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Ø�É Ø op}jm8�|mlk7�����\~jm²x�~j��³��_x{z���°j�º³¹��x|��z��º�@}-�y~-�P�@�º}Yzp�jm ­���£Y�|�@}j£@m É8É8É É8É É8É É8É8É²É8É �4D

EF! .1å�����'�§4= .1�Óå�G .1����.Yæ ! ¨H'�.  +
DTÉ¹� ­
mJx&´µmJmJ�y°��Y��à,�ym z{vw�Pm�­·vY�@�j~j}j��Ì É²É8É É8É É8É8É É8É É8É²É8É É8É8É É8É É8É É8É8É²É8É �Ó�
DTÉ � op}jm�x�z�����z��J£@�ºm²�jm z�����}�x�´µml��z�������³ºm �T�Y�¹}\zp�ym�­���£@����}�£@me­�� É É8É8É É8É É8É É8É8É²É8É �<I
DTÉ Ø qÖ��Ïy�¹k_��x���z��º�@}-�ym ³º�_k7�Yx�x�m É É8É8É²É8É É8É É8É8É É8É É8É²É8É É8É8É É8É É8É É8É8É²É8É �V�

+FJK&¸©�¨�è �yå4&>ä�'L'9¨�©ª¥1�*&�:9¨�.�4�¨Bç �j§MJ·©�� �Vålæ  /N 

OQP ä)'�çYè¸¨�§4&>ä�' /RO

����ð�SRT�U�T�T
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�jÆ ��¿��µÅ"¾"Æ�������¾lÆ^Æ�¾���	�Ây¿P¾'¾"¿�
jÁ�Â��
�"È�¾�Å ���¸ÀlÄ¹¾�
 ��Æ'Ã�Á�¿��>Æ���Ä¹¾�Å"¾|¾��YÀ��YÃ�����	��7Ç��������¸Á�¿��TÇ ��Æ�������� �

: ���������8!�#���24�s�����9�
���� "�'�%+���� �
���� "� $&�8�����

­
m'�j�|�@°�³¹iJkDm'�ymJx
N
�l�@�|��x�mVx{z ~j}0�j�|�@°�³¹iJkDmD�"�J³¹iJ°j��m¦ÜF�¹³�xl¯ ��£Y�Ùz �9¯ �"z�~T�y�¹mJ� ³¹m'kD�Y~jÌ@mJk_ml}\z²�ym

N
�P�@�º}\z|xRk7�@x|x��º�\~jmVx�x��@~�kD��x ¼ ³c¯ �º}���~jmJ}��"me�ym�³¹mJ~j��xR��z�z|�|�Y�^z|�¹�Y}�x�£@���ÓÌw�Ùz���z��º�@}�}jml³º³¹mVx������&k'~yz�~�ml³º³¹mVxlÉ

Ý�mD�j�|�@°j³ºilk_mDmJx�z��9¯ ~�}�£Y�|�@}��0�º}\z��l�|á"z8�9¯ ~j}��T�Y�¹}\z8�ym_Ìw~jm_�j�|��z����\~jm�Î¸�"z|~��ym7�y~�x�vyx�z�ilk_m7x��@³����º��mY»
�j~-x�vyx{z|ilk_m8g
mJ���|m"¶�­·~�}jm@»wm"z���ÉºÉ¹ÉôÐ^É
���@~��

N = 2
»��Y}1�����|³¹m'�y~0�j�|�@°j³ºilk_m��ym�C ml�j³ºml�VÉ��²�	�@�lm ¼ ~j}0}��@k)°���m)x�~yâ±x|��}\zp�9¯ �¹}\z��J£@����³ºmJx

����mJkD�ºil�|mJxJ»y�"m �j�|�@°j³ºilk_m mJx�z�x��Y³¹~�°j³¹m8�@}���³ºv\z����Y~�mlk_ml}\z8Üwz��Y~yz�mVx�³¹mVx&z������{mV�^z��Y�¹�|mJx&x��@}\z��ymJx
mJ³¹³º�¹�Tx�mVxl»
�jmJxO�T������°P�@³ºmJxO�Y~±�ymJx�hwvw�TmJ��°P�@³ºmJx��j��}�x[~j}±�|ml�Pil�|mp��z�z|�Y��hj� ¼ ³c¯ ~j},�ymVx��ymJ~yÏ7�"�@�|��xJÉY­
me�l�Yx

N = 3mVx{z �9¯ ~j}jmD�j³¹~Txe£Y�|�@}��ym)�j�Ùâ±�"~�³Ùz|�@É·��~�³¹�ºml~��ymD�l�@}�x����y�l�|ml�e³¹mD�j�|�@°j³ºilk_m'�jmJxpz��|�@��xe�l�@�|��x�mJ}0z��Y~yz�m
£Y�l}j�J�|�@³¹�¹z��Y»w}j�@~�x
}��@~�x
�º}\z��l�|mJx|x��@}�x
�j�@}�x
�"m8�����j�P�@��z ¼ ~j}1�J�@x&������z����"~�³¹�ºml�V»y³¹m �j�|�@°�³¹iJkDm �|mJx�z��|ml�º}\z
�jmJx&z��|�@��x��"�Y���Tx���³º�@}·»��\~j�9mJx�zp�y�lß�}j�·���@��³¹mVx&z��|�@��x
hwv\�P��z|hjiJx�mJx�x�~j�ºÌ���}\z�mVx Ü


 ­·m�z��|�@��x��¹iJkDm-�"�Y���Tx M3

}·¯ �º}���~jmJ}��"m-���Yx'³ºmJx_�l�@�|��x
M1

mlz
M2

»O�y�Y}\zD³ºm-kD�Y~jÌ@mJk_ml}\zDmVx{z
�y�@}�}j�1�"�@k_k_m-~j}jm1x��@³º~yz��º�@}¬�y~Ò�����Y°j³¹iJk_m-�jm C mJ�j³ºml�VÉOÝ�mV�"���|mlÌw�ºml}\z ¼ �j�|ml}��j��m�}w~j³¹³ºm-³º�
k7�@x|x�m²�ym

M3

�j�@}�x�³¹mVx��V�\~���z|�¹�Y}�x��j~,k_�@~jÌYmlk_ml}\z��ym
M1

mlz
M2

Þ\³c¯ �@�l�l�l³º�l����z|�¹�Y}±�ym
M3

}jm
�y�l�Pml}T�_���@xR�ym�³�� k7�@x|x�m��ym

M3

É\Ý�mlz�z�m��@�j�j�|�ÓÏy�¹k7��z|�¹�Y})mVx{zO�Pml��z��º}jml}\z|m�³¹�Y�|x|�\~·¯ �Y}'�l�@}�x��º�jil�|m
³º�±k_�Yx�x�m��9¯ ~j}Öx|��z|ml³º³¹�¹z�m,Î>�\~jml³��\~jmJxe�"ml}\z����º}jmJx��jm�àw�¹³º�@£Y�|�@kDk_mVx|Ð�ml}Ö��mJ£Y�������ym�³��7k7�@x|x�m��ym
³º�7g�ml�|�|mDÎ

5.97× 1024
à\£wÐ&m"z��ym��lml³º³¹m��ym ³��7­·~j}�m_Î

7.3 × 1022
à\£wÐ^É


 o�}¬k_�@~jÌYmlk_ml}\z_������z����"~j³º�ºml�DmJx�z_��hj�Y�ºx��
�T�Y~j� M1

m"z
M2

Ü��lmJx_�ymJ~yÏf�"�Y����xD�y�V�"�|�¹ÌYml}\zD~�}
k_�@~jÌYmlk_ml}\z)�"�º���"~j³����º��m7�@~yz��Y~j�)�ym±³ºml~��)�"mJ}Yz|��m±�jm±k7�@x|x�mYÉ·� z��¹z��|m,�9¯ m"Ïymlk_�j³ºm@»�³>¯ �@�|°j�¹z�m±�ym
³º�_­
~j}jm8��~yz|�@~j���jm²³��_g
mJ���|m²�T�\x�x�iJ�ym²~j}jm8mlÏj�"ml}\z|�����"�¹z�� �ym��jÉ �Y� DY��»Y�"m8�\~j�·mVx{z��Yx�x�m��²�j�|�w��h�m
�9¯ ~j}jm8�@�|°j�¹z�m8�"�º���"~j³����º��mYÉ


 ­·m8k_�@~�Ì@mlk_mJ}Yz��ym M3

mVx{z��j³��@�l���j��}Tx
³¹m �j³���}-�@�|°j�¹z|�@³F�l�@}\z�mJ}���}\z
M1

mlz
M2

É
­
m¦�j�|�@°�³¹iJkDm��|mJx�z��|ml�º}Yz_�ymJx'z|���Y�ºx_�"�Y���Tx)mVx{z7�9¯ ~j}Ò�º}\z��J��álzD�ºk_�T�Y��z���}\zD�J���_�¹³
�|ml�j�|�Jx�ml}\z|m,~j}jm

