂t
+ ∇ · F (〈W 〉 + W

c) − ∇ · F (〈W 〉) =

(1 − θ)
[
τRANS(〈W 〉) − τLES(〈W 〉 + W

c)
]
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f�~�qse�qy`%��q�¯±~�w
θ → 1

qs`ce#� ¢ f?k���x´dKx´q�x�o����Âqsu%������m�wse<��~�µ6e0wse<�AÇnx�t%�pe<e<�A·p¯±~6w
θ = 1

qs`ce�wsx´�6`6qy³[`O��t%�
oyx{�peK~�¯a¨Nz:¬4»±�|¼¸µ���tcx�oy`ceLo���t%�A·	`ce0tO��e�·B�.qywsx´µnx{���Eoy~���upqyx�~�tQx�o

W
c = 0

¬ ¢ o�wse<z|ucx�wyeL�A·A¯±~6w
θ = 0¨ªzO¬Ä»Æ�|¼�¥:e<�0~�dKe<o�x{�pe0t|qsx��<���ªqy~«¨ªzO¬Ä»H�6¼²��t%�'qs`ce�wye<dK��x´t%x´tc�ÀwyeLo�~6�´µ6e<�ÀÃ%u%��qyu%��qyx�~�t%oK��wye��6�c�peL�

qs~¾qy`ce.��µ�e0w����6e<�4Ã%~�£�ÇBqy`ce®dK~p�pe<�H·Bqy`nu%o<·B£ª~6wy­po�x�t §©¨ªkQdK~p�pe�¬�"c~6w
θ
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�6wyx{��wyeLo�~6�´ucqyx�~�t�x�o
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qse0wsd x�t®¨Nz:¬�»Æ�6¼8x{oª�%��dK�OeL�Kqy`%wy~6uc��`�d²uc�¶qsx´�%�´x{�0��qyx�~�t®¥nm

(1− θ)
¬ ¢ �¶qs`c~�u%��`®x´q+�0~�uc�{�®oye0e0d¤w���qy`%e0w

��wy¥%x¶qsws��wym#¯±wy~6d¤�#�c`nmnoyx{�0���O�O~6x´t|q+~�¯Aµnx´e<£�·6qs`cx{oNx{oª��x´dKeL��qy~#~6¥pqs��x´t.�
o�dK~n~�qs`�qyw���tOo�x´qyx�~�t�¥:e�qr£+e0e<t
� ¢ f?k¾��t%�°§©¨+kI¬:h4~�wse
o��:e<�0xS'O�<�����´m6·%£+e�£�x�oy`¾qy~�~�¥pq���x�t¾�®�cwy~6��wse<oso�x�µ�e����%�px¶qsx´~6t¾~�¯�Ã%u%��qyu%��qyx�~�t%o
£�`%e0t�qy`cea�6wyx{�#wse<oy~���upqsx´~6t²x�t%��wse<�6o�eLo���t%�#qy`ce�dK~p�pe<�%o�£�x´qs��`%e<oB¯±ws~�d�qs`ce�� ¢ f¸k#qy~�qy`%e�§©¨ªk²dK~p�pe�·
x�t�~�w��pe0w+qy~Kqswym®qy~K~�µ�e<ws�0~�dKe�qs`ce�£ªe<�´�A­ntc~�£�t��cws~�¥c��e0d�o+~�¯�e�Èpx{orqsx´t%��u%tcx´µ6e0w�oy���I`|mn¥cwsx{�®dK~p�pe0�{o�x�t
qs`ce�qsws��t%o�x´qyx�~�t�¯±ws~�d�� ¢ f¸k.qy~�§�¨ªkI·O�6o0·c¯±~�w�x�t%o�qs��tO��e�·%qy`ce�����w���m 
<~�tceLo���x´t9!?¨ªk¾~6waqy`ce
t%e0e<�¾~�¯
�6�c�px´qyx�~�t�~�¯8o�mnt|qy`%e�qyx{�?qyucws¥cuc��e0tO��e�x�t¾§	f?k���e0¯r¬TP(U�RÁ¬

knu%d�d���wyx 
0x�tc�%·Iqs`ceKx´t%��wse<�px�e0t|qso¸~�¯Eqy`ceK�cws~��:~6oye<�À���c�%wy~|����`«��wye ¿ ��� ¢ f¸k«�0�´~|o�ucwse�d�~p�pe<�H·©�k%Ô�k�dK~p�pe<�I¯±~�w�§�¨ªk���t%��qy`ce
�ce�'%tcx´qyx�~�t¾~�¯�qy`%e�¥c�´e<t%�px�tc�K¯±uct%��qyx�~�t©¬
¢ oB¯Æ��wBqy`ce��0�´~|o�ucwse+~�¯%qs`ce�� ¢ f¸k
eLz|u%��qsx´~6t%oBx�o8�0~�t%�0e0wstce<�A·�x�t²qy`cea�cwse<oye0t|q8orqsu%�pm�·�qy`ce�o�qs��tO�c��w��

k− ε
dK~p�pe<�:��e0¯r¬-P(U �HRIx�oªu%oye<�A·nx�t®£�`cx{��`�qy`ce¸��e0mntc~6���%oªo�qywse<oso8qse0t%oy~�wªx�oªdK~n�ce0��e<��¥nmKx´t|qswy~p�pu%�0x´t%�

�#qyu%wy¥cu%�´e<t6qae<�%�pm|³[µnx{oy�0~6oyx¶qrm
µt
·c�pe�'Otce<����o+�
¯±u%t%�Âqsx´~6t.~�¯©qy`ce¸qsucwy¥%uc�´e<t|qa­nx�tce�qsx��?e0t%e0ws��m

k
��t%�®~�¯

qs`ce�qyu%wy¥cu%�´e<t6q��cx�oso�x��%��qyx�~�t�w���qse�~�¯�e0tce<wy�6m�·
ε
·%��o+¯±~6�´��~�£�o ¿

µt = Cµ
k2

ε

» ��¼
£�`%e0wse

Cµ
x{oª�²dK~n�ce0�I�%��w���dKe0qye0wL·6oye�qa`ce<wye?e<z|u%���:qs~
qy`%e¸�0���6oyoyx��<���:µ�����uce�~�¯
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��t%�

k
��t%�

ε
��wye

~6¥pqs��x´t%e<��¯±wy~6d qy`ce
�0~�wswyeLo��:~�tO�px´t%�²dK~p�pe0��e<��qyw���tOo��:~�wyq�e<z|u%��qsx´~6t%o�»Æoye0e���e0¯r¬TP(U �HR±¼Â¬
"%~�w¸qy`ce�§�¨ªk4dK~p�pe6·©£ªe�£�x{o�`«qy~�wyeL��~�µ�e<w�qs`ceK¹E��wsx���qyx�~�t%���Bh°u%�¶qsx¶³rkp�0���´eK���%�cwy~|����`«��e�¯r¬ PVU�U�R[·

x�t¾£�`cx{��`�qs`ce�Ã%~�£ µ���wyx{��¥c��e<oa��wye��peL��~�dK�:~6oye<����o+¯±~6�´��~�£�o ¿
wi = wi︸︷︷︸

LRS

+ w′

i︸︷︷︸
SRS

+wi
SGS »Æ�6¼

£�`%e0wse
wi

��wse
qs`ce�����wy�6e
wyeLo�~6�´µ6e<�°os�0���´eLo#»Æ§	��kc¼�·
w′

i

��wye�qs`ceKo�d�������wyeLo�~6�´µ6e<�°os�0���´eLo#»Hkc��kc¼Â¬©_a`%x�o
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χl
��wse�qy`%e

N
'%tcx´qye0³[µ6~���ucdKe?¥O��oyx�oª¯±uct%��qyx�~�t%oa��t%�

φl
qy`ce

N
'%tcx´qye�³Áe0��e0dKe<t6q�¥%�6o�x{oª¯±uct%��qyx�~�t%o

�6oyoy~p��x{��qse<�Kqs~²qs`ce�u%oye<�.��wsx��A·|qs`ce
Ô�����e0ws­|x�t.���c�cws~�Èpx´d���qsx´~6t�~�¯	qy`ce�f���µnx�e0wy³ºknqy~�­6e<oªe<z|u%��qyx�~�t%o+�0��t
¥:e�£�wsx¶qyqye0t¾��o+¯±~6�´��~�£�o ¿

(
∂W

∂t
, χl

)
+ (∇ · Fc(W ), χl) + (∇ · Fv(W ), φl) = 0 l = 1, N

» ��¼

£�`%e0wse
(·, ·)

�pe0tc~�qye<o�qy`%e
L2 os�0������w��cws~n�cu%�ÂqL· Fc(W )

��wse�qy`%e��0~�tnµ�eL�Âqyx�µ�e�ÃOupÈneLo0·A�px{os��wse�qyx 
0eL�°¥nm
'Otcx¶qse�µ�~6�´ucdKeLo+��t%�

Fv(W )
��wse�qs`ce�µnx�os��~6u%oªÃ%upÈpe<o<·%�px{oy�0wye0qyx 
0e<�.¥nmG'%tcx´qye�e<�´e<dKe0t|qso<¬#$ºt�~6ws�ce0w+qy~

~6¥pqs��x´tKqs`ce�¹¸h«kKÃO~�£ �ce<��~6dK�O~|o�x´qyx�~�t�x�t®¨Nz:¬�»Æ�6¼Â·|qy`ce�'%tcx´qye��px�d�e<t%oyx´~6t%���:o��%�6��eLo
VFV

��t%�
VFE

·
wse<oy�:e<�Âqsx´µ6e0��m®o��O��tctceL��¥|m

χl
��t%�

φl
·%�0��t.¥:e�x�t.qsucwst¾�ce<��~6dK�O~|o�eL�.�6o+¯±~����´~�£�oa��e0¯r¬TP(U��HR ¿

VFV = VFV

⊕
V ′

FV ; VFE = VFE

⊕
V ′

FE

» � ¼
x�t#£�`%x���` ⊕ �pe<tc~�qse<o�qy`ce��px�wse<�Âq�o�u%d ��t%�

VFV
��tO�

V ′

FV

��wyeNqy`ce�'%tcx´qye+µ�~6�´ucdKe+o��%�6��eLo	�6oyoy~p��x{��qyeL�
qs~®qs`ce#�{��ws��eLorq?��t%�°oydK���´��e<o�q?wse<oy~���µ�eL�¾oy�<����e<o<·:oy�%��t%tce<�¾¥nm�qy`ce²¥%��oyx{o�¯±uctO�Âqyx�~�tOo
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��t%�
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l

Ç
VFE��t%�
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FE

��wse�qy`ce '%tcx´qye²e0��e0dKe0t|q���t%���´~6��~�uOo0¬T$ºt«��e�¯r¬NPVUL�CR8�®�cwy~��re<��qy~�w�~��:e0w���qy~6w
P
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W = P (W ) =
∑

k




V ol(Ck)∑

jεIk

V ol(Cj)

∑

jεIk

χj




︸ ︷︷ ︸
χk

W k
»��6¼

¯±~6waqy`ce
�0~�tnµ�eL�Âqsx´µ6e�qse0wsdKo<·c�px{oy�0wye0qyx 
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W = P (W ) =
∑

k




V ol(Ck)∑

jεIk

V ol(Cj)

∑

jεIk

φj




︸ ︷︷ ︸
φk

W k
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¯±~6w�qs`ceK�px¶ÅIu%oyx´µ6e
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Cj

x{o?qy`ce
'Otcx¶qse?µ6~���ucdKe¸�0e0���A��ws~�uct%��qy`ce¸tc~p�pe

j
·
V ol(Cj)

�pe<tc~�qse<o+x¶q�o+µ�~���ucdKe���t%�
Ik = {j/Cj ∈ Cm(k)}

·
Cm(k)

¥:e0x�tc�¸qy`cead����0wy~�³Á�0e0���|�0~�t|qs��x´tcx�tc�?qy`ce��0e0���
Ck
¬B_a`%e+d��6��ws~�³º��e0���{o���wse+~�¥pq���x�tce<�²¥nm#���%wy~p��eLoyo

­ntc~�£�t
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�6o+¯±~����´~�£�o ¿ χ′

l = χl − χl

��t%�
φ′

l = φl − φl

¬
"Bx�t%�����´m6·�x´t�qs`ceN¹¸h«k����c�cws~6����`¸qs`ce+kcÔ�k¸dK~p�pe<�6x{o	�6�c�peL��~�tc��m�qs~�qy`%eªoydK���´��e<o�q�wse<oy~���µ�eL�¸os�0���´eLo0¬

¢ o�x�t«��e0¯r¬ P(U��HR[·Oqy`%e²knd����6~�wsx´t%oy­nm�dK~p�pe0�	x�o�u%oye<�A·I��t%�©·%`ce<t%��e6·%qs`ce�kcÔ�k.qse0wsd�o���wse
�px{oy�0wye0qyx 
0eL�
��t%����~��6~�u%oy��m²qs~�qy`ce�µnx{oy�0~�u%o+Ã%ucÈneLo0¬8_a`nu%o<·pqy`%e#Ô�����e0ws­|x�t��%wy~��re<�Âqsx´~6t.~�¯	¨Nz:¬�»[��¼+¥:e<��~6dKe<o ¿

(
∂〈W 〉 + W

c

∂t
, χl

)
+ (∇ · Fc(〈W 〉 + W

c), χl) +

(∇ · Fv(〈W 〉 + W
c), φl) = −

(
τLES(W ′), φ′

l

)
l = 1, N

»QU�UL¼
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x�t4£�`cx{��`
τLES

x�o?dK~n�ce0��e<�4¥nm¾x�t6qswy~p�puO��x�tc���.k%Ô�k°e<�%�pm|³[µnx{oy�0~6oyx¶qrm
µs
¬¸_a`ceKknd����6~�wsx´t%oy­nm¾k%Ô�k

dK~p�pe<�©��e�¯r¬ PØ�*U�R�x�o��6�p~��cqye<�.`ce<wye6Çnqy`nu%o<·c£ªe�`%��µ6e ¿
µs = ρ′Cs∆

2
√

S′

ijS
′

ij

»QUL��¼
£�`%e0wse

Cs
x{oNqs`ce¸d�~p�pe<�Ix´tc�%upq+�O��w���dKe�qse0wL·

S′

ij

x{oEqs`ce�orqsws��x´tp³Áw���qye�qye0tOo�~6w¸»H��~�dK�cucqye<��x´t®qy`ce¸¹?h«k
���c�cws~6�6��`��6o��K¯±uct%��qyx�~�t°~�¯

W
′
��t%�

∆
x{o�����e0tc��qy`°£�`cx{��`4oy`c~�uc�{��¥Oe²wye<�cwse<oye0t|qs��qyx�µ�e�~�¯�qy`%e#o�x 
0e

~�¯�qs`ce�wyeLo�~6�´µ6e<��qsucws¥cuc��e0t|q�oy�<����e<o<¬ Ñ e0wse�·
∆
`O��o+¥Oe<e0t°oye0��e<�Âqse<����o

V ol(i)1/3 »Éqs`%��q�x{o+qy`ce�µ6~���ucdKe~�¯�qs`ce�x¶³[qy`�qse�qyw���`%e<�pw����Ie0��e0dKe<t6qÂ¼a��t%�
Cs

`%��oa¥:e0e<t¾oye�q�eLz|u%���Iqs~K�%¬(U6¬
"Bx�t%�����´m6·cqs`ce²Ô�����e0ws­nx´t¾�cws~��reL�Âqsx´~6t.~�¯�¨ªz|o<¬�» UL¼���t%�'»±�n¼+¯±~�w�qy`ce#�0~�dK�cupq���qsx´~6t�~�¯

〈W 〉
��t%��~�¯

qs`ce
���%�px¶qsx´~6t%���IÃOu%�Âqsu%��qsx´~6t%oax´t�qs`ce��cws~��:~6oye<�®`nmn¥cwsx��.dK~p�pe0�©¥:e<�0~�dKe�wyeLo��:e<��qyx�µ�e<�´m ¿
(

∂〈W 〉

∂t
, χl

)
+ (∇ · Fc(〈W 〉), χl) + (∇ · Fv(〈W 〉), φl) =

−
(
τRANS(〈W 〉), φl

)
l = 1, N

»QU<�6¼

(
∂W

c

∂t
, χl

)
+ (∇ · Fc(〈W 〉 + W

c), χl) − (∇ · Fc(〈W 〉), χl) +

(∇ · Fv(W c), φl) = (1 − θ)
[(

τRANS(〈W 〉), φl

)
−
(
τLES(W ′), φ′

l

)]
l = 1, N

»QU0�|¼
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¢ o��K�O~|oyoyx�¥c�´e���`c~6x��0e�¯±~6w
θ
·pqs`ce¸¯±~����´~�£�x�tc��¯±uct%��qyx�~�t¾x{oau%o�eL��x´t�qy`%e��cwyeLo�e<t|q�o�qyuO�pm ¿

θ = F (ξ) = tanh(ξ2)
»QU
��¼

£�`%e0wse
ξ
x�o+qs`ce ��/V1�23	4�52 6*)%<4�=<@E 10:?10�Â·c£�`cx{��`¾o�`c~6uc�{�®x�t%�px{�0��qse�£�`ce�qs`ce0waqs`ce���wsx���wyeLo�~6�´ucqyx�~�t�x{o�'%tce

e<tc~�u%��`.qy~KwyeLo�~6�´µ6e¸�Koyx´�6tcx('O�0��t6q��%��w�q�~�¯	qs`ce�qyucws¥cuc��e0tO��e�Ã%u%��qyu%��qyx�~�t%o<·px[¬ e6¬�qy~�~�¥cqs��x�t¾��§�¨ªk|³Á�´x�­�e
oyx�d#uc�{��qsx´~6t©¬�_a`ceN��`%~�x{��e8~�¯nqs`ce �0/(1�23	4�5276() <@�=<4EG10:?10�Ax�o�����e<��ws��m?��­6e0m��:~�x�t|q©¯±~�w©qy`ceN�ce�'%tcx´qyx�~�t#~�¯nqy`ce
�%wyeLo�e<t6qª`|mn¥cwsx{�Kd�~p�pe<�H¬#$ºt�qs`ce��%wyeLo�e<t6q+orqsu%�pm�·p�px´ÅIe0wse0t|qª~6�pqyx�~�t%oª��wse��cws~��:~6oye<����t%�Kx´tnµ6e<o�qyx��6��qse<�A·
tO��dKe0��m ¿

+ ξ =
µs

µt

·p£�`cx{��`¾x�o�����oy~Ku%oye<����o���¥c��e0t%�px�tc���%��ws��dKe�qye<wax´t°§�f¸k���e�¯r¬TPVU�RÁ·

+ ξ =
∆

lRANS

·
lRANS

¥:e0x�tc�®�²qrmn�cx{�0���A��e0t%��qy`¾x�t�qy`ce
� ¢ f?k����%�cwy~|����`©·nx[¬ e6¬
lRANS =

k3/2

ε

+ ξ =
tLES

tRANS

·
tLES

��t%�
tRANS

¥:e0x�tc�«��`%��ws�6�Âqse0wsx�o�qyx{�²qyx�d�eLo
~�¯+qs`ce�§�¨ªk½��tO�½� ¢ f¸k½���p³
�cws~6����`%e<o+wyeLo��:e<��qyx�µ�e<�´m6·

tLES =
1√

S′

ijS
′

ij

��t%�
tRANS =

k

ε

¬
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_	~���µ6~�x{�¸qy`ce+o�~6�´upqsx´~6t
~�¯pqr£+~��px´ÅIe0wse0t|qBoymporqse0d�o�~�¯c} !?¨Q��t%��qy`%eª��~6t%oye<z|uce0t|q�x�t%�0wyeL��oyeE~�¯cwse<z|ucx�wyeL�
�0~�dK�cupq���qsx´~6t%���Awse<oy~�ucw���eLo0·|¨Nzno<¬�» U<�6¼a��t%�'» U<�6¼a�0��t.¥:e�wse<�0�6orq+qy~6��e0qy`ce<w���o+¯±~�����~�£�o ¿

(
∂W

∂t
, χl

)
+ (∇ · Fc(W ), χl) + (∇ · Fv(W ), φl) =

−θ
(

τRANS(〈W 〉), φl

)
− (1 − θ)

(
τLES(W ′), φ′

l

)
l = 1, N

»QU<�6¼

Óª��e<��wy��m�·	x¶¯�~6tc�´m«¨Nz:¬Q»QU<��¼�x{o#oy~���µ�eL�A·
〈W 〉

x�o
t%~�q#��µ���x�����¥c��eK��q
e<�6��`Àqsx´dKe�o�qye<�©¬._	£+~4�px¶ÅIe0wse0t|q
~6�pqyx�~�tOo���wye��:~6oso�x�¥c��e ¿ e0x´qy`ce<wKqy~'u%oye¾��t>���c�cws~�Ènx�d���qsx´~6t ~�¯ 〈W 〉

~�¥pq���x�tce<�>¥nm ��µ�e0w����6x´t%�«��t%�
oydK~n~�qy`%x´tc��~�¯

W
·�x�tKqy`%e�o��cx�wsx¶qE~�¯:¹¸h«kI·�~6w�qy~
oyx´dK�c��m#uOo�e�x�tK¨Nz:¬a»QU<��¼

τRANS(W )
¬8_a`ce�o�eL��~6t%�

~6�pqyx�~�t�x{o����p~6�pqyeL�.x�t.qy`ce��cwse<oye0t|q�o�qyu%�pm���o�� '%w�orq����c�cws~�Ènx�d���qsx´~6t©¬
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)��
_a`%e®��e0mntc~6���co�³ ¢ µ6e0w�����eL�4f���µnx�e0wy³ºknqy~�­6e<o¸e<z|u%��qyx�~�t%o¸¯±~6w#��~6dK�cwyeLoyoyx�¥c�´e�Ã%~�£�o�~�¯
»Æ�0���´~6wyx{�0���´��m4��tO�
qs`ce0wsd������´mc¼��:e0wy¯±e<��q.f�e<£aqy~�t%x���tÒ�|��oye<o���wye°��~6t%oyx��pe<wyeL� `%e0wse�·a£�wyx´q�qse0t x�t]��~�tOo�e<wyµ���qsx´µ6e�¯±~�wsd x�t
qs`ce
¯±~6�´��~�£�x�tc�®µ���wsx���¥c��e<o ¿ �pe<t%oyx¶qrm½» ρ ¼Â·IdK~�dKe<t6qsucd »