����mJkD�ºil�|m8���j�����ÓÏy�ºk_��z��º�@}¦~yz��º³¹m'�ym8°TmV��~��l�@~j�1�ym)�j���Y°j³ºilk_mJx
�|�lmJ³ºxJÉTÝe¯ mVx{z²��~�x|x��9³ºm��l�Yx����@��z|�º�l~j³¹�ºml�
³ºm �j³º~�x�x��¹k_�j³ºm8}j�@}��º}Yz|�l£Y�|�@°j³¹m �y~-�j�|�@°j³ºilk_m8�ymVx

N
�l�@�|��xJÉ


���
 �������������������! ��#"��%$�&'��(*)�+�,-�
­
m8�j���Y°j³ºilk_m mJx�z
����k_mJ}j� ¼ ~�}������Y°j³¹iJk_m x|��}Tx��y�¹k_mJ}�x��º�@}Tx��ym8³º�Dk7��}��¹iJ��m8x�~j�¹Ì��@}Yz|m_Ü

 ­
�8x��@k_k_m��ymJx[k7�@x|x�mVxR�ym M1

mlz
M2

mJx�z[�j�|��x�m��l�@k_k_m�~j}j�¹z��@ÉyÊe}7���j�Pml³º³¹me�"mJxOk_�Yx�x�mJx
1−µm"z

µ
��mVx��PmJ�"z��ºÌ@mJkDmJ}\zJÉ


 ­O¯ ~j}j�¹z����ym�³º�@}�£@~jmJ~j��mJx�zO³º� �y��x{z���}��lm��"�@}Tx{z���}\z�m&ml}\z��|m M1

m"z
M2

É@­·m
���Óv@�Y})�ym�³ºml~j��x��@�|°j�¹z�mJx
��~yz|�@~j���j~-�lml}\z��|m8�ym k7�@x|x�m mJx�zp�y�Y}��

µ
mlz

1 − µ
�|mJx��PmJ�^z|�¹ÌYmlk_ml}\zVÉ


 Êe}0��hj�@��x��Ùz�³c¯ ~j}��Ùz|�)�ym8z|mlk_��x�z|ml³º³¹m��\~jm)³º�7�l�@}�x�z|�@}Yz|m ~j}j�ºÌ@ml��x�ml³º³¹m��ym8³��_£@���ÓÌw�Ùz���z|�¹�Y} G = 1
É

 �³·�|�Jx�~j³Ùz|m8�ym��"mVx���hj�@�¹Ï¦�\~jm ³º�DÌw�¹z�mJx|x�m���}j£Y~j³º�@�¹�|me�jm
M1

m"z��ym
M2

mVx{zp�@~�x�x��9�l£\��³ºm ¼ �YÉ
 �³9mVx{z��j����z|�º�\~jm �9¯ ~yz��º³¹��x�ml��~j}-x�vyx�z�iJkDm8�9¯ ��ÏymVx

(x, y)
�\~j�Fz��Y~j�|}jm²�ÓÌYmJ�

M1

m"z
M2

�j�@}�x
³¹m x�ml}�x
z|���º£@�Y}j�@k_�lz��|�º�\~jmY»�³>¯ ��Ïym

x
�P�@�º}\z|��}\z[ÌYml��x

M2

É/.²��}Tx&�lmex�vyx{z|ilk_m@»
M1

mlz
M2

�@}\z&�jmJx&�"�w�@���y�@}�}j�lmVx
ß�ÏwmVxl»

(−µ, 0)
mlz

(1 − µ, 0)
�|mJx��PmJ�^z|�¹ÌYmlk_ml}\zVÉT­·m'k_�@~jÌYmlk_ml}\ze�ym

M3

�7³º�¹mJ~Ö�j�@}�xp³ºm��j³���}
(x, y)

É
­
mJx �V�Y~T��z��º�@}Tx²�j~�k_�@~�Ì@mlk_mJ}Yz��j�@}�x8�"m7x�vyx{z|ilk_m7�ym7�"�w�@���y�@}�}j�lmVxex��@}\z±Îµ�P�@~j���lm"z�z�m7x�mV�^z|�¹�Y}·»9³º�
x��@~��|�lm)�j�|�¹}T�"�º����³ºm'mVx{z8³c¯ �Y~jÌw�|�@£@m10¹��2YÞ9xl¯ v0�|�"´µ�J��mJ�e�P�@~j�8��³¹~�x8�jmD�y�lz|�@�¹³�x8�\~���}\z ¼ ³c¯ �@°yz|ml}\z��º�@}��ymJx

����ð�SRT�U�T�T
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�V�\~���z|�¹�Y}�x
�Y~��
x�~��¹ÌYml}\z�ÐeÜ
{

ẍ − 2ẏ = Ωx

ÿ + 2ẋ = Ωy

Î{�VÐ
�YÑ�Ü

Ω(x, y) =
x2 + y2

2
+

1 − µ

ρ1

+
µ

ρ2

ρ1 =
√

(x + µ)2 + y2

ρ2 =
√

(x − 1 + µ)2 + y2

Î>�@Ð

­��_}j��z���z��º�@}
Ωx

Îµ�|mJx��PmJ�^z|�¹ÌYmlk_ml}\z
Ωy

Ð
�y�Vx��º£@}jm ³��7�y�l�|�ºÌ@�lm ���@��z|�¹mJ³¹³ºm8�y~-�T�@z�mJ}Yz|�¹mJ³
Ω
�����������y¶

�P�@��z ¼ ³º�_Ì����|����°j³ºm
x
Î¸��mVx��PmJ�"z��ºÌ@mJkDmJ}\z

y
Ð"É

�O³º~�x������V�"��x��JkDmJ}\zJ»y³ºm�x�vyx�z�ilk_m7Î{�ÓÐ
xl¯ �J�l���¹z8Ü










ẍ = 2ẏ + x − (1 − µ)
x + µ

ρ3
1

− µ
x − 1 + µ

ρ3
2

ÿ = −2ẋ + y − (1 − µ)
y

ρ3
1

− µ
y

ρ3
2

Î¸ØYÐ

Êe}-�Pml~yzpx�m �|�@kDmJ}jml� ¼ ~j}1x�vyx{z|ilk_m .p��k_�º³Ùz|�@}j�ºml} ¼ �ymJ~yÏ¦�ymJ£@�|�Jx��ym ³º�¹°Pml��z��8mJ}��P�Yx|��}\z8Ü

q1 = x, q2 = y, p1 = ẋ − y, p2 = ẏ + x,

H(q1, q2, p1, p2) =
1

2

(

p2

1 + p2

2

)

+ p1q2 − p2q1 −
1 − µ

ρ1

− µ

ρ2

Î D\Ð

­
m�x�vyx�z�ilk_m7Î¸Ø\Ð
�ymlÌw�ºml}\z8Ü










































q̇1 =
∂H

∂p1

q̇2 =
∂H

∂p2

ṗ1 = −∂H

∂q1

ṗ2 = −∂H

∂q2

Î>�@Ð


���� �/ � ����& � ) � " ��� ��� ��( � � � & �	� � �! " ��
 ��) )
 �³·mVx{z�°��¹mJ}-�l�@}j}w~�Îµmlz�´¸�@�"�º³ºm �jm8Ì@�l�|�¹ß�ml�^Ð[�\~jm

H(q1, q2, p1, p2)
mVx{zp�l�@}�x�z|�@}\z
³ºm ³¹�Y}j£7�ymJxpx��Y³¹~y¶

z|�¹�Y}�x��ym±Îc�@Ð^É�.p�Y}��²³¹m�x�vyx{z|ilk_m7Î{�VÐ&�P�Yx|x�iJ�ym ³c¯ �º}\z��l£Y�|�@³¹m²�j�|mlk_�ºil�|mDÜ

H(x, y, ẋ, ẏ) = H(x, y, ẋ − y, ẏ + x) =
ẋ2 + ẏ2

2
− Ω(x, y)

Î>�YÐ
�p~yz��|mlk_ml}\zp�y�¹zJ»jz��@~jz�m�x��@³º~yz��º�@}�mJx�z�z�mJ³¹³ºm8�Y~�m7Ü

ẋ2 + ẏ2

2
− Ω(x, y) = h

Î×¢�Ð

��� � ���
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�"È�¾�Å ���¸ÀlÄ¹¾�
 ��Æ'Ã�Á�¿��>Æ���Ä¹¾�Å"¾|¾��YÀ��YÃ�����	��7Ç��������¸Á�¿��TÇ ��Æ�������� ¢

�YÑ
h
mJx�z
~�}jm��"�Y}�x{z���}\z�mYÉ

.²��}�x�³º�D³º�Ùz�z��l����z|~j�|m@»y�@}-�y�lß�}j�¹zp³>¯ �º}Yz|�l£Y�|�@³¹m �ym ,Y�Y�"�Y°j�
C
�l�@k_k_m_Ü