ρui
·
i = 1, 2, 3

¼a��t%�°qy~�q����Be0tce<wy�6m��:e0w¸uctcx´q
µ6~���ucdKe�»

E = ρe + 1/2ρuiui
·
e
¥:e0x�tc��qy`ce�x�t|qye0wst%���Ae0tce<wy�6mp¼�¬

_a`ce+orq���t%�%��w��
k−ε

dK~p�pe0�n��e�¯r¬�PVU
�HRnx�o�u%oye<��¯±~6w©qy`%eª����~6oyucwse8~�¯pqs`ceª� ¢ f?k�eLz|u%��qsx´~6t%o0·Lx�t
£�`cx{��`
qs`ce
��e<m|t%~��{�coaorqswyeLoyo+qse0t%oy~�w�x{oadK~n�ce0��e<�¾��oª¯±~�����~�£�o0·p¥nm®x�t|qyws~n�cu%��x�tc���²qyucws¥cuc��e0t|q�e<�%�pm|³[µnx{oy�0~6oyx¶qrm6·
µt ¿

Rij ' µt

[
∂ũi

∂xj
+

∂ũj

∂xi
−

2

3

∂ũl

∂xl
δij

]

︸ ︷︷ ︸
ePij

−
2

3
ρkδij ,

»QU ��¼

x�t#£�`%x���`²qy`ceªqyx��{�pe��pe0tc~�qyeLo�qs`ceT"%��µnwseª��µ�e<ws����e6·0qs`ceª~�µ6e0ws¥%��w�qyx�dKea��µ6e0w����6x´tc�O·
δij

x�o	qy`%e���w���t%e<��­�e<w
oymnd#¥:~��©��t%�

k
x�oaqs`ce�qyu%wy¥cu%�´e<t6q?­|x�tce0qyx{��e0tce<wy�6m�¬N_a`ce�qsucws¥cuc��e0t|q�e<�c�cm6³Áµnx�os��~|o�x´qrm

µt
x�o��pe�'%t%e<�°��o

�²¯±uctO�Âqyx�~�t¾~�¯
k
��t%�.~�¯Bqy`%e�qyucws¥cuc��e0t|q��px{oyoyx��%��qsx´~6t.w���qse¸~�¯	e<tce0ws��m6·

ε
·c�6oax´t¾¨Nz:¬�» ��¼Â¬

$ºtÀqy`ce®§	f?k«dK~n�ce0��qy`%eK��e0mntc~��{�co�o�qywse<oso�qse0t%oy~�w��6x´µ6e0t«¥nm°qs`ce�� ¢ f¸kQ����~6oyucwye²x�o�d²uc�´qyx��c�´x�e<�
¥nm �À¥c��e0t%�px�tc�À¯±uct%��qyx�~�t©¬Ò_a`|uOo0·8qs`ce°§�f¸k½e<z|u%��qyx�~�t%oK��wye.~�¥pq���x�tce<� ¯±wy~6d qy`ce¾� ¢ f¸k>~�tceLo#¥nm
wse0�%���6��x�tc�#qs`ce
��e<m|t%~��{�co�orqswyeLoyo+qse0t%oy~�w

Rij
·p��x�µ�e0t�¥nm®¨Nz:¬�»QU ��¼�·c£�x¶qs`�qy`ce�qse0t%oy~�w

Lij ¿

Lij = αRij = αµtP̃ij −
2

3
ρ (αk) δij ,

»QU � ¼
£�`%e0wse

α
x�o+qs`ce
�c��dK�cx�tc�K¯±uctO�Âqyx�~�t½»

0 ≤ α ≤ 1
¼Â·cµ���wymnx�tc�²x�t°o��O����e���t%�®qsx´dKe6¬

$ºt�qy`%e
§�f?k.dK~p�pe0���cwy~6�O~|o�eL�®x�t°��e�¯r¬TPVU�RÁ·pqy`%e��%��dK�cx�tc�K¯±uct%��qyx�~�t¾x�o��ce�'%tceL�¾��o+¯±~�����~�£�o ¿

α = min

{
µs

µt
, 1

} »QU �6¼

x�t°£�`cx{��`
µs
x�o�qy`ceKkcÔ�k¾µnx{oy�0~6oyx¶qrm.~�¥pq���x�tce<��¯±ws~�d�¨Nz:¬(U��K£�x¶qs`°qy`%e
~�tc��m¾�px¶ÅIe0wse0tO��e�qs`%��q¸`ce0wse

∆`O��oª¥Oe<e0t.oye0��e<��qyeL�A·|¯±~�w+e<����`®qye�qsws��`ce<�cws���%e0��e0dKe<t6qa~�¯�qy`ce¸��wsx��©·|�6oEqs`ce?��e0t%��qy`.~�¯©qs`ce¸�´~6tc��eLorqNeL�p��e
»Ho�e<e���e�¯r¬ P �4R±¼Â¬
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_a`ce
oye�q�~�¯�§	f?k.e<z|u%��qyx�~�t%oax{oawye<�O~6w�qse<�.`ce0wse¸¯±~�w�os��­6e?~�¯��0~�dK�c��e�qye<tce<oso ¿
∂ρ

∂t
+

∂ρũi

∂xi
= 0 ,

»H���6¼

∂ρũi

∂t
+

∂ρũiũj

∂xj
= −

∂p

∂xi
+

∂(σ̃ij + Lij)

∂xj
,

»[�*UL¼

∂E

∂t
+

∂ũj

(
E + p

)

∂xj
=

∂ũiσ̃ij

∂xj
+

∂ũiLij

∂xj
+

∂

∂xj

(
αµt

σk

∂k

∂xj

)
+

∂

∂xj

(
Cp

Pr
(µ + αµt)

∂T̃

∂xj

)
= 0

,
»[����¼

∂ρk

∂t
+

∂ρũjk

∂xj
=

∂

∂xj

[(
µ +

αµt

σk

)
∂k

∂xj

]
+ Lij

∂ũi

∂xj
− ρε ,

»H���6¼

∂ρε

∂t
+

∂ρεũj

∂xj
=

∂

∂xj

[(
µ +

αµt

σε

)
∂ε

∂xj

]
+ Cε1

( ε

k

)
Lij

∂ũi

∂xj
− Cε2ρ

ε2

k
.

»[���|¼

x�t'£�`cx{��`
p
x{o�qy`ceK�cwse<osoyucwye6·

σij
qy`ce�µnx{oy�0~�u%o�³Áo�qywse<oso�qye0tOo�~6w<·

µ
qy`%e�d�~6�´eL��uc�{��w�µnx{oy�0~6oyx¶qrm6·

Cp
qy`ce

oy�:e<��x('O�ª`ce<��qB��q��0~�t%o�qs��t6qB�cwse<oso�ucwse�·
T
qs`ceªqye0dK�:e0w���qsucwye+��t%�

Prt
qs`ceNqsucws¥cuc��e0t|qB}Nws��t%�nqy�ntnucd²¥Oe<w<¬

_a`%e�¯±~����´~�£�x�tc��µ�����uceLo�`%��µ6e�¥Oe<e0t4u%oye<��¯±~6w�qs`ce²�px´ÅIe0wse0t|q��%��ws��d�e0qye<wso�x�t°qs`ce
k
��t%�

ε
eLz6uO��qyx�~�tOo ¿

σε = 1.4245
·
Cε1 = 1.44

��t%�
Cε2 = 11/6

¬
knu%d�d���wyx 
0x�tc�%·	£�`ce0wse0µ6e0w¸qy`%e�§©¨ªk'kcÔ�kn³[µnx{oy�0~6oyx¶qrm4x{o���~�£ªe<w¸qy`%��tÀqs`ce�� ¢ f?kQeL�c�pm|³[µnx{oy�0~6oyx¶qrm

»
α < 1

¼Â·A��t«e�Èp�cwse<oso�x�~�t°µ6e0wsm¾oyx�d�x��{��w?qy~®qs`ceK���{��oso�x{�0���Bknd����6~�wsx´tOo�­nm�dK~p�pe<�Bx{o?~�¥pq���x�tce<�4¯±~�w?qy`ce
qsucws¥cuc��e0t|q�o�qywse<osoye<o?¥|m°�0~�d#¥%x´tcx�tc��¨Nzno0¬®»QU ��¼�·E» U � ¼?��t%�©»QU ��¼�¬#_a`ceK�px´Å:e<wye<t%��e�£�x¶qs`4qs`ce��0���6oyoyx{�0���
kpdK����~6wyx�t%oy­|m«d�~p�pe<�Nx{o�qs`ce��cwse<oye0tO��e�~�¯�qs`ce��px{���6~�t%���8qye<wyd �cws~��:~�wyqyx�~�t%���8qy~

k
¬ Ñ ~�£+e0µ�e<w<·©¯±~�w

�0~�dK�cwse<oso�x�¥c��e�Ã%~�£�o0·Nqy`cx{o��<��tÒ¥OeÀ��~�tOo�x{�pe0wse<�Ò��o��'dK~p�pe<��¯±~�wKqs`ce4x{o�~�qyws~��cx{���%��wyq�~�¯¸qy`ceÀk%Ô�k
o�qywse<osoye<o<¬ ¢ o¸�px�os��uOoyoye<�°x�t«��e0¯r¬NPVU�RÁ·:qy`ce²d�~p�pe<�Boy`c~6uc���4£ª~6wy­.x´t°qs`ceK§©¨ªk¾dK~p�pe²£�`ce0wse�qy`%e²�6wyx{�
x{oN'%tce�e<tc~�u%��`'qy~ÀwyeLo�~6�´µ6e��4oyx´�6tcx('O�0��t6q²�%��wyq²~�¯�qy`ce�qyucws¥cuc��e0t%�0e�os�0���´eLo0·8�6o
x�t §©¨ªkAÇBe<��oye0£�`%e0wse
»
α = 1

¼Â·pqs`ce
k − ε

� ¢ f?k¾�0�´~|o�u%wye¸x�o�wyeL��~�µ�e<wyeL�A¬
f�~�qye�qs`%��q�x�t°§�f?k

Rij
x{oawye<�c���6��eL��£�x´qy`

Lij
t%~�q�~�tc��m®x�t�qy`ce�dK~�dKe<t6qsucd���t%��e0tce<wy�6m�e<z|u%��³

qsx´~6t%o<·O¥cucq¸���{oy~�x´t°qs`ce
qr£+~��6�c�px´qyx�~�t%����e<z|u%��qyx�~�t%o�x´t
k
��t%�

ε
¬�_a`cx{o�x�dK�c�´x�e<o�qy`%��q<·A���´qy`%~�uc�6`¾qy`ce

qs~�q����Eqsucws¥cuc��e0t|q²­nx�tce�qsx���e0tce<wy�6mÀ�px{oyoyx��%��qse<o#��q#qs`ce�w���qse��px{�Âqs��qyeL�'¥|m
ε
·Bqy`ce.e0tce<wy�6m|³[�cws~p�pu%��qyx�~�t

qse0wsd
Rij

∂eui

∂j

x�o�wse0�%���6��e<� ¥nm
Lij

∂eui

∂j = αRij
∂eui

∂j

¬ Óª~�tOo�eLz6u%e0t|qy��m�·+�Àwse<�cu%�Âqsx´~6t>~�¯�qy`%e¾qyucws¥cup³
��e0t|q�­nx´t%e�qyx{�¸e0tce<wy�6mK�cwy~p�puO�Âqyx�~�t.x�oa~6¥pqs��x´t%e<�®x�t.qy`c~|o�e�wse0��x�~�tOoN£�`ce<wye��²¯±ws�6�Âqsx´~6t�~�¯�qyucws¥cuc��e0t%�0e�x�o
�cx´wse<��qy��m�o�x�d#u%����qye<�Q»