C = −2h
Î�IYÐ

�p~��"~j}�m���~yz|��m �º}Yz|�l£Y�|�@³¹m²�j�|mlk_�¹iJ��m }·¯ mJx�zp�"�Y}j}w~jm@É

���@~��
h
ßjÏy�@»y³��_�T�\x��¹z��º�@}

(x, y)
��mVx{z|m8�j��}�x
³��D���J£@�º�@}-�ym .��º³¹³[Ü

{(x, y) ∈ R
2|Ω(x, y) + h ≥ 0} Î¸�\Ð

­�� ß�£@~���m��pkD�Y}\z��|mp�"�YkDk_mJ}Yz&��h���}j£Ym�³º��z��Y�T�Y³¹�Y£@�ºm��ymp³��8�|�l£@�º�@}7�ym .��º³¹³P³¹�Y�|x|�\~jm�³����"�Y}�x�z|��}\z|m
�jm-,Y�Y�"�@°��9ÌÓ�@���ºm@ÉFÝ�m"z�z|m8ß�£Y~j��m8�_�lz����|�J�@³¹��x��Jm �T�Y~j��~j}jm)ÌÓ�@³¹mJ~j���ym

µ = 0.012153
�Y~����"�Y���|mJx��P�@}��

�@~��J�@x��y~1x�vyx{z|ilk_m8g
mJ���|m"¶�­·~j}�m@É

x

y

Region de Hill pour h = 1.7

−2 0 2
−2

−1

0

1

2
Region de Hill pour h = 1.594

x

y

−2 0 2
−2

−1

0

1

2

Region de Hill pour h = 1.58

x

y

−2 0 2
−2

−1

0

1

2
Region de Hill pour h = 1.5

x

y

−2 0 2
−2

−1

0

1

2

�������·� 
 ���l£@�º�@}¦�ym .p�¹³º³Fml},´µ�@}��"z��º�@}¦�jm h
�T�Y~j�

µ = 0.012153
É�­
�'���J£@�º�@}7�@Ñ¦³¹m²k_�@~jÌYmlk_ml}\z&mJx�z

�@~yz��Y����x��emVx{z�£Y����x��Jm@É


���� 	 �!�  ��� "�
 ��� ��� )���(�& �
­
mJxO�P�@�º}\z|x��9¯ �V�\~j�¹³º�º°j��me�y~±�j�|�@°j³ºilk_m��|mJx�z��|ml�º}\z[�ymJxOz��|�@��x[�l�@�|��x�Î¸�\~jmp³>¯ �@}±�@�j�TmJ³¹³ºme�@~�x|x��j�P�@�º}\z|x

�jme­
�@£@����}j£YmVÐ��l�@�|��mVx��P�@}��jml}\z[��~yÏ_�P�@�º}Yz�x��l���¹z����\~jmJx&�y~±�P��z|ml}\z��ºml³
Ω(x, y)

ÉwÔO}¦m"ÕFm"zJ»
ẋ = ẏ = ẍ =

����ð�SRT�U�T�T
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ÿ = 0
�¹k_�j³º�º�\~jm

Ωx = Ωy = 0
É�­·mVx
�J�\~���z|�¹�Y}�x

Ωx = 0
mlz

Ωy = 0
xl¯ �J�l���ºÌ@mJ}Yz Ü

x − (1 − µ)(x + µ)

ρ3

1

− µ(x − 1 + µ)

ρ3

2

= 0
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y

(

1 − 1 − µ

ρ3
1

− µ

ρ3
2

)

= 0
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ρ1 = ρ2 = 1
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x = 1

2
− µ

mlz
y = ±

√
3

2
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y = 0
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µ ≈ 0.012153
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x1 ≈ −1.0051
»
x2 ≈ 0.8369
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x3 ≈ 1.1557
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ẋ = f(x, t)
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x̃ = x0 + τf(x0, t)

x(t + τ) = x0 +
τ

2
[f(x0, t) + f(x̃, t + τ)]
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�YÑ
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q̇1 =
∂H

∂p1

= p1 + q2

q̇2 =
∂H

∂p2

= p2 − q1

ṗ1 = −∂H

∂q1

= p2 − (1 − µ)
q1 + µ

ρ3

1

− µ
q1 − 1 + µ

ρ3

2

ṗ2 = −∂H

∂q2

= −p1 − (1 − µ)
q2

ρ3

1

− µ
q2

ρ3

2
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H =
1

2

(

q̇2

1 + q̇2

2

)

− 1

2

(

q2

1 + q2

2

)

− 1 − µ

ρ1

− µ

ρ2
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� z����Pm)�ym �j�|�J�y���^z|�¹�Y}�Ü
q̃i = qi + q̇iτ, p̃i = pi + ṗiτ

Î��J�YÐ
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ξ1 =
1

2
q2

1

ξ2 =
1

2
q2

2

ξ3 =
1

2
q̇2

1
− 1 − µ

ρ1

− µ

ρ2

ξ4 =
1

2
q̇2

2
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H = −ξ1 − ξ2 + ξ3 + ξ4

Î��4IYÐ
Êe}1�y�J���ºÌ@m²³¹mVx

ξi

���@���|�@�j�P�@��z��@~,z|mlk_��x8Ü

ξ̇1 = q1q̇1

ξ̇2 = q2q̇2

ξ̇4 = q̇2q̈2 = q̇2(ṗ2 − q̇1)

ξ̇3 = ξ1 + ξ2 − ξ4

Î��J�YÐ

� z����Pm)�ym8�"�Y���|mJ�"z��º�@}�Ü
ξi(t + τ) = ξi +

τ

2
(ξ̇i +

˙̃
ξi)
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q1 = sgn(q̃1)
√

2ξ1

q2 = sgn(q̃2)
√

2ξ2

p1 = −q2 + sgn(p̃1 + q̃2)

√

2ξ3 +
2(1 − µ)

ρ1

+
2µ

ρ2

p2 = −q1 + sgn(p̃2 − q̃1)
√

2ξ4
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y = 0, ẏ > 0
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µ = 1

2
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C = 4.5
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µ = 0.012153

Î>�l�@x_g�ml�|��ml¶×­
~j}jmÓÐ8m"z
C = 3
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ṙ = v

v̇ = −µ
r

‖r‖3
+

F

m
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 µ = 0.012153, C = 3

‖F‖ ≤ Fmax
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ṁ = −‖F‖
ve
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ċ =
c2

µZ
FS

ėx =
c

µ
(sin LFQ +

A

Z
FS − ey

Z
Y FW )

ėy =
c

µ
(− cosLFQ +

B

Z
FS +

ex

Z
Y FW )

ḣx =
c

µ

X

2Z
cosLFW

ḣy =
c

µ

X

2Z
sin LFW

L̇ =
µ2

c3
Z2 +

c

µ

Y

Z
FW

Îc�@�@Ð

�ÓÌYmJ�'Ü






















Z = 1 + ex cosL + ey sin L

A = ex + (1 + Z) cosL

B = ey + (1 + Z) sin L

X = 1 + h2

x + h2

y

Y = hx sin L − hy cosL

Îc���YÐ

����ð�SRT�U�T�T
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���@~��·³¹mR�����Y°j³¹iJk_mO�ym6C ml��³¹mJ�·�"�@}\z|��½Y³¹�Y»^}j�@~�x·~yz��º³¹��x��@}�x9³ºmJx·�¹}\z��J£@����³ºmJxF�j�|mlk_�ºil�|mJxF�P�@~j���"�@}Tx{z|��~j�º�|m
~�}jm ´µ�@}��"z��º�@}-�ym�­·v\���j~�}j��Ì

Vk

�\~j�·x�z|�@°j�¹³º��x�m £@³º�@°T��³ºmlk_ml}\z�~j}jm �@�|°j�¹z�m8�"�º°j³ºm7Ü

Vk = (ex − exc)
2 + k1(ey − eyc)

2 + k2(
c

cc

− 1)2 + k3(hx − hxc)
2 + k4(hy − hyc)

2
Îc�Y¢�Ð

Ý��YkDk_me³¹mVxO´µ�Y}��^z|�¹�Y}�x[�ym²­·v\���j~j}���Ì
Vk

x��@}\z[ml³º³ºmJx�¶ck_álk_mVx[�ymVx[�º}\z��l£Y�|�@³¹mVxR�j�|mlk_�ºil�|mJx[�j~±k_�@~y¶
ÌYmlk_ml}\zV»y�¹³·mlÏy�ºx�z�m8�P�@~j����hT�@�"~�}jm8�9¯ mJ}\z��|m²mJ³¹³ºmJx�~j}�´µmlmJ�j°��@��à±�|�@°�~�x{z|m8x{z���°j�º³¹��x|��}\zJ»j�@¯ mVx{z ¼ �y�º��m8�\~j�
�Pml�|k_m"z �9¯ �ÓÌY�@�º�

V̇k ≤ 0
ÉFo�}��ymJxe�@°y�{mV�^z|�Ù´¸x²�ym)³��7z|hjiJx�m_�9¯ �p³¹mlÏ "��Yk)°j�|~j}0mVx{z �ymDkDmlz�z|��m'ml}0�JÌ\�¹¶