α < 1
¼Â¬

¢ wse<�cu%�Âqsx´~6t�~�¯Iqy`ce�qyucws¥cuc��e0t|qEqsws��t%o��:~�wyqE~�¯
k
��tO�

ε
x�t�wye<��x�~�t%o�£�`ce<wye

α < 1
x{oN����oy~�~�¥pq���x�tce<�

¥nm®wse0�%���6��x�tc�
µt
£�x´qy`

αµt
x�t.qs`ce
� ¢ f?k�e<z|u%��qyx�~�t%oª¯±~6w

k
��t%�

ε
¬

"Bx�t%�����´m6·n~�tce��<��t®t%~�qyx{��e�qy`%��q<·n¥nmK�0~�t%o�qywsu%��qyx�~�t©·�qy`ce¸�cwse<oye0t|qNµ�e<wsoyx�~�tK~�¯Aqs`ce?§	f?kKdK~p�pe0�:x{oNtc~
dK~6wye�qsx´dKe#�0~�t%oyucdKx´t%��qy`%��t¾qy`ce²� ¢ f¸k

k − ε
dK~p�pe0�[¬-$ºt%�pe0eL�A·Oqy`ce
e0Ènqyw���³º��~6o�q��puce�qs~�qy`%e#e0µ����¶³

uO��qyx�~�t.~�¯	qy`ce
knd����6~�wsx´tOo�­nm�e<�c�pm�µ|x{os��~6oyx´qrm�x{oatce<����x´�6x´¥c��e���~�dK�%��wyeL�Kqy~�qs`ce�~�µ�e0w������O�0~�dK�cupq���qsx´~6t
wse<z|ucx�wse<�®¥nm�qy`ce
oy~���upqyx�~�t�~�¯	qy`ce
� ¢ f?k

k − ε
e<z|u%��qyx�~�t%o<¬
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� � ,�� �a����)ª�#/�� �+� ��� �
_a`%e
��~�µ6e0wstcx´t%�²eLz6uO��qyx�~�tOo�`%��µ�e�¥:e0e<t4�px{oy�0wye0qyx 
0e<�¾x�t4oy�%���0e�u%o�x�tc�®��dKx´Èpe<� '%tcx´qye0³[µ6~���ucdKe�¦C'%tcx´qye�³
e<�´e<dKe0t|q�d�e0qy`c~p�'���%�c�´x�e<�«qy~°u%t%orqswyuO�Âqyu%wyeL�4qse�qyw���`%e<�pwsx 
L��qsx´~6t%o0¬�_a`ce®���c~��pqse<�Qoy��`ce<dKe�x{o�µ�e<w�qse�È
�0e0t|qye<wyeL�A·px[¬ e6¬E�����©�pe0�6wye<e<oa~�¯	¯±wye<e<�p~6d���wse��´~p�<��qyeL�.��q�qy`ce�µ6e0wyqyx{��eLo0¬B} U#Ô�����e0ws­nx´t '%tcx´qye�e<�´e<dKe0t|qso
��wye¸u%oye<�.qy~��px{os��wse�qyx 
0e¸qs`ce
�px´Å:u%oyx�µ�e�qye<wyd�o<¬

¢ �pu%��� '%tcx´qye�³Áµ�~6�´u%d�e¸��wsx{�®x{oª~6¥pqs��x´t%e<�®¥nm®¥%ucx´�{�px�tc�K�²�0e0���
Ci
��wy~6uct%�®eL����`®µ6e0wyqye0È

i
qy`cws~�uc�6`

qs`ce
wsuc��e�~�¯8dKe<�px{��t%o<¬a_a`ce#��~6tnµ�e<��qyx�µ�e¸Ã%upÈpeLo���wse��px{oy�0wye0qyx 
0e<�¾~6t�qy`cx{o�qse<oso�e<�´�{��qsx´~6t©·%x[¬ e6¬ªx�t¾qye<wyd�o
~�¯�Ã%ucÈneLo�wse0�{��qyx�µ�e?qy~�qs`ce
��~6d�dK~6t.¥:~�uctO�c��wsx´eLo�o�`O��wse<�.¥|m�tce0x���`n¥:~�wsx´tc�K��e<�´�{o<¬

_a`ceQ��~neÀos��`ce0dKe«��e�¯r¬ P ���CR¸wse0�%wyeLo�e<t6q�oKqy`%e«¥%�6o�x{�°uc�n£�x�t%�]��~6dK�O~6tce0t|q�¯±~6w®qs`ce«tnucdKe0wsx{�0���
e<µ�����u%��qsx´~6t.~�¯�qy`%e
��~�tnµ6e<�Âqsx´µ6e�ÃOupÈpe<o

F ¿
ΦR (Wi, Wj , ~n) =

F (Wi, ~n) + F (Wj , ~n)

2
− γs

[
P−1|PR|

Wj − Wi

2

] »[� ��¼

x�t4£�`cx{��`
ΦR (Wi, Wj , ~n)

x{o�qs`ce�t|u%d�e<wyx{�0���	���c�cws~�Ènx�d���qsx´~6t�~�¯8qy`ce²Ã%upÈ°¥:e�qr£+e0e<t°qy`ce
i
³Hqs`«��t%�

qs`ce
j
³[qy`.��e0���{o0·

Wi
x{oNqy`ce�o�~6�´ucqyx�~�t®µ6e<�Âqs~�w+��qNqs`ce

i
³[qy`.tc~p�pe�·

~n
x{oEqs`ce?~6upqr£a��w��Ktc~�wsd����Oqy~
qs`ce���e0���

¥:~�u%t%�c��wsmK��t%�
R (Wi, Wj , ~n)

x{oNqy`ce¸��~ne�h4��qswyx´ÈA¬B_a`%e�d���qswyx´È
P (Wi, Wj)

x�oNqy`ce¸_�u%wy­6e0�´³Hqrmn�:e
�%wyeL��~�tO�px¶qsx´~6tcx�tc��qye<wyd¾·|x´t|qyws~p�pu%�0e<��qy~���µ�~6x������<��ucw����0m#�cws~�¥c��e0d�oª��qN��~�£Äh4����`Ktnucd#¥:e0w�oN��e�¯r¬ P �@R[¬
f�~�qse�qs`%��qL·+oyx´tO��e�x¶q�~�t%�´m ���c�:e<��w�o²x´t>qy`ce¾uc�n£�x�t%�>�%��wyq�~�¯�qs`ce¾t|u%d�e<wyx{�0���+Ã%upÈpe<o<·8qy`%e¾os��`ce<d�e
wse0d���x´t%o���~6t%oyx�o�qye<t6qKx�t qsx´dKe°��t%�>�0��t qy`nu%oK¥:e¾u%oye<�½¯±~6wKuct%o�qye<�6�pm'Ã%~�£�oyx�d#uc�{��qsx´~6t%o0¬ "	x�t%���´��m�·
qs`ce#�O��w���dKe�qse0w

γs
·O£�`%x���`4d²uc�´qyx��c�´x�e<o�qy`ce²uc�n£�x´tO�°�%��wyq�~�¯8qy`ce#os��`ce<d�e6·:�0~����´eL�Âqse<�¾£�x´qy`cx�t«osz6uO��wse

¥%ws�6��­�e�q�o¸x´t'¨Nz:¬À»[� ��¼�·	�:e0wsdKx¶q�o
�°�px�wyeL�Âq#�0~�t|qyws~��8~�¯ªqs`ce�tnucdKe0wsx��<���8µnx�os��~|o�x´qrm�·��´eL���px�tc�¾qy~4�.¯±uc���
u%�|£�x�t%��os��`ce0dKe8¯±~6w

γs = 1
��tO�¸qy~����0e0t|qye<wyeL��oy��`ce<dKeE£�`ce0t

γs = 0
¬�_a`ceNoy�%��qyx{���6�6�0�0ucws�6��m�~�¯pqy`cx{o

os��`ce<d�e#x�o?~�tc��m '%w�orq¸~�w��pe0wL¬�_a`ce�h4g?k%Ó+§>��x´tceL��w?wyeL��~�tOorqswyu%��qyx�~�t°dKe�qs`c~p� » �yh°~6tc~�qs~�tce�g��n£�x´tO�
kc��`ce0dKe<o�¯±~�w#Óª~6t%o�e<wyµ���qyx�~�t4§���£�o ��¼Â·Ix´t|qswy~p�pu%�0e<�«¥|m¾¹E��tÀ§©e<e0w���e�¯r¬WPØ���@R[·Ax{o?qy`ce<wye0¯±~�wse#e0dK�c��~�m�eL�
qs~«x�t%��wse<�6o�eKqs`ce�~6ws�ce0w#~�¯����<��ucw����0m«~�¯�qs`ce.��~|e�oy��`%e0dKe�¬«_a`%x�o²x�o²~�¥cqs��x�tceL�½¥nmÀe0Èn�%wyeLoyoyx´t%�°qy`ce
��~|e�Ã%ucÈ ¥Oe0qr£ªe<e0t qr£ª~'��e<�´�{o0·a��e<t|qye0wse<� ~�t qr£ª~Q��e<tce0wsx��.tc~p�peLo

i
��t%�

j
·+�6o��«¯±uct%��qyx�~�t ~�¯?qy`ce

wse<�0~�t%o�qywsu%��qye<�²µ�����uce<oN~�¯
W
��q8qs`ce0x�wNx�t|qye0wy¯Æ���0e ¿ ΦR (Wij , Wji, ~nij)

·|£�`ce<wye
Wij

x{oEe0Ènqyw����:~��{��qyeL�
¯±ws~�d�qs`ceKµ�����uce<o¸~�¯

W
��q�tc~p�peLo

i
��t%�

j
¬ ¢ wse<��~6t%o�qywsu%�Âqsx´~6t4u%oyx´tc�¾����~�d²¥cx�t%��qsx´~6t«~�¯+�px¶ÅIe0wse0t|q