�jml}��lmD³ºm_´¸���¹z)�\~·¯ ~j}�´µmlmJ�j°��@��àÖ�jm'z{vw�Pm±­·v\���j~j}���Ì1�TmJ~yz�á"z|��m7�Pml��´µ�@�|k7��}\z²�P�@~��8³¹m7�j�|�@°�³¹iJkDm7�ym
z|�|�@}�x�´µml��z��·¯ �Y��°j�¹z�m mJ},z|mlk_��x�k_�º}j�¹k'~jk-É

� ��� �������������������! ��#"��%$�&'��(*)�+�,-� � �! ��& �!)��
�Z������z��º�e�jm)k7���º}\z�ml}T��}\zJ»T�@}Ö�l�@}�x��º�jil�|m�³¹m'�j�|�@°j³ºilk_m��|mJx�z��|ml�º}\ze�ymJxpz��|�@��xp�l�@�|��xp�l�@}\z��|½@³º�@ÉFÊe}

�º}\z��|�y�y~j�¹z ³ºmJx �V�\~���z|�¹�Y}�x8�y~��j���Y°j³ºilk_m7�"�@}\z|��½Y³¹�Dml}���mJ�j�|ml}��@}Yz ³ºmJx �J�\~���z��º�@}�x8�j~��j�|�@°�³¹iJkDm7x|��}�x
�l�@}\z��|½@³ºm-Î¸ØYÐ²mlz)ml}�v����{�@~jz|��}\z8~j}jm±�Y�l�l�l³º�l����z��º�@}��TmJ��z|~j�|°���z|�����"mY»·x�~j�)³º��°��Yx�m±�ymVx8�J�\~���z��º�@}�x8�j~
�����Y°j³¹iJk_m �jm C mJ�j³ºml���"�Y}\z��|½@³º�DÎc��Ø@Ð²Ü











ẍ = 2ẏ + x − (1 − µ)
x + µ

ρ3

1

− µ
x − 1 + µ

ρ3

2

+ ux

ÿ = −2ẋ + y − (1 − µ)
y

ρ3

1

− µ
y

ρ3

2

+ uy

Îc� IYÐ

­
mD�l�@}\z��|½@³ºm
(ux, uy)

�|ml�j�|�Jx�ml}\z|m�³>¯ �@�J�"�J³¹�J�|��z��º�@}Ö�\~j�R�"�Y���|mJx��P�@}�� ¼ ³º�¦�P�@~�x|x��Jm'�y~�k_��z|ml~j� m"z
mVx{z�mlÏw�����ºk_� ����}�x�³ºmJx��l�w�@���y�@}j}��lmJx
�y~-�|ml�Pil�|mpz|�@~j�|}��@}YzVÉ

� ��� �  � & ��,-� &'� � � � � & ) � � ��� (*� )����/��� � �! "��%$ �!�  !� " � � � ��& �  ���
­
m,�P�@�º}YzD�ym¦­���£@����}�£@m

L2

Î¸ml}\z��|m,³��0g�ml�|��m7mlz'³��0­·~�}jmVÐ�mJx�z'~j}ª�P�@�º}\z'�9¯ �J�\~j�º³¹�º°j�|m�Î>�j��}�x)³¹m
�|ml�Pil�|m8z|�@~j�|}���}\z^Ð��y~Öx�vyx{z|ilk_m'x|��}�xp�"�@}\z|��½Y³¹mYÉFÊe}1�j�|�Jx�ml}\z�m)�º�l��~j}�m)�"z|~��ymD�@x|x�m �)�@�J�@�y�JkD���\~jm)�ym
³��)x�z|�@°j�º³¹��x���z��º�@}��ym²�lme�P�@�º}\z
�·¯ �V�Y~��¹³º�¹°���mDÜw³º�Dx{z���°j�º³º�ºx|��z|�¹�Y}±}·¯ mJx�z
�'�j�|�¹�Y���F�\~jme³º�y�l�@³¹mY»Y°��Yx��Jmex�~j�
³¹m
³º�º}j�J�@����x��Y»wm"z�³>¯ �@},´¸���¹z��ymJx�x��¹k'~j³���z��º�@}Tx��YÑ¦³c¯ �@},}�m x�m8x��Y~��"�ºm²���@x
�9¯ �@°yz|ml}j�º���ym Ú �Tmlz��¹z|x{Û �"�Y}\z��|½@³ºmJxJ»
�@¯ mVx{z�¶ ¼ ¶×�j�¹�|m7�Y~
¯ mJ³¹³ºmJx'}jm,�l�@}��lml�|}jml}\z����Yx�³ºm¦�l�Yx��9¯ ~j}fx|��z|ml³º³¹�¹z�m ¼ �T�Y~�x�x��lm±´¸���º°j³¹m�Î¸x|��~y´�°j�ºml}ªx�~j�
����}�x'~j}ª�Pm"z|�Ùz_Ì@�Y�ºx��¹}T��£@m¦�ym

L2
�@Ñª³ºmJxD�"�Y}Yz|��½Y³¹mVx�³º�¹}��J���º�|mJx)x��@}\z)}T��z�~���mJ³¹³ºmlk_ml}\zD�Tmlz��¹z|x�Ð^É�Ý�m"z�z�m

x�mJ�"z��º�@}�mJx�z��������@�¹³º³¹mJ~j��x��y�J�l�@}j}jmV�^z|�lm8�ym8³��Dx�~j�¹z�m��y~-�����j�P�@��zJÉ
tw�Y�Ùz

(a, b)
~j}��T�Y�¹}\zp�9¯ �J�\~j�º³º�¹°j�|m@ÉFÊe}¦�V�"�|�Ùz8Ü

x = a + ξ, y = b + η
Îc���\Ð

�YÑ
ξ
m"z

η
x��@}\z
³¹mVx��"�w�Y�|�y�Y}j}j�JmJx���mJ³º��z��ºÌ@mJx
�@~¦�P�@�º}\z��·¯ �V�Y~��¹³º�¹°���mYÉ�­·m �P�@�º}Yz��ym�­���£Y�|�@}j£@memJx�z��lml³º~j�

�YÑ1³>¯ ��z�z����@�"z��º�@}1�ym�³��±g�ml�|��m8mlz²�ym�³��±­
~j}jm'x�m��"�Yk_�TmJ}�x�mJ}\zJÉP���Y~j��³ºm)�P�@�º}\ze�ym)­���£@����}�£@m
L2

�\~jm
}��@~�x��l�@}�x����y�l�|�@}�xJ»w�@}1�

a = 0
m"z

b = 0.836892
ÉjÊe}¦´¸�@�Ùz�~�}0�y�lÌYml³º�@�j�Pmlk_ml}\z��ym

Ω
��~-Ì@�Y�ºx��º}���£Ym

�jm
(a, b)

Ü

Ω = Ω(a, b)+Ωx(a, b)ξ +Ωy(a, b)η +
1

2
Ωxx(a, b)ξ2 +Ωxy(a, b)ξη +

1

2
Ωyy(a, b)η2 +O(3)

Î¸ØY�YÐ

��� � ���
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­
mJx
�J�\~���z��º�@}�x��j~�k_�Y~jÌ@mJkDmJ}\z
³º�º}j�J�@����x��JmJx
x��@}\z��y�@}��DÜ

ξ̈ − 2η̇ = Ωxx(a, b)ξ + Ωxy(a, b)η + ux + O(2)

η̈ + 2ξ̇ = Ωxy(a, b)ξ + Ωyy(a, b)η + uy + O(2)

Î>Øj�VÐ

�\~j�9�Pml~�Ì@ml}\zpx�m kDmlz�z|��m�x��@~�x
³��'´µ�@�|k_mDÜ

Ẋ = AX + Bu
Î¸Ø\�@Ð

�ÓÌYmJ�'Ü
X = (ξ η ξ̇ η̇)t m"z

u = (ux uy)
t Î>Ø@ØYÐ

A =









0 0 1 0
0 0 0 1

Ωxx(a, b) Ωxy(a, b) 0 2
Ωxy(a, b) Ωyy(a, b) −2 0









m"z
B =









0 0
0 0
1 0
0 1









Î>Ø D\Ð

���@~��e³ºm'�J�@xp�j~�x�vwx�z�iJk_m'g�ml�|��ml¶×­
~j}jm@»��@Ñ
µ = 0.012153

»ym"z²�T�Y~j�e³ºm)�P�@�º}\z²�ymD­
�@£@����}j£Ym
L2

»
³��Dk7��z��|���"m

A
xl¯ �J�l���¹z8Ü

A =









0 0 1 0
0 0 0 1

11.29391 0 0 2
0 −4.14696 −2 0









Î>ØY�@Ð

­
mJx
Ì���³ºml~j��x
�j�|�@�j�|mJx
�ym8³��Dk7��z��|���"m
A
x��Y}\z Ü

λ1 = 2.931837
λ2 = −2.931837
λ3 = 2.334248i

λ4 = −2.334248i

Î>Ø@�YÐ

­��'Ì��@³¹mJ~j���j�|�@�j�|m
λ1

�lz|��}\z�x�z��|�º�"z�mlk_mJ}Yz��P�Yx��¹z��ºÌ@m@»y³ºm8�P�@�º}Yz��ym�­���£Y�|�@}j£@m
L2

mJx�z��¹}Tx{z���°j³ºm@É
Êe}'�T�\x�m

u = Kx
É@Êe})��hj�Y�ºx��Ùz�³���k7��z|�����"m

K
�ym�z�mJ³¹³ºm
x��Y��z|m��\~jm[³ºmJx�Ì���³ºml~��|x��j�|�@�j�|mJx��ym

A+BKx��@�ºml}\z ¼ ������z��ºmJx&�|�lmJ³¹³ºmJx
}j�J£Y��z��ºÌ@mJxJÉ�Êe}-~yz��º³¹��x�m²�P�@~����"ml³��D~j}jm8k_�"z|hj�y�ym��ym8�j³��@�lmlk_ml}\z��ymVx
�T½Y³¹mVxlÉ
­��'ß�£@~j�|m8�DkD�Y}\z��|m²~�}¦mlÏwmJk_�j³¹m��jm�x{z���°j�º³¹��x|��z��º�@}��y~-�T�Y�¹}\zp�ym�­���£Y�|�@}j£@mYÉ