¯Æ��dKx´��x´eLo�~�¯E���c�cws~�Ènx�d���qse?�6ws�6�px´e<t|qso�»±}�U�³Áe0��e0dKe0t|qr£�x{o�e��6ws�6�px´e<t|qso���tO�.t%~n�%���©�6ws�6�px´e<t|qsoae0µ����´u%��qyeL�
~6tÄ�px¶ÅIe0wse0t|q�qse�qyw���`%e<�pw��6¼²x{o®���p~6�pqyeL�A·+£�`cx���`Ä���´��~�£�o��'tnucdKe0wsx��<�����px{oyoyx��%��qsx´~6t>d����ce°~�¯�o�x´Ènqy`p³
~6ws�ce0w�o��O����e®�ce0wsx´µ���qsx´µ6e<o¸qs~°¥Oe�~6¥pqs��x´tceL�A¬�_a`ce®h«g?k%Ó+§ wse<�0~�t%o�qywsu%�Âqsx´~6tÀx{o
�peLoy�0wyx�¥:e<�Qx´t½�pe0qs��x´�
x�t°��e�¯r¬,P �CRÁ·cx�t¾£�`cx���`.qy`%e
�0���O��¥cx��´x´qyx�e<oa~�¯�qs`cx�o�oy��`ce<dKe¸x�t°��~6t%��e<t6qsws��qyx�tc�²qy`ce�tnucdKe0wsx{�0���Iµnx{oy�0~6oyx¶qrm
e0Å:eL�Âq�~�tQ�®t%��wyws~�£a³[¥O��t%��~�¯Nqy`ceK`cx���`ceLorq¸wyeLo�~6�´µ6e<��¯±wse<z|uce<t%��x�e<o¸x{o?����oy~.�px{os��u%oso�eL�A¬ ¢ o��px{oy�0u%oso�eL�
x�t ��e�¯r¬TP �4RÁ·Eqs`cx�oKx{o�oy�OeL��x{�����´m½x�dK�O~6w�q���t|q�x�t §©¨ªkÒoyx´d²uc����qyx�~�t%o²qs~À��x´dKx´q���o²¯Æ��w��6o²�:~6osoyx´¥c��e�qy`ce
x�t|qye<ws�6�Âqyx�~�tOo�¥:e�qr£+e0e0tÀtnucdKe0wsx��<������t%�«k%Ô�k4�px{oyoyx��%��qsx´~6t©·I£�`cx���`Q��~6uc���«�pe�qse0wsx´~6ws��qye
qs`ceK���0�0ucw�����m
~�¯�qs`ce�wyeLo�u%�¶q�o0¬

¨Ex´qy`%e0w�x�dK�c��x��0x¶q�~6w®e�Èp�c��x{��x´q.oy��`%e0dKe<o��<��t ¥Oe«u%o�eL�>qy~ �6�pµ���t%�0e.qs`ce4eLz6uO��qyx�~�tOo�x´tÒqsx´dKe4¥nm
�4�´x�tce�dKe0qy`c~p�A·8x[¬ e6¬°qyx�dKe.��t%� oy�%���0e���wseKqywse<��qye<� o�e<�%��w���qse0��m�¬�$ºt½qy`%e�e�Èp�c��x{��x´q��0�6o�e.�4f�³ºorq����6e
��~�£a³ºorqs~�w�����e¾��uct%��e�³ ��upqyqs� ���´�6~�wsx¶qs`cd x{o���µ���x��{��¥c��e�·ax�t]£�`cx{��` qy`ceÀt|u%d#¥:e0w�~�¯
orq�����eLo®��tO� qy`ce
�0~ne�)®��x�e0t|qso��<��t.¥Oe�µ���wsx�e<��qy~K~�¥pq���x�t��cx¶ÅIe0wse0t|q�oy��`%e0dKe<o<¬ ¢ t¾x´dK�c��x{��x´q�qyx�d�e�d���w���`cx�tc�K������~�wsx´qy`cd
x{o����{oy~'��µ���x´�{��¥c��e�x´tÒqy`%e«��~p�pe6·ª¥%�6o�eL� ~6tÒ�½oye<�0~�t%�p³[~6ws�pe<w#qsx´dKe0³Á�6�0��u%ws��qye�¥%����­n£a��w�� �px´Å:e<wye<t%��e
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os��`ce<d�e6¬ ¢ '%w�orqy³[~6ws�pe<w²oye0dKx´³Á�px{os��wse�qyx 
<��qyx�~�t'~�¯�qy`ce²�����0~�¥cx{��t%o#x�o²u%oye<�'qs~��6e�qy`%e0w�£�x¶qs`>�«�ce�¯±e<��q�³
�0~�wswyeL�Âqsx´~6t«�cws~p��e<�cucwye®��e�¯r¬ PVU �HR[Ç�qs`ce�wyeLo�u%�¶qsx´tc�4os��`ce<d�e�x{o
��x�tce<��wy��m4uct%�0~�t%�cx¶qsx´~6t%�����´mQorq���¥c��e®��tO�
oye<�0~�t%�p³[~6ws�pe<w+�6�0�0ucws��qye6¬

h°~6wye4�ce�qs��x´�{o�~6t qy`ce4tnucdKe<wyx{�0����x´tc�6wyeL�px�e0t|qso�uOo�eL� x´tÒqy`%e4�cwse<oye0t|q®£ª~6wy­Ò�0��tÒ¥:e°¯±~6uct%� x�t
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li/D lo/D Hy/D Hz/D
f#¬ctc~p�pe<o f
¬ce<�´e<d�e<t|qso

Ô¸wHU �O¬ � �%¬ � � �c¬�� �
8.3 × 104 4.75× 105Ô¸wÂ� �O¬ � �%¬ � � �c¬�� �
3.5 × 104 1.9 × 105

_	��¥c�´e U ¿ h4��x�t�¯±eL��qsucwye�~�¯	qs`ce
��~6d��%upqs��qyx�~�t%���©�p~�d���x�t%oa��tO�.�6wyx{�co

� � ���A�A"%)+�
��� ������)ª�B��-��	�0�
1 �#1�� ��� � ,�/����B���
1 -¾����� � �+�	�a���
_a`%e#Ã%~�£ ��ws~�uct%�«�.osz|u%��wse²�0m|��x�t%�pe0w�~�¯Nx´t '%tcx´qyeK�´e<tc��qs`Àx{o���~6t%o�x{�pe<wyeL�A¬
_a`ceK��e0mntc~6���co¸tnucd²¥Oe<w<·
¥O��oye<�®~6t�qs`ce���mn��x´t%�ce0w�oyx��pe���e0tc��qy`¾��t%�.~�t.qy`%e?¯±wse0e0³Áo�qywse<��d µ�e0��~p��x´qrm�·px{oae<z|u%���Oqs~®�����6���²��t%��qy`ce
uOo�eL�.�0~�dK�cupq���qyx�~�tO���©�p~6dK��x´t�x{o�wye<�cwse<oye0t|qyeL�®x�t�"Bx��%¬OU6·nqy~��6e�qs`ce0w�£�x´qy`�qy`%e�¯±ws��d�e�~�¯Bwse�¯±e<wye<t%��e6¬

Äx´qy`.wye0¯±e0wse0t%�0e�qy~�"	x��%¬ U�·|qy`%e?�p~6dK��x´t.�px´dKe<t%o�x�~�tOoN��wse�qs`ce�¯±~6�´��~�£�x�tc� ¿ Li/D = 4.5

·
Lo/D =

9.5
·
Hy/D = 7

·
Hz/D = 9.75

»Æ£�`ce0wse�
Kx�o¸¯±~6w?qs`ce®oy�%��tp³Á£�x{o�eK�px�wyeL�Âqyx�~�t:¼Â¬K_a`ce0m«��wye�e<z|u%���Bqy~
qs`c~6oye�e0dK�c��~�m�eL��x�t�qs`ce
§�f¸k�o�x�d#uc�{��qsx´~6t.x�t°��e�¯r¬TP��HRÁ¬

_a`ce��0~�dK�cupq���qyx�~�tO���A�p~�d���x´t.x´t�"Bx´�O¬OU?x{o��px{oy�0wye0qyx 
0e<��¥nm���e0t%e0w���qyx�tc�²qr£ª~²uct%o�qywsu%�Âqsucwse<�.��wsx��co
d��6�pe�~�¯Aqse�qsws��`ce<�pw����%e0��e0dKe0t|qso?»±�6wyx{�®Ô�� U?��t%�®Ô����
x´t®_B��¥©¬ U<¼�¬�_a`%e�qr£+~
��wsx��%o8`%��µ�e?�
�px´Å:e<wye<t6q
wse<oy~���upqsx´~6t.x�t°~�w��pe0w�qy~�qse<o�q�qy`ce#x´tpÃOuce0t%�0e
~�¯�qs`cx�o��%��w���dKe0qye0w�~6t�qy`ce²d�~p�pe<�H¬a_a`ce#oye<��qyx�~�t

z = 0~�¯�qs`ce�'%w�orq��6wyx{����t%�
z = 4.875

~�¯	qy`ce
oye<�0~�t%����wse¸wye<�O~6w�qse<�.x´t "Bx´�O¬:�p»Æ�|¼Â·{»±¥O¼�¬
¢ �c�cws~�Ènx�d���qse#¥:~�uct%�%��wsm��0~�t%�px´qyx�~�tOo0·I¥%�6o�eL�°~�t°qs`ceK��e0x{��`%��w��nq¸£+���´�´³[�{��£���e�¯r¬ PVU<�CRÁ·#P(U � RÁ·A��wse

���c�c��x´eL����q+qs`ce�o�~6�´x{��£a�����{o0¬�_a`ce�¥O~6uct%�c��wym�qswyeL��qydKe<t6q�x{oa��~�t|qswy~6�´��e<��¥nmKqs`ce��%��w���dKe�qse0w
δ
·p£�`cx{��`

oye�q�o	qy`ce��px{orq���t%�0e+¯±wy~6d(qy`cea£a�����n��q8£�`cx���`�o���x����0~�t%�px´qyx�~�tOoB��wye+x�d��:~6oye<�©¬B_a`ce+µ�e<�´~p�0x¶qrm�x{o8��oso�u%d�eL�
qs~4µ���tcx{oy`'��q
qy`%e®£+���´�[·�orq���wyqyx�tc�°¥nm«qs`ce®µ�����uce��0~�dK�cupqse<�½��q#qy`ce��cx�o�qs��t%��e

δ
·B¥nm«¯±~6�´��~�£�x�tc�¾qy`ce

��e0x{��`%��w��nq²£a�����´³[�{��£�¬ ¢ �c�cws~��%wyx{��qse�µ�����uce<o�~�¯�qy`ce°oy`ce<��w�o�qywse<oso���wse�~�¥cqs��x�tceL� ��tO� u%oye<� x´t>qy`ce
oyx�d#uc�{��qsx´~6t%o���o�¥:~�uct%�%��wsm4��~�tO�px¶qsx´~6t©¬�_a`cx{o�����£ `%��o¸qs`ce®���pµ���t6q����6e#~�¯��peLoy�0wyx�¥cx�tc��qs`ce�µ�e<�´~p�0x¶qrm
�%wy~�'%�´eªtc~�q�~�t%�´m�x�t
qs`cea�´~6�6��wsx´qy`cdKx{�Ewse0��x�~�t#~�¯O��¥O~6uct%�c��wym��{��m�e<w�¥cupqE����oy~�x�t
qs`cea����d�x�t%��wBoyuc¥c�{��m�e<w
��t%�4x�tÀqy`ceKx�t6qse0wsdKe<�px{��qse�wse0�6x´~6t©¬#_a`cx{o?qrmn�OeK~�¯+£+���´�BqswyeL��qydKe<t6q�`%�6o�¥Oe<e0t'o�u%�<��eLoyo�¯±uc���´m°u%oye<�Àx�t
�%wye<µ|x�~�uOo?§�¨ªk »H��e�¯r¬ P �HRÁ·WP �4RÁ·WP(U��HRÉ¼�·�� ¢ f?k>» PVU � RÁ·WP(U �CR±¼?��t%�«§	f?k »Æ��e0¯r¬JP	�CRÉ¼?oyx´d²uc����qyx�~�t%o¸~�¯Eqy`ce
os��dKe¸Ã%~�£�¬ "Bx�t%������m�·pqs`cx�o����c�cws~6�6��`.���´��~�£�o+qy`ce
os��dKe�¥:~�uctO�c��wsm���~6t%�px´qyx�~�t%o�qy~�¥:e�u%o�eL�.¯±~�w�¥:~�qs`
qs`ce�� ¢ f?k�����~6oyucwsea��t%�#qy`ce�§�¨ªkKknd�����~6wyx�t%oy­nm�d�~p�pe<�H¬ ¢ q8qy`%e�x´tpÃO~�£�·�qy`ceaÃO~�£ x{oE��oso�u%d�eL�
qs~�¥Oe
u%t%�px{orqsucwy¥:e<����t%��qs`ce¸k|qse0�6e0wy³ 
'��wsdKx´tc����e0¯r¬TP ���CR:�0~�t%�cx¶qsx´~6t%oN��wye����c�c��x´eL�A¬��+~�uct%�%��wsm²��~6t%�px´qyx�~�t%o
¥O��oye<��~�t�qy`%e�k|qse0��e<w�³ 
'��wsd�x�tc�K�pe<�0~�dK�:~6oyx¶qsx´~6t4��wse¸uOo�eL�°��q�qs`ce
~�ucq�Ã%~�£(��o�£+e0���[¬��?t�qy`%e#~�qs`ce0w
oyucwy¯Æ���0e<o�»