� ���s���������
	��
���%���
�����������¦���

����
 �������	� ��" (������%"�� ��� $ � ��� ��$ �� �� �
���@~���~j}�mOz������{mV�^z|�@�º��m[�j~)x���z�mJ³¹³º�Ùz|m��@~yz��Y~j���jm[³��pg�ml�|��mpÎ¸�@~)�jm�³���­·~�}jmVÐ"»V}��@~�x��T�Y~jÌ@�Y}�x
�J��³��"~j³ºml�

³ºmJx·��������k_i"z|��mVx9�ymO³c¯ �Y��°��Ùz|mO�@x|x��y�"�º�lmYÉ  �³�´¸�@~yz9z��Y~yz��9¯ ��°P�@���²��mJÌ@ml}��¹�·�@~yÏ²�l�\�Y�|�j�@}j}j�JmJx9�j�@}�x9³ºmO�|ml�Pil�|m
ß�Ïwm8�lml}\z��|�8x�~j��³c¯ �@x�z��|m �l�@}�x����y�l�|�@Éw�R����mlÏwmJk_�j³¹mY»j�P�@~j��³��_­·~j}jm7Ü

(

x̃

ỹ

)

= eit

(

x − 1 + µ

y

) Î>Ø\¢�Ð

����ð�SRT�U�T�T
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0.834 0.836 0.838 0.84 0.842 0.844 0.846
−2

−1

0

1

2

3

4
x 10

−3

x

y

��������� 
 t\z|�@°j�¹³º��x���z��º�@}Ë�y~Ë�P�@�º}Yz)�jm±­
��£Y�|�@}j£@mYÉFÔO}Ë°j³ºml~�³º��z|�|���{mJ�"z��@�º�|mD�y~Ë³º�º}j�J�@����x��Y»9ml}��|�@~j£Ym�lml³º³¹m8�y~1x�vyx{z|ilk_m }j�@}-³º�¹}j�V���|�ºx��@É

(

˙̃x
˙̃y

)

= eit

(

ẋ

ẏ

)

+ ieit

(

x − 1 + µ

y

)

= eit

(

ẋ − y

ẏ + x − 1 + µ

) Î>Ø�IYÐ

�YÑÖ�Y}0k_�l³���}j£Ym'³ºmJx²}j�@z|��z|�¹�Y}�xeÌ@mJ�"z��Y���ºml³º³¹mVxpmlz �l�@k_�j³ºm"ÏymJxJ»F��¯ mJx�z ¼ �y�º��m_�\~jm
eit

mJx�z ~j}jmD���@z|��z|�¹�Y}
�j~���³º�@}·É

Êe}-�Pml~yz�k7���º}\z�mJ}���}\z��l�@³º�l~j³¹mJ��³>¯ �l}�ml�|£@�ºmemlz�³¹m8k_�@k_mJ}Yz��l�¹}j�lz����\~jm7Ü

E =
1

2
(ẋ − y)2 +

1

2
(ẏ + x − 1 + µ)2 − µ

ρ2

Î>Ø@�YÐ

C = det

(

x − 1 + µ ẋ − y

y ẏ + x − 1 + µ

) Î(DY�YÐ
ÔO}jß�}·»�³ºm8�ymlk_�·£Y�|�@}�����Ïym m"z�³>¯ m"Ïj�lml}\z��|�º�l�Ùz|�8�ym8³>¯ �@�|°j�¹z�m8x��@}\z��y�@}j}��Jx
���@�8Ü

a = − µ

2E

Î(D��VÐ

e =

√

1 − C2

µa

Î(D\�@Ð

��� � ���
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� ���@��z|�¹�8�9¯ ~j}jm_�P�Yx��Ùz|�¹�Y}�mlz)�9¯ ~j}jm_Ìw�Ùz|mJx|x�m_�º}j�Ùz|�º�@³¹mVxl»9³c¯ �@°y�{mV�^z��¹´�mVx{z��ym±x�z|�@°j�º³¹��x�mJ� ~j}jm7�"�º°j³ºm ¼
³c¯ �����ym8�9¯ ~�}-�l�@}\z��|½@³ºme´µmlmJ�j°��@��àF»j�l�@�|�Y�^z|�l�|�ºx��lme�����
~j}jm��jmlk_�·£@����}T�,��Ïym

acible

m"z�~�}jm8m"Ïj�"mJ}\z��|�º�l�Ùz|�
ecible

ÉYop},�ymJkD�P£@����}T�7��Ïym�m"z�~j}jmpmlÏj�"ml}\z|�����"�¹z��p�j�@}j}j�VxO}jme�TmJ��k_mlz�z�mJ}\z����Yx[�ymp�j�"ß�}j�º�&~j}jmp�Y��°��Ùz|m
~�}j�º�\~jm�Î¸x|��~y´px��

ecible = 0
Ð^»
k7�@�ºx'x�mJ~j³¹mJk_ml}\z)~j}jm,´¸��k_�º³¹³ºm,�9¯ �@�|°j�¹z�mJxJ»
�Y°yz�mJ}w~jm±���@�)�|��z|��z��º�@}Ë�ym

³c¯ ��Ïym��ym�³c¯ mJ³¹³º�º��x�mYÉPÊe}0�y�lß�}j�¹ze��³º�@��x
~j}jm8´µ�Y}��^z|�¹�Y}0�ym�­·v\���j~�}j��Ì
Vk

»��y~1k_áJkDm�z{v\�Pm)�\~jm��P�@~���³¹m
�����Y°j³¹iJk_m �jm C mJ�j³ºml���"�Y}\z��|½@³º�'Ü

Vk = ka(a − acible)
2 + ke(e − ecible)

2
Î(DYØYÐ

�YÑ
ka

m"z
ke

x��@}\z��yml~jÏ¦�|�lml³�xJÉ

­��8´µ�@}T�^z��º�@}��yme­
vY�@�j~j}j��Ì
Vk

mJx�z&}w~j³º³ºmex�~j��³��)�l�¹°�³¹mYÉjÊe},Ì@ml~jz
�y�Y}���³��8´¸�@�¹�|me�j�J�"�|����z��|m�³ºme³º�@}�£
�jm²³��Dz������{mV�^z|�@�º��mYÉ\���Y~j���"mJ³º��»j�l��³��"~�³¹�Y}�x

V̇k

Ü

V̇k = 2ȧ(a − acible) + 2ė(e − ecible)
Î(D�D\Ð

Êe�8Ü

ȧ =
µĖ

2E2

Î(D\�@Ð

ė =
C2ȧ − 2CĊa

2µa2e

Î(DY�YÐ
ÔRz'Ü

Ė = (ẋ − y)(ẏ + x − (1 − µ)
x + µ

ρ3

1

− µ
x − 1 + µ

ρ3

2

+ ux)

+ (ẏ + x − 1 + µ)(−ẋ + y − (1 − µ)
y

ρ3

1

− µ
y

ρ3

2

+ uy)

+ µ
(x − 1 + µ)ẋ + yẏ

ρ3

2

Î(Dw¢�Ð

Ċ = ẋ(ẏ + x − 1 + µ)

+ (x − 1 + µ)(−ẋ + y − (1 − µ)
y

ρ3

1

− µ
y

ρ3

2

+ uy)

− ẏ(ẋ − y)

− y(ẏ + x − (1 − µ)
x + µ

ρ3

1

− µ
x − 1 + µ

ρ3

2

+ ux)

Î(D�IYÐ

Êe}-�Pml~yz�k7���º}\z�mJ}���}\z��J�l���º��mDÜ

V̇k = A + αux + βuy

Î(DY�YÐ
�ÓÌYmJ�'Ü

A = ka

µ(a − acible)

E2
B1 + ke

4E(e − ecible)

µ2e

(

C2

2E
B1 + CB2

) Îc���YÐ

����ð�SRT�U�T�T
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B1 = (ẋ − y)(ẏ + x − (1 − µ)
x + µ