y = ±Hy
·
z = ±Hz

¼aoy�´x����0~�t%�cx¶qsx´~6t%o���wse�x´dK�:~6oye<�A¬
"%~�w�¥:~�qy`'�6wyx{�co<·Iqy`ce®�0~�dK�cupq���qyx�~�tOo�`%��µ�e�¥Oe<e0t½�0��wywsx�e<�°~6upq
u%oyx´tc��qs`ce�§�f?kÀdK~p�pe0�E��t%�Àqy`ce

t%e0£ �%wy~6�O~|o�eL��`nmn¥cwsx��.dK~n�ce0�©£�x´qy`�qy`%e�qy`cwse0e��px´Å:e<wye<t|q��pe�'%t%x¶qsx´~6t%oa~�¯Bqy`ce�¥%�´e<t%�px�tc�K�%��w���dKe�qse0wL¬
_a`ce�oyx´d²uc����qyx�~�t%oN`%��µ�e�¥Oe<e0t�x�tcx´qyx{����x 
<e<��£�x´qy`��px´Å:e<wye<t6q+µ�����uce<oª~�¯

k0
»±qy`ce¸x�tcx¶qsx����´x 
<��qyx�~�t�~�¯©qy`ce

­nx�tce�qsx��?e0t%e0ws��mK¯±~�w+qs`ce
k − ε

� ¢ f¸k.d�~p�pe<�{¼+��t%�
δ
»±qy`ce��%��ws��d�e0qye<wª~�¯�qy`%e¸£a�����´³[�{��£�¼�qs~#qse<o�q+qs`ce

oye0tOo�x´qyx�µnx¶qrm®~�¯�qs`ce�dK~n�ce0�Aqs~Kqy`ceLo�e¸¯±e<��qyucwse<o<¬
"%~����´~�£�x�tc�'qy`%e«§�f¸kÒ£ª~6wy­>x´t]��e0¯r¬ P	�KRÁ·aqy`%e4tnucdKe0wsx��<�����%��ws��dKe�qye<w

γ
·�£�`%x���`Ä��~6t|qyws~��{oKqy`ce

��dK~�uct|q
~�¯atnucdKe0wsx��<���Eµnx{oy�0~6oyx¶qrm«x´t|qyws~p�pu%�0e<�Qx´t'qs`ce�oyx´d²uc�{��qyx�~�t�·	`%�6o�¥:e0e0t oye�q
eLz|u%���8qs~
0.1

¯±~�w
Ô���U���t%�

0.5
¯±~6w�Ô����p·cx�t¾~�w��pe0w+qs~�~6¥pqs��x´t°o�qs��¥c�´e�oyx´d²uc�{��qyx�~�tOo0¬
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knx�d#u%����qyx�~�t%o Ô¸wyx{�
δ γ

Ó�"�§ h°~p�pe<�
k0§	f?kc� Ô¸wHU �c¬ �����%U �c¬VU UL� §�f¸k

U0/1000§	f?kp� Ô¸wHU �%¬ �|� �c¬VU UL� §�f¸k
U0/1000§	f?k � Ô¸wÂ� �%¬ �|� �c¬	� UL� §�f¸k
U0/1000§	f?kp� Ô¸wÂ� �%¬ �|� �c¬	� UL� §�f¸k
U0/10000

�+§�¨ U Ô¸wHU �c¬ �����%U �c¬VU UL�
tanh((νV MS−LES/νk−ε)

2) U0/1000
�+§�¨ª� Ô¸wHU �%¬ �|� �c¬VU UL�

tanh((νV MS−LES/νk−ε)
2) U0/1000�+§�¨E� Ô¸wHU �c¬ �����%U �c¬VU ���

tanh((tV MS−LES/tk−ε)
2) U0/1000

�+§�¨ � Ô¸wHU �%¬ �|� �c¬VU UL�
tanh((tV MS−LES/tk−ε)

2) U0/1000
�+§�¨N� Ô¸wÂ� �%¬ �6� �c¬	� UL�

tanh((νV MS−LES/νk−ε)
2) U0/1000�+§�¨�� Ô¸wÂ� �%¬ �|� �c¬	� UL�

tanh((νV MS−LES/νk−ε)
2) U0/1000

�+§�¨ � Ô¸wÂ� �%¬ �|� �c¬	� UL�
tanh((νV MS−LES/νk−ε)

2) U0/10000�+§�¨ � Ô¸wÂ� �%¬ �|� �c¬	� UL�
tanh((tV MS−LES/tk−ε)

2) U0/1000
�a§�¨ U<� Ô¸wÂ� �%¬ �|� �c¬	� UL�

tanh((tV MS−LES/tk−ε)
2) U0/10000

�a§�¨ U�U Ô¸wÂ� �%¬ �|� �c¬	� UL�
tanh((LV MS−LES/Lk−ε)

2) U0/1000�a§�¨ UL� Ô¸wÂ� �%¬ �|� �c¬	� UL�
tanh((LV MS−LES/Lk−ε)

2) U0/10000

_B��¥c��e
� ¿ knx�d#uc�{��qsx´~6t¾�%��w���dKe�qse0w�o

_a`ceKoyx´d²uc����qyx�~�t%o�`%��µ�e#¥Oe<e0t4x�dK�c�´x{��x´qy��m4���cµ���t%��eL�°x�t°qyx�dKe�·A£�x´qy`«��dK��Èpx´d²ucdjÓ�"B§ tnucd#¥:e0w
x�t¾qy`%e#w���tc�6e�¯±wy~6d

10
qy~

20
¬T$ºt4���cwse0µnx�~�u%o�£+~�ws­À»H��e�¯r¬NP��HR±¼Â·:x¶q¸£+�6o�o�`%~�£�t¾qy`%��q?tc~�oyx���tcx('O�0��t|q

x�tp¯±~6wyd���qsx´~6t.x{oa��~6o�qax�t�qyx�dKe��cwy~�µnx{�pe<��qy`O��q?Ó�"�§
≤ 25

¬
_a`ce��O��w���dKe�qse0w�o+��`O��w����Âqse0wsx 
<x´t%�
qy`%e
�px¶ÅIe0wse0t|q�oyx´d²uc����qyx�~�t%o���wye�oyucdKd���wsx 
<e<�®x�t°_	��¥©¬O�n¬

����Ü4X%úLì�íÂû�ü�êÂë�YDZÂý



U � � 102%23<4�=F��O
��+
������

knx�d#uc�{��qsx´~6t%o
Cd C ′

d C ′

l

knq
lr§�f¸kc� �p¬ �6� �c¬VU
� � U�¬ ���6� �%¬(U�� � U6¬ �6�

§�f¸kp� �p¬VU�U �c¬VU�UL� �c¬ � ��� �%¬(UL� U U6¬(U �
§�f¸k � �p¬ � � �c¬ � � � �c¬ � � � �%¬(UL��� U6¬(U �
§�f¸kp� �p¬ � � �c¬ � � � �c¬ �6� � �%¬(UL��� U6¬ �%U
�a§©¨�U U�¬ ��� �c¬VU0� � �c¬ � � � �%¬(U�� � U6¬ � �
�a§©¨+� U�¬ � � �c¬VU<� � �c¬ � U<� �%¬(UL��� U6¬ � �
�a§©¨N� U�¬ � � �c¬VU
��� U�¬ �6��� �%¬(U���� U6¬ � �
�a§©¨�� �p¬ � U �c¬VU�U � �c¬�� �6� �%¬(UL� U U6¬(UL�
�a§©¨ª� U�¬ � � �c¬ ���6� �c¬	��� � �%¬(U�� � U6¬ ���
�a§©¨ � �p¬ � U �c¬ � ��� �c¬	� � � �%¬(U�� � U6¬(UL�
�a§©¨ � �p¬ � U �c¬ � ��� �c¬ ����� �%¬(U�� � U6¬(UL�
�a§©¨ � �p¬ � U �c¬ � �*U �c¬ ����� �%¬(UL� U U6¬ � U
�a§©¨ UL� �p¬ � U �c¬ � ��� �c¬ ����� �%¬(U�� � U6¬(UL�
�a§©¨ ULU �p¬ � U �c¬ � � � �c¬ ����� �%¬(U�� � U6¬ � �
�a§©¨ U�� �p¬ �6� �c¬ � � � �c¬ �6��� �%¬(U�� � U6¬(UL�

¨EÈn��¬�» �ªeL��wsd���t¾��t%� �?¥%�6oy���ru U � � �6¼ �p¬Ø� � U�¬Ø� �%¬(UL���
¨8Èp�©¬�»H§©mnt4��tO�.��~p�pm.U � ���|¼ �p¬VU �%¬(UL�6� U6¬ �
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¢ ¥cwsx´e0¯�o�u%d�d���wym�~�¯©qs`ce¸����~�¥%���%�%��ws��d�e0qye<wso8~6¥pqs��x´t%e<�®x�t�qs`ce¸�cx¶ÅIe0wse0t|q+oyx�d#uc�{��qsx´~6t%oª��t%��~�¯	o�~6dKe
e0Èp�Oe<wyx�dKe0t|qs���I�%��qs���0��t�¥:e�¯±~�uctO��x�t�_B��¥�¬ �p¬#$ºt��%��wyqyx{��u%����w<·|qy`%e�oye0tOo�x´qyx�µnx¶qrmKqs~²qs`ce�`nm|¥%wyx{�px 
<��qsx´~6t
dK~p�pe<�H·6qy~

δ
��t%�Kqs~

k0
��wye�x�tnµ�eLorqsx´�|��qyeL�A¬#"c~�wªe<�6��`®~�¯Iqy`%e¸�0~�t%oyx��ce0wse<���0�6o�eLo0·�'%��u%wyeLoNoy`c~�£�x´t%��qy`ce

x{oy~�³º��~�t|qs~�ucw�o:~�¯nqy`ceN¥c�´e<t%�px�tc���%��ws��dKe�qye<w©��t%��~�¯nqy`ceN§�¨ªk�~6w�� ¢ f¸k¸e<�c�cm?µnx{oy�0~6oyx¶qsx´eLo©��wse8wye<�O~6w�qse<�A·
x�t�~6ws�ce0wªqy~�`cx´�6`c��x´��qy`®qs`ce�¥Oe<`%��µnx´~6wN~�¯©qy`ce��px´ÅIe0wse0t|qa�0~�t%oyx{�pe0wse<��`nmn¥cwsx��cx 
L��qyx�~�t.orqsws��qye0�6x´eLo0¬8kn~6d�e
dKeL��t�µ�e0��~p��x´qrm®�cws~@'%��e<oa��wye����{oy~�oy`c~�£�t¾��t%�¾��~6dK�%��wse<�®qy~Ke�Èp�:e0wsx´dKe0t|q����©�c��qs�c¬

����� � � ����� ��
���$"� 
�& �

_a`%e�d�~p�pe<��x�tpÃ%uce<t%��e�£a��o�qye<o�qyeL�.¯±~�w�¥:~�qs`°��wsx��co<¬ "%~�w�qs`ce
��wsx{��Ô�� U6·%x´q�x{o��O~|oyoyx�¥c�´e�qs~®��~6d��O��wse
oyx�d#uc�{��qsx´~6t%o �+§�¨ U¾��t%� �a§©¨E�O·Nx�t>£�`cx{��` qs`ce°¥c��e0t%�cx´tc�Q�%��ws��d�e0qye<w�x{o�¥%��oye<�>~�t qy`ce¾µnx{oy�0~6oyx¶qrm
w���qsx´~¾»±¹¸��¼���t%�.qyx�d�e�w���qsx´~°»H_���¼+wyeLo��:e<��qyx�µ�e<�´m6·p£�x¶qs`.qs`ce
oyx´d²uc����qyx�~�t¾§�f¸kc�p·c£�`%x���`¾e0dK�c��~�mpo+qy`ce
§	f?k®d�~p�pe<�H¬+"Bx���ucwse?����tO�®�Ko�`c~�£ qs`ce�¥c��e0t%�px�tc���%��w���dKe0qye0w¸»Æ�|¼Â·nqy`%e¸¹¸h«k|³º§©¨ªk«»Æ�L¼ª��t%��� ¢ f?k
»H�%¼�µnx{oy�0~6oyx¶qrm '%e0�{�co<·%¯±~6w �a§©¨�U#��t%� �+§�¨E�%Ç:x�t�'%�%¬ �Kqy`ce²µ|x{os��~6oyx´qrmJ'%e<���co²»Æ§�¨ªk »H�6¼Â·I� ¢ f?k½»Æ¥O¼�¼
��wye��%�´~�q�qyeL�4��tO�4���{o�~Kqs`ce#x{oy~���x´tce²��q¸§	f?k¾�O��w���dKe�qse0w

α = 0.95
¬�_a`cx{o�x{o?��tnucdKe<wyx{�0���©qy`%wyeLo�`c~6���

¥:e�qr£+e0e<t�qy`%e 
<~�tceLoEx�t�£�`cx{��`�qy`%e¸§	f?k�dK~p�pe<�O£+~�ws­poEx�t.§©¨+k�~�w+� ¢ f¸k�dK~p�pe�¬W$Áq 
 oªx�d��:~�wyqs��t|qNqy~
u%t%�pe0ws��x´tce�qs`%��q�§	f?k.£+~�ws­no+~6tc�´m.x´t°� ¢ f?k�~6w�x´t°§©¨+k�d�~p�pe
oy~Kx�o��O~|oyoyx´¥%�´e�qs~K�ce�'%tce²�²µ����´uce�~�¯
qs`cwse<oy`c~��{����x�­�e¸qy`%��q�e�Èp�c�{��x�tce<�.¥:e�¯±~�wse�¬#$ºt�qy`%e�tce0£ �cwy~6�O~|o�eL��`nmn¥cwsx��.dK~p�pe0�Aqs`cx{oax�o�t%~�q��O~|oyoyx�¥c�´e
¥:e<�<��u%oyeKqy`%e®dK~n�ce0�N£+~�ws­po����{o�~¾x�t ��t'`nmn¥cwyx{�QdK~n�ce���o
oye0e<t'x´t kneL��¬Ø�p¬¾_a`ce®oyx´d²uc����qyx�~�t �a§©¨ U
oye0e<d�o�qy~4£+~�ws­«x�t §©¨+k'dK~n�ce®x´t'qs`ce�£�`%~���e®�p~�d���x�t½e�Èc�0e0�pq#t%e<��w
qy`ce®£a�����N~�¯aqy`ce��0mn�´x�t%�pe<w#x�t
£�`%x���`.qy`ce�� ¢ f?k.dK~p�pe0�Ax{o����p~6�pqyeL�«» '%�%¬ �%»Æ¥O¼�¼a��t%��x�t¾o�~6d�e¸�%��w�q�~�ucqsoyx��pe�~�¯©qy`ce�£a��­6e²»Æuc�n£�x´t%�
¯±ws~�d qy`ce?��mn�´x�t%�pe<w<·6x´tKqs`ce�oy`ce<��wE�{��m�e0w�o���t%�Kt%e<��wEqy`ce��{��qse0w����p¥:~�uctO�c��wsmc¼�£�`ce0wseaqy`%e�`nm|¥%wyx{��d�~p�pe
x{oEoye�qL¬�_a`%x�o8x{oEx�t®���<��~6ws�c��t%��e+£�x´qy`Kqy`%e�µnx�os��~|o�x´qrm '%e<���co<·

µs
¥:e0x�tc�
��~�£+e0w�qy`O��t

µt
x�tKqy`%e�£+��­�e���tO�

�0~�dK�%��ws��¥c�´e�x�t®qs`c~6oye��:~�x�t|qsoª~�¯Aqs`ce�'Oe0�{�®£�`ce<wye�qs`ce¸d�~p�pe<�O£+~�ws­poEx�t®qs`ce�`nmn¥cwsx���dK~p�pe6¬�§�~n~�­nx´t%�
��q �a§©¨E�¾qs`ce��px´Å:e<wye<t%��eLo�£�x´qy`½wse<oy�OeL�Âq�qy~ �+§�¨ U®��wseKe0µnx{�pe0t|q<¬ $ºtQqy`ce�£+��­�e�qy`ce�d�~p�pe<�N£+~�ws­po
t%~�q�~�tc��m®x�t°§©¨ªk.dK~p�pe�¥cupq�qs`ce0wse���wse�����oy~�`|mn¥cwsx{�.��t%�.� ¢ f?k 
<~�tceLo0·|qs`ce 
0~6tce�u%o�x�tc��� ¢ f?k�x�t
qs`ce
oy`ce<��w�����m6e0w�oªx{o��{��ws��e<w+qy`%��q��cwye<µnx´~6u%o���m���t%�¾��ws~�uct%��qy`%e
£+���´�Iqs`ce#� ¢ f?k�dK~p�pe�x{o�~�tc��m�t%e<��w
qs`ce�uc�n£�x�t%�.�0~�wstce0w�o<¬�_a`%x�o��0~�t*'%�6ucw���qyx�~�t.x�oat%~�q���~6dK�c�´e0qye<�´m®x�t°���<��~�w��®£�x´qy`�qs`ce�µnx�os��~|o�x´qrm '%e0�{�co
¥:e<�<��u%oye�·<¯±~�w	e�Èc��dK�c��e�·Lx�t�qy`ceª£+��­�eBqy`ceª¹?h«kn³Á§�¨ªk¸µnx�os��~|o�x´qrm�x{o©e<µ�e0wsmn£�`ce0wse��´~�£+e0w©qy`%��t�qy`ceN� ¢ f?k
~6tce�£�`cx��´e�qy`ce�dK~p�pe<�%£+~�ws­no8oy~�dKe<£�`ce0wse�x´t®� ¢ f?k�dK~p�pe6¬EÓª~6dK�%��wsx´t%�?qs`ce�qr£+~
oyx´d²uc����qyx�~�t%o�£�x´qy`
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x�t|qy~'��t `nmn¥cwsx�� d�~p�pe<��`%��o�¥:e0e<t
�%wy~6�O~|o�eL�A·E£�`cx{��` x�oK¥%�6o�eL� ~6tÒ�'�peL��~6d��:~6oyx´qyx�~�t ~�¯?qs`ce�Ã%~�£�µ���wyx{��¥c��e<o�x�tÄ�Q� ¢ f?k>�%��w�q4»ÆxH¬ e�¬
qs`ce#��µ6e0w�����eL�®ÃO~�£ '%e<���O¼Â·A�®��~6wywse<��qyx�~�t��%��wyq�qs`%��q�q���­6e<o�x�t|qy~��6�0�0~�uct|q�qy`%e
����wy�6e�qyucws¥cuc��e0t|q�oy�<����e
ÃOu%�Âqsu%��qsx´~6t%o0·c��t%���#qs`cx�ws���%��w�qad����pe�~�¯Bqy`%e¸u%tcwyeLo�~6�´µ6e<��~�w�kcÔ�k�Ã%u%��qyu%��qyx�~�t%o<¬8_a`ce�� ¢ f¸k.Ã%~�£
'Oe0�{�#x{o�o�~6�´µ6e<�#��t%�A·�£�`%e0wseNqs`cea��wsx��#x�o8�6�pe<z|u%��qye0��m�wse�'%tceL�A·�x´q8x�o���~6wywse<��qyeL�
¥nm
���c�cx´tc�¸qs`ceawyeLo�~6�´µ6e<�
qsucws¥cuc��e0t|q
Ã%u%��qyu%��qyx�~�t%o<¬¾_a`cx�o#x�o#�p~�tce�¥|mÀdKe<��tOo�~�¯��¾¥c��e0t%�cx´tc�4¯±uct%�Âqsx´~6t©·�£�`cx{��` ��oso�ucwse<o¸qs`%��q
qs`ce#dK~p�pe<�Bd���m¾��~6x´t%�0x��ce#£�x´qy`°qs`ce�� ¢ f?k«���c�%wy~|����`¾£�`ce0wse
qs`ce#�6wyx{�°x{o?�0~6��wsoye
��t%�°qye0tO�co�£�x´qy`
�0~�t|qyx�tnucx´qrm�qy~�qy`%e
§©¨ªk.dK~p�pe0���6o+qy`ce��6wyx{�.x�oa��~p�0������m®wye0'%tceL�A¬

_a`ce��cws~��:~6oye<��orqsws��qye0�6m�x�oa���c�c��x´eL�®¯±~6w+¥%�´e<t%�px�tc�#qs`ce�orq���t%�%��w���� ¢ f?k
k − ε