ρ3
1

− µ
x − 1 + µ

ρ3
2

)

+ (ẏ + x − 1 + µ)(−ẋ + y − (1 − µ)
y

ρ3
1

− µ
y

ρ3
2

)

+ µ
(x − 1 + µ)ẋ + yẏ

ρ3

2

Îc�y�VÐ

B2 = ẋ(ẏ + x − 1 + µ)

+ (x − 1 + µ)(−ẋ + y − (1 − µ)
y

ρ3

1

− µ
y

ρ3

2

)

− ẏ(ẋ − y)

− y(ẏ + x − (1 − µ)
x + µ

ρ3
1

− µ
x − 1 + µ

ρ3
2

)

Îc�@�@Ð

α = ka

µ(a − acible)

E2
(ẋ − y) + ke

4E(e − ecible)

µ2e

(

C2

2E
(ẋ − y) − Cy

) Îc��ØYÐ

β = ka

µ(a − acible)

E2
(ẏ+x−1+µ)+ke

4E(e − ecible)

µ2e

(

C2

2E
(ẏ+x−1+µ)+C(x−1+µ)

) Îc��D\Ð

­
m²°�~yz�mJx�z��ym ��mJ}��y�|m
V̇k

³¹m �j³º~�x
�Pm"z��¹z��P�Yx|x��º°j³ºm@»y���y�J�@³¹mJkDmJ}\z
}��l£Y��z��¹´{Éy���@~j���"mJ³º��»y�@}��j�|ml}���Ü

ux = − ε
√

α2 + β2
α

Îc�@�@Ð

uy = − ε
√

α2 + β2
β

Îc���YÐ

�ÓÌYmJ�
ε
³��_}j�@�|k_m²�y~1�l�@}\z��|½@³ºm@»y�\~j�·�|ml�j�|�Jx�ml}\z|me³c¯ �Y�l�l�l³º�l����z��º�@},´µ�@~j�|}j�ºm ������³ºm8k_��z�mJ~j�VÉ

���@~��,³ºmÖ�j�|�@°j³ºilk_mÖ�jm C ml��³¹mJ�J» ¼ �"�Y}\z��|½@³ºm1}\~�³>»&³¹m��ymlk_�²£@����}��Í��ÏwmÖm"z¦³c¯ m"Ïj�"mJ}Yz|�����"�¹z���x��Y}\z
�jmJx��º}\z��J£@����³ºmJx �j�|mlk_�ºil�|mJx��y~fkD�Y~jÌ@mJk_ml}\zJÉ�Êe}ª�Ö�y�@}��

A = 0
����}�x)³>¯ m"Ïy�j�|mJx|x��º�@}��ym

V̇k

É�.²��}�x
³ºm_�j�|�@°j³ºilk_m_��mVx{z|��mJ�¹}\z8�ymJx²z|���Y�ºx8�l�@�|��xJ»

A
�|�Jx�~j³¹z�m7�ym_³��¦�Pml��z�~���°���z��º�@}��y~jm7��~�z|���Y�ºx��¹iJk_mD�l�@�|��xlÉ

Ý��Yk_kDm¦}j�@~Tx�³ºm,Ì@mJ���|�@}Tx8�����D³��0x�~��Ùz|m¦³ºm±z|ml�|kDm
A
mVx{z_�"�@k_�Pml}�x��,�T���

αux + βuy

³ºm,³º�@}j£��ymJx
z|�|���{mJ�"z��@�º�|mJxJÉ@��~yz|�@~j�
�yme³º�'g
mJ���|m������&m"ÏymJkD��³¹mY»Y³ºm�z|ml�|kDm

A
mVx{z&kDáJk_mp}w~j³Pml}±k_��v@mJ}j}jmYÉwÝe¯ mJx�z&�"m

�l�@k_�P�@��z�mlk_mJ}Yz²�Y~���mlÏy�j³¹���\~jm)�P�@~��|�\~j�Y�
}j�Y~�xe�@���|�ºÌ@�@}Tx ¼ �|�J�@³¹��x�mJ�p�ymVxpz|�|�@}�x�´µml��z|xp�·¯ �Y��°j�¹z�mVx�mJ}Yz|��m
³��1g�ml�|��m_m"z�³��1­·~�}jm@É�­O¯ ���j�Pml³º³º��z��º�@}�´µ�@}��"z��º�@}ª�ym±­
vY�@�j~j}j��Ì1�P�@~j�

Vk

mVx{z)�\~jmJ³º�\~jm7�Pml~ª�@°j~�x��¹ÌYm
�J����}j�@~�x�}jm[�{~�x{z|�ÙßT�@}�x����@x�³ºm�´¸���¹z&�\~jm

V̇k ≤ 0
³ºmp³º�@}j£D�ymJxOz������{mJ�"z��Y�¹�|mJxJ»Y�lme�\~j�PmJx�z[z��Y~yz��ympk_álk_m

ÌY�l�|�ÙßT�emJ}�k_��vYml}j}jm ���@�
}j�Yx�x��¹k'~j³���z��º�@}Tx
}\~�kD�J�����\~jmJxJÉ

����� �  � � � &'�����	� � � "�� � &'�  *� � ��&�� $�� & ) � $ �!�  !� "�� � � ��& �  �!� � �
­[¯ ���y�lm_�j�|�º}��"�º����³ºm7�ym_}j��z|��mDz|�|�@}�x{´µmJ��z mJx�z��9¯ m"ÕFmJ�^z|~jml�8~�} � �|ml}��ym �"¶×Ì@�Y~�x����ÓÌYmJ��³ºm7�P�@�º}Yz��ym

­���£Y�|�@}j£@m&­��yÉYÝ�m��P�@�º}\zRz��Y~j��}�m
x�~j�R~j}7�lml���"³ºm
�jm&���Óv@�Y}
r2

�ÓvY��}\zR³��²g�ml�|�|m��P�@~j���"ml}\z|��mY»�k_�@�ºx��º³j}jm

��� � ���
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x�~j�¹z[���YxO~j}jmp�@�|°j�Ùz|m C ml��³¹mJ���ºml}j}�m��j~j��x��\~·¯ �¹³�z��Y~j��}�m ¼ ³�� Ì\�¹z�mVx�x�mp�ymp³º��­
~j}jm�mlz�}j�Y} ¼ �"mJ³¹³ºmp�y�Y}j}j�lm
�T���R³��e³º�@�T�ymJxO�@�¹�|mJxJ»��9¯ �@ÑD³¹mVxR£@~��¹³º³¹mJk_m"z|x[��~yz|�@~j�O�y~_k_��zO�|ml}T�ym��l¶cÌY�@~�xJÉ�n���z|��m
°j~jz[mJx�z[�9¯ ��k_ml}jmJ�R³¹m
x|��z|ml³º³¹�¹z�m��·¯ ~j}�m)�@�|°j�¹z�m-C mJ�j³¹mJ���ºml}�}jm8°��@x|x�m���~yz|�@~j�p�jm�³º�7g�ml�|�|m ¼ ~j}jm��Y��°j�¹z�m¦Î(C ml��³¹mJ���ºml}j}�mVÐ
�y�Y}Yz
³c¯ ���P�@£@�Jm)mVx{z8³ºmD�P�@�º}\z �jm_­���£Y�|�@}j£@m

L2
mJ}Yz|��mD³��¦g�ml�|��mDm"z8³��¦­
~j}jm7�ÓÌ@mV��~j}�mDÌw�¹z�mVx�x�m ¼ ³c¯ �@�T�Y£@�lm

���ymJ}Yz|�º�\~jm ¼ �"ml³º³ºm²�y~��P�@�º}Yz
L2
É'"&�ºml}�x��j�V»w��~yz|�@~j���y~¦�T�Y�¹}\z��ym ­
��£Y�|�@}j£@mY»@³c¯ �º}���~�ml}��lm �jme³��'­
~j}jm

mVx{zDz��|�@�f�¹k_�P�@��z|��}\z|m¦�P�@~j�_�\~·¯ �¹³�x��@�¹zD³º�º�l�Ùz|m��jm-�l�@}�x����y�l�|ml�'³¹mVx'�Y��°��Ùz|mJx�C ml�j³ºml�|�¹mJ}j}jmVx�z|ml�|��mVx{z|��mVx
�l�@k_k_m1�ym0Ìw�|�@�¹mVx'z������{mJ�"z��Y�¹�|mJxJ»�k_�@�ºx±�@}B��Ì\~�Î>x�mV�^z��º�@}BØ�É Ø@Ð±�Y~�m�}��@~�x7�P�@~�Ì@�@}Tx7x{z���°j�º³¹��x�ml�±�"m
�P�@�º}\zJÉ�Êe}±�Pml~yz��y�Y}���mJ}wÌ\��x|��£@mJ���\~·¯ �ÓÌ@mV��~j}jm²Ìw�Ùz|mJx|x�me��mJ³º��z��ºÌ@mp�T���&�|�@�j�T�Y��z ¼ �lml³º~j�Ù¶��"�P´¸�@�¹°j³ºmp}��@~�x
�P�@~����|�@}�x[°��@x|�"~�³¹mJ�&x�~j�&~j}jm²�@�|°j�Ùz|me³º~j}��@�¹�|m@ÉjÝ�m"z�z�m²m"Ïy�º£@ml}T�"mex�~j�
³���³º�w�J��³º�ºx|��z|�¹�Y},�ym²³>¯ ���P�@£Y�lmp�@�¹}Tx��
�\~jm7x�~j�8³��¦Ìw�¹z�mVx�x�m_ml}��"m_�T�Y�¹}\z)�y�lß�}j�¹z�³¹mVx Ì���³ºml~j��x �y~Ë�ymlk_�R£@����}T�Ö��Ïym_m"z)�jmD³c¯ m"Ïj�"mJ}Yz|�����"�¹z��7�ym
³c¯ �@�|°j�Ùz|m8�"�º°j³¹m8mlz��y�@}��8�jm²}���z��|m²´µ�@}��"z��º�@}1�ym8­·v\���j~�}j��ÌFÉ

���@~��²mlÕPmV�^z|~jml���lm'�|ml}��jm��"¶×Ì@�Y~�xe�¹³RmVx{z }j�J�lmJx|x��@�¹�|m'�jm_x�vw}���hj�|�@}j��x�ml�p}���z��|mD³¹�Y���jm'z|�|�@}�x�´µml��z �ym
z|ml³º³¹m�k7��}j�ºil�|mÖ�\~jmÖ³ºm�x���z�ml³º³º�Ùz|m�x��@�¹z,�j�|�w��h�m��y~ �P�@�º}\z��ym�­
�@£@����}j£Ym0�Y~T��}��B�º³ ��z�z|ml�º}\z¦³c¯ �Y��°j�¹z�m
�l�¹°�³¹mYÉ\­���x��Y³¹~jz��º�@}7³����j³º~�x[x��ºkD��³¹me�T�Y~j�&x�vw}���hj�|�@}j��x�ml�O�"�Y}�x��ºx�z�m ¼ ��z�z�ml}T�y��mp~j}±�Pml~,x�~j�&~j}jmp�Y��°��Ùz|m
�º}\z�mJ��k_�J�j�º�@�¹�|mOÞÓ��¯ mJx�z�~j}�m�k_�"z|hj�y�ym��ym�z��º��x��ºkD��³¹m
�\~j�y}·¯ mJx�z����Yx
~�})´µmJmJ�y°��Y��à k_�@�ºx�~j}�m
�l�@k_k7��}��jm
mJ}¦°P�@~T�"³ºm8�@~jÌYml��z�m@É

Êe}Ë���@��zD���º}�x��&�9¯ ~j}jm±�Y��°j�¹z�m,£@�l�\x{z���z|�¹�Y}j}����º�|m_�ÓÌYmJ�_³ºmJx'�"�@}T�y�Ùz|�¹�Y}�x8�º}j�¹z�����³ºmJx
x0 = 0.0976

mlz
ẏ0 = 2.8792

É·Êe}�Ìw��x�mD~j}jm_�j�|mlk_�ºil�|m'�Y��°j�¹z�m_�º}\z�ml�|k_�J�y�����º�|mD�J�����@�^z|�l�|�ºx��lm)�����
acible = 0.3785

mlz
ecible = 0.1608

Î¸ÌÓ�@³¹mJ~j��x ¼ k_�¹¶×��h�mlk_�¹}ª�jm,}j�@z��|m±�@�|°j�¹z�m,�l�¹°j³ºmVÐ"ÉRÊe}ª�@���|�ºÌ@m±x�~j�'�lm"z�z|m,�Y��°j�¹z�m,�@~
°P�@~jz'�9¯ ~j}�z�mJkD�Tx

T = 17.45
É�Êe}Ë³º�@�ºx|x�mD�T�@x|x�mJ�8~j}�z�mJkD�Tx

τ = 0.25
¼ �"�Y}\z��|½@³ºmD}w~j³&x�~��)�"mlz�z�m

�Y��°��Ùz|m@»Y��ß�}±�ym��|�J�@³¹��x�ml�O³���x�v\}T��hj���Y}j��x���z��º�@}·ÉYÊe}7Ìw��x�mp�j�@}����l�@k_k_m��@�|°j�¹z�mp�l�¹°�³¹mp�lml³º³¹me�l�����@�"z��J����x��Jm
�T���

acible = 0.6373
m"z

ecible = 0.3215
ÉFÊe}��@���|�ºÌ@m'x�~j� �"mlz�z�m_�Y��°j�¹z�m_�"�º°j³ºm'�Y~Ö°P�@~yz��9¯ ~j}�z�mJkD�Tx

T = 20.286
É����"mlzD�º}�x�z|�@}YzV»�³ºm-x���z�ml³º³º�Ùz|m�x�m±z|���Y~jÌ@m ¼ �j�|�ÓÏy�¹k_�¹z��¦�j~f�P�@�º}Yz7�ym-­
�@£@����}j£Ym7ml}\z��|m

³���g
mJ���|m¦mlz7³º��­·~j}�m@É�Êe}f°T�@x|�"~j³ºm��@³¹�Y�|x'Ì@mJ�|x'~j}Í�"�Y}Yz|��½Y³¹m-x�z|��°��¹³º�ºx|��}\zD³>¯ �@�|°j�¹z�m1�"�º°j³ºm��l�¹���"~j³����º�|m
acible = 0.0414

mlz
ecible = 0

�@~yz��Y~j���ym8³��D­
~j}jmYÉj­
�'z������{mV�^z��Y�¹�|mp�Y°yz�mJ}w~jm mJx�z���mJ�j���Vx�mJ}\z��lm x�~j�
³º�
ßT£@~j�|m
¢yÉ�Ý�m�z�����}Tx{´µmJ��z��p�lz��&���V��³º�ºx����ÓÌYmJ�R³ºmJx����@�|�@kDilz��|mJx�x�~j�ºÌ���}\z|x&Ü

ka = 1000
»
ke = 1

mlz
ε = 0.08�\~j�RmVx{z)�j~�k_álk_m7�Y�|�y�|m_�ym_£@����}��ymJ~j�8�\~jm_³º���P�@~�x|x��Jm7�9¯ ~�}�x|��z|ml³º³¹�¹z�m ¼ k_��z|ml~j�8�J³¹mV�^z��|��¶×�º�@}j���\~jm

Î>x���z�mJ³¹³º�Ùz|m8�y�Ùz ¼ �P�@~Tx�x��lm²´¸���º°j³ºmVÐ"É

­
mJxpß�£@~j�|mJx I±mlz²�,�l�@k_���@��mJ}Yze³º�,ÌÓ�@³¹mJ~j�e�jm
A
¼ �"mJ³¹³ºm'�jm

αux + βuy

�@~Ö�"�Y~j�|xe�y~0z|�|�@}�x�´µml��z
g�ml�|�|m"¶�­·~j}jmY»"�{~�x|�\~·¯ ��~±���Yx�x|��£Ym���~±�P�@�º}\z&�ym²­
�@£@����}j£Ym@É\Êe},�l�@}�x�z|��z�mp�\~jm

A
mVx{z
}w~j³TmJ}±k_��v@mJ}j}jm@É

­
mJx&ß�£Y~j�|m7�J�Dm"z��Y�²�º³º³¹~�x�z��|ml}\zp�\~��@}Yz ¼ mJ³¹³ºmJx
³ºm ´¸���¹ze�\~jm8³��'´µ�@}��"z��º�@}1�ym)­
vY����~j}j��Ì
Vk

�j�J�"�|����z�m"z
�\~jm

V̇k ≤ 0
ml}-k_��v@mJ}j}jm ³¹m ³º�@}j£7�ymVx&z������{mV�^z��Y�¹�|mJxJÉ

����� � ��� � ,-� �/��� ���! "�� )�� ,-� �/�/�
Êe}0�������TmJ³¹³ºm'�\~jm'³º�,k_�Yx�x�m'�jm'�l�@��°�~j�|�@}\ze�"�Y}�x��Yk_kD�)³¹�Y�|xe�9¯ ~�}0z�����}Tx{´µmJ��z²mJx�z²�y�Y}j}j�lm'�����e³º�

³º�@�RÜ
ṁ = −m0‖u‖

ve

Îc�Y¢�Ð
�YÑ

m0

mJx�z�³���k7�Yx�x�m��º}j�Ùz|�º�@³¹m²�y~,x|��z|ml³º³¹�¹z�mY»
u
mJx�z�³ºme�l�@}\z��|½@³ºm)Î¸�Y�l�l�l³º�l����z��º�@}D´µ�Y~j��}��¹me������³¹mekD�@z�mJ~j��Ð

mlz
ve

~�}jm��l�@}�x�z|�@}Yz|mO�j�|�@�P�@��z��º�@}j}�ml³º³¹m ¼ ³º��Ì\�¹z�mVx�x�m��·¯ ���{mJ�^z|�¹�Y})�ymVx
£\� �@ÉV­·m[z�ml�|k_m
m0‖u‖