�0�´~|o�ucwse?��t%��qy`ce
¹¸h«k|³º§©¨ªk4dK~n�ce0�B£�x¶qs`4qy`%e�knd����6~�wsx´t%­|m¾����~6oyucwse�¬�_	~®qs`cx{o��cu%wy�:~6oye�·:qy`%wye<e²�px´Å:e<wye<t|q¸�pe0'%tcx´qyx�~�t%o
~�¯�qy`ce
¥%�´e<t%�px�tc��¯±uct%��qyx�~�t«��wye��%wy~6�O~|o�eL�A¬ª_a`ce#wyeLo�uc�´qyx�tc�®`nmn¥cwsx��¾� ¢ f?k%¦�¹?h«kn³Á§�¨ªk¾dKe�qs`c~p�°`%��o
¥:e0e<t4���c�%�´x�e<��qs~�qy`ce#t|u%d�e<wyx{�0����oyx´d²uc����qyx�~�t°~�¯8���0���6oyoyx{�0����¥Oe<t%��`cd���ws­®¯±~6w�¥c��upÅ:³[¥:~p�pm�ÃO~�£�o0·OxH¬ e�¬
qs`ce�Ã%~�£(��ws~�uctO�.��t�x�t*'%t%x¶qse�³Á�´e<tc��qs`4oyz|u%��wye���mn��x´tO�pe0w���q

Re = 22000
¬W"c~6w���~6dK�%��wsx�oy~�t�·c��tc~�qy`ce<w

`nmn¥cwsx��«dK~n�ce0�8`%�6o�¥Oe<e0t'��~�tOo�x{�pe0wse<�«`ce0wse�·A~6¥pqs��x´t%e<�À¥|m4���c�c��mnx´tc��qs`ce�§�f?k«¥c��e0t%�cx´tc�°�0wyx´qye<wyx�~�t©·
£�`%x���`�x{oE¥%�6o�eL�K~�tKqs`ce�w���qsx´~�¥:e�qr£+e0e<tKqy`ce¸� ¢ f¸k���t%��qs`ce?§�¨ªkKµnx{oy�0~6oyx¶qrm6·�qy~²¥c�´e<t%��qy`%e?o�qs��tO�c��w��
� ¢ f?k

k − ε
����~6oyucwse¸��t%�.qy`ce#knd�����~�wsx�t%o�­nmKdK~p�pe0�[¬

_a`ce�tnucdKe<wyx{�0���n�cx�os��wse�qsx 
L��qyx�~�t�x{o�¥%��oye<�²~�t���o�eL��~6t%�n³Á~�w��pe0w����<��ucw���qseªdKx´ÈneL��'Otcx¶qse�³Áe0��e0dKe0t|q�¦H'c³
t%x¶qse�³Áµ�~���ucdKeQd�e0qy`c~p�A·����%�c�´x�e<� qy~Òuct%o�qywsu%��qyucwse<� qye0qyw���`ceL�pws���?�6wyx{�co<¬ $Áq°u%oye<o¾� o�~6�c`cx{orqsx��<��qyeL�
h«g?k%Ó+§½wse<�0~�t%o�qywsu%��qyx�~�t��´eL���px�tc�Kqy~.�Kt|u%d�e<wyx{�0���©µnx�os��~|o�x´qrm®d����ce�~�¯Eo�x´Ènqy`p³Á~�w��pe<w�o��%��qyx{�����ce0wsx´µ���³
qsx´µ6e<o<¬°¨Ex´qy`ce<w²��t½e0Èp�c�´x{��x´q���uctc��e0³ ��ucq�qs�«������~�wsx´qy`cd ~�w#�4oye<�0~�t%�p³[~6ws�pe<w�qyx�dKe�³º���0�0ucw���qye�x�dK�c��x��0x¶q
os��`ce<d�e��<��t�¥Oe�u%oye<��qy~®�6�pµ���t%�0e¸qy`ce�eLz6uO��qyx�~�tOoªx�t�qyx�dKe�¬

knx�d#u%����qyx�~�t%o	`%��µ�eª¥Oe<e0t��0��wswsx´eL��~�upq�~�t�qr£+~��6wyx{��£�x´qy`��px¶ÅIe0wse0t|q8o��O��qyx{���6wyeLo�~6�´ucqyx�~�t©Ç�oye0t%oyx´qyx�µ|x´qrm
~�¯%qs`ceawyeLo�uc�´qso	qs~?qs`ceax´t%�´e0qBqsucws¥cuc��e0t|q8­|x�tce0qyx{�ªe<tce0ws��m
��t%��qs~¸qy`cea�%��ws��d�e0qye<w

δ
x´t�qy`%ea���c�cws~�Èpx´d���qse

£a�����Iqywse<��qydKe0t|q�`%��µ6e?¥:e0e<t¾����oy~����c�%ws��x�oye<�A¬
"%~�wªqy`ce�qye<o�qso+�0��wywsx�e<�K~�ucqª£�x´qy`�qs`ce�dK~�wse�wse�'Otce<�K�6wyx{��x´qª`%�6oE¥:e0e0t�o�`%~�£�tKqy`%��qNqy`%e?wse<oyuc�´qsoE~�¯

qs`ce�t%e0£ `nm|¥%wyx{�KdK~n�ce0�I��wse�x´t®�6�0�0~�w��²£�x´qy`®qy`c~|o�e¸��~�dK�cucqye<�K£�x´qy`.§�f?k®��t%��qs`ce?����wse0e0dKe<t6qE£�x´qy`
e0Èp�Oe<wyx�dKe0t|qs���c�c��q��?x{oE�6�0��e<�pqs��¥c��e�¬ ¢ �{o�~�x�t²qs`ce��0~6��w�oye0wB��wsx��#qy`ce�§	f?kK��t%�
qs`ce�tce<£ `nmn¥cwsx���dK~p�pe0�
�6x´µ6e���~�dK�%��ws��¥c��e²wse<oyuc�´qso<·	��tO�4qs`ce����6wye<e0dKe0t|q�£�x¶qs`'qy`ce�e0Èp�Oe<wyx�dKe0t|qs���E�c��q��¾x�o�tc~�q#��~6d��%�´e0qye0��m
os��qsx�o�¯Æ����qy~6wymÀe0µ�e<t x´¯r·N��o�o�`%~�£�t½x´t P	�KRÁ·N�0~�dK�%��w���¥%�´eKqs~4qy`O��qK~�¯�~�qs`ce0wK§©¨+k oyx´d²uc����qyx�~�t%o#x´t qy`ce
��x´qye0w���qsucwse�¬

_a`ce�o�e<�´eL�Âqse<�'qse<o�q��0�6o�e.�p~ne<o²tc~�qK�����´~�£ qy~À`cx´�6`c��x´�6`6q²qy`ce�o�e<t%oyx¶qsx´µnx´qrmÀ~�¯�qy`ce.wyeLo�uc�´qso#qy~«qy`ce
�cx¶ÅIe0wse0t|q��ce�'%tcx´qyx�~�tOo#~�¯�qy`ce.¥c�´e<t%�px�tc�4¯±u%t%�Âqsx´~6t©¬À_a`cx{o²d�x���`|q�¥Oe��puce®qs~4qs`ce®¯Æ�6�Âq#qs`%��qL·8x´t qy`ce
�0~�t%oyx{�pe0wse<�4Ã%~�£�·�oye0�%��ws��qyx�~�t«x{o 'cÈpe<�Q¥nm°qs`ceK��e0~6dKe�qywsm4��tO�«qs`cx{o�d�x���`|q
wse<�puO��e�qy`ce�oye0t%oyx´qyx�µ|x´qrm
~�¯�qy`ceÀwyeLo�u%�¶q�o�qy~ qy`ce'�px´Å:e<wye<t|q���`c~6x��0e<o®x�tÄqs`ce4qsucwy¥%uc�´e<t%��eÀdK~n�ce0�[¬ Óª~�tOo�eLz6u%e0t|qy��m�·�t%e0£�qyeLorq
�<��oye<o�oy`c~�u%���½����oy~¾¥Oe��0~�t%oyx{�pe0wse<�À¯±~�w
¯±ucw�qs`ce0w#qyeLorqsx´tc�¾qs`ce��px´ÅIe0wse0t|q#¥c��e0t%�cx´tc�4¯±uct%�Âqsx´~6t%o#�6o0·�¯±~�w
x�t%o�qs��t%��e6·6qs`ce?Ã%~�£]��ws~�uctO�®�#�0x´w���uc�{��wa��mn��x´tO�pe0w+£�`cx{��`�x{oª����`%������e0tc�6x´tc�²��t%��£�x��pe<�´m�o�qyu%�cx´eL�®Ã%~�£�¬
Ñ ~�£ªe<µ�e<w<·�¯±wy~6d ��t¾��³Á�O~|orqse0wsx´~6wyx:��t%���´mpoyx�oª~�t�qy`ce��cws~��:~6oye<��¥%�´e<t%�px�tc�#¯±u%t%�Âqsx´~6t%oax¶q�x{oao�`c~�£�t�qy`%��q<·
���¶qs`c~�u%��`«e<dK�cx´wsx{�0������m°¥%��oye<�A·©qy`ce<m4�´eL���«qy~¾�¾o�e<t%o�x�¥c��eK¥Oe<`%��µnx´~6w<·A��q���e<�6orq�¯±~�w¸qs`ce��cwse<oye0t|q?qse<o�q�³
�<��oye�¬T$ºt%�ce0e<�©·%¯±~6w?�����©qs`ce#�6wyx{�¾wse<oy~���upqyx�~�t%o<·cqs`ce#t%e0£(`nm|¥%wyx{�°dK~p�pe0�	£ª~6wy­po�x�t«§©¨+k¾dK~n�ce#x�t°qy`ce
oye0�O��w���qyeL�®uctOorqse<���cm®£+��­�e6·n��t%�.qy`cx{o�x{o���~6t%o�x{o�qye0t|q�£�x´qy`�qy`ce�w���qsx´~6t%����e¸~�¯�`|mn¥cwsx{��dK~p�pe0�{o<¬
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$Áq�x{o 'Ot%�����´m®oy`c~�£�t�qs`%��qaqs`ce¸oye0tOo�x´qyx�µnx¶qrm�~�¯©qy`ce�wse<oyuc�´qsoNqy~²qy`ce�x�tc�´e0qªqsucws¥cuc��e0t|q�­|x�tce0qyx{��e<tce0ws��m
x{o���~�£�¬+_a`%x�o�d�eL��t%o�qy`%��q�qy`ce#�cwy~6�O~|o�eL��`|mn¥cwsx{�.dK~p�pe<�	��~6uct|qye<wy¥%������t%��eLoªqy`ce²�O~�qye0t|qsx����©tce0�|��qsx´µ6e
e0Å:eL�Âq�~�t½qs`ce�wse<oyuc�´qso#qy`%��q���~6uc�{�½¥Oe.��e<tce0w���qse<�'¥nmQqy`ce.x´t%�6�0�0ucws��qye®�%wyeLoy�0wyx��pqyx�~�t½~�¯�qy`ce.x´tcÃ%~�£
qsucws¥cuc��e0t|q
­nx´tce0qyx{�Ke0tce<wy�6m�¬�Óª~6tnµ�e0w�oye0��m�·Ax´q#x�o#o�`c~�£�tÀqy`O��q
wse<oyuc�¶q�o
��wse�orqswy~6tc����m«��Å:eL�ÂqyeL�Q¥|m«qy`ce
�O��w���dKe�qse0w

δ
x�t�qy`ce��6�p~��cqye<�²£a�����¶³Á����£�·�£�`%x���`K��~6t%o�eLz|uce0t|qy��m#�peLo�e<wyµ6e<o��¸�%��wyqyx{��u%����wE��q�qse0t|qyx�~�tK��tO�

�²¯±ucwyqy`%e0w�x�t|µ6e<o�qyx��6��qyx�~�t©¬
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