�|ml�j�|�Jx�ml}\z�m

����ð�SRT�U�T�T
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 op}�z�����}�x�´µml��z�g
mJ���|m"¶�­·~j}�m

~�}jm�´µ�@���"mY»�z|�@~yz��l�@k_k_m�³ºm�z�mJ��k_m ‖F‖ �ym�³�� ´µ�@�|k)~j³ºm)Îc��DYÐ"É\np�@~�x��ÓÌ@�Y}�x�´¸���¹z�³c¯ �@�j�j�|�ÓÏy�¹k7��z|�¹�Y}D�\~jm³c¯ �@�l�l�l³º�l����z|�¹�Y}±mJx�zp�"�Y}�x{z���}\z�mYÉ�.e�@}�x�³��'�|�J�@³¹�¹z��Y»j��¯ mJx�z�³º�'´µ�@���"m8�y~�k_��z|ml~j� ‖F‖ �\~j�9mVx{zp�l�@}�x�z|�@}Yz|m@»z���}��j�ºx��\~jm_³c¯ �Y�l�l�l³º�l����z��º�@} ‖u‖ = ‖F‖
m

�@~j£@k_ml}\z|m ¼ k_mVx�~j�|m7�\~jm7³¹m±x|��z|ml³º³¹�¹z�m7�Pml����ml}�k7�@x|x�m7�ym
�J���|°j~j����}\zJÉ

­
m'�"�Y}\z��|½@³ºm ´µmlmJ�j°��@��à-�\~jm�}j�Y~�xp�ÓÌY�@}�x���h��@��x��·mVx{zez�mJ³��\~jm�³��±�y�J���ºÌ@�Jm)�ym�³��_´µ�Y}��^z|�¹�Y}Ö�ym)­
vY��¶
��~j}j��Ì,xJ¯ �V�"�|�Ùz8Ü

V̇k = A − ε
√

α2 + β2
Îc� IYÐ

�ÓÌYmJ� ‖u‖ = ε
É

op}jmpx�z�����z��J£@�ºm
�T�Y~j�[�V�"�@}��@k_�ºx�ml�R�ymp³º� k7�@x|x�m��ym��l�@��°j~��|�@}YzO�l�@}�x��ºx�z�mJ�|�@�Ùz ¼ �P�@~Tx�x�ml�Ox�ml~j³ºmlk_mJ}Yz
³º�@��x|�Y~�m)³����\~��@}\z��¹z��

n =
√

α2 + β2
mJx�z Ú £Y�|�@}��ym^Û^É .e�@}�x²³¹m7�l�Yx �9¯ ~�}�z|�|�@}�x�´µml��z g�ml�|��ml¶×­
~j}jmY»T�Y}

mVx{z���k_mJ}j� ¼ m"ÕFmJ�"z�~jmJ�&~�},£@����}T�7}j�@k'°j�|me�ym²���JÌ@�Y³¹~yz|�¹�Y}�x&��~yz|�@~j�
�ym²³º�'g
mJ���|m'Î¸Ì@�@�º��ß�£@~j�|m�¢�Ð^Éy��~
�l�@~j��xp�jm'�"mVxp�|�lÌY�@³º~yz��º�@}Txl»T³º�7Ì��@³¹mJ~j�²�jm

n
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n
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m
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n
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Mk
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�jml~yÏ��|�lÌY�@³º~yz��º�@}�x
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Mk ≈ 2Mk−1−Mk−2

m"z
mk ≈ 2mk−1−mk−2

É
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n
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ak = Mk−mk
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n
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³c¯ �@�|°j�Ùz|mDß�}���³ºm±��~jz��@~����ym±³���­
~j}jm,��mJ~Ë³¹�ºml~�³ºm,�Y¢±´µ�lÌw�|�¹mJ�)���@�\�yÉ·­[¯ �Y°y�{mJ�"z��¹´
�ym±�lm"z�z�m7�"z|~��ym±mVx{z
�jm x��ºk)~j³ºml��³��DkD��x|x��º�@}1twk7����z�¶�� ¼ ³c¯ �@�º�jm �jm �l�@}\z��|½@³ºmJx&���@�&´µmlmJ�j°��@��àFÉjn��Y~�x��ÓÌ@�Y}�x
��hj�@��x��F�jm²}��@~�x
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�ÓÌ@�Y}�x&��hj�@��x��9�ym �y�V�"�@~��TmJ�
�lm"z�z�m �T�J���º�y�ym²ml}�DD�jh��Yx�mVxlÉwÔO}�m"ÕFm"zV» ¼ ³��'³¹mV�^z�~���m8�ym 0 D 2c»w�Y}
�Pml~jz&�"�Y}�x�z|��z|ml�[�\~jme³º�8z������{mJ�"z��Y�¹�|m�x�~��¹Ìw�ºm������
twk7����z�¶��p�"�Y���|mJx��P�@}��)z��Y~yz&�9¯ ��°P�@��� ¼ ~j}�me��~�£@k_ml}y¶
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³ºm8³¹�Y}j£_�ym8³º�'z|�|���{mJ�^z|�@�º��m²ml}-°j³ºml~1�ym ³��Dß�£@~���m�¢

��Ïym²�P�@~��|x�~j�ºÌÓ�@}\zpx��Y}��@~j£@k_ml}\z���z��º�@}�Îµ��h��@x�m�ØYÐ"»j�T�Y~j�p�@°T�Y~yz��º� ¼ ³º�7�J���yz|~j�|m8������³��7­·~j}�m±Îµ�jh��Yx�m
DwÐ^É

�p~ D�´µ�JÌ\�|�ºml�����Y� D�»P³ºm±x���z�ml³º³º�Ùz|mDmVx{z�x�~j� ~j}jm7�Y��°j�¹z�m_��~jz��@~����ym_³º�-g�ml�|��m_�ym7�ymlk_�O£Y�|�@}��Ö��Ïym
a = 43280

à\k�Î
0.1126

mJ}_~j}j�¹z��Jx�}��@�|k_�@³¹��x��lmJx�Ð
m"z[�9¯ m"Ïj�"mJ}\z��|�º�l�Ùz|�
e = 0.5219

ÉÓ­·m��ymJkD�y£Y�|�@}��D��Ïym
mlzO³>¯ m"Ïj�lml}\z��|�º�l�Ùz|����~j£Yk_ml}\z�mJ}YzF�{~�x|�\~·¯ ��~,�@�²�@�@�yz��@�@� D²�P�@~j�[��z�z|ml�º}��y�|m�³¹mVxRÌ���³ºml~j��x

a = 139308
àwk

Î
0.3624

mJ}8~j}j�¹z��Jx
}j�@�|k7��³º�ºx��lmVx|ÐTmlz
e = 0.7287

Îµ��h��@x�m��VÐ"ÉJ��~7�Jml�9�y�^z|�@°j�|m[���Y� DT»^³¹mOx|��z|ml³º³¹�¹z�mOmVx{z
x�~j�
~�}jm
�@�|°j�Ùz|m��ym
��������k_i"z|��mVx

a = 181296
àwk%Î

0.4716
ml}D~j}j�¹z��JxO}j�@�|k7��³º�ºx��lmVx|Ð·m"z

e = 0.6141
Îµ�jhT�@x�m

�YÐ^ÉP­·m'�@�_�w�"z��Y°j��mY»T�lmJx�Ì��@³¹mJ~j�|xpx��Y}Yz²�ymlÌYml}w~jmJx
a = 242466

à\k Î
0.6308

ml}Ö~j}j�¹z��Jxp}j�@�|k7��³º�ºx��lmVx|Ð
mlz

e = 0.2588
Îµ��h��@x�m)ØYÐ"É�ÔO}jß�}1³¹m D,�y�J�lmlk'°j��m)�@�@��D�»�twk7����z�¶��8mJx�zex�~j��~j}�m��@�|°j�¹z�m���~jz��@~��p�ym�³��

­
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àwk Î
0.0340
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e = 0.5831
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­
mJx8Ì��@³¹mJ~j�|x)�ym

a
m"z

e
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m"z
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�º}j�¹z�����³ºmJxJ»
acible = 0.3624

m"z
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ka = 13

m"z
ke = 1
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vY�@�j~j}j��ÌFÉ
Êe}���h��@��x��¹z��9¯ �V�"�Y}j�@k_��x�mJ�²³���k7�@x|x�m7�ym
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n
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p = 0.75
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vY����~j}j��ÌFÉ\­[¯ �V�"�Y}j�@k_�ºme�ym k7�@x|x�m
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acible = 0.6308
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ecible = 0.2588
�"�@k_k_m[�T������k_i"z|��mVx·�ym[³c¯ �@�|°j�Ùz|m
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τ1 = 0.9
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°P�@~jze�9¯ ~j}1z�mJk_��x
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acible = 0.0340

m"z
ecible = 0.5831
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Î¸�Y�l�l�l³º�l����z��º�@}0�l�@�|��mVx��P�@}T�j��}\z ¼
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